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A detailed analysis of small-scale locally unidirectional gravity-driven rivulet flow with prescribed

volume flux down an inclined slippery substrate for a rivulet with either constant width (i.e., pinned

contact lines) or constant contact angle is undertaken. In particular, we determine the effect that

varying the Navier slip length λ (i.e., the strength of the slip at the solid–fluid interface) has on the

rivulet. The present analysis shows that the shape and size of the rivulet and the velocity within

it depend strongly on the value of λ. Increasing the value of λ reduces the viscous resistance at

the substrate and hence leads to a larger velocity within the rivulet, and so the prescribed flux is

achieved with a smaller rivulet. In particular, in the limit of strong slip, λ → ∞, for a rivulet of a

perfectly wetting fluid and a rivulet with constant width the velocity becomes large and plug-like

like O(λ1/2)� 1 and the rivulet becomes shallow like O(λ−1/2)� 1, while for a rivulet with positive

constant contact angle the velocity becomes large and plug-like like O(λ2/3) � 1 and the rivulet

becomes narrow like O(λ−1/3)� 1 and shallow like O(λ−1/3)� 1.
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I. INTRODUCTION

Rivulet flows occur in a wide variety of physical contexts and over a wide range of length scales from nano and

microfluidics to geophysical scales (see, for example, Darhuber and Troian [1] and Griffiths [2]). In many of these

situations the appropriate boundary condition at the solid–fluid interface is the classical no-slip boundary condition,

and, as a consequence of this, all of the previous theoretical work on rivulet flow of which the authors are aware

has adopted this condition without comment. In the absence of a recent review of rivulet flow, see, for example, the

recent papers by Alekseenko et al. [3], Herrada et al. [4], Mahady, Afkhami and Kondic [5], Howell et al. [6], and Al

Mukahal, Duffy and Wilson [7, 8], and the references therein, for a representative selection of these previous studies.

However, there are also many other situations in which for one reason or another the substrate is to some extent

slippery and so the no-slip condition is not appropriate (see, for example, the review articles by Lauga, Brenner and

Stone [9], Rauscher and Dietrich [10], Rothstein [11], Sochi [12], and Lee, Charrault and Neto [13]). Specifically, as

Lauga et al. [9] stated, “the small-scale interactions between a liquid and a solid leads to extremely rich possibilities

for slip behavior, with dependence on factors such as wetting conditions, shear rate, pressure, surface charge, surface

roughness and dissolved gas”. Furthermore, both Lauga et al. [9, Tables 19.1–19.4] and Nicholson et al. [14, Table 2]

give summaries of experimental studies for a variety of combinations of fluid and substrate reporting a wide range of

experimentally measured slip lengths ranging from zero (i.e., no slip) to tens of micrometres, and (as, for example,

Rothstein [11] describes) even larger slip lengths can be achieved by using superhydrophobic substrates. In particular,

it is well established that a slip boundary condition is often appropriate to describe the behaviour of a fluid at the

surface of a porous medium (see, for example, Beavers and Joseph [15], Jäger and Mikelić [16], Le Bars and Worster

[17], and Nield [18]) and at a superhydrophobic textured surface impregnated with either gas or a lubricant (see, for

example, Crowdy [19, 20], Schnitzer and Yariv [21], Alinovi and Bottaro [22], and Asmolov, Nizkaya and Vinogradova

[23]). Motivated by our interest in these situations, and by the renewed interest in small-scale rivulet flows in the

context of so-called “microfluidics with fluid walls” arising from the recent work by Walsh et al. [24], in the present

work we undertake a detailed analysis of small-scale locally unidirectional gravity-driven rivulet flow with prescribed

volume flux down an inclined slippery substrate for a rivulet with either constant width (i.e., pinned contact lines) or

constant contact angle. In particular, we determine the effect that varying the strength of the slip at the solid–fluid

interface has on the rivulet.
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FIG. 1: Unidirectional gravity-driven flow of a thin symmetric rivulet with semi-width a (> 0), contact angle β (≥ 0)

and volume flux Q (> 0) down a slippery planar substrate inclined at an angle α (0 ≤ α ≤ π) to the horizontal.

