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Why this algorithm ?
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History

 Aim: determine the exact location of a dynamical equilibrium (forced This algorithm has been used in some
oscillations only) corresponding to a resonance works yet:
» Problem: - accurate (realistic) simulations give some parasitical (free) * Rotation problem 7]
librations supposed to be damped » Exoplanetary dynamics "
- the initial condtions given by analytical studies are not accurate * Dynamics of a probe around Vesta !
enough ¢ ..
* Solution: this algorithm use NAFF™ (Numerical Analysis of the Fundamental Here!® we provide the convergence

Frequencies) for the identification of the free and forced oscillations, proof and give the quadratic
the former being iteratively removed from the solution by carefully  convergence in the Hamiltonian case.
choosing the initial conditions.

The Algorithm An example

* Step 1, n=0 — Step 0 | Choose an initial condition To close to | Earth-Moon Spin-Orbit resonance:
N ep th libri i y” The angula
| T N A e e e equilibrium (e.g. using an 7 I\ = S
F I ;s%*ii = || Initialisation : : (ya o, L, ) momentum
i g%sﬁ L analytical solution) and set n=0
T’i !‘f >gg Step 1 » Obtain the evolution of £ with respect — € {Oﬂl cos(20 + A) + az cos(20 T
Il |2 Integration | to the time:Z(t) +ag cos(20 — ) // resonant
+ » Express the variable of the problem +ay cos(20 — 2)) A A ange
‘ . . . ngn \
» Step 1, n=1 . Step 2 by a qu§5|-perloch decomposition s cos(20 — 3)\)} YLy The model
I, == lidentification (6:9-Using NAFF™)
- [ . * Isolate the free (to remove) and the » Step 0: the averaged Hamiltonian
T, * forced (to keep) oscillations _ (y — 1)%
i * —— H(y,o,L,—) = eao cos(20) + L
%!H + * Remove the free oscillations from the
‘si initial conditions T, to obtain the new gives the first initial condition: ¥o =0, 00 =0
Zq Step 3 initial conditions T, 41 o Step 1 (numerical integration) + Step 2
. Step 1, n=2 New Initial |7 7 _ Z Ampl, cos(Phase;)|] (NAFF)  Frequency decomposition of y(t)
—— Condltlons . N Ampl. Freq. Phase (rad) Id.
o ‘ tebree terms I 1,000 000 0.00000 2.462 x 10~
- i ‘ 217536994 x 10~* 1.00000 3.141588 A
L BAOILLR vl * Increase n: n=n+1 3 18.010500 x 107° 2.61686 x 1077 0.000008  u
R » Go to Step 1 until [|[Trny1 — Tnl| < erc 414.392058 x 107 2.00000 S
L iy 513.328440 x 10~7 3.000 00 3.141587 3\
Z or until Ampl, < eamp1 V¢ « Step 3: new initial conditions

y1 =10 — 8.01050010~° cos(0.000008) = 0.999920
Convergence proof (for Hamiltonian case)®| o: =00 3.061107107 cos(1.570796) =3.10699110"

> = = . . » Some iterations of the algorithm
Let X = f(X) + g(X,t) with the solution ) C Ampl. - free term e
S R s . _ y 1.000000 000 8.010500 x 10™>  2.616864 x 102
o(t; X) = Z dom (X ) e + Z D (X)) e Hvmt .= §(t: X) + L(t; X) ° 5 0.000000000 3.061106 x 10~ 2.616864 x 102
el 1£0.mEZ y  0.999 919 905 7770876 x 10 10 2.616870 x 10 2
, 1
o 3.106991059 x 10710 | 2.969532 x 107%  2.616870 x 10~
— — — —15 —2
and the fixed point X.. such as o(t: X) = S(: Xx). I R 205 -
Assuming an H'amllto'nlan framework angl an initial cclndltlon ){0 suchas | Xg — X| <1. - Final results w.r.t first integration
Then, the algorithm gives a sequence (Xn)n where X,, — X and the convergence rate| 14— D
1 —> 00 1.3 - b h= 0.3
is quadratic [ X,+1 — Xoo| o< [ Xy — Xoo|? T O OO T L 02
Idea of proof (one dim. to simplify) R 1A i W -
We have to prove that z. is an attractor: T 0.1
oIl L i I j-0.2
0:5(0;2)/0,L(0; f(x 0.7¢ ' 1-03
‘f/(xoo)‘ <l xggl 3 S(g j(“(x)))//ax[/((o ]{((33))))—|- 1 =0 0% B0 100 150 200 250 800 O 50 100 150 200 250 300
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