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Abstract

The behaviour of waves in stable and unstable media in the nonlinear
regime is of considerable interest and relevance to many physical systems.
New, tractable techniques are required to account for the possible interac-
tions of dispersive, dissipative and modulational effects and their effects
on the propagation of nonlinear waves. The reductive perturbation technique
an asymptotic expansion in multiple time and space scales — is extended to
apply to wave propagation in unstable media in both one and two dimensions.
It is shown that, to lowest order, the wave amplitude satisfies a form of
nonlinear Schrddinger equation and the validity of this equation is estab-
lished for a much wider class of systems than was previously supposed.
Explicit expressions are given for determining the complexmcoefficients of
this equation from the coefficients of the system of equations describing
the original physical system.

These general methods are applied to two physical systems. A nonlinear
theory of the propagation of acoustic waves in piezoelectric semiconductors
is presented and an explicit solution of the relevant generalised nonlinear
SchrSdinger is found using a perturbation technique. This solution is
found to be an envelope soliton and theoretically confirms domain propagation
in piezoelectric semiconductors. A nonlinear theory of a two-stream
instability in a marginally stables’t?teis given and the wave equation is found
to be a different form of the nonlinear Schrddinger equation. The nonlinear
effects are found to enhance rather than suppress the instability in agree-
ment with previously published results.

A discussion is given of the stability of inhomogeneous plasma streams
in mutually perpendicular electric and magnetic fields and suggestions are
made for the development of a nonlinear theory of such systems using the

general techniques developed.
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Chapter 1

General aspects of nonlinear wave propagation and

the reductive perturbation technique

1.1 Introduction

Many results have been published in recent years of theoretical work on
the propagation of nonlinear waves. A progression from a simple linear
analysis to a nonlinear small amplitude analysis is the natural sequence of
events for considerations of systems which are capable of supporting wave
motion. Many examples of such systems are found in plasma physics, hydro-
dynamics, solid state physics etc.

The analysis of nonlinear wave propagation has led to interesting new
concepts such as, for example, the rediscovery of the solitary wave, the
existence of infinitely many conserved quantities, the possibility of nonlinear
instability of linearly stable systems and phenomena such as amplitude disper-
sion. We will consider these in more detail later.

The analysis of systems in the nonlinear regime is generally much more
complex than linearised analysis and many different theoretical techniques
have been developed for solving the complex nonlinear equations that arise
from such an analysis. Ore particularly fruitful approach has been not to
attempt to solve these equations exactly but to reduce them to a single non-
linear equation which can then be analysed in detail. This approach has proved
to be so useful because it has been found that wide classes of nonlinear
systems can be reduced to one of three equations depending on the balance bet-
ween the nonlinearity and other effects such as dispersion and dissipation.
These three equations are: the Korteweg-de Vries equation (Korteweg and de
Vries (1895)), the Burgers equation (Burgers 1954), and the nonlinear
SchrUdinger equation (Landau (1944)). For the sake of brevity we will refer
to these equations as the KdV equation, the B equation and the NLS equation

respectively. These equations can be derived in a number of different ways



and before we discuss these methods we will consider these equations in more
detail and indicate for which systems they are valid.

The KdV equation was derived by Korteweg and de Vries (1895) for the
problem of long surface waves in a rectangular channel of constant depth. The

general form of this equation is given by:

_3u + ayddu 4 b_au = 0
. I/% “1/3
where we can see that by means of the scaling £ w £b and u me u/ab that
the coefficients a and b may be assumed to be of value unity. Here u repre-
sents a wave amplitude. This equation was rediscovered by: Washimi and

Taniuti (1966) when considering the propagation of disturbances near the ion
sound speed in a collisionless plasma of cold ions and warm electrons, Zabusky
(1963) and K'ruskal and Zabusky (1963) for the propagation of one dimensional
acoustic waves in anharmonic crystals, Gardner and Morikawa (1960) for the
long-time behaviour of disturbances propagating perpendicular to a magnetic
field with a velocity near the Alfvin wave velocity in a cold plasma hydro-
magnetic model, Karpman (1967) for fluid flow in two dimensions around regular
bodies in dispersive media.

The important characteristic of systems for which the KdV equation has
been found to be valid is that they are weakly dispersive in the long wavelength]

limit. This in mathematical terms means that the linear dispersion relation

takes the form
@ = Xok + ak®

where u and k are the frequency and wavenumber respectively, i.e. in the limit
k ‘mo the phase velocity is constant and for short wavelengths the correction
is O(k3). It is obvious that for these systems that the nonlinear steepening
associated with these systems is balanced by dispersive effects, i.e. wave

breaking, the point at which the characteristics of the original system cross

and the amplitude becomes double valued is prevented by the dispersive effects.
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This gives rise to the solitary wave or soliton originally discovered by Lord
Rayleigh (18 76). To see how this arises we note that if the third terms of

the KdV equation is ignored then the resulting equation has the implicit

solution
u(5,t) = U(E - u(5,t)t,o0)

Therefore any initial disturbance will steepen in regions where 3u(g,0)/3C < 0
and must lead to physically untenable multivalued solutions. The existence

of the third term i.e. the 33u/3£3 term prevents this occurring. We note that
at this stage dissipative effects are not included in the discussion.

The solitary wave solutions of the KdV equation were rediscovered numeri-
cally by Zabusky and Kruskal (1965) and analytically by Gardner, Greene,
Kruskal and Miura (1967). The analytic solutions were found by treating the
KdV equation as an inverse scattering problem for arbitrary initial conditions
and a good discussion of this method is given by Davidson (1972). By inte-
grating the KdVv equation twice, by insisting that u and its derivatives vanish

as |X] x> and by loo.-.ing for solutions as functions of X where
X = £ - ex

we see that

which is the solitary wave, i.e. a moving pulse where the pulse amplitude,

interesting properties of the soliton are discussed in 1.2.

The second equation, the Burgers equation we will only briefly mention
as it is the least relevant to physical problems of the three equations.
This equation was derived by Burgers (1954) for a simple hydrodynamical system

and analysed in considerable detail in subsequent papers. This equation

takes the form:
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where we consider the last term as being a "viscous" term. This term is

therefore characteristic of a dissipatiaSr system. The B equation has a solu-

tion of the form

u' = u* tanhE—(u-"x-)/Zh]
where u' = u(x-Xt) - X
and ux = u(xt - o), X* = x- Xt

and a has been put equal to unity.

This is a shock like solution since u' increases monotonically from
Ju'd to u- as x increases from -«e to +°>. Therefore, the nonlinearity and
dissipation balance, to prevent wave breaking and a steep but smooth wave
develops and progresses. We can therefore conclude that the B equation is
characteristic of weakly dissipative systems and this has been shown to be
valid for a number of systems by Su and Gardner (1969) . Before we consider
the NLS equation we note that attempts have been made to consider both dissi-
pative and dispersive effects and modified KdV equations have been found by
Ott and Sudan (1969,1970).

The third equation, the NLS equation is the mo”t important equation as far
as thid thesis is concerned and was originally proposed by Landau (19A4) as
being a general equation describing nonlinear systems. Since then it has
been derived by a number of authors: Taniuti and Washimi (1968) for the
self-trapping in intense light beams when an electromagnetic wave is trapped
by the polarisation induced by itself; Chiao, Garmire and Townes (1969) for
a similar system; Hocking and Stewartson (1972) and Stewartson and Stuart
(1971) for a stability study of plane parallel flows in fluids; Zakharov and
Shabat (1972) for general self-focussing problems; Asano, Taniuti and Yajima
(1969) for the electron plasma wave in an isothermal electron fluid and for
a model nonlinear Klein Gordon equation and many other authors . The commmon
characteristic of all these systems is that now nonlinear self-modulation
effects are important and hence the systems are all strongly dispersive. The

general form of the NLS equation is given by

4



a + 66 + YIG2 = 0

where a,B and Y are constants, ” is a wave amplitude and t and £ are suitably
chosen coordinates. This equation admits solutions which include the soli-
tary wave, the shock and different types of periodic nonlinear waves. This
equation is considered in more detail but at this point we note that Zakharov
and Shabat (1972) have shown that the solitary wave for the NLS equation
differs from the KdV solitary wave because even though both waves are character
ised by four parameters for the NLS soliton the characteristic amplitude and
velocity are independent. The two solitary waves are more fundamentally
different since the NLS soliton is an envelope solitary wave, i.e. the
envelope of a modulated quasi-monochromatic wave whereas the KdV soliton is

a pure solitary wave.

We can conclude at this point that the KdV, the B and the NLS equations
have been shown to be the equations satisfied by the amplitude in weakly
dispersive, weakly dissipative and strongly dispersive systems if these
effects are of equal significance to the nonlinearity of the system. When
the validity of this result was established attempts were made to demonstrate
their validity for more general systems using more general methods. The
most important technigues used were a wave packet formalism, a Lagrangian
formalism, Whithams method of slowly varying amplitudes, the multiple time
scale formalism and the reductive perturbation technique (in future referred
to as the RP technique). The RP technique, which belongs to a general
class of multiple time scale methods will be considered in more detail in 1.2
and we will briefly describe the other techniques here.

Karpman and Kruskal (1969) using the concept of a wave packet, localised
in space and with a varying phase were able to show that the NLS equation is
valid for nonlinear wave modulation in dispersive systems but were unable to
give explicit expressions for the coefficients. Kono and Sanuki (1972)
extended this method and were able to derive the KdV equation and the NLS

equation from the Vlasov equation.



Dewar (1972) showed, by deriving a Lagrangian for the slowly varying
complex amplitude of an almost monochromatic electrostatic plasma wave in an
unmagnetised plasma and by a technique originally proposed by Whitham (1967,
1965) that variations with respect to the amplitude of this Lagrangian lead
to the NLS equation. This was again valid for the case of nearly mono-
chromatic waves. Whitham himself, Whitham (1967) considered a Lagrangian
method and used an averaging procedure to derive a single nonlinear equation.
However, the result he obtained was not a NLS equation as his original
method was only valid for systems where the nonlinearity exceeds the disper-
sion. Dewar has therefore extended the applicability of the Lagrangian
method to include systems where the two effects are of equal importance.

Whitham (1967) using results of Whitham (1965) and Lighthill (1965)
considered an exact uniform periodic wave train and assumed that the ampli-
tude and wave number were slowly varying functions of space and time. By
averaging over the local oscillations of the medium he was able to find an
amplitude dependent frequency which as we will see later can be deduced from
the NLS equation. Tam (1969,1970) has used this concept of amplitude dis-
persion to consider nonlinear dispersion in cold plasma waves but has’ not
considered modulational effects.

The multiple time and space scale method has proved to be a very powerful
technique for considering nonlinear systems. This technique consists of
introducing a number of differing time and space scales and by treating these
as independent variables. Then, if a correct choice is made for the scaling
of these variables a sequence of linear equation is obtained which describe
the behaviour of the system on different time scales. Normally, to second
order secular terms arise and by insisting that these terms vanish we derive
the equation obeyed by the first order amplitude on the slowest time and
space scales. Discussions and details of this method can be found in
Sandri (1963) and Sturrock (1957) and Davidson (1972) has showed how the KdVv
equation may be derived for the nonlinear ion sound wave using the multiple

time scale method.



The problem with using ordinary perturbation methods for nonlinear modu-
lated waves is that they treat all interaction terms as small quantities and
do not distinguish between self and mutual interactions, and between interac-
tions due to nonlinearities or dispersion or dissipation. Therefore new
methods are required which remove secular terms which can lead to divergence
and which isolate the different interactions in order that their relative
effects can be separately identified.

The RP technique and its modifications has been the most successful
single technique which is able correctly to account for the interactions of
dispersive effects, dissipative effects and modulational effects. This
technique was originally proposed by Taniuti and Wei (1968) and Taniuti and
Yajima (1969) and is called the RP technique since it reduces a system of
nonlinear equations to a single tractable nonlinear equation using a singular
perturbation expansion. As will be seen the method is elegant and relatively
simple and is based on a multiple time and space scale method (by using
coordinate stretching). This technique correctly predicts the validity of
the KdV, the B and the NLS equation for the respective dominant interaction
for a very general system of coupled nonlinear differential equations.

This class of equations includes all the physical systems for which these
equations have previously been deduced which we have already referred to.
Although this method has proved very powerful it has not yet been applied to
unstable systems, marginally stable systems, inhomogeneous (spatially and
temporally) systems and two-dimensional systems which are strongly dispersive
i.e. where dispersion and wave modulation are also important. It is the
aim of this thesis to make some of these extensions and to demonstrate their
use on physical systems.

Before we consider the RP technique in more detail we note that if
solutions of the final nonlinear wave equation can be found then a statement
can be made about the nonlinear stability or instability of a system. The

possibility that a system may be linearly stable and nonlinearly unstable



(or vice versa) is one of the interesting properties of the nonlinear wave

as was mentioned at the beginning of this section. An excellent example

of this is the stability of plane parallel fluid flows as considered by
Diprima, Eckha s and Segel (1971), Stewartson and Stuart (1971) and Hocking
and Stewartson (1972) who by deriving the NLS equation were able to deduce

a nonlinear stability criterion which was the converse of the linear criterion.
We will consider such a system in subsequent Chapters but will now outline the

principles of the RP technique.

where u is a column vector with n components u® ... (n >2) and A,

1

are nxn matrices, all functions of u and p > 2. All these matrices are
assumed continuous and analytic.

The dispersion relation in the long wavelength approximation for 1.2.1
is obtained by linearising around a stationary state This dispersion
relation may then be solved to give the phase velocity by using the long

wavelength approximation. This phase velocity is then given byi
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mk = AO + akp_1 + bk2(p_1) + ck3(p_1) + ... 1.2.2

where mis the frequency, k the wavenumber, Aq is a real eigenvalue of A(u°)

and tne at> and c are functions of tue left and right eigenvectors of A(u°)

(corresponding to the eigenvalue AO) and the matrices_la%(_l.b), 48(_%)
Conversely if jj is expanded as a power series in terms of a small parameter

e then we may write

u _Eo*'ELJl*'ezH

2
A= gt eh ¢ E2y
where A" = M iN). This implies that the phase velocity may be expanded as
A = A0 + eAl + e2A9 + o 1.2.3

where the A”, A2 are again proportional to A" and its eigenvectors.

The two approximate expansions 1.2.2 and 1.2.3 may now be equated by order.
We note that 1.2.2 is an expansion which represents the effect of dispersion
whilst 1.2.3 represents the effect of the nonlinearity. We may therefore
conclude that the interaction between the nonlinearity and the dispersive

effects is greatest when the time of interaction is longest, i.e. when

where a = I/(p-1) 1.2.4

providing A j* 0 and a / O. From 1.2.4 we see that ea x wavelength are of
the order of unity in the frame of reference moving with the wave and so we

can write

5 = e"(x-Aot) 1.2.5

as one of the stretched coordinates. The other independent variable t of
1.2.1 must now be stretched in a consistent manner as follows: The character-

istics of 1.2.1 in terms of the original variables x and t (if the nonlinearity



is ignored) are given by dx/dt = Ag. We expect a deviation in these character-]
istics to order e when the nonlinearity is included and so expect the character-
istic AN to be written as A * dg/dx where t is now a stretched time variable.

This gives immediately,
t = e t 1.2.6

The two stretched coordinates 1.2.5 and 1.2.6 are now consistent with the balancj
between the nonlinearity and dispersion or dissipation. As we have already
noted these new coordinates apply only when A* ~ 0 and a”~ O . If a=0 but
b il0 and A*j O then the nonlinearity and dispersive effects are coupled to

next highest order in the dispersion i.e.

O(k) = ea
where now a = I/2(p-) 1.2.7
The stretching 1.2.5 and 1.2.6 is now still appropriate with a now being given

by 1.2.7.

We now return to the model equation 1.2.1 and make two assumptions. We

assume that the constant unperturbed solution ug exists and that the ja, A, 6

and Q may be expanded as power series as follows:

2 * -
u Ug* eu; +e Uy + .

A §9+eél+e2§2+.

8 and K $. Now since A

1.2.8 as

AN + eVA°.ul + e2(VA°.u2 + m|77A°ulul)
+ e3(7A°.u3 + WAWIIN2 + -]v77A°:ululul) + 1.2.9

where we have adopted the notation.

7 ul
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V7A:ulul 77 u.l u1
ij :

Similar expressions hold for higher derivatives. (This notation is used
throughout the remainder of this thesis). These expansions assume that the
u®, UE are p times differentiable with respect to x and t. Secondly we assume
that the eigenvalues of A™ are real, that at least one non-degenerate eigen-
value Aq exists and the eigenspace of A™ does not have any invariant subspaces.
This last assumption was made by Taniuti and Wei without explanation and they
considered the case when A" has invariant subspaces as an exceptional case.

We can now see that these conditions on A are necessary to ensure that the
dispersion relation has the form given by 1.2.2 with AgJ 0 and a J 0. Their
"exceptional" case arises when a = 0 as we shall see later.

We now introduce the stretched coordinates

C = e (x-AQY)
T = Bt
where a = I/(p-1)

together with the expansions 1.2.8 and 1.2.9 into 1.2.1 to obtain

@® . 3l D <= 9u. ® o . .. 3u.
Z 01(-A | -&p-) + Z Z el+JA. + 7 Z el+J+1A;
i=i 07 T 51T T s 0 o) — 3t
+r £ £ 1T e™~+V .u. 1.2.10
8qg=0j-1 i-0 ql J

g
where is formally defined by

nH 84 + K64 ) = O0pal Z Ok+qgde. 1.2.11
a=? 8t =? 3 q«0 k-0 gk

i .e. Od”k is thetlt1 term in a power series expansion of the operator on the
left hand side of 1.2.11. We now equate powers of 0 in 1.2.10 to second order

to obtain the following two sets of equations:

«



1.2.

+ ? I|O ('X@ﬁo +i<I°3°) -1 =0 1.2.
We will now solve 1.2.12 and by means of a compatibility condition that must
be satisfied by 1.2.13 (so that has a non-trivial solution) deduce the
equation satisfied by jj.. We note that it is a feature of the reductive
perturbation technique that such a compatibility condition gives the required
result. This is directly comparable to the technique of removing divergent
terms in the multiple time scale method (discussed in 1.3) but in this formula-
tion the compatibility condition arises naturally and is not externally
imposed.

Since by assumption Xg is an eigenvalue of Aqwe may define a left 1 and

right R eigenvector of A corresponding to this eigenvalue as:

(B~ % 1) R =0

1
oX
1
o

Equation 1.2.12 may be imnediately solved to give

Yy = RO>E,t) + V(r) 1.2.14

where <KE£,t) is a scalar function of 5 and t and V(t) is a vector function of T
which appears as a constant of integration and which is determined if initial
conditions are imposed on u®

Since we insist that 1.2.13 has a non-trivial solution for we
consider 1.2.13 as the inhomogeneous form of 1.2.12 (with respect to the matrix
operator (-™Q I, + Ag)) and so see that the inhomogeneous terms must satisfy
the compatibility condition. The explicit form of this condition is readily

deduced by multiplying 1.2.13 on the left by L to obtain,

12



3u,, 3ul 3u

L(Xo L A) B gt LA f; + LVAT L)) o
s P R 3P“i
+LZZ (-X HB +KP) —-
~ .S o _uo —«o’ 35p

By definition the first term vanishes and leaves the equation that must be

satisfied by We substitute from 1.2.14 and after some manipulation
obtain:
1.2.15
°5
where the constants c”, and are given by:
L(VA.R)R
x 1T
s P « «
Lan % Mo * SR
* LR

and the vector i-3 given by:

L
ITr

Taniuti and Wei now simplify 1.2.15 by eliminating the last two terms by use
of a coordinate transformation and a variable transformation which is seen to

be a local Galilean transformation as follows:

4>FEt) 0 ipBt) + c3V

n = 5+ CjcJd'vix'idx' - JTc4(x")dx'

finally obtain

+c,ili - O 1.2.16



For p = 3 this equation reduces to the KdV equation and for p = 2 the B
equatTon. We can see that if /:p is specified at some (no»To) then A$ is
determined for all n > Ny and t > t,.

Taniuti and Wei then proceed to examine the case when ZA° has invariant

subspaces. If this is the case then the matrix given by the d” also has

invariant subspaces which are interchanges of the subspaces of A™. Conse-
quently C2 vanishes and the method can be seen to have failed. Taniuti and
Wei now assume the coordinate stretching given by 1.2.5 and 1.2.6 with the

definition of a given by 1.2.7 and derive the equation 1.2.16 in the form

v D-1 7
|4 + CJPq. ¢ Cp 3T, 4 = 0
& * ClPan ¢ ©2 3 Hpty

where the constants ¢ and CQ are defined by expressions similar to those
given above. We will not give any further consideration to this case other
than point out that the analysis proceeds exactly as given above with two
equations to each order for two vectors ".l+ and X where /4 = (ji+ —)T and where
the dimensions of u+ and hence u depends on the relative dimensions of the
invariant subspaces of AN, Taniuti and Wei then apply the method to the ion
acoustic wave in a cold collisionless plasma and a hydrodynamic wave in an
isothermal fluid. They found that the KdV equation is appropriate to the
latter system whereas the B equation is appropriate to the former. They
confirmed the result of Washimi and Taniuti (1966) for the ion acoustic wave,
a result which had been obtained using a less general form of coordinate
stretching.

The assumptions of the general RP technique presented above indicate
that it is most applicable to systems in the long wavelength approximation in
the presence of dispersion or dissipation. This is evident from 1.2.2, the
dispersion relation which was derived in the long wavelength limit. We

therefore must have a dispersion relation of the form,
Xok + 0(k )

14



for a non-dissipative system. This restriction also applied to the work
of Su and Gardner (1969) who also concluded that the KdV equation was the
appropriate equation describing nonlinear dispersive systems whilst the B
equation was appropriate for dissipative systems. Similarly we must have

a dispersion relation of the form
Yy = Xok + O(k™)

for dissipative systems. The method is not applicable to systems having

dispersion relations of the form

where there is a fundamental frequency af. Systems having dispersion rela-
tions of this form allow the propagation of a nearly monochromatic wave and in
addition to nonlinear, dispersive and dissipative effects, self-modulation
effects must also be considered. Hie next significant development in the
RP technique was given by Taniuti and Yajirna (1969) and Asano, Taniuti and
Yajima (1969) who indicated how the technique may be applied to systems having
a dispersion relation which admits, in the linear approximation a plane wave
with a characteristic oscillation frequency uo. Again, these authors stated
their assumptions without justification and before we discuss the method in
detail we will indicate why their choice of expansion and coordinate stretching
is appropriate.

If the linear system admits a plane wave solution then we expect the
effect of the nonlinearity and/or dispersion to modulate the wave to produce
a nearly monochromatic wave. The envelope of this wave can then be considered
as a long wavelength wave if the deviation from a monochromatic wave is
sufficiently small. We now consider an expression similar to 1.2.2 for this
wave in the long wavelength limit as follows: Consider the group velocity of
the wave consisting of two plane waves characterised by wavenumbers and wave-

lengths k, g and k', u>. If the differences between these are sufficiently

15
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small, i.e, if K=Kk'-k and U = u'-w are small then the resultant wave has an

envelope of wave number K and frequency ft subject to the dispersion relation:

where Xqg is the group velocity of the carrier wave. In the long wavelength

limit we write the group velocity of the envelope as 3Q/3k = A and so write
A X + + 1.2.17

We may now compare 1.2.17 with 1.2.3 in the same way as we compared 1.2.2 with
1.2.3 and conclude that providing X* 4 0 and 320i/312 ~ 0 that the choice of
stretched coordinates 1.2.5 and 1.2.6 is still appropriate since for maximum
interaction the nonlinearity and dispersion must be of the same order, i.e.
the envelope wave is a function along the characteristic curve given by 1.2.5.
However, this simple coordinate stretching must be combined with a method of
accounting for the interaction of the fundamental mode with its own harmonics.
The nonlinear self-interactions of the plane wave will give rise to higher
and lower harmonics. These harmonics will first appear to second order in
the amplitude of the plane wave as the second harmonic mode and a slow mode
with no harmonic content. These then couple with the fundamental mode to
give a nonlinear modulation. This nonlinear effect then only appears to
third order in the amplitude. We note that now a calculation to third order
will be required to determine the behaviour of the lowest order amplitude.

The combination of these arguments justifies the following choice of
perturbation expansion and was originally suggested by Taniuti and Yajima
(1969):

N+ E 7 eau* (£,n)explii.(kx-n)t)Jd 1.2.18

a*l i»-°°

The validity of this expansion and subsequent modifications are the crucial



assumptions of this thesis, We note that the amplitude is a function of the

stretched variables:

£ = e(x - Xt
X = e2t 1.2.19
with X = loi/3k

(where we have now restricted the choice of systems to those having a disper-
sion relation with terms of order k2). However, the oscillatory part is a
function of x and t. Therefore, as is required we have "decoupled” the rapid
oscillations of the wavemotion with slow variations of the amplitude and have
chosen the slow variables to give the correct balance between the nonlinear
self-interaction and the dispersive effects.