II. PROBLEM FORMULATION

Consider the steady unidirectional gravity-driven flow of a thin symmetric rivulet with semi-width a (> 0), contact

angle β (≥ 0) and volume flux Q (> 0) of an incompressible Newtonian fluid with constant density ρ, viscosity µ

and surface tension γ down a slippery planar substrate inclined at an angle α (0 ≤ α ≤ π) to the horizontal. To

describe this situation we use Cartesian coordinates Oxyz with the x-axis down the line of greatest slope, the y-axis

horizontal, and the z-axis normal to the substrate z = 0. A sketch of the geometry of the problem is shown in Figure

1. The velocity u = u(y, z)i and the pressure (relative to the constant atmospheric pressure) p = p(y, z) satisfy the

usual mass-conservation and Navier–Stokes equations. On the free surface, denoted by z = h(y), the familiar normal

and tangential stress conditions and the kinematic conditions hold, while at the contact lines y = ±a the thickness

of the rivulet is, by definition, zero, i.e., h(±a) = 0, and the contact angle is given by β = ∓h′(±a), where the dash

denotes differentiation with respect to argument. In contrast to previous studies, on the substrate z = 0 the usual

no-slip condition u(y, 0) = 0 is replaced by the simplest and most widely used slip condition, namely the Navier slip
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condition (see, for example, Hocking [25])

u = λ
∂u

∂z
on z = 0, (1)

where λ (≥ 0) is the constant slip length. The maximum thickness of the rivulet (which, as we shall see, always occurs

at y = 0) is denoted by hm = h(0).

We non-dimensionalise the variables in the natural way by scaling y and a with `, β with δ, z, h, hm and λ with

δ`, u with U = δ2ρg`2/µ, Q with δ`2U = δ3ρg`4/µ, and p with δρg`, where g is the magnitude of acceleration due to

gravity, ` = (γ/ρg)1/2 is the capillary length, and δ � 1 is an appropriately defined transverse aspect ratio (see, for

example, Paterson et al. [26, Sec. 2]). Henceforth all quantities are dimensionless unless stated otherwise.

At leading order in the limit of a thin rivulet, δ → 0, the velocity is given by

u =
sinα

2

[
2h(z + λ)− z2

]
, (2)

so that the slip velocity at the substrate is given by u(y, 0) = sinαλh and the velocity of the free surface is given by

u(y, h) = sinαh(h+ 2λ)/2, the local flux (i.e., the depth integrated velocity), denoted by ū = ū(y), is given by

ū =

∫ h

0

u(y, z) dz =
sinα

3
h2(h+ 3λ), (3)

and the volume flux is given by

Q =

∫ +a

−a

∫ h

0

u(y, z) dzdy =

∫ +a

−a
ū(y) dy =

sinα

3

∫ +a

−a
h2(h+ 3λ) dy. (4)

The pressure is given by p = cosα(h− z)− h′′, and the free surface shape satisfies

(h′′ − cosαh)′ = 0 subject to h(±a) = 0 and β = ∓h′(±a). (5)

A. A Perfectly Wetting Fluid β = 0

In the special case of a perfectly wetting fluid with zero contact angle, β = 0, solving (5) shows that there is no

rivulet solution for 0 ≤ α ≤ π/2, but there is a rivulet solution for π/2 < α ≤ π given by

a =
π

m
, h =

hm
2

(1 + cosmy), Q =
π sinα

24m
h2m(5hm + 18λ), (6)

where we have introduced the convenient notation m = | cosα|1/2.
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B. A Non-Perfectly Wetting Fluid β > 0

In the general case of a non-perfectly wetting fluid with positive contact angle, β > 0, solving (5) shows that there

is a rivulet solution given by

h =
β

m
H(ma,my), hm =

β

m
H(ma, 0), Q =

β3 sinα

9m4
f(ma) +

λβ2 sinα

m3
g(ma), (7)

where the function H = H(ma,my) is given by

H =



coshma− coshmy

sinhma
for 0 ≤ α < π

2
,

(ma)2 − (my)2

2ma
for α =

π

2
,

cosmy − cosma

sinma
for

π

2
< α ≤ π,

(8)

the function f(ma) is given by

f(ma) =



15ma coth3ma− 15 coth2ma− 9ma cothma+ 4 for 0 ≤ α < π

2
,

12

35
(ma)4 for α =

π

2
,

−15ma cot3ma+ 15 cot2ma− 9ma cotma+ 4 for
π

2
< α ≤ π,

(9)

and the function g(ma) is given by

g(ma) =



3ma coth2ma− 3 cothma−ma for 0 ≤ α < π

2
,

4

15
(ma)3 for α =

π

2
,

3ma cot2ma− 3 cotma+ma for
π

2
< α ≤ π.

