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Abstract

The goal of this paper is the generalization of basic results for adhesive High-Level Replacement (HLR)
systems to adhesive HLR systems with negative application conditions. These conditions restrict the ap-
plication of a rule by expressing that a specific structure should not be present before or after applying
the rule to a certain context. Such a condition influences thus each rule application or transformation and
therefore changes significantly the properties of the replacement system. The effect of negative application
conditions on the replacement system is described in the generalization of the following results, formulated
already for adhesive HLR systems without negative application conditions: Local Church-Rosser Theorem,
Parallelism Theorem, Completeness Theorem for Critical Pairs, Concurrency Theorem, Embedding and
Extension Theorem and Local Confluence Theorem or Critical Pair Lemma. These important generalized
results will support the development of formal analysis techniques for adhesive HLR replacement systems
with negative application conditions.

Keywords: Negative Application Conditions, Adhesive High-Level Replacement Categories

1 Introduction

Adhesive High-Level Replacement (HLR) categories as introduced in [3] provide
a formal method to describe transformation systems. The resulting framework is
called adhesive HLR systems. These systems are based on rules that describe in an
abstract way how objects in adhesive HLR categories can be transformed. In [3],
it is explained moreover how to define application conditions for rules that restrict
the application of a rule. Most of the theoretical results in [3] though have been
formulated for adhesive HLR systems based on rules without application conditions.
These results should thus be generalized to adhesive HLR systems based on rules
holding application conditions. The most frequently used kind of application condi-
tion is the so-called negative application condition (NAC) as introduced in [4] and
used e.g. in [1,5,7,12,15]. It forbids a certain structure to be present before or after
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applying a rule. Therefore at first we concentrate on generalizing the theoretical
results formulated for adhesive HLR systems based on rules without application
conditions to adhesive HLR systems based on rules holding NACs. Shortly, we will
speak about adhesive HLR systems with NACs.

Some important theoretical results for the particular case of graph transforma-
tion with NACs have been presented already in [10]. The overall goal is to come up
with practical techniques for conflict detection and analysis [11,9] in transformation
systems. In practice though most of these results are needed for the instantia-
tion of typed attributed graph transformation systems with application conditions.
This more general kind of graph transformation technique is most significant for
modeling and metamodeling in software engineering and visual languages. There-
fore the availability of all results for typed attributed graph transformation with
NACs is an important motivation for the generalization to adhesive HLR systems
with NACs. In [3], it has been already proven that such a typed attributed graph
transformation system is a valid instantiation of adhesive HLR systems. Moreover
results within adhesive HLR systems can be applied to all other instantiations of
adhesive HLR systems such as e.g. hypergraph, algebraic signature or specification
transformations with NACs.

At first we will generalize the local Church-Rosser property to transformations
with NACs. Therefore a new notion of parallel independence and thus also sequen-
tial independence is defined between transformations with NACs. This is because
it can not only happen that a transformation deletes a structure that is used by
the second transformation as considered in the case without NACs. Moreover we
should consider the case of the first transformation producing a structure which is
forbidden by the second one. This situation is formalized in a new characteriza-
tion of conflicts between transformations holding NACs. Moreover it is possible to
formulate a Parallelism Theorem for transformations with NACs expressing how
to summarize a sequence of two sequentially independent transformations into one
parallel transformation step with the same effect.

In order to come up with techniques for conflict detection and analysis it is
central to describe the theory for the so-called critical pairs. The notion of critical
pairs is introduced in the area of term rewriting systems [6] and, later, introduced
in the area of graph transformation for hypergraph rewriting [13,14] and then for
all kinds of transformation systems fitting into the framework of adhesive HLR
categories. Critical pairs describe conflicts in a minimal context. By means of
the conflict characterization for transformations with NACs it is possible to define
a generalized critical pair notion for adhesive HLR systems with NACs. Critical
pairs should fulfill two important properties that were fulfilled in the case of ad-
hesive HLR systems without NACs as well. It should be possible to formulate a
Completeness Theorem and a so-called Critical Pair Lemma or Local Confluence
Theorem. The Completeness Theorem describes that for every pair of transforma-
tions in conflict there exists a critical pair expressing the same conflict in a minimal
context. We prove that the critical pair definition for adhesive HLR systems with
NACs is complete in this sense.

In order to formulate and prove the Local Confluence Theorem for adhesive
HLR systems with NACs we first need to generalize some other important results.
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The first one is the Concurrency Theorem and the other ones are the Embedding
and Extension Theorems. For the Concurrency Theorem it is explained how to
construct a concurrent rule holding NACs from a sequence of rules holding NACs.
The Concurrency Theorem with NACs states that the concurrent rule with NACs
is applicable with the same result if and only if the rule sequence with NACs is
applicable. The construction of the concurrent rule itself is analog to the case
without NACs. It is necessary though to translate all NACs occurring in the rule
sequence into equivalent NACs on the concurrent rule. Therefore we will use results
for application conditions already described in [3] and some new results. Using the
Concurrency Theorem it is not too difficult to find an extended condition on the
extension morphism in order to generalize also the Embedding and Extension Theo-
rem to adhesive HLR systems with NACs. Finally we are also able to handle critical
pairs and local confluence with NACs. However the Local Confluence Theorem for
adhesive HLR systems with NACs is not yet fully satisfactory.

2 Adhesive HLR systems with NACs

First we repeat the definition for an adhesive HLR category as introduced in [3].

Definition 2.1 [adhesive HLR category| A category C with a morphism class M
is called an adhesive HLR category, if

(i) M is a class of monomorphisms closed under isomorphisms, composition and
decomposition,

(ii) C has pushouts (PO) and pullbacks (PB) along M-morphisms and M-
morphisms are closed under pushouts and pullbacks,

(iii) pushouts in C along M-morphisms are Van Kampen squares.

Remark 2.2 Note that all results formulated in this paper will be applicable as
well in weak adhesive HLR categories with NACs such as e.g. for Petri Net trans-
formations with NACs.

For an adhesive HLR category with NACs we need in addition to an adhesive
HLR category without NACs some additional properties on the special morphism
classes in the category in order to be able to generalize all results. We distinguish
three classes of morphisms, namely M, M’ and Q, and a class of pairs of morphisms
E'. M is a subset of the class of all monomorphisms as given in [3] and the rule
morphisms are always in M. The non-existing morphism ¢ in Def. 2.6 for negative
application conditions is an element of the morphism set Q. For pair factorization
in Def. 5.25 in [3] we need moreover the classes M’ and &’. For the case of graph
transformation systems with NACs with injective matching we can take @ = M’ =
M, where M is the set of all graph monomorphisms and &’ the set of jointly
surjective pairs of graph morphisms. M, &', M’ and Q should have the properties
described in the following definition. Note that to each condition a remark is made
in which theorem, lemma or definition this condition is needed for the first time.

Definition 2.3 [adhesive HLR category with NACs| An adhesive HLR category
with NACs is an adhesive HLR category C with special morphism class M and in
addition three morphism classes M’, £’ and Q with the following properties:
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e unique & — M’ pair factorization (see Def. 5.25 in [3])
needed for Theorem 4.5, Definition 5.8, Theorem 6.2,

* epi - M factorization needed for Lemma 5.2,

e M — M’ PO-PB decomposition property (see Def. 5.27 in [3])
needed for Theorem 4.4, Definition 5.8, Theorem 6.2,

* M — Q PO-PB decomposition property (see Def. 5.25 in [3])
needed for Lemma 2.11,

e initial PO over M’ - morphisms (see Def. 6.1 in [3])
needed for Theorem 6.3,

o M’ is closed under PO’s and PB’s along M - morphims
needed for Theorem 4.5, Definition 5.8, Theorem 6.3,

e @Q is closed under PO’s and PB’s along M - morphisms
needed for Lemma 2.11, Lemma 5.2,

e induced PB-PO property for M and Q (see Def. 2.4)
needed for Lemma 5.2,

eIff:A—-BeQandg:B—C¢c M thengo feQ.
Composition property for morphisms in M’ and Q,
needed for Theorem 4./,

e Ifgofec Qandge M then f € Q.
Decomposition property for morphisms in M’ and Q,
needed for Theorem 4.5,

e Q is closed under composition and decomposition
needed for Lemma 5.2, Lemma 2.11, Theorem 6.6.

Note that these properties hold in particular for the case of graph transforma-
tion systems with NACs with @ = M’ = M, where M is the set of all graph
monomorphisms and £’ the set of jointly surjective pairs of graph morphisms.

Definition 2.4 [induced PB-PO property for M and Q] Givena : A — C € Q
and b: B — C' € M and the following PB and PO

d1l (PB) lb d1l (PO) lEI
A—*~C A—>FE
then the induced morphism =z : £ — C with x oe; = band xoes = a is a

monomorphism in Q.

Remark 2.5 Theorem 5.1 in [8] proves this property in adhesive categories for a,b
being mono with the result that x is also mono.

