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Abstract 
High strength titanium alloys are generally used in widespread applications ranging over, but not 

limited to biomedical, aerospace, automotive, marine, oil and gas, and energy. Besides other 

manufacturing processes, forming is one of the common manufacturing process used to produce 

components out of these alloys. Forming processes generally involve significant plastic deformation 

of material under complex multiaxial loading conditions. Titanium alloys undergo considerable plastic 

deformation before failure while later is governed by the mechanisms of void nucleation, growth and 

coalescence. A number of titanium alloys used for high strength applications are multiphase alloys 

having α and β phases. It has been reported in the past that the voids tend to nucleate on the phase 

boundaries. This study is focused on understanding the growth of the nucleated voids at two selected 

locations in a dual phase titanium alloy (Ti-10V-2Fe-3Al); globular 𝛼 phase (hexagonal closed pack, 

HCP) and at the interface of lamellar 𝛼 and 𝛽 phases (𝛼 - HCP and 𝛽 – body centred cubic, BCC). This 

is one of the very few 3D representative volume element (RVE) study of void growth in single crystal 

titanium (HCP), carried out using crystal plasticity finite element modelling (CPFEM) at higher 

triaxialities (ranging 1/3-3) and the first one on the interface of bicrystals with different crystal 

symmetry. The effects of initial porosity and crystal orientation on void growth in single crystal (𝛼 -

HCP) has been studied and it is found that both affects void growth considerably. An effort has been 

made to explain the physics behind it. In the second part, growth in a void at the interface of two 

distinct single crystals (𝛼 - HCP and 𝛽 –BCC) was studied. The effects of Burgers orientation 

relationship (BOR) variant of the two phases, initial porosity, and phase boundary inclination (PBI) on 

void growth is investigated. It is found that the PBI has a very strong impact on the void growth. The 

effect of initial porosity is similar to the void growth in single crystals. Choice of BOR variant affected 

the void growth in moderate triaxialities.  

Keywords: Void growth, crystal plasticity, multiphase titanium alloys, ductile damage 

1. Introduction 
Titanium alloys are one of the best candidate for industrial applications where corrosion resistant and 

high strength material is sought which can perform in severe operating conditions, some examples 

include; high strength aerospace structures, performance automotive parts, marine applications, and 

oil & gas applications. Demand of α-β titanium alloys supersedes all the other type of titanium alloys 

because of their unique set of mechanical properties, such as higher yield strength, ductility, 

formability, high and low cycle fatigue performance and fracture toughness. These alloys undergo 

ductile failure which is governed by void nucleation, growth and coalescence (Lütjering and Williams, 

2007; Peters et al., 2003; Xie et al., 2018).  

Difference in ductility of various solution treated and aged conditions of Ti-10V-2Fe-3Al alloy was 

presented by the Terlinde et al. (1980). Terlinde et al. (1983) found the relation between the 
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quantitative combinations of various 𝛼-variants present and the possible void nucleation site. A crack 

growth model along the grain boundary 𝛼 was presented based on various parameters like grain size, 

yield strength, plastic zone size, and crack deviation by Terlinde et al. (1988). The effect of 

microstructural defects and inclusion in powder-processed Ti-10V-2Fe-3Al alloy in fracture toughness 

was studied by Moody et al. (1989), it was found that the small inclusions do not participate in fracture 

process whereas the inclusions which partook in fracturing grew in size and became the void 

nucleation sites as per ductile fracture theory. Zeng & Zhou (1999) studied the effect of 𝛽 flecks as the 

possible crack nucleation site in Ti-10V-2Fe-3Al. 𝛽 flecks were found to be the nucleation site of crack 

which will further go on to grow and coalesce to ultimately fail  the material in tensile loading while in 

case of low-cycle fatigue they act as crack nucleation sites. Bhattacharjee et al. (2006) investigated the 

effect of grain sizes on fracture toughness of the alloys in Ti-10V-2Fe-3Al alloy and reported that failure 

was by the mechanism of void nucleation, growth and coalescence. Work by Kanamori et al. (2002; 

2002; 2007; 2013) comprehensively examined the failure in titanium alloys containing different 

morphologies of 𝛼 in 𝛽 matrix and reported that the voids almost always nucleate at the interface of 

α/β boundaries. 

It has been established theoretically and analytically that ductile materials fail under the influence of 

void nucleation, void growth, and void coalescence (Gurson, 1977; Rice and Tracey, 1969; Tvergaard 

and Needleman, 1984). Void nucleation sites can vary depending on the type of material. They can 

nucleate at the grain boundaries (Hull and Rimmer, 1959), sub-grain boundaries (Terlinde et al., 1983), 

around precipitates and inclusions (Hutchinson and Tvergaard, 1989), and places where the density 

of accumulated slips is very high (Fleck and Hutchinson, 1993). Nucleated voids can then grow 

depending upon the loading, growth of these nucleated voids depend on the various parameters 

including, void volume fraction, stress triaxiality and the material characteristics of the matrix 

containing the void (Gurson, 1977; Rice and Tracey, 1969; Tvergaard and Needleman, 1984). After 

considerable growth of void, depending on the void volume fraction, void coalescence starts and 

forms a crack which propagates ultimately leading to failure (Gurson, 1977; Rice and Tracey, 1969; 

Tvergaard and Needleman, 1984). A brief overview of the aspects discussed above is given below from 

a multiscale plasticity theory perspective. 

Rice & Tracey (1969) applied the effect of void growth in the continuum isotropic plasticity scale in 

the context that void growth and coalescence were observed to be the dominant reason of ductile 

fracture. Gurson (1977) incorporated the mechanism of void nucleation and growth in ductile 

materials' yield function. A yield function was approximated using the macroscopic flow behaviour of 

simplified physical model of void in a rigid-perfectly plastic matrix bounded by the von Mises yield 

criterion. Huang (1991) introduced the effect of shape changing part of velocity field on void growth 

rate and modified the well-known relation given by Rice and Tracey. Fleck & Hutchinson (1993) first 

demonstrated the dependence of void size on porous ductile material behaviour using macroscale 

continuum plasticity. A strain gradient theory was incorporated to investigate the void size effect on 

the macroscopic softening of ductile materials. Extensions in the classical Gurson model have been 

made by various researchers, Gologanu et al. (1993) included provision for elliptical voids in the model, 

Leblond et al. (1995) incorporated hardening in the matrix surrounding the void, Gologanu et al. (1997) 

further accommodated inhomogeneous strain rate for the application of simulation of representative 

cell at a near crack tip region, Monchiet et al. (2007) studied the expression for the macroscopic 

criterion for oblate and prolate voids embedded in perfectly plastic rigid matrix. Monchiet & Bonnet 

(2013) presented a closed form expression of the macroscopic criterion in which the size effects of 

void were included in the classical Gurson model using the Fleck and Hutchinson strain gradient 

plasticity approach. 
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Tvergaard & Needleman (1984) modelled the deformation of round tensile bar necking and 

consequent failure. This model used macroscale isotropic elastic-plastic constitutive relations which 

includes behaviour of void nucleation and growth. This study laid down the ground work for the future 

numerical modelling of void nucleation and growth and is generally called GTN, Gurson-Tvergaard-

Needleman model. Tvergaard (1989) describes the material failure by void coalescence of microscopic 

sized voids. Void coalescence was calculated and was attributed to the growth of nucleated voids to 

the order of their inter separation and consequent necking by slip, of the material between the voids. 

The effect of Lode parameter on the void growth and void shape with the help of unit cell with using 

isotropic elastoplastic material was studied by Zhang et al. (2001) and concluded that it has a strong 

influence of void growth and coalescence.  Benzerga & Besson (2001) treated the matrix as an 

anisotropic plastic media rather than the rigid-perfectly plastic assumption of Gurson, containing void 

in it and presented a modified model. Liu et al. (2003) introduced the effect of initial void size on the 

void growth rate. Modification in Rice and Tracey exponential void growth model was suggested and 

made it dependent on the square of mean stress. Liu et al. (2005) introduced the effect of a shape 

changing part of the velocity field on the void growth into the model. Monchiet et al. (2008) 

investigated the combined effect of void shape and anisotropic nature of matrix in which void is 

embedded on the macroscopic response of porous ductile materials. The Gologanu–Leblond–

Devaux’s (GLD) model was extended to incorporate an anisotropic material that obeys the anisotropic 

yield criterion presented by Hill (1948). Benzerga & Leblond (2010) presented a comprehensive work 

on void nucleation, growth and its applications to material failure. It discussed experimental 

background, available models and their application in FEA along with macroscale viscoplastic 

modelling. Stewart & Cazacu (2011) incorporated the effects of material anisotropy, incompressibility, 

tension-compression asymmetry of matrix having void in it, into the available models to develop 

macroscopic yield criterion for a porous ductile material. Lode parameter effect and strain localisation 

in a band around void is studied using unit cell with spherical void by Barsoum and Faleskog (2011) 

and the importance of Lode parameter in ductile failure was emphasised. Nielsen and Tvergaard 

(2011) investigated the void growth in a unit cell with void with matrix having isotropic elastoplastic 

properties under shearing load and studied the shear band effect on void growth and coalescence.  

