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Eixistence results for a nonlinear transmission problem
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Abstract

Let ©° and Q' be open bounded regular subsets of R such that the closure
of Q' is contained in Q°. Let f° be a regular function on 9Q° and let ' and
G be continuous functions from 90" x R to R. By exploiting an argument
based on potential theory and on the Leray-Schauder principle we show that
under suitable and completely explicit conditions on F’ and G there exists at
least one pair of continuous functions (u°, u’) such that

Au’ =0 in Q°\ ¢,
Aut =0 in QF

u’(z) = fo(x) for all x € 0Q°,
u(x) = F(x,u'(x)) for all z € 990",

voi - Vu®(z) — vgi - Vu'(z) = G(x,u'(x)) for all z € 990,

where the last equality is attained in certain weak sense. A simple example
shows that such a pair of functions (u°, u') is in general neither unique nor
locally unique. If instead the fourth condition of the problem is obtained
by a small nonlinear perturbation of a homogeneous linear condition, then
we prove the existence of at least one classical solution which is in addition
locally unique.
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1. Introduction

We investigate the existence of solutions for a boundary value problem
with a nonlinear transmission condition. In order to define such a boundary
value problem we introduce some notation. We fix once for all

a natural number n € N, n > 2, and a real number « €]0, 1],

where N denotes the set of natural numbers including 0. Then we fix two sets
° and Q' in the n-dimensional Euclidean space R”. The letter ‘o’ stands for
‘outer domain’ and the letter ‘4’ stands for ‘inner domain’. We assume that
Q° and € satisfy the following condition:

Q° and Q° are open bounded subsets of R™ of class O, clQ)' C Q°, and

the boundaries 99° and 9Q° are connected.

For the definition of functions and sets of the usual Schauder class C%* and
C1e we refer for example to Gilbarg and Trudinger [20, §6.2]. Here and in
the sequel cl€2 denotes the closure of 2 for all 2 C R™. Then we fix a function
fo e Ch(99°) and two continuous functions F and G from 9Q' xR to R and
we consider the following nonlinear transmission boundary value problem for
a pair of functions (u®, u’) in CH*(cl?\ ) x CH*(clQ),

Au’ =0 in Q°\ ¢l

Aut =0 in Q°,

u’(zx) = fo(x) for all z € 09Q°, (1)
u®(z) = F(x,u'()) for all x € 90",

voi - Vu®(z) — vgi - Vu'(z) = G(x,u'(x)) for all x € 90,

where vq: denotes the outer unit normal to the boundary 90 Our aim is
to determine suitably general and completely explicit conditions on F' and G
which ensure the existence of solutions of problem (1).

The analysis of problems such as (1) is motivated by the role played in
continuum mechanics. In particular, nonlinear transmission conditions of
this kind arise in the study of composite structures glued together by thin
adhesive layers which are thermally or mechanically very different from the
components’ constituents. In modern material technology such composites
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are widely used (see, e.g., the second named author, Miszuris, and Ochsner
(34, 35] and Rosselli and Carbutt [40]), but the numerical treatment of the
mathematical model by finite elements methods is still difficult, requires the
introduction of highly inhomogeneous meshes, and often leads to poor accu-
racy and numerical instability (see, e.g., Babuska and Suri [1]). A convenient
way to overcome this problem is to replace the thin layers by zero thickness
interfaces between the composite’s components. Then one has to define on
such interfaces suitable transmission conditions which incorporates the ther-
mal and mechanical properties of the original layers. Such a procedure can be
rigorously justified by an asymptotic method and leads to the introduction
of boundary value problems with nonlinear transmission conditions such as
those in (1) (see for example Miszuris and Ochsner [36] and the references
therein).

We observe that the existence of solutions of nonlinear boundary value
problems has been largely investigated by means of variational techniques
(see, e.g., the monographs of Necas [39] and of Roubicek [41] and the refer-
ences therein). In fact, under some restrictive assumptions on the functions
F and G, the existence of solutions of our problem (1) could be deduced by
exploiting some known results. In particular, if it happens that problem (1)
can be reformulated into an equation of the form —divA(x, U)VU = 0, where
Ais a suitable Carathéodory function and the unknown function U belongs to
the Sobolev space H'(€2?) and satisfies a Dirichlet condition on 9Q°, then the
existence and uniqueness of a solution can be directly deduced by the results
of Hlavavcek, Kifzek and Maly in [21]. This is for example the case when
G = 0 and the function F(z,t) of (x,t) € 92" x R is constant with respect
to x, is differentiable with respect to ¢, and the partial differential 0,F (zo, -)
is Lipschitz continuous and satisfies the inequality 1/c < 0,F (z,t) < ¢ for a
constant ¢ > 0 and for all ¢t € R (here z is a fixed point of 9Q").

In this paper instead, we exploit a method based on potential theory to
rewrite problem (1) into a suitable nonlinear system of integral equations
which can be analysed by a fixed-point theorem. Potential theoretic tech-
niques have been largely exploited in literature to study existence and unique-
ness problems for linear or semilinear partial differential equations with non
linear boundary conditions. In particular, as far back as in 1921 Carle-
man [5] has considered the existence of harmonic functions u in a domain €2
which satisfy a non-linear Robin condition vg(z)-Vu(z) = H(z,u(x)) on the
boundary 0f2. Since then, such a problem has received the attention of many
authors such as Leray [30] (see also Jacob [22]), Nakamori and Suyama [38],
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Kilngelhdfer [23, 24], Cushing [8], Efendiev, Schmitz, and Wendland [11], and
Kohr, Lanza de Cristoforis, and Wendland [25]. In the case of domains with
a small hole we also mention the nonlinear Robin problem for the Laplace
operator investigated in Lanza de Cristoforis [27] and the nonlinear traction
problem in elasticity addressed in [10]. Moreover, an approach based on cou-
pling of boundary integral and finite element methods has been developed in
order to study exterior nonlinear boundary value problems with transmission
conditions, we mention for example the papers of Berger [3]|, Berger, War-
necke, and Wendland [4], Costabel and Stephan [7], and Gatica and Hsiao
(18, 19]. In particular, Barrenechea and Gatica considered in [2] the case
when the jump of the normal derivative across the interface boundary de-
pends nonlinearly on the Dirichlet data. Boundary integral methods have
been applied also by Mityushev and Rogosin for the analysis of transmission
problems in the two dimensional plane (cf. [37, Chap. 5]). Finally, we men-
tion the nonlinear transmission problem in a domain with a small inclusion
investigated by Lanza de Cristoforis in [28] and the periodic analog studied
by Lanza de Cristoforis and Musolino in [29].

2. Description of the main results

We now describe the main results of the present paper. We will exploit
the following notation: if H is a function from 9Q' x R, then we denote by Fy

the nonlinear non-autonomous composition operator which takes a function
f from 09 to R to the function F f defined by

Fuf(x) = H(x, f(z)) Vo€ o0 .

Since the functions F' and G which define the nonlinear condition in (1) are
assumed to be continuos from 90 x R to R, one easily verifies that Fr and
Fe are continuous from CY(9Q¢) to itself. Then we consider the following
condition:

the composition operator (Ig: + FF) has a continuous

. (-1) 0 i . (2>

inverse (Igi + Fp)'" " from C”(0Q") to itself.
Here I: denotes the identity operator from C°(9Q) to itself. We observe
that for the validity of condition (2) it is not required that the function which
takes t to F(z,t) is monotone for all fixed z € 9Q'. In addition, we introduce



a condition on the growth of ' and G: we assume that

there exist ¢1, ¢ €]0,4+00], 01 €]1,400[, and 0 € [0, 1] such that
|[F(2,)] > eaft]” = (1/er)  and (3)
|G(z,t)] < co(1+ |F(x,1)])% V(z,t) € 00 x R.

The first condition in (3) is a super-linear growth condition for F', while the
second one is a sub-linear growth condition for G with respect to F' (which
is a strictly weaker condition than the standard sub-linear growth condition
Gla,0)] < ea(1 -+ [)).

By exploiting an argument based on the invariance of the Leray-Schauder
topological degree we show in our main Theorem 4.11 that conditions (2) and
(3) imply the existence of at least one pair of continuous functions (a°, ') €
CO(clQ° \ %) x C°(cl2°) which satisfies the first four equations of (1) in the
classical sense and fulfils the fifth condition in a certain weak sense which
will be clarified (see Definition 4.8 and problem (25) below). However, the
conditions in (2) and (3) do not imply neither the uniqueness nor the local
uniqueness of the pair (a°,@').

This last fact can be evidenced in a simple example. Take Q° = RB,,,
Q' =7rB,, withmRe R, r < R, and B, = {x € R" : |z|] < 1}. Then
assume that f° is constant and identically equal to a real number ¢ € R and
that F(x,t) = f(t) and G(x,t) = g(t) for all (z,t) € 9Q" x R, where f and
g are continuous functions from R to R. We set

—logt ifn=2
— 2m . )
L,(t) = { % ifn>3, vt €]0, +oof,
where s,, denotes the (n — 1)-dimensional measure of 0B, (thus I',(|z|) =
Sp(z) with S, the standard fundamental solution of A, see also definition
(9) below). Then the pair of functions (u°, u") defined by

[ (R) = T(lz]) o i
D) g(t") Yz e\ Q' )
u'(r) =t Va €l

u’(z) =t° —

is a solution of problem (1) for all ¢ € R which are solutions of the equation

FH(R) I, (T)

- S el = ). (5)




Figure 1: the intersections of the blue graph with the red line correspond to solutions of
equation (5)

Now take
fO)=t -2 +t+1 VteR

and assume that g is constant. One immediately verifies that the correspond-
ing functions I’ and G satisfy the conditions in (2) and (3). In addition, if
t°, R, r, and ¢ are choosen in such a way that the left hand side of (5)
is equal to 1, then equation (5) has two solutions: t' = 0 and t' = 1 (see
Fig. 1). Accordingly, the corresponding problem (1) has at least two different
solutions provided by (4). If instead f(t) =t —2t* + ¢+ 1 for t < 0 and
t > 1and f(t) =1 for ¢t € [0,1], then every ¢' in [0,1] is a solution of (5)
and the corresponding solutions of problem (1) are not locally unique in any
reasonable topology.

