
This is a repository copy of Convexity deficit of benzenoids.

White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/162861/

Version: Published Version

Article:

Bašić, N., Fowler, P.W. orcid.org/0000-0003-2106-1104, Zemljič, S.S. et al. (6 more 
authors) (2020) Convexity deficit of benzenoids. Croatica chemica acta, 92 (4). pp. 
457-466. ISSN 0011-1643 

https://doi.org/10.5562/cca3602

eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/

Reuse 

This article is distributed under the terms of the Creative Commons Attribution (CC BY) licence. This licence 
allows you to distribute, remix, tweak, and build upon the work, even commercially, as long as you credit the 
authors for the original work. More information and the full terms of the licence here: 
https://creativecommons.org/licenses/ 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/


  This work is licensed under a Creative Commons Attribution リくユ IﾐデWヴﾐ;デｷﾗﾐ;ﾉ LｷIWﾐゲWく 

 

 

 

  O R I G I N A L  S C I E N T I F I C  P A P E R    
 

 

 Croat. Chem. Acta ワ, ワヨ(リ)が リルロ�リレレ 

 Published online: M;┞ ョラが ヨユヨユ 

 DOIぎ ョユくルルレヨっII;ラレユヨ 
 

 

 

Convexity Deficit of Benzenoids 
 

Nino Ba�iJ,1,2,3 Sarah J. Berkemer,4,5 Jörg Fallmann,4 Patrick W. Fowler,6 Thomas Gatter,4 Tﾗﾏ;┥ Pｷsanski,1,2,3,12,* 

Nancy Retzlaff,4,5,7 Peter F. Stadler,4,5,8,9,10 Sara Sabrina ZemljiL1,11 

 

 
1 FAMNITが Uﾐｷ┗Wヴゲｷデ┞ ﾗa Pヴｷﾏﾗヴゲﾆ;が KﾗヮWヴが Sﾉﾗ┗Wﾐｷ; 

2 Iﾐゲデｷデ┌デW ﾗa M;デｴWﾏ;デｷIゲが Pｴ┞ゲｷIゲ ;ﾐS MWIｴ;ﾐｷIゲが Lﾃ┌Hﾉﾃ;ﾐ;が Sﾉﾗ┗Wﾐｷ; 

3 IAMが Uﾐｷ┗Wヴゲｷデ┞ ﾗa Pヴｷﾏﾗヴゲﾆ;が KﾗヮWヴが Slovenia 

4 Bｷﾗｷﾐaﾗヴﾏ;デｷIゲ Gヴﾗ┌ヮが DWヮ;ヴデﾏWﾐデ aﾗヴ Cﾗﾏヮ┌デWヴ SIｷWﾐIWが ;ﾐS IﾐデWヴSｷゲIｷヮﾉｷﾐ;ヴ┞ CWﾐデWヴ aﾗヴ Bｷﾗｷﾐaﾗヴﾏ;デｷIゲが LWｷヮ┣ｷｪ Uﾐｷ┗Wヴゲｷデ┞が GWヴﾏ;ﾐ┞ 

5 Max-Planck-Iﾐゲデｷデ┌デW aﾗヴ M;デｴWﾏ;デｷIゲ ｷﾐ デｴW SIｷWﾐIWゲが LWｷヮ┣ｷｪが GWヴﾏ;ﾐ┞ 

6 DWヮ;ヴデﾏWﾐデ ﾗa CｴWﾏｷゲデヴ┞が Uﾐｷ┗Wヴゲｷデ┞ ﾗa SｴWaaｷWﾉSが SｴWaaｷWﾉS Sン ΑHFが UK 

Α Iﾐゲデｷデ┌デW aﾗヴ Iﾐaヴ;ゲデヴ┌Iデ┌ヴW ;ﾐS RWゲﾗ┌ヴIWゲ M;ﾐ;ｪWﾏWﾐデが LWｷヮ┣ｷｪ Uﾐｷ┗Wrsity, GWヴﾏ;ﾐ┞ 

