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of the first and second hyperpolarizabilities of water, methanol,
and dimethyl ether
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Rue de Bruxelles 61, B-5000 Namur, Belgium
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The static and dynamic first (β∥) and second (γ∥) hyperpolarizabilities of water, methanol, and
dimethyl ether have been evaluated within the response function approach using a hierarchy of
coupled cluster levels of approximation and doubly augmented correlation consistent atomic basis
sets. For the three compounds, the electronic β∥ and γ∥ values calculated at the CCSD and CC3 levels
are in good agreement with gas phase electric field-induced second harmonic generation (EFISHG)
measurements. In addition, for dimethyl ether, the frequency dispersion of both properties follows
closely recent experimental values [V. W. Couling and D. P. Shelton, J. Chem. Phys. 143, 224307
(2015)] demonstrating the reliability of these methods and levels of approximation. This also suggests
that the vibrational contributions to the EFISHG responses of these molecules are small. Published
by AIP Publishing. [http://dx.doi.org/10.1063/1.4958736]

I. INTRODUCTION

The evaluation of the first (β) and second (γ) hyperpo-
larizability tensors remains a challenge for modern quantum
chemistry. Besides the electronic contribution, the vibrational
counterpart can be non-negligible and the evaluation of
both contributions as well as the description of their
frequency dispersion requires treatments including electron
correlation.1–7 During the last 30 years that have witnessed
the elaboration of high-level electron-correlation methods, the
comparisons between calculations and experiment have turned
out to be profitable for increasing the accuracy and precision
of both types of methods as well for understanding the origin
of the nonlinear optical (NLO) responses.1,8–15

A recent publication due to Couling and Shelton16 reports
measurements of both the first and second hyperpolarizabili-
ties of dimethyl ether (DME). These measurements have been
carried out in gas phase at different frequencies by using the
electric field-induced second harmonic generation (ESHG)
technique. This new set of data as well as the comparison
with water and methanol gives a new opportunity to assess
state-of-the-art quantum chemistry methods for predicting
the hyperpolarizabilities. Indeed, on the one hand, their
small number of atoms allows the use of large basis sets
together with high-level post-Hartree-Fock methods. On the
other hand, these gas phase data prevent from having to
account for solvent or surrounding effects, which might be
cumbersome.17–22

Following Couling and Shelton, this article is focusing
on the two quantities accessible through ESHG experiment,
the projection of the vector part of β on the permanent dipole
moment (µ⃗), β∥, and the isotropic second hyperpolarizability,

a)Electronic mail: benoit.champagne@unamur.be

γ∥, which are defined as

β∥ =
1
5

x, y,z
ζ

µζ

∥ µ⃗∥
x, y,z
η

βζηη + βηζη + βηηζ, (1)

γ∥ =
1

15

x, y,z
ζ,η

γζζηη + γζηηζ + γζηζη, (2)

where ζ,η, . . . are Cartesian coordinates, µζ is the ζ
component of the permanent dipole moment vector, and ∥ µ⃗∥
its norm. βζηξ and γζηξχ are elements of the first and second
hyperpolarizability tensors, respectively.

In this contribution, only the electronic hyperpolariz-
abilities are calculated. They are evaluated by adopting a
hierarchy of Coupled Cluster (CC) response function methods,
suitable to evaluate the static values as well as their frequency
dispersion. The vibrational contributions to β and γ have
already been addressed for water23–25 and methanol,5(b),26,27at
different levels of approximation, showing that, at optical
frequencies, the vibrational contributions amount to only a
few percents of the electronic SHG values.

This paper is organized in three parts: after describing the
theoretical frame and the computational details in Section II,
the main results for water, methanol, and dimethyl ether are
presented and discussed in Section III. First, the effects of
basis set and electron correlation on the static and dynamic
responses are analyzed. This allows selecting “best” values
for performing comparisons. Besides comparison with the
experimental data of Couling and Shelton,16 Kaatz et al.,18

and Ward and Miller,28 comparisons are made with previous
theoretical values for water and methanol. To our knowledge,
this is the first report on calculated first and second
hyperpolarizabilities for DME. The conclusions are drawn
in Section IV.