For any choice of system we now wish to derive an equation which describes
the modulation of the wave and following Taniuti and Yajima consider the model

system of equations:

3u 3u
mat + + £<> 0 1.2.20
where is a column vector with n components u®,  ........ un and where the n x n

matrix A and the column vector Il are continuous and differentiable functions oi

the ui’s. We assume that there exists a constant solution u°® which satisfies
B(u®)

Then equation 1.2.20 linearised about u becomes:

3u 3u
at * o Bt VU O

where the operator 7 was defined following equation 1.2.9. This linearised
equation allows a plane wave solution, i.e. varying as exp * i(kx-wt) subject

to the dispersion relation:

detlfiwliikA  + 7B.1 » 0
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We now assume that this dispersion relation gives at least a single real root

 for a real k. Further, we assume that lu where | is a positive or negative
integer is not a root of this dispersion relation, i.e.

detWw™ J O for ] i 1 1.2.21
where - ~-iJhal + iEKA + \B

Having defined a system which is characterised by a single real frequency u we
are now able to consider the nonlinear interaction of this wave with its own
harmonics. We substitute the expansion 1.2.18 into the model system 1.2.20
and change the independent variables to the stretched coordinates 1.2.19. Then

equating powers of e of the same harmonic gives an infinite set of equations

of which we will require the first three,which are given as:
1.2.22
1.2.23
a + WB :<ulu2>
1.2.24

Q » Z <Q>"expiS,(kx-ut)

Combining 1.2.21 and 1.2.22 gives



Htr,e)r ™ - i 1.2.25a
and 1.2.25b
where R is the right eigenvector of corresponding to zero eigenvalue i.e.

WR = 0

and <(t,S) is a scalar function of the stretched coordinates which is determined

to higher order. In view of 1.2.25a and 1.2.25b we see that
€| K1 P expi(l+*.-) (kx-wt)>~ “ 0
i
for any integers p and p'* Hence equation 1.2.23 for £al simplifies to

B - 1.2.26
Wup + (X1 + AR LI 0

Since detW” = 0 this equation must satisfy a compatibility condition in order

that it may be solved for uzt. This condition is found by multiplying 1.2.26

by J, the left eigenvector of i.e.
L(-XJi +A)R = 0 1.2.27
where LW = 0 1.2.28

Taniuti and Yajima show that this condition is automatically satisfied by
differentiating 1.2.28 by k. In view of the definition of W and by multi-
plying the result on the left by L we can see that 1.2.27 is automatically
satisfied. This condition is only satisfied if, and only if, X” 3u/3k and
so we could consider the compatibility condition as defining the velocity X in
the coordinate stretching 1.2.19. They then show that 1.2.26 may be solved

to give:

where ¢ is another scalar function (to be determined to higher order) and £

is matrix which may be determined from the cofactors of detWw. We will not
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go into the detailed analysis given by Taniuti.and Yajima needed to determine
£ since we will present an alternative and more elegant form for 1.2.29 in
Chapter 2.

For |i.] ~ 1 1.2.23 immediately gives:
w " 0 for lit] »3 1.2.30
since we can easily verify that
<uru™s>N = 0 for 111 ~3.

The remaining non-zero terms are 2 and ’\g which are determined by direct

matrix inversion of the 4 =2 and 4 = 0 forms of 1.2.23, i.e.

w = -WI1Tik(VA .R*R - ik (VA .R)R*
+ (WHO:R R)A 1912 1.2.31
and W@ = -WAO-KCVA.R)M +-iw A tR Rj(<t)2 1.2.32

This completes the determination of all components of the first and second
order amplitudes in terms of €but leaves u?‘ a function of the unknown scalar
function . However when we consider the third order equation which deter-
mines the equation satisfied by 4#we find that the term depending on <j>(2)
vanishes automatically. We therefore consider 1.2.24 for 4 m 1, mulitply by
L on the left and substitute for uJ‘, 2u", u?‘ and 2 from 1.2.25a, 1.2.29, 1.2.31
and 1.2.32. The first term disappears as a result of 1.2.28 and hence
eliminates the term depending on 3j»27/35. Again since “ 0 the term
depending on @ disappears and after some manipulation we finally obtainj_

ali ¢ e +y 4112 =0 1.2.33

31 35

where the constants a, 8, Y are given by:

a « IR

B - L(-Al + AMZC-XI + AMR
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y = L]ik{2(VA .R*)R.2 - (VA .R2)R* + (VA .R 2)R

+ (VVArR R*R - -|(VVA0:RR)R*}

2

where and are defined by:
R2 = -WHAUMVA RR + 4WB R R}
- ) H * - * . *
R2 = W I{ik(VA .R*)R - ik(VA .RJR* + WB R R*}

Taniuti and Yajima then assume that a is pure real and that 3 and Y are real

and finally obtain

where p - Y|ct] and q =mY/]a] . This equation they called the nonlinear

Schriddinger equation. We will show in Chapter 2 that the assumption that d rs
pure real is valid and will give simpler forms for the coefficients p and q.
Certain solutions of 1.2.34 are known and may be written down by inspection.

It (=m0 for | meand p and q are of the same sign, then a solution of

1.2.34 is the solitary wave given by:

¥ = (-2v/q) sech{(-p/v) C)exp(-ivr)

for arbitrary v.

If -0, aconstant for |¢] +" then the solution is given by a plane

wave

P = Jeexpli(pC - Et)}

where E = py2- q#

for arbitrary p. These plane wave solutions have been considered by Karpman

and Krushkal (1969) who found that if p and q are of like sign that this plane
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wave is unstable. Conversely if p and g are of opposite sign then the plane
wave is stable.

A serious failing of the RP technique as presented above is that in most
physical systems the condition 1.2.21 is violated for i. = O. If this arises
then the solutions for Elo i'.e.lﬂO =0 and_%2 given by 1.2.31 are not valid.
Taniuti and Yajima noted this and suggested that extraneous conditions such as
boundary conditions and subsidiary equations must be used to determine these
components. This approach is used by Asano, Taniuti and Yajima (1969) when
they apply the RP technique to the problem of an electron plasma wave in an
isothermal electron fluid and to a nonlinear Klein-Gordon equation. An
additional equation, Maxwell's first equation is used to bypass the difficulty
for the electron plasma wave, a problem which is in principle completely des-
cribed by the continuity equation, the nmomentum balance equation and Poisson's
equation. For the Klein-Gordon equation a suitable choice of independent
variables is found to be sufficient.

We will show in Chapter 2 that the difficulty encountered above is not as
serious as was suggested by Taniuti and Yajima and present a general method for
determining the i > O components when detW” vanishes.

This concludes the survey of the state of development of the RP technique
at the start of this work. We can summarise by noting that the technique has
been shown to be applicable to systems where nonlinearities are balanced by dis-j
persive or dissipative effects and where dispersive effects are of the same ordej
as self-modulation effects. The NLS equation has been shown to be an equation
for the development of the lowest order amplitude in a perturbation expansion
for systems where modulation effects are important. This equation can there-
fore be considered as the fundamental equation describing the nonlinear develop-!
ment of such systems in the same sense as the B equation and the KdV equation
are fundamental equations for weakly dissipative and weakly dispersive systems
where self-modulation effects are not relevant.

We note that both Taniuti and Wei (1968) and Taniuti and Yajima (1969) use

a model equation (1.2.1) to demonstrate the RP technique. Although this
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equation describes a wide class of physical systems there are large numbers of
physical systems that cannot be described by such a model equation. We must
therefore enquire as to the validity of the analysis for these other systems.
Further, equation 1.2.1 or even more complex model equations can describe
equations of hyperbolic, elliptic or parabolic type, depending on the exact
nature of the coefficients. We must therefore exercise great care in assuming
that the asymptotic expansion 1.2.18 is valid for all time. If for instance,
1.2.1 is of hyperbolic type then even though the appropriate NLS equation may
admit solutions valid for all time these solutions will only be valid for a
certain time for the original system 1.2.1. This is a feature of all hyper-
bolic systems.

We have seen that the method relies heavily on the choice of stretched
coordinates and asymptotic expansion. As we shall show in subsequent Chapters
different stretchings and parameter orderings are required for different phys-
ical systems. There appears to be no general method of generating the correct
choice of orderings and stretchings. Rather, each physical system must be
individually examined and the correct ordering of parameters made such that the
balance of nonlinear dispersive and dissipative effects is correct. The
starting point is normally the dispersion relation. The expansion parameter e
must be chosen to give this consistent ordering and is normally defined and
related to other parameters of the system by this choice.

Using the general principles outlined above we are now in a position to |
discuss extensions of the RP technique for systems with nonlinear wave modulatid
In particular, we wish to extend the technique to systems which are unstable
and marginally unstable and where dispersive and modulation effects are import-
ant. A further extension is also required to apply to systems where a spatialj
dimension other than the direction of wave propagation is important. These
extensions and their applications to physical systems are discussed in subse-
guent chapters.

Before we consider these extensions we will briefly consider the interac-
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tions of some of the nonlinear waves which are solutions of the KdvV and NLS
equations. We will consider in particular the solitary wave solutions.
Zabusky and Kruskal (1965) showed, using numerical solutions of the KdV equation
for weakly dispersive nonlinear media, that when two solitons interact they do
so without losing their shape or identity, i.e. if two solitons of differing
amplitudes (and consequently differing velocities) are well separated at some
time then the faster soliton overtakes the slower soliton and after the non-
linear interaction both solitons have preserved their shape and velocities.
This problem was considered analytically by Zakharov and Shabat (1972) who
considered the interaction of two solitons, (described by solutions of the NLS
equation) when their relative velocities are small. The technique these
authors used was to solve the NLS equation using the inverse scattering method
of Gardner, Greene, Kruskal and Miura (1967) and derived equations describing
the soliton interaction. Similarly Davidson (1972) has verified, using the
same technique, the result of Zabusky and Kruskal. We can therefore conclude
that soliton interaction is understood both numerically and analytically for
KdV solitons in weakly dispersive systems and for weak interactions of solitons
in strongly dispersive systems. Considerations of the KdV soliton as described
above have the further restriction that they apply only to systems of interactin
solitons which move in one direction.

Oikawa and Yajima (1973) have considered the problem of the interaction of
two solitary waves in weakly dispersive media when the solitons move in opposite
directions. Using an extension of the method of Benny and Luke (1964) they
give an expression for the phase shift between the two solitons if their ampli-
tudes remain constant. Using a variation of the RP technique they then
consider the interaction of n solitons and find that the lowest order amplitudes
of the solitons satisfy either the KdV equation or the B equation. These
authors in a further paper; Oikawa and Yajima (1974) consider again the interac-
tion of two solitary waves but in a strongly dispersive system. This interac-

tion is therefore the interaction of envelope solitons which are given by
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solutions of the NLS equation. Using a further modification of the RP
technique, they confirm that the two envelope solitons pull against each other
as they approach, change their amplitudes, frequencies and velocities during
the interaction and regain their original forms and velocities after the
interaction. This again confirms the results of Zabusky and Kruskal (1965)
and Zakharov and Shabat (1972) but is a more general result as it is valid for

solitons moving with arbitrary relative velocities.

1.3 Description of Text

The original stimulus for the work of this thesis came from a study of the
flow of plasma streams in crossed electric and magnetic fields. Preliminary
work on this system showed that linear theories of the instabilities that exist
in these systems - the so-called crossed field instabilities, were well docu-
mented in the literature but that a number of instabilities existed which were
often not identified separately. These instabilities were classified into
three types: long-wavelength, magnetron and cyclotron and striking similarities

were found between the simplest of these, the long wavelength instability and

a common, more tractable plasma instability, the two-stream instability. These
considerations are described in Chapter 6. The system of the crossed field
plasma stream was found to be dispersive, unstable and non-uniform. Therefore,

any nonlinear theory of crossed field instabilities must account for the
interaction of effects resulting from these three characteristics and the non-
linearity. Initial considerations showed that conventional perturbation
expansion methods and conventional multiple time scale expansions would be
intractable for this system and that a different approach was required.

The RP method of Taniuti had proved to be an extremely powerful method
for both weakly and strongly dispersive systems and an extension of this method
to include dissipative or instability effects, non-uniform steady state effects
and two-dimensional effects, was required if it were to be of use for the

crossed field system.
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In Chapter 2 we consider the extension of the RP technique to include
dissipative or instability effects. We consider a much more general system
of equations than the model equation of Taniuti and his co-workers and show how
to include the effects of instability or dissipation on the propagation of small
amplitude waves in the nonlinear regime. The effect of the additional terms in
the original system of equations is found to be minimal and merely increases the
complexity of the coefficients of the SchrUdinger equation that was expected.
The effect of the instability is found to be the addition of an additional term
to the SchrBdinger equation and the change of the coefficients from being purely]
real to being complex. Thus the generalised NLS equation is found to be the
equation describing the nonlinear evolution of the wave.

The general theory developed in 2.1 is tested and demonstrated in Chapter 4]
by applying it to a well-known physical problem, i.e. the development of a
nonlinear theory of the propagation of waves in piezoelectric semiconductors.
Starting from the equations describing the propagation of acoustic waves in
piezoelectric semiconductors, a system of three second order differential
equations is deduced which completely describes the system in closed form.
This system of equations is solved using the general theory and the generalised
NLS equation is derived with explicit relations given for the coefficients in
terms of the coefficients of the original equations. These coefficients are
evaluated in the long wavelength approximation. The relative magnitudes of
these coefficients in the limit of small piezoelectric coupling enable us to
solve this equation using a conventional perturbation expansion and proceeding
to third order. We find this solution to be a solitary wave with a small
oscillation superimposed upon the general shape. Using this solution we
examine the behaviour of relevant physical parameters of the system and find
the solution confirms the existence of a high field domain propagating through
the semiconductor. This domain, is an "envelope soliton" since it is the

envelope of a rapidly oscillating wave.
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In 2.2 we consider the extension of the technique to apply to systems near
a marginally stable state. A new coordinate stretching is presented which is
adequate for such systems and using the algebra of the RP technique an equation
of the NLS type is derived. This equation has the roles of the stretched time
and space coordinates reversed compared with the generalised NLS equation
derived in 2.1. Under the assumption that the coefficients of this equation
are real we present its solutions using an analogy between this equation and the
equation of motion of a point particle in a central field. From these solutio
we are able to show whether such a system is stable or unstable in the nonlinea
regime, which depends on the relative signs of the coefficients of the equation

This general theory is applied to a two-stream plasma instability in
Chapter 5. The two-stream instability considered is shown to be relevant to
the crossed field system in Chapter 6 and is found to have a marginal stability
point. In Chapter 5 following a general discussion of two-stream instabilitie
the general theory is applied to the five equations describing the system in th
hydrodynamic limit. The NLS equation is derived and expressions are given for
the coefficients. The system is shown to be unstable in the nonlinear regime,
irrespective of whether the system is stable or unstable in the linear regime.
We show that this is in agreement with previous theories.

We show in Chapter 3 how the RP technique may be extended to systems where
two-dimensional effects are important. We consider a simple system of equa-
tions with two space coordinates to avoid algebraic complexity. (We note tha
this extension automatically applies to systems having a non-uniform steady
state which is the third extension necessary as mentioned above). The simple
matrix algebra used in Chapters 1 and 2 now becomes more complex and the
problem is reduced to one of solving systems of differential equations. The
compatibility conditions of Chapters 1 and 2 now become integral relations

instead of matrix relations. After considerable manipulation we show that
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the equation describing the nonlinear evolution of the system is again a
generalised NLS equation and expressions for the coefficients are given as
complex integrals.

Finally in Chapter 6 we consider the crossed field instability in some
detail and indicate how the extensions developed in Chapters 2 and 3 may be
applied to give a nonlinear theory of the long wavelength crossed field

instability.
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Chapter 2
The reductive perturbation technique in weakly unstable

and marginally unstable systems

2.1. Introduction.

In Chapter 1 we considered the reductive perturbation technique as
originally presented by Taniuti and Yajima (1969) and discussed the
characteristics of systems for which the method may be used. We now
consider how this technique may be extended to apply to weakly unstable
and marginally stable systems. We further show that the technique may
be applied to systems governed by a much more general system of differ-
ential equations than the model equation consistently used by Taniuti
and his co-workers. This extension is shown to be valid for weakly
unstable systems but in view of the algebraic complexity introduced by
this generalisation we return to a model equation for the extension to
marginally stable systems. We also indicate how certain coefficients
which have to date been considered indeterminate may be determined
without assuming that they vanish identically or without resorting to
additional subsidiary conditions. Again, in view of the algebraic
complexity that would be introduced with a general proof of this extension
only an indication of the method is given and the validity is demonstra-
ted in Chapters 4 and 5.

Initially we consider a system of nonlinear partial differential
equations which have a weakly unstable solution, that is, in the linear
approximation the plane wave solution has a complex frequency for a
real wave vector. Further, the imaginary part of the frequency is
small so that the instability may be counterbalanced by nonlinear effects.
This allows an ordering of the stretched coordinates and the imaginary
part of the frequency which is consistent with the balance between the

nonlinear and dispersive effects.



The equation describing the variation of the lowest order ampli-
tude on the stretched time and space scales is found to be a nonlinear
Schrbdinger equation with complex coefficients. This will be called

the generalised nonlinear SchrSdinger equation and is of the form:

i + a—> + 0 + P = 0 2.1.1
3t h
where 0 and 6 are complex and a is real. General expressions are
given for the coefficients in terms of coefficients of the original
system of equations and its stationary solution. The imaginary part
of 0 is found to be the growth rate of the linear theory and an effect-

ive nonlinear growth rate

yeff = Y(1+j5H2
Y

may be introduced as suggested by Whitham (1967).

The stability of the nonlinear wave can be investigated by examin-
ing tne solutions of the generalised nonlinear Schrodinger equation.
General solutions of this equation have not been found although some
special solutions are known, and no attempt is made to discuss the
general solutions of this equation here. Some of the special solutions
are given in Chapter 5.

In 2.3 we consider systems that are marginally stable, that is
the linear dispersion relation has a double root u for a given wave

vector k. If D(m,k) is the dispersion relation for such a system then
D(u,k) = 0 and 9D(co,k)/3u = 0
A typical dispersion relation for such a system is given by:

(m - uQ)s)™ = a(s) 2.1.2



where s is a parameter which represents the stability or instability

of the system. The coordinate stretching as suggested by Taniuti

and Yajima (1969) is not now appropriate to such systems since in a
marginally stable state the group velocity X = 3io/3k is not defined.
An alternative stretching is suggested which is consistent with dis-
persion relations having this form. The equation describing the varia-
tion of the lowest order amplitude is again found to be of the nonlinear

SchrSdinger type having the general form

a 32‘;’ Yoo - 3k 2.1.3
3r

where 5 and x are suitable stretched space and time coordinates and
a,8,Y are constants. These constants are easily related to the linear
growth rate and it is shown that if the linear theory shows the
stationary state to be stable then the system may or may not be stable
in the nonlinear system. Similarly, a system which is unstable in the
linear theory may have the linear growth enhanced or suppressed in the
nonlinear regime. The stability or instability of the nonlinear
system is shown to be dependent on the relative signs of the constants
Y and O

This class of instability has recently attracted much attention
and has been suggested as a possible description of turbulence in fluid
systems (for example see Ruelle and Takens 1971). The occurrence of
a double root of the dispersion relation is an example of an inverted
bifurcation in the sense of the Hopf bifurcation theorem. This
theorem states that in the neighbourhood of a neutral stability point
at which a complex conjugate pair of roots of the linear stability
problem crosses the real frequency axis there is a one parameter

family of limit cycle solutions. If this limit cycle occurs for



values of a parameter smaller than the value required for neutral
stability then this point is called an inverted bifurcation. In

this case the limit cycle is unstable and if the system is released

in a state within the limit cycle then it decays into the stable

state. If the system is released outside the limit cycle then the
stable state is never reached and the system is unstable. The inv-
erted bifurcation may be described by 2.1.2 and 2.1.3 in the following
way: consider a value of s such that a(s) >0 in 2.1.2. Then the
frequency is pure real and so the system is stable as the infinitesimal
perturbations do not grow with time. At s such that a(s) = 0 the two
complex roots of 2.1.2 cross the real axis and for s such that a(s) <0
s has a positive imaginary part and so the linear system is unstable.
This would be reflected in 2.1.3 by the constant g being positive.

If Y is positive then the linear system is unstable and the nonlinearity
enhances this instability. If Y is negative so the linear system is
stable then the nonlinear system is now unstable. A good discussion
of the relevance of marginally stable states and inverted bifurcations
as applied to turbulence problems is given by Mclaughlin and Martin
(1975). Although the result 2.1.3 is derived for a simple model equa-
tion the extension to more complex model equations is evident in view
of the results deduced in 2.2. It is also shown that the method
applies to systems where the marginally stable state is defined as a
transition from mbeing pure imaginary to in being zero. All the
results developed in 2.3 are equally valid in this special case. The
theory of marginally stable states as developed in 2.3 is applied to a
marginal two-stream instability problem in Chapter 5, which corresponds

to this special case.

2.2. Weakly unstable systems.

We consider a system which can be described by a set of coupled



nonlinear differential equations of the following form:

32u 32u 3u 3u
a'(u) + b’ (u) ~—=+ c'(u) r—+ D (u) t£t + E (uy =0 2.2.1
= “ 3x2 = ~ 3t2 = - 3% = “ 3t -
- - - t.. N
where u is a columnvector with ncomponents u®, Uj.... u A (ji) .... D(u)
are nxn matrices and jEti)is an n component vectorallbeing functions

of u. We make few assumptions about the existence or singularity of
any of these matrices. We merely insist that one of A and £ exist
and that one of b' and C* exist and that the vector &'(u) exists.
We assume that all matrices that exist are continuous and differentiable
functions of ii.

We consider a constant solution Y of the system 2.2.1 which is

given by a solution of

= e"(w) - 0 2.2.2

o "
-0 >0

We now look for plane wave solutions of 2.2.1 about the constant solution

Uy of the form:
u = exp i(kx-a)t) + c*c

Then 2.2.1 when linearised becomes

2
¢ 3Y 3w » 3“1 e b 2s
+ B 3X+D§t+-0-' 2.
- 3t
where the A .... D are defined as in 2.2.2 and VE is a matrix
-0 ) —o

whose (i,j)th component is defined by:

35
(VEo ) 13 3u.

Then the system 2.2.3 admits a plane wave solution subject to the

dispersion relation:

37



det H = O

where

H = -kM, - mVy +ikel - imD + ve

We assume that the dispersion relation gives a complex frequency m

for a real wavenumber k. Further we assume that this complex freq—
uency mhas a small imaginary n. This imaginary part m® is ordered
as 0(e2) where e is the expansion parameter of the coordinate stretch-
ing. The coordinate stretching to be used is the same as was used in

Chapter 1 for stable systems, i.e.

t = e2t 2.2.4
5 = e(x-At)
where now A = 3mwr/3k

nr being the real part of the frequency.

This choice of ordering can be justified as follows: we expect
the final result to be a modified SchrBdinger equation with additional
terms to take account of the instability. If we restrict the choice
of the instability to be a weak instability then we expect the non-
linearity to be of the same order as the instability in order that the
two effects are comparable and interact on the same time and space
scales. The nonlinear SchrBdinger equation was found to be exact to
third order with a nonlinear term proportional to ¢[¥pR. We consider
this to be a term proportional to 4with an effective "growth" or
"decay" rate proportional to K2, i.e. of second order.

Conversely, if the nonlinearity were not present to limit the
instability then the time development of the wave amplitude must be

given by



Jgdtt Kip
i.e. a term proportional to $must be present with a coefficient
equal to the growth rate. In order that this be exact to third
order leads to an ordering ok 'v O(ez). We therefore assume that
the nonlinearity and instability balance each other on the same time
and space scales and combine the ordering 2.2.4 with uk being O(ez).
We may now derive the equation governing the behaviour of the
lowest order amplitude. However, we stress that the decomposition
of the complex frequency into a real and small imaginary part must be
achieved before any expansion can be made. This restricts the class
of problems that may be solved by this method to those having a dis-
persion relation which enables this analytic decomposition to be made.
This implies a good knowledge of the instability mechanism and the
ability to reduce a stable system to a condition of instability by
modifying a parameter or set of parameters (e.g. some initial or
boundary conditions). As will be seen, this is possible in the case
of the acoustoelectric instability but has not yet been achieved for
the crossed field instability.
This may be formally written by explicitly including these crucial

parameters into the original statement of the problem, i.e. we write

3 2ii 32u 3ii 3u

A(u,p) —j +E£(“»P) —J + + £ (“»P) + E(u>P) =0 2.25
— 3x — Dt —
where the parameter p characterises the imaginary part of the frequency
which is obtained from the dispersion relation of the system 2.2.5.
Assuming o> is O(e ) indicates p * e p where p is of order unity and

»
allows an expansion of u in powers of p , i.e.
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e + 0(e4d) 2.2.6

This formally expresses the condition to be imposed on the dispersion
relation.
We now proceed as in Chapter 1 and look for solutions of 2.2.5

of the form:

u = u + £ Te“u" (T,C)exp(iJl(kx-a)rt)) 2.2.7
~°  a=0 4=-"

where x and e are given by 2.2.4 and wr is the real part of the frequency
given by the solution of the dispersion relation for p=0. The ampli-
tude u’(r,5) is now more complex as it implicitly contains the factor
exp(S.0i'r) which arises from the substitution of u =m»r + re2 m the
harmonic part of the expansion. This dependence will not be written
explicitly. The matrices A(ti,p) ... 1J(u,p) and the vector j5(ju,p) are

now expanded as:

A(u,p) = A° + e AD.UX + e2(VA°.u2 + jjWAO:@u ul
+ A° ) + 2.2.8
- P
B(u,p) = B° +e V.B°.Ul+. .......
etc., and
E(u,p) = e VE°.ul + e2(VE°.u2 + JWEOD; ~ 1)

+ £3(VE®.U3 + VVEAU2 + (MWEO:ALALAL + VEp.UX)

................ 2.2.9

where



VA°.ul _“ZI 3u. 2.2.10
! u=u°,p=0
32A 11
WAruinl = ZZ 3u.3u. Uiy 2.2.11
] ! u=u°, p=0
3A
AL p 2.2.12
u=u°,p=0

Substituting these expansions together with 2.2.7 into 2.2.5 and equat
ing powers of ¢ of the same harmonic to zero, gives, up to third order

the following system of equations:

0(e) wuw = 0 2.2.13

sul
0(e2>  WPu2 4 (2iSKA° + 2XUrB° + C° - XD°)

VA°.<Z Z (ink)V 1 1 P P, >.
— ma .
. 211
- VB°.<Z Z (jna).) Yy 4y PR
— ma

- VC°<Z Z (ink% Pafa -
— ma ’

+ VD°.<Z Z rx 11 PPr”a
— ma H
JWE®:<Z Z uNg PR 2.2.14

O0(e3) W3 + (2UKA® + 24Suer B° + C° - XD°) -g- 1
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- JWVC <E E E (igkjul® 1~ 1 PBV q>,
— mngq

+

A £ 30 Ry

+ VD°.<E E (inu)p)ul 2. PP >,
— mn

+ VD°.<E E (inup)u2, . PPy
— mn

+ iVWD*<E E E (ig™Nlul™ 101 PAP >
— mngq

WVE" <€ E ulz, PoPy>g
mn

- WWE®:sE E Eiln:y_lnu_lq = §i>.'
mn q

where the notation is as used in Chapter 1.