A negative application condition or NAC as introduced in [4] forbids a certain
structure to be present before or after applying the rule.
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Definition 2.6 [negative application condition, rule with NACs]

* A negative application condition or NAC(n) on L is an arbitrary morphism n :
L — N. A morphism ¢ : L — G satisfies NAC(n) on L i.e. g = NAC(n) if and
only if Aq: N — G € Q such that gon = g.

L$N
>
=

A set of NACs on L is denoted by NAC, = {NAC(n;)|i € I}. A morphism
g : L — G satisfies NACT, if and only if g satisfies all single NACs on L i.e.
gE NAC(n;) Vi e 1.

* A set of NACs NACY, (resp. NACR) on L (resp. R) for arulep: L LKLR
(with [, € M) is called left (resp. right) NAC on p. NAC, = (NACL, NACR),
consisting of a set of left and a set of right NACs on p is called a set of NACs on
p. A rule (p, NAC)) with NACs is a rule with a set of NACs on p.

Definition 2.7 [adhesive HLR system with NACs]

e An adhesive HLR system with NACs AHS = (C, M, M’ &', Q, P) consists of
an adhesive HLR category with NACs (C, M, M’ &’ Q) and a set of rules with
NACs P.

o A direct transformation G % H via arule p : L — K — R with NAC,
(NACL,NACR) and a match g : L — G consists of the double pushout [2]
(DPO)

L<—K—R

gl l b

G=—D——H
where g satisfies NACT, written g | NAC and h : R — H satisfies NACR,
written h = NACR. Since pushouts along M-morphisms in an adhesive HLR
category always exist, the DPO can be constructed if the pushout complement of
K — L — G exists. If so, we say that the match ¢ satisfies the gluing condition

of rule p. A transformation, denoted as Gy = Gy, is a sequence Gy = G| =
-+ = G, of direct transformations.

Remark 2.8 From now on we consider only adhesive HLR systems with rules
having an empty set of right negative application conditions. This is without loss of
generality, because each right NAC can be translated into an equivalent left NAC
as explained in [3], where Definition 7.16 and Theorem 7.17 can be specialized to
NACs as shown in the following construction and lemma.

Definition 2.9 [construction of left from right NACs] For each NAC(n;) on R
with n; : R — N; of arule p = (L <« K — R), the equivalent left application

5



LAMBERS

condition L,(NAC(n;)) is defined in the following way:

L<——K—R

nél (2) l ) ln

e If the pair (K — R,R — N;) has a pushout complement, we construct (K —
Z,7Z — Nj) as the pushout complement (1). Then we construct pushout (2) with
the morphism n) : L — N/. Now we define L,(NAC(n;)) = NAC(n}).

e If the pair (K — R, R — N;) does not have a pushout complement, we define
L,(NAC(n;)) = true.

For each set of NACs on R, NACRr = U;e;NAC(n;) we define the following set of
left NACs:

Lp(NACR) = Uiepr(NAC(TL;))
with 4 € I’ if and only if the pair (K — R, R — N;) has a pushout complement.

Remark 2.10 Note that Z is unique since pushout complements along M-
morphisms are unique up to isomorphism in adhesive HLR categories.

Lemma 2.11 (equivalence of left and right NACs) For every rule p with
NACR a set of right NACs on p, L,(NACR) as defined in Definition 2.9 is a
set of left NACs on p such that for all direct transformations G Y H with comatch
h,

gELy(NACR) & h = NACR

Proof The proof corresponds to case 1 and 3 in the proof of Theorem 7.17 in [3].0

Definition 2.12 [inverse rule with NACs| For arule p : L «— K — R with NAC,, =
(NACL,0), the inverse rule is defined by p! = R « K — L with NAC,-1 =
(L,-1(NACL),0).

Theorem 2.13 (Inverse Direct Transformation with NACs) For each di-
rect transformation with NACs G = H via a rule p : L «— K — R with NAC,
a set of left NACs on p, there exists an inverse direct transformation with NACs
H = G via the inverse rule p~* with NAC,-1.

Proof This follows directly from Def. 2.12 and Lemma 2.11. O

3 Parallelism in Adhesive HLR Systems with NACs

In order to generalize the notion of parallelism to adhesive HLR systems with NACs
at first it is necessary to define when two direct transformations with NACs are
parallel independent. For a pair of transformations with NACs it is not only possible
that one transformation deletes a structure which is needed by the other one, but
also that one transformation produces a structure which is forbidden by the other
one. For this new notion of parallel independence it is possible to formulate the local
Church-Rosser property with NACs and also a Parallelism Theorem with NACs as
described in this section.
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Definition 3.1 [parallel and sequential independence] Two direct transformations

G (pl—;m;) Hy with NAC), and G (pgﬂ Hy with NAC,, are parallel independent if
Elhlg : L1 — Dg s.t. (dQ ] h12 =mi and €9 O h12 ): NACpl)
and

thl : L2 — D1 s.t. (dl e} h21 = m2 and €10 hgl ): NACPQ)

as in the following diagram:

N Ny
Lk
Ri<=—K——Ly .. . Ly=—Ky——>DRy
A ]
Hy < D= & G % 2Dy &> H2

Two direct transformations G (pgn;) Hy with NAC),, and H; (pﬂf) H> with
NAC,, are sequentially independent if

Elhlg . R1 — D2 s.t. (dQ o h12 = m’l and €9 O h12 ': NACpfl)

and
3h21 : LQ — D1 s.t. (61 @) h21 =ma and d1 o) h21 ): NACPQ)

as in the following diagram:

Ny Ny
: :
Li~—K —>R - Ly~—Ky——>R,
RSN
G=4 D% ) H,y & =Dy &> H>

Remark 3.2 Note that as for the case without NACs we have the following rela-
tionship between parallel and sequential independency: G % H B H, are sequen-

—1
tially independent iff G o n L B H, are parallel independent.
Theorem 3.3 (Local Church-Rosser Theorem with NACs) Given an adhe-

stve HLR system with NACs AHS and two parallel independent direct transforma-
tions with NACs H; P g P Hs, there are an object G' and direct trans-

p2,m} p1,m/ , P2,ms
2 G such that G P27 H "2? G and

formations Hy "=~ G’ and Hs
G2 g, PN G are sequentially independent. Vice versa, given two sequentially

independent direct transformations with NACs G PLl P2 G there are an

object Ho and sequentially independent direct transformations G P2 g, Pah g

7
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1,m1

such that Hy &' G 72" Hy are parallel independent: ,

p1,m wz

G /

p% %'

1

Proof

(i)

Given the parallel independent transformations Hi Pt g g, .

L1<;K14>R1 LQHKQHRQ
R
G<7D1 H,y G<7D2 Hs

Because of Def. 3.1 and the parallel independence with NACs of H; Pl
G "2 H, we know that there exists i : Lo — Dj (resp. i1 : L1 — D3)
s.t. fioiy = my (resp. fa 041 = my) and moreover g; o iy = NAC),, (resp.
g2 011 = NAC),). Because of the Local Church-Rosser Theorem for parallel
independent transformations without NACs all necessary pushouts in H; el
and Hy 22 G’ can be constructed s.t. G 2 H; 2 ¢/ and G B Hy, & ¢’ are
sequentially independent according to Def. 5.9 in [3] for direct transformations
without NACs. This means in particular that ¢; : Ry — D) (resp. to : Ry —
D}) exist s.t. s10t; = ny (resp. sp ota = ng) and the following pushout
diagrams exist:

L2<7K2*>R2 L1<7K1*>R1
gloizl l lg’lozb 9207:1i l J{géotl
Hl &DQLG/ H2 52 D/ gl G,

Since g1 0o ip = NAC), and g2 091 = NAC,,, Hy 2 @ and Hy 2 @ are
valid direct transformations with NACs. For the sequential independence of
GE H 1 22 G’ we have to show that 19, t1 are the required morphisms. For io we
have fi0is = mg, and therefore fi0is = N AC), follows by assumption. Now we
investigate gy ot;. Because of Theorem 2.13 and the fact that gooiy = NAC),

it follows directly that also g ot; = N ACPIL Analogously the sequential
independence of G 2 H, 2 &’ can be proven.

Given sequentlally independent direct transformations with NACs G Pl
H; P : G’ with comatches n| and n), respectively, from Remark 3.2 we obtain
parallel independent direct transformations with NACs G pl_<1:’n1 H, 4 : G'.
Now part (i) of the proof gives us sequentially independent direct transforma-

1
tions with NACs H; "'="" G P25 H, and H; o P H,. Applying
again Remark 3.2 to the first transformation we obtain parallel independent

8
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2,12

. . . pP1,m1 p
direct transformations with NACs H; "<& G =" Hjy: Pl/ \\K&
1?2%5 %7%

Definition 3.4 [parallel rule with NAC] Let AHS = (C, M, M', &', Q, P) be an
adhesive HLR system with NACs, where (C, M, Q) has binary coproducts com-

patible with M. Given two rules p; = (L3 a K 5 Ry) with NAC),, and
p2 = (Lo ] Ky, 2 Ry) with NAC,,, the parallel rule p1 + p with NAC), 1, is de-
fined by the coproduct constructions over the corresponding objects and morphisms:
p1+p2 = (L1+ Lo B R R, T Ry Ry) and NACy, 1p, = {n1 +idr,|n1 €
NACpl} U {idLl + ng‘ng € NACPQ}.