0021-9606/2016/145(4)/044311/9/$30.00 145, 044311-1 Published by AIP Publishing.
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II. THEORETICAL METHODS AND COMPUTATIONAL
PROCEDURES

The frequency-dependent first and second hyperpolar-
izabilities are the expansion coefficients of the molecular
induced dipole moment as a function of external electric
fields, F⃗, applied along the η, ξ, . . . directions and oscillating
at frequencies ω1, ω2, . . .,

∆µζ(F⃗) =
x, y,z
η

αζη(−ωσ;ω1) Fη (ω1)

+
1
2!

x, y,z
η,ξ

βζηξ(−ωσ;ω1,ω2) Fη (ω1) Fξ (ω2)

+
1
3!

x, y,z
η,ξ, χ

γζηξχ(−ωσ;ω1,ω2,ω3) Fη (ω1)

× Fξ (ω2) Fχ (ω3) + · · ·, (3)

where ωσ =


iωi and αζη is an element of the polarizability
tensors. Depending on the experimental setup and the
combination of the static and dynamic electric fields, different
NLO processes arise. For the first hyperpolarizability, one
distinguishes the linear electro-optic effect [dc-Pockels,
β(−ω;ω,0)] and the second harmonic generation [SHG,
β(−2ω;ω;ω)]. For the second hyperpolarizability, usual
processes encompass the Kerr effect [dc-Kerr, γ(−ω;ω,0,0)],
the degenerate four wave mixing [DFWM, γ(−ω;ω,−ω,ω)],
the electric-field induced second harmonic generation [ESHG,
γ(−2ω;ω,ω,0)], and the third harmonic generation [THG,
γ(−3ω;ω,ω,ω)].1

According to Eq. (3), the hyperpolarizability tensor
elements can be evaluated as the second- and third-order
responses of the dipole moment to these fields. Typically,
these can be obtained by using response function methods29,30

and/or partial finite field numerical derivative techniques.31

Within perturbation theory, β and γ can also be expressed in
the form of summations over excited states,32,33

Pζη...(−ωσ;ω1, . . .)

= Pζ η...


a1,a2, ...

µ
ζ
0 a1

µ̄
η
a1 a2 . . .

(ωa1 − ωσ) (ωa2 − ωσ + ω1) . . . , (4)

where P = α, β,γ. ωai = ~ωai = Ei − E0 is the vertical
transition energy between the ground state (0) and the ith
excited state, P is the permutation operator over the pairs of
coordinates and frequencies, (ωσ, ζ), (ω1, η), . . . The quantity
µ̄ai a j

is equal to ⟨i | µ̂| j⟩ − δi j ⟨0| µ̂|0⟩. As a result, the magni-
tude of the hyperpolarizabilities is inversely proportional to
the square (cube) of the excitation energies for β (γ).

Following experimental evidences,34 Bishop33,35,36 and,
later on, Hättig,37 demonstrated that the frequency-dependent
hyperpolarizabilities (Eq. (4)) can be rewritten under the form
of a product between the static hyperpolarizabilities, P(0),
and a ω2

L polynomial,

P(−ωσ;ω1, . . .) = P(0) [1 + Aω2
L + Bω4

L + · · ·], (5)

where A, B, . . . are the expansion coefficients and

ω2
L =

σ,1,2, ...
i

ω2
i . (6)

They proved that A is the same for all second-order (third-
order) NLO processes but it depends on the molecule.
Moreover, B is the same for both ESHG and dc-Kerr
processes.36,37 Thus, for typical NLO processes with only
one optical frequency (ω), ω2

L is an integer (k) multiple of ω2.
For instance, for the SHG and the ESHG processes, k is equal
to 6, whereas it amounts to 2 for dc-Pockels and dc-Kerr. This
allows defining a frequency dispersion factor, D(ω2

L),

D(ω2
L) =

P(ωσ;ω1, . . .)
P(0) − 1 = Aω2

L + Bω4
L + · · · (7)

These expressions and relationships are valid for average
quantities (β∥ and γ∥) as well as for the diagonal tensor
elements (βζζζ and γζζζζ).

