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SHARP REVERSE HOLDER INEQUALITY FOR C » WEIGHTS AND
APPLICATIONS

JAVIER CANTO

ABSTRACT. We prove an appropriate sharp quantitative reverse Holder inequality
for the C, class of weights from which we obtain as a limiting case the sharp
reverse Holder inequality for the A, class of weights [13, 14]. We use this result
to provide a quantitative weighted norm inequality between Calderén—Zygmund
operators and the Hardy—Littlewood maximal function, precisely

0T flloowy Stnpa Wle, (1 +1og Iwle ) IM o »

forw € C, and g > p > 1, quantifying Sawyer’s theorem [26].

1. INTRODUCTION AND MAIN RESULTS

One of the many forms of the classical Holder inequality is the following one.
For any non-negative function f and > 0, we have

1 1 T
1.1 — dx < [ — ”‘5d> ,
(L) IQI/Qf(x) x < <|Q|/Qf(x) x

where Q C R” is a cube and | - | denotes the Lebesgue measure. Reverse Holder
inequalities (RHI) are the same as (1.1) but with the inequality in the opposite
direction. More precisely,

1 roC
12 _ rd £ d
1.2) <|Q|/Qf(x) X) < IQI/Qf(x) X,

for some r > 1. There has to be some constant C > 1, since otherwise it would
be an equality. Weights satisfying (1.2) with uniform C for all cubes belong to the
class RH,.

The characterization of weights satisfying a RHI is a classical result: a weight
satisfies a RHI if and only if it is contained in the class A. In other words,

Aw = URHr.

r>1

A sharp quantitative RHI for A, was given by Hytonen, Pérez and Rela [13, 14],
see Section 2 for details. This quantification has two main properties: the constant
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on the right hand side is uniform for all weights and the dependence on the A,
constant of the exponent is sharp. These sharp RHI inequalities have been used
in different applications: for obtaining quantitative estimates for norms of some
singular integral operators [9, 15, 19], or for obtaining sharp estimates for solutions
of certain PDE [16], among many others.

The main aim of this article is to, mimicking the A, RHI of Hytonen—Pérez—
Rela, give a sharp RHI in the context the C), class of weights. This class was
introduced by Muckenhoupt in [22] and it is intrinsically related to the Coifman—
Fefferman inequality (CFI). In our context, CFI is a weighted norm inequality be-
tween a Calderén—Zygmund operator and the Hardy—Littlewood maximal function.
More precisely,

(CFI-p) / (T* f(x))Pw(x)dx < c/ (M f(x))’w(x)dx.
Rn Rll

See Section 5 for the precise definitions and for an exposition on the inequality. Re-
cently, inequality (CFI-p) has been shown to hold for a wider variety of operators
[5, 7].

This inequality was first proved by Coifman and Fefferman in [8] for A, weights,
but Muckenhoupt showed in [22] that A, is not a necessary condition for (CFI—p).
In that article, he gave a necessary condition which he named the C, condition.
Note how the class depends on the exponent p. Later on, Sawyer [26] proved that
w € Cpyyy for some i > 0 is a sufficient condition in the range p € (1, c0). It is still
an open conjecture if C, is a sufficient condition.

Since the C,, class is strictly bigger than A, one cannot expect a true RHI for
these weights. Nevertheless, there is a weaker RHI for these weights. Indeed, for
1 < p < o0, a weight w belongs to C,, if and only if there exist 6, C > 0 such that

(][Qw(x)l+6dx> " < |g| /]R” (M)(Q () w(x)dx

for every cube Q, where M Xo denotes the Hardy-Littlewood maximal function of
the characteristic function of the cube Q. Since My, > x, a.¢., this is weaker than
(1.2). Abusing slightly the language, we shall also call this weaker reverse Holder
inequality a reverse Holder inequality.

As stated before, the aim of this article is to give a quantitative RHI for C),
weights, with a sharp dependence of the exponent on the weight. In order to do
that we define the C, constant of a weight w as

1
wle, = stép 7fRn<MXQ)pW /QM(W)(Q).

See Section 2 for the motivation behind this definition.