Remark 3.5 It is not sufficient as in the case without NACs to define a direct
parallel transformation simply as the application of a parallel rule p; 4+ p2. For the
case with NACs the application of a parallel rule with NACs is a direct parallel
transformation with NACs if an extra condition, called NAC-compatibility, is sat-
isfied. This condition expresses that the NACs on rule p; and po are satisfied by
all matches occuring in the direct transformations when sequentializing the direct
parallel transformation.

Definition 3.6 [parallel transformation with NAC] Given a parallel rule p; + p2
with NAC), 1p,. Consider a direct transformation G = G’ via p; + p2 with
NACY), 4+p, and a match m : Ly + Ly — G. This transformation is NAC-compatible
if and only if for each ny € NAC,, (resp. n2 € NAC,,) P q1,q4] € Q (resp.
B g2, ¢ € Q) sit.

* (q1 +ma)o(ny +idg,) =my+mg (resp. (m1+q2) o (idr, +ng2) = my +mz) and
* (@ +my)o(m +idr,) = my +my (resp. (my + g5) o (idy, +n2) = m) +ms)

ni+idr,, ni+idr,,

Ni+ Ly<—"L1 + Ly Ny + Lo<—7"Ly + Lo
G+G H, + Hy
idr, +n2 idr,, +n2
L1+N2<;L1+L2 L1+N2<;L1+L2
m J/mﬁ_mz %—&-qz\ lma—i_mé
G+ G Hi + Hy

with mi, mo the matches of the direct transformations G = H; and G = H, via
p1 resp. p2 and m) and m{ the matches of the direct transformations Hy = G’
and H; = G’ via pj resp. po as constructed in the Parallelism Theorem without
NACs (Analysis part in Theorem 5.18 in [3]). A NAC-compatible direct parallel
transformation via pj +p2 and m is called a direct parallel transformation with NACs
or parallel transformation with NACs, for short.

Theorem 3.7 (Parallelism Theorem with NACs) Let AHS =
(C,M, M E Q,P) be an adhesive HLR system with NACs, where (C, M)

9
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has binary coproducts compatible with M.

(i)

(iii)

Synthesis. Given a sequentially independent direct transformation sequence
with NACs G = H; = G wia p1,m; (resp. p2,mb) with NACy, (resp.
NAC,, ), then there is a construction leading to a parallel transformation with
NACs G = G’ via [m1, mg] and the parallel rule pi + ps with NACy, 1p,, called
a synthesis construction.

Analysis. Given a direct parallel transformation with NACs G = G’ via m :
Li 4+ Ly — G and the parallel rule p1 + p2 with NAC,, +p,, then there is a
construction leading to two sequentially independent transformation sequences
with NACs G = Hy = G' via p1,m1 and pa,mb and G = Hy = G’ via p2, m2
and p1,m}, called an analysis construction.

Bijective Correspondence. The synthesis and analysis constructions are inverse
to each other up to isomorphism.

p1yGW2

H; P1tp2 Ho

V2

’
p2,my G, p1,my

Proof

(i)

p1,m1

Given the sequentially independent direct transformations with NACs G “'=
H, "X @' using the Parallelism Theorem (Theorem 5.18 in [3]) without
NACs we can construct the following double pushout:

Li+Ly<=—Ki+Ko——=Ri + R

e

G D G’

Now we have to prove that this direct transformation is NAC-compatible. Note
at first that because of Theorem 3.3 we have also the following two sequentially
independent direct transformations with NACs G = Hy = G’ via p2,ms
and p1,m). We now show that for each ny € NAC),, (resp. ny € NAC,,)
Bai.qi € Q (resp. 3 q2,q5 € Q) sit.

* (g1 +m2)o(ni+idr,) =mi+mg (resp. (my+q2)o (idr, +n2) = my +ma)

and

o (¢} +mb) o (m +idp,) = mh +m (vesp. (mf +q) o (idy, +nz) = m} +mb)
Suppose that g1 would exist satisfying the first property. Then it follows in
particular that ¢ o ny = m; and this means that m; = NAC),, which is a
contradiction. Suppose moreover that ¢| exists satisfying the second property.
Then it follows that ¢f o ny = m) and this would mean that m} = NAC,,
which is a contradiction as well. We can argue analogously for ¢ and gj.

Given a parallel transformation with NACs G PIZPM™ G then because of
the Parallelism Theorem (Theorem 5.18 in [3]) without NACs it follows that
G = Hy; and G = H> are parallel independent without NACs and moreover
the necessary double pushouts for G = H; = G’ via p1,m; and pe, mf and

10
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G = Hy; = G’ via pa,mg and p;,m} can be constructed s.t. they are se-
quentially independent without NACs. If we can prove that mi, m} = NAC),
and mg, mb = NAC,,, then we know that G = H; and G = H are parallel
independent as transformations with NACs. We know that the direct trans-

formation G 7" G is NAC-compatible. So we use the fact that for each
ny € NAC,, (resp. na € NACy,) P q1,4; € Q (resp. P q2,d, € Q) s.t.

* (@1 +mz)o(n1+idy,) =mi+ms (resp. (m1+qe)o (idr, +n2) = my +ma)

and

o (dh+mb) o (ny +idy,) = mh +m (vesp. (m}+gp) o (idy, +nz) = m) +mh)
Suppose that my = NAC),,. Then there exists some ¢; € @ s.t. g1 ony =my
with ny € NAC),,. Then the first property for ¢g; would hold and this is a
contradiction. Suppose that m/, = NAC),. Then there exists some ¢, € @ s.t.
¢ 0 ng = mb with ng € NAC),. Then the second property for ¢5 would hold
and this is a contradiction. We can argue analogously for mg and m].

Now we have proven that G = H; and G = H» are parallel independent with
NACs and from Theorem 3.3 it follows that G = H; = G’ and G = Hy = G’
are then sequentially independent with NACs.

(iii) Because of the uniqueness of pushouts and pushout complements, the construc-
tions are inverse to each other up to isomorphism.
O

The following lemma allows an elegant characterization of conflicts (Def. 3.9) in
Lemma 3.10.

p7m
(p1,m1)

Lemma 3.8 (Unique Match) Given two direct transformations G Hy

with NAC,, and G "2 Hy with NAC,,, then the following holds:

e if dhio: L1 — Dy s.t. do o hio = my then hig is unique,

e if dhoy : Ly — D1 s.t. dy o hogy = mg then hay is unique.

Proof Since each rule consists of two morphisms in M and M-morphisms are
closed under pushouts d; and dy are in M as well. Suppose there exists h}, :
Ly — Dy : dy o by = my then because of d2 in M and thus a monomorphism and
dy o by = d3 o h1a = my it follows that h}, = hi2. Analogously one can prove that
hoy is unique. O

( )

Definition 3.9 [conflict] Two direct transformations G ==

G (ng )

Hy with NAC), and
Hy with NAC,, are in conflict if they are not parallel independent i.e. if

ﬂhlg : L1 — DQ s.t. (dg e} h12 =mi and €9 O hlg ): NACpl)

or
ﬂth . L2 — D1 s.t. (d1 o hgl =m2 and €1 0 h21 l: NACp2).
In the following conflict characterization it is described which type of conflicts

may arise between a pair of direct transformations G (pl_;m;) Hy and G (p£2) Hs.
The so-called use-delete-conflict occurs when rule p applied to Hy wants to use some
item which is deleted by po applied to G leading to Hy. A forbid-produce-conflict

11
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occurs when rule p; applied to Hy forbids some item according to N AC),, which is
produced by ps. Analogously we can have a delete-use- or produce-forbid-conflict.

Lemma 3.10 (Conflict Characterization) Two direct transformations

G (pgn;) Hy with NAC),, and G (pgg) Hy with NAC,, are in conflict if

and only if:

(i) (a) Phiz: Ly — Dy : dg o his = my (use-delete-conflict)
or
(b) there exists a unique hia : L1 — Day : dg 0 hia = mq, but ez o hya [z NAC),
(forbid-produce-conflict)
or
(i) (a) Ahoy i Ly — Dy : dj o hyy = mo (delete-use-conflict)
or
(b) there exists a unique hay : Ly — Dy : dy o hoy = ma, but €1 0 hgy = NAC),
(produce-forbid-conflict).