The geometries of the three molecules were optimized
at the M06/6-311G(d) level of theory. At first, SHG/ESHG
first and second hyperpolarizabilities were evaluated for a
range of wavelengths (energies), i.e., ∞ (0), 1064 (9400),
694.3 (14 400), 611.3 (16 360), 590 (16 950), 514.5 (19 440),
and 488 (20 500) nm (cm−1). These hyperpolarizabilities
were evaluated at the time-dependent Hartree-Fock (TDHF)
level,38 as well as with a hierarchy of CC models with
quadratic and cubic response functions.29,30,39,40 Unrelaxed
orbitals were assumed. The CC hierarchy, given in increasing
order of electron correlation treatment, is CCS, CC2, CCSD,
and CC3.29,30,39,40 Those calculations were performed with
doubly augmented correlation consistent polarized valence
basis sets, d-aug-cc-pVXZ41 (X = D, T, Q, and 5 for water,
X = D and T for methanol and DME). X determines the
splitting level of the valence shell atomic orbitals and also
the highest angular momentum quantum number (lmax) of the
polarization functions. So, for the O atom, if X = T (3),
there are three sets of valence s and p functions and lmax

= 3, corresponding to f polarization functions whereas for
X = Q(4), there are 4 valence s and p sets and up to
g polarization functions (lmax = 4). This choice of doubly
augmented basis sets is consistent with previous investigations
on reference molecules for nonlinear optics.15 In a second
step, β and γ values for additional NLO processes were
calculated. For the latter, the calculations were performed
at the [Q,C]RF-CCSD/d-aug-cc-pVDZ level with ω2

L values
ranging from 0 to 30 × 108 cm−2 by step of 2 × 108 cm−2.
All reported β and γ values are given in a.u. [1 a.u. of β
= 3.6212 × 10−42 m4 V−1 = 3.2064 × 10−53 C3 m3 J−2 = 8.639
× 10−33 esu; 1 a.u. of γ = 7.423 × 10−54 m5 V−2 = 6.2354
× 10−65 C4 m4 J−3 = 5.0367 × 10−40 esu] within the T conven-
tion.1 Geometry optimization and TDHF calculations were
carried out with the Gaussian 09 D01 package42 while response
functions at the different coupled-cluster levels were obtained
with Dalton 2016.43

III. RESULTS AND DISCUSSIONS

A. Basis sets and electron correlation effects on β
and γ of water

The small water molecule enabled a detailed investigation
of electron correlation effects by using basis sets ranging from
d-aug-cc-pVDZ to d-aug-cc-pV5Z. The complete data are
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TABLE I. Basis set and electron correlation effects on the static β∥ (a.u.) and γ∥ (a.u.) of water. Relative
differences (in %) with respect to d-aug-cc-pV5Z are given in parentheses (except fo CC3 for which the
comparison is made with d-aug-cc-pVQZ).

HF CCS CC2 CCSD CC3

β∥(0)
d-aug-cc-pVDZ −9.04 (−19.1) −12.12 (−16.3) −21.28 (−17.1) −15.03 (−17.2) −14.13 (−20.3)
d-aug-cc-pVTZ −10.85 (−2.8) −14.16 (−2.2) −25.46 (−0.8) −17.90 (−1.4) −17.22 (−2.9)
d-aug-cc-pVQZ −11.17 (0.1) −14.48 (0.03) −25.81 (0.6) −18.25 (0.5) −17.74
d-aug-cc-pV5Z −11.17 −14.48 −25.66 −18.16 · · ·