We observe that our main existence Theorem 4.11 shows the existence
of pair of functions (a°, ") € C%clQ° \ Q) x C%clQ’) which are solutions
of problem (1) in a certain ‘weak’ sense but it would be preferable to have
classical solutions in C'H(c1Q°\ Q) x C1(clQ) (or at least in H'(Q°\ clQ?) x
H'(Q")). Thus, it is natural to ask what further conditions should one impose
on F' and G in order to obtain such a regularity. In Theorem 4.12 we show
that, if

(Ig: + Fp)Y and Fg map C%*(9) to itself, (6)



then problem (1) has at least one weak solution in C'%(clQ2°\ Q") x C%<(cl1Q°).
However, in order to obtain solutions in CH(clQ° \ ) x C1*(clQ) by ex-
ploiting our argument it does not suffice to increase the regularity of F' and
G and it seems that a different approach should be implemented.

To illustrate this fact, we consider in the last Section 5 the case when
the fourth condition of problem (1) is a small nonlinear perturbation of a
homogenous linear condition. Namely, we assume that F(z,t) = AM+e®P(x,t)
for all (z,t) € 02 x R, where )\ is a positive real constant, ¢ is a small real
parameter, and ® is a continuous function from 9’ x R to R. Then we
consider the nonlinear transmission problem

Au® =0 in Q°\ ¢,

Aut =0 in Q°,

u’(z) = fo(x) for all x € 0Q°, (7)
ul(z) = M (z) + e®(x, u'(z)) for all z € 9,

voi - Vu®(z) — vgi - Vu'(z) = G(x,u'(x)) for all x € 90,

for a pair of functions (u®,u') € CH*(clQ°\ Q) x CH*(cl)’). In Theorem
5.10 below we show that, under suitable assumptions on ®, G, and €2 (see
condition (30)), there exists e, > 0 such that problem (7) has a solution
(w2, ul) € CH(clQe\ Q) x Ch(clQ) for all € €] — €., €.[. Such a solution

€7r €

(u®,ul) is locally unique in C(clQ° \ Q) x C1*(clQ) for all fixed € €
] — €., €] and, in addition, the map which takes € to (u°, u!) is continuously

Fréchet differentiable from | —e,, €, to C1*(cl°\ Q) x C1(clQ)?). However,
Theorem 5.10 does not provide any estimate for the value of €,. Therefore, the
existence conditions provided by Theorem 5.10 are not completely explicit,
as instead are those of Theorem 4.11.

We also observe that the assumptions of Theorems 4.11 and 5.10 may be
simultaneously verified, but the solutions provided by Theorem 4.11 may not
coincide with those provided by Theorem 5.10. Consider for example the case
introduced here above where Q° = RB,, and Q' = rB,,, with 7 < R. Assume
that f°(z) = t°, ®(x,t) = ¢(t), and G(z,t) = g(t) for all (z,t) € IO’ x R,
where t° € R and ¢ and ¢ are continuous functions from R to itself. Then
we look for solutions of problem (7) in the form (4) with ¢ € R solution of
the equation
[ (R) — Du(r)

t° —
I7.(r)

g(t') = Mt +eg(t") . (8)




N
N

m

+3/2

~
H
m
Il
—

£=1/2

Figure 2: the blue lines are graphs of At 4 e¢(t) for ¢ = 3/2, ¢ = 1, and € = 1/2. The
intersections of the blue graphs with the red line correspond to solutions of (8)

Now we take A = 1/2,
1
B(t) Et3—2t2+§t+1 vVt eR,

and ¢ constant. One can choose t°, r, R, and ¢ in such a way that the left
hand side of (8) is equal to 1. Then it is easily verified that equation (8) has
two solutions for € = 1: # = 0 and #* = 1. Instead, for ¢ > 1 we only have
the solutions provided by Theorem 4.11 due to the behaviour at infinity of
¢ and we loose the solution provided by Theorem 5.10 due to the smallness
of € (see Fig. 2). Similar examples can be exhibited to show that the local
uniqueness of the solution guaranteed by Theorem 5.10 for € small can be
lost when we increase €.

Finally, we observe that potential theoretic methods have been devel-
oped for the analysis of linear transmission problems in Lipschitz domains.
We mention, for example, the works of Escauriaza, Fabes, and Verchota [12],
Escauriaza and Seo [13], and Escauriza and Mitrea [14]. However, the ar-
gument used in the present paper for the proof of the main Theorem 4.11
cannot be immediately extended to the case of a Lipschitz contact boundary
0. The reason is that the compactness of the double layer operator Wq:
plays a crucial role in the proof of Proposition 4.6, where we apply the Leray-
Schauder principle to prove that the fixed point equation (16) has solutions
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(see Section 3 for the definition of Wgi). As is well known, Wg: is compact
in LP(9Q), p €)1, +o0], if Q' is at least of class C', but may be not compact
if ' is just a Lipschitz domain (cf., e.g., Fabes, Jodeit, and Lewis [15] and
Fabes, Jodeit, and Riviere [16]). Since here we assume Q' to be of class C1,
we also have Wqi compact from CY(9Q°) to itself, from C%*(9Q) to itself,
and from C1*(99Q") to itself (cf. Section 3 below).

The paper is organised as follows. Section 3 is a section of preliminaries
where we introduce some classical notion of potential theory. In Section 4
we prove our main Theorem 4.11 where we show the existence of continuous
solutions of problem (25). Finally, in Section 5 we consider problem (7) and
we show the existence of locally unique C1“ solutions for e small.

3. Classical notions of potential theory

We denote by S, the function from R™\ {0} to R defined by

+ log |z| ifn=2
e 2m ’ 2

As is well known, S, is a fundamental solution for the Laplace operator in
R”.

Let © be an open bounded subset of R™ of class C1. Let ¢ € L*(99).
Then vg[¢] denotes the single layer potential with density ¢. Namely,

valdl(@) = | ¢W)Sn(w —y)doy  Vr R,
where do denotes the area element on 092. As is well known, if ¢ € L>(99Q),
then vq[¢| is a continuous function from R"™ to R. In addition, if ¢ €
C%*(0R), then the restrictions v$[¢] = va[¢ljan and vg[d] = vold]rma
belong to C*(cl2) and to CLY(R™ \ Q), respectively. Here CLY(R™ \ Q)
denotes the space of functions on R™ \ © whose restrictions to clO belong to

C1*(clO) for all open bounded subsets O of R™ \ €.
If ¢ € L*(99), then wq[¢)] denotes the double layer potential with density
1. Namely,

wal](z) = — o, V(y) valy) - V(v —y)do, Vo eR",

where v denotes the outer unit normal to 92 and the symbol ‘-” denotes the
scalar product in R". If ¢ € C*(99), then the restriction we[t)]jo extends
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to a function wq[1] of C1(clQ) and the restriction wgq[y)] rr\cl0 extends to
a function wq )] of CLY(R™\ Q).
Let

Wolv)(z) = - mw(y) va(y) - VSu(x —y)do, Vo€,
for all v € L*(092), and
Wilol(w) = [ 60) mala)  VSulo—)do, V€09

for all ¢ € L2(99). As is well known Wq and W¢, are compact operator from
L*(09) to itself and are adjoint one to the other. In the sequel we denote by
I the identity map from L*(99) to itself. Thus +1 1+ Wq and 51+ W
are Fredholm operators of index 0 from L?(992) to itself.

We now introduce the following classical result of Schauder [42, 43]:

Lemma 3.1. Let 5 €]0,1]. Then the map which takes v to Wq] is con-
tinuous from C°(982) to C¥*(9Q) and from CHP(9Q) to C1*(0Q). The map
which takes ¢ to W§[é] is continuous from C%P(0€) to C%*(09).

As a consequence, the map which takes ¥ to W[y is compact from

C°(99Q) to itself, from C%*(9NQ) to itself, and from C*(9N) to itself, and
the map which takes ¢ to Wg[¢] is compact from C%*(99Q) to itself. Then
one immediately deduces the validity of the following.

Lemma 3.2. The operators £51o+Wq are Fredholm of index 0 from C°(92)
to itself, from C%(9Q) to itself, and from C1*(OQ) to itself. The operators
+11o + W are Fredholm of index 0 from C%*(09) to itself.

In addition we have the following technical Lemma 3.3.

Lemma 3.3. Let ¢ € L*(0Q). Let 5 € [0,0]. Let v € R. If (51q + W50
belongs to COP(0R), then ¢ € C*P(9Q).

Proof. It (3Iq + W)y € C*P(09), then a standard argument based on
iterated kernels ensures that ¢ € C°(99). It follows that W € C%%(9Q)
for all g € [0,a] (cf. Miranda [33, Chap. II, §14, IV], see also Schauder
[43]). Thus ¢ = 2(3Io + W)Y — 29Wee belongs to C%F"(09) with 8 =
min{/’, 5} for all 5" € [0, a[. Now the lemma is proved for § < a. If instead
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f = «, then we observe that Wy € C%*(9Q) by the membership of ¢ in
C%(90) with 8’ €]0,1] (cf. Lemma 3.1). Thus ¢ = 2(2 Io-+yW )y —29 Wiy
belongs to C%*(99) and the Lemma is proved. O

By exploiting the operators Wq and W3 we can now write the jump
formulas

willon = k50 + Wal]  and v~ Veslblon = F30+ Wikl (10)

which hold for all continuous function ¢ € C°(9) (cf., e.g., Folland [17,
Chap. 3]). In addition, if v € C**(99), then we have

va - Vwg[¥]jpe = va - Vwg [¥]jaq - (11)

In the following Lemma 3.4 we describe the null-spaces Ker(£35Iq + W)
and Ker(:i:%IQqLWQ) of the operators :l:%IQ + W and :l:%IQ +Wgq in L2(09).
To do so, we exploit the following notation: if X is a subspace of L'(9)
then we denote by Ay the subspace of X' consisting of the functions which

have 0 integral mean. For a proof of Lemma 3.4 we refer, e.g., to Folland
[17, Chap. 3].