(10)

Note that the function f(ma) was first obtained by Duffy and Moffatt [27] in their pioneering study of the case λ = 0,

while the function g(ma) was first obtained by Sullivan et al. [28] in their study of rivulet flow in the presence of a

uniform longitudinal surface shear stress τ . There is, in fact, a close relationship between the present problem and the

corresponding problem of a rivulet in the presence of a uniform longitudinal surface shear stress studied by Wilson

and Duffy [29], Sullivan et al. [28], Wilson, Sullivan and Duffy [30], and Paterson et al. [31]. Specifically, while the

velocity for the shear-stress problem given by

u =
sinα

2
(2h− z)z + τz (11)

is qualitatively different from that for the present problem given by (2), the corresponding expressions for both ū and

Q coincide exactly if we replace τ with 2λ sinα. Figure 2 confirms that, even with this special choice of τ , and for the
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FIG. 2: Contour plots of the velocity u(y, z) given by (a) equation (2) for the present problem with λ = 2 and by (b)

equation (11) for the corresponding problem of a rivulet in the presence of a uniform longitudinal surface shear

stress with τ = 2λ sinα = 4. In both cases α = π/2, a ' 1.1998, β = 1 and Q = 1. The contour interval is 0.25 in

both (a) and (b).

same values of α, a, β and Q, the velocity profiles given by (2) for the present problem with λ = 2 and by (11) for

the corresponding shear-stress problem with τ = 2λ sinα = 4 are qualitatively different. Note, however, that whereas

in the shear-stress problem the shear stress τ can take any value (positive, negative or zero), in the present problem

the slip length λ cannot be negative, and so solutions of the shear-stress problem with τ < 0 have no equivalent in

the present problem. Moreover, note that the previous work on the shear-stress problem with a constant value of τ

corresponds to the physically implausible situation in which λ depends on α like 1/ sinα. In light of the previous

work on the shear-stress problem, in the present work we focus on the novel features of the present problem, namely

the dependence of the rivulet on the values of α, λ and Q.

Figure 3 illustrates the effect of varying λ on the velocity profile given by (2). For small values of λ (such as that

shown in Figure 3(a)) the velocity approaches the familiar semi-parabolic in z profile in the case λ = 0, namely

u ∼ sinα (2h− z)z/2, whereas for large values of λ (such as that shown in Figure 3(b)) the velocity profile becomes

plug-like in z (i.e., independent of z but not y), namely u ∼ sinαλh, and so the contours become straight lines

perpendicular to the substrate.
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FIG. 3: Contour plots of the velocity u(y, z) given by (2) when (a) λ = 0.02 and a ' 2.2293 and (b) λ = 20 and

a ' 0.5716. In both cases α = π/2, β = 1 and Q = 1. The contour interval is 0.06 in (a) and 1 in (b).

C. Locally Unidirectional Flow Down a Slowly Varying Substrate

The solutions for unidirectional flow of a uniform rivulet presented in subsections II A and II B for perfectly wetting

and non-perfectly wetting fluids, respectively, relate the angle of inclination α, the semi-width a, the contact angle

β, the maximum thickness hm, and the flux Q of the rivulet, and may be interpreted in a variety of ways. In what

follows we follow, for example, Duffy and Moffatt [27] and Paterson et al. [26], and use these solutions to describe the

locally unidirectional flow of a slowly varying rivulet with prescribed constant flux Q = Q̄ (> 0) together with either

prescribed constant semi-width a = ā (> 0) (i.e., pinned contact lines) and slowly varying contact angle β (≥ 0) or

prescribed constant contact angle β = β̄ (≥ 0) and slowly varying semi-width a (> 0) down a slowly varying substrate.