8 Iﾐゲデｷデ┌デW aﾗヴ TｴWﾗヴWデｷI;ﾉ CｴWﾏｷゲデヴ┞が Uﾐｷ┗Wヴゲｷデ┞ ﾗa VｷWﾐﾐ;が A┌ゲデヴｷ; 

9 F;I┌ﾉデ;S SW CｷWﾐIｷ;ゲが Uﾐｷ┗WヴゲｷS;S N;デｷﾗﾐ;ﾉ SW CﾗﾉﾗﾏHｷ;が SWSW Bﾗｪﾗデ=が Colombia 

10 S;ﾐデ; FW Iﾐゲデｷデ┌デWが S;ﾐデ; FWが USA 

11 F;I┌ﾉデ┞ ﾗa M;デｴWﾏ;デｷIゲが Pｴ┞ゲｷIゲ ;ﾐS Iﾐaﾗヴﾏ;デｷIゲが CﾗﾏWﾐｷ┌ゲ Uﾐｷ┗Wヴゲｷデ┞が Bヴ;デｷゲﾉ;┗;が Sﾉﾗ┗;ﾆｷ; 

12 F;I┌ﾉデ┞ ﾗa M;デｴWﾏ;デｷIゲ ;ﾐS Pｴ┞ゲｷIゲが Uﾐｷ┗Wヴゲｷデ┞ ﾗa Lﾃ┌Hﾉﾃ;ﾐ;が Lﾃ┌Hﾉﾃ;ﾐ;が Sﾉﾗ┗Wﾐｷ; 
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 Iﾐ ヲヰヱヲが ; a;ﾏｷﾉ┞ ﾗa HWﾐ┣WﾐﾗｷSゲ ┘;ゲ ｷﾐデヴﾗS┌IWS H┞ Cヴ┌┣が G┌デﾏ;ﾐが ;ﾐS R;S;が ┘ｴｷIｴ デｴW┞ called convex benzenoidsく Iﾐ デｴｷゲ ヮ;ヮWヴ ┘W 
introduce the convexity deficitが ; ﾐW┘ デﾗヮﾗﾉﾗｪｷI;ﾉ ｷﾐSW┝ ｷﾐデWﾐSWS aﾗヴ HWﾐ┣WﾐﾗｷSゲ ;ﾐSが ﾏﾗヴW ｪWﾐWヴ;ﾉﾉ┞が a┌ゲWﾐWゲく Tｴｷゲ ｷﾐSW┝ ﾏW;ゲ┌ヴWゲ H┞ ｴﾗ┘ 
ﾏ┌Iｴ ; ｪｷ┗Wﾐ a┌ゲWﾐW SWヮ;ヴデゲ aヴﾗﾏ Iﾗﾐ┗W┝ｷデ┞く Iデ ｷゲ SWaｷﾐWS ｷﾐ デWヴﾏゲ ﾗa デｴW Hﾗ┌ﾐS;ヴ┞-WSｪWゲ IﾗSWく Iﾐ ヮ;ヴデｷI┌ﾉ;ヴが Iﾗﾐ┗W┝ HWﾐ┣WﾐﾗｷSゲ ;ヴW W┝;Iデﾉ┞ 
デｴW HWﾐ┣WﾐﾗｷSゲ ｴ;┗ｷﾐｪ Iﾗﾐ┗W┝ｷデ┞ SWaｷIｷデ Wケ┌;ﾉ デﾗ ヰく Quasi-convex HWﾐ┣WﾐﾗｷSゲ aﾗヴﾏ デｴW a;ﾏｷﾉ┞ ﾗa ﾐﾗﾐ-Iﾗﾐ┗W┝ HWﾐ┣WﾐﾗｷSゲ デｴ;デ ;ヴW IﾉﾗゲWゲデ デﾗ 
Iﾗﾐ┗W┝が ｷくWくが デｴW┞ ｴ;┗W Iﾗﾐ┗W┝ｷデ┞ SWaｷIｷデ Wケ┌;ﾉ デﾗ ヱく Fｷﾐ;ﾉﾉ┞が ┘W ｷﾐ┗Wゲデｷｪ;デW con┗W┝ｷデ┞ SWaｷIｷデ ﾗa ゲW┗Wヴ;ﾉ ｷﾏヮﾗヴデ;ﾐデ a;ﾏｷﾉｷWゲ ﾗa HWﾐ┣WﾐﾗｷSゲく 
 

 

: BWﾐ┣WﾐﾗｷSが a┌ゲWﾐWが Iﾗﾐ┗W┝ｷデ┞ SWaｷIｷデが Iﾗﾐ┗W┝ HWﾐ┣WﾐﾗｷSが ケ┌;ゲｷ-convex ben┣WﾐﾗｷSが ヮゲW┌Sﾗ-Iﾗﾐ┗W┝ HWﾐ┣WﾐﾗｷSく 
 
 

 

1. INTRODUCTION 

ENZENOIDS form an important family of graphs and 

molecules. Polycyclic (aromatic) hydrocarbons,[9,10,19,20] 

of which the benzenoids form a subset, are important 

molecular systems with a rich organic chemistry[23,39] 

characterised by specific reactivity,[34,38] spectra,[35] and 

photophysics. They occur naturally, geologically and as  

by-products of natural and anthropogenic combustion 

processes, with considerable implications for the 

environment[1] and human health[27] and have been 

postulated as significant contributors to the carbon 

inventory in the wider Universe.[2] There has also been a 

huge amount of interest over several decades in the graph 

theory of benzenoids and related structures and its 

application to prediction of physical and chemical 

properties (see, e.g., the textbooks[12,13,16,26,30,40]). Much of 

the mathematical chemistry literature is concerned with 

prediction or rationalisation of electronic structure, but 

there is also interest in classification of the shapes available 

to benzenoids. As pointed out before,[18] molecular shape 

is intimately associated with molecular electric and steric 

properties, such as quadrupole moment or van der Waals 

envelope, which are implicated in structure-activity 

B 
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relationships from odour perception[37] to carcino-

genicity.[3,27,32,33] Codes based on boundaries seem 

especially suitable for systematising our notions of shapes 

of benzenoids. The reader is referred to the books[15,30] for 

definitions and basic facts. 

 

2. PRELIMINARIES 

We begin by giving a mathematical definition of a 

fusene.[7,8] The class of fusenes contains as a proper 

subclass the class of benzenoids. 
 

Definition 2.1. A fusene is a simple subcubic 2-connected 

plane graph such that all bounded faces are hexagons and 

all vertices not on the outer face have degree 3. 

 Benzenoids can be now defined in terms of fusenes. 
 

Definition 2.2. A fusene that can be embedded in the 

infinite hexagonal lattice is called a benzenoid. 

 In other words, benzenoids are those fusenes which 

are also subgraphs of the infinite hexagonal lattice. 
 

Example 2.1. Figure 1 shows four subcubic plane graphs. 

Pentalene is not a fusene, because its bounded faces are 

pentagons. Biphenyl is not a fusene because it is not  

2-connected. Anthracene and [6]helicene are both fusenes. 

Anthracene is also a benzenoid, whilst [6]helicene is not. 

Let us denote the class of all benzenoids by ࣜ  and the 

class of all fusenses by ࣠. The inner dual of a plane graph is 

its dual graph with the vertex that corresponds to the outer 

face removed. A catacondensed fusene is a fusene whose 

inner dual is a tree. Fusenes that are not catacondensed are 

called pericondensed. We will denote the class of all 

catacondensed fusenes by ࣠*. Catacondensed fusenes can 

be further divided into branched and non-branched 

fusenes. A catacondensed fusene is called non-branched if 

its inner dual is a path; otherwise it is called branched. The 

class of non-branched fusenes will be denoted by ࣠'. Those 

definitions are naturally inherited by benzenoids. The class 

of catacondensed benzenoids and non-branched benzen-

oids will be denoted, respectively, by ࣜ* and ࣜ'. In this 

paper, we restrict to catacondensed benzenoids when 

using the terms branched and non-branched. 