(p2,m2)

Proof G " H, with NAC,, and G =" Hy with NAC,, are in conflict if
ﬂhlg : L1 — DQ s.t. (d2 e} h12 =mi and €9 O hlg ): NACpl)

or
Bho1 : Ly — Dy s.t. (dy o hay = ma and ej o hay |E NAC),)

We consider at first the first line of this disjunction. Let A(hj2) := dg 0 h1a = my,
B(hlg) := eg 0 hyg ): NACpl, P(h12) = (A(h12> VAN B(hlg)) and M3 be the set of
all morphisms from L to Dy. Then the first line is equivalent to

ﬂhu € M12 : (A(hlg) A B(hlg)) = ﬂhlg € M12 : P(hlg)
This is equivalent to
Vhis € Mg : —|P(h12) = (./\/l12 = @) V (M12 75 0 AVhis € Mqs : —|P(h12))

Moreover P = AANB = AN (A = B) and thus =P = =(AAB) = =(AAN (A =
B)) =-AV (A= B)=-AV~(-AV B) =-AV (AA-B). This implies that
(Mi2 =0)V (Mi2 # 0 AVhig € Mig: =P(h12)) =

(M12 = @) V (M12 S‘é 0 A Vhlz € M12 : ﬂA(hlg) V (A(hlg) A ﬂB(hlz)))

Because of Lemma 3.8 and because the disjunction holding for each morphism in
M5 is an exclusive one this is equivalent to

(M12 = @)\/(Mlg 7é @/\th € Mio: ﬂA(hm))\/(ﬂ!hlg € Mo (A(hlg)/\—'B<h12)))

Now (M12 = @) V (M12 % 0 AVhia € Mig : —\A(hlz)) = Vhio € My : —\A(hlg) =

ﬂhlg € Mo : A(hlg) This implies finally that ﬂhlg : Ly — Dy s.t. (dg o hig =

my and ez o hia = NAC),) is equivalent to

(ﬂhu € Mo :doyohig = ml) V (E”hlg € Mg : (dg ohia = mi1 Aegohig b& NACPI))
12
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is equivalent to

(i) (a) Phia: L1 — Dsg : dy o hia = my (use-delete-conflict)
or
(b) there exists a unique hia : L1 — Day : dy o hig = my, but ez o hia = NAC),
(forbid-produce-conflict)

Analogously we can proceed for the second part of the disjunction. O

Note that a use-delete-conflict (resp. delete-use-conflict) cannot occur si-
multaneously to a forbid-produce-conflict (resp. produce-forbid-conflict), since
(lL.a) = —(1.b) (resp. (2.a) = —(2.b)). The following types of conflicts can occur
simultaneously though: use-delete/delete-use-, use-delete/produce-forbid-, forbid-
produce/delete-use-, forbid-produce/produce-forbid-conflicts.

4 Critical Pairs for adhesive HLR Systems with NACs

The conflict characterization formulated in the last section leads to a new critical
pair notion for transformations with NACs. A critical pair describes a conflict
between two rules in a minimal context. Therefore we come to the following critical
pair definition with &£ expressing this minimal context. Moreover, it is proven in
this section that this critical pair definition satisfies completeness.

Definition 4.1 [critical pair] A critical pair is a pair of direct transformations
K P Py with NAC), and K (P2.12) P, with NAC,, such that:

(i) (a) PAhiz: Ly — Dy : dg o hia = my and (mq, ms) in &’
(use-delete-conflict)
or
(b) there exists hio : L1 — Dj s.t. dg o hiag = my, but for one of the NACs
ni1 : L1 — Np of pp there exists a morphism ¢ : N1 — P, € Q s.t.
q12 0n1 = ez 0 hyg and (qi12, he) in &' (forbid-produce-conflict)
or

(ii) (a) Pho1 : Ly — Dy : dy o hyy = mg and (my, mg) in &
(delete-use-conflict)
or
(b) there exists hgy : Lo — Dj s.t. dj o hgy = mg, but for one of the NACs
ng : Ly — Ny of ps there exists a morphism ¢o1 : No — P; € Q s.t.
@21 0 ng = e1 0 hoy and (g1, h1) in £ (produce-forbid-conflict)

q21 )\ ,(7112
N
R16K14>L1 L2<;K2—>R2
R N Y,
¥ 3\
Py << a P

Now we prove that Definition 4.1 of critical pairs leads to completeness. This
means, that each occuring conflict in a transformation system with NACs can be

13
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expressed by a critical pair i.e. by the same kind of conflict but in a minimal context.
Therefore at first we need the following definition and lemma.

Definition 4.2 [extension diagram| An eztension diagram is a diagram (1),

Go==G,,

1t xv
GO Gn

where, ko : Go — Gj, is a morphism, called extension morphism, and ¢ : Gy = G,
and t' : Gf) = G, are transformations via the same rules (po, - - - , pn_1), and matches
(mg, -+ ,mp_1) and extended matches (kg o mq,--- ,kn_1 © my_1), respectively,
defined by the following DPO diagrams :

Remark 4.3 Since ¢t and t' are transformations with NACs, the matches
(mg,- -+ ,mp—1) and extended matches (kg o mg,- - ,kn—1 0 m,—1) have to satisfy
the NACs of the rules (pg,- - ,pn—1)-

Theorem 4.4 (Restriction Theorem with NACs) Given a direct transforma-
tion G 2 H with NACs via the rule p : L L K5 R and match m - L — G
and given an object K' with two morphisms L Mg T st om o= Mg © MYk,

with myg € M’ then there exists a direct transformation leading to the following
extension diagram:

Proof Given G £ H with NAC n as shown above. Since d € M we can take
the pullback (3) of my, and d’. Since myy o myp ol = mol = d ok’ then there
exists a morphism k : K — D with ¥ = fok and d o k = my;, ol because of the
pullback property of (3). Because of the M — M’ pushout-pullback-decomposition
property [3], [ € M and my, € M’, diagrams (1) and (3) are both pushouts.
Now we can construct pushout (2) of D «— K — R because of r € M. Since

14
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e ofok =¢€ ok = h or there exists a morphism o : P — H with oo h = h/
and oo e = ¢ o f because of the pushout-property of (2). Because of the pushout-
decomposition property also diagram (4) is a pushout.

It remains to show that my; satisfies the NACs of p. Suppose that my; doesn’t
satisfy some NAC(n) of p, then there exists a morphism ¢ : N — K’ € Q s.t.
q on = myy, but this implies myy 0 g on = myg o my = m with ¢ € Q, my, € M
and because of the composition property my,0q € Q, and this is a contradiction.O

Theorem 4.5 (Completeness of Critical Pairs with NACs) For each pair of

direct transformations Hy (Pgl) G (pgz) Hy in conflict there is a critical pair

P &= K 22 Py with extension diagrams (1) and (2) and m € M’

Phe—K—7>hP

l (1) Ml 2) l

H1<:G:>H2

Proof According to Lemma 3.10 the following reasons are responsible for a pair of

direct transformations G (Pgl) Hy with NAC),, and G (pgz) Hy with NAC,, to
be in conflict:

(i) (a) Phly : L1 — DY : dfy o by = m! (use-delete-conflict)
or

(b) there exists a unique hj, : Ly — D} : dh o b, = m], but €} o hiy = NAC),
(forbid-produce-conflict)
or
(ii) (a) PRl : Ly — Dy : dy o hly, = m) (delete-use-conflict)
or
(b) there exists a unique hy; : Ly — D : dj o b = mb, but €} o by, = NAC),
(produce-forbid-conflict)

It is possible, that (1.b) and (2.b) are both false. In this case, (1.a) or (2.a) have
to be true which corresponds to the usual use-delete-conflict (resp. delete-use-
conflict) and in [3] it is described how to embed a critical pair into this pair of
direct transformations. In the other case, (1.b) or (2.b) are true. Let at first (1.b)
be true. This means that there exists a unique hly : L1 — D} : dj o by = m],
but e o by = NAC,,. Thus for one of the NACs ny : Ly — Ni of p; there exists
a morphism ¢}, : N1 — Hy € Q such that ¢}, o ny = €} o h},. For each pair of
morphisms with the same codomain, we have an & — M’ pair factorization. Thus
for ¢js : N1 — Hy and h}, : Ry — Hs we obtain an object P, and morphisms
hy : Ry — P, qi0: Ny — P and o9 : P, — Ho with (hQ,qlg) € & and 09 € M’ such
that 03 0 hg = hf, and 02 0 q12 = ¢}5. Because of Theorem 4.4 pushouts (5) - (8) can
be constructed, if we consider the fact that also Hy = G is a direct transformation
via py!. Since 0o € M’ and (7) and (8) are pushouts along M-morphisms also
fo € M and m € M'. Because of the same argumentation as in Theorem 4.4, since
mY, satisfies all the NACs of py also mg satisfies them. Now we have the first half
K = P, of the critical pair under construction. Now we can start constructing the
second half of the critical pair. Let m; be the morphism ds o hi2, then the following

15
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holds: momy =modyohia =dyo faohig=d,oh}y=m]. Because of Theorem
4.4 and m € M’ pushouts (1) - (4) can be constructed and because of the same
argumentation as in Theorem 4.4 m; satisfies the NACs of p;.

We still have to check if this critical pair is in forbid-produce-conflict. Since (8) is a
pullback and og0q120n1 = ¢jy0n1 = e, oh], there exists a morphism hqg : L1 — Do,
with ea 0 h1o = g1a0ng and foohig = hb. Because of the decomposition property,
qiy = 020q12 € Q and 02 € M’ we have g1z € Q. This means that ez o hi2 does not
satisfy either the NAC ny : L1 — Nj.

