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Titan's rotation: A 3-degree of freedom theory
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Abstra
t
We here present a 3-degree of freedom theory of Titan's rotation, seen as arigid body. Su
h a study is possible thanks to the Cassini data on the gravi-tational potential of Titan. We use for this purpose a semi-analyti
al modelbased on the re
ent analyti
al works of Henrard, numeri
al integration andidenti�
ation of the solution by way of frequen
y analysis. Titan's orbitalmotion is modelized with TASS theory. We �nd that the equilibrium obliq-uity is nearly zero, and that the fundamental periods of the free librationaround this equilibrium are respe
tively 2.2 days, 189 years and 346 years.Moreover, we enlight the in�uen
e of a 703-years period present in Titan'sin
lination, on its obliquity.

Introdu
tion
As most of the major natural satellites, Titan is lo
ked in a 1 : 1 spin-orbitresonan
e. More pre
isely, its least axis of inertia is always pointed to Sat-urn. Moreover, the node of Titan on its orbital plane pre
esses at the samerate as its orbital as
ending node. These two 
ommensurabilities 
onstitutean equilibrium state known as Cassini state.Thanks to Cassini-Huyghens mission, and espe
ially to Cassini �y-bys, weknow some 
oe�
ients of its gravity �eld, more parti
ularly J2 and C22(Tortora et al. 2006 [6℄), what allows a reliable study of its rotation.Re
ently, analyti
al theories of the rotation of 
elestial bodies have beendeveloped by Henrard & S
hwanen (2004 [1℄) for the general 
ase of the syn-
hronous bodies, that was later developed by Henrard for the parti
ular 
asesof Io (2005 [2℄) and Europa (2005 [3℄ and [4℄). In this study, we start fromthe work of Henrard & S
hwanen (2004 [1℄) and 
ompare it to an originalnumeri
al study.

Analyti
al study
The analyti
al study starts from the following Hamiltonian :
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with the following a
tion-angle 
anoni
al variables:

p = l + g + h P = G
nC

r = −h R = G−H
nC = P (1 − cos K) = 2P sin2 K
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nC cos qwhere n is Titan's mean orbital motion, q = −l, and Q = G − L =

G(1 − cos J) = 2G sin2 J
2 . The 
oe�
ients of the Hamiltonian are de�nedas follows:
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and the angles 
an be seen on the �gure above, reprodu
ed from (Henrard[2℄).

Figure 1: The angles (reprodu
ed from Henrard [2℄).
x and y are the �rst two 
oordinates of the 
enter of Saturn in the frame
(~f1, ~f2, ~f3) bound to Titan. Then we use the model of Henrard & S
hwanen

(2004 [1℄) to obtain the equilibrium (K∗, P ∗) and the fundamental periodsof the 3 proper librations around it: Tu, Tv and Tw. At the stri
t Cassinistate, σ = p− λ + π = 0, ρ = r + � = 0, ξq = 0 and ηq = 0 (ie the wobbleangle J is null), where λ and � are respe
tively Titan's mean longitude andas
ending node in an inertial frame (bound to Saturn). Moreover, Titan'sorbit around Saturn is 
onsidered as 
ir
ular with a 
onstant in
lination anda 
onstant pre
ession of the nodes.Unfortunately, the quantity C
MR2 remains unknown. C = 0.4MR2 
orre-sponds to an undi�erentiated body, its real value should in fa
t be lower.We use both C

MR2 = 0.31 and C
MR2 = 0.35. For J2 and C22, we use thevalues given by Tortora et al., ie J2 = 3.15×10−5 and C22 = 1.1235×10−5.Equilibrium and fundamental periods of libration analyti
ally obtained.

C
MR2 = 0.31 C

MR2 = 0.35

K∗ 1.1205 × 10−2 rad 1.1205 × 10−2 rad
R∗ 6.277 × 10−5 6.277 × 10−5

P ∗ 1 1
Tu 2.0945 y 2.2258 y
Tv 167.366 y 188.9876 y
Tw 306.624 y 346.2365 y

Numeri
al study
We perform numeri
al 
omputations starting from the Hamiltonian (1), butwith 
omplete ephemeris for Titan, instead of assuming its orbit as 
ir
ular.We use TASS1.6 theory (Vienne & Duriez 1995 [7℄). Our initial 
onditionsare taken very near the equilibrium estimated in the analyti
al study, but itis not the exa
t equilibrium. The reason is that we want to identify the freesolution so as to numeri
ally determine the fundamental periods asso
iated.Then, a frequen
y analysis is being performed to identify the solutions.