Specifically, for definiteness, we consider rivulet flow in the azimuthal direction from the top, corresponding to α = 0,

to the bottom, corresponding to α = π, of a large horizontal cylinder (although other interpretations are, of course,

also possible).
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III. A RIVULET OF A PERFECTLY WETTING FLUID β = β̄ = 0

Setting Q = Q̄ in (6) yields a cubic polynomial equation for hm, namely

h3m +
18λ

5
h2m −

24Q̄m

5π sinα
= 0. (12)

In the special case λ = 0 we recover the solution for hm = hm0 first obtained by Wilson and Duffy [29], namely

hm0 =

(
24Q̄m

5π sinα

) 1
3

, (13)

while in the general case λ > 0 the solution for hm is

hm =
6λ

5

{
2 cos

[
1

3
cos−1

(
25Q̄m

18πλ3 sinα
− 1

)]
− 1

}
(14)

when 0 < 25Q̄m ≤ 36πλ3 sinα and

hm =
6λ

5

{
2 cosh

[
1

3
cosh−1

(
25Q̄m

18πλ3 sinα
− 1

)]
− 1

}
(15)

when 25Q̄m ≥ 36πλ3 sinα. Note that replacing λ with τ/(2 sinα) in (14) and (15) recovers the corresponding solutions

obtained by Sullivan et al. [28] (their equations (A.2) and (A.5) with (A.6) and (A.7)) for the shear-stress problem in

the case τ > 0.

Figures 4 and 5 show plots of the semi-width a = π/m (which is independent of both λ and Q̄) and the maximum

thickness hm given (13)–(15) as functions of the scaled angle α/π for a range of values of λ and Q̄, respectively. In

particular, Figures 4 and 5 illustrate that a is a monotonically decreasing function of α and hm is a monotonically

increasing function of α, and that for λ > 0 the rivulet becomes wide and shallow according to

a ∼ π
(
α− π

2

)− 1
2 →∞ and hm ∼

(
4Q̄

3πλ

) 1
2 (
α− π

2

) 1
4 → 0+ (16)

as α→ π/2
+

, and deep with finite semi-width a = π according to

a = π +
π

4
(π − α)2 +O

(
(π − α)4

)
→ π+ (17)

and

hm =

(
24Q̄

5π(π − α)

) 1
3

− 6λ

5
+O

(
(π − α)

1
3

)
→∞ (18)

as α → π−. Figure 4 also illustrates that hm is a monotonically decreasing function of λ, and that the rivulet

approaches its finite maximum thickness in the case λ = 0 given by (13) from below according to

hm =

(
24Q̄m

5π sinα

) 1
3

− 6

5
λ+O

(
λ2
)
→ h−m0 (19)
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FIG. 4: Plots of (a) the semi-width a = π/m (which is independent of λ) and (b) the maximum thickness hm given

by (13)–(15) as functions of the scaled angle α/π for a rivulet of a perfectly wetting fluid with β = β̄ = 0 for

λ = 0, 1, 2, 3, 4, 5, 10, 102, 103 when Q̄ = 1.
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FIG. 5: Plots of (a) the semi-width a = π/m (which is independent of Q̄) and (b) the maximum thickness hm given

by (13)–(15) as functions of the scaled angle α/π for a rivulet of a perfectly wetting fluid with β = β̄ = 0 for

Q̄ = 0.1, 1, 10, 102, 103 when λ = 1.
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in the limit of weak slip, λ→ 0+, and becomes shallow according to

hm ∼
(

4Q̄m

3πλ sinα

) 1
2

→ 0+ (20)

in the limit of strong slip, λ→∞. Figure 5 also illustrates that hm is a monotonically increasing function of Q̄, and

that the rivulet becomes shallow according to (20) in the limit of small flux, Q̄→ 0+, and becomes deep according to

hm ∼
(

24Q̄m

5π sinα

) 1
3

→∞ (21)

in the limit of large flux, Q̄→∞.