These equations are written in simpler form as

—i—2f. + “t ‘A

Wud3 +M 3 | +N 3 +0 3- 1|
S N R N -1 IR

+iE<L - s2i

where:
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(ii.K) 2A° + (iJUor)2B° + (UK)C*® - (ii.ior)D° + 7E°

z* =
2.2.16
(2UK)A® + 2Xifa)rB® s g+ . go 9217
hoo. (-2UunB® + D 2.2.18
= AT+ B 2.2.19
p = (K28 + (ifur) Be + (Lk)CT - (il.0)D5 + Vi

2.2.20

where S”~, S2» are given by the right hand sides of 2.2.14 and 2.2.15
respectively.

We note the following relationships between these matrices:

. W 2.2.21a
1 ,
| 3k
M, 2.2.21b
3
2t 2.2.22

We proceed as in Chapter 1 but with certain important differences.

The real frequency nr is given by

det W =0
— 1

ie. det [+k2A° + u2B° * ikB°® + WD + VE°| - O.



which by assumption gives a single real root tor. Further we assume

that

det WE1 O H O

This condition ensures that only a single mode exists and that all
harmonics of this mode are stable. Unfortunately for most physical
systems this condition is violated for i = 0 and Taniuti and Yajima
(1969) resorted to subsidiary conditions to overcome this difficulty.
Similarly Kako (1973) and others assume that the 1 = 0 components of
™ vanish. We will also adopt this procedure for the sake of
simplicity and clarity and will indicate later how these 1 =10
components may be determined. A general proof of this method has
not been found but in all systems considered so far has been found to
be applicable.

We therefore assume

det WKl j* O for I J t 1

which from 2.2.13 gives

and 2.2.23

where R is the right eigenvector of W* as before and evidently satisfies

WR = 0 2.2.24

and where $ is a scalar function being the lowest order amplitude



a function of the slow time and space variables only.

To next order 2.2.14 for | = 1 becomes

1
-1 &
+ M
5 1!

where = 0.

from 2.2 .10

3k =1 ¥

and substituting this result together with 2.2.23 gives

*<c=§* g * B«

This equation is satisfied if

2 . 3R .. p
i + 137 ili a
1 3k 35 -

and so we nay write

OR - i N 3
3KkTI
where is a scalar to be determined to higher order.
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The other components required to second order are N aiu* .Ho*
These are in principle obtained from the i = 0 and 1 = 2 components

of 2.2.14 i.e.

5.2 .2 2.2.26
«QNn2 = A 2.2.27
where
si - (V+eR®R|<t |2 + (V_-R)R* |»12
- (VWE*R R)™ |2
and s~ =

(V+-R)R(<t>)2 “ i(VVE®:R R)($)2

The operators V+ and V_ are defined by:

V+ = -VA°(ik)2 - VB°(iur)2 - VC°(ik) + VvD°(imr)
V- = -VA°(ik)2 - VB°(iur)2 + VC°(ik) - VvD°(iwr)
We again encounter difficulties since det vanishes, however, again

we will assume the existence of det and indicate later how the

2 7
1 = 0 component of may be determined. So formally:
£2 V¥ 7
~0

We can therefore write
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The other components required to second order are a g™
These are in principle obtained from the 1 =0 and 1=2 components

of 2.2.14 i.e.

o ) 2.2.26
°>0N Y 2.2.27
where
sj » (V+-R®R]|<f|2 + (V_.R)R* |2
- (VVE®R R)<t>2
and (2 = (V+.R)R(*)2 - i(WE°:R R)(<j.)2

The operators V+ and V_ are defined by:

V+ ¢ -VA°(ik)2 - vB°(imr)2 - VC°(ik) + VD°(iur)
V- = -VA°(ik)2 - VJI3°(iur)2 + VC°(ik) - VvD°(imr)
We again encounter difficulties since det vanishes, however, again

we will assume the existence of det —We and indicate later how the

2 —
i = 0 component of u may be determined. So formally:

and Ho ML St

We can therefore write
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¢ W 2 2.2.28

and Ho i\ *\2 2.2.29

where

J2 = 221 CV#*)- " L(VVE°R R)]
mb = il [(v+.RYR + (V_.R)R* - (7VE°:R*R)]

We are now ready to determine the generalised nonlinear SchrOdinger

We consider 2.2.15 for | = 0:
L-|3‘M ol o+ ) Zin \ = *1
- K — 3t — ..
i
where
5 + (W.R*)u2g¢

(Z+R RIRGP B2 + ¢(Z_:R RR™ 112

(7VE®:R*u2)(f.* - (77JE°R u?) b

- J(77735%R R R*>$|$|2
where the operators V_, W are as defined before and

W = -VA°(2ik)2 - VB°(2io)r)2 - 7C°(2ik) + 7D°(2iur)

Z+ - -TTA%(ik)2 - 77B°(iwr)2 - WC(ik) + V7D°(iur)



Z

Multiplying on

-VVA°(ik) 2 - VVB°(iOr)2 + VVC°(ik) - VVD°(iur)

the left by I, and substituting for u;‘, 2Uj, jLﬁ and u%

from 2.2.23, 2.2.25, 2.2.28 and 2.2.29 gives

where

“ g

L

~ 2+ Y+
392

NiR.

lo.r -1 i

- - 3k 3k

PR

(LV_.R2)R* + (W.R*)R2 + (Z+:R R®R

Iz

- j(VVVE°:R R R¥)

‘U)R* - (VVE*Rxr2) - (V7E*R rf)

2.2.30

These coefficients may be put into simpler form by considering the

definitions of the matrices Il, (), £ and W.

Differentiating 2.2.16 i.e. the definition of Wtwice with respect

to k gives

FPw

3kz

49

uIre° + i D°J



2 - B i 39
R - 3K -

20 - i -~|r N 2.2.31
K -

Now differentiating 2.2.24 twice with respect to k gives

32Wt 3N 3R 32R
7?

I ~ U
3k 3k 3K2

Therefore premultiplying 2.2.31 by A and postmultiplying by R gives:

32w . a2
L~z R = -2LOR-i-Z2jTLN R
3k - 3k -

and substituting into the expression for B shows

2
B = - i i LNR
* -
-9 3Y 4 2.2.32
K

The coefficient Y is found to have physical significance by expanding

2.2.16 in powers of e, i.e.

W = -k2A° - mr2B° + ikC® - iurD® + VE°



ia)rD0 + \ES

2ioyvioi B° + I0)° +

which gives

7 L Px R Mi L NjR a 2.2.33

Combining these results gives

o 4R *o 2.2.34

which is called the generalised nonlinear Schrodinger equation since
the coefficients of & and Pl are in general complex.

General solutions of this equation have not been found and no
attempt to derive the general solution will be made in this thesis.
Special solutions have been derived by assuming 6 to be pure imaginary
e.g. Rowlands (1974), but to date no solutions have been presented for
6 being complex and having non-zero real and imaginary parts. In
Chapter 4 we will see how solutions may be obtained provided a certain
ordering of coefficients can be made.

We now return to the difficulties arising from the vanishing
determinant of WA A3 discussed previously, a general proof of how
this difficulty may be overcome has not yet been derived. We will
now give an indication of the technique used for real physical systems
in Chapters 4 and 5.

Since det W4 vanishes in most physical systems the number of

components of u* which may be determined from
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depends on the rank and degeneracy of W . By inspection it is seen
that this reduces to the properties of the matrix VE°. It is
supposed that a number of components 0? u)\ may be deduced from the
above equation or at least that an expression for a linear combina-
tion of these coefficients is derived. In the first case it is
conjectured that the remaining components may be deduced from a compati-
bility condition as described below. In the second case it is con-
jectured either that a) this compatibility condition gives a further
relationship between the components which enables an algebraic solution
to be found with the previously deduced relationship or b) the 1 =0
components that are required to higher order appear only in the combina-
tion found above.

The compatibility condition to be satisfied arises if the
assumption U™ = 0 is not made in evaluating in the derivation of

u'?‘ leading to 2.2.25. Without this assumption we obtain

(V, upu &- (77E°R up)*

In view of the definition of then multiplying this equation by h

from the left immediately gives:
L (v, .uR- (7T7ZEZR U} = 0

which is an explicit form of the compatibility condition and gives a
relationship between one or more of the components of u as required.
We do however note that w is equal to a constant and can have no T

or £ dependence. We can now assume that u® is known and proceed as

before.
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The difficulty encountered to second order in determining
is overcome by proceeding to third order and integrating. Again we
2
assume that 2.2.27 gives either some of the components of or a

linear combination of them. Then we consider the 1 = 0 component

of 2.2.15, i.e.

where
+ (V_.Uu*)R%* + (V+.ufl)R4i
+ (Z, u™*) l2 + (Z_:R uy) |<j|»|2
(VWjiO:R R*u?) B~2 - <] (VWE°:u\i®“u”n)
It can now be seen that provided has a particular form, i.e. rows

containing all zeros then by integrating the scalar equation derived
from this row an explicit form for the corresponding element of n? is
found. This will in general necessitate the use of boundary or
initial conditions.

This indicates how all the components required for the evaluation

of the coefficient 6 may be found. The usefulness of this approach
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is demonstrated in Chapters 4 and 5 where, in view of algebraic
complexity the general method presented above is not used but the
derivation is carried out using the coefficients of the original

equations explicitly.

2.3. Marginally Stable Systems.

In view of the algebraic complexity encountered in 2.1 with the
complex model equation 2.2.1 we will consider a simpler model equation
describing a marginally stable system. The validity of the result
obtained here for more complex model equations will be assumed without
proof. The extension of the original result of Taniuti to weakly
unstable systems and more general systems was demonstrated in 2.1 and
the same extension would apply for marginally stable systems.

We therefore consider the model system

N+ A'(u) ~ + B'(u) = O 2.3.1
3t — 3x
where u is a column vector with n components u®, W2 ... and A '(u)

is an n x n matrix, j3' is an n component vector, both being functions
of u. We assume A', b' exist, are continuous and sufficiently
differentiable.

As in 2.2 we consider a constant solution which satisfies

B - B(u) - O
—0 — =9
and look for plane wave solutions of 2.3.1 of the form

u = + ii”exp i(kx-ut) + c.c

Then using the notation of Chapter 2 we see 2.3.1 admits plane wave



solutions subject to the dispersion relation

det H - O 2.3.2

where H —oo |+ ik A+ VB 2.3.3

we now make the assumption that the dispersion relation gives a complex
frequency for a real wavenumber but that this complex frequency is a
double root of 2.3.2. This defines a marginally stable state. The

dispersion relation must therefore satisfy the condition

SdetH
0 2.3.4

We assume that the frequency U which satisfies 2.3.2 and 2.3.4 may be

written,

where we do not insist that <« 4 0. The method developed in this sec-
tion is valid even for systems where mis pure imaginary and the method
is used in Chapter 5 for a problem where ur = 0. We note that now ar
is ordered O(e) for the following reasons. We expect the dispersion
relation to have the form:

“oa 2
I (u-a )((w-b) + ¢ 0

P-1

where the ap, b, c are functions of k and uq The n-2 roots m* a®,
u= ... represent stable modes such as space charge waves and the

root



is the marginally stable root. Since c represents the parameters
which lead to instability it must appear in the equation for the lowest
order amplitude us a term proportional to $and as this is a third
order equation it imposes a maximum order of e2 on c. This ‘implies
that must be of O(e) and ior of 0O(1). Conversely in the spirit of
the reductive perturbation technique must be at least O(e) and
hence ¢ must be O(e 2)- We can therefore conclude that the parameter
which induces the instability is of O(ez) and the instability is O(e).
We must now select the appropriate coordinate stretching for this
type of system. The stretching used in 2.2. is not appropriate here
since the group velocity Ais not now defined. The group velocity

can be defined as

3detH /SdetH
3k o)

and since in this case 3detH/30j = 0 it is now apparently infinite.
If the nonlinearity were not present then the time development of

the amplitude which reproduces the instability given by 2.3.5 is given

by:

and since ¢>is O(e) and bE is O(e) this requires
t = et 2.3.6

Since we now no longer have a well defined group velocity and the spatial



variation must be of a lower order than the temporal variation, the

choice

2.3.7

seems appropriate for the spatial coordinate stretching.

Having defined the marginally stable state through 2.3.2 and
2.3.4 and chosen the stretched coordinates through 2.3.6 and 2.3.7
we can now derive the equation of motion of the lowest order amplitude
of the expansion. We again emphasise that the instability mechanism
must be isolated in order that the controlling parameter or parameters
may be ordered to give the appropriate growth rate. This -is possible
for a large class of two—stream instability problems, one of which is
considered in Chapter 5.

As in 2.2 we formalise the knowledge of the instability mechanism

by rewriting the model system of equations as:

+ A(u,p) + 15u,p) “ O 2.3.8

where p characterises the imaginary part of the frequency and is of
order e2

We look for solutions of 2.3.8 of the form

u u + E Z eau“(T,¢)expi)l(kx-tu>rt) 2.3.9
a=o0 £=-"

where t, £ are the stretched coordinates given by 2.3.6 and 2.3.7 res-
The matrix A and the vector j3 are expanded in a manner analogous to

2.2.8. Substituting these expansions together with 2.3.9 into 2.3.8

and equating powers of e of the same harmonic gives, correct to third
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order the system of equations

ZtHt = 0

(0]
1}

2: 3uNE + Wu2f - VA <I£u Jjnku PP >
3t - — m

- N O . 3. B
b .<I'ZT’:'-] Lhitly PP’

e= 3 (ii.,LkA® + BJul« + AO 8 1 + 3 i + Wu3%
-p P - - w35 «wg7 — ke

VA°’<ZS £2mink£1n Pr‘rPn>i - VVB’:<XL Elnga PR 1
— m

>7

P <EEE Uil

IKEBO: <eie ulplul prﬁoan>1

These are rewritten in concise form as:

2.3.10
=0
1 Q
Wu £+ 3uE » £ 2.3.11
3t 1
W,u3l * »;21 ¢ A° 3A  + C° ul* s" 2.3.12
=*'m sT" = 3T = -
where + iEkKA + \B

and C = UK + B



where | is the unit matrix.

We now assume

detW =0
i.e. I-iw~ + ikA° + VB] =0 2.3.13
This by assumption gives a single real root oir. As mentioned previously

this method is valid if 2.3.13 gives a = 0. Then 2.3.13 represents
an additional condition which must be imposed on the equilibrium state

uq and the equivalent condition would be

det]ikA° + VB°] = O 2.3.14

However, a real non-zero frequency ur is assumed to exist since this
is required in the following algebra. The condition ar = 0 may be

imposed on the final result.

Again we assume;

detw™ f O for * N+ ]
and so conclude
2.3.15
ulr* = 0 il 4 1 2.3.16
where WR = 0 2.3.17
The difficulty encountered for | = 0 in 2.2 arises in this case and
we assume

Hr



detw j O

Considering the second order equation for | = 1 gives

Substituting for tij in this equation from 2.3.15 and 2.3.16 gives

2.3.18
Since detW™ = 0 a compatibility condition must be satisfied in order

2 ~
that U® is unique. Multiplying this equation by the left eigenvector

L of Won the left gives this condition, i.e.

i.e. the scalar product of the left and right eigenvectors of Wmust
vanish. We now show that this compatibility condition is automatic-
ally satisfied. Differentiating the identity 2.3.17 with respect to

a gives:

But from the definition of

and hence R = -iw 2.3.19

and multiplying on the left by L gives immediately
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L.R 0

In view of 2.3.19, 2.3.18 may be rewritten as

W (u? - i~ li) =0
- 3w 3t

which may be immediately solved to give

iLF - OR £ I 3n 37 2.3.20
where <]‘r2)is to be determined to higher order. The remdining second
order components are determined by direct solution of the i = 0, I = 2
forms of 2.3.11, i.e. for i. =0

wuw = §°

i(VA°.R)R*ik - (VA°.R*)Rik

VB (R R)} I#

N
%
loy

20,2 2.3.21
where R2 - W1 {(7TA°.R)R*ik - (7A°.R*Rik + V7B°(R R*)!
and once again we have assumed W ™ exists. Similarly,
u2 - £2W 2 2.3.22
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where 2 = <A INKRBR+JVWWB R

Finally, we consider the i, = 1 form of 2.3.12 and substitute for u

from 2.3.15,16 for u2 from 2.3.20, 2.3.21 and 2.3.22 to obtain

3R
1D+ | xN 2(eB>R + 1 + if

+ CR<t> srUI2

where

[-(VA°.RMRik + (VA°.R2)R*ik + i(WA°:R R)R*ik
-(77A°.R R*Rik - (77B%R Rp - (77B°.R*R%)

JJ(TTTER R R*J

Mulitplying on the left by L we see the first two terms vanish and

finally we are left with

3R
‘L gy ot AT + LCRe - LSP®W|2 = 0

which may be rewritten as:

a « b $| 2.3.23

L 3R/3m
where

L A°R

L A°.R
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iL C°R

L.A°.R

We may now derive more general expressions for the coefficients, a

and c. We consider the linear dispersion relation 2.3.2

detH = O

which may be rewritten as

2
detH = D(to,k,p) = Door + ieu>Ek,pc + e p~) = 0

where we have included formally the small imaginary part o of to and
the parameter p which characterises the instability. We expand

D(io,k,p) in a Taylor series around (< ,k,pQ to obtain

2 -
D(tor + ieu)t,k,pQ + e px) D(oor ,k,po) + ieojE D
“r»k»PQ
223D 15
+ e2pl D
ANrk>"0 “r»k>P0
But: D(ior + ietoi ,k,po ezpi)' 0 from the dispersion relation
D(ior ,k,p0) = 0 from the subsidiary condition on the equilibrium
and Iysu) | 0 from the condition of marginal stability
7/ ,k»PO

which gives immediately

UE = A/pl 3D4p|32D/%i2 2.3.24

We now state the following two results for which a general proof has not been

found:



a a 32D/32 cap 3D/3p

where the constant of proportionality is equal in both cases. (These results
have been verified directly for 3x3 matrices of the form of 1l and in the

problem considered in Chapter 5). Then 2.3.24 gives

We may now consider solutions of 2.3.23 using the analogy of a point
particle moving in a potential field as suggested by Asano, Taniuti
and Yajima (1969). We consider periodic boundary conditions consistent
with some fundamental wavevector k and therefore only look for solutions

of

a + b2+ ¢ = 0 2.3.25
3t

We attempt solutions in a polar representation of the form
Ht) = 0(T)exp(in(x))

where 9(f) and i|J(t) are real. Substituting this into 2.3.25 and equat-

ing real and imaginary parts gives
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Oill2+£ 03+- 0 2.3.26
32 3tJ a a

2.3.27

Equation 2.3.27 may be integrated immediately to give

h

= f = constant 2.3.28
3t

If we consider 9 as a "radial coordinate" and if as an "angular



coordinate”, i.e. (0,ij))) as a "polar coordinate" pair then 2.3.26 and
2.3.28 are seen to be equivalent to the equations of motion of a
point particle in a central field, Kibble (1966), i.e. we rewrite

2.3.26 and 2.3.28 as
iSmir2 + r202) + V(r) = E
mreé6 = J

where V(r) is the central field, E the total energy and J the total

angular momentum. The central field for 2.3.26 is given by

vV(0) Y, €4 - 4, 02 2.3.29

and so the complex amplitude is considered as a "particle" moving in
a two-dimensional potential well. We therefore look for solutions
of (0,ip as a function of T.
We consider separate cases and represent the two-dimensional poten-
tial well in the V(0), O plane. The full potential function is merely

obtained by rotating the curve through 180° around the V(0) axis.

1. b/4a >0, c/2a <O0. A V(9)

i-jTgr ©



vie)



We note that the condition c/2a <0 in the linear theory represents
either an exponentially growing or exponentially decaying solution,
i.e. stability or instability. If c/2a > 0 the linear solutions
are oscillatory.

To analyse the nonlinear behaviour of the waves we must impose

initial conditions and we will now show that the initial conditions

are critical for the time evolution of the wave. From the dispersion
relation 2.3.3 we have n roots oi1 ceee B We will consider the case
when we have two modes and near the marginal state and suppose
that the remaining modes are all oscillatory. We can therefore write
for u(x,t):
n
sponding to the jth mode and the aj are complex amplitudes. Since,
by assumption the modes R* and are close to the marginal state we

may expand these as

Ri(“i) = RWw + im
“ Rio) + it Nom +
and R2(m2) = R(@o - irn.)

+

Ru) - ie f-gyul

since the roots and p¥ are complex conjugates. Therefore substitu-



u(x,t) = Uqg + eCa”il + a2e fi)it)R(a))expi(kx-uit)

+ e2(ale“it - a2e i -]~ expi(kx-wt)
n

+ e £ a.R-expi(kx-wt). 2.3.31
=3 JJ

We may now compare this result with the expansion 2.3.9 where we

substitute for 1 from 2.3.15 and 2from 2.3.20, i.e.
u = N + eR<(expi (kx-ut) + e2i -] expi(kx-ut) 2.3.32
Comparing the expressions 2.3.31 and 2.3.32 for x = 0 gives

JXc = 0) al + a2

li(x =0)

(ax - a2)m.

which constitute the boundary conditions.

We therefore see that the initial conditions for € and 3t13T depend
on the amount of stable and unstable modes in the initial value of JJ.
The constants a® and a2 are in general complex but without loss of

generality the initial conditions may be rewritten as

where we assume A is real and B is complex. We may now discuss the

four cases separately.



2. b/d4a <0, c/2a <O0. This case corresponds to linear instability.
The potential function is a simple hill and therefore irrespective
of the initial conditions the growth of the instability is enhanced

by the nonlinearity. The nonlinear waves do not saturate and
additional mechanisms must be introduced to obtain a finite amplitude

saturated wave.

3. b/d4a <0, c/2a > 0. This case corresponds to linear stability.
The potential function is a hill with a depression at the centre.
The development of the wave is dependent on the initial conditions.

If the amplitude is sufficiently small then we have a constant

amplitude solution with a frequency shift. The magnitude of this
frequency shift decreases as the amplitude increases. The solution
is given by

& = exp {-iar)

where

which is valid for

This frequency shift becomes zero when the amplitude becomes /c7b.
Any further increase in the amplitude makes the wave unstable. This
is equivalent to the "particle" starting at the origin in the well and
acquiring sufficient energy to climb out of the well and be accelerated
to infinity. This is consistent with choosing the amplitudes of the

initial wave to be

2a

B 2i 6m



or in terms of the amplitudes of the original waves

a + iB

This indicates that initially the wave is composed of two linearly
independent modes of equal amplitude but with a phase difference of jr
giving a small total amplitude. As this phase difference decreases

with increasing amplitude the system becomes unstable after the

Therefore, a wave that is stable in the linear theory becomes

unstable against finite amplitude perturbations in the nonlinear theory.

4. b/4a >0, c/2a > 0.
The potential function is an infinitely deep well and so whatever
the initial nature of the wave in the nonlinear case the wave will

always be stable.

1. b/4a >0, c/2a <O.
The potential function is a well with a small peak in its centre.
Suppose initially that the wave consists of a single unstable mode.

Then, the boundary conditions for this situation become

where a is small. The solution in this case is then

where tq is implicitly defined by
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In this case the amplitude grows with the linear growth rate and reaches
the maximum value at x = x0. For times longer than xg the amplitude
decreases. This corresponds to the motion of the particle from 0 to
Y through X and then a return to O asymptotically.

If the amplitude is larger than the critical value
we again have a constant amplitude wave with an amplitude dependent

frequency shift, i.e.

ip = (oexp{-iaT}

£
where a a
We can therefore summarise these results as follows. If the signs of

the coefficients in 2.3.25 are such that b/4a < 0 then regardless of
whether the system is stable or unstable in the linear theory the
nonlinear system always exhibits instability. If b/4a > 0 then once
again irrespective of the stability or instability of the linear
system, in the nonlinear case the system is always stable.