Danas and Ponte Castañeda, (2012) presented a macroscale homogenisation based model which 

incorporates the effect of stress triaxiality and Lode parameter on the void growth and evolution of 

void shape and orientation. Siddiq et al. (2012) included a variational void coalescence model in the 

porous constitutive model. Sayed et al. (2012) studied the combined effects of shape memory alloy 

plasticity and porous plasticity. Dunand and Mohr (2014) studied the localisation of plastic flow around 

void with unit cell simulation with Levy – von Mises matric material and its onset under different stress 

states considering shear loading and Lode parameter. Niordson and Kysar (2014) developed a strain 

gradient based crystal plasticity formulation and used void growth in FCC and HCP single crystals in 2D 

as a case study for the model. Zhou et al. (2014) combined the volumetric damage, which depends on 

a void volume fraction, and shear damage to improve the GTN model so that it can be effectively used 

to model damage in low stress triaxialities. Tekoğlu, Hutchinson and Pardoen (2015) also studied the 

effects of strain localisation on the void coalescence under different stress states using unit cell with 

void simulations. Siddiq & El Sayed (2015) included the effects of strain rate in the previously 

developed variational void coalescence model. Song and Castañeda (2017, 2017, 2018) presented a 

macroscale homogenisation-based constitutive model for porous polycrystalline material. Siddiq 

(2018) incorporated the effects of parameters including initial porosity, stress triaxiality and crystal 

orientation on the void growth and failure in a porous crystal plasticity constitutive model. Niordson 

and Tvergaard (2018) presented a macroscale constitutive model for porous polycrystals with strain 

gradient effects included in it. Void growth in shear bands under high shear stress state are studied 

using a macroscale isotropic continuum plasticity model accounting for void growth by Torki and 
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Benzerga (2018). In addition to the work mentioned above there has also been work where continuum 

damage modelling has been performed in the context of creep (Basirat et al., 2012; Besson, 2009), 

hydrogen effect (Fischer and Svoboda, 2014), stress-state dependent plasticity (Gao et al., 2011), void 

nucleation due to deformation localisation (Kadkhodapour et al., 2011), ductile damage at large strain 

(Lecarme est al., 2011, Li et al., 2011),    and the effect of void growth on overall plasticity using discrete 

dislocation dynamics (Basirat et al., 2012; Besson, 2009; Fischer and Svoboda, 2014; Gao et al., 2011; 

Kadkhodapour et al., 2011; Lecarme et al., 2011; Li et al., 2011; Segurado and LLorca, 2010). 

O’Regan et al. (1997) carried out two dimensional (2D) plain strain study of void growth in a face 

centred cubic (FCC) single crystal using crystal plasticity and studied the effect of initial porosity, 

loading state and crystal orientation. Quinn et al. (1997) carried out the same study with hexagonal as 

well as circular voids. Orsini & Zikry (2001) carried out the same study with an array of voids in an FCC 

single crystal. A 2D plain strain study of void growth and coalescence under uniaxial and biaxial loading 

and various crystal orientation in a FCC single crystal modelled using 3D crystal plasticity was carried 

out by G.P. Potirniche et al. (2006). Liu et al. (2007) investigated void growth and coalescence at 

various crystal orientations in one and two spherical voids embedded in a 3D FCC single crystal with 

material matrix modelled using crystal plasticity. Size effects were incorporated in a 2D crystal 

plasticity model with three in-plane slip systems by Borg et al. (2008) and studied the void growth at 

biaxial loading at various initial porosity and crystal orientation  . Yu et al. (2010) investigated the 

effects of stress triaxiality, initial porosity, Lode parameter, crystal orientation, activated slip and 

elastic anisotropy on the growth of spherical void in a BCC single crystal where matrix was modelled 

using crystal plasticity. Ha & Kim (2010) studied the same effects in an FCC single crystal. Yerra et al. 

(2010) studied the evolution of void shape and strain at the onset of void coalescence in a BCC single 

crystal on top of the parameters already studied by the previous researchers.  Pushkareva et al. (2016) 

conducted representative volume element (RVE) study of multiple grains of commercially pure 

titanium. Deformation behaviour of one of the grain containing one and two voids was modelled using 

crystal plasticity theory incorporating slip whereas rest of the grains were modelled using 𝐽2 plasticity. 

These simulations were carried out at uniaxial loading conditions. Asim et al. (2017) compared the 

void growth using local and non-local model in an FCC single crystal at high triaxialities. Various crystal 

orientations and initial porosity in spherical and ellipsoidal voids were investigated. Guo and Li, (2018) 

recently presented the crystal plasticity study of void growth in unit cell of BCC single crystal and 

extended the results to polycrystal application and compared the results with classical GTN model 

with conclusion that GTN model can be improved with information obtained by CP study. Savage et 

al., (2018)  conducted a unit cell study with BCC single and polycrystal having a spherical void in 

axisymmetric tension and compression cases to compare the results with the ones obtained from 

macroscopic analytical dilatational models for porous polycrystals. 

There has been efforts in the past to study the void growth at the grain boundary with the grains 

having same crystal structure but different orientations. Li & Guo (2002) investigated the effect of 

isotropic macroscale plasticity parameter mismatch on the growth of void present at the interface of 

the bi-material matrices. Yang and Dong (2009) studied void growth in FCC single and bicrystals with 

different disorientations between the crystals and the void at the interface of the two grains. Jeong et 

al. (2018) studied void growth in a BCC single crystal and at the grain boundary of two BCC grains with 

different crystal orientations. 

As discussed above, most of the work has been concentrated on FCC and BCC crystals and little effort 

has been made to study the effect of void growth in HCP single phase and almost no study on HCP-

BCC bi-phase materials. This study presents one of the very few investigations of the void growth in 

an HCP single crystal of titanium alloy at higher stress triaxialities in a 3D RVE containing spherical 
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void, using CPFEM framework, in an HCP single crystal of titanium alloy at higher stress triaxialities.  

However, iIt must be emphasized that there have been previous void growth studies using crystal 

plasticity on magnesium alloys which also has HCP crystal structure, but their application is limited by 

the fact that they have been carried out in 2D which loses complex effects of crystal orientation, void 

shape and orientation (Prasad et al., 2017, 2016; Thakare et al., 2009). Also, the plastic slip in HCP 

crystal structure has very limited symmetry and out of plane behaviour can prove to be crucial to make 

right estimation. In addition the main novelty of the presented work is, in the fact that a very first 

study of void growth at the boundary of two dissimilar grains (BCC and HCP) is presented, a case which 

arises in α-β titanium alloys (Ti-10V-2Fe-3Al). The effects of the BOR, initial porosity and the phase 

boundary inclination (PBI) is studied. A matrix material for both the scenarios was modelled using a 

fully validated three-dimensional crystal plasticity finite element method (CPFEM).   

2. Modelling Concept 

2.1. Crystal plasticity theory 
Crystal plasticity finite element method has been used in various other application areas (Alharbi and 

Kalidindi, 2015; Aoyagi et al., 2014; Barbe and Quey, 2011; Bridier et al., 2009; Choi et al., 2011; 

Erinosho and Dunne, 2015; Ghosh and Anahid, 2013; Gonzalez et al., 2014; Hansen et al., 2013; 

Herrera-Solaz et al., 2014; Khan and Liu, 2016; Kim et al., 2017; Kohar et al., 2017; Lim et al., 2015; 

Mayama et al., 2011; Mayeur et al., 2015; Popova et al., 2015; Siddiq et al., 2008, 2007; Siddiq and El 

Sayed, 2011; Siddiq and Ghassemieh, 2008; Siddiq and Schmauder, 2006; Su et al., 2016; Upadhyay et 

al., 2018; Zhang et al., 2015, 2018) beside the ductile failure which is already discussed above. Details 

of which are not discussed here for brevity. 

A brief overview of the crystal plasticity theory used during this work is presented below which is 

based on Marin (2006). Total deformation gradient is given by: 

 𝑭 = 𝑽𝑒𝑭∗,   𝑭∗ = 𝑹𝑒𝑭𝑝 (1) 

Here, the total deformation gradient, 𝑭, is multiplicatively decomposed into an elastic stretch tensor, 

𝑽𝑒, and 𝑭∗. 𝑭∗ represents an intermediate configuration, �̃�, which includes, plastic deformation 

gradient, 𝑭𝑝 and rigid body rotation, 𝑹𝑒. Furthermore, total velocity gradient, 𝒍, can be calculated 

from 𝑭 using: 

 𝒍 = �̇�𝑭−1 (2) 

Velocity gradient in �̃�, �̃�, is given by: 

 �̃� = 𝑽𝑒−1𝒍𝑽𝑒 (3) 

Further decomposition of �̃� into its symmetric and antisymmetric (skew) parts was carried out and 

the results are:  

 �̃� = 𝑽𝑒𝑇𝒅𝑽𝑒 = �̇̃�𝑒 + �̃�∗ (4) 

 �̃� = 𝑽𝑒𝑇𝒘𝑽𝑒 = 𝑠kew(𝑽𝑒𝑇�̇�𝑒) + �̃�∗ (5) 

Here 𝒅 and 𝒘 are symmetric and skewed parts of total velocity gradient respectively, given by 𝒍 =

𝒅 + 𝒘. �̇̃�𝑒 is the rate of applied elastic strain, and �̃�∗ and �̃�∗ are the symmetric and skewed parts of 

the plastic flow respectively, arising from crystallographic slip and lattice rotation.   