Lemma 3.4. Let )y, ..., Qn be the bounded connected components of €2
and Qq, Qp, ..., Q; be the connected components of R™ \ clQ. Assume
that Q0 , ..., 0, be bounded and that €}y be unbounded. Then the following

statements hold.

(i) The map from Ker(3Io + W) to Ker(31g + Wo) which takes p to
volpjaa is bijective.

(it) The map from Ker(—3Iq+Wg)o to Ker(—31g + Wq) which takes p to
valuljpa is one-to-one. If n > 3, then the map from Ker(—31o + W§)
to Ker(—%lg + Waq) which takes ju to volplaq is bijective.

(i) Ker(3Ig + Wq) consists of the functions from OS2 to R which are con-
stant on S for all j € {1,..., M} and which are identically equal to
0 on 09 .

(iv) Ker(—31Io + Wq) consists of the functions from 9Q to R which are
constant on 08 for all j € {1,...,N}.

() If ¢ € Ker(31q + Wg) and [, ¢t do = 0 for all ¢ € Ker(51q + Wa),

then ¢ = 0.
(vi) If ¢ € Ker(—1Iq+Wg) and [, ¢ do = 0 for allp € Ker(—51o+Wo),
then ¢ = 0.
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Finally, we have the following technical Lemma 3.5.

Lemma 3.5. Let 7 €] — 1,1[. Then %IQ + 7W{ is an isomorphism from
L2(09Q) to itself, from C°(OR) to itself, and from C**(0Q) to itself.

Proof. To prove that %_[Q + 7W¢ is an isomorphism from C%*(99) to itself
one can argue as in Lanza de Cristoforis and Musolino [29, Prop. A.1]. Then,
to show that 1o+ 7W¢ is an isomorphism from L?(9€) to itself we observe
that 7 is compact from L?*(99) to itself. Thus $Io + 7Wg is a Fredholm
operator of index 0 from L*(99) to itself and it suffices to show that I +
TW¢ is one-to-one. Now, if ¢ € L?(9Q) and (3Io + TW3)Y = 0, then
P € C%(9Q) by Lemma 3.3. Accordingly ¢ = 0 by the invertibility of
%[Q +7Wg in C%*(99). Finally, to prove that /o + 7W¢ is an isomorphism
from C°(09) to itself we observe that 1o+ 7W¢ is continuous from C°(0)
to itself (because W has a weak singularity). Moreover, if n € L?(0Q) and
(31 + TWg)n € C°(09Q) then Lemma 3.3 ensures that n € C°(99Q). Then
one deduces that %_[Q + 7W¢ is a bijective continuous linear operator from
C°(9Q) to itself. Accordingly 31Io + W is an isomorphism from C°(992) to
itself by the open mapping theorem. O]

4. Existence results for problem (1)

We prove in this section our main Theorem 4.11.

As a first step we deduce in the following Lemma 4.1 a representation for a
pair of harmonic functions in CH*(c1Q°\ Q%) x C*(cl2) in terms of a suitable
combination of layer potential. We will exploit the following notation: if §2
is an open bounded subset of R", k € N, and 8 € [0, 1], then we denote by
CFP (cIQ) the subspace of C*#(clQ) defined by

harm
ClP (clQ) = {¢ € C*P(clQ) : Ap=0inQ} . (12)
Lemma 4.1. The map from C1*(9Q°) x CH*(9Q1) x CO* () to CL2 (clQ\
) x Cpi (clY) which takes (1, p,m) to the pair (u[u®, u, n, w1, 11, 7))
given by

'l ) = (Wi [0°] + weu (] + vgilnDjanaras s w6 ] = wi{ul

1s bijective.
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Proof. The map is well defined. Indeed (u®[u°, u, 0], u' [, w,n]) € CH*(cl2°\
Q1) x CY(clQ?) and Aul[p®, p,m] = 0, Au'[p®, u,n] = 0 for all (u°, u,n) €
CL(92°) x CH(92') x C¥(99Q%) (cf. Section 3). We now show that it is
bijective. We take a pair of harmonic functions (¢, ¢*) in Cpu%_(clQ°\ Q) x

harm

Ch () and we prove that there exists unique (u°, u,7) € CH*(99°) x
C(92") x C%*(9KY) such that (u®[p®, p,n], u'[u°, 1, 1)) = (¢°, ¢'). By the
standard properties of the double layer potential there exists a unique pu €
Ch*(0Y) such that wg,[u] = ¢ (cf. (10) and Lemma 3.4 (iii)). Then we
have to show that there exists unique (u°,n) € CH*(9Q°) x C**(9Q) such
that

(weho[1°] + v M) cieri = 07 — wes [ oo - (13)
Let ¢° = ¢fpq0 — weilufjone and ¢ = voi - Véipo, — vai - Vwg[p]jani. Then

Yo € CH(90°), ¢t € C%(09°), and equation (13) is equivalent to

1 _ o
(5190 + WQO),LLO + Veyi [77}|8Q0 = 1/} )
(1)

1 * 1) 7
(5191' + Wein + vai - Vwde (1) jpai = ¢

by the uniqueness of the classical solution of the Neumann-Dirichlet mixed
boundary value problem (see also (10)). By Lemmas 3.2 and 3.4 the op-
erator which takes (1%,7) to ((31a0 + Wae)u®, (31 + Wi.)n) is a linear
isomorphism from C*(9Q°) x C%*(9Q") to itself. Moreover, by the proper-
ties of the integral operators with real analytic kernels and no singularities,
the operator which takes (u°,n) to (vg:[n]jaqe, Vi - VW [11°]ja0:) is com-
pact from CH*(9Q°) x C%*(9Q7) to itself. Hence, the operator which takes
(%) to (3100 + Wae)u® + vgi[n]jaoe, (51ai + Wi + vai - Vwd[1]a0:)
is a compact perturbation of an isomorphism and therefore it is a Fredholm
operator of index 0 from C1¥(9Q°) x C%*(9) to itself. Thus, to complete
the proof it suffices to show that equation (14) with (¢°,¢%) = (0,0) im-
plies (1%,n) = (0,0). If ((5Ig0 + Wao)p® + v [n]joae, (310 + W0 + v -
Vwdo [1°]ja0i) = (0,0), then by the jump properties (10) and by the unique-
ness of the classical solution of the Neumann-Dirichlet mixed problem one
deduces that (wg, [11°] + v [1])jannni = 0. Hence we, [1°] + vl [n] = 0 in el
by the uniqueness of the classical solution of the Dirichlet problem in €2 and
by the continuity of (wg,[1°] + vai[n])jaqe (cf. Section 3). Then by (10) we
have

n=>rvqi: Vﬂg_zi [77]|aQi — Vqi - VU;&- [77]|aQi
= v - awgs[1”) + v 0] s — vV (w0 1] + v o = 0.
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By (14) it follows that (I + Wao)u® = 0 and thus p® = 0 by Lemma 3.4
(iii). Our proof is now complete. O

In the following Lemma 4.2 we introduce an auxiliary operator which we
denote by J. In the sequel we will denote the inverse of an invertible map f
with (=1, as opposed to the reciprocal of a function g which will be denoted
with ¢g=1.

Lemma 4.2. We define

1 1
T = (Gla + Wein — vas - Vg | (Gloe + Woo) ™ Dugi [n)jaae o0
for all n € L2(0Q). Then the map which takes n to J[n| is an isomorphism
from L2(0SY) to itself, from C°(OQ) to itself, and from C%*(9Q) to itself.

Proof. By the properties of integral operators with real analytic kernels and
no singularity, by the invertibility of Igo + Woe in C*(99°) (cf. Lemmas
3.2 and 3.4), and by the continuity of the map wgo[-] from CH*(9Q°) to
C*(c1Q°) (cf., e.g., Miranda [32]), one deduces that the operator which
takes n to

vor - Vs, [( Toe + Wae) Vg [n]mo] o (15)
is continuous from L?(9Q) to C**(9Q%). Then, by the compactness of
W in L*(99) it follows that J is a Fredholm operator of index 0 from
L*(09) to itself. Thus, to show that J is invertible from L?(9Q") to it-
self it suffices to prove that J[p] = 0 implies n = 0. If n € L*(0Q) and
Jln] = 0, then (31 + W)n € C%*(09) by the membership of (15) in
C’O’O‘(aQi) It follows that n € C(0N) (cf. Lemma 3.3). Then, by setting
10 = — (oo + Wao) ™ Hugi[n]jaee and by exploiting equality (10) we verify
that u [,u 0,7]ja0e = 0 and vqi - Vu[u?, 0,1 a0 = 0, where u®[p?, 0, 7] is de-
fined as in Lemma 4.1. Accordingly u[1?,0,n] = 0 by the uniqueness of the
solution of the mixed boundary value problem. Since u'[1°,0,7] = wg,[0] = 0,
Lemma 4.1 implies that n = 0.

To prove that J is invertible from C°(9€) to itself we observe that .J
is continuous from C°(9€) to itself (because W¢, has a weak singularity).
Moreover, if n € L*(9Q) and J[n] € C°(09) then (31 + Wi)n € CO(OQ)
by the membership of (15) in C%*(9Q"). Thus Lemma 3.3 ensures that
n € C°(00).

14



Similarly, to prove that J is invertible from C%*(9Q") to itself we observe
that J is continuous from C%*(9Q) to itself and that J[n] € C%*(0Q")
implies n € C%*(9Q°) for all n € L?(9Q) (cf. Lemma 3.3). O

Then we have the following Lemma 4.3 where we rewrite problem (1) into

an equivalent system of boundary integral equations.