Even though a general expression has been given for the coefficients
a,b,c we™only know the relative sign of the coefficients c¢c and a, since
the sign determines the stability or instability of the linear theory.
The coefficient b may, in general, be positive or negative and must
be separately evaluated for each system. We may, however, suggest
that the coefficient b will be a function of k and other parameters of
the system. The system will therefore be stable or unstable in the
nonlinear theory only for a range of wavenumbers and parameters. The

two-stream instability considered in Chapter 5 gives values of the



coefficients such that b/4a < 0 and so is always unstable for all
wavevectors. This may not always be true if a more complete model
is considered.

Finally, the discussion at the end of 2.2. regarding the dériva-
tion of the coefficients of ua is equally valid for the stretching
suggested here. Although a proof of this is not available we demon-
strate in Chapter 5 that the suggested method is successful in deter-
mining these coefficients for the system of equations considered in

that Chapter.
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Chapter 3

The Reductive Perturbation Technique for

Two Dimensional Systems

3.1 Introduction

In Chapters 1 and 2 we considered one dimensional physical systems
and developed the reductive perturbation expansion method to study the
nonlinear behaviour of monochromatic waves propagating in these one
dimensional systems. Using a model equation in Chapter 1 and a more
general equation in Chapter 2 we showed that the amplitude of this wave
must satisfy a nonlinear SchrOdinger or a generalised nonlinear SchrSdinger
equation if nonlinear self-interactions are to be taken into account.
The model equations 2.2.1 and 2.3.1 can be used to describe a wide class
of physical systems, e.g. the electron plasma wave in the hydrodynamic
approximation Taniuti, Asano and Yajima (1969), waves in a cold plasma
in an external magnetic field, Kako (1972), and a wide range of fluid
dynamic problems. The extensions of the method as presented in Chapter 2
extend this class of problems to include the propagation of acoustic waves
in semiconductors (Chapter 4) and marginally stable plasma streams
(Chapter 5).

A natural extension of the reductive perturbation technique is a
modification to include the effect of two dimensions on the propagation
of plane waves. Such an extension would broaden the class of physical
systems that could be studied using the perturbation technique and inc-
lude inhomogeneous plasma stream systems, Zhelyazkov and Rukhadze (1972),
MacFarlane and Hay (1950) and two dimensional fluid dynamics systems
Stewartson and Stuart (1971).

An attempt to do this was made by Hasegawa (1970) who considered

modulational instabilities of plasma waves in two dimensions and the
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problem of self-focussing of laser beams. Hasegawa used stretched

time and space scales in both spatial coordinates and hence assumed that
the effect of the additional spatial dimension was only significant to
second order. This excludes the majority of the two dimensional
problems described above since in these the additional spatial dimension,
normally perpendicular to the direction of wave propagation has a signifi-
cant effect to first order. The equation that Hasegawa derived was a

linear SchrSdinger equation of the form:

iit +1 ¢JSlit + a2~ + k, 0
3r 2 3k2 3£2 3n2

where £ is the stretched coordinate in the direction of the wave propagation
and n is the stretched coordinate perpendicular to this wave direction.
The use of the stretched variable n avoided a lot of the algebraic complex-
ity that we encounter in this chapter and essentially required only a minor
modification of the original method of Taniuti and Yajima (1969).

Stewartson and Stuart (1971) consider plane Poiseuille flow in an
incompressible viscous fluid. They found the the amplitude of a small
but finite wave satisfied a nonlinear Schrddinger equation when the
Reynolds number exceeded slightly the critical Reynolds number. This
was found to be an asymptotic solution along time after the initial dis-
turbance. The method they used was a combination of coordinate scaling
and multiple time scale analysis. In view of the discussion in Chapter 1
and the extensions proposed in Chapter 2 i.e. an asymptotic solution for
a weakly unstable system, appears to be ideally suited to a reductive
perturbation technique in two dimensions. The method of Hasegawa is not
applicable to this system as the unperturbed state around which an expan-
sion is made is a function of the coordinate perpendicular to the direc-

tion of wave propagation.



An analogous problem in plasma physics is the so-called crossed
field instability as originally considered by Macfarlane and Hay (1950) .
A wave with wavelength greater than some critical value in an electron
plasma flowing between parallel conductors in crossed electric and
magnetic fields is found to be unstable. The unperturbed steady state
in this case is a function of the second spatial variable and it is
believed that this additional dependence of particularly the velocity is
a direct cause of the instability. (Further consideration is given to
this problem in Chapter 6). Again this system would appear to be suited
to an asymptotic expansion as the strength of the instability could be
"controlled" by a particular choice of wavenumber.

In this chapter we extend the reductive perturbation technique to
apply to systems that have two spatial coordinates x,y where x is the
direction of wave propagation and y is perpendicular to this direction.
The unperturbed steady state around which the expansion is made is
assumed to be a function of vy. For the sake of clarity and algebraic
simplicity we consider a system of first order equations as a model
equation. In 3.2 the general properties of UQ are considered and the
dispersion relation is derived by using a simple linearised theory. A
nonlinear expansion is considered in 3.3 and through the general theory
of linear systems of first order differential equations (Appendix) the
amplitude of the wave is found to satisfy the generalised nonlinear
SchrSdinger equation. In the discussion of 3.4 an indication is given
of how the method may be extended to apply to more complex higher order
systems of equations and further consideration is given to the problems

discussed above.

3.2 Solutions of the linearised systems

We consider the following systems of equations:
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3t — 3x —3y

where =”"Ni(x,y,t) is a column vector of n components u”>u2 eee un and
A,B are continuous nxn matrices being functions of u and is an n
component vector; also a function of u. We assume that these vectors

and matrices exist, are non zero, are differentiable and satisfy certain

conditions as indicated later. Further, we assume that the system is
unbounded in the x direction but is bounded in the y direction, i.e.

) < X < +°

ai y<b.
where a and b are constants. In order that the problems be well posed

we add the following boundary conditions
Mu(@ + Nub) = 0 3.2.2

where u(a) - u(x,y,t) at y = a and M, N are nxn constant matrices.
We look for a time independent steady state solution ji°(y) where Ni°

is defined by being a solution of

3.2.3

subject to the boundary conditions
Mu°(a) + Mu’(b) = O 3.2.4

We suppose that there exists a solution of 3.2.3 subject to 3.2.4 which
can be explicitly determined.

We now look for solutions around this steadystate of the form:
u(x,y,t) - uly> + (y)exp(i(kx-ut)) + C.C

Substituting this expression and linearising about u°(y) shows that u*(y)



must satisfy the equation

(W - col) u (y) 3.2.5

where is the matrix differential operator defined by:

i B°4 - i V.B° W1 . KA°® - iV.E* 3.2.6

= N = =

where the same notation is used as in Chapter 2, i.e.

((i

3u.
J
and
v.B° - 2 3Bik 3uk
.. k 3u.
3yt.J J ¥

From 3.2.2 we see that u (y) must satisfy the boundary conditions

Mjir@) +t (b) =0 3.2.7

We have now reduced the problem to a linearised eigenvalue problem for a
matrix differential operator and suppose that 3.2.5 gives a single real
eigenvalue ur of the operator W. This assumes that the problem is well
posed and admits a non-trivial solution.

The explicit evaluation of ar is now reduced to the solution of a
matrix equation provided solutions of 3.2.5 can be found. This is
achieved as follows:

Equation 3.2.5 is a system of n first order ordinary differential
equations with n linearly independent solutions jiy)fj =1 .... n
where (y) is an n component vector with components denoted by

(y)* e*ee rnj(y)e The general solution of 3.2.5 is given by a

linear combination of these solutions as indicated in the appendix, i.e.






multiplicative constant and so can write
C(mr)

We 'nave therefore solved 3.2.5 for J'Cy) and so have deduced the eigen-

value ar . juNiy) is now given by

tjRCy) 3.2.13

where K(y) is defined by:

Having determined the linearised dispersion relation and having solved the

linearised system for a small perturbation we are now ready to consider

the full nonlinear expansion. It must be emphasised that the dispersion

relation 3.2.10 and hence the linearly independent solutions of 3.2.5

must in principle be known if progress is to be made.

3.3 Solutions of the nonlinear system

We again consider the model system of equations

0
3t —3x —3y
and assume the following form for u:
u £ eau' (T,t,y)exp(ii.(kx-0)t)) 3.3.1
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where 2 = e(x-Xt)

T = e2t

X
I
&
S
R
~

and ’

We expand the matrices A, j3 and the vector IS as follows:

A° + eVA°.u3 + e2(VA°.u2 + JWAD: A1)

+ e3(VA°.u3 + VVA°ulw + (WVAO )

etc., and substitute these expansions together with 3.3.1 into 3.2.1.

As before, equating powers of e of the same harmonic to zero gives an

infinite system of equations the first three of which are given by:

0(e) Wu = 0 3.3.2
0(e2) Wu21 + (-XI + A°) ~
o 1 3u . [
- <EE(7B .U "—n + ink VATu' U
m — 3y
+ JVVE*:ul ul )PP >o 3.3.3
0e3) b 3 F (A +
1 - - H 3t
1 2
- - <ZZ(VB°.u™m n + VB°e n + inkVA°.u~Nu” 3.3.4
m — Oy ~ 9y —
2

+ inkVéo.U_An,_{J_*n + Véo-u_*m_ori_r n + V_ME—O:I"H*n )PmPn >)§(

- <ELJ{(VWBO:ulnuln * r ¢ VVA~NU~ANIrku”~P/rPA
mnr — 3y —
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These equations are written in more concise form as

w*3* + |t 4 + *m la4d
* * - 35
where r\\,/\,/A is a matrix differential operator defined by:

W = B°4 +V.B°d (y) +ifkA° + V.E° -ito |
= 3y = a? = - r=

and _F, is a matrix given by

“ X + -
and S©, are given by the right hand sides of 3.3.3 and 3.3.4.
Initially we consider 3.3.2 for | = 1. This equation then reduces
to the eigenvalue problem of section 2 i.e. equation 3.2.3. We may
therefore write
unrCr.Ey) * JR(Y) 3.3.5
where R(y) = £ Cli{Mmr)RIi(y)

and the additional subscript 1 has been added to denote that the and

_RI are defined for i = 1.

We now assume that for 3.3.2 with 271, is not an eigenvalue of WA

This immediately gives:
ul (t£,5.y) 0 for A~ 1 3.3.6

This is considered to be valid even for We note that substituting
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These equations are written in more concise form as

*F 2d1 * m 2l
- 3C ac

where r\>Iyd is a matrix differential operator defined by:

W = B°2 + V.B° d—(y) + i2kA® + V.E° -iJhq.l
z 3y = dn =

and F is a matrix given by

Xl + A
and SN, are given by the right hand sides of 3.3.3 and 3.3.A.
Initially we consider 3.3.2 for | = 1. This equation then reduces
to the eigenvalue problem of section 2 i.e. equation 3.2.5. We may
therefore write
ULL(Ti?ny) = A(T.sWy) 3.3.5
where Rly) - Ecli(“r)-li(y>

arid the additional subscript 1 has been added to denote that the and

are defined for 1 = 1.

We now assume that for 3.3.2 with 1, Zur is not an eigenvalue of WA

This immediately gives:
ui (t,5,y) 0 for 1 J 1 3.3.6

This is considered to be valid even for ¢=0. We note that substituting
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3.3.1 into the boundary condition 3.2.2 gives

Mu*(t,¢,a) +N u(T,¢,b) - O

for all a and £.

We now substitute 3.3.5 and 3.3.6 into 3.3.3 for i. = 1 to obtain
Wur+F ~ 1 = 0
S ©
R . 3.3.7
&HT + licy > |If - 0
We note that
. . 3\ . . .. 3R
FiR(y) i Riy) = 1'Wm —
3k 3k

and rewrite 3.3.7 as

U.2 + 1 R 3»i
3k 3¢
Since the (y) are eigenfunctions of Vi*u® must be proportional to the

R .(y) but 3.3.7 admits a non-trivial solution only if a compatibility
condition is satisfied. This compatibility condition is given in the
Appendix by A.13. We put the equation 3.3.7 into the form of A.9 and
replace the inhomogeneous term _f by the second term of 3.3.7 to obtain

b
11.J2$(a) ~ NI(b)J BAVI(S)W1(s) ~ (s) ds = O

where $ is the fundamental matrix of the system 3.3.2. To evaluate this

integral we note the following identity valid for any vector function ja(y)

W,u(y) "fy <y>u<yfl
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Substitution then gives

d g 3ROD g = o
RO
- iL(M _£(@@ - N~ (b)) (s)™(s)lb . ¢
Ja
_iLMS$@) - N$b) -1 A<b>- £1(a) 3REAT
- 3K n 3K

Evaluating this expression and substituting expressions for ~(a), ~(b)

and their inverses from the boundary conditions then gives

+2iL M ¢ N!| (b)" 0
¢ 3k - 3k

Since M and are constant matrices it

immediately follows that

2iL_ 4 MR(@) + N R(b) « 0

which is satisfied since the expression in brackets is zero as it is an

expression of the boundary conditions.

Therefore, the compatibility condition for 3.3.7 is satisfied and

3.3.7 may immediately be solved to give:

u?2 - ‘O 3fi 3.3.8
3k »

where is another function of T,g analogous to and can be deter-

mined to higher order.

. . 2 2
The remaining non-zero components to second order i.e. » and

are given by the direct solutions of the £0 and *=2 forms of 3.3.3.

These are formally given by



u22

R22(DA(t,q') 2 3.3.9

r02K (¢ 1: 3.3.10

These solutions are obtained by using the Green's matrix A.16 given in

the Appendix, i.e. substituting 3.3.5 and 3.3.6 into the right-hand side

of 3.3.3 for 1=0 and 1=2, multiplying by the appropriate Green's matrix
and integrating gives
X

4 (3)D_1M 4 (a)$” tixt )Sllg (x Bax!

+ 18 (DN 4, (b)o; T ixI3s; BxAlk

where f(VB°.R) + (73°.R*) 3* + ik(VA®.R)R*
- Y - 8y

ik(VA°.R*)R + VVE*R R%Y

2, 1» .1
and —2 P (N —21—1 2(a)-12i(x1)- 1 Z(xi)dx

+ fAXADAN $2(b)$21 (x1)S12(x1)dx1

where S2 = - [«(VB°.R) + (ik) (VA°.R)R +\ (VE°R R)
1 Co— 3y — *

In these expressions 4" is the fundamental matrix for the operator

and the matrix D is readily obtained from 4 and the boundary conditions.

4?2 is similarly defined for the operator W2-

Finally we consider the 1=1 form of 3.3.4:



(-Al1+A0) "1 - *+1 - (VB°.u20)
3t - 3y

1
(vB°.u2,) 3% -1 - (VB°ul.) 3 o- (VB°ul 1) ~ 2
------ 2 —3/ = _ 3y - 3y

2ik (VA°.ul_1)u22 + ik(VA°.u22)unl - ik (VA°.u20)ull

(VA°.u\) - (VA°eul 1> - (VVIliu2»~ 18
- 3y - 3y

- (VVC°:u22ul 1) +

+ VB (ul ul . 3\ +ul,ul. ~-1) - ik (VVArul
= "1 3y 3y

+ ik(WA°:u~Mull)ul_1

Substituting for u22> u2q, 42” and ji ~ from 3.3.10, 3.3.9, 3.3.8 and

3.3.5 respectively we obtain

Wu3ld - il R™»-in~I~n~-RFffl 3.3.11
3k 35 3k 3k ,2

(‘VB°R2 + W/B'R R¥) 3 + (“VB°R3 + WB"R R) 3
(-VB°R - VAR 3 o0 + (-VER - vP R} R >
sy
+ (-ikVA°.R2 + ikVWA*R R*R + (ikVA°:R2 - ikV7A°:R RR"
- 2ik(VA®.R*)R22 - (VAO:~ 2Y) - (WE.S:R22R*)jiRINT

This equation is again the inhomogeneous form for the operator”™ and so
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the compatibility condition A.13 must again be satisfied where is

now the right-hand side of equation 3.3.11. We consider each term separ-

ately and apply the compatibility condition to each.

Term 3:
13N 4(@) - N $(b)]_B°"V1(s)R(s) ds
lil 3.3.12
9t
where a M 4(a) - N 4(b) B°_14 1(s)R(s)ds
Term 1:
M4(a) - N O(b)I"OI™ 1(s) ~k~R(s) -|"2 ds
r z - 3k *
with the relation
MWr oW 3.3.13
3k 3k

this term becomes

b
4(a) - N $(b)jB °'V 1(s)W(s) ®|(S) 22 s

which is identical to the compatibility condition for 3.3.7 which was
found to be satisfied and to be identically zero.
Term 2: 2
o 7Lo-1 -1, . 3We(s) 3R(s) 3 ifll j_ 0 3.14
M4(@) - N 4(b) B 4 (s) -1 2 |

D J: : sk sk s¢

Now differentiating equation 3.3.13 with respect to k gives



33X 3R
3k "3k

Substituting this relation gives

b

[N

By the same reasoning that led to the compatibility condition for 3*3.7 we
see that the first term of this expression vanishes and the second term is

given by:
3.3.15

Term 4:

MO(a) - N $(b)IB°"1* 1(s) S(s)*1|*1|2 ds = 8

where S(s) is the right-hand side of 3.3.11
Combining 3.3.12, 13, 14 and 15 gives the generalised nonlinear SchrBdinger

equation

e3*1 .1 32“r1jh + * 12 0 3.3.17
1 2 3k2 352 1 1

where 8 = B/a. We note that it is not possible to prove generally whether

B is real or complex but it will be assumed that Bis in fact complex.

3.4 Discussion

We have again shown that, to lowest order, the amplitude of a wave
propagating in a system described by the model equation 3.2.1 must satisfy
a generalised nonlinear SchrHdinger equation given by 3.3.17. The method

used was an extension of the work of Taniuti, Asano and Yajiraa (1969) and,



despite the added complexity of a further spatial dimension followed much
the same pattern. The two first coefficients of 3.3.17 were found to be
identical to those derived for other systems, as for example in Chapter 2
and the only significant difference arose in the third term i.e. the coef-
ficient of the nonlinear term. To determine this coefficient now requires
the knowledge of the fundamental matrix of the system of equations consid-
ered. This requires an explicit solution of the linearised problem to be
known in order that the integration in 3.3.16 may be performed. It must
be emphasised that the dependence on the additional spatial coordinate was
not assumed to be weak, as was done by Hasegawa (1970) and full account
was taken of this strong dependence. It is interesting to note that
despite this strong dependence a total decoupling of the y dependence and
the stretched x and t dependence was found, and that a nonlinear Schrddinger
equation with only two independent variables T and £ was found. This
reduces the problem of determining the stability of certain classes of two-
dimensional problems to the problem of determining the stability of the
nonlinear SchrSdinger equation.

As in Chapter 2 we again encountered the problem of the vanishing of
a determinant. In this case the matrix in question was B and its inverse
was required for the determination of the d.c. components_ ! and 2.

For most physical systems this condition is not satisfied and the components

Ee and_L(J) cannot normally be determined by the inversion of the operator
W. In 3.3.wve assumed that_Lé ~was identically zero and that det B° did
not vanish and so EOZ was obtained by direct inversion. The assumption

that u ~ = 0 is physically tenable since we are considering the modulation
of the wave U”e*N* + complex conjugate. We may however speculate
that, as in Chapter 2, certain components of u * may in fact be determined
bv direct inversion of W and that the remainder are determined from the
compatibility condition for the i = 1 form of the second order equation.

Similarly certain coefficients of » may be determined by direct inversion
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and the remainder determined by the integration of the | = 0 form of the
third order equation. Although this has not been proved generally, physical
systems where this method has not been successful have not yet been found.
The model equation 3.2.1 can be used to describe a large class of
problems, e.g. the propagation of waves in a cold plasma between conducting
plates with no magnetic field and the propagation of sound wave in a bounded

gas. This class could be greatly extended if model equations of the form

A N~ +B + + G 0 3.4.1

R Y- Yol 1
could be considered. Then problems such as the two-stream instability, the
instability of plane Poiseuille flow etc. could be considered. This requires

the extension of the work of 3.2 in the same way as the results of Chapter
2 were found by extending the original work of Taniuti and Yajima (1969).
An equation of the form of 3.3.1 was not considered in 3.2 and 3.3 as this

would have added considerably to the algebra and complexity of the coef-

ficients so obtained. Differences would arise in that the operator*W. would
become a second order matrix differential operator. The ensuing algebra
would follow a similar line with this additional complication. However,

results similar to those given in the Appendix can easily be written down
for second order self-adjoint matrix differential operators and it is
anticipated that the following generalised nonlinear SchrBdinger equation

results

'2 iw, 3.4.2

The applicability of this result can be supported by considering a simpler
form of the one-dimensional system 2.2.1 without the second derivatives.

The result 2.2.34 again follows with algebraically different, coefficients.
From these one-dimensional results we conclude that the addition of higher

than first order derivatives in the model system of equations preserves the



form of the final result, i.e. a generalised nonlinear SchrBdinger equation.
We therefore assume that the result 3.3.2 would follow for the system 3.3.1.
As in Chapter 2 the instability mechanism for 3.3.1 would have to be well
understood in order that the ordering on ~ 0(e2) could again be made.
Although the result 3.2.17 has been derived for a general model equa-
tion, in practise it would be easier to take a less general approach when
attempting to solve a set of equations describing a real physical system.
This is a result of the large numbers of zeros appearing in the matrices
A to G for real physical systems and the resulting redundancies occurring

in integrations necessary for the determination of the coefficients.
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Appendix
Systems of first order differential equations

We shall consider the general properties of systems of n first order
differential equations and follow John (1965). Initially we consider a
first order system with an initial condition and then extend this to self-
adjoint two-point boundary value problems. Suppose A is a continuous
nxn matrix of complex functions of a real variable x on an open interval

of the real line 1I. We then consider the system

= AX)jr xel A.l

with the initial condition

C(Xl) = A.2
for any and x*el, where y is an n element column vector. Then, there
exists a unique solution $of A.l subject to A.2. The zero vector is always
a solution of A.l and is called the trivial solution. The set of all

solutions of A.l on |I forms an n dimensional vector space over the complex
field. This indicates that there exists a set of n linearly independent
solutions such that every other solution of A.l is a linear

combination of this set, i.e.
n
T C.6. A.3
i—
where the are in general complex constants. The gK are called the basis

or fundamental set of solutions of A.l.

We define a matrix $ whose n columns are n linearly independent solu-

tions of A.l. This is called the fundamental matrix and satisfies:
xel
dx
We now consider the inhomogeneous problem equivalent to A.l, i.e. given a
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continuous nxn matrix A(x), a function of real x on an open interval i

and given a continuous vector Mx) on 1we write

No= AN+ 1>(X) xel A.4
dx — —

There exists a unique solution of A.4 subject to
¢(x1) = £ A.5

given any £ and x*el. Given the fundamental matrix for A.l it is

possible to write down the solution of A.4 subject to A5 i.e.

X

where ~(x) is a solution of A.l satisfying

Equation A.6 is derived by the method of variation of constants as follows.

Suppose that a solution of the inhomogeneous problems A.4 is given by
= jS_¢

where c is a column vector and a function of x. Differentiation then gives

K\ 3% +  $3C
& w7 3%

and substituting from A.l andA.4,

3c

Ore integration and applying the condition A.5 leads immediately to the
result A.6.

We now extend the results given above to self-adjoint problems on
finite intervals of the real line. We shall in particular be interested in

eigenvalue problems and therefore consider the first order eigenvalue problem



To- AN = 9y A.7
3x

subject to the boundary conditions

U(a,b) = M¢(a) +Ny(b) = 0 A.8
where x £[a,bj and ¢ is an n component column vector. The system A.7 and
A.8 always has the trivial solution ~ = 0. If | is chosen so that A.3

has a non-trivial solution then i is an eigenvalue of A.3 and these solu-
tions are the eigenvectors .
We suppose the eigenvalues and eigenvectors of A.7 with A.8 are known

and now we consider the inhomogeneous problem

dx —

where we retain the boundary conditions A.8. If A.9with f=0 has a
non-trivial solution then unique solutions to A.9 exist only for a certain
class of functions of f and we will now determine the condition that f
must satisfy.

We suppose that the fundamental matrix for A.9 with f * 0 is denoted by
0. Then we again use the method of the variations of constants by looking

for a solution of A.9 of the form ¢(x) to obtain:

X
j/x) " JI>(x) ] _£\s)™(s)ds
and so we can write
X
iX = ~(x) [ §*(s)_f(s)ds + E c.4s(x) A.10
- V4 i-1
and i7(x) - $(x) 4 (s)f(s)ds + E Ciiic A1l

where we have added solutions of the homogeneous to give the general solution
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However, iji(x) must satisfy the boundary conditions A.8. Multiply A.10

by N for x = b and A.11 by M for x =

= a
N il)(b) 10(b) ( O ~(s)f*s)ds + N Ec. 6. (b)
- I —-1
b n
Mjjj(a) - MO0(a) O 1s)f(s)ds +M EI c._£ (a)
-i=l 11
ea

Adding these gives

Mijj*@) + %j/(b) MHa) ~ N O(b)Jj> 1(s) f (s)ds

+ Z ~Ndi 4 (b) +Mci 4 (a)

(h
MjO(a) - Nji(b)Jji 1(s)f*(s)ds

+DC

where D and £ are defined in 3.2.11 and 3.2.12. Now in view of A.8 applied

to j)(x) the L.H.S. of A.12 vanishes. Also, since det D vanishes, multiplying

A.12 on the left by L where L is the left eigenvector of the matrix D

corresponding to zero eigenvalue we obtain the compatibility condition for

the solution of A.5 as:
Ha) - N O(b) O *(s)f(s)ds

We can now consider the case when the homogeneous form of A.9 has only the

trivial solution, i.e. we exclude the eigenfunctions.