Second Piola-Kirchhoff stress in �̃� configuration can be calculated using second order elasticity tensor, 

ℂ̃𝑒, applied elastic strain. 

 𝑆 = ℂ̃𝒆: �̃�𝒆 (6) 
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The symmetric and skewed parts of plastic flow can be defined by the contributions from plastic slip 

and lattice rotation, the first and second terms in (7) and (8) respectively. Here �̃�𝑒 is the spin of lattice, 

given by �̃�𝑒 = �̇�𝑒𝑹𝑒𝑇
, �̃�𝑒 is the elastic right Cauchy-Green tensors in �̃� configuration, given by �̃�𝑒 =

𝑽𝑒𝑇𝑽𝑒  and �̃�𝛼 is the Schmid tensor of the 𝛼 slip system in �̃� configuration.  

 
�̃�∗ = sym(�̃�𝑒�̃�𝑒) + ∑ �̇�𝛼sym(�̃�𝑒�̃�𝛼)

𝑁

𝛼=1

 
(7) 

 
�̃�∗ = skew(�̃�𝑒�̃�𝑒) + ∑ �̇�𝛼skew(�̃�𝑒�̃�𝛼)

𝑁

𝛼=1

 
(8) 

Evolution of plastic shear strain rate of the 𝛼 slip system, �̇�𝛼, is given in (9). This is a Taylor type power 

law flow rule where �̇�0
𝛼  is the reference shear rate, 𝜏𝛼 is the resolved shear stress on the α slip system, 

𝜅𝑠
𝛼  is the strength of the α slip system at that instance and 𝑚 is the rate sensitivity exponent. 

 

𝛾�̇� = 𝛾0
�̇� [

|𝜏𝛼|

𝜅𝑠
𝛼 ]

1
𝑚

𝑠𝑖𝑔𝑛(𝜏𝛼) 
(9) 

Strength of the slip system is not constant and evolves with the slip activity. It is assumed in the 

formulation that all slip systems in a family hardens at the same rate. And depends on the reference 

hardness ℎ0, current strength 𝜅𝑠, initial slip system family strength 𝜅𝑠,0, saturation strength 𝜅𝑠,𝑆 and 

sum of shear strain on all the slip systems. 

 
�̇�𝒔 = ℎ0 (

𝜅𝑠,𝑆 − 𝜅𝑠

𝜅𝑠,𝑆 − 𝜅𝑠,0
) ∑|𝛾�̇�| 

𝑁

𝛼=1

 
(10) 

Saturation strength is given by: 

 
𝜅𝑠,𝑆 = 𝜅𝑠,𝑆0 [

∑ |�̇�𝛼|𝛼

�̇�𝑆0
]

𝑚′

 
(11) 

where 𝜅𝑠,𝑆0, �̇�𝑆0 and 𝑚′ are material parameters. 

This formulation is implemented as a user material subroutine (UMAT) in ABAQUS (Simulia, 2012) for 

two distinct materials in order to carry out the simulations on crystals of dissimilar phases. 

2.2. Homogenisation Scheme and Model Calibration  
In case of dual phase titanium alloys, phases can coexist in various volume fractions. The procedure 

followed by Raghunathan et al. (2007) was used to calibrate the properties of 𝛼 and 𝛽 phases of Ti-

1023 alloy’s single crystals. Raghunathan et al (2007) used elastic-plastic self-consistent (EPSC) model 

in their work. This model is used for modelling polycrystalline aggregate behaviour, where each grain 

in the aggregate is considered as an elliptical inclusion in a homogenised effective medium. Hence this 

scheme works by finding the instantaneous value of stiffness of each grain and then its contribution 

is added to the homogenised response of the aggregate using Eshelby’s equivalent inclusion 

formalism. It was reported that the single crystal elastic constants (SECs) and critical resolved shear 

stress (CRSS) values are the significant parameters while volume fractions, texture and morphology 

are less significant in EPSC models (Raghunathan et al., 2007). 

In the present study, the main focus was to model the behaviour of a single- and bi-crystals which are 

highly anisotropic in nature and their behaviour is drastically influenced by the crystal orientations, in 

addition to SECs and CRSS. Also, we are interested to investigate the effects of void growth at the 

interface of two distinct crystal structures having different material properties which were influenced 

by the phase volume fractions. RVEs were constructed to study the voids at the interface of the α-β 
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phases which has fixed BORs and hence depend on the morphology too. These points lead to the use 

of current formulation for the case of void growth in single and bicrystal of α-β titanium alloy. SECs 

identified in that study (Raghunathan et al., 2007) were directly used, while the plasticity parameters 

were to be identified. 

Tensile test data was used from a study carried out on the same material (Chen et al., 2010). Chen et 

al. performed a tensile test at room temperature with a crosshead speed of 1mm/min and the material 

used was as-received Ti-1023 alloy followed by heat treatment at 700°C for the duration of 1 hour and 

then water quenched. Volume fractions obtained by this heat treatment were 40% 𝛼𝑝 and 60% 𝛽 

phase (Shihong and Guiqin, 1990). 

Twinning at room temperature is suppressed in Ti-1023 because a sufficient amount of aluminium is 

present (Williams et al., 2002). Stress induced martensitic transformation has been seen in the Ti-1023 

while solution treatment around and above 𝛽-transus temperature was carried out followed by water 

quenching. Since the test results used for this study are of samples which were heat treated at much 

lower temperature (700°𝐶) than 𝛽-transus temperature of Ti-1023 (805±5°𝐶) (Chen et al., 2010), 

stress induced martensitic transformation was not reported by the authors. That is why only slip based 

deformation was considered in this study. Three families of slip systems, {110}𝛽 ⟨111⟩𝛽, 

{112}𝛽 ⟨111⟩𝛽 and {123}𝛽 ⟨111⟩𝛽 in 𝛽 phase with BCC crystal structure were considered. Also, three 

families ofThree slip systems of the HCP crystal system namely Basal {0002}𝛼 ⟨112̅0⟩𝛼, Prismatic 

{101̅0}𝛼 ⟨112̅0⟩𝛼 and Pyramidal {112̅2}𝛼 ⟨112̅3⟩𝛼 were used to model the deformation in a single 

crystal α-phase.  

Since the tensile test data was of polycrystalline and dual phase material, two integrations points were 

used for calibration. Properties of 𝛼 and 𝛽 phases were assigned to each of the integration points and 

crystal orientations of 200 randomly oriented grains of each of the two phases were assigned to the 

respective integration point. Size of all grains were considered to be equal (Marin, 2006). Deformation 

boundary condition of uniaxial tension with suitably high value of 1/𝑚 in (9) was used to get rate 

independent response. Average values of Cauchy stress of each phase, 𝚺𝛼 and 𝚺𝛽, were obtained using 

the stresses of each grain of each phase, 𝝈𝑔,𝛼 and 𝝈𝑔,𝛽, using: 

 
𝚺𝛼 = ∑

𝝈𝑔,𝛼

𝑁

𝑁

𝑔=1

, 𝚺𝛽 = ∑
𝝈𝑔,𝛽

𝑁

𝑁

𝑔=1

 
(12) 

Here 𝑁 is the number of grains used, which is kept at 200. The homogenised value of Cauchy stress of 

the two integration points (representing each of the phases), 𝚺𝛼−𝛽, to get the homogenised response 

of the dual phase alloy were calculated using (13)(13). The volume averaged response of the average 

stress values, 𝚺𝛼 and 𝚺𝛽, was calculated using the phase volume fractions, which were 𝑣𝛼=0.4 for 𝛼 

phase and 𝑣𝛽=0.6 for 𝛽 phase, using: 

 𝚺𝛼−𝛽 = 𝑣𝛼𝚺𝛼 + 𝑣𝛽𝚺𝛽 (13) 

Ratios of the values of CRSS used by Raghunathan et al. (2007) were maintained and then the values 

of CRSS were iteratively adjusted to match the experimental results from the literature. The same 

procedure for finding out the material parameters for the crystal plasticity formulation given above 

has been used by researchers in the past (Jeong et al., 2018; Kalidindi et al., 1992; Kalidindi and Anand, 

1992; Kim et al., 2012; Kocks et al., 1989; Mathur and Dawson, 1989). Figure 1Figure 1 shows the 

comparison of experimental stress-strain data from the literature and the CPFEM results with the 

calibrated parameters. Table 1Table 1 summarises all the parameters identified and used in the 

current study. Parameter 𝜅0 is the CRSS, for each slip system when shear strains due to plastic slip are 
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zero. Rest of the parameters 𝜅𝑠,0, 𝜅𝑠,𝑆0, ℎ0, �̇�𝑆0 and 𝑚𝑠 are material constants used in (10) and (11) 

for the update of CRSS, 𝜅𝑠, with increase in accumulated slip using Voce type hardening law.  