(a) (b)

(
) (d)Figure 2: Numeri
al simulation of Titan's obliquity over 9000 years,with C
MR2 = 0.31.

(a) (b)

(
) (d)Figure 3: Numeri
al simulation of Titan's obliquity over 9000 years,with C
MR2 = 0.35.

Fig. 2 and 3 give some solutions of the numeri
al integration with the twovalues of C
MR2, while the two next tables give examples of solutions for

C
MR2 = 0.31. The importan
e of the period of 703 years in the solution of ρis striking. It is due to a for
ing e�e
t by the proper mode of TASS1.6 Φ6,present in Titan's in
lination. Moreover, we 
an see the high values takenby the wobble J for C

MR2 = 0.35 (Fig.3
). We 
an infer that we are in aquasi-resonant state that 
ould for
e the free libration.Quasiperiodi
 de
omposition of ρ, for C
MR2 = 0.31.The series are in sine.amplitude phase (◦) period (y) identi�
ation1 0.18089837 175.64 167.49723 φv (free)2 0.15667339 −170.90 703.52446 −Φ6 (for
ed)3 0.11829380 −175.18 135.28724 φv − Φ6 (free)4 0.09023900 −161.92 351.75789 2Φ6 (for
ed)5 0.07735641 −166.02 113.46712 φv − 2Φ6 (free)6 0.05226443 −152.60 234.50407 −3Φ6 (for
ed)7 0.05058400 −156.89 97.70793 φv − 3Φ6 (free)8 0.03311443 −147.66 85.79329 φv − 4Φ6 (free)9 0.03060799 −143.30 175.88361 −4Φ6 (for
ed)Quasiperiodi
 de
omposition of K, for C
MR2 = 0.31.The series are in 
osine.amplitude ×102 phase (◦) period (y) identi�
ation1 1.25481164 8.68 × 10−10 −2.65 × 1013 
onstant2 0.68465799 −170.92 703.51272 −Φ6 (for
ed)3 0.17842225 175.02 167.49146 φv (free)4 0.10246867 −161.88 351.76856 −2Φ6 (for
ed)5 0.07264971 −15.67 219.80041 φv + Φ6 (free)The next table give a 
omparison between the numeri
al and the analyti
alresults for C

MR2 = 0.31. We see a very good agreement for the fundamentalperiods of libration. On the 
ontrary, a signi�
ant di�eren
e exists on themean obliquity K∗. This might be due to a too simple analyti
al model.Comparison between our analyti
al and numeri
al results, for C
MR2 = 0.31.analyti
al numeri
al di�eren
e

K∗ (rad) 1.1204859 × 10−2 1.25481164 × 10−2 12%
Tu (y) 2.094508 2.09773 0.15%
Tv (y) 167.36642 167.49723 0.08%
Tw (y) 306.62399 306.33602 0.09%

Con
lusion
This work gives a �rst study of Titan's rotation, where Titan is seen as arigid body. We obtain a quasiperiodi
 de
omposition of the for
ed solution,that 
an be splitted from the free solution, in whi
h Titan's obliquity playsan overwhelming role. Moreover, we �nd a good agreement between the freelibrations around the equilibrium, analyti
ally and numeri
ally evaluated.However, we have a slight di�eren
e in the equilibrium obliquity. Finally, we
annot ex
lude a resonan
e between the proper mode Φ6 and Titan's wobble.The next �y-bys of Cassini spa
e
raft should give us more information onTitan's gravitational �eld, and so we should be able to perform a more a
-
urate study on its rotation, that 
ould in
lude dire
t perturbations on theother Saturnian satellites. These perturbations are known to be small (seefor instan
e Henrard 2005 [4℄) and should be negligible 
ompared to the un-
ertainties we have on Titan's gravitational parameters. After that, the nextstep is to 
onsider Titan as a multilayer non-rigid body and to study the
onsequen
es of its internal dissipation on the rotation.
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