2.1. Boundary-edges Code Revisited 

Each fusene can be assigned a boundary-edges code (BEC), 

a sequence of numbers counting the number of boundary 

edges between two vertices of degree 3, following the 

perimeter in an arbitrary, say counter-clockwise, direction. 

This useful tool to describe a benzenoid was introduced by 

P. Hansen and his co-workers.[31] The code depends on the 

starting vertex and the chosen direction. However, it can be 

made unique by choosing the lexicographically maximal 

code among all possible codes which is often called the 

canonical code. Each benzenoid can be uniquely described 

by such boundary-edges code, but this does not hold for 

fusenes.[29] Benzene is an exceptional benzenoid as it is the 

only benzenoid with no vertex of degree 3. If need be, we 

assign the code 6 to benzene. In the present paper the 

(lexicographically maximal) boundary-edges code of B will 

be denoted by code(B). 

 Here, we take a different approach and start from 

the definition of a code: 
 

Definition 2.3. A code is a string over the alphabet 

{1,2,3,4,5}. 

 Note that we permit codes that are not boundary-

edges codes of any benzenoid (or fusene). By c ْ d we 

denote concatenation of codes c and d, e.g. 

 422 ْ 5133 = 4225133. 

 Moreover, ゝ
i
(c) for i д 0 denotes the right circular 

shift of code c by i positions, e.g. 

 ゝ
3
(4225133) = 1334225. 

 This operation can also be defined for the negative 

values of i, such that ゝЪi
(c) for i д 0 is the left circular shift of 

c by i positions, e.g. 

 ゝЪ2(1334225) = 3422513. 

 By ヾ(c) we denote the reverse of c, e.g. 

 ヾ(3422513) = 3152243. 

 Note that ヾ2(c) = c and ゝ
i
ゝ

�i
(c) = c for every code c. 

 We will use some properties of codes. 
 

Definition 2.4. Let c be a code. By len(c) we denote the 

length of the code, i.e. the number of symbols appearing in 

it and by sum(c) we denote the sum of all numbers of the 

code. By win(c) we denote the winding of the code, which 

is defined as 

 win(c) = sum(c) � 2 len(c). 

 

 E┝;ﾏヮﾉWゲ ﾗa ゲ┌HI┌HｷI ヮﾉ;ﾐW ｪヴ;ヮｴゲが デ┘ﾗ ﾗa ┘ｴｷIｴ 
;ヴW a┌ゲWﾐWゲく 

(a) pentalene  (b) biphenyl  

(c) anthracene  (d) [6]helicene 
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Lemma 2.1. The winding of a concatenation of two codes c 

and d is additive, i.e. 

 win(c ْ d ) = win(c) + win(d ). 

Proof. The length of the code and the sum of the numbers 

of the code are clearly additive. Then 

 win(c ْ d ) = sum(c ْ d ) Ъ 2 len(c ْ d ) 

  = sum(c) + sum(d ) Ъ 2 len(c) Ъ 2 len(d ) 

  = win(c) + win(d ).  

Definition 2.5. Two codes c and d are equivalent if one can 

be obtained from the other by a circular shift and possibly 

reversal, i.e. if there exists an integer k such that ゝk(c) = d 

or ヾゝk(c) = d. 
 

Definition 2.6. A code is canonical if it is lexicographically 

maximal among all equivalent codes. 

 No simple way is known to check whether a given 

code is the boundary-edges code of some benzenoid. 

However, there is an obvious necessary condition. 
 

Lemma 2.2. Let B be a benzenoid with at least 2 hexagons. 

Then win(code(B)) = 6. 
 

Proof. The proof proceeds by induction on the number of 

hexagons, h. 

 The only benzenoid with h = 2 hexagons is 

naphthalene, with code 55. Clearly, win(55) = 10 Ъ 2 · 2 = 6. 

 It is known that any benzenoid B with h hexagons can 

be obtained from some benzenoid B with ｴ Ъ 1 hexagons by 

adding a new hexagon using either one-, two-, three-, four- 

or five- contact addition, where k-contact implies that k 

edges of the new hexagon are identified with k consecutive 

edges of B (see Ref. [30, pp. 12�13]). Let code(B) = c and 

code(B) = c . Assume that win(c) = 6. 

 If B is obtained by one-contact addition then c can be 

obtained from c by replacing the symbol s (the one that 

corresponds to the part of the boundary where the new 

hexagon was attached) with s15s2 where s1 + s2 = ゲ Ъ 1. Then 

 win(c) = (sum(c) + 5 Ъ 1) Ъ 2(len(c) + 2) = win(c) = 6. 

 Analogous arguments can be used for other types of 

addition.  

 

3. CONVEX BENZENOIDS AND  

CONVEXITY DEFICIT 

3.1. Graph Invariants 

A graph invariant is a function from a class of graphs to a 

class of values (e.g. integers, real numbers, polynomials) 

that takes the same value for any two isomorphic graphs. 

Graph invariants may be categorised by codomains of the 

functions that define them. When the codomain is the 

Boolean domain, they are called graph properties. (For 

example, a graph can either be bipartite or non-bipartite.) 

Numerous integer invariants exist for graphs: order, size, 

diameter, girth, genus, chromatic number, etc. Perhaps the 

most well-known integer invariant in chemical graph theory 

is the Wiener index.[36] An example of a real number 

invariant is the Estrada index.[17] In the literature one can 

find thousands of graph invariants. 

3.2. Convex Benzenoids 

In 2012, a special sub-family of benzenoids, called convex 

benzenoids, was introduced by Cruz, Gutman and Rada.[11] This 

family was further studied and enumerated in.[5] A convex 

benzenoid can be characterised via its boundary-edges code. 
 

Definition 3.1. Benzenoid B is convex if its boundary-edges 

code contains no 1. 

 The above statement is Proposition 3 in Ref. [5] Since 

this is one possible characterisation of convex benzenoids 

we may use it as a definition here. 

 We note in passing that for infinite benzenoids the 

situation is more complex. As shown in Ref. [4] infinite 

benzenoids may have more than one boundary component 

and may need several infinite codes for its description. 