Lemma 4.3. Let condition (2) hold. Let (u°, p,n) € CH(90°) x CH(90) x
CY(9). Then (u°[u®, u, n], u'[u’, u,n)) is a solution of (1) if and only if

1

pe = (5190 + Wao) TV(f° — wg [l joge — vas[n]jaae) ,
1 - - (0]
H= (519" + Woi) 7Y [(Tai + Fr) ™ (wie [1)jp0r + vai [0)jaa: + 2Wain)] |

n= Jb Fgo ([Qz + .FF)(_l) (w;go [,uohagi + Vqi [’r]]‘agi + QWQiﬂ,)

1 e
— var - Vb [(51ae + Wae) TV (7 — wes [l g ) on

(16)

Proof. Note that vqi- Vwg,[u](z) —vgi- Vwd, [p](z) = 0 by the membership of
pin CH(09Q") (cf. (11)). Then the validity of the statement is a consequence
of Lemma 4.1, of the jump properties of single and double layer potentials
(cf. (10)), of the invertibility of (3 I +Wae) in C1*(9€°), of the invertibility
of (51qi + Wai) and J in L*(9€Y) (cf. Lemmas 3.4 and 4.2), and of condition
(2). O

In Proposition 4.6 below we prove the existence of a solution (i°, fi,77) in
CHo(90H) x C(90") x C°(992Y) of the system of equations in (16). To do so we
exploit the Leray-Schauder principle which is stated in the following Theorem
4.4 and which follows by the invariance of the Leray-Schauder topological
degree (for a proof see, e.g., Gilbarg and Trudinger [20, Theorem 11.3]).

Theorem 4.4 (Leray-Schauder principle). Let X be a Banach space. Let T
be a continuous (nonlinear) operator from X to itself which maps bounded
sets to sets with a compact closure. If there exists a constant M €]0,+0o0]
such that ||z||x < M for all (z,t) € X x [0,1] satisfying x = tT(x), then T
has at least one fized point x € X such that ||z||x < M.

15



In order to apply this principle, we introduce in the following Lemma an
elementary consequence of conditions (2) and (3).

Lemma 4.5. If (2) and (3) hold true, then there exist Cy,Cy,C3,Cy €
10, +00[ such that
(e + Fr) ) Flleoaany < C1(Ca + [1f lleogann) ™ (17)

and

1F6 © (Iai + Fr) Y flleogonn < C(Ca+ || flleogons))™ (18)
for all functions f € C°(0Q%).
Proof. To prove (17) we observe that the first inequality in (3) implies that
there exist ¢}, ¢ €]0, +oo| such that |t + F(x,t)| > ¢;|t|* — ¢; for all (z,t) €
oY x R. Thus we have |(loi + Fr)gllco@ay = c*l‘||g||5010(8m) — ¢ for all
g € C°(0Q) and the validity of (17) follows by taking g = (Ig: + Fr) "V f.
To prove (18) we observe that the second inequality in (3) implies that there
exist ¢, ¢i €]0, +oo| such that |G (z,t)| < ci(ci+|t+F(x,t)|)% for all (z,t) €
891 X R. Then we have Hfggnco(agi) < C;(Cz + H(]Qz +fF>g||CO(8Q'L))62 for all
g € C°(09) and the validity of (18) follows by condition (2) and by taking
9= (Igi + Fr) V. u

Then we have the following.

Proposition 4.6. Let conditions (2) and (3) hold. Then the nonlinear sys-
tem (16) has at least one solution (f°, fi, 1) in CH(9Q°) x C0(A0) x CO(9QF).

Proof. We plan to apply the Leray-Schauder Theorem 4.4 with X equal to
Ch2(90°) x C(92) x C°(9Q) and T = (T°, Ty, Ty) given by

o ~ 1 —1)/ ro . - 0
T°(a° i, m) = (EIQO + W) TV (fo — Wey [t jo0e — vailf]ja0e) on 097,
Ty (%, i, 1)

1 . ) )
= (§Iﬂi + Wo) Y [T + Fp) Y (wio [ 00 + ves[ljaar + 2Woift) ]

on 09,
To(fi°, i, 71) = JTV | Fa o (Igr + Fr) ™ (w1000 + voi ] 00r + 2Weas i)
1 ~ i
— Vi - ngf)[(ifﬂo + Wao) TV(f — weu il )joar | om OV,
(19)
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for all (j1°, j1i,77) € CH¥(9Q°) x CY(9N) x C(IN). We first verify that T is
continuous from C*(99Q°) x C°(9Q) x C(9QY) to itself and maps bounded
sets to sets with compact closure. To do so, we consider separately T, T7 and
T,. By Lemmas 3.2 and 3.4 one deduces that %IQO + Wqe is an isomorphism
from C"*(9Q°) to itself. In particular, (2go + Wao)™Y is continuous from
C1(99Q°) to itself. Moreover, by the properties of integral operators with
real analytic kernel and no singularities wg;[-]jage and vgi[-]jaqe are compact
from C°(9Q) to C1(9Q°). Tt follows that T is continuous from C1*(9§2°) x
CP(09") x C°(9Q) to C1*(9€°) and maps bounded sets to sets with compact
closure. We now consider 7;. By Lemmas 3.2 and 3.4 one verifies that 2 I +
Wei is an isomorphism from C°(9Q') to itself and thus (3/qi + ng)%*l) is
continuous from C°(9) to itself. By assumption (2) the map (I1g: +Fz)~Y
is continuous from C°(9€) to itself. Then, by the properties of integral
operators with real analytic kernel and no singularities w;go['hagi is compact
from C1*(90°) to C°(0€Y"). By the mapping properties of the single layer
potential (cf., e.g., Kress [26, Thm. 2.22], see also Miranda [33, Chap. II,
§14, II]), vqi[-]jae: is compact from C°(9€) to itself. By Lemma 3.1, Wy
is compact from C°(9Q) to itself. If follows that Tj is continuous from
CL(92°) x C°(90) x C°(99) to C°(9N) and maps bounded sets to sets
with compact closure. Finally we consider 7;. By Lemma 4.2 the operator
J1 is continuous from C°(9€) to itself. By the continuity of G and by
condition (2), the map Fgo(Iq:i+Fr) Y is continuous from C°(9€) to itself.
By the mapping properties of the single layer potential (cf., e.g., Kress [26,
Thm. 2.22], see also Miranda [33, Chap. II, §14, III]), vgi[]jai is compact
from C°(9Q) to itself. By Lemma 3.1, Wy is compact from C°(9Q) to
itself. By the properties of integral operators with real analytic kernel and
no singularities and by the continuity of (Igo + Wae)™Y from C*(9Q°)
to itself, the map we,[-]jsq: is compact from CH*(9Q°) to C°(9N') and the
map vgi - Vwd.[(31ae + Wae) T wg, []jo00]jpe: is compact from C(9) to
itself. Accordingly T5 is continuous from C1*(9Q°) x C°(992") x C°(9Q7) to
C°(99") and maps bounded sets to sets with compact closure.

Now let ¢ € [0,1] and assume that (i°, f1,7) = tT(i°, f1,77). We show that
there exists a constant M €]0, +oo[ (which does not depend on t) such that

172°[|c1.e 00y + (|l ooy + N7l coaniy < M . (20)
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By equality (a°, i, 7) = tT(i°, fi, 7) we have that

2%l craaney < N T°(A°, i1, 1) || creone) ,
| llco@any < | TL(A°, i, 7) |leo@ar (21)
[7llco@aiy < [1T2(A°, it 1) || co@ai -

By the first inequality of (21) we deduce that there exists a constant m; €
10, +00[ which depends only on the norm of the bounded linear operator
(310 + Wao) ™Y from CH(99°) to itself, on || f||c1.(p00), and on the norm
of the linear bounded operators wg;[-]jage and vgi[-]ja0e from C°(9QY) to
C1(99°), such that

2% creaney < ma(1 =+ [l coaaiy + [17llco@ai) - (22)

By the second inequality of (21) we deduce that there exist real constants
ma, m3 €]0, +oo[ which depend on the norm of the linear bounded operator
(210i+Wqi)™Y from C(9') to itself, on the constants C; and Cs of Lemma
4.5, on the norm of the linear bounded operator wg, [-]jgi from CH*(9Q°) to
C°(9€2'), and on the norm of the linear bounded operators vgi[-]jon: and W
from C?(09Q") to itself such that

il co@aaey < ma(ms + |1l cre@ne) + |l co@ary + [|illco@an) /™. (23)

By the third inequality of (21) we deduce that there exist real constants
my, ms €]0, +oo[ which depend on the norm of the linear bounded operator
JD from CO(0€) to itself, on the constants Cy and Cy of Lemma 4.5, on the
norm of the linear bounded operator wg, [-]ja0: from C1*(99Q°) to C°(9€'), on
the norm of the linear bounded operators vqi[-]jani and W from C?(9") to
itself, on the norm of vgi- Vg, [(2 I+ Wao) ™Y f9] aqi in C°(9Q"), and on the
norm of the bounded linear operator vg: - Vwg, [(3Iae +Wae ) Vw000 ] jpas
from CY(9Q°) to itself, such that

17| coaq0)
< my [(ms + || 2°]|cre@ae) + ||l co@ar + [17illco@an)? + 1 + [|fillcoaar] -
(24)
Then, by inequalities (22), (23), and (24) one deduces that there exists real
constants My, My, M3 €]0, +00[, which depend on my, ..., ms, such that
2%l v ooy + |l co@niy + 7] coani
< My + My(M;z + || 2°

cra@ae) + ||illco@an + [|illco@a)’

18



with §, = max{1/d;,d2} €]0,1[. Then a straightforward calculation shows
that inequality (20) holds with M = max {1, (M; + My(M; + 1)%)"/1=0) 1
Now the validity of the statement follows by Theorem 4.4. O

With a further regularity request on F' and G we can find a solution of
(16) in CH*(92°) x C(9QY) x C%(9NY).

Proposition 4.7. Let conditions (2), (3), and (6) hold. Then the nonlinear
system (16) has at least one solution (ii°, f1,7) in CH*(9Q°) x C**(9N) x
Co(08Y).