IV. A RIVULET WITH CONSTANT WIDTH a = ā (> 0)

Setting a = ā and Q = Q̄ in (7) yields a cubic polynomial equation for β, namely

β3 +
9λmg(mā)

f(mā)
β2 − 9Q̄m4

f(mā) sinα
= 0. (22)

In the special case λ = 0 we recover the solution for β = β0 and hence for hm = hm0 = β0H(mā, 0)/m first obtained

by Paterson et al. [26, Sec. 4], namely

β0 =

(
9Q̄m4

f(mā) sinα

) 1
3

and hm0 =

(
9Q̄m

f(mā) sinα

) 1
3

H(mā, 0), (23)

while in the general case λ > 0 the solution for β is

β =
3λmg(mā)

f(mā)

{
2 cos

[
1

3
cos−1

(
Q̄mf(mā)

2

6λ3g(mā)
3

sinα
− 1

)]
− 1

}
(24)

when 0 < Q̄mf(mā)2 ≤ 12λ3g(mā)3 sinα and

β =
3λmg(mā)

f(mā)

{
2 cosh

[
1

3
cosh−1

(
Q̄mf(mā)

2

6λ3g(mā)
3

sinα
− 1

)]
− 1

}
(25)

when Q̄mf(mā)2 ≥ 12λ3g(mā)3 sinα, with the corresponding solution for hm given by

hm =
β

m
H(mā, 0). (26)

Paterson et al. [26, Sec. 4] showed in the special case λ = 0 that the behaviour is qualitatively different for a narrow

rivulet with a = ā ≤ π and a wide rivulet with a = ā > π, and since, as we shall now describe, the same is true in the

general case λ > 0, we treat these two cases separately in what follows.
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FIG. 6: Plots of (a) the contact angle β and (b) the maximum thickness hm given by (23)–(26) as functions of the

scaled angle α/π for a narrow rivulet with constant width a = ā = 2 (< π) for λ = 0, 1, 2, 3, 4, 5, 10, 102, 103 when

Q̄ = 1.

A. A narrow rivulet with a = ā ≤ π

For a narrow rivulet with a = ā ≤ π the solution given by (23)–(26) corresponds to a rivulet that runs all the way

from α = 0 to α = π.

Figures 6 and 7 show plots of the contact angle β and the maximum thickness hm given by (23)–(26) plotted as

functions of the scaled angle α/π for a narrow rivulet with constant width a = ā = 2 (< π) for a range of values of λ

and Q̄, respectively. In particular, Figures 6 and 7 illustrate that (except in the marginal case ā = π in which β is a

monotonically decreasing function of α) both β and hm always have single global minima as functions of α, and that

the rivulet becomes deep according to

β ∼
(

9Q̄

f(ā)α

) 1
3

→∞ and hm ∼
(

9Q̄

f(ā)α

) 1
3

tanh
( ā

2

)
→∞ (27)

as α→ 0+, and deep (except in the marginal case ā = π in which β → 0+ and hm →∞) according to

β ∼
(

9Q̄

f(ā)(π − α)

) 1
3

→∞ and hm ∼
(

9Q̄

f(ā)(π − α)

) 1
3

tan
( ā

2

)
→∞ (28)

as α → π−. Figure 6 also illustrates that both β and hm are monotonically decreasing functions of λ, and that

the rivulet approaches its finite contact angle and maximum thickness in the case λ = 0 given by (23) from below
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FIG. 7: Plots of (a) the contact angle β and (b) the maximum thickness hm given by (23)–(26) as functions of the

scaled angle α/π for a narrow rivulet with constant width a = ā = 2 (< π) for Q̄ = 0.1, 1, 10, 102, 103 when λ = 1.

according to

β = β0 −
3mg(mā)

f(mā)
λ+O

(
λ2
)
→ β−0 and hm =

β

m
H(mā, 0)→ h−m0 (29)

in the limit of weak slip, λ→ 0+, and becomes shallow according to

β ∼
(

Q̄m3

λg(mā) sinα

) 1
2

→ 0+ and hm =

(
Q̄m

λg(mā) sinα

) 1
2

H(mā, 0)→ 0+ (30)

in the limit of strong slip, λ→∞. Figure 7 also illustrates that both β and hm are monotonically increasing functions

of Q̄, and that the rivulet becomes shallow according to (30) in the limit of small flux, Q̄ → 0+, and becomes deep

according to

β ∼
(

9Q̄m4

f(mā) sinα

) 1
3

→∞ and hm =

(
9Q̄m

f(mā) sinα

) 1
3

H(mā, 0)→∞ (31)

in the limit of large flux, Q̄→∞. Alshaikhi [32] gives some further details about the minima of β and hm as functions

of α.