 

Figure 1: Model calibration with experimental results of  Ti-1023 from the literature (Chen et al, 2010) 

Table 1: Material parameters for CPFEM of Ti-1023 𝛼-𝛽 phases 

𝜶 phase Properties 

Elastic Properties C11 C12 C13 C33 C44 

(GPa) 163.0 114.0 69.3 191.0 38.0 

Plastic Properties �̇�0 𝑚 ℎ0 𝜅0 𝜅𝑠,0 𝜅𝑠,𝑆0 �̇�𝑆0 𝑚𝑆 

   (MPa)   

Basal 0.1 0.05 1 350 100 350 5x1010 0.005 
Prismatic 0.1 0.05 1 300 100 300 5x1010 0.005 
Pyramidal 0.1 0.05 1 750 100 750 5x1010 0.005 

𝜷 phase Properties 

Elastic Properties C11 C12 C44   

(GPa) 140.0 128.0 50.0   

Plastic Properties �̇�0 𝑚 ℎ0 𝜅0 𝜅𝑠,0 𝜅𝑠,𝑆0 �̇�𝑆0 𝑚𝑆 

   (MPa)   
{110}⟨111⟩ 0.1 0.05 1 285 100 285 5x1010 0.005 
{110}⟨112⟩ 0.1 0.05 1 320 100 320 5x1010 0.005 
{110}⟨123⟩ 0.1 0.05 1 380 100 380 5x1010 0.005 

2.3. RVE geometry and Boundary Conditions 
Two different scenarios were studied, based on the possible nucleation sites of voids in 𝛼-𝛽 titanium 

alloy such as Ti-10V-2Fe-3Al. Terlinde et al. (1983) identified these void nucleation sites and are shown 

in Figure 2Figure 2 (a). The first scenario is of a void in 𝛼𝑝, primary alpha phase, which is essentially 

globular 𝛼 phase in Ti-1023, labelled as ‘1’ in Figure 2Figure 2 (a). The second scenario is of a void at 

𝛼-𝛽 interface. This possible site is labelled ‘2’ in Figure 2Figure 2 (a) where secondary alpha, 𝛼𝑠 (shown 

as shaded region) is present in 𝛽 matrix. Alternating 𝛼-𝛽 phases’ lathes are present in many other 𝛼-

𝛽 alloys as well and this study will be helpful to study their general behaviour.  
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Figure 2: (a) Possible void nucleation Sites in Ti-1023 (Terlinde et al., 1983) (b) BOR between 𝛼-𝛽 phase lamellae  

RVEs were made for each of these two scenarios. In the first scenario, a single spherical void was 

embedded in the centre of a cubic geometry. Matrix of this RVE is assigned the properties from Table 

1Table 1 of the 𝛼 phase (HCP) single crystal which were found using the procedure outlined in Section 

2.22.2. Two different initial porosities (𝑓0=0.001 and 0.01) were investigated. Figure 3Figure 3 (a) 

shows a half of the geometry with 𝑓0=0.01. 

Two different initial single crystal orientations (Ori 1 & 2) were tested for each of the two initial 

porosities (0.001 and 0.01). Their Euler angles for these orientations are given in Table 2Table 2. All 

these geometries were subjected to triaxial loading. Stress triaxiality (𝑋) and the Lode parameter (𝐿) 

were kept constant using multipoint constraint (MPC) throughout the loading, and are given by: 

 
𝑋 =

Σ𝐻

3Σ𝑒
 

(14) 

 
𝐿 =

2Σ𝐼𝐼 − Σ𝐼 − Σ𝐼𝐼𝐼

Σ𝐼 − Σ𝐼𝐼𝐼
 

(15) 

where Σ𝐻and Σ𝑒 are the volumetric and equivalent stresses of the RVE and Σ𝐼, Σ𝐼𝐼 and Σ𝐼𝐼𝐼 are the first 

second and third principal stresses of the RVE. 

The MPC was applied as an ABAQUS user subroutine. Investigations were carried out at different levels 

of stress triaxiality ranging from, 1/3 (uniaxial), to 3 (crack tip) and at 𝐿 = −1 which is axisymmetric 

case with one tensile and two compressive stress components. At a stress triaxiality of 1, 𝐿 = 0 which 

is a case of in-plane shear with one stress component equal to zero (for example in the case of plane-

stress), and 𝐿 = 1 which is also an axisymmetric case but in this case two stress components are 

tensile and one is compressive as is the case with biaxial tension, are also tested in addition to 𝐿 =

−1. Methodology proposed by Tekoglu (2014) was used to keep the stress triaxiality and the Lode 

parameter constant. Details are not given here for brevity.  

Table 2: Crystal orientations used in single crystal (α-phase) study 

Euler Angles 𝝍 𝜽 𝝓 

Ori 1 13.58° 153.68° 314.40° 
Ori 2 346.98° 88.58° 325.61° 

The Second scenario was realised by dividing the RVE into two halves and assigning the properties of 

the 𝛼-phase to one half and the 𝛽-phase to the other half which were found in section 2.22.2. 𝛼-𝛽 

phases are present as alternating lamellae as shown in Figure 2Figure 2 (b). BOR is not random 

between the two phases. Various researchers carried out experiments to identify the BOR between 

𝛼-𝛽 phases. It was found that close-packed directions of the two crystals, ⟨111⟩𝛽 and ⟨112̅0⟩𝛼, are 

aligned with little deviation (0.7°) (Bhattacharyya et al., 2003; Suri et al., 1999). There are 12 variants 

of BOR between 𝛼-𝛽 grains shown in Table 3Table 3. It is essentially the 12 possible {110}𝛽 ⟨111⟩𝛽 

(a) (b) 
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slip systems aligned with(0001)𝛼  [21̅1̅0]𝛼. Since these slip systems have same strengths it was 

assumed initially that the void growth will not be affected by the choice of BOR variant. All 12 BOR 

variants were tested at stress triaxiality of 1 and initial porosity of 0.01 to verify this hypothesis. Phase 

boundary is the plane dividing phases. Phase boundary inclination, PBI, is defined here as the angle 

between the normal of the phase boundary (𝑁) and the major loading direction (𝐹), see Figure 3Figure 3 (d-

g). BOR between α-β phases dictates that basal plane of HCP remain parallel to phase boundary, but 

one of the six possible closed packed planes of BCC can be aligned with phase boundary. Four different 

PBIs were modelled by rotating the phase boundary from 90° in PBI 1 to 0° in PBI 4 with decrements 

of 30°, with respect to the major loading axis (𝐹), as shown in Figure 3Figure 3 (d-g). Table 4Table 4 gives the angle 

between major loading direction and normal to the phase boundary for the PBIs used. BOR variant 4 

is used for all PBIs. In these cases, two initial porosities were investigated, 𝑓0=0.001 (Figure 3Figure 3 (c (i) and 

(ii)), split in two halves for PBI 2) and 0.01 (Figure 3Figure 3 (b), shown for PBI 1). Again, all these geometries 

were tested at various levels of stress triaxialities.  

Table 5 

all the cases of bicrystals. 

 

Figure 3: Geometries used in the simulations of Case 1 a) 𝑓0=0.01, and Case 2 b) PBI 1, 𝑓0=0.01, c) Halves of PBI 2, 𝑓0=0.001, 
d)PBI 1, e) PBI 2, f) PBI 3, g) PBI 4. Here 𝛼-phase is green and 𝛽-phase in beige 

Table 3: 𝛼-𝛽 phases BOR variants in Titanium alloys (Roy et al., 2012) 

Variant No. Corresponding plane Corresponding direction 

1 
(011)𝛽||(0001)𝛼 

[1̅1̅1]𝛽||[21̅1̅0]𝛼 

2 [11̅1]𝛽||[21̅1̅0]𝛼 

3 
(1̅01)𝛽||(0001)𝛼 

[11̅1]𝛽||[21̅1̅0]𝛼 

4 [111]𝛽||[21̅1̅0]𝛼 

5 
(01̅1)𝛽||(0001)𝛼 

[111]𝛽||[21̅1̅0]𝛼 

6 [1̅11]𝛽||[21̅1̅0]𝛼 

7 
(101)𝛽||(0001)𝛼 

[1̅11]𝛽||[21̅1̅0]𝛼 

8 [1̅1̅1]𝛽||[21̅1̅0]𝛼 

9 
(1̅10)𝛽||(0001)𝛼 

[1̅1̅1]𝛽||[21̅1̅0]𝛼 

10 [111]𝛽||[21̅1̅0]𝛼 

11 
(110)𝛽||(0001)𝛼 

[11̅1]𝛽||[21̅1̅0]𝛼 

12 [1̅11]𝛽||[21̅1̅0]𝛼 
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Table 4: PBIs used in the study and the corresponding angles between the 
major loading direction and normal of the phase boundary 

 PBI 1 PBI 2 PBI 3 PBI 4 

Angle 90° 60° 30° 0° 
 

Table 5: Cases investigated in this study 

  Single crystal 𝛼-phase  Bicrystal α-β phase 

 