Then, there exists

a matrix G(x,x*) continuous for a4 x £x» £b and a”™ x i x ™ b such that

G(x,x*)_f (x™)dx1
.a-..

A.14
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is the unique solution of A.9 subject to A.8. The existence of this
Green's function matrix Gix.x1) is verified by inspection as follows.

Consider the fundamental matrix $ for A.9 with f * 0 and let

0(x)$_1(x1) + $(x)I(x1) X1<x

G(x,x ) A.15
0(x)J(xA XA>X

In order that the boundary conditions A.8 be satisfied we substitute A.14

and A.15 in A.8 to obtain:

MjKa)J(x) + N O(b)0_1(x1) + Ni-ChjJCxl) = O

which defines J(x ) as

JCx1) = - ~ Ha) +NJI>b)  Njixb)j> 1(x1

The Green's matrix "3(x,x ) then becomes:

<Kx)D-1M $(a)<t” 1(x 1) XA<X

G(X,X ) A.16
<t(x)D-1N $(b)<Kx1) Xr>X
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Chapter 4
A Nonlinear Theory of the Propagation of

Solitary Waves in Piezoelectric Semiconductors

4.1. Introduction

The interaction of an acoustic wave with mobile charge carriers
in solids has been of interest for some considerable time. The term
"acoustoelectric effect" used to describe this interaction was first
used by Parmenter (1953) in a study of the effect in metals. The
effect in semiconductors was first considered by Weinreich (1956,1957).

Interest in the interaction grew when the possibility of attenua-
tion or amplification was realised by Hutson et al (1961). The
attenuation or amplification arises due to the energy exchange between
the acoustic wave and the conduction electrons. If the wave velocity
is greater than the average drift velocity of the electrons then the
net effect is a reduction in both the amplitude and velocity of the
acoustic wave due to the absorption of energy by the electrons from the
wave. Conversely, if the wave velocity is slower than the drift
velocity then energy is transferred from the electrons to the wave and
the wave is amplified. The simplest way to achieve this is to increase
the average electron drift velocity by the application of a d.c. electric
field .

The mechanism of interaction can be thought of simply as the mech-
anical oscillation of the atoms of the solid induced by the acoustic
wave which modifies the effective potential in which the conduction
electrons move, thus giving the interaction. Both long and short range
potentials are affected. In metals and in non ionic materials, the
principal change is in the short range part of the potential. This is
called the deformation potential coupling. In ionic semiconductors and

particularly in so-called piezoelectric semiconductors, the dominant



effect is a change in the long range Coulomb interaction due to the
motion of the ionic charges. This potential change can be represented
as a polarisation wave in the material. This effective polarisation
may be expanded as a series in the strain produced by the acoustic
wave. In semiconductors with no inversion symmetry, the term propor-
tional to the strain is nonvanishing and becomes the piezoelectric
tensor of the material.

In piezoelectric materials the field associated with this interac-
tion, called the piezoelectric field, causes the mobile charge carriers
to move in such a way as to screen this field. The extent of this
screening may be described by the dielectric relaxation frequency

where,

and a is the conductivity. The coupling is smallest when m/uc >> 1,
where @ is the frequency of the acoustic wave. Then, the carriers
are unable to respond quickly enough to the field. The interaction

is greatest when o/u << 1. This is the basic reason why this effect
is dominant in semiconductors - the dielectric relaxation time is small

(typically 10712

sec.) because of the low conductivity. Given a
typical acoustic frequency of a few M+ gives the condition for meximum
interaction. The net effect is to produce bunching of the electrons
and it is this effect which is responsible for the acoustoelectric
amplification as will be seen in the linear theory of 4.2. Diffusion

opposes the build up of these space charge waves and this effect is

illustrated by considering the diffusion frequency 4", given by:

“U = Vs2/Dn



where vS is the acoustic velocity and Dn the diffusion coefficient.
If w/io® > 1, the space charge modulation is least as then the charge
carriers diffuse away most rapidly. So for meximum amplification
the condition uw/" << 1 must also be satisfied.

The work of Weinreich (1956) is considered as the first recogni-
tion of the possibility of amplification in semiconductors. The first
amplification was observed by Hutson et al (1961) who demonstrated the
effect in cadmium sulfide. Hutson and White (1962) derived the small
signal theory for the propagation of acoustic waves and White (1962)
derived a small signal theory of the amplification process. White's
theory agreed well with the experimental findings of Hutson et al (1961)
and most work since then has been concerned with nonlinear effects in
acoustoelectric interactions.

The first observation of a nonlinear effect was the demonstration
of current saturation by Smith (1963) and McFee (1963). Although this
particular effect is not considered in this Chapter we briefly outline
how it arises. The saturation is attributable to the acoustoelectric
current, i.e. the current arising from the presence of the acoustic
wave. When the electric field across the material is increased, the
ohmic and acoustoelectric currents both rise as the acoustic waves are
amplified. However, the acoustic gain is at the expense of the
electron system and so opposes the ohmic current. These two effects
occur simultaneously and approximately at the same rate, giving rise
to the current saturation.

The nonlinear effect that will be considered in 4.3 concerns an
effect observed in high conductivity piezoelectric materials. It was
observed (see for example Haydl and Quate (1966)) that if the conditions
for amplification were satisfied, i.e. a sufficiently large voltage was

applied across the sample that the current oscillates. These oscillations
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were demonstrated to be due to propagating domains of high acoustic
flux and d.c. electric field. The domains were found to move with a
velocity approximately equal to the velocity of sound and to move
without a change of shape or size. These domains are however not the
simple domains as observed by Gunn (1963) and theoretically confirmed
by Butcher (1965), associated with current oscillations in semiconduc-
tors having a bulk negative differential conductivity. The equations
relevant to the Gunn effect can be solved in the nonlinear regime by
conventional techniques of nonlinear analysis (see for example Minorsky
(1962)) and these solutions include domain-like modes of wave
propagation. We show in the Appendix that the equations relevant to
the acoustoelectric effect do not have a simple domain solution. We
show in 4.2 that acoustoelectric domains are "envelope -domains”, i.e.
the envelope of the wave has the shape of a domain and moves without a
change of shape or size. Within this envelope the behaviour of the
flux or the electric field is rapidly oscillating.

It is obvious that a simple linear theory cannot describe the
creation of an acoustic domain nor demonstrate current saturation and
hence a nonlinear and/or large signal analysis of the amplification of
noise to form domains is required. This is a problem of great
complexity and no complete theory has yet been given.

The many nonlinear theories presented to date can be roughly divided
into two distinct classes. The first class consists of macroscopic
theories concerned with nonlocal processes leading to the build up of
acoustoelectric current, i.e. theories concerned with how acoustic
waves interact a long time and a long way away from the point of
generation. The acoustic waves are assumed to be well formed and propa-
gating in a part of the semiconductor where further wave generation is
not taking place. In this sense these theories can be considered

asymptotic. The second class consists of theories concerned with the



local microscopie processes leading to the development of the acoustic
waves themselves, i.e. theories concerned with how the acoustic waves
build up from thermal noise and how they interact close to the point
of generation.

The majority of published work has been concerned with the micro-
scopic local processes and generally the assumption of a slow wave
evolution is made. Examples of this are the work of Tien (1968),
Butcher and Ogg (1970). Wonneberger et al (1969) and Gay and Hartnagel
(1969). These results, which are valid at large amplitudes are
generally in agreement with experimental work.

The macroscopic nonlocal theory has proved more difficult. Not-
able attempts at this, Ridly and Wilkinson (1969), Ridley (1971), have
indicated a domain-like solution by including the effects of the macro-
scopic build up of space charge. However, Butcher et al (1971) showed
that the basic assumptions of the Ridley and Wilkinson work were incon-
sistent with this conclusion. Thus there is no satisfactory theory of
domain formation for even a single acoustic mode.

The work of this Chapter will be concerned with a nonlocal nonlinear
theory of the propagation of a single acoustic wave in a piezoelectric
semiconductor. The wave will be assumed to exist in the semiconductor
and it's nonlinear theory will be predicted using the general theory
as given in Chapter 2. In this sense the system analysed may be con-
sidered as a piezoelectric semiconductor driven at a particular frequency.

Section 4.2. outlines the formulation of the problem and summarises
the well known linear theory. In 4.3 we show that the equation of
motion of the envelope of the acoustic wave is the generalised nonlinear
SchrBdinger equation and expressions for the coefficients of this equa-
tion are given. The method used in 4.3. is not the general method as

given in 2.2. but a more direct approach is taken by working with the
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matrices relevant to the problem and so avoiding algebraic complexity.
The equation is solved in 4.4 using a perturbation analysis and by
ordering the coefficients in a particular fashion and so the envelope
domain solution is obtained. In 4.5 the coefficients are explicitly
evaluated in the long wavelength K, small k2 limit and are found to
have the ordering assumed in 4.4. An expression is given for the d.c.
electric field and is found to have the correct domain like form.

An effective linear amplification constant is deduced which shows the
correct decrease of growth rate in the presence of flux. The results

are discussed in 4.6 and suggestions for further work are made.

4.2. Formulation and linear theory

We will consider the propagation of an acoustic wave in a piezo-
electric semiconductor in one dimension. Although this problem should
be treated in three dimensions due to the tensor nature of the piezo-
electric equations of state for the sake of simplicity we will assume
that there is only one piezoelectric constant. This implies that the
electric field, electric displacement and strain have only one component
in the direction of propagation. The semiconductor is assumed to be
n type, extrinsic with electrons of charge e and mass m. Following
White (1962) we consider the relevant equations describing the semi-
conductor.

The piezoelectric equations of state are:
T = ¢S - eE 4.2.1
D 4.2.2
where ep is the dielectric constant at constant strain
e is the piezoelectric constant

c is the elastic constant at constant electric field

103



D is the electrical displacement,
T is the local stress,
S is the local strain,

and E is the electric field.

The strain is defined in terms of the local mechanical displacement

u by:

S =3 4.2.3

where + x is the direction of propagation of the wave.

Differentiating 4.2.1 with respect to x gives:

3T 3£ E
9x C 3x 6 3x
32 & 4.2.4
The equation of motion of an elastic solid is given by:
52y 33; 425
31
and combining 4.2.4 with 4.2.5 gives the wave equation:
32u = c 32u e 3E 4.2.6
3tz paxe P
is the velocity of sound
These equations are now combined with, Gauss equation
2D
4.2.7
3x

and the charge conservation equation
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in equation 4.2.9. In the linear theory the term n ~ which arises
when solutions 4.2.11 are substituted into 4.2.9 is neglected. In
order that 4.2.11 satisfy the above set of equations the following

cubic dispersion relation is obtained:
ng + t2 {prok + iooc} - u {vs2k2 + K2k2vSZ}
- V52k3pr0 - iucv32k2 - IprEd(fg/ 2 =0 4.2.12

Here < = e /e~c and is known as the electromechanical coupling constant*
k is very small, typically viO for commonly used piezoelectric materials
such as ZnO and CdS and is used as an expansion parameter in later
sections.

o2 .
In the limit K = 0 equation 4.2.12 has two roots:

w/k

= vs

and 0 = pRk - i(ug +
2 _

where VS = p/c

and we m ~ no/eD

The second root corresponds to damped space charge waves and is not
relevant to the present discussion. We now look for a solution of
4.2.12 around the first root w» kvs in the limit of small <2. Using

Newton's method we obtain
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where My VSZIfDn
Y = 1+ 4.2.14

la deriving 4.2.13 only terms to 0(<2) were retained. The parameter
Y is important, being a measure of the ratio of the electron drift
velocity to the velocity of sound. If Y <O (i.e. the electron drift
velocity exceeds the sound velocity, then the imaginary part of mis
positive and amplification occurs. Conversely if Y > 0 the wave is
attenuated.

It is the dependence of Y on the electric field through 4.2.14

that justifies applying the general theory of Chapter 2 to the full non-

linear problem. If we assume that the total external d.c. field is
given by:
E0 = - Vs - e2F 4.2.15
Vi

where e is a small parameter, then 4.2.13 may be expanded as:

9 = ut it2ii)j. t 0%

where 4.2.16

kvs \6!.1 +9{oi CI‘BH—IZ\ZS{
K23 2

> \ “c“D /

and 4.2.17

If the modulus of the electric field is slightly larger than the critical
value -VS/uf but to order e then the growth rate of the instability is
also of order e2.

We have therefore satisfied all the conditions necessary for the

validity of the general theory of Chapter 2 when considering the nonlinear



problem, i.e. the imaginary part of mis small, O(ez) where e is the
magnitude of the nonlinearity. The parameter p of 2.2.5 has been
found explicitly and an analytic expression for the growth rate has

been obtained.

4.3. Derivation of the nonlinear SchrDdinger equation

Equations 4.2.1 to 4.2.10 nmay be combined to give three equations

in three unknowns, i.e.

LM

0 4.3.1

O] 4.3.3

where all quantities are defined in 4.2.

We look for solutions of these equations of the form

()] ®
X 2 e°x"(T,E)exp[idl(kx-mt)] 4.3.4
where
C = e(x-Xt)
_ u
and X = E
g

The equilibrium state X® around which the expansion is made is taken
as u=n =0 and E = K, the total external d.c. electric field.
Substituting 4.3.4, expanding and equating powers of e of the same
harmonic to zero gives an infinite set of equations on which the first

three are given by:
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yij - 0
2 -
0(e2) A+ tTT = ifall?
3 > am
0(e3 . »'o s 1L Og
y-5 +~arT +-0 O _&i'I'Z 12 -«
where 2 (ck2-po)2) eil.k 0
g _ e(ii.k) 2 e0|£k q
0 i£k ijtuj+pfE _ifk 2
PNyl JtU+PTE JIEK-V
2pXii.u>-2cii!,k e 0
2ei5.k eD 0
0 yno* JIpfE +AT.+2i£kv
-2 Pii.ii) 0 0
. 0 0 0
y -
0 0 -1
A2P-c 0 0
% 0 0 0
0 0 ve2A),

and the source terms are given by
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if> = SFCAsprpY* +<Efs A Ve 430

4 <4°4> » “Uf(<E a P + <bEipknspETPquA

. L ™M
+ <£ £ |pkn§.pE2P Pq>|. +<££ n R.P. >

NG,
pq ap pq sp HY *p gi
L <EE£ ngpi%E&%gg_. + <§q£ ng_dq{(EﬁPqu? 4.3.6

where <........ denotes the coefficient of the ¢(th harmonic and Pp

denotes exp |ip(kx-uit) |.

The linear dispersion relation 4.2.13 is regained by insisting

that the first order solution is non-trivial, i.e. xj j O. Thus 4.3.5

gives

det W = 0

It can easily be seen from 4.2.14 that

det 4 0

for H4 1 i.e. all harmonics of the fundamental are stable.
Now applying Che condition 4.2.15 and expanding the matrices

w' M N"'and O0' gives the following set of equations

. e 4.3.7
~ .. N
il 0 +U1LTV* s x 1) 4.3.8
and
3X2 3X1 32x\ j
T» Cl + N TT + ~ + =1 +‘P|" 'X|_
4.3.9
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where

2k -pud eidlk
ek 22 0 \ 4310
unoi&k iSu)r-vgixk—vgzkzx2 /(Ljf
0
2pAiXa)r-2ciS, k e
° \
2iXke 9% 0 4.3.11
A-Jlv g+2v g2k2i.2/wj™
ol 9A-JIvg+2vg j
\ )
—2piS.u)r 0] 0 \
0 0 0 4.3.12
*1
0 1
\ 0
/  X2P-c 0 0 \
H e 0 0] 4.3.13
0 vs2/ud y
and / 0 0 0 N
0 0] 0] 4.3.14
—j
0 -pfE'ik ,
\ )
where it >, * gpox
and M- + 0 (e)

N* » _l\)l( + 0(e )

eCc
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The ur and 0f are now given by 4.2.16 and 4.2.17 and X “ 3&r/3k.

The only additional term is the N term in the third order equation.

The condition for a nontrivial solution of the first order equation is

now
det W = 0
2
which gives I'<2\/s
to = kv {/l B — 0— 0
I 3 2(mc V k2vs2
as in 4.2.16.
Again, det 4 0
for | 4 1.

We define XN, - $ 4.3.15
where K is the right eigenvector of and is given as
-eik
(ck -pior*)

-unQik

. . 2
|Wr-vS|k- vszk

The left eigenvector is given by

ek2

(ckZpui 2

)

(iwr-vsik-vSZkZ/nb)
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The e = 1 first order equation then gives:

P R 4.3.16

x1 0 for Ji] 4 1» °*

At this stage we are unable to determine all the components of X*

From the first order equation for | =0, i.e.
WXt =0

we see that so " 0

However the second order equation for £ 3 1 is

where

-pfik(EhY; + n3.Ef

In order that X® is unique the compatibility condition

Ad
i -1
must be satisfied,
LwW
and L.Mj~.R
. . . 1
By direct evaluation and using ngg
EL = 0.
0
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Although u* is undetermined it is not required in future calculations.

The second order equation for | = 1 may now be solved to give
X2 R<T(t,€) T 3R 8¢ 0
3k 38

where P (x ,5) is another scalar function which is not relevant to our

solution and is eliminated later.

Now 1 =0 for i > 2
and since det J 0 for a>2
it may be concluded that

X2 = 0 for i > 2.

The only other components of )g that are required are X2 XE and 2

These are formally given by:

w .gg s°(¢*
w23

and % = (&)

s"Cxl
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1 {un@2 + uf(R2R* + R*R3)|"|2}
T

which gives

4.3.17
N
Mo 2R3+ R2R3) 172 + s(t)

where g(x) is an arbitrary function of T and is determined by applying
the initial value condition Eg = -E

The nonlinear SchrSdinger equation is now obtained by considering
the i = 1 component of 4.3.9.

* + * * + + - i
£ E/b( % _|X 3xA 32 i £2<i.4>

Multiplying on the left by 1 eliminates the first term and substituting

? 2 2 1
for X] in tiie second term and for X2 and in the source term j>2 §lves:

w +LOR 3% +LNR_3 +L bRt>

k- 3k 3 352 - 3t

Fglg’(Uﬁk) L 3 21)23 * 2 )33 * nlik(l? J el

U

+ pfikRALJE 4.3.18

with the relation previously determined

® - 1L 32ar R
3k —1 3k 2 3k2 -
We can now write:
2/
i £1 +X—j + + 60 I¢ [ 4.3.19
35

which is the generalised nonlinear Schrédinger equation and where
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X 4.3.20

4.3.21

6 = i(iifk) 2 -2ipu,

4.3.22

The coefficient X is always real and &" is always imaginary. A
knowledge of $*, i.e. the solution of 4.3.19 gives all physical quanti-
ties of interest, since they can all be expressed in terms of &

Of particular interest is the total d.c. electric field which is

given by:

E

bTOTAL APPLIED

= E (R3+R*)| <f,'i2 4.3.23

With the appropriate 4> this correctly predicts the high field domain.
Expressions for all other A.C. and D.C. components can similarly be
derived. We now look for the solution of 4.3.19 for this particular

problem.

4.4. Solution of the generalised nonlinear SchrBdinger equation

The nonlinear SchrBdinger equation derived in 4.3 is now solved using
a further perturbation expansion. An exact solution of 4.3.19 with
arbitrary coefficients is not known. General solutions of the nonlinear
SchrBdinger equation, i.e. with 8 and 6 real are well known, Rowlands
(1974) and consist of three types of nonlinear wave, the solitary wave

and the shock. Stability analyses of these solutions have also been
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made, Rowlands (1974) and the techniques of that work form the basis of
this analysis.

We expect the solution of the generalised equation to be similar to
that obtained for the real B, real 6 case and we use these solutions as
a starting point about which a perturbation expansion is made. This
expansion relies heavily on an ordering of the coefficients. It is
difficult in general to justify the ordering assumed and the coefficients
must in general be explicitly evaluated before anything can be said about
their relative sizes. For this particular problem the ordering assumed
in this section is found to be valid in the long wavelength small K2
limit. Until the coefficients are evaluated we will assume that they
may be ordered as is assumed and a general notation is adopted.

Initially, we look for solutions of 4.3.19 of the form

@ = <I(@ep{-iBrT} 4.4.1

where Br is real. In terms of the new function ¢ 4.3.19 reduces to
2

X "1+ (B +HB)<t> + (6 *6.)4R]2 = O 4.4.2
3z

Although 8r as used here is arbitrary at this point it will be seen later
that, in order that the solutions $ be bounded, 8r is in fact uniquely
determined by the other coefficients of 4.4.2. In fact 8r itself must
be expanded as a series, for which a condition is deduced such that this
expansion is valid to second order. Immediately we merely assume that
8r is positive. This will in fact be verified when the coefficients
are explicitly evaluated.

We suppose that 8" and 6" are small compared with the other
coefficients and introduce a small imaginary part to the wave amplitude

ip. This imaginary part is assumed to be of the same order as the
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coefficients 8" and 6”. We now attempt the perturbation expansion
about i>owhich is a solutionof 4.4.2 with Ol = 6l =0 and $real, i.e.

a solution of

X _
&fo * O 0

Ore integration gives:

X

= 4.4.3
> + 0 0

The different classes of solution now depend on the relative signs of

8 and & and the value of the constant of integration 6. For the time
being we assume that 8f and 6\ are of opposite sign, which will be
justified later. The only non trivial bounded solutions which have

the correct asymptotic behaviour is given by choosing:

0 = -jlbv
where

B2 = 8r/2x A2 » ~3r /¥ 4.4.4

With these definitions one further integration of 4.4.3 gives

40 = A tanh [bE + d] 4.4.5
where d is an arbitrary constant. If 8 and are of opposite sign
then

® = A sech2 [Be + d]

and the analysis proceeds in the same way.
We now assume solutions of 4.4.2 of the form:
B o= (o + 852 + L )explin)il+ 62+ )|

where the {u and are real functions and p is a small expansion parameter
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later identified with <O. The coefficients 6" and 6" are ordered as
o(r|). Substituting into 4.4.2 and equating powers of n gives the

following series of equations.

2
0(1) X -¢-f0 + Bre® + = 0 4,4.6
3£
0(n) X-~-fl + = 0 4.4.7
3£
»0 - - B*o - Vo 4.4.8
3s
0(n2) Xgf2 + Br*2 + 36r*0*2
S
4.4.9
* (B2t - 3w 2
3t2 + 2ylio 1]2
*e 77 *!ng Ko
4.4.10

All high order equations have the same form, i.e. the same differential
operator on the left hand side is repeated with differing right hand sides

depending only on lower order solutions. “n Present context only

solutions to order n2 are required.

We shall now systematically solve equations 4.4.6 to 4.4.10. The
solution of 4.4.6 has already been found and is given by 4.4.5.
Differentiating 4.4.6 gives:

: 2
X :_||0 ]J 36 <} 0
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which comparing with 4.4.7 gives:

or 4.4.11

where G is determined by boundary conditions.

The solutions of the remaining equations 4.4.8 to 4.4.10 are readily
determined using the general theory of differential equations (e.g.
Moroe and Feshbach 1953). If we know one solution of a homogeneous
second order differential equation then the other solution is readily
obtained, i.e. if y» is one solution of the homogeneous equation, the

other solution is given by

4.4.12

The Green’s function is now readily determined and hence the solution

of the inhomogeneous equation i.e.

y(x) = yx(x) | f(x)y2(x)dx" - y2(x) j f(x")y1(x)dx"

4.4.13

is a solution of the equation when the inhomogeneous term is given by
f(x) .

The first equation that must be solved is 4.4.8 for i™ since solving
4.4.9 and 4.4.10 depends on knowing ij™. The details of the solution
of equations 4.4.8 and 4.4.9 are given below.

Equation 4.4.8 is readily expressed as

and substituting for <» gives



3_
35

Ore integration then gives:

2 0,A2 6.AR

A2tanh2[B5 dip > fer- o s + g
L BX

BX

A An A
BIAZ - 6I‘A tanh rBS + cﬂ

BX BX BX

+ _Glﬁ* tanh HB? + d

Integrating again gives:

2,
“Br-6A™" og] sinh[b5 + d] | + 5iA log] cosh[gC + d]|
2
B2X REAX

[(BE + d)2 - (Be + d)tanh[Be + d]]

(B5 + d)Z - log lcosh[Be ¢ d] |] AA.14

This corrects the result given by Pawlik and Rowlands (1975) .
This solution is divergent and the divergence cannot be removed by adding
solutions of the homogeneous form of A.A.8. However, this is not a diverg-
ence in any physical sense as occurs only in the argument of an expon-
ential function and so is merely a phase factor. But, the i)k must all
be bounded and it is necessary that all but one of the terms in the
expression for vanish in order that this be satisfied. This then
gives the definition of Br.

Before we actually solve A.A.9 we will use it to derive this condition.

Rewrite A.A.9 as

*0
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where D is the operator

x .o * 3 * Frfy

and
) 2

FO = X(MD) * » ssinon

It is easily shown that D is a linear self adjoint operator and in order

that <2 be bounded the condition

must be satisfied, where y(g) is a solution of

Dy(C) = O.
As we h.ive seen already y(g) = and so
I F(O Jlo dof = o

Substituting iJ¢ in the expression for F(£) and performing the integrals
leaves nine integrals which do not identically vanish i.e. all integrals

that are premultiplied by the factor 3* Therefore,
(-e.-a.AN)

which defines the constant Br introduced in 4.4.1 since

4.4.15

This therefore dliminates all but the second term in 4.4.14. It can
generally be concluded that the greatest divergence that can be allowed

in the 6. is linear in £ so that to next lowest order the remain bounded.