Proof. Let T be as in (19). By Proposition 4.5 there exists (f°, fi,7) in
C(002°) x C°(09Q) x C°(9Q7) such that (a°, ji,7) = T(jii° i1,7). Then, by
the mapping properties of integral operators with real analytic kernels and
no singularities we have that wg,[fi]jsne and vai[7]jane belong to C1*(902°),
that wg,[f1°]jpni belongs to C*(99Q), and that vgi - Vg, [¥]ja0: belongs to
CY(98Y") for all ¥ € C°(9Q°). By a classical result in potential theory (cf.,
e.g., Miranda [33, Chap. II, §14, III]) we have that vq:[7]]js0: € C**(0Q") and
by Lemma 3.1 we have that Wq:[u] € C%*(9Q). Then, by the invertibility of
+1g0 + Wao in C*(8Q°) and of L1o: + Wei in C%*(9Q) (cf. Lemma 3.1 and
3.4), by the invertibility of J in C%*(9Q) (cf. Lemma 4.2), and by assumption
(6) it follows that T'(f1°, i,7) € CH*(9Q°) x C¥*(9") x C**(9Q"). Thus
(a2, i1, 1) € CH*(992°) x C¥*(90) x C**(9Q*) and our proof is complete. [

In the following Theorem 4.11 we show that under conditions (2) and (3)
there exists a pair of functions (a°, @') € C°(clQ2°\ Q%) x C%(clQ) which satisfy
the first four conditions of problem (1) in the classical sense and which satis-
fies the fifth condition of (1) in a certain weak sense which we specify below.
To do so, we introduce in Definition 4.8 a distribution [vg: - Vio° — vg: - Vo],
which plays the role of a weak counterpart of the difference of the nor-
mal derivatives of w° and @' and which is defined for all pair of continu-
ous functions (0, w') € CP,.. (clQ°\ Q) x CP (clQ’) (see also definition
(12)). We observe here that weak counterparts of the normal derivative have
being largely considered in literature for functions in suitable Sobolev and
Bessel spaces (see for example Costabel [6], Mikhailov [31], and the references
therein).

Definition 4.8. Let (w°,w") be a pair of functions of C{
CO

harm

(cl2"). Then [vqi - Vi° — vgi - V'], denotes the distribution on °
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defined by
(vgi - V° — vgi - V'], ¢)

= /m_(woam — Wiagi) (Vai - Vo) do +/

w° Agbdx—i—/ W' A dx
Qo\Qi

(o1
for all test functions ¢ € C°(2°).

One immediately verifies that the map which takes (w°, w0") to [vqi- Vio° —
voi - V'], is continuous. Namely we have the following.

Lemma 4.9. Let (0°,0") € Cy,, (c1Q°\ Q) x CF,.,, (c1Q). Let { (09, 0})}jen
be a sequence in Cp,., (c1Q°\ Q) x Cp . () such that lim;_, o 0 = @°
in CO>clQ\ ) and lim;_, oo @) = w" in CO(clY'). Then

lm ([vgi- V) —vei-V!]w, ¢) = ([vai- Vi —vgi-Vio'ly, ¢) Vo € C2(Q7).

Jj—+oo

Moreover, if (w®,w') belongs to Cf, .. (c1Q°\ Q) x CL _ (cIQ?), then
[vai - Vw® — vgi - Vw'], coincides with (vgi - Vw® — vgi - Vw')goi. Namely
we have

(Vi - Vu° — vgi - V'], ¢) = / (Vi - Vu(z) — vgi - V' (z)) ¢(z) do,

o0
for all ¢ € C>°(Q2°) and for all pair of functions (w?, w*) € Cf,,,,(c1Q2°\ Q) x
Ct. o (cl27). Then we can prove that [vgi - V® — vgi - V'], is supported

on €.

Lemma 4.10. For all (w°,w") € CP,,,(c1Q2°\ Q) x CP
of [vai - V°® — vgi - V', is contained in 0.

clQY') the support

arm(

Proof. By a classical argument one can prove that there exists a sequence
{(w?, wh)}jen in Cp (c1Q0\ QF) x Cpe? (cl) such that lim;, o w? = @°

harm
in C°(clQ°\ Q) and lim;_, o w; = @* in COclY’). Let ¢ € C°(Q2°) be such
that ¢gjp: = 0. Then we have

(lvoi - Vi — v - Vwé]w, bo)
— /(;QZ (Vﬂi . Vw;’(x) — Vi VUJ;(%)) ¢o(117) dO'I —0

for all j € N. Moreover lim;_,o([vqi - Vw§ — vai - Vwi]y, ¢o) = ([vai - Vio© —
voi - V'], ¢o) by Lemma 4.9, and thus ([vqi - Vi0© — vgi - V'], ¢o) = 0. O

We are now ready to prove the main result of this section.
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Theorem 4.11. Assume that F' and G satisfy (2) and (3). Then there exists
(a°, ") € CclQe \ Q) x C°(cl) such that

([ Au’ =0 in Q°\ clQ’,
A =0 in Q°,
u’(z) = f°(x) for all x € 092, 05
w°(r) = F(z,u'(x)) for all x € 9, (25)
([vai - Vi® — vgi - Vi), ¢)
= [ooi Gz, @ (2))p(x) do,  for all ¢ € C(Q2°).

\

Proof. Let (°, ji,1) € CH*(99°) x C°(9Q") x C°(9Q") be as in Proposition
4.6 and define

1 = (we[1°) + weu (] + vga[A)jaoorai, @ = w (A
Then the pair (a°, ') belongs to C°(clQ° \ Q) x C9(clQ?) (cf. Folland [17,
Chap. 3]) and satisfies the first four conditions of (25) (see also (10)). We
now prove that (u°, @) satisfies also the fifth condition of (25).
By a standard argument one proves that there exists a sequence {v; }ien

in C% (cl¥) such that

harm

lim o) =a" in C%clQ). (26)

j—+oo

By Lemmas 3.2 and 3.4 we have that %.[Qi + Wi is an isomorphism from
C° (9 to itself and from C1*(9") to itself. Then, by (10) one verifies that
there exists p; € CH*(9€) such that v = w, ;] for all j € N. Moreover,
by the continuity of ($Iq:i + Wa:)™Y from C°(9) to itself, we have

Then we set
1

p; = (5190 + Wao) V(2 — wei i) one — veaslljone) Vi € N.

By Lemmas 3.2 and 3.4, we have that %IQO + Waqe is an isomorphism from
C1(09°) to itself and from C°(9°) to itself. In particular, (1 Igo +Weao )Y
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is continuous from C°(99°) to itself and maps C'*(9Q°) to itself. Moreover,
by the properties of integral operators with real analytic kernel and no singu-
larities wg,[-]jane is continuous from C?(9Q") to C*(99°) and f° — v 7] 900
belongs to CH*(9Q°). It follows that u € CH*(9Q°) for all j € N and that

) o . 1 1/ ro _ _
jgljrnoo p = jginoog[m + Wao) TV — wg [p5] 1000 — vas[f]j000)
| e ) o .
= (=Iao + Wae) TV (f° — weulilljpae — vas[filjaae) = a°  in C°(09°).

2
(28)

Now let

o —

vy = (wsJ)ro [N?] + We [115] + Vg [77])|c190\m Vj e N.

By classical potential theory v7 € CH*(cIQ°\ Q') (cf., e.g., Miranda [32]).
Moreover, by (10) we have

o 1 [0 — - =
Vitoae = (5 1o + Wae )i +welps]joae + vei{i]jons

and

0 1 o
U})\am = w;go [/ubj]‘agi + (—5191 + WQZ‘)/J/J‘ + UQZ. [77]|@Qz‘ .

Then, by (27) and (28), by the continuity of 3Igo + W from C°(99°) to
itself and of —%Igo + Wae from C%(0) to itself (cf. Lemma 3.1), and by the
properties of integral operators with real analytic kernels and no singularity,

we deduce that

: o __~o : 0 o
JEI—E].OO /UjlaQo - U|890 ln C (69 )

and '
It follows that A
lim o) =a° in C°>clQ°\ Q). (29)
J—+oo
In addition, by the jump formulas (10) and (11) and by the validity of equality
(16) for (u°, p,n) = (% f1,7n) (cf. Proposition 4.6) one verifies that the pair
(v9,v}) satisfies the equality

voi - Vi (z) —vgi - Vui(z) = Gz, @' () +vai (z) - Vg, (1) — i) (z) Vo €
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for all j € N. Hence, by the continuity of the map from C°(9Q°) to C°(99")
which takes ¢ to vgi - Vwd.[¢]jani and by the limit relation in (28) we have
that

lim (v - Vi — vgi - VU;)in = Foi' in C°(08").

J—+oo
Thus, by Lemma 4.9, by the limit relations in (26) and (29), and by the
membership of (v9, v}) in Ol (clQO\Q) x CL2 (clQ) for all j € N, it follows

that (u°, ') satisfies the fifth condition in problem (25). The theorem is now
proved. O

If in addition F' and G satisfy assumption (6), then the pair (u°, ")
belongs to C%(clQ° \ Q) x C%(cl?).
Theorem 4.12. Assume that F' and G satisfy (2), (3), and (6). Then there
exists (u°,a') € C%(clQ0\ Q) x C%*(clQ?) which satisfy the conditions in
(25).

Proof. It (a2, i,17) € CH*(90°) x C¥*(9Q) x C**(9N?) is as in Proposition
4.12 and

0 = (weo[1°] + we [1] + v [ jeraorei s @' = whi[]

then the pair (a°, u") belongs to C%*(c1Q°\ Q') x C%*(clQ’) (cf. Miranda [32])
and we can prove that it satisfies the conditions of (25) by arguing as in the
proof of Theorem 4.11. O

5. Existence result for problem (7)

We now fix a real number A > 0 and a continuous function ® from 9Q° xR
to R. Then we assume that F' = Aidg + €®, where € is a multiplicative real
parameter. Our aim is to study the nonlinear transmission problem (7) for
e small. To do so, we find convenient to introduce the following technical
assumption:

the map from C%*(9Q") to C**(9Q") which

takes 7 to vg:[n]jso: is an isomorphism.