γ∥(0)
d-aug-cc-pVDZ 907 (−9.1) 1063 (−8.7) 2294 (−1.2) 1705 (0.6) 1630 (−4.7)
d-aug-cc-pVTZ 999 (0.2) 1165 (0.1) 2429 (4.6) 1773 (4.6) 1744 (2.0)
d-aug-cc-pVQZ 1001 (0.3) 1167 (0.2) 2366 (1.8) 1722 (1.6) 1710
d-aug-cc-pV5Z 998 1164 2323 1694 · · ·

listed in Tables I and II for the static and dynamic, quadratic
and cubic responses (their frequency dispersion factors are
given in Table S144), respectively. They are summarized in
Fig. 1. For all properties, static and dynamic β and γ, at
any level of approximation, the convergence of the responses
with respect to X is fast. Still, it is the fastest at the HF
and CCS levels so that differences between the X = Q and
X = 5 are smaller than or equal to 0.1% (0.3%) for β∥ (γ∥).
These differences are larger at the CC2 and CCSD levels but
they remain smaller than 1% and 2%, respectively. Looking
at the X = D, T, Q sequence, the differences between X = Q
and X = T are smaller than 3% whereas between X = T and
X = D the differences attain 15% for β∥ but range between 5%
and 9% for γ∥. Similar effects are observed for the frequency
dispersion factor, D(ω2

L), evaluated at 694.3 nm. Then, for
any property and basis set, the magnitude of the responses
follows the same ordering,

HF < CCS < CC3 ≈ CCSD < CC2. (8)

When considering the quasi-converged d-aug-cc-pVQZ
results, the CCSD β∥(0) value is overestimated (in magnitude)
by less than 3% in comparison with the CC3 results,
highlighting the small impact of including triples in the CC
expansion. On the other hand, the CC2 level overestimates

β∥(0) by about 45% whereas the HF and CCS methods
underestimate the quadratic response by 47% and 18%,
respectively. In the case of the cubic γ∥(0) response, the
CCSD method overestimates slightly (1%) the CC3 value
and, again, CC2 provides overestimated values (by 38%)
while the HF and CCS methods underestimate it by 41% and
32%, respectively. At a wavelength of 1064 nm, the above
analysis is confirmed whereas the overestimations and under-
estimations are typically enhanced by a few percent. Turning
to frequency dispersion, the amplitude ordering is CCS < HF
< CC3 ≈ CCSD < CC2, highlighting an inversion between
the HF and CCS methods with respect to the ordering of the
responses as well as between CCSD and CC3, though for the
latter the dispersion factors and properties are very similar.

The frequency dispersion factors as well as the amplitudes
of the hyperpolarizabilities are determined by the relative
values of the lowest excitation energies as well as by the
transition dipole moments. Though for molecules like water
(and also methanol and DME, vide infra) many excited states
contribute to Eq. (4) and the two-state approximation9 cannot
be invoked, the amplitude ordering of the lowest excitation
energies in Table S244 is inverse with respect to the magnitude
of the hyperpolarizabilities

CCS ≈ HF > CC3 ≈ CCSD > CC2. (9)

TABLE II. Basis set and electron correlation effects on the dynamic (at 1064 nm) β∥ (a.u.) and γ∥ (a.u.) of water.
Relative differences (in %) with respect to d-aug-cc-pV5Z are given in parentheses (except for CC3 for which the
comparison is made with d-aug-cc-pVQZ for β∥ and d-aug-cc-pVTZ for γ∥).

HF CCS CC2 CCSD CC3

β∥(−2ω;ω,ω)
d-aug-cc-pVDZ −9.67 (−18.7) −12.83 (−16.1) −23.61 (−15.8) −16.50 (−16.1) −15.54 (−19.9)
d-aug-cc-pVTZ −11.57 (−2.8) −14.96 (−2.2) −27.94 (−0.4) −19.45 (−1.1) −18.77 (−2.6)
d-aug-cc-pVQZ −11.91 (0.1) −15.30 (0.0) −28.23 (0.7) −19.77 (0.6) −19.28
d-aug-cc-pV5Z −11.90 −15.30 −28.04 −19.66 · · ·