Thus finally we obtain a critical pair according to Def. 4.1 of type (1.b) because
we have hio with dg o hio = my. Moreover there is q12 € Q with (q12,h2) € £ and
e2 0 h12 = q12 o ny.

Ny oz Ny
T e 12 Tqm
ni |n2 T
Ri<"—Ki—>Li. . hy Ly<2—Ky—2>Ry
. (5) (6).. ‘ho \
Y Y
~ - 1
Tdy 2 &=l |h
YA s
- 112 f2 (8) 502 //
A V, NY ¥

We can proceed analogously for the case of (2.b) being true leading to a critical pair
of type (2.b) according to Def. 4.1. O

Fact 4.6 (necessary and sufficient condition for parallel independence)
Each pair of direct transformations Hy <= G = Hy in an adhesive HLR system
with NACs is parallel independent if and only if there are no critical pairs for this
adhesive HLR system with NACs. An adhesive HLR system with NACs is locally
confluent if there are no critical pairs for this adhesive HLR system with NACs.

Proof

¢ Given an adhesive HLR system with NACs with an empty set of critical pairs and
let Hy <= G = H> be a pair of direct transformations in conflict for this adhesive
HLR system with NACs. This is a contradiction, since then there would exist a
critical pair which can be embedded into this pair of direct transformations as
shown in Theorem 4.5.

e Given an adhesive HLR system with NACs with only parallel independent pairs
of direct transformations Hy < G = Hs. Then the set of critical pairs has to
be empty, otherwise a critical pair would be a pair of direct transformations in
conflict.

 If each pair of direct transformations H; <= G = Hs in an adhesive HLR system
with NACs is parallel independent then each pair is also locally confluent and
using Theorem 3.3 in consequence this adhesive HLR system with NACs is locally

confluent.
(]

16
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5 Concurrency in adhesive HLR Systems with NACs

Let ¢ be a transformation via the rules pg,---,p,_1 with NACs and matches
9o, sgn—1- In general there will be dependencies between several direct trans-
formations in this transformation sequence. Therefore it is not possible to apply
the Parallelism Theorem in order to summarize the transformation sequence into
one equivalent transformation step. It is possible though to formulate a Concur-
rency Theorem which expresses how to translate such a sequence into one equivalent
transformation step anyway. Therefore we build on the notion of a concurrent rule
of a transformation sequence without NACs as introduced in [3]. Moreover we have
to translate all the NACs occuring in the rule sequence py, - - - , pr—1 backward into
an equivalent set of NACs on the concurrent rule p. of this rule sequence. This
means, a set NAC), should be found such that this set of NACs is equivalent to
NAC,,, -+ ,NAC,, , for the transformation ¢. This section describes gradually
how to obtain this concurrent NAC and generalizes then the Concurrency Theorem
to transformations with NACs.
Let us consider at first a two-step transformation with NACs:

No Ny

LO%KOHRO L1<7K1HR1
N LA N
GO D() G1 D, GQ

The goal is to translate all NACs on pg and p; into an equivalent set of NACs on the
concurrent rule p. : L. « K. — R, inducing as explained in Theorem 5.23 in [3] a
concurrent transformation Gy = G via p. and match g, as shown in the following
diagram:

No Nl
LO%KOHRO L1<;K1*>R1
v Y v
Le< 761' >R,

ge
\4 \t \i
Go = 2
LV
D.”

Consequently the two necessary steps are:
e Translate each set of NACs on Ly into an equivalent set of NACs on L.

e Translate each set of NACs on L into an equivalent set of NACs on L.

17
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We can prove the first step as desribed in the following construction and Lemma.

Definition 5.1 [construction of NACs on L. from NACs on L] Consider the fol-
lowing diagram:

mil o (1) np
Loﬂ)ﬁc

For each NAC(n;) on Ly with nj : Lo — N;j and mg : Lo — L, let
Dy, (NAC(n;)) = {NAC(n})|i € I,n}: L — N}

where I and n} are constructed as follows: ¢ € I if and only if (e;, n}) with e; : N; —
N/ jointly epimorphic, e; o n; =n} omg and e; € Q.

For each set of NACs NACL, = {NAC(n;)|j € J} on Ly the downward translation
of NACT, is then defined as:

Lemma 5.2 (equivalence of set of NACs on Ly and set of NACs on L.)
Given g. : Lo — Go, mg : Lo — L. with NACL, and go = g. o mg as in the
following diagram:

then the following holds :

go ': NACLO <= Jc |: DmO(NACLO)

Proof

* (=) Let g £ Dino(NAC(Lg)) = UjesDio(NAC(n;)) with NACL, =
{NAC(n;)|j € J}. Then for some j € J there is a NAC n} : L, — N, €
D,y (NAC(nj)) and e; : N;j — N for which holds that g. = NAC(n}), (e;,n})
jointly epi, e; € Q and e; o nj = nj o mg. Consequently there exists a morphism
¢ : N/ — Gop € Q such that ¢’ on] = g.. Since go = gcomo = ¢ onlomy =
¢’ o e; onj there exists a morphism ¢ : N; — Gp defined by ¢ = ¢’ o ¢; s.t.
gonj = ¢ oe;jon; = go. Because of the composition property for morphisms in @
we have ¢ € Q since ¢ € Q and ¢; in Q. Hence go = NAC(n;) = go = NACY,.

* (<) Let go £ NACL, with NACr, = {NAC(n;)|j € J}. Then for some j € J
a morphism ¢ : N; — Gy € Q exists such that gon; = go. Let (e*,m*) be an
epi-M-factorization of g.. Construct X with p; : X — E and m; : X — Nj as

18
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pullback of m* and gq.

p2€Q
e T

Nj<m—1X Nj ~r¢2~>N7;, Y
: A

ql (PB) lm TLJT () nj " Vnz\

GO&EéLC q L0*>L ?E &

~— : _

9e B g(/

*\L 9e S J

Goz

T

Then we have m; € M and p; € Q, since m* € M and ¢ € O, PBs preserve
M and PBs along M preserve Q. Now construct Y with ms : E — Y and

2 : Nj — Y as pushout of m; and p;. Then we have my € M, p € Q, since
m1 € M, p1 € Q, POs preserve M and POs along M preserve Q. Because of the
induced PB-PO property the induced morphism z : ¥ — Gy with x o mg = m*
and x o po = ¢ is a monomorphism in Q.

X-2>E

m1l (PO) lmQ

NHY

It holds moreover that ps, mo o €* jointly epimorphic because e* epimorphic and
P2, Mo jointly epimorphic. Summarizing we have the following equations: zomgo
e*omg=m*oe*omg=g.omy=go=¢qonj =xopyon; and since x mono
we have mg o €* o mg = py on;. Since mo o e* and pp are jointly epimorphic,
p2on; = (mgoe*)omy and ps € Q we can conclude that mgoe* : L, — Y
equals one of the morphisms n) : L, — N/ € Dy,,(NAC(n;)). Moreover since
xomgoe* =m*oe* = g, and x € Q it holds that g. = NAC(mgoe*) = NAC(n})
and consequently g. = NAC(n}) = gc = Dy (NAC(n})) = ge = Do (NACL,).

(]

Remark 5.3 It is possible to cancel the fact that @ is a set of special morphisms

and thus generalize the definition of NAC-satisfiability. We should assume in this
case though either that the NAC-morphism is in M or each match is in M. For this
case now we can use a different more simple downward translation of NACs onto
the LHS of the concurrent rule expressed by the following definition and lemma.

Definition 5.4 [construction of NACs on L. from NACs on Ly for general Q]
Consider the following diagram:

€j /

N; - >N}
A

ni|l (1) nj
LO m0> Lc
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For each NAC(n;) on Lo with nj : Ly — N; € M and mg : Ly — L, construct
pushout (1) with n’ : L. — N} and e; : Nj — N} then

Dy, (NAC(ny)) = NAC(n])

For each set of NACs NACL, = {NAC(n;)|j € J} on Ly the downward translation
of NACT, is then defined as:

Dmo (NACLO) = UjEJDmo (NAC(nJ>)
Lemma 5.5 (equivalence of NACs on L. and NACs on L for general Q)

Given g. : Lo — Go, mo : Ly — L. with NACL, and go = g o mg as in
the following diagram:

€j

VNj”””')N/'

) J
il (1)

then the following holds :

490 ': NACLO < Je ': Dm0<NACL0)

Proof

e = Let g % Dmo(NAC(LU)) = UjEJDmO(NAC(nj>) with NACLO =
{NAC(n;)|j € J}. Then for some j € J there exists a morphism ¢’ : N — Go
with ¢/ o n; = gc. It follows that ¢’ ocejon; = ¢ o n; omg = ge.omy = go and
therefore ¢’ o e; violates NAC(n;) for the match go which is a contradiction.

o < Let gy = NACy, then for some j € J there exists a morphism ¢ : N; — Gg
with ¢ on; = go. Since (1) is a pushout and g on; = go = g. © mg there exists
a morphism ¢’ : N] — Go with ¢’ oe; = g and ¢’ on/; = g.. Because of the last
equation g¢ = Dy, (NACL,) and this is a contradiction.