An apparent contradiction now arises with the above relationship
between the coefficients of 4.4.2. Since, multiplying 4.4.2 by <

and integrating gives

which may be simplified further to give

0o [ee] 00

xj ff « + <Br+ i13.)J utadgc + (br + 16.)j || dC

where we have used ()i ldE

Now, equating real and imaginary parts and eliminating the ||"|d> |dE

term from the resulting two equations gives:

d = 0
which if 4.4.15 is correct implies
.2
de
However, by inspection it is seen that this condition is violated. It

can be seen that this arises because Br should in fact be expanded as a
series in n first. Each term in this expansion could then be determined
using the compatibility conditions as has already been shown. If this
is done and the expansions for @ included in the above analysis then the
contradiction disappears. However, this is unnecessary if we work to

order n2 only, and it is sufficient to retain only 8r as defined by 4.4.15.
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We now solve 4.4.9. By inspection one of the solutions of the homo-

geneous form of 4.4.9 is given by

$2 a sech”QBC + d]

Hence, by 4.4.12 the other solution is given by

$2 a sech2[B4 +dl | -——-- r--------- dx
L J sech4 [>x+d]

= 7- sinh [j34+djcosh [b4m3 + -g [tanh[B4+d]i + Q?5+d]J

Having obtained the two independent solutions of the homogeneous form of
4.4.9 the solution of 4.4.9 is now obtained through integration using
4.4.13. The solution of 4.4.10 follows a similar pattern.

We now summarise the solutions of equations 4.4.6—4.4.10.
g « A tanh|j34<-d3

G sech2[BQ-d]

*1
2
-G2 sech2 |E4+d] tanh [B4+d] - Bi tanh[B4+d]
A 90?
¥ = -26” log [cosh Qi4+d[f]

3Br

-26" 0 tanh[E4+d]
3Br A

We now note that

34

and that the first term of ¢" is proportional to 3~/34. Hence, in

retaining terms to order n only we may consider as the first term in
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a Taylor expansion of ant* N2 as tie term °f an expansion of <
So with this assumption we substitute the above in the expansion for ¢

and finally obtain:

X exp 4.4.16

Comparing this with the solution of the nonlinear SchrSdinger equation
we see the effect of generalising the coefficients to have small imaginary
parts leaves the solution essentially unchanged except for a small decrease

in amplitude, a physical translation and an oscillation.

4.5, Results

Having obtained the solution of 4.4.2 in a general form we can now
calculate the coefficients of 4.3.19 explicitly in terms of the variables
of sections 4.2 and 4.3. For algebraic simplicity we consider the long
wavelength approximation in the limit of small k . All coefficients of
4.3.19 are expanded in power series under the condition » k2Vg2
and terms are retained as far as k only. These coefficients then

become

¥R Aye

6r +i64

PP 22
o ef

Cc

with A

and
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The remaining coefficients of 4.A.16 are now given by:

and - 2n6i s

3 a)c

where the identification of n with k2 has been made

We can now calculate all variables of physical interest since we have
an explicit expression for In particular we will explicitly calculate
the total d.c. electric field which will show the expected domain—ike

behaviour. Substituting for $ in 4.3.23 gives
45.1

to lowest order.

The constants G and d can now be determined by requiring that at
T e O the total DC electric field is only the applied external field
The effect of the nonlinear saturation is seen to be a feedback of
electric field 2e"EN across the sample as a whole as well as a domain
The height of the pulse is directly proportional to E i.e. proportional
to the magnitude of its cause as would be expected.

The effect of the saturation on the linear gain can be deduced from
the nonlinear SchrSdinger equation. Multiplying the time dependent form

by <> and subtracting the complex conjugate form gives:
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2*
a g X _ a_rfzf + 2iei HR + 2i6i 141A 0 A.52

The second term may be written as

where
The resulting equation
2 + 2i6i K - 4.5.3

can easily be interpreted by considering the instantaneous energy density
and flux density.

The instantaneous energy density is defined as:

N9
our 1 fau

atj 2 ¢ [ax

and the instantaneous flux as

$IN = 3 3t 4.5.5

We define the total energy density Wand the total flux density by averages

where <...> denotes an average which will be defined later. Substituting

2
4.3.4 into 4.5.4 and 4.5.5 gives to order e

W
+1 ¢ 1Z(ulpipkulqgigk)PpPq
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$IN = C%ﬁ(iPkulpiqaiulq)Pqu

These expressions contain terms rapidly oscillating at the fundamental
frequency and its harmonics through '.he factors for Ipl 4 ol 4 1
as well as terms which have variation only on the slow time and space
scales through the amplitudes uP™ and u”™ when |Jp|] = gl = 1.

We now define the average < > as the removal of all rapidly oscilla-

ting terms and keeping only the slowly varying ones, i.e.

©
¥

o]
I

o

e
+
o
I
@]

This gives

2ckrO L. ui2
(ck'-P./r

e2I'<2 (pi52+ck2 M

d W =
an (ck2 -pm?>2

with the relationship

2 ?
(PwSck )

) 4.5.6
2coik

Hence 4.5.3 may now be interpreted as the energy equation for the system
with the 3j/3e term representing the dissipation of energy.
We can now investigate the effective growth rate i.e. the effect of

the nonlinear wave saturation on the linear growth, i.e. since

3

we can write
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where b):Leff - 2 457

Since is u., the linear growth rate, and &VYB" is negative 4.5.7
shows how the growth rate is reduced in the presence of flux or energy.
This is in agreement with Butcher (1971) .

It is coomon practice to try and derive a modification of the linear
gain which is valid in the nonlinear regime. We will now show that
the saturation of the instability is due to a modification of the local
d.c. field and the equilibrium electron density nQ.

The linear growth rate given by 4.2.14 depends on the local field

through Y. As we have shown, in the small Y long wavelength limit

(0'_ Y 1+ pr0
\%
s
and using 4.3.17 we see that
which disagrees with the result 4.5.7. Hence it must be concluded that,

in the nonlinear regime the linear gain formula is not valid even when
the total local DC electric field is used. However, 4.5.7 is reproduced

if we write

4.5.8

where <...> is defined as the removal of rapidly oscillating terms as
before. Substituting for y and uc where ue - gpn”and performing the

averaging reproduces 4.5.7
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4.6. Discussion

We have shown that the amplitude of a single acoustic wave excited
in a piezoelectric semiconductor under conditions such that system is
amplifying, saturates. The equation obeyed by the amplitude is to lowest
significant order the generalised nonlinear Schrddinger equation.
Solutions to this equation were derived using a perturbation expansion
based on the relative magnitude of its coefficients. This solution was
found to be domain-like and an explicit expression for the electric field
domain was derived.

It has therefore been shown that domain-like solutions of t..e
governing equations, White (1962) do exist in the sense that the domain
is the envelope of the nonlinear wave. It is therefore not necessary
to include e.g. hot-electron effects or non-electric loss mechanisms in
the governing equations (Ridley and Wilkinson 1969) to obtain the domain
solution.

There are few experimental results with which the present work can
be compared. Schulz and Wonneberger (1970) obtained a profile for a
stationary acoustoelectric domain in GaAs. They found that the single
mode domain had a lower saturation field than a multimode case and that
the single mode domain had a constant saturation field. Although no
comparison of theory and experiment can be made for the multimode case
it has certainly been shown that the saturation field is constant.
However, the theory presented in this chapter cannot claim to be directly
comparable with experiment even in the single mode case since realistic
boundary conditions have not been used. The only boundary conditions
that have been assumed are that the amplitude tends to zero at infinity.
It is well knownn that the boundary conditions resulting from a finite size
specimen can affect the final domain shape considerably.

A comparison against other nonlinear theories can however be made.

The approaches of Butcher (1971) and Tien (1968) consisted of treating all
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nonlinear terms as second order compared to the linear terms. This
is unsatisfactory as, in the nonlinear regime the nonlinear terms must
all be of the same order as the linear terms and any perturbation expan-
sion should take account of this. No attempt was nmade to derive domain-
like solutions but expressions for the nonlinear saturation of the gain
of time periodic waves were deduced. These are in broad agreement with
the results found here. Slechta (1972) attempted to solve the full
nonlinear equations using a many time formalism. In view of the
comments in Chapter 1 this should in principle have led to the results
found here. However, Slechta considered the problem of acoustic waves
arising from thermal vibrations and showed that certain wave-wave interac-
tions lead to saturation. This saturation is less fundamental than the
saturation mechanism indicated here since we have shown that the satura-
tion mechanism is inherent even in the case of a single acoustic wave.
Within the present formalism Slechta ignored the feedback of d.c. components
to second order and investigated the effect of higher order components only.
Thus his work can be considered incomplete.

In view of the large number of modes excited in a high field domain
a single mode theory as presented here can be considered as being totally
inadequate. In addition, the boundary conditions used were very simplistic
and again inadequate. An extension of the present work to include many
wave interactions and realistic boundary conditions is therefore required.
The problem of the interaction of modulated plane waves through nonlinear
interactions has been considered by Oikawa and Yajima (1973,1974). This
work can be extended to nonlinear interactions in strongly dissipative
systems and would lay a foundation for the study of the many wave interac-

tions during domain formation.
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Appendix

We will show that stable solutions of the set of nonlinear equations

describing the acoustoelectric effect, i.e. equations 4.2.1 to 4.2.4, pf

domain-like behaviour do not exist in the conventional sense.

Equations 4.2.1 to 4.2.11 can be reduced to a single third order

differential equation for the electric field E. Attempting solutions

of the form:

E(y) = E(x - vdt)
gives
2
Vs Al
D
where
e2
h - eD
Ore integration then gives
a A.2

where a is a constant of integration
In order to see whether stable periodic solutions of A.2 exist we use
standard techniques of non-linear analysis (Minorsky (1962)). Equation

A.2 is an autonomous system since letting

E
-V
and so ¥ = Q(Z,E)
dy = R(ZE) = Z

we see that
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A(Z,E) and R(Z,E) have no explicit dependence on y. It is evident that

Equation A.2 has one critical point (Z°,E°) defined by

R(z°,E°) = Q(Z°,E°) = 0O
where z° 0
and E0 ha/o

In order to investigate the existence of stable periodic solutions of A.2
we use the well known phase plane analysis. If stable solutions exist
then Liapunov's second theorem must be satisfied, i.e. given a differential
system with a single singular point the equilibrium is asymptotically
stable if it is possible to determine a function Wwhose Eulerian derivative
Wis of the sign opposite to that of L.

By inspection it can be seen that such a Liapunov function can be

chosen to be:

Then:

and substituting from A.2 gives



Assuming

and h >0

a>0

then shows that L is indeed a Liapunov function since it is definite L > 0,

vanishes at the critical point and dL/dy <O. The phase plane diagram

for the system appears as:

where the different curves correspond to different values of the constant
of integration.

Since we have found a Liapunov function we may conclude that solutions
of A.l are asymptotically stable. However these solutions are not periodic
since dL/dy ™~ 0 and so the contours L = constant shown above are not
trajectories of the system. Since dL/dy <0 any trajectory moves to
decrease L and hence will always spiral to the critical point giving

asymptotically stable solutions that are not domains.
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Chapter 5

A Nonlinear Theory of a Two-stream Instability

in a Marginally Stable State

5.1 Introduction

Systems of drifting and interpenetrating plasma streams have received
considerable theoretical attention during the last twenty years. There are
two main reasons for this:

a. Two-stream instabilities, as the instabilities of these systems with
two streams are normally called are some of the simplest plasma instabilities
and lead to particularly simple and tractable dispersion relations.

b. Two-stream instabilities are in principle velocity space instabilities

i .e. instabilities associated with the departure of the velocity space distri-
bution function from a Maxwellian distribution. They can however be equally
well analysed using a macroscopic or microscopic formalism. By macroscopic
we mean an electron fluid hydrodynamic description and by microscopic a
description using a kinetic equation such as the Vlasov equation. Two—stream
instability analysis therefore provides a good testing ground and comparison
between the two descriptions of a plasma.

Further, the analysis in the linear theory is particularly easy since
the instability is electrostatic in nature i.e. associated with bunching and
separation of charge and is easily extended to apply to more complex model
systems. We note however that magnetic field effects are normally excluded
from the analysis but some studies of two-stream instabilities in magnetic
fields have been made by Neuffield and Wright (1963).

Initially we will consider more general aspects of two-stream insta-
bilities in terms of basic plasma theory without reference to any particular
model. The number of possible instabilities is quite large since the beams
may be electron beams or ion beams, may be neutralised or current carrying,
warm or cold and streaming or counterstreaming. Following this general

discussion a brief summary of previously published nonlinear theories is given.

139



The linear theory is well understood and for cold plasma streams was
originally given by Haeff (1948). A good discussion of the effect of beam
temperature on linear theory is given by V8lk (1967) and a complete discussion
is given by Clemmow and Dougherty ( 1969 ). Generally speaking, criteria
are deduced for the stability or instability of linear waves depending on
beam velocities, thermal spreads and boundary conditions.

Nonlinear theories have been concerned with three different nonlinear
mechanisms depending on the exact nature of the system considered. These
are the resonant particle-wave, non-resonant particle-wave and wave-wave
interactions which will be considered in turn.

a. Resonant wave-particle interactions. When the thermal spread of the
distribution function is such that the particle distribution overlaps the
regions of the phase velocity of unstable waves resonant particle effects
must be considered. These interactions occur when a wave in the system is
resonant with some part of the particle distribution. This nonlinear
interaction is analogous with Landau damping in the linear theory and is
called nonlinear Landau damping (or growth). The damping may change to
growth and so linearly stable or unstable systems may change to unstable

or stable systems in the nonlinear regime. The interaction fundamentally
consists of the interaction between electrons moving with nearly the same
velocity as the wave. The particle therefore sees an effective electrostatic
potential well and oscillates in the well whilst moving along with the wave
i.e. particle trapping. Depending on the exact properties of the linear
distribution function energy may either be transferred from the waves to the
particles or vice versa giving either enhanced growth or suppression of the
instability.

Particle wave interactions are normally modelled using the Vlasov
equation and quasi-linear theory or by examining large amplitude stationary
states. Numerical studies by Armstrong and Montgomery (1967) and Berk

and Roberts (1967) showed that waves which are unstable in the linear theory
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approach stable B waves in the long time limit. These nonlinear waves
discovered by Bernstein, Greene and Kruskal (1957) are a direct consequence
of particle trapping. If electrons are assumed to have a continuous distri-
bution of kinetic energy then some will always be trapped in the potential
wells discussed above. Bernstein et al showed that the localised potential
could be made consistent with the excess trapped electron density. This
nonlinear equilibrium shows electrostatic fields which are spatially periodic
and are called B&K waves. A consequence of this is that there is no contin-
uous flow of energy into higher harmonics (which are stable by appropriate
choice of boundary conditions) and so allows the nonlinear state to be a
single BG&K wave rather than a highly turbulent state.

The quasi-linear theory of the Vlasov equation will not be considered
here but will be considered in more detail later. The resonant particle
wave interaction is not the dominant nonlinear process in most streaming
instabilities. The reason for this is that essentially no particles have
velocities near the phase velocity of unstable waves and so nonresonant
interactions are more inportant.

b. Non-resonant wave particle interactions. If the distribution function
is such that an overlap does not occur between unstable waves and the distri-
bution function then these interactions dominate. In most forms of the
two-stream instability the phase velocity of unstable waves lies between

the velocities of the interpenetrating streams," the growth of the instability
is not proportional to the number of resonant particles. Instead, the
instability can be explained in terms of charge bunching of non-resonant
particles as follows: a local in increase in charge density will induce a
charge perturbation in a plasma stream passing over it. Electrons passing
over this bunch will be slowed down due to the electrostatic field induced
by the bunch and these electrons will therefore add to the perturbation.

We note that nonlinear BGK waves are still possible when non-resonant

particle interactions are dominant but we will only discuss quasi-linear
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theory here. The quasi-linear theory consists of solving the Vlasov
equation by a perturbation expansion. The average distribution function,
to lowest order, is assumed to have a slow temporal variation (two orders
of perturbation higher). The perturbation distribution function to next
order is then calculated asin linear theory. This procedure leads to the
quasi-linear diffusion equations which describe the evolution of the distri-
bution function in velocity space. Using the quasi-linear analysis for
the two-stream instability shows that non-resonant particle diffusion does
in general limit the growth. This however is only valid when finite
temperature effects are taken into account since quasi-linear theory has no
meaning for cold plasmas.

The relative unimportance of resonant wave particle interactions demon-
strates the essentially hydrodynamic nature of the instability. If a fluid
description is to be used then there is no mechanism for wave particle
interactions, resonant or non-resonant. Therefore wave-wave interactions
must be considered.

C. Wave-wave interactions. Wave-wave interactions are considered in the
hydrodynamic approximation in either cold or warm plasmas. Nonlinear effects
are considered by studying possible nonlinear states following linear insta-
bility and by determining whether these nonlinear states are stable.

Analytic attempts at this have been made by Freidberg (1965,1967) and Knorr
(196i$ and will be considered in 5.3. Numerical calculations have also been
made by Buneman (1959) .

The nonlinear problem attempts to answer the question whether there exists
a range of wavenumbers which are linearly unstable but which stabilise at
large amplitudes due to nonlinear effects. We will now briefly discuss
published work which attempted to answer this question. With the exception
of Stringer (1964) all the theories discussed are within the framework of a

warm or cold fluid model with wave-wave nonlinear interactions.
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Stringer (1964), using the Vlasov equation obtained a nonlinear dis-
persion relation using an iterative procedure based on a WKB analysis. He
applied his method both to current carrying and counterstreaming plasmas.

If his results are specialised to the system that will be considered in

5.3, i.e. cold beams with equal masses and equal but opposite streaming
velocities then the conclusion may be drawn that there are no linearly
unstable modes which are nonlinearly stable (a further condition must be
imposed to derive this result - the spatial average of the electric field is
Zero. This is often referred to as the short circuit case).

Freidberg (1968) looked for travelling wave solutions of the hydro-
dynamic equations and again derived an amplitude dependent nonlinear disper-
sion relation. From an analysis of this dispersion relation he deduced
that with a condition of conservation of total current, i.e. so-called open
circuit boundary conditions, that a number of modes did exist which were
linearly unstable but nonlinearly stable. With short circuit boundary
conditions Stringer's result was reproduced.

Freidberg and Armstrong (1968) in an analytic and numerical approach
considered the nonlinear behaviour of a single unstable mode which was excited
by an appropriate choice of boundary conditions. Again, they found that the
nonlinear development of the instability was strongly dependent on the choice
of boundary conditions for the electric field and the same conclusions as
Stringer were reached. The modes which stabilised were found to give a
single nonlinear solitary wave equilibrium. However, the system they con-
sidered consisted of two interpenetrating electron ion streams. If their
method is applied to the model discussed in 5.3 then they conclude that all
linearly unstable modes stay unstable in the nonlinear regime.

The main deficiency of all the above theories is that the time development
of the system is not explicitly considered but the state of the system after
a long time is deduced. The nonlinear theory presented in 5.3 again suffers

from the same deficiency but does provide a test for the reductive perturbation



expansion against previous theories. In 5.2 we consider the linear theory
for the particular choice of two-stream instability and in 5.3 consider the
nonlinear theory of the system near a marginally stable point using the
expansion developed in Chapter 2. In 5.4 a comparison of the result is made

with the theories discussed above and suggestions are made for further work.

5.2 Linear theory ,
We consider two one-dimensional electron fluids, distinguished by the

suffices a and 6 drifting with some uniform velocity in the +x direction.

The electron beams are neutralised by a uniform background of ions which are

assumed to have infinite mass. This restricts the validity of this analysis

to high frequency oscillations only. Further we assume that both electron

beams are "cold" and so ignore finite temperature effects. With these

assumptions the relevant equations describing the system become, in one

dimension, Continuity equation:

i =a,6 5.2.1
Monmentum transfer equation:
5.2.2
which are coupled with, Poisson's equation
5.2.3
to give a closed system of equations. In these equations N is the electron

density, v® is the electron velocity, E is the self-consistent electric field,
e and m the electron charge and mass, eQ the dielectric constant and nQ the
unperturbed electron density. In view of the right-hand side of 5.2.2 we
see the only coupling between the two-streams is through the electric field

E and see from the right-hand side of 5.2.3 that there is no unperturbed

electric field.



We now look for solutions of 5.2.1 to 5.2.3 of the following form:

Vl = VIO + Vl.lexp'), i(kx-ut) i -aB
n = nQ + n™ exp i(kx-mt) i =a,S
E = exp i(kx-ut)

Substituting and linearising we see that in order that these solutions satisfy

5.2.1 to 5.2.3 the following linear dispersion relation must be satisfied:

5.2.4
(u-kV )

where sz = e2n0/m30- We now look for solutions of 5.2.4 for a real wavevector

k and complex frequency u). To simplify the analysis we let:

u+V
ao
Vgo u-Vv

and by expanding 5.2.4 determine the quartic equation satisfied by to, i.e.

(MkU)4 - (0j-kU)2 (2k2v2+2m 2)

which has the solutions
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relative velocity of the two streams is less than the critical velocity Vc.
Conversely, for beams moving with a relative velocity V then perturbations of
a wavevector k less than a critical value, given by 5.2.6 are unstable.
However, the growth rate goes to zero as kV <=0 and we must distinguish between
systems which may or may not be unstable. For a finite system where, for
example, periodic boundary conditions impose a restriction on permissible
values of k we may or may not have instability depending on the particular
choice of V. For infinite unbounded systems where an infinity of modes with
differing wavevectors k may be excited there will always be a class of unstable
modes and a class of stable modes, whatever the value of V.

We wish to consider an instability somewhat different to the velocity
induced instability introduced above and will consider an instability induced
by a small charge imbalance in two streams moving apart with equal velocities
at the critical velocity Vc> If the electron beams are counterstreaming at
the critical velocity then a small perturbation in this velocity will cause
instability and since then u has a double root according to 5.2.5 this system
is marginally stable. We now see that if the instability is induced by a
slight imbalance of charge between the beams and ion background in a marginally
stable state then the complex frequency © goes from pure real to pure complex,
through zero as the stability boundary is crossed. This is therefore an
example of the inverted bifurcation as discussed in Chapter 2, and we may use
the nonlinear theory as given in 2.3. We will see that this analysis is
valid for a single mode perturbation at a particular wavevector kc and there-
fore corresponds to an infinite system driven at a particular frequency.

We look for solutions of 5.2.1 to 5.2.3 of the form:

Va — Ve
v T "\Vc
Ny s nol T al®
ne 3 n, 0 + ngl t

E 3 Ejexp i(kx-rnt)
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where A is a small parameter. It is easily seen that the linearised dis

persion relation now becomes:

1 5.2.8
(m-kVc) 2 (m+k\vce) 2
which again gives a quartic in <
mh - (2 (3k2V 2 + AV 2k2) - K4V 4A = O 5.2.9
where we have substituted for WP from 5.2.7. In the limit of small A we
can solve 5.2.9 to give:
5.2.10
or 2 5.2.11

Therefore, the frequency w for a real wavevector k is either pure real or pure
imaginary. We are only concerned with the pure imaginary solutions as the
real solutions only represent space charge waves. We note that 5.2.10 gives
only one solution which is unstable, i.e. the positive square root which

gives a growth rate of:

5212

We now have a situation where the magnitude of the instability is proportional
to the square root of a small but arbitrary parameter A. Therefore the
ordering necessary for the validity of the general theory of Chapter 2 nmay
now be achieved by assuming that A is O(e2) and hence that u” is 0O(e)

We have now completed the linear theory of this particular two-stream
instability and have derived an expression for the linear growth rate.
Further, the conditions necessary for the validity of Chapter 2 have been

satisfied. This general theory cannot be applied directly as the equations

of the system 5.2.1 to 5.2:3 cannot be put in the general form 2.3.1. e



w ill however show that despite this the same result is obtained and as in

Chapter 4 we will work with the matrices of the problem explicitly.

5.3 Derivation of a nonlinear SchrSdinger equation

We look for solutions of 5.2.1 to 5.2.3 of the following forms

00 +00
b ="+ Z t erur (x,5)exp(ii.x) 53.1
Y=1 5 *
where t = et
5 = sx

and

The stationary state U° around which the expansion is made is given by

+V
-V
ny, (I+E 4)

n,(I+e"6)

we do not need to specify the value of V at this stage and will see that it

given to first order.

Substituting 5.3.1 into 5.2.1 to 5.2.3 and equating the i.th harmonic and yth
order termsgives up to third order.
1

| 5.3.2

5.3.3
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s/ n+s, M2 . s/ * =
3t - 3£
where
Vink 0 0
0 -Vink 0
[ = noi i,k 0 ViHk
0 nolnk 0
0 0 e/eo
1 0 0
0 1 0
h ) 0 0 1
0 0 0
0 0 0
\Y 0 0
-V 0
%) n 0 \/
3
n 0
0 0
0 0 0
0 0 0
St = nOAIik 0 0
0 nOAink 0
0 0 0

- v |qu"PP>
ap ag p qn
1.
- <V kv PP >
o' E b a1
- <(v’;pi;3kn +%|pkv*

1.
(V,Bplekn + n |g
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-vink

e/e

o O o o o

PP
pagrl
PP
gl

e/m

e/m

ink

o o O o o

o

o o o o o

5.3.4



- VRV ot ap MV PP
- <(vépi(ﬁ<v. Bq+ \éi i%kvféq) PpP q>I

<(v’api9kn" aq+ va’b i[\Jlkn"aq + n*adgkv’éq + n’a‘pig?kv’aq)Pqu>
- <(Vgpipkné\q + vgpipkr]é\q + né\gp':kvg\q + néé\ ipkv~rpPA

0]

The same notation has been used as in Chapter 2.