12



B. A wide rivulet with a = ā > π

For a wide rivulet with a = ā > π the solution given by (23)–(26) corresponds to a rivulet that runs from α = 0 to

α = αc with monotonically decreasing contact angle β which attains its minimum physically realisable value of zero

at α = αc, where the critical angle αc = αc(ā) (π/2 < αc < π) is a monotonically decreasing function of ā given by

αc = cos−1
(
−π

2

ā2

)
. (32)

Note that αc is independent of λ, and so is identical to the corresponding critical angle first identified by Paterson

et al. [26, Sec. 4.3] in the case λ = 0. Beyond α = αc the solution given by (23)–(26) predicts that β < 0 and so is

not physically realisable; we therefore follow Paterson et al. [26, Sec. 4.3] and assume that the contact lines de-pin

at α = αc and that the rivulet runs from α = αc to α = π with β ≡ 0 according to the solution for a rivulet of a

perfectly wetting fluid described in Section II A. Note that Paterson et al. [26, Sec. 6] also discuss the de-pinning

and possible subsequent re-pinning of the contact lines at a positive value of β, but, for simplicity, we restrict our

attention to de-pinning at β = 0 in the present work.

Figures 8 and 9 show plots of the contact angle β given by (23)–(25) for 0 ≤ α ≤ αc and by β ≡ 0 for αc ≤ α ≤ π

and the maximum thickness hm given by (23) and (26) for 0 ≤ α ≤ αc and by (13)–(15) for αc ≤ α ≤ π plotted as

functions of the scaled angle α/π for a wide rivulet with constant width a = ā = 5 (> π) for a range of values of λ

and Q̄, respectively. The dots denote the values of β = 0 and hm = hmc at α = αc at which de-pinning occurs. In

particular, Figures 8 and 9 illustrate that β is a monotonically decreasing function of α for 0 ≤ α ≤ αc and hm always

has a single global minimum as a function of α, and that the rivulet becomes deep according to (27) as α→ 0+, and

deep with finite semi-width a = π according to (17) and (18) as α→ π−. Figures 8 and 9 also illustrate that both β

and hm are monotonically decreasing functions of λ and monotonically increasing functions of Q̄, and behave in the

same manner as that described in Section IV A for 0 ≤ α ≤ αc and in Section III for αc ≤ α ≤ π. In addition, Figures

8 and 9 also illustrate that β = O(αc − α)→ 0+ as α→ α−c and hm = hmc +O(αc − α)→ hmc as α→ αc. Alshaikhi

[32] gives some further details about the minima of β and hm as functions of α.

V. A RIVULET WITH POSITIVE CONSTANT CONTACT ANGLE β = β̄ (> 0)

The solution for a rivulet with constant contact angle β = β̄ in the special case of a perfectly wetting fluid with

zero contact angle, β̄ = 0, has already been described in Section III, and so in this Section we consider the solution
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FIG. 8: Plots of (a) the contact angle β given by (23)–(25) for 0 ≤ α/π ≤ αc/π ' 0.6292 and by β ≡ 0 for

αc/π ≤ α/π ≤ 1 and (b) the maximum thickness hm given by (23) and (26) for 0 ≤ α/π ≤ αc/π and by (13)–(15) for

αc/π ≤ α/π ≤ 1 as functions of the scaled angle α/π for a wide rivulet with constant width a = ā = 5 (> π) for

λ = 0, 1, 2, 3, 4, 5, 10, 102, 103 when Q̄ = 1. The dots (•) denote the values of β = 0 and hm = hmc at α = αc at which

de-pinning occurs.

in the general case of a non-perfectly wetting fluid with positive constant contact angle, β̄ > 0.

Setting β = β̄ (> 0) and Q = Q̄ in (7) yields a transcendental equation for a, namely

f(ma) +
9λm

β̄
g(ma)− 9Q̄m4

β̄3 sinα
= 0. (33)

Even in the special case λ = 0 the solution of (33) cannot, in general, be obtained analytically, but may readily

be obtained numerically as well as analytically in various asymptotic limits, and corresponds to a rivulet that runs

all the way from α = 0 to α = π. In the special case λ = 0 we recover the solution for a = a0 and hence for

hm = hm0 = β̄H(ma0, 0)/m first obtained by Duffy and Moffatt [27] (see also, for example, Paterson et al. [26, Sec.