  
Ori 1 Ori 2 

 PBI 1/ 
BOR 1 

PBI 1/ 

BOR 2-12 
PBI 2 PBI 3 PBI 4 

Lode 

Par. 
 -1, 0, 1 

 
-1 

𝑓 0
  0.01 - 

0.001 
0.01 - 
0.001 

 0.01 - 
0.001 

0.01 
0.01 - 
0.001 

0.01 - 
0.001 

0.01 - 
0.001 

Tr
ia

xi
al

it
y 

1/3  x x  x  x x x 

1  x x  x x x x x 

2  x x  x  x x x 

3  x x  x  x x x 

3. Results and Discussion 

3.1. Single crystal (α-phase) 

3.1.1. The effect of initial porosity (𝑓0) on void growth in the α-phase single crystal 
Figure 4Figure 4 (a) shows the evolution of void volume fraction (VVF) of two different initial porosities 

𝑓0, at stress triaxialities (𝑋) of 1, 2 and 3, at Ori 1, normalised with initial VVF (𝑓0) using: 

 
𝑁𝑜𝑟𝑚𝑎𝑙𝑖𝑠𝑒𝑑 𝑉𝑉𝐹 =

𝑉𝑉𝐹

𝑓0
 

(16) 

It can be inferred that for both values of 𝑓0 and for all stress triaxialities, the normalised VVF increases 

exponentially with applied equivalent strain. Void growth rate increases exponentially with the 

increase in applied stress triaxiality. In the case of X=1, it increases exponentially initially then the rate 

slows down because the matrix material starts to undergo plastic deformation which dissipates the 

energy resulting in lower void growth. It can also be seen that as 𝑓0 increases, the void growth slows 

down at higher stress triaxialities. While, at lower stress triaxialities void growth rate appears to have 

no significant difference. Results are consistent with the findings of the earlier researchers (Asim et 

al., 2017; Ha and Kim, 2010; Potirniche et al., 2006; Shu, 1998).  Void growth is governed by the 

volumetric stress, a higher value will lead to larger void growth and vice versa. Figure 5Figure 5 shows 

the effect of 𝑓0 on volumetric stress – volumetric strain response of Ori 1 at 𝑋=2. It can be seen that 

𝑓0=0.01 have lower value of stress for the given initial crystal orientation. 

Effect of initial porosity on equivalent stress – equivalent strain response for Ori 1 at three stress 

triaxialities is shown in Figure 4Figure 4 (b). The values of equivalent stress are normalised using 𝜎0, 

highest value of yield stress among all the cases, so that comparison can be easily made between 

them. It can be seen that the values of yielding stress decreased with increase in the values of stress 

triaxialities. Since this is the combined response of the void and the matrix material in RVEs, decrease 

in yield stress followed by material softening was observed due to void growth. Higher softening was 

observed as the values of stress triaxialities were increase due to larger void growth. 𝑓0=0.01 case 

experienced larger decrease in yielding stress with increasing stress triaxialities. On the contrary, 

𝑓0=0.001 led to lower reduction in yield stress with increasing stress triaxiality. This is because the 

increase in absolute value of porosity with void growth will be larger in 𝑓0=0.01 case as compared to 
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𝑓0=0.001. Increase in the absolute value of VVF is higher in the case of higher initial porosities as 

compared to 𝑓0=0.001 that is why the softening due to the increase in normalised VVF will be higher 

in case of 𝑓0=0.01. Similar trends were observed for Ori 2. 

 

Figure 4: Effect of initial porosity, 𝑓0 on (a) evolution of void volume fraction at initial crystal orientation Ori 1, and (b)  
equivalent stress- equivalent strain response at Ori 1 (𝜎0= 1100 MPa) 

 

Figure 5: Effect of initial porosity, 𝑓0 on volumetric stress –volumetric strain response of RVEs with initial crystal orientation 
Ori 1, 𝑋 = 2 (𝜎0=2500 MPa) 

3.1.2. The effect of initial crystal orientation on void growth in the α-phase single crystal 
Two random orientations of crystal lattice with respect to the loading axis were tested to investigate 

the effect of crystal orientation on void growth. These two orientations are shown in Figure 6Figure 6, in which 

XYZ is the global coordinate system and major loading is applied along the X-axis. 

Figure 7 (a) compares void growth in terms of the normalized VVF with increasing equivalent strain in 

two RVEs with the Ori 1 and Ori 2, having initial porosity of 𝑓0= 0.01. Void growth is compared at 𝑋= 

1, 2 and 3. It can be observed that void growth is less in Ori 1 at all the values of stress triaxialities. As 

shown in Figure 8Figure 8 the value of volumetric stress in Ori 2 is higher than that of Ori 1 for same applied 

stress triaxiality. This led to higher void growth in Ori 2 than Ori 1.  
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Figure 6: Visualization of the initial crystal orientations of  α-phase single crystal with respect to the global coordinates used 
for RVE simulation 

 

Figure 7: Effect of initial crystal orientation on evolution of VVF (a) and on equivalent stress- equivalent strain response (b) 
at 𝑓0=0.01 (𝜎0= 1750 MPa)  

 

Figure 8: Effect of initial crystal orientation on volumetric stress –volumetric strain response of RVEs with 𝑓0=0.01 
and 𝑋 = 2 (𝜎0=2600 MPa) 

The slip activity in the two cases were found to be different because different crystal orientations led 

to different Schmid factors. Higher slip activity resulted in higher plastic deformation in the matrix 
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material around the void because of higher void growth. The sum of shear strain due to slip from each 

slip system, 𝛾𝛼, is termed as total shear strain, 𝛾𝑇𝑜𝑡, which is given by: 

 
𝛾𝑇𝑜𝑡 = 𝛾𝑛

𝑇𝑜𝑡 + ∑ �̇�𝛼∆𝑡

𝑁

𝛼=1

 
(17) 

Here �̇�𝛼 is the shear strain rate of slip system 𝛼. Contour plots of 𝛾𝑇𝑜𝑡, which was saved as a solution 

dependent variable (SDV) are shown in Figure 9Figure 9 for these two different orientations. Plots are 

shown only for the cases of 𝑓0=0.01, 𝑋=1, at an equivalent strain of 0.5 for brevity. The magnitudes of 

𝛾𝑇𝑜𝑡  in the matrix region, away from outer edges and the void is larger in Ori 2 as compared to Ori 1, 

which signifies large overall plastic deformation in Ori 2. This leads to larger void growth, which can 

be seen by the larger value of 𝛾𝑇𝑜𝑡  near the void surface in Ori 2. This higher value of plastic 

deformation is attributed to the larger slip activity in Ori 2 as compared to Ori 1. Figure 10Figure 10 

(a) and (b) show contour plots of 𝛾𝛼  for Ori 1 and Ori 2 respectively, for the same cases as Figure 

9Figure 9. In Figure 10Figure 10, a1-a3 are for 3 Basal slip systems, a4-a6 are for 3 Prismatic slip 

systems and a7-a12 are for 6 Pyramidal slip systems for Ori 1, similarly with index b represents the 

same for Ori 2. It can be seen that the slip activity is considerably higher in Ori 2 for all slip systems. 

The slip activations in Ori 1 is comparatively smaller than Ori 2 for all slip systems so much so that it is 

almost non-existent in Pyramidal system. 

 

Figure 9: Contour plots of total shear strain (𝛾𝑇𝑜𝑡) due to slip in (a) Ori 1 and (b) Ori 2 at 𝑋=1, 𝑓0=0.01 and 𝜖𝑒𝑞=0.5 

 

Figure 10: Contour plots of shear strain (𝛾𝛼) in each of the 12 slip systems in Ori 1 (a1-a3, Basal, a4-a6 Prismatic, a7-a12 
Pyramidal) and Ori 2 (b1-b3, Basal, b4-b6 Prismatic, b7-b12 Pyramidal) in at 𝑋=1, 𝑓0=0.01 and 𝜖𝑒𝑞=0.5 
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Since the HCP crystal system are low symmetry and highly anisotropic, there can be a high variation 

in their strengths. Equivalent stress – equivalent strain response of non-porous single crystals with the 

same crystal orientations as used in this study was is given in Figure 11Figure 11 for comparison and estimation 

of the difference between strengths. It can be seen that there is almost a twofold difference in yield 

stress and the modulus for Ori 1 both are quite low. This difference can also be seen in the equivalent 

stress – equivalent strain response of RVEs with Ori 1 and Ori 2 at different 𝑋 and 𝑓0=0.01 shown in 

Figure 7 (b). Same trends in yield stress and modulus seen in non-porous single crystals can be 

observed in case of RVEs with void. RVE with Ori 2 has higher yield strength at all stress triaxialities in 

comparison with Ori 1. But the amount of softening because of void growth is higher in Ori 2 when 

the triaxiality was increased, as compared to Ori 1. This is because of the higher rate of void growth in 

Ori 2 as compared to Ori 1 as was seen in Figure 7 (a). These results are consistent with the findings 

of other researchers, who performed similar studies on BCC single crystals, where the orientations 

with higher strength undergoes higher void growth and as a result soften more (Yerra et al., 2010). 