We impose the condition that

det Wx = O 5.3.5

This immediately gives

V2k2 2o

or from 5.2.7

We note that 5.3.5 is only the requirement that there should be no real part
of the frequency u, i.e. had we looked for solutions proportional to

exp iX,(kx-ut) then the matrix W? would have been a function of ttr which

would have reduced to 5.3.5 under the condition ur < O. Therefore the choice
\% =>VC is consistent with the assumptions of the model. Equation 5.3.5,

together with 5.3.2 gives
U\ - <t>(f¢g)R =1 5.3.6
ul™ = 0 a4 1,0

where R is the right eigenvector of WN  We see by direct evaluation that
1
-1
-nON
-nON
-Vik/(e/m)

150



and also note for completeness that the left eigenvector L is given by

V2ike

L = (1, 1, -V/n . V/n , )

We are again confronted with the difficulty of determiningjU g since det W*

This only gives

El = O
0
1 2,1 5.3.7
and No * Nao
But considering the | = 1 component of 5.3.3 gives
wu2! + °.3.8

VdoR1
VBoR2
-ik nL Rl + vaoR3

nioR2 + VJoR4

Multiplying 5.3.8 by L on the left gives

since by definition LW" = 0 and by inspection L.NA.R - O.

Direct evaluation of this compatibility condition gives

ik *{vL>R1L1 + VBoR2L2 + naoRIL3 + vaoR3L3 + nBoR2L4 + V8oR4L4}

which is equivalent to

2<vL - VL> - <nao + n8o)
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This, combined with 5.3.7 gives

a0 " Vgo = 0. 5.3.9
In order to complete the determination of we consider the | = 0 component
of 5.3.3. We consider each row of this equation to obtain
e/mE 2 +4”2a0 = O 5.3.10a
o dT
(e/mE " + P = 0 5.3.10b

ié;{b =0 5.3.11a

iHgo = o 5.3.11b
dT

N 2
and N2 +npo = 0 5.3.12

From 5.3.10(a) and (b) we obtain

3/3 1 - Vv = 0
(V3o %

and one integration together with the initial conditions v*q (£ = 0)
vj (B = 0) = 0 gives

1 1

Vio " V® T 0

Integrating 5.3.11a and b, wusing the initial conditions n;o(5=0)= nbo(s =0

= 0 and combining this with 5.3.7 gives

We therefore conclude that:

ur = 0 5.3.13
[0]

From the definition of j3 . we now see that 5.3.8 reduces to
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W A2 + | f

which may now be solved for

By inspection we see

and therefore



>4/
+1/V

2n/\72

(¢)' 5.3.15
- vV

77 0

2in e
o}

Some of the components of U2 have already been found, i.e. 5.3.12 and 5.3.10

give
E2 = 0
2 2 = 5.3.16
M a00* M go 0
As in Chapter 4 we consider the | = 0 component of 5.3.4. The first two

rows combined give

3.3 _\2
3t ‘' ao go”

Integrating and using the boundary conditions VZC(; =0) = vz‘fC; = 0) = 0 gives

2 . 5.3.17
Vao \go

Although we have not explicitly determined the components of 2 we need go
no further as we shall see that when these components are required to next
order they occur only in the combinations given by 5.3.16 and 5.3.17 and so
these terms may then be equated to zero. We are now ready to determine the
nonlinear SchrHdinger equation. We require the | = 1 component of 5.3.4
and multiply on the left by 1 to obtain:

2 1
LWU3+LM - 1+i N, ~ 1+i 2/A&1 LS X 5.3.18

By inspection:
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+
R1*" L ** v L*
+
R2*v, 2%* Vie*
+
s,2 V'L ** Vao* + R3Vao* + R1

* *
N 2 .

+
R4 V62* Veo* + R4V6od + R2

and so

cecl = ik {2(v'2- vj)** + 2(vAa - vEQ*

v 2 Y e T

(0]

where we have substituted for R and Ij, We can now verify that the components

of U 2 appear only in the combinations given by 5.3.16 and 5.3.17. Substi-

tuting these results and substituting for _L22 from 5.3.15 gives

We now consider each of the terms on the left-hand side of 5.3.18.
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LM.
(VR1L1-VR2L 2+noL3R1+VR3L 3+noL4R2-VR4L4+R5L5) A

« t
by direct evaluation using the definition of the matrix

L OjU 3

L GR &

nQAik A 1L3 + RLAN
= - 2AikV

Combining these terms and after some rearrangement gives the required equation

w2,
i U a— £ - b#l&I2 - cb
L 3t
where
2Vv2k
2k
b = 2

we note that

A -

the linear growth rate and that

and c =



where H is the linear dispersion relation, i.e.

5.4 Results and Discussion
We have derived the equation satisfied by the lowest order amplitudes

and rewrite it for convenience as

1H  “ a = * la 112 + YA 5.4.1

The coefficient Y2 represents the linear effect due to the deviation of the
system from the marginally stable state and is the square of the linear
growth or attenuation rate. The derivation of 5.3 that led to 5.4.1 did
not assume that Y2 was either positive, or negative and hence 5.4.1 is

valid for the two-stream instability if the linear system is stable or
unstable. It is easily seen that b/a = 4k2/3 is always positive.

Following the discussion of 2.3 we may immediately conclude that if
the system is stable in the linear theory then it shows instability in the
nonlinear theory. Also if the system is linearly unstable it remains
nonlinearly unstable.

This result could have been deduced from the discussion in 5.1 and from
the general result of Chapter 2. In Chapter 2 (part 3) we showed that systems
described by a particular set of nonlinear differential equations and having
a marginally stable state lead to an equation such as 5.4.1 in the nonlinear
theory. We also suggested that in view of the general result of 2.2, and
the example of Chapter 4 that 5.4.1 is valid for systems described by more
general systems of differential equations (providing a marginally stable
state exists). Therefore an equation such as 5.4.1 should be valid for the
two-stream instability in cold plasmas.

In 5.1 we discussed previous attempts at nonlinear theories and found

that the general conclusion reached, for cold plasma streams was that the



linearly unstable system remained unstable in the nonlinear regime when wave-
wave interactions are the only available mechanisms for nonlinear interaction.

Combining these two results would immediately have given the equation
5.4.1 with the signs of the coefficients to be the same as in 5.3.19. We
have therefore confirmed this result and deduced explicit forms for the
coefficients.

If thermal effects are included then the possibility of nonlinear stabili-
sation does exist according to previous theories. We therefore suggest that
the method used in 5.3 when applied to the two-stream instability for warm
plasmas should confirm this. The simplest modification to the system of
equations 5.2.1, 5.2.2 and 5.2.3 to include finite temperature effects would

be the replacement of 5.2.2 by

3v. nj

Tix ) - -

at Vi 3xl n 3x mE 2.4.2
where v is the sound velocity in an electron plasma. This equation is
valid under the assumption of isothermal compression. The system described

by 5.2.1, 5.4.2 and 5.2.3 again allows a marginally stable state.

Then an equation of the form 5.4.1 would be valid for this system where
the coefficient b would be a complex function of <@ vs, V and k. If there
exists a range of wavenumbers for which stabilisation occurs then the sign

of b will change from positive to negative as k moves into this range.
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Chapter 6
The Crossed Field Instability

6.1 Introduction

Crossed field devices, i.e. devices whose mode of operation depends on
the presence of an electron beam and mutually orthogonal electric and magnetic
fields have received considerable theoretical and experimental attention
during the last forty years. These devices, normally called magnetrons
have been important sources of microwave power for radar systems and
communication systems. The magnetron is a cylindrical device having a
re-entrant beam and resonant cavities around this beam to extract the power
from the beam. The majority of the work during and after the second world
war was concentrated on the cylindrical magnetron. The attraction of the
magnetron was the fact that in principle it should provide higher sources of
power than travelling wave tubes or klystrons because the beam current

density can be increased without limit simply by increasing the magnetic

field. However, it was soon found that magnetrons were inherently noisy
and unstable devices at all levels of operation. These drawbacks were over-
come to a certain extent to provide useful devices. Since magnetrons are

re-entrant devices analysis of their mode of operation is difficult and
during the last twenty years attention has been focussed on a linear version
of the magnetron, normally called the crossed field linear amplifier. These
devices consist of an electron beam flowing between parallel electrodes in
crossed electric and magnetic fields. They have in turn become of some
coinnercial and military interest as microwave amplifiers and a high level
of research has been maintained in recent years.

Although the discussion above has concentrated on the microwave device
aspect of crossed field electron beam flow the problem is of more general
interest. Plasma confinement schemes and the possibility of crossed field

interaction in the ionosphere have provided motivation for a study of
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crossed field flow in systems other than microwave devices. However, as

the original stimulus for this work came from an interest in microwave devices
and as the approximations necessary for studying these other systems differ
considerably from those necessary for microwave devices we will give no
further attention to these systems other than cite Dysthe, Misram and

Trulsen (1975) and Weng and Ma (1975) as giving good discussions of these
systems.

We will now briefly review the literature relating to crossed field
electron beam flow. Hull (1921) considered the effect of a superimposed
magnetic field on the flow of electrons between coaxial cylinders. He
predicted that below a critical anode voltage no electrons should reach the
anode and the flow would be cut off. He found a rough agreement between
his theoretical and experimental findings. Very little work was done on
crossed field flow between the time of publication of this original paper
and the early 1940s. The magnetron work done during the subsequent few
years was classified and little was published until 1951. Summaries of
this classified work were published by Buneman (1951,1957). The main
features found were that a cut-off of beam current did not occur as was pre-
dicted by Hull and that magnetrons were unstable and noisy under certain
conditions. A considerable amount of work was done on anode—eathode
configurations to utilise the amplification properties of crossed field
beams for microwave beams in magnetrons.

Sustained interest in crossed field flow led to the linear electrode
configuration and the possibility of using these linear beams as an ampli-
fying medium was first realised by Buneman (1950). As with the circular
magnetron the device was found to be highly unstable and beam turbulence was
found to set in very rapidly. Again, anomalous anode currents were found
below the theoretical anode cut-off voltage. A good summary of the early

findings of linear crossed field research is given in Okress (1961) .
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Theoretical work was concentrated on the problems of amplification of
slow waves at the expense of beam energy and in deriving the dispersion rela-
tion for differing electrode configurations. A great deal of confusion has
arisen because, as we shall see in 6.3, there are a number of different
distinct instability mechanisms in crossed field flow and these were never
correctly isolated and identified. The term "crossed field instability” was
used to describe all these instability mechanisms. The problem of explaining
the anomalous cut-off current has received less attention. The work of
Mouthaan (1965) aimed at predicting this current on the basis of a diffusion
theory based on the Fokker-Planck equation. Mouthaan used one of the dis-
persion relations derived by Buneman (1961b) and obtained a value for the
anomalous current when the beam was unstable. This was found to be in
rough agreement with his experimental findings. Lindsay (1960) and in many
subsequent papers, attempts to explain this current by systematically inte-
grating the equations of motion for an electron in a velocity space des-
cription. He predicts the anomalous current if the electrons on leaving the
cathode have a wide distribution of thermal velocities. However, under the
electric and magnetic fields normally used in linear amplifiers, the thermal
velocity distribution must be considered negligible in view of the rapid
particle velocities achieved on emission.

In this chapter we wish to concentrate on the problem of instabilities
in crossed field flow rather than the problem of predicting the anomalous
anode current. We also, as far a3 possible, concentrate on the plasma
effects in devices rather than the interaction of the beam and complex slow
wave structures. This is found to be difficult as the boundary conditions
are shown to play an important role in the behaviour of the system. The
electrodes are assumed to be plane parallel structures throughout the chapter.

In 6.2 we consider the possible steady state flows of a plasma in
crossed electric and magnetic fields and discuss the assumptions necessary

to develop the theory. With reference to microwave devices the hydrodynamic

163



description of the plasma is found to be appropriate. A number of different
flows are found to be possible, the most likely being the plane parallel flow
with a velocity gradient across the beam, called Brillouin flow. We then
show how the beam may be placed between plane parallel electrodes and deduce
the theoretical I-V characteristics of the system. We find that for the
emitting cathode configuration that a beam in contact with the cathode and
with one free surface is the only possible flow. However, for beams
injected into a crossed field device the beam may be positioned anywhere

in the interelectrode space by varying the electrode potentials and the
beam current. This finding is significant, as we shall show later that the
former beam configuration is not unstable to certain perturbations which
cannot be said for the latter.

In 6.3 we consider a linear theory of the electron flow based on a
conventional Fourier expansion. In 6.3.2 the dynamics of the beam are con-
sidered separately from the boundary conditions and a differential equation
describing the behaviour of velocity perturbations along the electric field
is derived. The choice of this variable as the dependent variable is dis-
cussed and it is found to be the most physically meaningful variable that
can be considered. By an appropriate choice of parameters the velocity
slip, a crucial parameter in the theory, is carried through and is not
confused with other parameters of the system as has so often been done in
the past.

In 6.3.3 the boundary conditions for the differential equation are
considered and a general method for determining them is given, for different
confining electrodes. In 6.3.4 the differential equation of 6.3.2 and
the boundary conditions of 6.3.3 are combined to give the dispersion relation.
Although the dispersion relation is general in the sense that solutions of
the differential equation are not known the stability of the system can De
determined and three separate instability mechanisms are identified. In

6.3.5 one of these instabilities, the long wavelength instability is



considered in great detail and an explicit expression for the growth rate is
given.

Finally in 6.4 the long wavelength crossed field instability is
related to the two-stream instability considered in Chapter 5 and suggestions
are made as to how a nonlinear theory of the instability may be developed

using the general theories of Chapters 2 and 3.

6.2 The steady state

We wish to consider the possible steady state flows of an electron beam

in crossed electric and magnetic fields. Since we are particularly interested
in crossed field microwave devices we will initially consider the assumptions
necessary to develop a linear theory consistent with this interest. The

geometry of the system to be considered is shown below.
Anode —y

QB Region 3

/ 7 7 1Ay yy g oxg P/ e0izyS

Region 1
Cathode C

FIG. 1

The following is a list of the necessary assumptions, both for the steady

state theory presented here and for the linear theory of 6.2.

1. Relativistic effects are ignored. Since electron velocities attained
in most microwave devices correspond at most to energies of a few keV
relativistic effects may be ignored. (This is consistent with 6 below).

2. The system is treated as being two-dimensional only. All variables
are assumed to be independent of the z coordinate, i.e. along the
superimposed magnetic field. Buneman (1961b) has considered the effect
of variations in the z direction and found no additional effects in the

steady state analysis and only small effects in the perturbation analysis.
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We therefore assume no z dependence which considerably simplifies the

analysis.
3. Thermal effects. No thermal motion of electrons is assumed and the
plasma is assumed cold. Thermally emitted electrons from a cathode

are drawn into crossed field flow and the distances that electrons
travel at thermal velocities are insignificant with distances travelled
in significant time periods for the system, e.g. r.f periods, plasma
frequencies and cyclotron frequencies.

4. Collisions. Given typical charge densities in microwave devices colli-
sions between electrons are infrequent enough to be neglected.

5. The plasma is unneutralised. We assume that electrons are the only
charged particles present in the system. Gould (1957) has shown that
if the plasma is neutralised then the instabilities discussed in 5.4
are all suppressed.

6. The magnetic field associated with the electron motion is ignored. It
is well known that the self-magnetic field induces forces that are smaller
by a factor of v2/c2 than forces created by static externally applied
fields or space charge fields. Buneman >(1961a) has considered self-
magnetic interactions on a certain class of space charge flows in
cylindrical systems. If these results are extrapolated to linear
systems then there are no significant differences in the analysis.

This assumption is consistent with L above since relativistic effects
are comparable with self-magnetic effects and if one effect is neglected

then the other must also be neglected.

It is evident from the above considerations that the hydrodynamic des-
cription of the electron stream is appropriate for this system. The hydro-
dynamic equations for a plasma of only one species with no collisions and
zero pressure gradient are given by the momentum transfer equation:

TMy \/\N/ + eE +eVAB = 0, 6.2.1
3t
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and the continuity equation:

o TVPV) = 0 6.2.2

These equations may then be coupled with Maxwell's equations to give a closed

set of equations:

V.E = -p/eo 6.2.3

VB = o 6.2.4

VaE = -a B/at 6.2.5

VoVaB = e 3 +pv 6.2.6
° at

Since self-magnetic fields are neglected 6.2.4 may be neglected and the right-
hand side of 6.2.5 may be equated to zero. The electric field then becomes
curl free and consequently an electrostatic potential £ nmay be used.

in the steady state we assume the following forms of the electric field,

the magnetic field and the velocity.

B = (0, 0, - Bo)
E = (0, Ko(y), 0) A 6.2.7
V. = (V(y), 0, 0

Substituting 6.2.7 into 6.2.1 immediately gives

Vly> = Eo(y)/BQ

i.e. the x directed velocity has a shear or gradient in the y direction and
each electron drifts in the x direction at the local E/B velocity. In this
flow the force on the electron due to the electric field is balanced by the

Lorentz force. Poisson's equation 6.2.3 gives:

K (y)
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and if the charge density is assumed constant then:

EQ(y) = -~(p/eo)y - cL

and the potential becomes:

where and C* are constants. These constants may be determined by the
boundary conditions at the anode and cathode but at this stage it is sufficient
to note that the potential $has a minimum. The velocity slip or shear A is

given by:

‘which in terms of

given by
A 6.2.8
2 eP
where p e
o)
eB0
[

We note that this solution is not unique but is a special case of a class of
more general flows. Other possible space charge flows include Double Stream
Flow and Benham Flow which are discussed in detail by Smol (1971). These
other flows will not concern us here but it is interesting to note, as Smol
(1971) has shown, that under certain conditions all these different space
charge flows lead to the same relationship between beam current and applied

potential.
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We now note some further consequences of the space charge flow described
by 6.2.7 and 6.2.8 for electron beams between confining electrodes. This
space charge flow, i.e. a stream of electrons flowing between confining
electrodes is only possible if electrons have come an infinite distance (since
there is no velocity component in the y direction. If the electrons leave
a cathode a finite distance away then they must have left this cathode with
no thermal emission energy (this is implicit in assumption 3). This implies
that the electrons leave the cathode with zero velocity and that there is no
component of magnetic field normal to the cathode surface. This implies

that the curl of the canonical momentum or action function is zero initially,
i.e. VA(mV) = ed 6.2.9

Gabor (1945) has shown that if the curl of the canonical momentum is zero
initially then it must remain zero at all points between the emitting cathodes
and in the final equilibrium distribution. This result is used in the
Hamilton Jacobi formalism used by Macfarlane and Hay (1951). The | component

of 6.2.9 then gives

3v — c

i.e. uP)=og

= A 6.2.10
The electron beam flow described by this condition is called Brillouin flow
(Brillouin (1945)) and is normally considered to be a too restrictive
stationary state for a study of crossed field instabilities although in
principle it is the only possible flow with a velocity gradient under the
assumptions 1-6 given above.

Plasma streams where 6.2.10 is not satisfied, i.e. with unequal plasma
and cyclotron frequencies and consequently through 6.2.8 with arbitrary

velocity gradient are possible if some of the assumptions are not made. For

instance collisions may change the canonical momentum by changing the velocity
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and hence in a dense plasma in a sufficiently high magnetic field the condi-
tion O™ < uc nay be satisfied giving a small velocity gradient. Similarly
if self-magnetic effects are not ignored then curl (mV-eA) is not zero
initially and the conditions assumed by Gabor (194b) are then not satisfied.
Therefore in the final equilibrium distribution curl (mV-eA) ~ 0 and conse-
quently Up ™ uc. We note that < a¢ and the equality represents a
limiting case.

A number of authors, including Smol (1971) have given much consideration
to the problem of launching a Brillouin team between suitable electrodes
(A good bibliography of this problem is given by Smol) . For our purposes
it is sufficient to note that devices exhibiting an unstable Brillouin
beam have been constructed and rely on creating a Brillouin beam from a
specially shaped electron gun and launching this beam into a crossed field
configuration.

In 6.3 it will be shonn that the position of the beam relative to close
or distant electrodes is critical in determining the stability or instability
of a Urillouin beam (or a beam with arbitrary velocity profile). It is
therefore instructive to show how a Brillouin beam may be placed in any
position relative to the confining electrodes and to derive the I-V
characteristics of Brillouin beams.

We suppose tnat the confining electrodes are perfectly conducting plates
located at y » y®» and y = y», being at potentials Vc and respectively
where is positive with respect to VA The beam lies between the plates
y~ and yc where y™ may be coincident with ya and yc may be coincident with
yN. We must now solve Poisson's equation in regions 1,2,3 of Fig. 1 and
match potentials and electric fields at the boundaries. Without loss of
generality we assume yfl = 0.

In region 1,
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which gives

«My) * aiy + i
for vb>y O
In region 2,
Lil2ly) = pre
dy2

which gives
#(y) = 8e “cy2 + a2y + a3

for Yosy*yc

6.2.11

6.2.12

where we iiave used Che equality of 6.2.10 to define a Brillouin beam.

In region 3,

N-j3n = 0 with <3B(yd)
dy

whicii gives
B(y) - ad(y-yd) + 4

for yci y < yd

We must now determine the coefficients a™-a”.

relation, i.e. conservation of energy.

m2(y) = ef2(y)

wnere the Brillouin velocity V(y) is given by:

Vy) — wy +¢c

where c is a constant.

6.2.13

In region 2 we have one further

6.2.14

6.2.15

We can now determine the |-V characteristics of this system and determine






We may now relate ttie parameter ¢ to the beam current J as follows. The

beam current is defined by:

iC
=j TupV(y)dy
yb
where © is the beam width in the z direction. Evaluating this integral gives
J = to

) (yc2_yb2) + c(yc"yb)} 6.2.23

We normalise this current with respect to the meximum beam current attainable
when the beam fills the space between the electrodes. In this case

Yo = 0, Ye = % and ¢ = 0 which gives

JVAX ¢ “pi: £)

and so we define

* “"MAX

Combining 6.2.23 with 6.2.22 gives:

oy 2 (v, 2 22 2 2 0 2 2 . ,\

cyc + » cwbh - upye, + 2cydyc m~ MaVv
2. Yi

(yc “ yb> Y4

With ti>e definitions
yb
yd = d

this relation may be simplified to give

2e (
d) 2.2 (Ya-R@

nio,~a

We define a potential <fk such that



and normalise with respect to this potential

~o= 0 bk

The physical significance of this normalising potential is that a single
electron leaving the cathode at zero potential will just fail

to reach the
anode when this is at the potential €

"
With the further definition

6 = t/d

i.e. 6 represents the ratio of beam width to interelectrode space we obtain

j = |zb 62 + 63 - 62 + 6.2.24

We can now eliminate y™ by squaring 6.2.23, normalising and equating the

result to 6.2.20 which after some algebra gives

Ib = 1|& [aCj-a2) - (&B3-262 + (2iJ.adipc) + j)6 - 2jJ 6.2.25
Finally, combining 6.2.24 and 6.2.25 gives the required relation,

i.e.
65 - 264 - j

Q<pa-*c) +j} 5+ 2j2 + 2(*aitlkc)62 = 0 6.2.26
which is a quintic

equation for the beam thickness given particular values

of the beam current and anode and cathode potentials It is easy to see that
this equation has at most two positive roots, i.e. physically meaningful roots
Solutions of 6.2.2fe are known if <t is set to zero.

Then 6.2.26
factorises to give:
(S2-j)(S 3252 + (@Pat+j)6 - 2j)) = O
with solutions
62 = j 6.2.27
63 - 262 + (Aa+j) - 2j = O 6.2.28
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where we have the conditions O £ 6~ 1 and j { 1.

If 6.2.27 and 6.2.28 are both simultaneously satisfied then from 6.2.25

yb “ O

and from 6.2.28

pa “ *T (2 - /T)
This represents a beam in contact with the cathode and displaying the IV
characteristic of iirillouin flow as demonstrated by Smol (1971). For this flow,
condition 6.2.20 shows that ¢ = 0 and that the velocity profile of the beam

is given by:

Viy) = nmey
The beam thickness varies as the square root of the beam current according
to 6.2.27 and in the limit j = 1 the beam current is a maximum as would be
expected with 6 = 1, i,e. the beam fills the inter-electrode space.

If 6.2.27 only is satisfied then the lower edge of the beam is not in
contact with the cathode but this edge is at the cathode potential. This
type of flow is probably non-physical. If 6.2.28 only is satisfied then the
beam lies somewhere between the electrodes with the beam edge potentials
lying at some value between 0 and The position of the beam and its
width depend on the value of ¥ and on the current density J. The most likely
type of flow for an emitting cathode crossed field device is given by the
simultaneous conditions 6.2.27 and 6.2.28 since for these ¢ = 0 which is
consistent with the assumptions of the system (particularly assumption 3).

For the case when 6.2.28 only is satisfied the flow can be achieved by inject-
ing an electron beam into a crossed field configuration.

Although we have only discussed in detail configurations which can arise
under the conditions of Brillouin flow we have already noted that if any
assumptions are neglected more general types of flow are possible.