3]).

Figures 10 and 11 show plots of the semi-width a obtained by solving (33) and the maximum thickness hm given

by (7) plotted as functions of the scaled angle α/π for a rivulet with constant contact angle β = β̄ = 1 for a range

of values of λ and Q̄, respectively. In particular, Figures 10 and 11 illustrate that a always has and hm may or may

not have single global minima as functions of α, and that the rivulet becomes wide with finite maximum thickness
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α/π

hm
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FIG. 9: Plots of (a) the contact angle β given by (23)–(25) for 0 ≤ α/π ≤ αc/π ' 0.6292 and by β ≡ 0 for

αc/π ≤ α/π ≤ 1 and (b) the maximum thickness hm given by (23) and (26) for 0 ≤ α/π ≤ αc/π and by (13)–(15) for

αc/π ≤ α/π ≤ 1 as functions of the scaled angle α/π for a wide rivulet with constant width a = ā = 5 (> π) for

Q̄ = 0.1, 1, 10, 102, 103 when λ = 1. The dots (•) denote the values of β = 0 and hm = hmc at α = αc at which

de-pinning occurs.

hm = β̄ according to

a ∼ 3Q̄

2β̄2(β̄ + 3λ)α
→∞ and hm = β̄ +

β̄

4
α2 +O

(
α4
)
→ β̄+ (34)

as α→ 0+, and deep with finite semi-width a = π according to

a = π −
(

5πβ̄3(π − α)

3Q̄

) 1
3

+O
(

(π − α)
2
3

)
→ π− (35)

and

hm =

(
24Q̄

5π(π − α)

) 1
3

− 6λ

5
+O

(
(π − α)

1
3

)
→∞ (36)

as α → π−. Figure 10 also illustrates that both a and hm are monotonically decreasing functions of λ, and that the

rivulet approaches its finite semi-width and maximum thickness in the case λ = 0 from below according to

a = a0 −
9g(ma0)

β̄f ′(ma0)
λ+O

(
λ2
)
→ a−0 and hm =

β̄

m
H(ma0, 0)→ h−m0 (37)
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λ = 103

λ = 0

(a)

α/π

hm

λ = 0

λ = 103

(b)

FIG. 10: Plots of (a) the semi-width a obtained by solving (33) and (b) the maximum thickness hm given by (7) as

functions of the scaled angle α/π for a rivulet with constant contact angle β = β̄ = 1 for

λ = 0, 1, 2, 3, 4, 5, 10, 102, 103 when Q̄ = 1.

in the limit of weak slip, λ→ 0+, and becomes narrow and shallow according to

a ∼
(

15Q̄

4β̄2λ sinα

) 1
3

→ 0+ and hm ∼
(

15β̄Q̄

32λ sinα

) 1
3

→ 0+ (38)

in the limit of strong slip, λ→∞. Figure 11 also illustrates that both a and hm are monotonically increasing functions

of Q̄, and that the rivulet becomes narrow and shallow according to (38) in the limit of small flux, Q̄ → 0+, and

becomes wide with finite maximum thickness hm = β̄/m from below according to

a ∼ 3Q̄m3

2β̄2(β̄ + 3λm) sinα
→∞ (39)

and

hm ∼
β̄

m
tanh

(
3Q̄m4

4β̄2(β̄ + 3λm) sinα

)
→ β̄

m

−

(40)

for 0 ≤ α < π/2, wide and deep according to

a =

(
105Q̄

4β̄3

) 1
4

− 7λ

4β̄
+O

(
1

Q̄
1
4

)
→∞ (41)

and

hm =

(
105β̄Q̄

64

) 1
4

− 7λ

8
+O

(
1

Q̄
1
4

)
→∞ (42)
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(1, π)

Q̄ = 104

Q̄ = 0.01

(a)

α/π

hm

Q̄ = 0.01
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(b)

FIG. 11: Plots of (a) the semi-width a obtained by solving (33) and (b) the maximum thickness hm given by (7) as

functions of the scaled angle α/π for a rivulet with constant contact angle β = β̄ = 1 for