γ∥(−2ω;ω,ω,0)
d-aug-cc-pVDZ 985 (−9.0) 1149 (−8.7) 2607 (−0.2) 1906 (1.5) 1821 (−15.1)
d-aug-cc-pVTZ 1084 (0.1) 1259 (0.1) 2738 (4.9) 1969 (4.9) 2147
d-aug-cc-pVQZ 1086 (0.3) 1261 (0.3) 2662 (1.9) 1909 (1.7) . . .
d-aug-cc-pV5Z 1083 1258 2611 1877 . . .
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FIG. 1. Effect of the basis set (d-aug-cc-pVXZ) and of the level of approximation on the first (β∥, a.u., left) and second (γ∥, a.u., right) hyperpolarizabilities
of water. Top and middle panels give the static and dynamic (SHG or ESHG at 1064 nm) responses while the bottom panels report the frequency dispersion
[D(ω2

L)] for SHG or ESHG at 694.3 nm.

Table S244 also demonstrates the good agreement between the
theoretical excitation energy values and those obtained from
electron impact data, at both the CCSD and CC3 levels but
also using the CC2 method.

B. Basis sets and electron correlation effects on β
and γ of methanol and DME

The results on the first and second hyperpolarizabilities
of MeOH (Table III) and DME (Table IV) confirm to a
large extent the analysis made on water. In the case of
methanol, the differences between X = T and X = D
are much smaller than for water, highlighting cooperation
effects between basis functions on different atomic centers.
Qualitatively, the differences between the various CC levels
are consistent with water: the CC3 and CCSD methods provide
similar values (the effect of the triples is small), the HF and

CCS levels underestimate them, while CC2 overestimates
them.

In the case of DME, differences between X = T and X
= D are slightly larger than for methanol but remain smaller
than 10%. The impact of successive improvements of the
electron correlation treatment is very similar, qualitatively and
quantitatively, to what was observed for water and methanol.
Moreover, contrary to water and methanol, enlarging the basis
set leads to a decrease of the β∥ and γ∥ amplitudes rather than
an increase as in the case of the former.

C. Comparison with experiment and other
theoretical results

Gas phase experimental β∥ and γ∥ values for water and
MeOH,18,28 as well as for DME,16 are collected in Table V
together with our best theoretical estimates. These are defined
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TABLE III. Basis set (X = D, T) and electron correlation effects on the static and dynamic (at 1064 nm) β∥ (a.u.)
and γ∥ (a.u.) of methanol as well as on their frequency dispersion factor [D(ω2

L)] at 694.3 nm. Relative errors
(in %) with respect to X=T values are given in parentheses.

X HF CCS CC2 CCSD CC3

β∥(0) D −24.86 (−1.1) −30.40 (−0.8) −38.46 (0.5) −31.11 (−0.1) −29.93
T −25.13 −30.63 −38.26 −31.14 . . .

β∥(−2ω;ω,ω) D −26.59 (−1.0) −32.29 (−0.7) −42.01 (1.0) −33.73 (0.3) −32.53
T −26.86 −32.54 −41.60 −33.64 . . .

D(ω2
L) of β∥(−2ω;ω,ω) D 0.177 (0.9) 0.159 (0.7) 0.242 (5.9) 0.219 (5.3) 0.226

T 0.176 0.158 0.228 0.208 . . .

γ∥(0) D 2184 (−4) 2592 (−3.5) 4538 (1.8) 3554 (1.8) 3426
T 2274 2686 4456 3491 . . .

γ∥(−2ω;ω,ω,0) D 2381 2813 5149 3968 . . .

D(ω2
L) of γ∥(−2ω;ω,ω,0) D 0.235 0.221 0.374 0.316 . . .

TABLE IV. Basis set (X=D, T) and electron correlation effects on the static and dynamic (at 1064 nm) β∥ (a.u.)
and γ∥ (a.u.) of DME as well as on their frequency dispersion factor [D(ω2

L)] at 694.3 nm. Relative errors (in %)
with respect to d-aug-cc-pVTZ values are given in parentheses.