We can therefore in general consider systems with the following character-

istics:
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A plasma stream flowing in a fixed direction with a velocity slip The

gradient of this velocity slip is generally given by:

where the plasma frequency and cyclotron frequency are not equal. (In
fact a)P « n} can be attained and provides an interesting exactly
solvable system in the linear perturbation analysis in 6.3).

At least one conducting plate some distance away from the beam. The
conducting plate is required to support the positive charge necessary to
neutralise the negative charge of the beam. If two such electrodes exist
then they fix definite potentials at some distance from the beam. The
plates may be sufficiently distant compared with disturbances in the
system to have negligible effect on the system. Conversely they may
be comparatively near and have a profound effect on the behaviour of the
system. (In a crossed field amplifier an emitting cathode and an anode
capable of supporting a slow wave would be present) .

Civen the above two characteristics enables us to consider all the insta-

bilities that have been called crossed field instabilities and to identify the

parameters responsible for the instabilities.

6.3 Linear analysis of crossed field instabilities

Introduction

Following the discussion of 6.1 we consider the following system :
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with asteady state defined by
E - (0, E(y), 0)

B = (0, 0, -Bq)

V. = (VQy), 0, 0)
2
where dv(y)/dy = /we
p = p, = constant

It is convenient to consider the system from a frame of reference moving
with the velocity of the centre of the beam. In this frame of reference the
top and bottom edges of the beam appear to be moving in opposite directions
with equal velocity.

We will consider the perturbations of the system propagating in the +x

direction and consider these perturbations to be of the form

<) eXpi(kx—ut)

since we cannot Fourier analyse in the y coordinate due to the dependence of
the steady state on this coordinate.

If g and k are real then the perturbations move in the x direction with
phase velocity nvk. However, electrons moving in the x direction will inter-
act with the wave at a frequency m-kV(y), i.e. at the Doppler shifted freq-
uency. Interaction will be strongest when this frequency is aero since

then the electrons stay in phase with the wave and so have a longer time to

interact with it. We therefore expect some interaction when
m-kVy) = 0
which is called the synchronous interaction. Similarly energy exchange is at

a maximum when the Doppler frequency is equal to the cyclotron frequency, i.e.
m-kV(y) > ue

wnich is called gyroresonance.
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We would also expect an interaction when the wave frequency coincides
with the plasma frequency However, no resonances have been found at
this frequency and this fact ultimately governs the choice of equation
describing the dynamics of the beam (this point is discussed more fully in
6.3.2). (For a true Brillouin beam when idp =cd the two resonances coincide
and cannot be distinguished but since in systems when N ic the plasma
resonance is not found we assume that in the Brillouin beam the resonance is
a gyroresonance rather than a plasma resonance).

Having defined the system we are to consider we now divide it into two
distinct but interacting parts. The first, the internal dynamics of the beam
leads to a differential equation for the perturbed variables of the system.
The second, the behaviour of the velocity and electric field outside the beam
provides the boundary conditions for this differential equation. Therefore,
combining the two parts gives the solutions of the differential equation and

hence its eigenfrequencies.

6.3.2 Electron beam dynamics
We consider equations 6.2.2 and 6.2.1 in component form and look for

solutions of the form:

T Wo(y) + "xI(y*t’x)

l_k
u - uyl(y»t,x)
\%

UZ = 0
p - PQ+ply»t,x)
B = ElI(y.x.1)
Ey = BO(y) + BEyl(y,t,x)
B =B
where the subscript 1 refers to perturbed quantities. We define
3, (y)
X0 o
3y A /.dc
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Substituting the assumed forms into 6.2.1, 6.2.2 and 6.2.3 and linearising

gives the following equations:

U, KU

xl + U xl +U_. A = . IB)
at 2 yi i <ExI L{/ 0]
U U

1+ U S wm

3t 3 m (Eyl + Wl V

6.3.2.1

- fa, Y3 v U 3pl = 0
3 P s 3y XO 3x
iExi + 3EyI = PVe

3x 3y

We now suppose that all perturbed quantities vary as exp i(kx-mt) and define

U, = Uly) exp i (x-uit)
Ui = Vv(y) !
pi = PO) !
5y = Exe) "
vy = Eom !

Substituting these expressions into the set 6.3.2.1 gives:

U(-iu) + kU, ) + VA - w) & - £ BX
. . _e
V(-idl +iku )+ U m EY 6.3.2.3
i i i i s 6.3.2.4
P(-id) + |kUXO) + |oo[|3ny + |ku]] 0
KEX oY ple 6.3.2.5
3y

where we have omitted the functional dependence of all quantities for the
sake of clarity. Ore further equation is required to solve for the five

variables U, V, EX, EY and p. This relation is:

SEX

3

iKEY 6.3.2.6
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which follows from the z component of 6.2.5 under the magnetostatic approxima-
tion. We may now eliminate EX, EY, U and to obtain a single second order
differential equation for the variation of the perturbed velocity V in the

y direction. After some algebra we obtain:

)
A E(im+kU, ) 240 2

2A(-iw+kU,
6.3.2.7

2A(2A-00c) 4A2(-iio+ikUXO) 2
-k2v 1 +

We have chosen V to be the dependent variable of this analysis for two
reasons. Firstly, as we shall see in 6.3.3 when boundary conditions are

considered that only V appears in the expressions matching the electric field

at the beam edges. Therefore, V appears to be the most physically significant
variable. Secondly, the equation 6.3.2.7 exhibits no singularities at the
plasma frequency Similar differential equations to 6.3.2.7 are easily

derived for U P and the potential $ and these formed the basis of the
analysis of Gould (1957), Macfarlane and Hay (1950), Dombrowski (1957) and
Knauer (1966). These equations all exhibit singularities at the plasma
frequency w . The analysis used by these authors was unnecessarily complex
due to the presence of this additional singularity. As mentioned in 6.3.1
no manifestation of any physical phenomena occurs at the plasma frequency
and so in this sense singularities of the differential equations for the
system at m must be considered as anomalous. Singularities of differential
equations that are not singularities of the solution are known as apparent
singularities and are discussed in Coddington and Levinson (1955).

Following Macfarlane and Hay (1950) we transform the independent variable

of 6.3.2.7 as:

S = (_<,\> + kUOX)/“C 6.3.2.8

to obtain:



s 5 Ve0 6.3.2.9
Following Buneman (1961a), we consider the new variable s as a variable des-
cribing spatial variations in the y direction, since, by definition it is a
linear function of y through UQX« The reference point for this new coordin-
ate is the layer with m= 0 and so s measures the "distance" from the Synchro-

nous layer in normalised units of (KA/mc) Synchronism and gyrorésonance

are therefore defined by:
s 0 synchronism
s +1  gyrorésonance

Orne further simplification is possible and that is the elimination of the
first derivate term of 6.3.2.9 by means of an integrating factor. This

finally gives:

A<3A u,C) 3A2s2

6.3.2.10
Léz \Va aé

where

This equation therefore describes the propagation of not the velocity
of it, across the beam. Again
following Bureman (196l1a) we note that this equation is similar to the equa-
tion describing the propagation of light in a nonlinear refractive medium.
The right-hand side of 6.3.2.10 can therefore be considered as the square of
an effective refractive index.

We may write the boundary conditions in terms of the variable s, i.e.

sT = uw/ioc + aki/iDc
sp = W), - akA/w,
where a is the half width of the beam. If such sT and sB can be found so

that the solutions of 6.3.2.10 equal the boundary conditions at sT and sB
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simultaneously then the stability of the system may be determined from the

complex frequency mwhich is given by

g = - (sT+sSB“cC 6.3.2.11

Finally, we note that if there is no velocity slip, i.e. A= 0 then 6.3.2.7

reduces to:
4 - k» - O
dy
i.e. Laplace's equation appropriate to describe incompressible flow. Similarly

if the magnetic field is sufficiently high so that nt dominates all other
frequencies then Laplace's equation is again obtained.
Having derived the equation of motion for the beam we now turn to the

boundary conditions.

6.3.3 boundary conditions
The boundary conditions for the electron beam are given by the exact
nature of the surface perturbations of the beam density, the electric field
in the space between the beam and the electrodes and the nature of the con-
fining electrodes. Initially we will consider the surface of the perturbed
beam and use the mean field approximation as originally proposed by Hahn (1939).
We suppose the beam, due to perturbations in the flow has surface perturba-
tions in the forms of ripples of excess charge. We must match the tangential
and normal electric fields inside the beam to those outside. The tangential
component of the electric field is continuous. The normal component varies
by an amount proportional to the excess charge density a at every point.

We may therefore write:
B —BT —ore 6.3.3.1
vl y

where EXT and INT refer to fields outside and inside the beam. This condition

must be satisfied at the top and bottom of the beam:
EAT(+a) “ E~T(+a) = a(a)/eQ
- Ejf(-a) - o(-a)/e0
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Since the perturbed y velocity V gives a displacement of V/(-iw+ikUQX) this

leads to the following form for the density o

6.3.3.2
IiiUi"'ikax:\I]

which follows from the continuity equation, and the plus and minus signs

refer to the top and bottom of the beam respectively. We therefore have
JEXT, . INT, . + P V(a)
yi (+a) " yi (a) - 6.3.3.3
[j-iw+ikAa]
JEXT TNT + P V(-a
gi ) e Ca)
[j-ia)-ikAa)3

The external field is given by solving Laplace's equation in the gap between
the beam and the electrodes and the internal field is given by solving for
V as discussed in 6.3.2 and then solving for E~™. At this point we note
that the boundary conditions depend only on the velocity V and Byj which is
readily derived from it. This justifies the choice of V as the dependent
variable in the discussion of beam dynamics in 6.2.2.

The external field will only be considered in the case where the conduct-
ing electrodes are plane conductors. The case when the anode is a slow
waveguide is more complex and a discussion of this case is given by
Macfarlane and Hay (1950).

Since the space charge between the beam and electrode is zero equations

6.3.2.5 and 6.3.2.6 may be combined to give

1-P- - K2EY = 0
3y

which may be integrated to give
EY = Aeky + Be ky

and using 6.3.2.5 we also obtain



EX = -i(Aeky - Be ky)
where the constants A and B are determined by the behaviour of the field at
the electrodes and the beam edge.
It is conmon practice to combine both components of the electric field

into a single parameter called the normalised E-Mode admittance by

EY

Y EX 6.3.3.4

which in this case becomes
Aeky + Be~ky
AcKY Be ky

and is pure imaginary. The advantage of using this admittance is that it is
easily shown that if the admittance is at y = y® say then the admittance

@ at y - y™+d across free space is given by:

0 + tanh (kd) 6.3.3.5
T 1 + tanh(kd)Q"
This powerful result concludes this discussion. If the admittance of the

lower electrode is known then 6.3.3.5 immediately gives the admittance and
hence the electric field at the lower beam edge. The same result is true
between the upper electrode and upper beam edge. We may then use 6.3.3.3 and
the results of 6.2.2 to relate these fields to the fields inside the beam
and hence deduce the dispersion relation. W note two important results.
Firscly the admittance of a conducting plate is infinite and hence the admit-
tance of the upper and lower beam edges is given by icoth(kd) and -icoth(kd)
if the beam is a distance d away from the electrodes. Secondly, as a direct
result of the first result the admittance is effectively unity if kd is
sufficiently large. This is valid if kd £ 4, i.e. if the distance between
the electrode and beam edge is greater than a quarter of the wavelength of
the perturbation.

We now combine the results of 6.3.2 and 6.3.3 to derive the dispersion

relation.



6.3.4 The dispersion relation

In this section we give some consideration to the general dispersion
relation and consider different forms of this relation with approximations
that give an analytic dispersion relation. We return to the differential
equation describing the beam and summarise it here for convenience where we

have dropped the prime on V' for the sake of clarity.

We now follow and correct Buneman, Levy and Le "son (1966) . The general

solution of this equation is given by
V

where and are the two linearly independent solutions. The boundary
conditions 6.3.3 may now be written in terms of the variables V and s as

follows. We write 6.3.3.3 in the form:

where T B again refer to the top and bottom of the beam. We now eliminate

EY and EX in favour of the variable V using 6.3.2.2 and 6.3.2.3 to obtain:

-im+ikll_ )
X" 18

and substituting for V and s gives

6.3.4.1

We define a function hT(s) at the top of the beam which is given by



and a similar function hg(s) at the bottom of the beam which differs from
h~(s) by a change of sign in the third term of numerator and denominator.
These functions h”,(s) and hg(s) are defined by substituting the expression
for V into 6.3.4.1 and a’aluating the ratio -B/A . Since both h”,(s) and

hg(s), evaluated at the top and bottom of the beam both equal -B/A we may

immediately write
hT(sT) = hfi(sB) = -B/A 6.3.4.2

which determines St and Sy and hence the complex frequency u through 6.3.2.11.
The two solutions V1 and V2 are related since the original differential

equation is even in s. We therefore immediately write:
V2(s) = V~N-s)

and examination of the definitions of hT and hg shows the following form

for 6.3.4.2:
hT(sT) hg(-sB) = 1 6.3.4.3

We may now examine possible forms for the dispersion relation using this

result. If s is small, a condition satisfied by either thin beams or
2

perturbations of a long wavelength then both "\ and hg vary as 1 + O(s ).

6.3.4.3 then gives

ST2 + SR = °

which combined with 6.3.2.11 shows

g -t ikaA 6.3.4.4

i.e. the longwavelength perturbations are unstable, with the growth rate
being proportional to the beam width and the velocity slip. This particular
instability is readily identified and will be discussed in more detail in

6.3.5. Buneman et al (1966) give an elegant discussion of the behaviour



of 6.3.4.3 for increasing s and we merely summarise their conclusions here.

As s increases i.e. either the beam thickness increases or the wavelength
decreases, then the system remains unstable until a critical value of s is
reached, when the growth rate vanishes. This critical value is found to be

s = 2A2A0c2. Further increase in s gives a real frequency and hence stability
until the next critical value is reached. At this critical value a new
instability mechanism is found, which we later identify with the gyrorésonance
and the critical value is given by 1 - 2kaA /(oc

These results are summarised in the following figure:

The system has been shown to exhibit instability in two distinct regions with
differing wavelengths and beam widths. The intermediate region with mreal
as shown above is not always stable. If the beam is confined by a plane
electrode and a slow wave structure than this region also exhibits instability.
We choose to call this instability the magnetron instability.

We now note the confusion that has arisen in the literature when insta-
bilities in plasmas in crossed fields are discussed. Knauer (1966), Gould
(1965), Gould (1957, Pierce (1956) derived the dispersion relation for region
1 and called the instability they found the diocotron or slipping stream
instability. (We shall see in 6.3.5 that this instability depends least on

the presence of a slipping stream). Macfarlane and Hay (1950), Buneman
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(1961a,b,1957), Chen (1959) and others derived the dispersion relation for
region 3 and called it the slipping stream instability. ilacfarlane and Hay
(1950), Dombrowski (1957) and Gould (1957) considered the effect of a slow
wave structure on the stability and derived the dispersion relation for
region 2, again calling the effect the slipping stream instability.

We can therefore conclude that the crossed field instability or diocotron
instability is a generic term describing a number of possible instabilities
and iu the next section give a discussion of the physical mechanisms leading

to these instabilities.

6.3.5 Results and Discussion

We wish to discuss the long wavelength instability and the gyro instability]
in more detail but will not give any further consideration to the magnetron
instability which has received considerable attention in the past.

io consider the long wavelength instability we initially ignore the

velocity slip and let A 3 0 in equation 6.3.2.7. This gives

L(;|m+|kUXO)2 + uC2 1_3(1/2 - k2\i]|
which has solutions
io| = 6.3.5.1
(is kUXO)Z = uCZ

and

KV = 0
3y

It is more convenient to consider the electric field and, in view of 6.3.2.2

and 6.3.2.3 with A *> 0 we see that V a EX and so we can write

- K2EX 6.3.5.2
3y

The dispersion relation 6.3.5.1 shows two stable waves in the bulk of the beam.

The electrons move in circular oroits at the frequency uc. The other waves
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described by 6.3.5.2 are waves associated with propagation in free space since
tilere is no charge density and hence represent surface waves on the surface
of an incompressible fluid.

It is a simple matter to derive the dispersion relation corresponding
to the two surface waves 6.3.5.2 for a beam with a single surface. This is
done by matching an exponentially decaying electric field outside the beam
to a corresponding field below the surface. Using the equations 6.3.2.2
to 6.3.2.4 with the condition A = 0 leads to the two waves with the dispersion

relation

6.3.5.3

The wave when the plus sign is taken is a fast wave and is a manifestation of
the bulk wave 6.3.5.1 at the surface. When the minus sign is chosen, the
wave is a slow wave which arises when the electric and magnetic forces

oppose each other. (This is in contrast to the fast wave when the two
forces act together) . It is easily seen from 6.3.2.2 and 6.3.2.3 that if

the slow surface wave is present that

Vv E)(/B0 and U = —EYle

i.e. the motion of the electrons is pure guiding centre motion and the
electrons move with their RxB drift velocities. This may appear to contra-
dict the original assumption of zero velocity slip since the guiding centre
motion exhibits a velocity gradient. Closer examination of 6.3.2.2 and
6.3.2.5 snows that the unperturbed velocity distribution has been retained
as a slipping stream but that the derivative of the y directed velocity has
been neglected. This is consistent with the conditions of incompressible
flow in the beam and the presence of surface waves. The argument given
above, under the assumption of zero velocity slip merely gives an indication

of how an instability may arise and a more rigorous argument is given below.



The argument above is found to be valid for a small velocity slip or a thin
beam such that the gradient of V is small, i.e. kAa is small.

If we now suppose that the beam has two surfaces and that each surface
supports such a slow wave then we find, under the assumption kAa << 1, that
tne two surface waves interact across the beam and become unstable. This
is the long wavelength instability for thick beams and small velocity grad-
ients or a universal instability for thin beams such as considered by
Pierce (1956) and Gould (1957). We can now derive the dispersion relation
for this instability using the formalism developed in 6.3.3.

Equation 6.3.3.3 relates the fields across the beam edges. We substitute
V(y) = EX/Bq in the right-hand side and immediately see the simplification
that arises, i.e. the relation is now entirely between electric fields.
Since the electron beam and the space on either side are now effectively

charge free we can immediately write:

EY™W (iibove beam) = Be ky

EYEXT (below beam)

Aeky

Inside the beam we have

EY1151 - Ceky ¢ De ky

Since the divergence of the electric field is zero we also have

BEXEXT (above beam)

-iBe ky

EXEXT (below beam)

iAe+ky
EXINT - iCeky - iDe_ky

The component of electric field parallel to the beam surface must be contin-

uous and applying tnis condition at both beam surfaces gives

_B-e_ka Ceka = 6.3.5.A

Re'K& = Ceka 6.3.5 5
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Since we must eliminate the four constants A, B, C and Dwe require two

further relations between them and these are given by 6.3.3.3 evaluated at

both surfaces, i.e.

EXT, . INT, . PQEX(@)
BV (a) - BEY (a) " -Be  (u-kAa)
and
p QéEXT('a)
[0}
EYEXT(-a) - EYINT(-a) -iBe _ (m+kAa)
[0}

Substituting for EYEXr and EYINT from above gives:

ka -ka _ ka
ce® e = afe 6.3.5.6

ce ke 4 potka Be kaf 1- rdaa) 6.3.5.7
We now combine 6.3.5.4 to 6.3.5.7 and eliminate A, B, C and D to give the

dispersion relation:

4(m/Ay? 1 - 2ka) « e ¥Ka 6.3.5.8

This dispersion relation was derived by Gould (1955). Gould's dispersion
relation was derived under the assumption of a thin beam whereas we have
assumed a thick beam with a small velocity slip and long wavelength perturba-
tions. His dispersion relation also differed from 6.3.5.8 in that instead
of A, u>2Ajc appeared. Although the two results are equivalent the
appearance of A in 6.3.5.8 shows that the instability is a result of the
slipping stream and not a simple space charge effect as could be interpreted
from Gould's equation.

For small ka the right-hand side of 6.3.5.8 vanishes at ka » 0.64. We
therefore have a marginally stable state at la * 0.64 with instability occurrin

if ka < 0.64. The growth rate is then given by

u = ikaA

wnicn may be rewritten
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o

2 k x velocity slip across beam.

This result is identical to the result that would be obtained for the insta-
bility of two electron streams interacting electrostatically or of a classical
incompressible fluid flow with a velocity profile. This point is discussed
further in 6.4.

We can now show that the instability arises from the interaction of two
surface waves. The total excess charge flow consistent with the discontin-

uity at the upper surface C can be written as:
-(—n) + ikV(a)) a - iAae 2*a

where a is the excess charge. This result is proved by explicitly evaluating
the coefficients C and D of equations 6.3.5.4 and 6.3.5.5 and substituting
into 6.3.3.3. The dependence of this excess charge on the top surface on
the second term arises from the dependence of the coefficient B on the
coefficients C and D. The first term arises solely from the charge flow

as a result of the surface wave on that surface. The second term arises

from the electric field created by the excess charge on the other surface,
i.e. if there is an excess of charge a on this opposite surface this induces
an x directed field iae_2ka. This field produces an additional velocity
perturbation V' = -iae~2ka/Bo which gives the excess charge flow -iAae 2!ca.

In conclusion we note that these surface perturbations induce meander
or sausage-like distortions in the original linear beam. If the instability
is not limited then these meanders grow larger and larger, finally creating
a turbulent beam.

The cyclotron resonance instability does not lend itself to a simple
analysis as is possible for the long wavelength instability. We briefly
discuss the behaviour of the beam equation near the cyclotron resonance
defined by s » +1 following Bureman et al (1966). By considering the
indicial equation for 6.3.2.10 enables us to write series expansions for

the two solutions V. and at s = 1. These series solutions are dominated



by terms proportional to loge(l-s). The equation 6.3.2.10 is then solved
in the WKB approximation and these two sets of solutions are then matched
at the pointss = 1. Expressions are then deduced for h”,(s) and hfi(s) which
are complex functions of exponential integrals. A criterion is established
for the onset of instability and an explicit expression is derived for the

complex frequency:
u = kAa - | A+ i(ir/2e)e

The imaginary part of the frequency is small and equal to 0.06 for Brillouin
flow, a result first deduced by Macfarlane and Hay (1950).

The analysis leading to this result is complex and obscures the physical
origins of the instability. At the cyclotron resonance condition s = 1 the
wavelength of the instability is sufficiently small, so that the Doppler
shifted frequency at the beam surface coincides with nt. The interaction
takes place between the surface wave on the resonant edge of the beam and
one of the compressive waves in the bulk of the beam. The surface waves
then interact not through an incompressible fluid as in the long wavelength
instability, but through a compressible fluid having a resonant layer. The
analysis is therefore dominated by the beam dynamics, i.e. the differential

equation 6.3.2.10 and not the surface waves.

6.4 Towards a nonlinear theory

We have demonstrated that the so-called crossed field instability is in
fact a single name that describes three instabilities, i.e. the long wavelength
instability, the magnetron instability and the cyclotron instability. The
occurrence of these instabilities depends on the value of the product of the
wavenumber and the beam width. For a true double—sided beam all three
Instabilities can occur but for a single—sided beam, i.e. with the lower edge
in contact with the cathode only the last two instabilities can occur. In
6.3 we gave greater attention to the long wavelength instability than the

otner two since it can be discussed analytically. The other two instabil—
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ities require a much more complex numerical analysis. The disadvantage of
considering the long wavelength instability is that it is the least likely
instability to occur in microwave devices. This is primarily because the
wavenumbers encountered in crossed field tubes are beyond the value where
the long wavelength instability ceases. In addition, we showed in 6.2.

that the most likely beam configuration to be found in emitting cathode tubes
is that with the lower edge of the beam in contact with the electrode.
However, the long wavelength instability can be studied analytically and holds
most promise for nonlinear analysis and so we will devote tie remainder of
this chapter to considering future work on a nonlinear analysis of one of

the crossed field instabilities.

The growth rate of the instability was shown to be, equation 6.3.4.4
kaA where 6 is the velocity slip. This growth rate can also be written
as j x k x total velocity slip across the beam and as discussed in 6.3.5
is identical with the growth rate that would be found from a velocity induced
instability between two interacting plasma streams. The instability is
therefore hydrodynamic in nature and in the nonlinear regime wave-wave
interactions would dominate to limit the growth (this point was discussed
in the introduction to Chapter 5). The crossed field instability also
exhibits a marginally stable point, a situation already encountered with the
two-stream instability.

We therefore suggest that a nonlinear theory of the long wavelength
instability can be formulated using the general techniques developed in
Chapters 2 and 3. Indeed, the realisation that this instability is closely
related to the two-stream instability stimulated the work which led to the
general result Qf Chapter 2 and the more specific result in Chapter 5. Further
the two-dimensional nature of the equations valid for this instability stimu-
lated the general theory of nonlinear wave propagation in two dimensions as
described in Chapter 3. Both these general results must now be combined

and applied to the crossed field plasma equations. This analysis might
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be expected to lead to a single nonlinear equation for the wave amplitude,

of nonlinear SchrSdinger type, which will enable a definite statement to

be made about the nonlinear stability or instability of a crossed field plasma
in the long wavelength limit. This analysis would not be complex due to the
great simplification that arises in the equations describing the system under
the guiding centre approximation.

We also suggest that the two-dimensional theory of Chapter 3 may be
applied to the full equations of motion and so provide a theory of the
nonlinear behaviour of the cyclotron instability. This analysis would be
much more complex since the solutions of the linear equations must be known
to enable the analysis to be carried out. However, analytic approximations
to these solutions are in principle known and the necessary integrations

could be performed analytically or numerically.
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