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In the solar wind, alpha particles are observed to flow faster than the core protons. In this paper,
two-dimensional hybrid simulations are performed to investigate the nonlinear evolution of oblique
Alfvén waves excited by an alpha/proton beam instability in a low beta plasma. The propagation
angles of the excited waves are within a finite range suggesting the generation of oblique Alfvén
waves. During the nonlinear evolution, both the wave numbers and frequencies of the waves drift
to smaller values, and the propagation angles decrease. At the same time, the propagation angle of
the dominant mode also changes. Eventually the plasma system reaches a marginally stable state
according to linear theory. © 2009 American Institute of Physics. �DOI: 10.1063/1.3116651�

I. INTRODUCTION

In situ measurements have shown that there exists a va-
riety of ion beams in the fast solar wind. The proton velocity
distributions in the solar wind are observed to have two
peaks, which can be considered to consist of two compo-
nents �the core and beam protons� with an average relative
drift velocity Upp �where 1�Upp /VA�2 and VA is the local
Alfvén speed� parallel to the background magnetic field
B0.1,2 There is also a relative streaming between minor ions
such as alpha particles and the core protons.3–5 In general,
the alpha particles flow faster than the core protons. The
average drift velocity is around the local Alfvén speed and its
direction is parallel to the background magnetic field.

Both linear Vlasov theory and hybrid simulations have
shown that such ion beams are unstable to two kinds of
electromagnetic waves under typical conditions in the fast
solar wind, and they are magnetosonic and Alfvén
instabilities.6,7 The right-hand polarized magnetosonic waves
with the maximum growth rate along the background mag-
netic field are more likely to grow at ��p�1 �where
��p=8�npkBTp /B0

2 is the parallel proton plasma beta�.8,9 The
left-hand polarized Alfvén waves are likely to propagate ob-
liquely to the background magnetic field, and they tend to be
excited at ��p�1.10 The effects of the temperature anisotro-
pies �the ratio of perpendicular temperature to parallel tem-
perature� of the core protons and beam particles on the beam
instabilities have also been studied, and such anisotropies
can be explained by the scattering of the intrinsic ion cyclo-
tron waves in the fast solar wind.11,12 Linear Vlasov theory
found that the increase in the core/beam temperature aniso-
tropy can reduce the growth rates of both the magnetosonic
and Alfvén instabilities.6,13 This has been verified by one-
dimensional �1D� hybrid simulations.14,15 In this paper, with
two-dimensional �2D� hybrid simulations we investigate the
nonlinear evolution of the oblique left-hand polarized Alfvén
waves excited by an alpha particle beam.

In hybrid simulations, ions are treated kinetically and
electrons are considered as a massless fluid.16 The particles
are advanced according to the well-known Boris algorithm
while the electromagnetic fields are calculated with an im-
plicit algorithm.17 The plasma is presumed to be collision-
less, homogeneous, and magnetized, and it consists of two
ion components �protons and alpha particles� and the mass-
less electron fluid. Their number densities are np, n�, and ne,
respectively. Initially, both alpha particles and protons satisfy
bi-Maxwellian velocity distribution and they have the same
parallel thermal speed. The alpha particles have a drift speed
U0�p along the background magnetic field B0. The tempera-
ture anisotropies for protons and alpha particles are
T�p /T�p=2.0 and T�� /T��=0.5, respectively. The electrons
are isotropic and their temperature is a quarter of the proton
parallel temperature, similar to that in the fast solar wind.

II. SIMULATION MODEL

A 2D hybrid simulation model with periodic boundary
conditions is used in this paper. In the model, units of space
and time are c /�pp �where c /�pp is the proton inertial length,
c is the speed of light, and �pp is the proton plasma fre-
quency based on total number density n0=np+n�� and 	p

−1

�where 	p=eB0 /mp is the proton gyrofrequency�, respec-
tively. We choose n� /ne=0.05, and the initial drift speed be-
tween alpha particles and protons U0�p is set at 1.55VA. The
direction of the drift is parallel to the background magnetic
field B0=B0x̂. The simulations are performed in the center-
of-mass frame, where charge neutrality �� jejnj =0, where j
denotes the species of particles� and the zero current condi-
tion �� jejnjV0j =0� are imposed at t=0. The number of grid
cells is nx
ny =512
256 and the grid sizes are
�x=0.8c /�pp and �y=0.8c /�pp with 100 particles per cell
for each ion component. The time step is 	p�t=0.025. For
comparison, a 1D hybrid simulation with the periodic bound-
ary conditions is also performed, and the parameters are thea�Electronic mail: qmlu@ustc.edu.cn.
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same as the 2D model. The number of grid is nx=512 and
grid size is �x=0.8c /�pp with 300 particles for each ion
component. The angle between the background magnetic
field and the x direction is 45°, which assumes the propaga-
tion angle of the waves to be 45°.

III. LINEAR THEORY AND SIMULATION RESULTS

Both parallel magnetosonic and oblique Alfvén instabili-
ties may be excited by an alpha/proton drift. We choose
two different values of the parallel proton plasma beta:
��p=0.12 and 0.04. In such situations, the oblique Alfvén
waves have the highest growth rate.6 The chosen parallel
proton plasma beta values may represent solar wind condi-
tions from the corona base to 0.3 AU,18 where in situ mea-
surements are not available.