Sometimes the code does not describe an infinite 

benzenoid up to isomorphism. An example of such an 

infinite convex benzenoid that is not determined by its 

boundary-edges code is called a strip in Ref. [4]. Strips of 

different width have the same boundary-edges code. 

Hence, in this paper we focus mainly on finite benzenoids. 

3.3. Convexity Deficit 

Both convex and non-convex benzenoids play important 

and sometimes distinct roles in organic chemistry. For 

example, in the simplest case of benzenoid isomers, convex 

anthracene comprising three linearly fused hexagons is less 

stable than non-convex phenanthrene (see Figure 2). In 

qualitative theories, this is variously attributed to the larger 

number of Kekulé structures in phenanthrene (5 vs. 4), its 

higher Fries number (3 vs. 2) or its higher Clar number (2 vs. 

1), all of which are inextricably linked to its angular, non-

convex shape. We think it will be useful to introduce a 

measure that will tell us by how much the shape of 

benzenoid departs from convexity. We call this measure 

the convexity deficit. 
 

Definition 3.2. A benzenoid B with boundary-edges code c 

is k-convex, k д 0, if the average of k + 1 consecutive values 

in c is always at least 2. The minimum such value of k is 

called the convexity deficit of B and is denoted by cd(B). 

For an infinite benzenoid B, we may have cd(B) = з. 

 We may write down a formal definition: 

{ }
{ }

sum( )

len( )
        avg( , ) min  and ( )

( ) ( ) min 0 and avg( , 1) 2

d

d
c k d c len d k

cd B cd c k k c k

= ⊆ =

= = ≥ + ≥
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Note that in the first formula d ك c denotes any subcode 

consisting of cyclically consecutive symbols of code c. Note 

that convexity deficit generalises the notion of convexity 

for benzenoids. Clearly, cd(B) = 0 is equivalent to saying 

that there is no 1 in the code. 
 

Proposition 3.1. A benzenoid B is convex if and only if  

cd(B) = 0. 
 

Proposition 3.2. If B is a finite benzenoid then 

 0 г cd(B) г len(code(B)) � 1. 

Proof. Let c = code(B). Recall the definition of winding. Since 

win(c) = sum(c) Ъ 2 len(c) = 6, we have 

 =+ >
sum( ) 6

2 2
len( ) len( )

c

c c
 

 Hence any (finite) benzenoid is k-convex at least for 

k = len(c) Ъ 1.   
 

 We note that for infinite benzenoids there exists no 

upper bound on the convexity deficit. 
 

Proposition 3.3. There exist infinite benzenoids B that are 

not k-convex for any finite ┗;ﾉ┌W ﾗa ﾆ д 0. 
 

Proof. An example is the infinite benzenoid with boundary-

edges code ...2221222... shown in Figure 3. It is the 

complement of the anvil ऋघ.[4]  

3.4. Quasi-convex and Pseudo-convex 
Benzenoids 

Now we turn our attention to the non-convex benzenoids 

that are closest to convex, i.e. the benzenoids with the next 

smallest convexity deficit. 
 

Definition 3.3. A 1-convex benzenoid which is not 0-convex 

(i.e., cd(B) = 1) is called quasi- convex. 

 Note that quasi-convex benzenoids admit a simple 

characterisation via the boundary-edges code. 
 

Proposition 3.4. A benzenoid is quasi-convex if and only if 

its boundary-edges code contains at least one 1 but no sub-

sequence 11, 12, or 21. 
 

Proof. A quasi-convex benzenoid is not convex, hence its 

code contains a 1. Let a and b be two cyclically consecutive 

numbers in the code of this benzenoid. Since it is 1-convex, 

a + b д 4, hence 11, 12, and 21 are forbidden. The converse 

also follows.   

 Convex benzenoids can be classified into families 

with a common fundamental shape, where zig-zag (2k) sub-

sequences define the edges of the shape. Similarly, all 

quasi-convex benzenoids have a fundamental shape where 

the edges are defined by either zig-zag or armchair (1(31)k) 

sub-sequences. The fundamental shape of a convex 

benzenoid has at most 6 edges; for a quasi-convex 

benzenoid it has at most 12. Zig-zag and armchair termin-

ation have consequences for stability of benzenoids[21] and 

conductivity of nanotubes.[22] A quasi-convex benzenoid 

that has no zig-zag sub-sequences in its boundary-edges 

code will be called pseudo-convex. 
 

Definition 3.4. A benzenoid whose boundary-edges code 

contains at least one 1 but no sub-sequence 11 and 2 is 

called pseudo-convex. 
 

Proposition 3.5. Every pseudo-convex benzenoid is quasi-

convex but the converse is not true.   
 

 Here are some small examples. Note that 

naphthalene 55 is convex, phenanthrene 5351 is pseudo-

convex and benzo[a]pyrene 513432 is quasi-convex (but 

not pseudo-convex). A smaller example of such a 

benzenoid is described by 52441. They are shown in Figures 

4 and 5. The BEC 52441 applies to the �pistol� polyhex,[25] 

named for its shape. BEC apply equally to benzenoids and 

polyhexes. 

 We have developed software that transforms the 

boundary edges code to the description of a benzenoid via 

position of its hexagons in the hexagonal tesselation of the 

plane, as well as a tool that can draw the corresponding 

benzenoid. We can also compute several parameters such 

as convexity deficit (of course, convexity deficit is obtained 

directly from the BEC). We present computational results in 

Tables 1 and 2. One is a table of small benzenoids, together 

 

く TｴW ｷﾐaｷﾐｷデW HWﾐ┣WﾐﾗｷS ┘ｷデｴ Hﾗ┌ﾐS;ヴ┞-WSｪWゲ IﾗSW 
...2221222...く 

 

く The two 3-ｴW┝;ｪﾗﾐ KWﾆ┌ﾉW;ﾐ HWﾐ┣WﾐﾗｷSゲぎ ふ;ぶ 
;ﾐデｴヴ;IWﾐWが ふHぶ ヮｴWﾐ;ﾐデｴヴWﾐWく 
 

(a) (b)
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with their names and basic properties. The other lists some 

of the infinite families of benzenoids. Some of the 

representatives of families presented in Table 2 are 

depicted in Figure 6. 