Theorem 1.1 (Sharp quantitative RHI for C, weights). Let 1 < p < oo and let
w be a weight such that 0 < [wlc, < co. Then w € C, and w satisfies, for 6 =

1
1
<][ 1+6>M< L[ gy
w < — X o) W.
0 10l Jpn 72

Bn,p max([W]Cp ’1)’
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We emphasize that, even though the result is very similar to the sharp Ao, RHI,
the proof is by completely different methods.

Taking advantage of the connection between the classes A, and C,, we are
able to obtain the sharp RHI for A, weights as a consequence of the RHI for C),
weights. In this way, we know that the dependence of the C,, constant is sharp.

As it is intrinsically related to the C), class, the last part of this article is de-
voted to the CFL. We give a quantification on the weighted inequalities between
the Hardy-Littlewood maximal operator and Calder6n—Zygmund operators. See
Section 5 for precise definitions.

Theorem 1.2. Let T be a Calderon—Zygmund operator and let g > p > 1. Then, if
w € Cyand f € CZ(R"), then the following estimate holds

(1.3) 1T f Lol < e pg(wlc, + Dlog(e + [wle,) IM fllpey -

The proof of this theorem follows the original article of Sawyer [26] with some
variants. In particular, the quantitative RHI for C,, weights above and the use of
the good-A inequality with exponential decay of Buckley [4] rather than the linear
decay of Coifman-Fefferman [8] will play a main role in the argument.

For A, weights, the following quantification of the CFI is known:
(1.4) T fllrowy < cplwlag IMfllLron.-

We note that the logarithm on (1.3) appears as a consequence of the non-local
nature of the C,, condition, but based on (1.4) and the discussion on Section 4, we
conjecture that the correct dependence should be linear:

Conjecture 1.3. Let T and q, p as in the theorem. Then
1T fl| oy < Entpawle, + DIM fliz -

2. PRELIMINARIES

We start by fixing the basic notation. By a weight we mean a non-negative
locally integrable function in R”. Weights will be denoted by the symbol w. For a
measurable set E, yg denotes the characteristic function of E£. M will denote the
Hardy-Littlewood maximal operator

(x)
M f(x) := sup Yot / /1,
o 101 Jo

where the supremum is taken over all cubes with sides parallel to the coordinate
axes. For a weight w and a measurable set E, w(E) denotes f g wx)dx. Also we

will be using the notation, fE w= ﬁ fE w when E is of finite measure.

We present the definition of C), as given in [22] and [26].

Definition 2.1 (C,, weights). Let 1 < p < co. We say that a weight w is of class
Cp, and we write w € C), if there exist C,& > 0 such that for every cube Q and
every measurable E C Q we have

|E|

2.2) w(E) < C <|Q|> IRn(M)(Q(x))f”w(x)dx.
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It is clear, and this is a key point, that the A, class of weights is contained in C),
for any p € (1, 00).

We call the quantity fR,,(MXQ)Pw the C,-tail of w at Q. A weight has either
finite C),-tails at every cube or infinite C),-tails at every cube.

Example 2.3 ([3], Chapter 7). Let w € A, and g a non-negative bounded convexly
contoured function. Then gw € C,. The weights in C), are non-doubling, and they
may even vanish in a set of positive measure.

The weights in this class also satisfy a non-local weak Reverse Holder Inequal-
ity, as stated in the following proposition. We shall call this property Reverse
Holder Inequality (RHI) for C, weights, though it is not actually a proper RHI.

Proposition 2.1 (Reverse Holder Inequality for C,, weights). A weight w belongs
to the class C), if and only if there exist C,6 > 0 such that for every cube Q

W%oC
2.4 ‘+5> < — | (My,)"w.
@b ()" <1 [Lomwors

Moreover, we have that § in (2.4) and € in (2.2) are equivalent up to a dimensional
constant.

We present the sharp reverse Holder inequality for A, weights. Using the nota-
tion in [14], we define for a positive weight w

1
Wla,, = P L0) /Q M(wx ),

where the supremum is taken over all cubes with sides parallel to the axes. It is
known that w € A if and only if [w]y < oo.

Theorem 2.2 (Sharp Reverse Holder Inequality for A, weights, [14]). Let w € A
and let Q be a cube. Then

(2.5) <][ w1+5>1+§ < 2][ w,
0 0

forany 6 > 0 such that 0 < 6 < m.

When we compare Proposition 2.1 and Theorem 2.2, we notice that fR” M /\(Q)p w
in (2.4) plays the role of w(Q) in (2.5). Keeping this similarity in mind, we define
the C, constant.