(30)

We observe that assumption (30) holds for all domains Q° in R™ if n > 3, and
does not old in R? only in exceptional cases. Indeed we have the following
classical result.
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Proposition 5.1. Let Q be an open bounded connected subset of R? of class
CY. Then there exists a unique function g in C**(9Q) such that

voltalipa is constant and Yo do = 1.
o0

Moreover, the following statements hold.

(i) If valtaloa # 0, then vg|-]jaq is an isomorphism from C%*(982) to
Che(09).

(ii) If va[talan = 0 and r €]0, +oo[\{1}, then v.q[-]jra0 is an isomorphism
from C%*(roQ2) to CH*(roQ).

In Lemma 5.2 below we introduce an isomorphism between C*(9°) x
CO (90 x CO(90) and CL (c1°\ Q) x CL (I (cf. definition (12)).

harm harm
Lemma 5.2. Let U = (U°,U") be the operator from CH*(992°) x C%*(9Q") x
OO (V) to OL (c1Q0\ ) x CL2(clV) which takes (1%, n°, 1) to the pair
W, n°n'], U n°, n']) given by
Uo[luou 7707 T]Z] = (wgJ)ro ['uo] + Ug;i [nOD\ClQO\Qi )

Ui [Mov 7707 UZ] = /\_lwgo [Mohclﬂi + /\_lvg—iz_i W] :
Then U 1is a linear isomorphism.

Proof. By the mapping properties of the single and double layer potentials
one verifies that the operator U is continuous from C*(9Q°) x C%*(9Q7) x
OO (V) to O (10 \ Q) x CL% (1) (cf. Section 3, see also Miranda
[32]).

Therefore, if we prove that U is one-to-one and onto, we can deduce
by the open mapping theorem that U is an isomorphism from Ch*(9°) x
CO(O0) x CO(9N) to O (el \ Q) x CL* (clQ). So let (¢°,¢') €

harm harm

Che (clQe \ Q) x CP (1)), We show that there exists unique triple

harm harm

(ue,m°,nt) € CH2(90°) x C%(9Q) x C%*(90") such that
(Ul n° ', U e, n%,n']) = (¢°,¢').

We first consider U°[u°,n°, 1] = ¢° and we verify that there exists unique
(u°,m°) such that

(w;{o [1°] + Vgyi [770])|cmo\m =9¢°. (31)
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By the uniqueness of the classical solution of the Neumann-Dirichlet mixed
problem and by the jump properties of the single and double layer potentials
(cf. equality (10)), equation (31) is equivalent to

1 o - o o
(EIQD + WQo)M + Vg [77 ]\aﬂo = ¢|ago )

1 * 15) [o) o
(5 Qi + WQ'L)T, + Vi - ngo [,u ]|agz‘ = Vqi * V¢|8Qi-
By classical potential theory, the operator (%Igo + Wao) is an isomorphism
from CH*(99°) to itself and the operator (3/o: + W) is an isomorphism
from C%%(9Q%) to itself (cf. Lemmas 3.2 and 3.4). Then, by the compactness
properties of the integral operators with real analytic kernel and with no sin-
gularities and by standard properties of Fredholm operators, we deduce that
the map which takes (11, ) to ((5Ioo +Wao)utvg: [ljaqe, (51oi +W)n+veai-
Vwgo[11°)jo0i) is a Fredholm operator of index 0 from C*(9§°) x C%*(9Q") to
itself. Thus, to prove the existence and uniqueness of (u°,n°) € CH*(9Q°) x
C%*(9€2") which satisfies (31) it suffices to show that (u,n) = (0,0) when

((%IQ‘H'WQO)M*'U&[U]:?QM (%]Qi+W5i)77+Vﬂi'ngv[ﬂ]|89i> = (0,0). (32)
If (32) holds, then (wd[1] + vg:[1])ci0o0i = 0 by the uniqueness of the clas-
sical solution of the Neumann-Dirichlet mixed problem and by (10). Hence
wee[p] + v ] = 0 in clQ' by the uniqueness of the classical solution of
the Dirichlet problem in Q' and by the continuity of (wg,[1] + vei[n])aqe
(cf. Section 3). Then, by the jump properties of the single layer potential
(cf. equality (10)) we have that

n=vqgi- V’US;Z [77]391 — Vqi - V’U;gz [7]]|an
— v - V(i 1] + v Do — ver - V(i [u] + v ) o = 0

and thus p = 0 by the first equality in (32) and by Lemma 3.4 (iii). Now,

to complete the proof we observe that U'[u°,n°,n'] = ¢' is equivalent to
v 0] = A" — wo [1°)jaq: and the existence and uniqueness of 7 is guaran-
teed by the assumption in (30). O

In the following Lemma 5.3 we introduce an auxiliary operator which we
denote by J,.
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Lemma 5.3. Let

1 A
Il = ( Ioi + )\+1WQZ)

A—1 1
- zv +o [ o Wo i o
N1 Ve {(2 a0+ Wao) ™ Dugs[n]jon .

for allmp € L*(0Q"). Then the map which takes n to Jy[n] is an isomorphism
from L?(0) to itself, from C°(OY) to itself, and from C**(9Y) to itself.

Proof. By the properties of integral operators with real analytic kernels and
no singularity, by the invertibility of %IQO + Wae in CH(9Q°) (cf. Lemma
3.2 and Lemma 3.4), and by the continuity of the map w¢,[-] from C1*(99°)
to C1(clQ°) (cf., e.g., Miranda [32]), one deduces that the operator which
takes n to

Vi - ngo ( Igo + WQO) UQ’ [77]|’dQD (33>

190
is continuous from L?(9Q) to C**(9€"). Then, by the invertibility of Lo +
2 AW, in L2(997) (cf. Lemma 3.5) it follows that Jy is a Fredholm operator

AL .
of index 0 from L%*(99Q%) to itself. Thus, to show that .Jy is invertible from

L2(09Y) to itself it suffices to prove that Jy[n] = 0 implies n = 0. Now, if
n € L*(0) and Jy[n] = 0, then (3Iq: + 375 W )n € C%*(0Q') by the mem-

bership of (33) in COO‘(@Qi) and thus ne C’OO‘(@Qi) by Lemma 3.3. Then,
by taking u° = —( Tgo 4+ Wao)THug, [1]ja0e and by a straightforward calcu-
lation based on (10) one verifies that U°[u°, n,n]jane = 0, U°[u®,n,n]jp0i =
AU (1%, m, o, and voi - VU°[u®,n,nlioes = vai - VU [®,n,n]jaq: (where
U°lu°,m,n| and U'[u° n,n] are defined as in Lemma 5.2). Then, by the
uniqueness of the solution of the linear perfect contact problem we have
U°[u®,m,n] = 0 and U'[u®,n,n] = 0. Accordingly, Lemma 5.2 implies that
n=20.

To prove that Jy is invertible from C°(9€Y) to itself, we first observe
that Jy is continuous from C°(99Q¢) to itself (see Lemma 3.5). Moreover,
if n € L*(0Q) and Jy[n] € C°(0Q) then (3Iqi + 37 W5 )n € C°(0Q)
by the membership of (33) in C%*(9Q¢), and thus Lemma 3.3 ensures that
n € CO(00").

Similarly, to prove that J is invertible from C%®(9Q¢) to itself we observe
that Jy is continuous from C%*(9Q°) to itself and that Jy[n] € CO*(9Q")
implies n € C%*(9Q)) for all n € L*(0Q"). O
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We now turn to consider problem (7) for ¢ = 0. By the previous Lemma
5.2 and by the jump properties of the single and double layer potentials
(cf. equality (10)) we deduce the following.

Lemma 5.4. Let (u°,n) belong to CH(992°) x C%*(0Q). Then the pair
(U°[u®,n,m), U'lu®,n,m]) is a solution of (7) with € = 0 if and only if

(310 + Wao)p® = f — veu[n]ja0e
(3100 + 3 W) + 351 Var - Vwdo[1%] o0 (34)
= s FaN wgo [ per + A g lae:) -

We show the existence of a solution of (34) by an argument based on the
invariance of the Leray-Schauder topological degree (cf. Theorem 4.4).
Proposition 5.5. Assume that Fg maps C%*(02) to itself and that there
exist C > 0 and 0 € [0, 1] such that

|Gz, )] < C(L+t])°  V(z,t) € 0Q xR.
Then there exists at least a solution (ug,no) € CH*(9Q°) x CO*(9N) of (34).