O

In Definition 2.9 and Lemma, 2.11 it is explained how to construct an equivalent
set, of left NACs from a set of right NACs on a rule. Now we are ready to define a set
of equivalent NACs on the LHS of the concurrent rule of a two-step transformation
from the set of NACs on the LHS of the second rule of this transformation.

Definition 5.6 [construction of NACs on L. from NACs on L;] Given an E-
dependency relation (eg,e1) € &’ for the rules py and p; and p. = po *g p1 : L —
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K. — R, the E-concurrent rule of py and p; as depicted in the following diagram:

N;
2’1: )
e
N/ n
A
QY
Lo<—Ko—— Ry "3 hi<~—Ki—R
Y Y RN Y \
Le< Gy >E=< o O >R,

.

,_Kc e
For each NAC(n;) on Ly with nj : Ly — Nj:
DLy (NAC(n))) = Lp(De, (N AC(n;)))

with p: L. < Cy — E and D,,, L, according to Def. 5.1 and Def. 2.9.
For each set of NACs NACy, = {NAC(n;)|j € J} on Ly the down- and leftward
translation of NACT, is defined as:

DLy (NACL,) = Ujes DLy (NAC(n;))

Lemma 5.7 (equivalence of NACs on rule p; and NACs on p.) Given a
two-step E-related transformation via py : Lo +— Ko — Ry and p1 : L1 +— K1 — Ry

N;j

¥
Lo<=—Kyo——Ry Li<=—Ki——R;
N
Go Dy Gi Dy G2

with g. being the match from the LHS of the E-concurrent rule p. = po*gp1 into Gy
(as described in the synthesis construction of Theorem 5.23 in [3]) then the following
holds:

g1 ': NACL1 <= Jc ’: DLpC(NACLl).
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Proof Consider the following diagram:

Lo<——Ko——=Ro_

The E-concurrent rule pg *g p; is the rule p. : L. «+— K. — R, as described in Defi-
nition 5.21 in [3]. The derived span of the E-concurrent transformation Go " Gy
is Go < D, — Ga. Because of Lemma 5.2 g1 = NACL, < h = D.,(NACL,).
Moreover because of Lemma 2.9 g, = L,(De,(NACYL,)) < h |= D, (NACL,) with
p: L. +— Cy — E. Note that Lp(Del (NACLI)) = UjeJLp(Del (NAC(HJ))) =
UjesDL, (NAC(n;)). Consequently, it holds that ¢1 = NACL, & g =
DL, (NACL,)). O

Definition 5.8 [concurrent rule with NAC, concurrent (co-, lhs-)match induced by

Go 2 Gn+1]

n =0 For a direct transformation Gy = G; via match g9 : Ly — Gy, comatch
g1 : Ri — Gy and rule py : Ly +— Ko — Ry with NAC),, the concurrent rule p.
with NAC induced by Gy = G is defined by p. = po with NAC,, = NAC,,,
the concurrent comatch h. is defined by h. = g1, the concurrent lhs-match by
id : Lo — Lo and the concurrent match g. by g. = go : Lo — Go.

n >1 Consider p. : L. «— K. — R. (resp. ¢. : L. — Gy, hl. : R. — G,,m. :
Ly — L), the concurrent rule with NACs (resp. concurrent match, comatch, lhs-
match) induced by Go == G,,. Let ((¢., en), h) be the & — M’ pair factorization
of the comatch A/ and match g, of G,, = Gp4+1. According to Fact 5.29 in [3]
PO-PB decomposition, PO composition and decomposition lead to the diagram

22



LAMBERS

below in which (1) is a pullback and all other squares are pushouts:

m
Lo—=L; K
mp :
4 I Y
Le<! Co
: v
a| o gni1
: : c
ge
v v
0 Dn

For a transformation sequence Gg ntl Gp1 the concurrent rule p. with NACs

resp. concurrent match, comatch, lhs-match) induced by Gg ot Gpy1 is defined
+

by p. = L. lﬁc K. To_k)n R, (gc :Le — Go, he : Re — Gn—l—l; mcom/c : Lo — Lc)-

Thereby NAC), is defined by NAC),, = DL, (NACL,)U Dy, (NACL;).

Theorem 5.9 (Concurrency Theorem with NACs) (i) Synthesis. Given a
transformation sequence t : Go = Gpy1 via a sequence of Tules po, i, - ., P,
then there is a synthesis construction leading to a direct transformation Gy =
Grny1 via the concurrent rule p. : L. +— K. — R. with NAC,_, match g. :
L. — Go and comatch h. : R. — Gn4+1 induced by t : Gy = Gpat-

(ii) Analysis. Given a direct transformation Gi, = G, | via the concurrent rule p,. :
L. +— K. — R. with NAC,, induced by t : Gg e Grni1 via a sequence of rules
Do, P1, - - -, Pn then there is an analysis construction leading to a transformation
sequence t' : Gl == G, 1 with NACs via po,p1, - . ., Pn.

(iii) Bijective Correspondence. The synthesis and analysis constructions are inverse
to each other up to isomorphism.

Proof We prove this theorem by induction over the number of transformation steps
n+ 1.

(i) Synthesis.

Basis. n=0. For a direct transformation ¢ : Gg Pa.go G viamatch go : Ly — Gg
and rule pg : Lo <+ Ko — Ro with NAC,,, the concurrent rule p. with NAC
induced by Gy = G is defined by p. = py with NAC,. = NAC,, and
the concurrent match g. is defined by g. = go : Ly — Gpy. Therefore the
synthesis construction is equal to G Pede @,

Induction Step. Consider ¢ : Gy = G, = Gp41 via the rules pg,p1 ..., pn.
Let p. : L. «— K. — R, (resp. g. : L. — Go, h.. : R, — Gy), be the
concurrent rule with NACs (resp. concurrent match, comatch) induced by
Gy = G,. Suppose that Gy el G, is a direct transformation with NAC
leading to Gy,. Let ((e.,en),h) be the & — M’ pair factorization of the co-
match h., and match g, of G, = G,+1. PO-PB decomposition, PO compo-
sition and decomposition as described in Fact 5.29 in [3] lead to the diagram
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below in which (1) is a pullback and all other squares are pushouts:

gn+1

The concurrent rule p. with NACs (resp. concurrent match, comatch) in-
lok. rokn

duced by Gg ntl Gny1 is po = Lo — K. =" Re (9c : Le — Go, he -
Re. — Gpy1). Thereby NAC), is NAC,, = DL, (NACL,) U D (NACL,).
We should prove that Gy Berle Gpy1 is a valid direct transformation with
NACs. At first an analogous synthesis construction to the one for two direct
transformations without NACs in Theorem 5.23 in [3] can be done. Thus,
in a second step we shall show that g. satisfies NAC,, if g satisfies NAC),
and g, satisfies NAC),. This follows because of Lemma 5.2, Lemma 5.7

and the fact that G @ G, is a direct transformation via the rule p/, with
concurrent NAC NAC,.
(ii) Analysis.

Basis. n=0. For a direct transformation Gf, = G} via the concurrent rule
pe = po with NAC,, = NAC,, the analysis construction is equal to Gf, =
G.

Induction Step. Given a direct transformation Gfy = G, ; via the concurrent
rule p. : L, «— K. — R, with NAC,, induced by t : Gy — Gpy1 via a
sequence of rules pg, p1,...,pn. The concurrent rule p. induced by ¢ can be
interpreted as pl xp, pn, in which the F,-dependency relation between the
rules is induced by the & — M’ pair factorization of the comatch h/, induced
by Gop = G, and the match g, of G, — G,41 as described in Def. 5.8. So
we have a direct transformation Gf = G, via p. = pl. *g, p, and because
of the Analysis part of Theorem 5.23 in [3] there is an analysis construction
leading to a transformation sequence without NACs G{, = G, = G, via
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pl. and p,, and matches g resp. g,.

K, Ry,
v . v
Co " >R,
ge 9:1+1
! : E V Iv
/ ! /
0 Dn Gn D Gn+1

We know by assumption that the match ¢’ of Gj = G, satisties NAC),,.
Since Lemma 5.2 and Lemma 5.7 hold in both directions, i.e. translate NACs
in an equivalent way, we can conclude that NAC),, and NAC), are satisfied
by g resp. g;. Therefore Gy = G; = G}, is a valid transformation
sequence with NACs. Because of the induction hypothesis there exists an
analysis construction G, = G| = ...G), via po,p1,...,pn—1 for Gj = G,
via pl,. Thus we obtain a transformation sequence with NACs G, = G| =
...Gy 4y via po,p1, ..., py for the direct transformation Gy = G, via the

concurrent rule p. : L. «+ K. — R, with NAC), .

(iii) Bujective Correspondence. The bijective correspondence follows from the fact
that the & — M’ pair factorization is unique, and pushout and pullback con-
structions are unique up to isomorphism.