X HF CCS CC2 CCSD CC3

β∥(0) D −54.20 (1.1) −66.85 (1.2) −131.32 (7.8) −93.65 (7.2) −90.65
T −53.60 −66.08 −121.77 −87.39 . . .

β∥(−2ω;ω,ω) D −58.93 (1.2) −72.20 (1.2) −150.67 (8.6) −105.43 (7.8) −102.18
T −58.26 −71.34 −138.76 −97.83 . . .

D(ω2
L) of β∥(−2ω;ω,ω) D 0.227 (0.5) 0.207 (0.5) 0.416 (6.9) 0.344 (6.3) 0.348

T 0.226 0.206 0.389 0.324 . . .

γ∥(0) D 4053 (−1.2) 4897 (−0.9) 10 147 (7.4) 7313 (6.2) 7033
T 4101 4941 9450 6886 . . .

γ∥(−2ω;ω,ω,0) D 4480 5386 12 025 8417 . . .

D(ω2
L) of γ∥(−2ω;ω,ω,0) D 0.279 0.263 0.553 0.429 . . .

TABLE V. Experimental β∥ (a.u.) and γ∥ (a.u.) of water, methanol, and DME in comparison with our “best”
theoretical values.

Water Methanol DME

λ 1064 mma 694.3 nmb 1064 nma,c 694.3 nmb ∞d,e 1064d

Experiment

β∥ −19.2±0.9 −22.0±0.9 −31.2±1.6 −35.0±2.1 −83.5 −94.0 ± 0.25
γ∥ 1800±150 2310±120 3730±190 4590±130 7624 8591 ± 34

Theory

β∥ −19.28 −21.77 −32.53 −36.69 −90.65 −102.19
γ∥ 2147 2266 3968 4677 7033 8417

aReference 18.
bReference 28.
cValue for CH3OD instead of CH3OH.
dReference 16, additional frequencies available (see text).
eStatic value extrapolated from experimental data using Eq. (5).
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FIG. 2. Comparison between experimental and calculated frequency disper-
sions [D(ω2

L)] of the (a) first and (b) second hyperpolarizabilities of DME.
The calculations were performed at different levels of approximation using
the d-aug-cc-pVDZ basis set.

as the values obtained with the highest level of approximation,
usually CC3, and then the most extended basis set. Note that
previous experimental values have an uncertainty of about 5%
while for the recent values due to Couling and Shelton for

DME the uncertainty is improved by one order of magnitude.
For the three compounds, a very nice agreement is achieved,
in particular for water and methanol. For DME, the deviations
attain about 8%, which might be due to the lack of CC3 values
with X = T or due to missing vibrational contributions. Then,
for DME, the frequency dispersion factors are compared in
Fig. 2 to those of Ref. 16. For the whole range of wavenumbers,
the agreement between the CCSD and CC3 calculations and
experiment is very good and even excellent in the case of
γ∥. Of course, as already discussed, consistently with the
excitation energies, the optical dispersion is overestimated
at the CC2 level while underestimated by the HF and CCS
methods (Tables S1–S3).44

Now, comparisons with selected previous calculations
are made for β∥ and γ∥ of each compound. For β∥ of water
(Table VI), these highlight (i) the consistency between our
QRF-CC results and those of Christiansen et al.,40 though
slightly different geometries are employed, (ii) the reliability
of the QED-MP2 method, (iii) the performance of the
modified POL basis set with respect to doubly augmented
correlation consistent basis sets, (iv) the underestimation due
to using the QRF-CAS approach, and (v) overestimations
when employing DFT with conventional exchange-correlation
functionals.

The analysis of the γ∥ values of water (Table VII) shows
a good agreement between our results and the CCSD and
CCSD(T) static values of Sekino and Bartlett2 as well as
with the static and dynamic QED-MP2 values of Kobayashi
et al.51 These comparisons confirm also the underestimations
of the HF method with a complete basis set and the overes-
timations of DFT with a functional missing the long-range
behavior.