 

Figure 11: Effect of initial crystal orientation on equivalent stress – equivalent strain response on non-porous single crystal 
with uniaxial tensile loading and 𝜎0=1750 MPa 

3.1.3. The effect of initial crystal orientation on final void shape and orientation in the α-

phase single crystal 
Spherical void shape was used in all the cases investigated in this study. Shape and orientation of the 

void evolved with the increase in applied loading on the RVE. Figure 12Figure 12 (a) shows the cross sections of 

void shape taken at three mutually perpendicular planes for Ori 1, 𝑓0=0.01 at 𝑋=3. Here direction 1 is 

the major loading axis. Cross sections are shown at increments of 0.01 global value of equivalent strain 

from 0.00 to 0.05. Point at which the void axes length was calculated is marked. ‘‘*’ sign shows the 

maximum length at that strain and the ‘X’ shows the minimum length. Evolution of axes lengths of 

void,Evolution of axes lengths of void normalised by the initial value against global equivalent strains 

for Ori 1 are given in Figure 13Figure 13 (a). It is found that the largest increase in size is along axis 1, whereas 

it decreased along axis 2 and remained almost constant along axis 3. This is because of the highly 

anisotropic nature of crystal due to which the deformation along three axes of RVE were found to be 

quite different even though constant stress triaxiality was imposed. Figure 12Figure 12 (b) shows the cross 

section of void in Ori 2, 𝑓0=0.01 at 𝑋=3 at same equivalent strain increments. Figure 13Figure 13 (b) shows the 

lengths of the three axes of the voids. It can be inferred that the length along all three axes of void 

increased for this crystal orientation. Length along the major loading axis was maximum for this 

orientation as well. Also the shape of the void was like a skewed hexagon on 1-2 and 2-3 plane. Similar 

void shape has been reported in literature for other material having HCP crystal structure (Tang et al., 
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2010). This is because of the slip activity on the surface of the void as shown in Figure 11Figure 11 (b1-b12). It 

can be seen that the magnitude of 𝛾𝛼  for pyramidal systems is higher in the orientations 60° apart 

from each other on the opposite sides of the void possibly giving rise to the hexagonal shape. 

 

Figure 12: Shape of the voids in Ori 1 (a) and Ori 2 (b). Cross section views of the voids on X, Y and Z global planes are shown 
at RVE equivalent strain values of 0.00 (shown in blue) - 0.05 (shown in orange) for  𝑓0 = 0.01 and 𝑋 = 3 with the isometric 
view at 0.05 equivalent strain. 

 

Figure 13: Evolution of the size of the voids in Ori 1 (a) and Ori 2 (b) with equivalent strain for 𝑓0 = 0.01 and 𝑋 = 3 

It can also be seen in Figure 12Figure 12 (a) that there is slight rotation about all three axes as all the 

‘*’ and ‘X’ signs were not aligned for Ori 1. Maximum rotation was found to be about axis 2, shown on 

1-3 plane. It first went clockwise then reversed the direction. In case of Ori 2, there is significant 

rotation of major axis of void about axis 3, as can be seen in 1-2 plane. Rotation was attribute to the 

fact that the lattice of crystal rotates as the deformation progresses due to slip. Since the matrix 

material around the void was undergoing higher plastic deformation due to slip, orientation of the 

lattice around void changes as well. This reorients the slip geometry which changes the deformation 

direction. Figure 14Figure 14 (a) and (b) gives the stereographic projections of the slip planes in Ori 1 

and Ori 2 respectively. Orientation of the element undergoing maximum plastic deformation in each 

of the two cases were used. Three slip planes families, 〈0001〉, 〈1̅100〉 and 〈112̅2〉 were plotted at 

(a) (b) 
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same values of equivalent strains used in previous figure. Arrows shows the direction in which rotation 

progressed for each of the plane. Figure 15Figure 15 (a) and (b) give a better visualisation of 

orientation of crystal orientation in the element in going from equivalent strain 0 to 0.05 in Ori 1 and 

Ori 2 respectively.  

 

 

Figure 14: Stereographic projections of slip planes (0001), (1̅100) and (112̅2) in upper hemisphere for an element of RVE 
in Ori 1 (a) and Ori 2 (b) for equivalent strain values of 0.00-0.05, 𝑓0=0.01 and 𝑋=3. Arrows show the direction of rotations 

of planes with increasing strains 
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Figure 15: Crystal orientation of an element of RVE with Ori 1 (a) and Ori 2 (b) for equivalent strain values of 0.00 
(translucent) and 0.05 (solid), 𝑓0=0.01 and 𝑋=3 

3.1.4. The effect of Lode parameter on void growth in the α-phase single crystal 
The Lode parameter affects the void growth in single crystals as well as it does for the case of 

polycrystals (Barsoum and Faleskog, 2011; Kiran and Khandelwal, 2014; Tekoğlu et al., 2015; Zhang et 

al., 2001). In the present study, the effect of the Lode parameter is investigated for single crystal 𝛼 

phase. The normalised void volume fraction is plotted against equivalent strain of the two crystal 

orientations, Ori 1 and Ori 2 with 𝑓0 = 0.01, at moderately high stress triaxiality, 𝑋=1 in Figure 16Figure 16 (a). 

It can be inferred from Figure 16Figure 16 (a) that the void growth slows down as the Lode parameter was 

increased from -1 to 1 for different crystal orientations. It was also observed that the reduction in void 

growth rate is higher in stronger crystal orientation, Ori 2, as compared to Ori 1. A deviation was 

observed in this trend in the case of Ori 1 𝐿=1 where the void growth is initially slower than 𝐿= -1 and 

0, but then increases exponentially and becomes higher than either of the two cases. This is attributed 

to the difference in slip activity in each of these cases which led to difference in strengths of the crystal 

and consequently resulted in higher void growth in 𝐿=1 case. The link between slip activity, strength 

of crystals and void growth will be established in the following. These results show that the effect of 

the Lode parameter is highly dependent on crystal orientation.  

Single crystals are highly anisotropic and behave differently under different loading conditions. 

Equivalent stress-equivalent strain response for the above cases is plotted in Figure 16Figure 16 (b). It can be 

inferred from Figure 16Figure 16 (b) that there is a difference in yield strengths for different values of Lode 

parameter while having the same value of stress triaxiality and crystal orientation. In the case of Ori 

2, difference between yield stress was found to be double between 𝐿 = −1 and 𝐿 = 1. On the other 

hand, difference in yield strengths for different Lode parameters is very small in the case of Ori 1. As 

it was discussed in earlier sections that a crystal with higher strength leads to higher volumetric stress 

for the same stress triaxiality which leads to higher void growth and a concentrated plastic 

deformation around void. Same phenomenon was observed in the cases of different Lode parameters. 

For the case of 𝐿 = −1 strength of the crystal with Ori 2 is highest as can be seen in Figure 16Figure 16 (b) 

which led to highest void growth as shown in Figure 16Figure 16 (a). Similarly, a decrease in strength with an 

increase in the Lode parameter was observed which led to lower void growth. 

(a) (b) 



19 
 

 

Figure 16: Effect of Lode parameter on (a) evolution of void volume fraction, and (b) equivalent stress- equivalent strain 
response at Ori 1 and 2, 𝑋=1, 𝑓0=0.01 (𝜎0= 1400 MPa) 

The accumulated shear strain due to slip, 𝛾𝑇𝑜𝑡, in the matrix material is plotted for the case of Ori 1 in 

Figure 17Figure 17 (a-c) and for Ori 2 in Figure 17Figure 17 (d-f), each of which are at 𝐿=-1, 0 and 1, respectively. It can 

be seen inferred that the maximum amount of plastic deformation due to slip has occurred in the case 

of Ori 2, 𝐿 = −1 (Figure 17Figure 17 (d)), which has undergone highest void growth. In this case, plastic 

deformation in the matrix material away formfrom the void is negligible. Whereas in the case of Ori 2, 𝐿 =

1 (Figure 17Figure 17 (f)), the maximum value of plastic deformation in matrix material around void is almost 

one-third of that of 𝐿 = −1. Also, some plastic deformation has occurred in the matrix material away 

from the void, making two diagonal bands, one of which is stronger than the other. These bands lead 

to energy dissipation by plastic deformation of the matrix rather than in void growth resulting in lower 

void growth in this case. In the case of Ori 1, difference in slip activity around void is not significant 

between the three values of the Lode parameter which was reflected in the results presented in Figure 

16Figure 16 (a). In the cases of 𝐿= 0 and 1 (Figure 17Figure 17 (b, c)), matrix material is undergoing plastic deformation 

which dissipates the energy resulting in lower void growth. These findings further elucidate the 

importance of void growth study at crystalline level since void growth in single crystals is a strong 

function of crystal orientations in addition to the loading conditions including stress triaxiality and 

Lode parameter. 
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Figure 17: Contour plots of total shear strain (𝛾𝑇𝑜𝑡) due to slip in (a-c) Ori 1 and (d-f) Ori 2 for 𝐿=-1, 0 and 1, respectively, at 
𝑋=1, 𝑓0=0.01 and 𝜖𝑒𝑞=0.05 

3.2. Bicrystal (α - β phases) 

3.2.1. The effect of PBI on void growth in α - β phase bicrystal 
The effect of phase boundary inclination (PBI) on void growth and equivalent stress – strain response 

was investigated at four different PBIs. Results are only shown for 𝑋= 1/3 and 3 for initial porosity, 𝑓0 

= 0.01. Figure 18 (a) shows evolution of void volume fraction for 𝑋=3. 

It is found that in going from PBI 1 to 3, void growth rate is increasing. This effect is attributed to two 

different mechanisms which determine the rate of void growth.  