Proof. Since %IQD + Waqo is an invertible operator from C*(9Q°) to itself
(cf. Lemmas 3.2 and 3.4) it is enough to show that there exists a solution

o € C’O’o‘(ﬁﬂi) of

_ (=1 _>‘_1 . +[1 (1) o]
=i A+ e Vivge (QIQD + Wae) S |00
A 1 1 e 1
+ P 1]:G <X7~U?;o [(5190 + Woo) D (f0 — Veyi [U]wm)} o + XU;;- [U]am)]

(35)

(cf. Lemma 5.3). We first show that the equation (35) has a solution in
C°(0SY"). By the properties of integral operators with real analytic kernel and
no singularities, by the invertibility of £/ + Wao in C°(89°) (cf. Lemmas
3.2 and 3.4), and by the mapping properties of the single layer potential (cf.,
e.g., Kress [26, Thm. 2.22], see also Miranda [33, Chap. 11, §14, I11]) we verify
that the map from C°(9Q?) to itself which takes a function 7 to

1 1 o |
~weo [(51ae + Wao) TV (£ = v5: 0] o) + —v b [ pai
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is compact (cf. Section 3). In addition, Fg is continuous from C°(9Q) to
itself (because G is continuous). It follows that the map which takes 7 to

1 1
Fa (stto {(5190 + W) V(0 — Veyi [N]j0020) + XU& [U]am)
90

is continuous from C°(9Q") to itself and maps bounded sets to sets with
compact closure. Then, Lemma 5.3 implies that the map from C°(9Q) to
itself which takes 7 to the right hand side of equation (35) is continuous
and maps bounded sets to sets with compact closure. Now let ¢ € [0,1] and
assume that

I |
n=tJY voi - Vg, [(5190 + Wae) 0 f°]

A+1

[l

A 1,71 e 1,
+ R 1]:(; (XwQO [(5190 + Wao) " (f° — vg [77]|aszo)} oa + )\UQi[n]‘BQ’

Then, by exploiting inequality |G (z,t)| < C(1 + [t|)° one verifies that

5
Inllco@an < e1 + ¢ (3 + callnllcoaiy) (36)

where c1, ..., ¢4 are real positive numbers which depend on C, t, and A, on
the norm of the bounded operator J/(\fl) from C°(9Q") to itself, on the norm
of the bounded operator from C°(9€)) to itself which takes ¢ to

1 1) -
—w;go (5190 + WQO)( 1)’Uﬂi [Qﬂwgo + U;gi [¢]|agi ,
Elo%

and on the C°(9Q) norms of the functions wg, [($Iae + Wao) ™ ] oo and

Vai - Vwio[(31a0 + Wae) ™ f°] 90, Then inequality (36) implies that

17]lcoani) < max {1, (c1 + coles + 04)6)1/(175)}

Thus Theorem 4.4 implies that there exists ny € C°(99Q¢) solution of (35).
Then, by classical results of potential theory (cf. Miranda [33, Chap. II,
§14, I11]), we have v, [no]jpni € C¥*(9KY'), and, by the properties of integral
operators with real analytic kernels and no singularities, by the assumption
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that F¢ maps C%*(9Q) to itself, and by equation (35) we deduce that n €
CO(904). O

We now pass to consider € # 0. We assume that

the composition operator Fg is continuously Fréchet differentiable
from CH*(9Q") to itself and the composition operator Fg is (37)
continuously Fréchet differentiable from C%*(9) to itself.

We observe that condition (37) implies that the partial derivatives 0,®(x,t)
and 0,G(x,t) exist for all (z,t) € 92" x R, that the composition operators
Fae and Fy,q map CH(9QY) to itself and C%*(9€) to itself, respectively,
and that

dFo(vo).v = (Fae vo) v Yo € CH (09",
dFg(wo).w = (Fa,q wo) w Yw € C%* (08",

where dFg(vg) denotes the differential of Fg evaluated at a function vy €
CH(9Q") and dFg(wp) denotes the differential of F¢ evaluated at a function
wy € C*(9N) (cf., e.g., Lanza de Cristoforis [27, Prop. 6.3]).

Now we introduce the nonlinear operator N = (N°, N{, N}) from R X
CL(9°) x C%(90)? to CH(90°) x CH(90F) x C¥*(9Q) which takes
(e,1%,m°,1") to

N°le, %1%, '] = (%lno + Wao)p® + vg: 0] 1000 — [
Nile, 1,0 ') = vai[n® — n'ljoa: — eFa (AN wh [1%) o0 + A o (1] j00:) »
Nyle, p,n°, ') = (% i + Wan® — A‘l(—%lm + Wa)n'

+ (A = DA g - Vb [100: — Fa(A wds [1%)jp0: + A o0 j00:) -

Then, by the mapping and jump properties of single and double layer poten-
tials (cf. Section 3), one verifies the validity of the following Lemmas 5.6 and
5.7.

Lemma 5.6. If ® and G satisfy condition (37), then N is continuously
Fréchet differentiable map from R x C*(9Q°) x C%*(9Q")? to CH*(90") x
Co (08,
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Lemma 5.7. Let (e, u%,n°,n') € R x C*(9Q°) x C%*(0Q%)?. Then we have
Nle,p®,n°0'] = 0 if and only if (U°[u®,n°,n'], U, n° ') is a solution of
problem (7).

Moreover, one can prove the following.
Lemma 5.8. Let ® and G satisfy the condition in (37). Let (a°,7°,7") €
CHo(9Q") x CO* (92, If
0:G (2, X twg, [1°)(z) + /\—11};;_ [7](z)) >0 Vo € 09, (38)

then Oo 5o i HNI[0, %, 7, '] (the partial differential of the map N with respect

to (u°,n°,n') evaluated at (0, a°,17°,7°)) is an isomorphism from CH%(9°) x
CO@(@Q%‘)? to C1(00°) x Cl’a(ﬁQi) x CO(90).

Proof. We have

Ao oy N[0, 2%, 7°, 7] (1, 7%, 77 (%IQO + Wao) i + v [7°] 1000

Do oy N110, 2%, 71°, ) (B, 77, 7°) = wl° = 77

a(u"m%ni)Ni[O i, i, (e, e, ') = (1191 + Wi )n® — )\_1(—1]@' + W'
+ (A= DA g - Vg [1%1000 — 7 (A wgo[5000 + A o [700:)

for all (i1°,77°,7) € CH*(92") x C**(92")?. Here 7 denotes the function of
C%*(98") defined by

Y(2) = 0,6 (, wh [i°) () +vg:[7](x)) VY € O,
The operator which takes (7% 7°,7") to e o iy N[0, 2, 7%, 7'1(1°, 7°,7") is

Fredholm of index 0 from C1*(9Q") x C%*(9Q)? to itself. Indeed the operator
which takes (1, 7°, 1) to

1 —0 =0 =1 1 =0 —1=1
((Gloo + Wao)@®, vaulil” = Flons » 57+ A7)

is an isomorphism (cf. Lemmas 3.2 and 3.4 and condition (30)) and the
operator which takes (ji°,7°, %) to

(v l)oe » 0, Weslir) = A Wl
+ (A= DA g - Vg [8jp0r — YA wh[B)ja0: + A v [ﬁi]\am)>
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is compact (by the properties of integral operators with real analytic kernels
and no singularity and by Lemma 3.1). Hence, to prove the statement of the
lemma, it suffices to show that

a(#‘jmav”]i)N[Ov 1&/07 770’ ﬁz] (ﬂ()’ ’)707 ﬁl) = 0

implies (%, 7°,7") = (0,0,0). If 9,00, N[0, 2% 7°, 7] (5, 7%, 7") = 0, then
by the jump properties of the single and double layer potentials the pair
(U°[pe,n°,1'], U'[n°, 7°,1"]) is a solution of the problem

Au® =0 in Q°\ ¢,
Aut =0 in QF

u’(x) =0 for all x € 0Q2°,
ul(x) = \u'(x) for all z € 90,

vai - Vul(z) — vgi - Vu'(z) = (z) u'(z) for all z € 99°.

Then, by inequalities A > 0 and 4 > 0 (cf. condition (38)) and by a standard
energy argument one verifies that (U°[u?, 7°,7'], U'[2°, 7°,77']) = (0,0). Thus
(7, m°,1') = (0,0,0) by Lemma 5.2 and the proof is completed. O

Then, by Lemma 5.8 and by the implicit function theorem (see, e.g.,
Deimling [9, §15]) one verifies the validity of the following proposition.

Proposition 5.9. Let ® and G satisfy (37). Let (ji°,7°,17') € CH*(992) x
C%(90)? and NI0, i°,7°,7'] = 0. Assume that condition (38) holds true.
Then there exist €@ > 0, a neighbourhood U of (a°,7°,1") in CH*(OQ") x
CY* (022, and a continuously Fréchet differentiable map (1°[], n°[-], n'[-])
from | — €*, €[ to U such that the set of zeros of N in | — €*, €*[xU coincides
with the graph of (u°[-],n°[],n'["]). In particular, Nle, u°[e],n°[e],n'[e]] = 0
for all € €] — ¢, €[ and (u°[0], n°[0], n'[0]) = (&°, 71°,77").
We are now ready to prove the main Theorem 5.10 of this section.

Theorem 5.10. Let ® and G satisfy condition (37). Assume that |G(x,t)| <
C(1+1t])° for some C >0, 6 € [0,1] and for all (x,t) € O x R. Then the
following statement hold:

(i) there exists at least a solution (u3,ul) € CH*(clQe\ Q) x C12(clQ) of
the boundary value problem in (7) with € = 0.
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If in addition we have
(0,G)(z,ub(z)) >0 Va € o (39)

then there exist e, > 0 and a family of functions {(u?,u)}ec)—c, e.pfo} Such
that following statements hold:

(ii) for all € €]—e,, €[ the pair (u®, ul) belongs to CH(clQ°\ Q') x C1(clQ)
and is a solution of (7);

(iii) the map from | — €., €[ to C1*(clQ°\ Q) x C1*(clQ?) which takes € to
(u°, ul) is continuously Fréchet differentiable;

€r e

(iv) there exists an open subset V of Ch% (clQ°\ Q) x CL2 (I such
that, for all fived € €] — €., €. the pair (u2,u') is the unique solution of

(7) belonging to V.

Proof. (i) By Lemma 5.5 there exists at least a solution (13, 179) € C*(92°) x
CO%(0) of (34). Then we define (uf, uh) = (U[ug, o, o, U 16, i o)) and
the validity of statement (i) follows by Lemma 5.4 (see also Proposition 5.9).

(ii) Since (p§,m0) is a solution of (34), we have N[0, u3, 1m0, m0] = 0. Then
let (a°,7°,7°) = (149, M0, Mo)- By condition (39) and by the jump properties of
single and double layer potential, one verifies that condition (38) is satisfied.
Accordingly, the assumption of Proposition 5.9 are fulfilled and we can take
. = ¢ and define (u?, ui) = (U°[eld, w°lel, 7 ll), Ul lel, w°le), i {e])) for all
€ €] — €., €.[. The validity of (ii) follows by Lemma 5.7.

(iii) It is a consequence of the continuous Fréchet differentiability of
(-], m°[-],m'[-]), of the definition of (U, U?) in Lemma 5.2, and of the map-
ping properties of the single and double layer potentials (cf. Miranda [32]).