O

6 Embedding and Confluence

In the last section we have defined the concurrent rule p. with NACs (resp. match
gc) induced by a transformation t. We need this definition in order to define NAC-
consistency which is an extra condition needed on top of boundary consistency to
generalize the Embedding and Extension Theorem to transformations with NACs.
Having generalized the notion of critical pairs, completeness, embedding and ex-
tension to transformations with NACs, it is now possible to formulate a sufficient
condition on the critical pairs with NACs in order to obtain local confluence of an
adhesive HLR system with NACs, i.e. to formulate the Critical Pair Lemma with
NACs.

We start though with the definition of NAC-consistency for an extension mor-
phism kg w.r.t. a transformation ¢. It expresses that the extended concurrent match
induced by ¢ should fullfill the concurrent NAC induced by ¢.

Definition 6.1 [NAC-consistency] A morphism ko : Gy — G is called NAC-
consistent w.r.t. a transformation t : Gy = G, if ko o g. = NAC,, with NAC,, the
concurrent NAC and g. the concurrent match induced by t.

The Embedding Theorem for rules with NACs needs as extra condition on the
extension morphism kg NAC-consistency. Note the following renaming in order to
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be able to distinguish better NAC-consistency from the consistency needed for the
Embedding Theorem without NACs. In the following we speak about boundary
consistency when we mean consistency as in Def. 6.12 of [3].

Theorem 6.2 (Embedding Theorem with NACs) Given a transformation t :
Go == G,, with NACs. If kg : Gy — G|, is boundary consistent and NAC-consistent
w.r.t. t then there exists an extension diagram with NACs over t and ky.

Proof We prove this theorem by induction over the number of direct transforma-
tion steps n.

Basis. n=1. Consider a direct transformation t : Gy Pogo (1 via match gg :
Ly — Gy and rule py : Ly +— Ko — Ry with NAC),, and extension morphism
ko : Go — Gj. Because of NAC-consistency kg o go = NACL,. This means that
the extension diagram over kg and ¢ without NACs as described in Theorem 6.14
in [3] is also an extension diagram over ko and ¢ with NACs.

Induction Step. Consider ¢ : Gg == Gn "™ G411 via the rules po, p1 ..., pn. Let
p.: L, — K. — R, (resp. g.: L. — Gy, hl. : R. — G,) be the concurrent
rule with NACs (resp. concurrent match, comatch) induced by Gy = G,,. The
induction hypothesis says that there exists an extension diagram with NACs over
t': Gy = G, and ko : Gy — G{. This means in particular that ko o g9 =
NACL,,kioq1 E NACL,,...,kn—1 0 gn—1 = NACL, ,, i.e. each extended
match of the extension diagram satisfies the NACs on the corresponding rule.
Moreover let G, < D] — G be the derived span of the extension diagram
Gl == G over t and kg. In the proof of Theorem 6.14 in [3] it is described
how to obtain an extension diagram without NACs over t : Gy == G, = Gni1
and ko : Go — G{. The same construction can be made since ko is boundary
consistent. Now we still have to prove that the last extended match &, o g,, of the
extension diagram without NACs satisfies the set of NACs on the last rule p, of
the transformation sequence. Let ((el,ey),h) be the & — M’ pair factorization
of the comatch A/ and match g, of G,, = G,4+1. PO-PB decomposition, PO
composition and decomposition lead to the diagram below as described in Fact
5.29 in [3] in which (1) is a pullback and all other squares are pushouts:

[L~— K, —>R, K R,
v ! v , v

Lc = Chpo > Rc

gé : gn+1

%gc hc
v v v

Go D, Gn+1
lko l lknﬁ‘rl
/ /

Gl D’ G

The concurrent rule p. with NACs (resp. concurrent match, comatch) induced by
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loke roky,

Go ntl Gni1ispe =L, < K. =" R. (9. : L — Go, he : Re — Gpy1). Thereby
NAG,, is NAC,, = DL, (NACy,) U Dy, (NAC,) and Gy 2% G,. Because
of NAC-consistency of ky we know that ko o g. = NAC, = DL, (NACL,)U
Dy, (NACT; ). Now because of Lemma 5.7 it follows that &, o g, = NACL, and
thus we have an extension diagram with NACs over t and kg.

(]

The following Extension Theorem with NACs describes the fact that boundary
and NAC-consistency are not only sufficient, but also necessary conditions for the
construction of extension diagrams for transformations with NACs.

Theorem 6.3 (Extension Theorem with NACs) Given a transformation t :
Go == G, with NACs with a derived span der(t) = (Go & D, & Gr) and an

extension diagram (1) as in the following picture:

B gy =G,

l (2) koi (1) J{kn

/
C——G) ==*G",

then

* ko : Go — Gy, is boundary consistent w.r.t. t, with the morphism b: B — D,,.
* ko : Gy — Gj, is NAC-consistent w.r.t. t.

o Let p. (resp. gc) be the concurrent rule with NAC,, (resp. concurrent match)
induced by t. There is a direct transformation Gy = G wvia der(t) with
NACgerty = Dy.(NACy,) and match ko given by pushouts (3) and (4) with
h,k, € M.

o There are initial pushouts (5) and (6) over h € M’ and k, € M', respectively,
with the same boundary-context morphism B — C.

dn

lko (3) hl (4) ikn l (5) lh l (6) lkn
G e D — oG DD

Proof
* See proof of item 1 in Theorem 6.16 in [3].

* We should prove that kg o g. with g. the concurrent match induced by t satisfies
NAC,, the concurrent NAC on the concurrent rule p. induced by t. We prove
this by induction over the number of direct transformation steps n.

Basis. n=1. Consider the extension diagram over the direct transformation
t: Gy Po.go G1 (via match g : Ly — Go and rule pg : Ly «— Ky — Rp
with NAC),) and extension morphism ko : Go — G{. Because of Def. 4.2
ko o go E NACL, and therefore ko is NAC-consistent w.r.t. t.

Induction Step. Consider the extension diagram over ¢ : Gg = G,, Prilin Gni1
(via the rules pg, p1 ..., pn, with NACs) and the extension morphism kg : Go —
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Gy. Let p. : L. «— K. — R. (vesp. ¢. : L. — Gop, h. : R, — G,) be
the concurrent rule with NACs (resp. concurrent match, comatch) induced
by Gy = G,,. The induction hypothesis says that kg is NAC-consistent w.r.t.
t': Gp == G,,. This means in particular that kgog/. satisfies N AC,; . We should
prove now that also kgog, satisfies NAC),, = DL, (NACL, )UDy, (NACL,) the
concurrent NAC on the concurrent rule p. induced by ¢. Because of Lemma
5.2 and the induction hypothesis we have that ko o g = D, (NACL) =
D (NACy,). Because of Def. 4.2 k, o g, = NACL, and because of Lemma
5.7 therefore kg o g. = DL, (NACL,).

L~ K —=R.

\ . Y ,
L=ty Co "> R,
A n
ge gn+1
ge he
v v 5 y v
Go D, D, Gnt1
iko \L kn \L ikn+1
! / ! /
0 Dn Gn D’ Gn-i- 1

* In item 2 in Theorem 6.16 in [3] it is proven that there is a direct transformation
G| = G, without NACs via der(t) and ko given by the pushouts (3) and (4) with
h, kn € M'. So we still have to prove that ko [ NACquer) = Dy (NAC),). This
follows because of Lemma 5.2 and the fact that koo g. = NAC), as proven in the
former item.

* See proof of item 3 in Theorem 6.16 in [3].
(]

For the Critical Pair Lemma with NACs we need a stronger condition as in
the case without NACs in order to obtain local conluence of the adhesive HLR
system. In addition to strict confluence of the set of critical pairs we need also
NAC-confluence. If a critical pair is strictly confluent via some transformations t;
and t9, we call t1 and t9 a strict solution of the critical pair. NAC-confluence of a
critical pair expresses that the NAC-consistency of an extension morphism w.r.t. a
strict solution of the critical pair follows from the NAC-consistency of the extension
morphism w.r.t. the critical pair itself.

Definition 6.4 [strictly NAC-confluent] A critical pair P; PLdt | P28 P, is strictly
NAC-confluent if and only if

e it is strictly confluent via some transformations t; : K PLg P, =* X and t5 :
K28 pyo* X

e and it is NAC-confluent for t1 and ts, i.e. for every morphism kg : K — G € M’
which is NAC-consistent w.r.t. K 7= P, and K P22 P, it follows that kg is
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NAC-consistent w.r.t. ¢; and %s.

G

o
K
(p1 ,y Yﬁﬂ
P Py
X

Theorem 6.5 (Local Confluence Theorem - Critical Pair Lemma with NACs)
Given an adhesive HLR system with NACs, it is locally confluent if all its critical
pairs are strictly NAC-confluent.

Proof If a pair of direct transformations is parallel independent then they are
confluent because of the Local Church-Rosser Theorem. Suppose we have a pair
of direct transformations H; < G = Hs in conflict. Because of Theorem 4.5
a critical pair P, <« K = P, exists, which can be embedded into this pair of
direct transformations. We know that each critical pair is strictly NAC-confluent
and consequently locally confluent. This means that an object X exists as in the
following picture. We still have to prove though that Hy =* H3 <" Ho.