 

4. EXTREMAL CONVEXITY DEFICIT 

Clearly benzenoids with a small number of hexagons 

cannot have large convexity deficit. For instance, benzen-

oids with up to 5 hexagons have convexity deficit at most 3. 
 

Definition 4.1. Let B be a benzenoid. Let h(B) denote the 

number of hexagons of B. Let mcd(h) denote the maximum 

convexity deficit among all benzenoids on h hexagons, i.e. 

 mcd(h) = max {cd(B) | h(B) = h} . 

Call each benzenoid attaining cd(h) extremal, and ex(h) the 

number of extremal benzenoids with h hexagons. 

 We performed a computer search to find extremal 

benzenoids among all benzenoids with h hexagons for all  

h г 18. The results are summarised in Table 3. In particular, 

we noticed that only one extremal benzenoid is 

pericondensed. It has h = 6 hexagons and can be described 

by the boundary-edges code 533244111 and is depicted in 

Figure 7(a). Moreover, all other extremal benzenoids with 

ｴ г 6 are unbranched. There is a unique smallest branched 

extremal benzenoid having h = 7. It has boundary-edges 

code 523315151112 and is depicted in Figure 7(b). Note 

that the spiral benzenoid S(h) attains the maximum value 

of convexity deficit among all unbranched catacondensed 

benzenoids. For h д 14, it appears that all extremal 

benzenoids are branched. 

 We were able to find an interesting family of 

benzenoids, one member for each number of hexagons. 

We call them spiral benzenoids. 
 

Definition 4.2. Let S(h) denote the spiral benzenoid on  

h д 2 hexagons determined by the following procedure.  

Let a and b denote the following infinite codes: 

 

3

0

3

0

a = 33323232322322322322232223 (2 3)

b = 11121212122122122122212221 (2 1) ,

k

k

k

k

∞

=

∞

=

= ⊗

= ⊗





 

using ْ for repeated concatenation using the ْ 

operation. Let a(l) denote the substring composed of the 

first l symbols of a and similarly define b(l). Let  

 w(l) = 5a(l)5ヾH(l),  

where ヾH(l) denotes the reversal of b(l). The spiral 

benzenoid, denoted S(h), has h hexagons and is defined by 

the boundary-edges code w(h Ъ 2). 

 For an example of S(h), see Figure 8. 
 

Example 4.1. For small values of l we obtain: 

 S(2) = w(0) = 55; 

 S(3) = w(1) = 5352; 

 S(4) = w(2) = 533511; 

 S(5) = w(3) = 53335111; 

 S(6) = w(4) = 5333252111; etc. 

All S(2), ..., S(13) are extremal. 

 

4く TｴW ゲW┗Wﾐ ヮﾗﾉ┞ｴW┝Wゲ IﾗﾏヮﾗゲWS ﾗa aﾗ┌ヴ 
ｴW┝;ｪﾗﾐゲ,[25] and their BECく 
 

(a) pistol, 52441 (b) wave, 513513 (c) bee, 4343 (d) arch, 533511

(e) propeller, 533511 (f) worm, 512523 (g) bar, 522522

 

く Sﾏ;ﾉﾉ W┝;ﾏヮﾉWゲ ﾗa ふ;ぶ Iﾗﾐ┗W┝が ふHぶ ヮゲW┌Sﾗ-convex 

and (c), (dぶ ケ┌;ゲｷ-Iﾗﾐ┗W┝ HWﾐ┣WﾐﾗｷSゲく 
 

(a) naphthalene            (b) phenanthrene                     (c) benzo[a]pyrene                           (d) pistol

 

6く E┝;ﾏヮﾉWゲ ﾗa デｴW a;ﾏｷﾉｷWゲ SWaｷﾐWS ｷﾐ T;HﾉW ヲく 

 

く TｴW ﾗﾐﾉ┞ ﾆﾐﾗ┘ﾐ ヮWヴｷIﾗﾐSWﾐゲWS W┝デヴWﾏ;ﾉ HWﾐ┣Wﾐ-

ﾗｷS ふ;ぶ ;ﾐS デｴW ゲﾏ;ﾉﾉWゲデ Hヴ;ﾐIｴWS W┝デヴWﾏ;ﾉ HWﾐ┣WﾐﾗｷS ふHぶく 
 

(a) (b)
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1く Lｷゲデ ﾗa ゲﾏ;ﾉﾉ HWﾐ┣WﾐﾗｷSゲ ;ﾐS デｴWｷヴ aW;デ┌ヴWゲく TｴW ﾉｷゲデ ｷゲ IﾗﾏヮﾉWデW ┌ヮ デﾗ ヴ ｴW┝;ｪﾗﾐゲ 