1. Here refer to Figure 3Figure 3 (e) again where it can be seen that the Top face of the RVE, 

perpendicular to the plane in which, 𝐹, major loading direction and 𝑁, normal to the phase 

boundary, vectors are present is constrained to have same deformation in all 4 PBIs. Rest of 

the two faces, i.e. Front (perpendicular to the 𝐹) and Side (perpendicular to Top and Front 

face) are also constrained to remain straight for all PBIs but may not ensure same deformation 

in both phases for all PBIs. In case of PBI 1, the two phases are constraint to have same 

deformation along 𝐹 at the Front face, whereas the Side face will deform depending upon 

relative stiffness of the two phases in that direction. But as the interface between the two 

phases were rotated beyond PBI 1 towards PBI 4, deformation in each phase along 𝐹 cannot 

be constrained to be equal and will start to depend upon the relative stiffness of each phase. 

This effect will start to take effect slightly in case of PBI 2, increasing in PBI 3 and then 

completely takes over in PBI 4 as the interface become perpendicular to 𝐹. This is the first 

mechanism which governs the void growth in bicrystals studied.  

2. The second mechanism is the one we have already established in case of single crystals that 

the crystal or crystal orientation with higher stiffness will lead to higher stress concentration 

around void and will undergo relatively higher void growth and vice versa (section 3.1.23.1.2). In 

case of PBI 1 and PBI 2, 𝛼 and 𝛽 crystals are oriented such that 𝛽 phase is stiffer than 𝛼 phase 

as can be seen in Figure 19Figure 19 which shows the equivalent stress – strain response of  𝛼 and 𝛽 

crystal in RVEs without void but having same PBI. It helps establish an estimate of the strength 

of each individual crystal in bicrystal. 
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Figure 18: (a) Effect of PBI on evolution of void volumr fraction at 𝑋=3 with  𝑓0=0.01, and (b) on equivalent stress-equivalent 
strain response with 𝑓0=0.01, 𝜎0=664 MPa 

In PBI 1 and 2 the two phases are either constraint to have same deformation along 𝐹 (PBI 1) or major 

portion of them undergoes same deformation along 𝐹 (PBI 2). In these cases, the second mechanism 

in which crystal orientation with higher strength undergoes higher void growth, takes over and void 

growth in 𝛽 phase becomes higher than 𝛼 phase because it was the stiffer crystal. This can be seen in 

Figure 20Figure 20 which shows the void shape and size at same values of global 𝜖𝑒𝑞=0.05 for 𝑋=3 and 𝑓0=0.01. 

It shows the two views of voids for each PBI where view labelled ‘Front’ is the plane perpendicular to 

phase interface and Top face. Contours of 𝛾𝑇𝑜𝑡  are plotted on the surface of the void to show the 

amount of slip occurred due to void growth. Higher values of 𝛾𝑇𝑜𝑡  corresponds to higher slip activity.  

 

Figure 19: Effect of PBI on equivalent stress – equivalent strain response of bicrystal RVEs without void at 𝑋=3 (𝜎0=1300 MPa) 
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Figure 20: Shape of void with contours of 𝛾𝑇𝑜𝑡  for PBI 1 (90°), PBI 2 (60°), PBI 3 (30°) and PBI 4 (0°) for 𝑓0=0.01, 𝑋=3 and 
𝜖𝑒𝑞=0.05 

Stiffness of 𝛽 phase was further increased in PBI 2 which led to even higher total void growth due to 

higher void growth in 𝛽 phase. Stiffness of 𝛽 phase become lower than 𝛼 phase in PBI 3 and lower 

than the values in PBI 1 and PBI 2 as can be seen in Figure 19Figure 19. In this case first mechanism becomes 

dominant where the deformation in two phases will depend upon their relative strengths. Since in PBI 

3, phase interface is oriented such that the deformation along 𝐹 will depend on relative stiffness of 

the two phases. And higher overall deformation will takes place in 𝛽 phase since it is softer than 𝛼 

phase. Since the 𝛽 matrix is undergoing higher deformation with triaxial loading condition, highest 

void growth was seen in PBI 3, so much so that the void in 𝛼 phase grows only slightly (see Figure 20Figure 20). 

Stiffness of 𝛽  phase becomes higher in PBI 4 due to its crystal orientation which makes deformation 

along 𝐹 almost equal to 𝛼 phase. Since Top and Side faces of the RVE are constrained to have same 

deformation in both phases in case of PBI 4, 𝛼 phase did not deform as much in 𝐹 direction although 

it has less stiffness than 𝛽 phase. This in return retards the void growth in both phases and overall 

void growth becomes smaller than all the other PBIs. Comparison between the PBI 3 and 4 is made on 

the basis of slip activity in each of the two phases by plotting plastic slip 𝛾𝛼  for each slip system of 𝛼 

and 𝛽 phases in Figure 21Figure 21. It can be seen that the slip in the β phase is higher than the 𝛼 phase in PBI 

3. In contrast, slip in the prismatic slip system in the 𝛼 phase is comparable to slip in the 𝛽 phase in 

PBI 4. And if the comparison is made between PBI 3 and PBI 4, slip in any of the slip system in PBI 4 is 

less than slip in PBI 3 due to less void growth in PBI 4.  
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Figure 21: Contour plots of shear strain (𝛾𝛼) in each of the 12 slip systems in the α  and β phases in PBI 3 and PBI 4,  𝑓0=0.01 
at 𝑋=3 and 𝜖𝑒𝑞=0.05. B, PR and PY stand for basal, prismatic and pyramidal respectively and 𝛽1-12 are 12 slip systems of 

〈111〉{110} family  

Equivalent stress – strain response of each PBI at 𝑋=3 and 𝑓0=0.01 is given in Figure 18 (b). It has been 

established previously (Section 3.1.23.1.2) in case of single crystals that the configurations which have 

higher void growth will have larger drop in yield stress. Similar trend can be seen in case of bicrystals 

where yield stress in PBI 2 and PBI 3 is lower than PBI 1 because they have higher void growth than 

PBI 1. PBI 4 has the lowest value of yield stress because 𝛼 phase in this PBI is the weakest of all other 

PBIs.  

Figure 22 (a) shows the effect of PBI on void growth in the case of uniaxial loading. A similar trend was 

observed in this case as well where the void growth increases in going from PBI 1 to 4. There is an 

anomalous behaviour of void collapsing for all PBIs in uniaxial loading as can be seen in Figure 23Figure 23 (c) 

except in PBI 4. This happens because of a compressive loading in the 𝛽 half to keep the lateral surfaces 

stress free and to keep the faces straight. Figure 23Figure 23 (a), (b) and (c) shows reaction force on the surfaces 

of RVE at 𝜖𝑒𝑞=0.01, 0.4 and 0.8 respectively. Each of these surfaces were constrained to remain 

stationary in the X, Y and Z directions. The 𝛼 and 𝛽 phase halves are marked in Figure 23Figure 23 (b). The void 

is also shown in each of these figures in red colour. The reaction force was anticipated to be maximum 

and negative on the face normal to the x-direction since the load was applied in the positive x-direction 

and negligible to zero on the transverse directions owing to uniaxial tensile loading. This holds true on 

the face normal to the z-direction. In the case of faces normal to the y-direction, loading is tensile in 

the 𝛼 phase half, represented by arrows of the force acting downwards. But in the 𝛽 half arrows are 

directed upwards on the bottom face and the void is collapsing. Since the two crystals have different 

stiffness due to the crystal structure and orientations, an extra loading appears on the Top surface of 

the RVE to keep the total stress equal to zero which is tensile in the 𝛼 phase half and compressive 𝛽 

phase half. Same is true for PBI 2 where void in 𝛽 phase half was compressed due to material stiffness 

mismatch. In case of PBI 3, this effect did not appear on the Top face but a compressive load on 𝛽 

phase half was present on the Side face. Due to the collapse of void in case of PBI 1 and 2 and 

retardation in void growth in PBI 3 the void growth rate decreased for all three PBIs in comparison 

with PBI 4. In PBI 4 void growth in 𝛼 phase half was the major contributor in overall value of void 

growth and has tensile load in lateral directions which accelerated the growth. Because of this, void 

growth in PBI 4 was higher than PBI 1 and PBI 2, unlike in case of higher triaxiality case. 
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Equivalent stress – equivalent strain response for the case of uniaxial loading is shown Figure 22 (b) 

for 𝑓0=0.01. Since the void growth in uniaxial case is not too high, the trend of increasing stiffness, in 

going from PBI 1 towards PBI 3 can be seen, but since the void growth in PBI 2 is higher than PBI 1, it 

appears to be softer than PBI 1. PBI 4 being the softest configuration and having higher void growth 

remain softest among all PBIs.  