In the Critical Pair Lemma without NACs in [3] it is proven that the extension mor-
phisms k; and ke are boundary consistent because of the fact that the critical pair
P, < K = P, is not only locally confluent, but also strictly confluent. Therefore
extension diagrams without NACs over t1 : K = P —»* X and to: K = P, =" X
can be constructed s.t. G = Hy =* Hs and G = Hy =* H3. The uniqueness of Hg
is proven in [3]. We should still prove that the extended matches in these extension
diagrams satisfy the NACs of the rule sequences in #; and t2. First we show that kg
is boundary consistent w.r.t. K = P; (resp. K = ). This is because we have an
extension diagram over kg and K = P; (resp. K = P,) and Theorem 6.3. Moreover
we have that koo g1 = NAC), (resp. koo gs = NAC),). This means that ko is also
NAC-consistent w.r.t. the direct transformation K = P; (resp. K = P,). Since we
have that the critical pair P; <= K = P, is strictly NAC-confluent it follows that
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ko is NAC-consistent w.r.t t; and to. Since kg is NAC-consistent the Embedding
Theorem for rules with NACs can be applied to kg, t; and ts to conclude that the
extended matches in the extension diagrams over kg and t; (resp. to) satisfy the
NACs of the rule sequences in t; (resp. t2). 0

The following theorem formulates a sufficient condition for a critical pair P, £
K2 P, which is strictly confluent via some transformations t; : K PLg Pr="X
and t9 : K P2g> P, =* X to be also NAC-confluent for ¢; and t5. This means by
definition that for every extension morphism kg : K — G € M’ which is NAC-
consistent w.r.t. K "2' P and K "2 P, it should follow that kg is also NAC-
consistent w.r.t. £; and t5. In the theorem two different conditions on each single
NAC(ny,) (resp. NAC(ng;)) of the concurrent NAC induced by transformation
t1 (resp. ta) are given which lead to NAC-confluence if one of them is satisfied.
The first condition expresses that there exists a suitable NAC on p; (resp. p2)
which evokes the satisfaction of NAC(n;) (resp. NAC(n2,;)). The second con-
dition first asks for a suitable morphism between the lhs’s of the concurrent rules
induced by both transformations t; and t5. Moreover it expresses that there exists
a suitable NAC on py (resp. p1) which evokes the satisfaction of NAC(n; ;) (resp.
NAC(ns,5)).

G

i

K
(ph% wm)
P P

X

Theorem 6.6 (Sufficient Condition for NAC-confluence) Given a critical

pair P, & K 2 Py which is strictly confluent via the transformations t1 : K PLgt

P =*X and ty : K "2 Py =* X. Let Le1 (resp. Lca) be the left-hand side of

the concurrent rule pe1 (resp. pe2) and my : Ly — Ley (resp. mg @ Ly — L)

the lhs-match induced by t1 (resp. ta). Then the critical pair P PR Py is also

NAC-confluent for t1 and te and thus strictly NAC-confluent if one of the following

conditions holds for each NAC(ny ;) : L1 — Nij (resp. NAC(ngj): Lea — Noj)

of the concurrent NAC,, , induced by t1 (resp. NAC,, , induced by t3)

e there exists a NAC(ny;) © Leyn — Ny, (resp. NAC(ny;) @ Lea — Ni;) in
Diny (NACYy,) (resp. Dmy(NACy,)) and a morphism dij € Q : Ni; — Nij (resp.
dij € Q: Ny; — Naj) such that (1) (resp. (1°)) commutes.

* there exists a morphism lay : Leo — Loy (resp. li2 @ Lei — Lea) st (2)
(resp. (2°)) commutes and in addition a NAC(ny;) : Lep — Ny, (resp. nj; :
Lea — Ni ;) in Dy (NAGy,) (resp. D, (NACy,)) with a morphism my; : Ny ; —
Nij € Q (resp. myj : N{,i — Naj € M) s.t. nyjoly = myj on’u (resp.
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ngjolip =mjjoni ;).

M g
N Ad”N/ , N/ . N . N! ,,,drifN ,
1= 1,2 (3) 2,1 1,2 (3/) 2,1 > 27]
7 n (1) Tnll 2 Tn2 7 Tnll [ 9 ’LT (1 ) :
1,7 > n2 j
c,1 =< Ly, Lc,2 Lc,l """" he >Lic,2
. @ %\@) / &\@’) / @) “a
X K K X
e G-

Proof We shall prove that kg is NAC-confluent for ¢; and ¢, i.e. each kg : K — G €
M’ which is NAC-consistent w.r.t. K 2 P, and K £ P, is also NAC-consistent
wrt. KB P =*Xandty: K 2 P, =* X. Suppose that kg o g.,1 does
not satisfy the concurrent NAC), , induced by t1, i.e. ko is not NAC-consistent
w.r.t. t;. Then we have a morphism ¢ € @ of a NAC-object Nj ; of the concurrent
NAC),, into G s.t. triangle (4) commutes, i.e. kg o g1 = gonij. Now one of the
following two reasonings can be made:

* Because of the existence of a morphism d;; such that (1) commutes, we have that
kooge1 = qod;j on’l,i. Moreover god;; is a morphism in Q because d;j,q € Q. This
means that the extended match kg o g.1 does not satisfy D,,, (NAC),). Because
of Lemma 5.2 now it follows that kg is not NAC-consistent w.r.t. K 2 P, and
this is a contradiction.

* Because of the existence of lo : Lo — L s.t. (2) commutes and my; : Noj —
N1 such that ny j ola1 = myj o ny; the following equations hold: g om;; oy, =
gonyjolar = kpogei0la1 = kgogea. Now gom;; € Q because of the composition
property and thus kg o g.2 does not satisfy D,,,(NAC),,). Because of Lemma

5.2 now it follows that kg is not NAC-consistent w.r.t. K 2 P, which is a
contradiction.

Analogously we can prove that each kg : K — G which is NAC-consistent w.r.t.
K = P; and K = P; is also NAC-consistent w.r.t. ¢s. O

The following corollary follows directly from this theorem.

Corollary 6.7 A critical pair P, 2 K 2 P, is strictly NAC-confluent if

o it is strictly confluent via the transformations t; : K "' P, =* X (resp. ta :
K Pz Py, =* X) and both Py =* X and P, =* X are transformation sequences
without NACs.

Proof In this case NAC),, = Dy, (NAC),) and therefore d;; = id for each sin-
gle NAC in NAC,,, such that the first condition of Theorem 6.6 always holds.
Analogously we can argue for the case NAC),_ ,. a

In order to formulate not only a sufficient, but also necessary condition for local
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confluence of an adhesive HLR system with NACs we define the so-called set of
extended critical pairs.

Definition 6.8 [extended critical pair] For each critical pair P; <~ K = P,, which
is not strictly NAC-confluent, an extended critical pair is a pair of direct trans-
formations H; < G = Hy as in the following figure, with kg : K — G € M’ a
NAC-consistent and boundary-consistent morphism w.r.t. K = P; and K = P:

G
(p1,NACY,) T’fe (p2,NACp,)
K
1 ,NAC% Y,NACPQ
H <M p P—r2 m,

Remark 6.9 If we take kg = id, then each critical pair which is not strictly NAC-
confluent belongs to the set of its extended critical pairs.

Theorem 6.10 An adhesive AHLR system with NACs is locally confluent if and
only if all its extended critical pairs are locally confluent.

Proof

e = If one of the extended critical pairs is not locally confluent, then the system
is not locally confluent, since an extended critical pair is nothing but a pair of
direct transformations.

e < Let H < G = H> be a pair of direct transformations. If they are parallel
independent, then they are locally confluent, because of the local Church-Rosser
property. If they are not, then there exists a critical pair P; < K = P, because
of Theorem 4.5 which can be embedded into this pair of direct transformations. If
this critical pair is strictly NAC-confluent, then H; <= G = Hj is locally confluent
as it is proven in Theorem 6.5. Suppose that the critical pair P <= K = P, is
not strictly NAC-confluent. Because of Theorem 6.3 we have that kg € M’ is
boundary- and NAC-consistent w.r.t. K = P, and K — P,. Then H; < G = Hy
is an extended critical pair by definition and all extended critical pairs are locally
confluent by assumption.

O

7 Conclusion

In this paper the most significant results are given in order to extend the the-
ory on Algebraic Graph Transformation in [3] to Transformations with Negative
Application Conditions. Summarizing the most important ones: these are Local
Church-Rosser Theorem, Parallelism Theorem, Completeness Theorem, Concur-
rency Theorem, Embedding and Extension Theorem, and Local Confluence Theo-
rem. These results for transformations with NACs are formulated in the context of
the Adhesive High-Level Replacement Framework introduced in [3] with an extra
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necessary morphism class Q. The rather technical description of all theorems and
proofs serves as a basis for further explanations and investigations on this subject
together with illustrations of this new theory. Future work will be necessary on the
applicability and refinement of all new results and on the development of efficient
analysis algorithms for transformations with NACs.
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