  h     

HWﾐ┣WﾐW 6 1 convex 0 C6H6 Αヱ-43-2 

ﾐ;ヮｴデｴ;ﾉene 55 2 convex 0 C10H8 91-20-3 

ヮｴWﾐ;ﾉWﾐWっヮｴWﾐ;ﾉWﾐ┞ﾉ 444 3 convex 0 C13H9 203-80-5 

anthracene 5252 3 convex 0 C14H10 120-12-Α 

ヮｴWﾐ;ﾐデｴヴWﾐW 5351 3 ヮゲW┌Sﾗ-convex 1 C14H10 85-01-8 

デWデヴ;IWﾐWっﾐ;ヮｴデｴ;IWﾐW 522522 4 convex 0 C18H12 92-24-0 

ヮ┞ヴWﾐW 4343 4 convex 0 C16H10 129-00-0 

HWﾐ┣ﾗヮｴWﾐ;ﾉWﾐ┞ﾉ 52441 4 ケ┌;ゲｷ-convex 1 CヱΑH11 ヱヱヲΑΑヲ-04-0 

chrysene 513513 4 ヮゲW┌Sﾗ-convex 1 C18H12 218-01-9 

デヴｷヮｴWﾐ┞ﾉWﾐW 515151 4 ヮゲW┌Sﾗ-convex 1 C18H12 ヲヱΑ-59-4 

HWﾐ┣ﾗふIぶヮｴWﾐ;ﾐデｴヴWﾐW 533511 4  2 C18H12 195-19-Α 

HWﾐ┣ふ;ぶ;ﾐデｴヴ;IWﾐW 512523 4  2 C18H12 56-55-3 

ﾗﾉ┞ﾏヮｷIWﾐWっﾗﾉｷﾏヮｷIWﾐ┞ﾉ 42433 5 convex 0 C19H11 191-33-3 

ヮWﾐデ;IWﾐW 52225222 5 convex 0 C22H14 135-48-8 

ヮｷIWﾐW 51315313 5 ヮゲW┌Sﾗ-convex 1 C22H14 213-46-Α 

[5]helicene 53335111 5  3 C22H14 188-52-3 

ヮWヴ┞ﾉWﾐW 441441 5 ヮゲW┌Sﾗ-convex 1 C20H12 198-55-0 

HWﾐ┣ﾗふ;ぶヮ┞ヴWﾐW 513432 5 ケ┌;ゲｷ-convex 1 C20H12 50-32-8 

HWﾐ┣ﾗふWぶヮ┞ヴWﾐW 514341 5 ヮゲW┌Sﾗ-convex 1 C20H12 192-ΓΑ-2 

SｷHWﾐ┣ふ;がｴぶ;ﾐデｴヴ;IWﾐW 53215321 5  2 C22H14 53-Αヰ-3 

ヮWﾐデ;ヮｴWﾐW 52125232 5  3 C22H14 222-93-5 

SｷHWﾐ┣ふ;がﾃぶ;ﾐデｴヴ;IWﾐW 51215323 5  3 C22H14 224-41-9 

デヴｷ;ﾐｪ┌ﾉWﾐ┞ﾉ 424242 6 convex 0 C22H12  

anthanthrene 324324 6 convex 0 C22H12 191-26-4 

hexacene 5222252222 6 convex 0 C26H16 258-31-1 

HWﾐ┣ﾗふｪｴｷぶヮWヴ┞ﾉWﾐW 414333 6 ヮゲW┌Sﾗ-convex 1 C22H12 191-24-2 

┣WデｴヴWﾐW 42144214 6  2 C24H14 214-63-1 

coronene 333333 Α convex 0 C24H12 191-ヰΑ-1 

ｴWヮデ;IWﾐW 522222522222 Α convex 0 C30H18 258-38-8 

ヮWヴﾗヮ┞ヴWﾐW 43134313 Α ヮゲW┌Sﾗ-convex 1 C26H14 188-96-5 

terrylene 4413144131 8 ヮゲW┌Sﾗ-convex 1 C30H16 188-Αヲ-Α 

デヴｷHWﾐ┣ﾗぷHがﾐがヮケヴへヮWヴ┞ﾉWﾐW 5141251331 8  2 C30H16 190-81-8 

デヴｷHWﾐ┣ﾗぷHがﾆがヮケヴへヮWヴ┞ﾉWﾐW 5141415131 8 ヮゲW┌Sﾗ-convex 1 C30H16  

デヴｷHWﾐ┣ﾗぷHがｪｴｷがﾐへヮWヴ┞ﾉWﾐW 5141251331 8  2 C30H16  

ovalene 33323332 10 convex 0 C32H14 190-26-1 

デWヴﾗヮ┞ヴWﾐW 431313431313 10 ヮゲW┌Sﾗ-convex 1 C36H18  

ｴW┝;HWﾐ┣ﾗぷHIがWaがｴｷがﾆﾉがﾐﾗがケヴへcoronene 414141414141 13 ヮゲW┌Sﾗ-convex 1 C42H18 190-24-9 

ｴW┝;HWﾐ┣ﾗぷ;がSがｪがﾃがﾏがヮへIﾗヴﾗﾐWﾐW 511511511511511511 13  2 C48H24 1065-80-1 

dicoronylene 23333212333321 15  3 C48H20 ΓΒヵΑヰ-53-Α 
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 It is easy to find the extremal fusenes in the subclass ࣠'. A small example is [6]helicene in Figure 1(d). 
 

Proposition 4.1. In the class of unbranched catacondensed 

fusenes ࣠', the helicene 51ｴЪ253ｴЪ2 obtains the maximal 

convexity deficit among all F א ࣠' with h д 2 hexagons. The 

maximal convexity deficit is max{2h Ъ 7, h Ъ 2}. 
 

Proof. Each unbranched catacondensed fusene can be 

described with a boundary-edges code 5s1s2 ... sｴЪ25ゲう1ゲう2 ... 

ゲうhЪ2, where si + sうi = 4 for all 1 г i г h Ъ 2. It is clear that by 

setting si = 1 for all i = 1, ..., h Ъ 2 we will obtain one of the 

fusenes, let us denote it by F, with the longest possible 

subcode c such that 
sum( )

len( )
2

c

c
< . 

 If h is large enough, then the code will contain h Ъ 2 

symbols 1, symbol 5 and a certain number, let us denote it 

by l, of symbols 3. We are looking for the largest possible l 

such that 

 
( 2) 5 3

2.
2 1

h l

h l

− + +
<

− + +
 (1) 

Equation (1) is equivalent to 

 l < h � 5 (2) 

when h + l > 3 (this holds for large enough h since l д 0). 

From Equation (2) it follows that we can take l = h Ъ 6. This 

is valid if h д 6 and the convexity deficit equals (h Ъ 2) + 1 + 

(h Ъ 6) = 2h Ъ 7. 