Figure 1 shows the dispersion relation and growth rate of
oblique Alfvén waves at different propagation angles. For
comparison, parallel propagating shear Alfvén mode and
magnetosonic mode are also displayed. At ��p=0.04, the par-
allel propagating shear Alfvén mode has very small growth
rates while the parallel magnetosonic mode is stable. On the
other hand, at a higher beta the growth rates of the two
parallel models become much larger. However they are still
significantly smaller than the maximum growth rate of the
oblique Alfvén mode at ��p=0.12. For ��p=0.12, the disper-
sion relation changes its trend at roughly kc /�pp�2.3 at
propagation angle of 40°, representing a mode exchange be-
tween the shear Alfvén mode and magnetosonic mode.19

Figure 2 shows the time evolution of �a� the amplitude of
the fluctuating magnetic field �B2 /B0

2, �b� the relative drift
speed between alpha and proton particles U�p /VA, �c� the
temperature anisotropy of alpha particles T�� /T��, and �d�
the temperature anisotropy of protons T�p /T�p for ��p=0.12.

FIG. 1. Dispersion relation �top panels� and growth rate �bottom panels� of
left-handed parallel propagating shear Alfvén mode �solid�, right-handed
parallel propagating magnetosonic mode �dotted�, and oblique Alfvén mode
at different propagating angles 40°, 50°, 60°, and 70°. Left and right panels
are for the case of different initial proton parallel beta values of 0.12 and
0.04, respectively.

FIG. 2. The time evolution of �a� the amplitude of the fluctuating magnetic field �B2 /B0
2, �b� the relative drift speed between alpha and proton particles

U�p /VA, �c� the temperature anisotropy of alpha particles T�� /T��, and �d� the temperature anisotropy of proton particles T�p /T�p for ��p=0.12 in 2D �solid�
and 1D �dotted� simulations.
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We calculate the parallel and perpendicular temperatures us-
ing the following procedure: we first calculate the parallel
temperature T� j =mj /kB��vx− �vx	�2	 and the perpendicular
temperature T�j =mj /2kB��vy − �vy	�2+ �vz− �vz	�2	 in every
grid �the bracket �•	 denotes an average over a grid cell�, and
then the temperatures are averaged over all grids. In this way,
we can eliminate the effects of the average velocity at each
location on the thermal temperature. In 2D simulation, the
waves begin to be excited at 	pt�100, and they saturate at
	pt�200 with the amplitude �B2 /B0

2�0.0053. Then the am-
plitude decreases gradually until the quasiequilibrium stage
�from 	pt�500� with the amplitude �B2 /B0

2�0.001. With
the excitation of the oblique Alfvén waves, the relative drift
speed between alpha and proton particles U�p /VA decreases,
while the temperature anisotropies of alpha and proton par-
ticles �T�� /T�� and T�p /T�p� increase. The temperature
anisotropies attain their maximum values slightly after the
amplitude of the excited waves attains their maximum, and
then they begin to decrease during the nonlinear evolution.
At the quasiequilibrium stage, U�p /VA, T�� /T��, and
T�p /T�p are 1.26, 1.6, and 1.5, respectively. Compared with
2D simulation, the evolution of waves is similar in 1D simu-
lation. However, the waves at the saturation stage have larger
amplitude, and the alpha beam is decelerated more effi-
ciently. At the quasiequilibrium stage, U�p /VA, T�� /T��, and
T�p /T�p are 1.22, 1.7, and 2.1, respectively.

Figure 3 shows �a� the contour plot of the fluctuating
magnetic field along the z direction Bz /B0 and �b� the char-
acteristics of kx−ky diagram obtained from the fast Fourier
transform �FFT� transforming of Bz /B0 at different times for
��p=0.12 in 2D simulation. The obliquely propagating
Alfvén waves can be obviously found. At 	pt=150, the
dominant �kx�pp /c ,ky�pp /c� �at that point, the power has the

maximum value� is at about �0.6, 0.6�. At 	pt=220 and 800,
the dominant �kx�pp /c ,ky�pp /c� is at about �0.7, 0.55� and
�0.45, 0.45�, respectively. Therefore, both the wave number
and frequency of the dominant mode at the quasiequilibrium
stage are smaller than that at the linear growth stage, and the
propagation angle =arctan�ky /kx� of the dominant mode
changes in the nonlinear evolution. At the same time, the
propagation angle  has a definite range and it becomes
smaller during the nonlinear evolution. At 	pt=150, 220,
and 800, the ranges of the propagation angle are about from
27° to 60°, 17° to 58°, and 14° to 53°, respectively. It is
noted that in this case, there are some quasiparallel propagat-
ing waves with 0 · �kc /�pp�0.9. They are very likely mag-
netosonic waves in accordance with the linear theory results.