 

Figure 22: (a) Effect of PBI on evolution of void volume fraction at 𝑋=1/3 with  𝑓0=0.01 and (b) on equivalent stress-
equivalent strain response with 𝑓0=0.01 (𝜎0=960 MPa)  

 

Figure 23: Void collapsing in 𝛽 phase in case of uniaxial loading, 𝑓0=0.01, 𝜖𝑒𝑞=0.01 (a), 0.4 (b) and 0.8 (c) 

3.2.2. The effect of BOR variant on void growth in α-β phase bicrystal 
All BOR variants mentioned in Table 3Table 3 were tested with PBI 1, 𝑓0=0.01 and at 𝑋=1, and the results of 

void growth are shown in Figure 24 (a). It can be seen that there is a difference in void growth between 

the BOR variants. As discussed in section 2.32.3, these 12 BOR variants are 12 slip systems of 

{110}𝛽 ⟨111⟩𝛽 family of 𝛽 phase which are aligned with (0001)𝛼 [21̅1̅0]𝛼 slip system of 𝛼 phase. It 

was expected that void growth and equivalent stress – equivalent strain response will not be affected 

by selection of BOR variant because of crystal symmetry. It was found in the simulation of RVEs 

without a void, that the equivalent stress – equivalent strain response is same for all BOR variants 

(results not shown here). But in case of RVEs with void, BOR variants were found to have different 

void growth rate and equivalent stress – equivalent strain response. Planes of {110}𝛽 family of 𝛽 

phase which are aligned with [0001]𝛼 plane of 𝛼 phase of BOR variants having same void growth are 

grouped together and shown in Figure 25Figure 25 (a), (b) and (c). BOR variants with same void growth were 

found to share the 𝛽 phase interface planes which are 90° to each other about their intersection line. 
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Slip activity in the three distinct BOR variants 1, 3 and 9 is shown with the help of contour plots of 𝛾𝑇𝑜𝑡  

on the planes passing at the midpoint of RVE in direction 1 and 2 shown in Figure 26Figure 26. Here direction 1 

is parallel to major loading direction, 𝐹. It can be clearly seen that the slip activity in the BOR variants 

is not same and there is a distinct difference between the three. Amount of slip depends upon the 

Schmid factor and the stress concentration around the void. It can be seen that highest slip activity is 

found in case of BOR variant 3 followed by 1 and then 9. This is reflected in the void growth rate of 

the three variants. 

Figure 24 (b) shows the equivalent stress – equivalent strain response of all the BOR variants. It can 

be seen that the BOR variants which have higher void growth are stiffer than the ones with lower void 

growth. Which is in agreement with the findings of void growth in single crystals presented in section 

3.1.23.1.2 where faster void growth was observed in stronger crystal orientation. 

 

Figure 24: (a)  Effect of BOR variant on evolution of VVF and (b)  on equivalent stress – equivalent strain response with 𝑓0= 
0.01 and 𝑋=1 (𝜎0=940 MPa) 

 

Figure 25: Planes of {100}𝛽 family aligned with [0001]𝛼 plane of 𝛼 phase for BOR 3, 4, 7 & 8 (a), BOR 1, 2, 5 & 6 (b), BOR 9, 

10, 11 & 12 (c) shown on a BCC RVE 
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Figure 26: Contour plots of total shear strain (𝛾𝑇𝑜𝑡) due to slip in BOR variants with distinct void growth at 𝑋=1, 𝑓0=0.01 and 
𝜖𝑒𝑞=0.5 

3.2.3. The effect of initial porosity on void growth in α-β phase bicrystal 
The effect of initial porosity in the case of bicrystal simulations was found to be similar to the case of 

the single crystal. The void growth rate increased as the initial porosity was lowered from 𝑓0=0.01 to 

0.001 at higher stress triaxialities in all PBIs. Trends are plotted for all the four PBIs at two different 

𝑓0=0.01 and 0.001, at 𝑋=1/3 and 3 cases and shown in Figure 27 (a) and (c) respectively. In the uniaxial 

case shown in Figure 27 (a), trend observed in single crystal seems to be violated as in going from 

𝑓0=0.01 to 0.001 void growth rate in decreasing. Recalling the discussion of section 3.2.13.2.1 there is a 

decrease in overall void growth in PBI 1, 2 and 3 because of compressive loading on 𝛽 phase. In case 

of 𝑓0=0.001 the collapse of void in 𝛽 phase half increased even more because of higher compressive 

loading, which led to lower overall void growth. And as was observed in section 3.2.13.2.1, PBI 4 do not 

have considerable compression of 𝛽 phase half, void growth increased in case of 𝑓0=0.001. Void 

growth in 𝑋=3 for 𝑓0=0.001 and 0.01 for all PBIs is shown in Figure 27 (c). In case of higher stress 

triaxialities, trend observed in single crystal was repeated where decrease in initial porosity led to 

higher void growth rate for all PBIs because of the same reasons discussed in case of single crystal. 

Equivalent stress – strain response for uniaxial case, for all PBIs, for 𝑓0=0.001 and 0.01 are shown in 

Figure 27 (b). It can be seen that the yield stress for 𝑓0=0.001 is higher than 0.01 for all PBIs which is 

in agreement with the trends seen in single crystals. Same response can be seen in 𝑋=3 case in Figure 

27 (d). All PBIs give stiffer response for 𝑓0=0.001 as compared to 0.01. Higher softening is observed in 

case of 𝑓0=0.01 since the actual void volume fraction increase in 𝑓0=0.01 is higher than 0.001, as 

discussed in section 3.1.13.1.1. 
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Figure 27: Effect of 𝑓0 on  evolution of VVF at 𝑋=1/3 (a)  and 𝑋=3 (c) and on equivalent stress – equivlaent strain response at 
𝑋=1/3 (𝜎0=1050) (b) and 𝑋=3 (𝜎0=830) (d) 

4. Conclusions 
Two different scenarios of the void growth were studied which can arise in multiphase titanium alloy 

(Ti-10V-2Fe-3Al). For the spherical void embedded in a single crystal of the α-phase of a multiphase 

titanium alloy Ti-10V-2Fe-3Al: 

• Void growth rate increases exponentially with the increase in applied stress triaxiality. 

• It was found that the void grows exponentially with applied equivalent strain for all values of 

stress triaxialities, except in the case of 𝑋=1 where it increases exponentially initially then the 

rate slows down because the matrix material starts to undergo considerable plastic 

deformation which dissipates the energy resulting in lower void growth. 

• The void volume fraction increases faster for voids with low initial porosity as compared to 

higher initial porosity at all the stress triaxialities and crystal orientations. 

• Void growth is affected by the crystal orientation at all the stress triaxialities. Stiffer 

configurations tend to have higher void growth due to higher stress concentration around 

void and higher pressure stress for same stress triaxiality. 

• Void growth is significantly affected by the Lode parameter. As the value of the Lode 

parameter was increased from -1 to 1, the void growth rate was found to decrease for the 

tested crystal orientations. 
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• The void growth rate for the same Lode parameter value strongly depends on crystal 

orientation. 

• Void growth affects the equivalent stress – equivalent strain response of the material. 

• Higher stress triaxialities lead to higher softening because of higher void growth. Higher stress 

triaxiality decreases the yield strength as well as decreases the hardening rate of crystal. 

• Softening due to void growth is higher in voids with higher initial porosity. 

• Softening is higher in the case of single crystals containing void, with stiffer crystal orientations 

because of higher void growth. 

• Increase in the Lode parameter leads to softer response. The amount of softening depends on 

the crystal orientation. The yield strength was reduced to half with a change of Lode 

parameter from -1 to 1 in case of harder stronger crystal orientation.    

Void growth in dual-phase titanium alloys was simulated using an RVE having a spherical void at the 

interface of two phases. Properties of the 𝛼 and 𝛽 phases of Ti-10V-2Fe-3Al were assigned to each of 

these halves. It was found that: 

• Similar to single 𝛼-phase crystal, the void volume fraction was found to increase exponentially 

with the increase in applied equivalent strain and the stress triaxiality.  

• Phase boundary inclination (angle between major loading direction and normal to the phase 

boundary) plays an important role in the void growth in bicrystal. When the PBI was moved 

from 90° towards 0°, the void growth accelerated at all stress triaxialities and initial 

porosities. 

• For PBI = 0°, the void growth rate becomes even lower than that of PBI = 90°, at higher stress 

triaxiality (3). But the void growth rate tends to increase with respect to other PBIs as the 

stress triaxiality is lowered. These behaviours are attributed to the variation in the slip activity 

around the void because of stress concentration due to crystal orientations and PBI. 

• Slip activity because of void growth in the 𝛽 phase was found to be higher at all PBIs except 

for PBI = 0° where it was lower than that of 𝛼. 

• The equivalent stress –equivalent strain response in bicrystals (dual phase 𝛼-𝛽) is found to be 

affected by PBI. Two phenomena, i.e. higher void growth in high strength crystal and 

difference in deformation in each of the two crystals due to PBI, are at play in case of 

bicrystals (𝛼 and 𝛽 phases) which affects the material response as discussed in previous 

section.  
• The BOR variant also influences the void growth at 𝑋=1 due to variation in slip activity in 3 

sets of 4 BOR variants each and it affects the equivalent stress – equivalent strain response 

as well. 

• The BOR variants in each of these 3 groups have equal void growth, these corresponds to 𝛽 

phase interface planes which have 90° angle between them about their intersection line. 

• Initial porosity has a similar effect as was found in the case of single crystal of 𝛼 phase, i.e. 

smaller initial porosity leads to higher void growth as compared to higher porosity at higher 

stress triaxialities 

• In uniaxial case higher initial porosity have larger void growth because the void collapse in 𝛽 

phase is higher in lower initial porosity. 
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