2く SﾗﾏW a;ﾏｷﾉｷWゲ ﾗa HWﾐ┣WﾐﾗｷSゲ ;ﾐS デｴWｷヴ Iﾗﾐ┗W┝ｷデ┞ SWaWIデ 

   

h(B ) cd(B)  

LｷﾐW;ヴ L(n), ﾐ д 2 52ﾐЪ252ﾐЪ2 

n 0 (convex) RWaく [15が ヮく ヶヲへ 

T┘ﾗ ゲWｪﾏWﾐデゲ M2(m, n), m, n > 1 52ﾏЪ212ﾐЪ252ﾐЪ232ﾏЪ2 

m + ﾐ Ъ 1 m + ﾐ Ъ 3 RWaく [15が ヮく ヶヲへ 

TｴヴWW ゲWｪﾏWﾐデゲ M3(m, n, k), m, n, k > 1 52ﾆЪ212ﾏЪ212ﾐЪ252ﾐЪ232ﾏЪ232ﾆЪ2 

m + n + ﾆ Ъ 2 m + n + ﾆ Ъ 4 RWaく [15が ヮく ヶヲへ 

TｴヴWW ゲWｪﾏWﾐデゲ Z3(m, n, k), m, n, k > 1 52ﾐЪ212ﾆЪ232ﾏЪ252ﾏЪ212ﾆЪ232ﾐЪ2 

m + n + ﾆ Ъ 2 max{m, n} + ﾆ Ъ 3 RWaく [15が ヮく ヶヲへ 

Chevron Ch(n, m, k), ﾐが ﾏが ﾆ д 2 42ﾐЪ232ﾆЪ232ﾏЪ232ﾐЪ242ﾏЪ212ﾆЪ2 

n(m + ﾆ Ъ 1) m + ﾆ Ъ 3 RWaゲく [28, 14], [15が ヮく ヱヱヱへ 

Pヴﾗﾉ;デW デヴｷ;ﾐｪﾉW P3(m), ﾏ д 2 51(31)ﾏЪ252ﾏЪ232ﾏЪ2 

1

2
m(m + 1) ヱ ふケ┌;ゲｷ-convex) RWaく [15が ヮく ヱΒヲへ 

Pヴﾗﾉ;デW ヮWﾐデ;ｪﾗﾐ P5(m, n), ﾏが ﾐ д 2 32ﾐЪ241(31)ﾏЪ242ﾐЪ232ﾏЪ232ﾏЪ2 

1

2
m(m + 1) + (ﾐ Ъ 1)(2ﾏ Ъ 1) ヱ ふケ┌;ゲｷ-convex) RWaく [15が ヮく ヱΒヲへ 

OHﾉ;デW デヴｷ;ﾐｪﾉW O3(m), ﾏ д 2 43(13)ﾏЪ242ﾏЪ232ﾏЪ2 

1

2
m(m + 1) + (ﾏ Ъ 1) 





=
>

0 (convex)  2

ヱ ふケ┌;ゲｷ
 

-con

 

vex

                

  )      2 

m

m
 RWaく [15が ヮく ヱΓΑへ 

PヴﾗHﾉ;デW デヴｷ;ﾐｪﾉW B3(m), ﾏ д 2 4(31)ﾏЪ152ﾏЪ132ﾏЪ2 

1

2
m(m + 3) ヱ ふケ┌;ゲｷ-convex) RWaく [15が ヮく ヱΓΑへ 

Prolate reIデ;ﾐｪﾉW P4(m, n), ﾏが ﾐ д 2 42ﾐЪ24(13)ﾏЪ2142ﾐЪ24(13)ﾏЪ21 

nm + (ﾐ Ъ 1)(ﾏ Ъ 1) ヱ ふケ┌;ゲｷ-convex) RWaゲく [41], [15が ヮく ヲヰヱへ 

Dihedral all-HWﾐ┣WﾐﾗｷSゲ S(m), ﾏ д 1 51215(13)ﾏЪ1151215(13)ﾏЪ11 

Αm 3 RWaく [24], [15が ヮく ヲヱヵへ 

 T (2) 51415141 

6 ヱ ふヮゲW┌Sﾗ-convex) RWaゲく [24], [15が ヮく ヲヱヵへ 

 T (m), ﾏ д 3 41414(13)ﾏЪ3141414(13)ﾏЪ31 

Αﾏ Ъ 8 ヱ ふヮゲW┌Sﾗ-convex) RWaゲく [24], [15が ヮく ヲヱヵへ 
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If h < 6, then there are only 4 fusenes to analyse. By manual 

inspection we can see that the convexity deficit in each case 

is h Ъ 2.   
 

Proposition 4.2. Among all catacondensed unbranched 

benzenoids on h hexagons, S(h) has the maximal convexity 

deficit. The convexity deficit of S(h) is cd(S(h)) = max{h Ъ 2, 

2h Ъ 8}. 
 

Proof. First, observe that the code 533323 is a subcode of 

S(h) for all h д 7. 

 We know that sum(S(h)) = 4h + 2 and len(S(h)) = 2h Ъ 2. 

 Let c be the subcode of code(S(h)) that is obtained 

from code(S(h)) by erasing 533323 (i.e. c = 11121 ...). Then 

sum(c) = 4h + 2 Ъ 19 = 4h Ъ 17 and len(c) = 2h Ъ 2 Ъ 6 = 2h Ъ 8. 

Therefore 

 
sum( ) 4 17

2.
len( ) 2 8

c h

c h

−
= <

−
 

It is easy to see that the above also holds for all prefixes of 

the code c. This implies that cd(S(h)) д 2h Ъ 8 for all h д 7. 

Let us now show that there exists no unbranched 

benzenoid B such that cd(B) = 2h Ъ 7. 

 For contradiction, suppose that there exists an 

unbranched benzenoid B such that cd(B) = 2h Ъ 7. Let  

c be the code which remains when the maximal subcode d,  

for which 
sum( )

len( )
2

d

d
< , is erased from code(B). We have  

len(c) = 5 and 

 
4 2 sum( )

2
2 7

h c

h

+ −
<

−
 

If h is large enough, we obtain sum(c) > 16. The code c 

contains 5 symbols, each of which is an element of the set 

{1,2,3,5}. One of the symbols must be 5 (otherwise the sum 

can not be greater than 16). Also, the code cannot contain 

symbol 5 twice if the benzenoid is large enough (their 

corresponding hexagons are located at the opposite ends 

of the chain). From sum(c) > 16 it follows that all the other 

symbols have to be 3. The code 353 can not be a subcode 

of a benzenoid due to geometric restrictions. The only 

remaining option is c = 53333, which again can not be a 

subcode of a benzenoid, a contradiction. 