Figure 4 shows the time evolution of �a� the amplitude of
the fluctuating magnetic field �B2 /B0

2, �b� the relative drift
speed between alpha and proton particles U�p /VA, �c� the
temperature anisotropy of the alpha particles T�� /T��, and
�d� the temperature anisotropy of protons T�p /T�p for
��p=0.04. In 2D simulation, waves begin to be excited at
	pt�75 and saturate at 	pt�130 with the amplitude
�B2 /B0

2�0.007. Compared with the case for ��p=0.12, the
linear growth rate of the oblique Alfvén waves is larger,
which is consistent with the linear Vlasov theory �see Fig. 1�.
Then the amplitude begins to decrease and the quasiequilib-
rium stage is attained at 	pt�750 with the amplitude
�B2 /B0

2�0.0009, which is almost the same as the case for
��p=0.12. Similar to the case for ��p=0.12 with the excita-
tion of the oblique Alfvén waves, the relative drift speed
between alpha and proton particles U�p /VA decreases while
the temperature anisotropies of alpha and proton particles
�T�� /T�� and T�p /T�p� increase, and the temperature
anisotropies attain their maximum values slightly after the

FIG. 3. �Color online� �a� The contour plot of the fluctuating magnetic field along the z direction Bz /B0 and �b� the characteristics of kx−ky diagram obtained
from the FFT transforming Bz /B0 at different times for ��p=0.12.
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FIG. 4. The time evolution of �a� the amplitude of the fluctuating magnetic field �B2 /B0
2, �b� the relative drift speed between alpha and proton particles

U�p /VA, �c� the temperature anisotropy of alpha particles T�� /T��, and �d� the temperature anisotropy of proton particles T�p /T�p for ��p=0.04 in 2D �solid�
and 1D �dotted� simulations.

FIG. 5. �Color online� �a� The contour plot of the fluctuating magnetic field along the z direction Bz /B0 and �b� the characteristics of kx−ky diagram obtained
from the FFT transforming Bz /B0 at different times for ��p=0.04.
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amplitude of the excited waves attains their maximum. At
the quasiequilibrium stage, U�p is around the local Alfvén
speed, T�� /T�� and T�p /T�p are 1.0 and 1.8, respectively. We
can find obvious heating of the proton particles with the
excitation of the oblique Alfvén waves. In Figs. 2 and 4, the
final nonlinear states are near marginal stability according to
linear theory: the growth rate of unstable modes becomes
about an order of magnitude smaller than that of the initial
states. Similar to the case of ��p=0.12, in 1D simulation the
unstable waves at the saturation stage have larger amplitude,
and the alpha beam is decelerated again more efficiently.

Figure 5 shows �a� the contour plot of the fluctuating
magnetic field along the z direction Bz /B0 and �b� the char-
acteristics of kx−ky diagram obtained from the FFT trans-
forming Bz /B0 at different times for ��p=0.04 in 2D simula-
tion. At 	pt=120, 150, and 600, the dominant
�kx�pp /c ,ky�pp /c� is at about �0.75, 0.82�, �0.8, 0.9�, and
�0.6, 0.6�. Similar to the case of ��p=0.12, both the wave
numbers and frequencies of the dominant mode at the qua-
siequilibrium stage are smaller than that at the linear growth
stage and its propagation angle  also changes. At the same
time, the range of the propagation angle  becomes smaller.
At 	pt=150, 220, and 800, the ranges of the propagation
angle are about from 30° to 65°, 25° to 58°, and 0° to 52°,
respectively.

IV. CONCLUSIONS AND DISCUSSION

In this paper, with 2D dimensional hybrid simulations
we investigate the nonlinear evolution of obliquely propagat-
ing Alfvén waves excited by an alpha/proton drift. The non-
linear evolution may provide a possible mechanism to decel-
erate the alpha beam in the solar wind. In a low beta plasma,
the oblique Alfvén waves have larger linear growth rate and
saturation amplitude, and the relative drift speed between the
alpha and proton particles is smaller at the quasiequilibrium
stage. The nonlinear evolution of the streaming instability
leads to the relaxation of the system. Eventually the nonlin-
ear state is near the marginal stability according to linear
theory. During the nonlinear evolution, both the wave num-
bers and frequencies of the excited waves tend to drift to
smaller values. The propagation angles of the waves have a
definite range and, in general, decrease during the nonlinear
evolution. At the same time, the propagation angle of the
dominant mode also changes. Therefore, 1D hybrid simula-
tions, in which the propagation angle of all excited Alfvén
modes is fixed at a specific direction, may cause some inac-
curacy to study the nonlinear evolution of the oblique alpha/
proton instability �as shown in Figs. 2 and 4�.

Magnetic field observations in the solar wind have
shown that oblique waves have significant power and mag-

netohydrodynamics �MHD� turbulence theory generally fa-
vors the generation of oblique waves.20–22 The oblique
Alfvén waves produced by beam alpha particles in this paper
or by other means may be relevant to the heating of the solar
wind, an ongoing research topic in solar-terrestrial physics.

It is recognized that 2D hybrid models like ours have
their own limitations. Electron Landau damping could be
important in low beta plasmas. Such effect can only be dealt
with in 2D particle-in-cell �PIC� models.23
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