(iv) Let U be the open neighbourhood of (2, 7°,%") introduced in Propo-
sition 5.9. Let V = {(U°[u°,n°, '], U[u’,n°n']) : (u°,n° n') € U}. Since
U = (U°,U%) is an open operator the set V is open in CL% (c1Q°\ Q) x

arm

Ch () (cf. Lemma 5.2). Moreover, the pair of functions (u?,ul) =
Uelpelel, n°le], n'[e]], U*[wele], n°[e], n'[€]]) belongs to V for all € €] — €., €
(cf. Proposition 5.9). Now fix ¢ €] — €,,€,[ and assume that.(ug,ué) eV
is a solution of (7) for € = €. Then there exists (ug,7n7,m;) € U such
that (ug,uf) = (U°[ug,ng,nil, U'lug,mg,mi)) (see Lemma 5.2). Moreover,
Nles, g, mg,m;) = 0 by Lemma 5.7 and thus (ug, ng, m;) = (1°[ex], 1°[ec]. n'[ex])
by Proposition 5.9. Accordingly (ug,u;) = (u?ﬁ,uén) and the proof is com-

plete. O]

32



Acknowledgment

The research of M. Dalla Riva was supported by Portuguese funds through
the CIDMA - Center for Research and Development in Mathematics and
Applications, and the Portuguese Foundation for Science and Technology
(“FCT-Fundagdo para a Ciéncia e a Tecnologia”), within project UID/-
MAT/04106/2013. The research of M. Dalla Riva was also supported by the
Portuguese Foundation for Science and Technology (“FCT-Fundagao para a
Ciéncia e a Tecnologia”) with the research grant SFRH/BPD/ 64437,/2009.
In addition, the work of M. Dalla Riva was supported by “Progetto di Ateneo:
Singular perturbation problems for differential operators - CPDA120171/12”
of the University of Padova.

G. Mishuris acknowledges the support of the European Community’s
Seven Framework Programme under contract number PIAPP-GA-284544-
PARM-2.

Finally, M. Dalla Riva wishes to thank the Department of Mathemat-
ics of the University of Aberystwyth for the hospitality received during the
development of a part of the work.

[1] I. Babuska, M. Suri, On locking and robustness in the finite element
method, STAM J. Numer. Anal. 29 (1992) 1261-1293.

[2] G.R. Barrenechea, G.N. Gatica, On the coupling of boundary inte-
gral and finite element methods with nonlinear transmission conditions,
Appl. Anal. 62 (1996) 181-210.

[3] H. Berger, A convergent finite element formulation for transonic flow,
Numer. Math. 56 (1989) 425-447.

[4] H. Berger, G. Warnecke, W.L. Wendland, Finite elements for transonic
potential flows, Numer. Methods Partial Differ. Equations 6 (1990) 17—
42.

[5] T. Carleman, Uber eine nichtlineare Randwertaufgabe bei der Gleichung
Au =0 (in German), Math. Zeitschr. 9 (1921) 35-43.

[6] M. Costabel, Boundary integral operators in Lipschitz domains: elemen-
tary results, SIAM J. Math. Anal. 19 (1988) 613-626.

33



[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

M. Costabel, E.P. Stephan, Coupling of finite and boundary element
methods for an elastoplastic interface problem, SIAM J. Numer. Anal.
27 (1990) 1212-1226.

J.M. Cushing, Some existence theorems for non-linear eigenvalue prob-
lems associated with elliptic equations, Arch. Ration. Mech. Anal. 42
(1971) 63-76.

K. Deimling, Nonlinear functional analysis, Springer Verlag, Berlin,
1985.

M. Dalla Riva, M. Lanza de Cristoforis, Hypersingularly perturbed loads
for a nonlinear traction boundary value problem. A functional analytic
approach, Eurasian Mathematical Journal 1 (2010) 31-58.

M.A. Efendiev, H. Schmitz, W.L. Wendland, On some nonlinear poten-
tial problems, Electron. J. Differ. Equ. paper 18 (1999) 1-17.

L. Escauriaza, E.B. Fabes, G. Verchota, On a regularity theorem for
weak solutions to transmission problems with internal Lipschitz bound-
aries, Proc. Am. Math. Soc. 115 (1992) 1069-1076.

L. Escauriaza, J.K. Seo, Regularity properties of solutions to transmis-
sions problems, Trans. Amer. Math. Soc. 338 (1993) 405-430.

L. Escauriaza, M. Mitrea, Transmission problems and spectral theory
for singular integral operators on Lipschitz domains, J. Func. Anal. 216
(2004) 141-171.

E.B. Fabes, M. Jodeit, Jr., J.E. Lewis, Double layer potentials for do-
mains with corners and edges, Indiana Univ. Math. J. 26 (1977) 95-114.

E.B. Fabes, M. Jodeit, Jr., N.M. Riviere, Potential techniques for bound-
ary value problems on C'-domains, Acta Math. 141 (1978) 165-186.

G.B. Folland, Introduction to partial differential equations, second ed.,
Princeton University Press, Princeton, NJ, 1995.

G.N. Gatica, G.C. Hsiao, On the coupled BEM and FEM for a nonlinear
exterior Dirichlet problem in R?, Numer. Math. 61 (1992) 171-214.

34



[19]

[20]

[21]

[22]

[23]

[24]

[28]

G.N. Gatica, G.C. Hsiao, The uncoupling of boundary integral
and finite element methods for nonlinear boundary value problems,
J. Math. Anal. Appl., 189 (1995) 442-461.

D. Gilbarg, N.S. Trudinger, Elliptic partial differential equations of sec-
ond order, reprint of the 1998 ed., Springer Verlag, Berlin, 2001.

[. Hlavavcek, M. Kiizek, J. Maly, On Galerkin approximations of
a quasilinear nonpotential elliptic problem of a nonmonotone type,
J. Math. Anal. Appl. 184 (1994) 168-189.

C. Jacob, Sur la détermination des fonctions harmoniques conjuguees
par certaines conditions aux limites. Applications [’hydrodynamique
(in French), Mathematica, Cluj, 11, 1935.

K. Klingelhofer, Nonlinear harmonic boundary value problems. I,
Arch. Ration. Mech. Anal. 31 (1968) 364-371.

K. Klingelhofer, Modified Hammerstein integral equations and nonlinear
harmonic boundary value problems, J. Math. Anal. Appl. 28 (1969) 77—
87.

M. Kohr, M. Lanza de Cristoforis, and W.L. Wendland, Nonlinear
Neumann-transmission problems for Stokes and Brinkman equations
on euclidean Lipschitz domains, Potential Anal. 38 (2013) 1123-1171.

R. Kress, Linear integral equations, second ed., Springer Verlag, Berlin,
1989.

M. Lanza de Cristoforis, Asymptotic behavior of the solutions of a non-
linear Robin problem for the Laplace operator in a domain with a small
hole: a functional analytic approach, Complex Var. Elliptic Equ. 52
(2007) 945-977.

M. Lanza de Cristoforis, Asymptotic behaviour of the solutions of a
nonlinear transmission problem for the Laplace operator in a domain
with a small hole. A functional analytic approach, Complex Var. Elliptic
Equ. 55 (2010) 269-303.

M. Lanza de Cristoforis, P. Musolino, A quasi-linear heat transmission
problem in a periodic two-phase dilute composite. A functional analytic

approach, Comm. Pure Appl. Anal. 13 (2014) 2509-2542.

35



[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

J. Leray, Etude de diverses équations intégrales non linéaires et
de quelques problémes que pose I’hydrodynamique (in French),
J. Math. Pures Appl., IX, Sér. 12 (1933) 1-82.

S.E. Mikhailov, Traces, extensions and co-normal derivatives for elliptic
systems on Lipschitz domains, J. Math. Anal. Appl. 378 (2011) 324-342.

C. Miranda, Sulle proprieta di regolarita di certe trasformazioni integrali
(in Italian), Atti Accad. Naz. Lincei Mem. Cl. Sci. Fis. Mat. Natur. Sez. |
7 (1965) 303-336.

C. Miranda, Partial differential equations of elliptic type, Springer Ver-
lag, Berlin, 1970.

G. Mishuris, W. Miszuris, A. Ochsner, Evaluation of transmission con-
ditions for thin reactive heat-conductiong interphases, Deffect Diffus.
Forum 273-276 (2008) 394-399.

G. Mishuris, W. Miszuris, A. ()chsner, Transmission conditions for thin
reactive heat-conductiong interphases: general case, Deffect Diffus. Fo-
rum 283-286 (2009) 521-526.

W. Miszuris, A. Ochsner, Universal transmission conditions for thin re-
active heat-conducting interphases, Continuum Mechanics and Thermo-
dynamics 25 (2013) 1-21.

V.V. Mityushev, S.V. Rogosin, Constructive methods for linear and non-
linear boundary value problems for analytic functions: theory and ap-
plications, Chapman & Hall/CRC, Boca Raton, FL, 2000.

K. Nakamori, Y. Suyama, Zum nicht-linearen Randwertproblem
der Gleichungen Au = 0 and Au = f(z,y) (in Esperanto),
Mem. Fac. Sci. Kyusyu Univ. Ser. A5 (1950) 99-106.

J. Necas, Introduction to the theory of nonlinear elliptic equations,
Teubner-Texte zur Mathematik 52, Teubner, Leipzig, 1983.

F. Rosselli, P. Carbutt, Structural bonding applications for the trans-
portation industry, SAMPE J. 37 (2001) 7-13.

36



[41] T. Roubicek, Nonlinear partial differential equations with applications,
second ed., Intl. Ser. Numer. Math 153, Birkhauser, Basel, Boston,
Berlin, 2013.

[42] J. Schauder, Potentialtheoretische Untersuchungen (in German),
Math. Z. 33 (1931) 602-640.

[43] J. Schauder, Bemerkung zu meiner Arbeit “Potentialtheoretische Un-
tersuchungen I (Anhang)” (in German), Math. Z. 35 (1932) 536-538.

37