Therefore, S(h) attains the maximal convexity deficit among 

all unbranched benzenoids on h hexagons.   

 

5. CONCLUSION 

In this contribution we have briefly revisited several 

families of benzenoids that have been studied in the past. 

Most of them are taken from the book by Cyvin and 

Gutman (Ref. [15, p. 62]). Here they are defined rigorously 

by the boundary-edges code instead of relying on pictorial 

representations. We considered extremal benzenoids with 

respect to convexity deficit. Table 3 summarises all small 

cases up to 18 hexagons. BECs of these benzenoids are 

stored in Ref. [6]. We observed from these data that some 

clear patterns emerged. 

 In particular, let F(h,k) denote the number of benzen-

oids on h hexagons having convexity deficit equal to k. Note 

that F(h,mcd(h)) = ex(h) and F(h,k) = 0 for all k > mcd(h). 
 

Conjecture 4.3. LWデ ｴ д ヰく TｴW ゲWケ┌WﾐIW 

 F(h,0), F(h,1), F(h,2), ..., F(h,mcd(h)) 

is unimodal.  

M;┝ｷﾏ;ﾉ Iﾗﾐ┗W┝ｷデ┞ SWaｷIｷデ ﾏISふhぶ aﾗヴ W;Iｴ ヲ г h г 
ヱΒ ;ﾐS デｴW ﾐ┌ﾏHWヴ ﾗa W┝デヴWﾏ;ﾉ HWﾐ┣WﾐﾗｷSゲ W┝ふhぶく TｴW ﾉ;ゲデ 
column contains ;ﾐ W┝;ﾏヮﾉW ﾗa ゲ┌Iｴ ; HWﾐ┣WﾐﾗｷSく 

h d(h) ex(h) -  

2 0 1 55 

3 1 1 5351 

4 2 2 532521 

5 3 6 52325212 

6 4 16 5232252212 

Α 6 3 523315151112 

8 8 2 53323325211211 

9 10 3 5332332252211211 

10 12 6 533233222522211211 

11 14 16 52311121225223233312 

12 16 ンΑ 5332332222252222211211 

13 18 102 533233222222522222211211 

14 21 2 53332322215133511122212111 

15 23 12 5332332132151335111213211211 

16 25 42 533323222321513351112122212111 

ヱΑ ヲΑ 149 53323321323215133511121213211211 

18 29 489 5333232223232151335111212122212111 

 

 

8く Sヮｷヴ;ﾉ HWﾐ┣WﾐﾗｷS S(h) on h ｴW┝;ｪﾗﾐゲ ｴ;ゲ ISふS(h)) = 

max{h Ъ 2, 2h Ъ 8}く 
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 The motivation for the previous statement comes 

from computational investigation for small values of h. 

 Our empirical studies show an interesting picture of 

extremal benzenoids. It seems that: 

(1) there is only one extremal benzenoid that is 

pericondensed; 

(2) there are only finitely many extremal unbranched 

pericondensed benzenoids; 

(3) all extremal benzenoids for ｴ д 14 are branched; 

(4) there is no upper bound on the number of branched 

points of extremal benzenoids when h tends to 

infinity. 

These observations could be formulated as conjectures and 

are a subject of further research. 

 

 Tｴｷゲ ┘ﾗヴﾆ ┘;ゲ ゲ┌ヮヮﾗヴデWS ｷﾐ ヮ;ヴデ H┞ デｴW 
Sﾉﾗ┗Wﾐｷ;ﾐ RWゲW;ヴIｴ AｪWﾐI┞ ふｪヴ;ﾐデゲ Pヱ-0294, N1-032, and  

J1-Αヰヵヱぶが デｴW GWヴﾏ;ﾐ RWゲW;ヴIｴ Fﾗ┌ﾐS;デｷﾗﾐ ふｪヴ;ﾐデ STA 
ΒヵヰっヱΓ-ヲ ┘ｷデｴｷﾐ SPP ヱΑンΒぶが ;ﾐS Hｷﾉ;デWヴ;ﾉ Sﾉﾗ┗Wﾐｷ;ﾐ-GWヴﾏ;ﾐ 
ヮヴﾗﾃWIデ さM;デｴWﾏ;デｷI;ﾉ Fﾗ┌ﾐS;デｷﾗﾐゲ ﾗa SWﾉWIデWS TﾗヮｷIゲ  
in SIｷWﾐIWざく Tｴｷゲ ヮ;ヮWヴ ┘;ゲ IﾗﾐIWｷ┗WS ;デ デｴW Wﾗヴﾆゲｴﾗヮ  
ﾗﾐ DｷゲIヴWデW ;ﾐS Cﾗﾏヮ┌デ;デｷﾗﾐ;ﾉ Bｷﾗﾏ;thematics, and 

M;デｴWﾏ;デｷI;ﾉ CｴWﾏｷゲデヴ┞が KﾗヮWヴが Sﾉﾗ┗Wﾐｷ;が ヱヵ � ヱΑ Nﾗ┗WﾏHWヴ 
ヲヰヱΑが ﾗヴｪ;ﾐｷゲWS H┞ デｴW Sﾉﾗ┗Wﾐｷ;ﾐ DｷゲIヴWデW ;ﾐS AヮヮﾉｷWS 
M;デｴWﾏ;デｷIゲ SﾗIｷWデ┞ ;ﾐS Uﾐｷ┗Wヴゲｷデ┞ ﾗa Pヴｷﾏﾗヴゲﾆ;が FAMNITが 
;ﾐS IﾗﾏヮﾉWデWS ;デ デｴW ンンrd TBI WｷﾐデWヴゲWﾏｷﾐ;ヴが BﾉWSが 
Sﾉﾗ┗Wﾐｷ;が ヱヱ � ヱΑ FWHヴ┌;ヴ┞ ヲヰヱΒく 
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