In the case of methanol (Table VIII), the POL basis
set gives RPA27 (i.e., HF) and CCSD5 β∥ and γ∥ values
that are consistent with our TDHF and QRF-CCSD results,
respectively. Moreover, all the CCSD and CC3 results

TABLE VI. Comparison between experimental and calculated static and dynamic (at 694.3 nm) β∥ values (a.u.)
of water.

Method Basis set Static Dynamic Reference

Experiment . . . . . . −22.0±0.9 28
QRF-CCSD d-aug-cc-pV5Z −18.16 −22.08 This work
QRF-CC3 d-aug-cc-pVQZ −17.74 −21.77 This work
TDHF modified POLa −10.8 −12.57 2
FFb/HF HF limit −11.07 . . . 45
TDDFT/LDA d-aug-cc-pVTZ −23.78 −32.12 46
TDDFT/BLYP d-aug-cc-pVTZ −23.65 −32.76 46
TDDFT/B3LYP d-aug-cc-pVTZ −18.54 −24.11 46
QED-MP2 modified HyPOLc −17.67 −21.31 47
QRF-CAS P3d −15.68 −19.02 24
QRF-CCSD d-aug-cc-pVTZ −17.73 −21.72 40
QRF-CCSD d-aug-cc-pVQZ −18.07 −21.98 40
QRF-CC3 d-aug-cc-pVTZ −17.04 −21.02 40
FFb/CCSD modified POLa −16.2 . . . 2
FFb/CCSD(T) modified POLa −18.0 . . . 2

aSadlej POL basis set (Ref. 48) augmented with a set of d functions on H atoms and two sets of 1s1p functions to describe the
lone pairs.
bFinite field numerical derivatives of the energy.
cSadlej HyPOL basis set (Ref. 49) with optimized coefficients.
d[8s5p3d1 f /4s2p1d] basis set of Diercksen et al. (Ref. 50) with a CAS of 8 active orbitals.
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TABLE VII. Comparison between experimental and calculated static and
dynamic (at 694.3 nm) γ∥ values (a.u.) of water.

Method Basis set Static Dynamic Reference

Experiment · · · . . . 2310±120 28
CRF-CCSD d-aug-cc-pVTZ 1773 2299 This work
CRF-CC3 d-aug-cc-pVTZ 1744 2266 This work
TDHF Modified POL 1010 1216 2
FF/HF HF limit 985 . . . 45
TDDFT/BLYP Extended TZa 3700 4800 52
TDDFT/LB94 Extended TZ 1200 1500 52
QED-MP2 Modified HyPOL 1741.7 2213.8 51
FF/CCSD Modified POL 1650.0 . . . 2
FF/CCSD(T) Modified POL 1800.0 . . . 2

aValence triple-ζ basis set with two polarization functions and 2s2p2d2 f diffuse
functions.

agree with experiment, considering the error bars on the
measurements. On the other hand, the dynamic γ∥ evaluated
at the Restricted Active Space (RAS) level underestimates
experiment by about 30%.

D. Comparison of the frequency dispersion
for different NLO processes

The frequency dispersion of β∥ and γ∥ was then
investigated by considering several second- and third-order
NLO processes. This is achieved by plotting the D(ω2

L)
functions (Eq. (7)) as a function of ω2

L (Figs. 3-5). As
shown, for the three compounds, the D(ω2

L) curves of the
different NLO processes (of a given order) are superimposed
over a broad range of wavenumbers so that values obtained
for a given NLO process can easily be converted into the
corresponding values for another NLO process. Though these
relationships only apply to the electronic contributions to the
first and second hyperpolarizabilities, they open possibilities
for comparison with new experimental data. These D(ω2

L)
dispersion functions were evaluated at the CCSD/d-aug-cc-
pVDZ level of approximation. Polynomial fits including terms