Q̄ = 0.01, 0.1, 1, 10, 102, 103, 104 when λ = 1. The dotted lines denote the leading order solutions in the limit Q̄→∞

given by a = π/m for π/2 < α ≤ π in (a) and by hm = β̄/m for 0 ≤ α < π/2 in (b).

at α = π/2, and deep with finite semi-width a = π/m from below according to

a =
π

m
− 1

m2

(
5πβ̄3 sinα

3Q̄m

) 1
3

+O

(
1

Q̄
2
3

)
→ π

m

−
(43)

and

hm ∼
(

24Q̄m

5π sinα

) 1
3

→∞ (44)

for π/2 < α ≤ π, in the limit of large flux, Q̄ → ∞. Alshaikhi [32] gives some further details about the minima of a

and hm as functions of α.

VI. CONCLUSIONS

Motivated by our interest in the behaviour of a fluid at the surface of a porous medium and at a superhydrophobic

textured surface impregnated with either gas or a lubricant, as well as in microfluidics with fluid walls, in the present

work we undertook a detailed analysis of small-scale locally unidirectional gravity-driven rivulet flow with prescribed
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volume flux down an inclined slippery substrate for a rivulet with either constant width (i.e., pinned contact lines)

a = ā or constant contact angle β = β̄. In particular, we determined the effect that varying the slip length λ (i.e., the

strength of the slip at the solid–fluid interface) has on the rivulet. The present analysis shows that, while many of the

qualitative features of the rivulet (such as, for example, that a rivulet of perfectly wetting fluid is possible only for

π/2 < α ≤ π, and that a rivulet with constant width is possible only if either the rivulet is narrow, or for 0 ≤ α ≤ αc,

where αc is given by (32), if the rivulet is wide) are the same as in the classical case of no slip, λ = 0, the shape and

size of the rivulet and the velocity within it depend strongly on the value of λ. Increasing the value of λ reduces the

viscous resistance at the substrate and hence leads to a larger velocity within the rivulet, and so the prescribed flux

is achieved with a smaller rivulet. In particular, in the limit of strong slip, λ→∞, for a rivulet of a perfectly wetting

fluid and a rivulet with constant width the velocity becomes large and plug-like like O(λ1/2) � 1 and the rivulet

becomes shallow like O(λ−1/2)� 1, while for a rivulet with positive constant contact angle the velocity becomes large

and plug-like like O(λ2/3)� 1 and the rivulet becomes narrow like O(λ−1/3)� 1 and shallow like O(λ−1/3)� 1.

The present analysis employed the simplest and most widely used slip condition, namely the Navier slip condition

given by (1), but we do not anticipate that using other slip conditions would lead to significant qualitative changes in

the behaviour of the rivulet. For example, the stronger Greenspan slip condition introduced by Greenspan [33] (and

used, for example, by Wilson, Hunt and Duffy [34]) replaces the constant Navier slip length λ with the non-constant

Greenspan slip length λG/h, so that the velocity (2) and the local flux (3) become

u =
sinα

2

[
2(hz + λG)− z2

]
and ū =

sinα

3
h(h2 + 3λG), (45)

respectively, and hence the volume fluxes in (6) and (7) become

Q =
π sinα

24m
hm(5h2m + 24λG) and Q =

β3 sinα

9m4
f(ma) +

λGβ sinα

m2
gG(ma), (46)

respectively, where the function gG(ma) is given by

gG(ma) =



2(ma cothma− 1) for 0 ≤ α < π

2
,

2

3
(ma)2 for α =

π

2
,

2(1−ma cotma) for
π

2
< α ≤ π,

(47)

which can be analysed in the same way as we have done in the present work for Navier slip. In particular, in the limit

of strong Greenspan slip, λG →∞, the behaviour of the rivulet is qualitatively similar to that in the limit of strong

Navier slip, λ → ∞, described above with O(λ1/2) and O(λ−1/2) replaced by O(λG) and O(λG
−1), respectively, for
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a rivulet of a perfectly wetting fluid and a rivulet with constant width, and with O(λ2/3) and O(λ−1/3) replaced by

O(λG) and O(λG
−1/2), respectively, for a rivulet with positive constant contact angle.
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