FIG. 3. CCSD/d-aug-cc-pVDZ frequency dispersion [D(ω2
L)] for β∥ (a) and

γ∥ (b) of water for different second- and third-order NLO processes. The
dashed line corresponds to Eq. (7) truncated at the second order.

up to 7th order in ω2
L were also performed in order to

compare the A coefficients, describing the dispersion at small
wavenumbers. Data included in Figs. 3-5 show that the A
coefficients for β∥ behave inversely to the lowest excitation
energies (Tables S1–S3).44 On the other hand, for γ∥ the A
coefficients of water and methanol are similar and smaller than
those of DME. Note that the A coefficients are systematically
larger for γ∥ than for β∥. Finally, the amplitudes of frequency
dispersion were compared among the NLO processes of a
given order. It is noticed that D(ω2

L) of methanol and DME is

TABLE VIII. Comparison between experimental and calculated static and dynamic (at 694.3 nm) β∥ (a.u.) and
γ∥ (a.u.) values of methanol.

Method Basis set Static Dynamic Reference

β∥(−2ω;ω,ω)
Experiment . . . . . . −35.0±2.1 28
QRF-CCSD d-aug-cc-pVTZ −31.14 −37.61 This work
QRF-CC3 d-aug-cc-pVDZ −29.93 −36.69 This work
RPA POLa −24.15 −28.55 27
QRF-CCSD POL −33.52 −40.61 5

γ∥(−2ω;ω,ω,0)
Experiment . . . . . . 4590±130 28
CRF-CCSD d-aug-cc-PVDZ 3554 4677 This work
RPA POL 2137.3 2619.3 27
CRF-CCSD POL 3502 4550 5
CRF-RASb POL . . . 3260 26

aSadlej’s POL basis set (Ref. 48).
bThe active space is built from 7 occupied and 7 unoccupied orbitals and excitations up to the quadruples are considered.
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FIG. 4. CCSD/d-aug-cc-pVDZ frequency dispersion [D(ω2
L)] for β∥ (a)

and γ∥ (b) of methanol for different second- and third-order NLO pro-
cesses. The dashed line corresponds to Eq. (7) truncated at the second
order.

FIG. 5. CCSD/d-aug-cc-pVDZ frequency dispersion [D(ω2
L)] for β∥ (a)

and γ∥ (b) of DME for different second- and third-order NLO pro-
cesses. The dashed line corresponds to Eq. (7) truncated at the second
order.

larger for DFWM γ∥ than for the other processes, for which
the dispersion functions are a little different over the probed
range of wavenumbers. For water, there is no such difference
and literature shows that the two situations occur. On the
one hand for the hydrogen53 and helium54 atoms as well as
for ethylene,55 DFWM dispersion is large compared to sum
wave mixing processes such as dc-Kerr, ESHG, and THG
with only positive frequency arguments. On the other hand,
for all-trans hexatriene,55 the frequency dispersion is larger
for ESHG than DFWM. Finally, for p-nitroaniline,56 there is
hardly any difference.

IV. CONCLUSIONS

The static and dynamic first (β∥) and second (γ∥)
hyperpolarizabilities of water, methanol, and dimethyl ether
have been evaluated within the response function approach
using a hierarchy of coupled cluster levels of approximation
and doubly augmented correlation consistent atomic basis
sets. The first goal was to challenge recent gas phase
electric field-induced second harmonic generation (EFISHG)
measurements on dimethyl ether and the variations of β∥
and γ∥ among the three compounds. For the three compounds,
electronic β∥ and γ∥ values in good agreement with experiment
(within the error bars) are obtained at the CCSD and CC3
levels. In addition, for dimethyl ether, the frequency dispersion
of both properties follows closely the experimental values,
demonstrating the reliability of these methods and levels
of approximation. This also suggests that the vibrational
contributions to the EFISHG responses of these molecules are
small, if not negligible. The variations in dispersion factors
among the three compounds have been explained in terms
of the smallest excitation energies: the smaller the lowest
excitation energies, the larger the frequency dispersion.
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