Definition 2.6 (C, constant). For an arbitrary non-zero weight w, we define

1
[wlc, = sup ————— / M(x ,w),
» QP fRn(MXQ)pW 0 0
where the supremum is taken over all cubes Q with sides parallel to the axes.

Notice that if w is not identically zero, the quantity on the denominator is always
strictly greater than zero.
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Remark 2.3. A weight w has infinite C),-tails if and only if wle, = 0. Indeed, if
w has infinite C-tails then the denominator equals infinity and we have wlc, = 0.
Conversely, if wle, = 0 we have that for every cube Q,

1
- | M =0.
Jen My )W /Q o)

This means that either |, o(Mx ) = 0 or Jan M(x 5)Pw = oo for every cube Q. In
the latter case, w has infinite C,-tails. If f Q(M)(Qw) = 0 for every cube, then w
must be zero almost everywhere.

By Proposition 2.1 we have that a weight w is in the class C, if and only if
0< [wlc, < 0.

Example 2.7. For p > 1 and small &, for wx(x) = |x]"?~1-%) we have [welc, < &
This can be shown by direct computation.

This is the main difference between the A, and C), constants, since [w]s,, > 1
for an arbitrary weight w.

Remark 2.4. For any weight w we have the following relation between the different
constants for g < p, [wlc, < [wlc, < [Wla,.

We now restate the quantitative RHI for C;, weights we mentioned on the intro-
duction.

Theorem 2.5 (Quantitative RHI for C,, weights). Let 1 < p < co and let w be a

weight such that 0 < [w]c, < co. Then w € Cp, and w satisfies, for 6 = W
P’
with

21+4np+3n(20)n
B=——"=1
1
(28) (7[ W1+(5> 1+5 < i (MXQ)pW
0 10| Jgn

Remark 2.6. Notice that B depends on the dimension and on p. Moreover, we have
B — oo whenever p tends to either oo or 1.

Remark 2.7. The quantification in terms of the parameters € and C in (2.2)is C = 2

and
1 = 2—np=1)

€= 22np+3n(20)n
In particular, we have that both £ and ¢ are smaller than one.

min(1, [w]g)).

3. Proor or THE RHI

We may assume that w has finite C,-tails, that is, [w]c, > 0. Indeed, if [w]lc, = 0
then the right side of (2.8) equals infinity and the theorem is trivially true.

The proof follows a remark from [2], section 8.1, keeping track of the depen-
dence on the constant of the weight combined with the proof given in [14] of the
RHI for A weights.
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We now introduce a functional over cubes that serves as a discrete analogue for
the C)-tail. Define, for a cube Q

(3.1) ac,(Q) = Zz—"@-”k][ Ww.
5=0 2%

We note that @ = ) . 2-(p=Dk = (2"(P=DYy" < o0 only depends on n and p. In the
following lemma we prove that the discrete and continuous C,-tails are equivalent.

Lemma 3.1. Letp =Y 2, 27" Then, for every weight w and every cube Q, we
have

(3.2) Laco< L / (My ywe X a Q).
B O Jpe YT T BT

As a corollary of this, we have that ac,(Q) < oo for every cube O whenever w
has finite C)-tails.

Proof. Observe that § = Zio 27"l = (2"7)" and hence B < 2. Note that for
X € 2kQ \ 2k-1 0O we have 2-kn < M)(Q(x) < 271k=2) Then

g QI <MXQ)Pw ][ W+ Z 0 (My o),

2k \21< IQ

so we actually have

N
2kt _/M Pw
]iw+; o M@\ < o | (Mxp)w

X H-np(k-2)

][ w+ Z w(2'Q\2710)

o o-npk

4np 2k 2k1
< <][QW+Z e Q))

Now we rewrite (3.1) in the following way

) ) npk
S T S Y
; 2%Q Z |0l Z /Q\2/1Q

k=1
1 [ee) [ee) k
= ﬁ][ W+ — 27 / w
o 0Ol ; ; 2i0\2710

[

1 .
= Wt — 2_’””/ w
][Q |0 ]Z_: 2iQ\2i10

1

This finishes the proof of (3.2). m]
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Proposition 3.2. Let w be a weight and p > 1. Suppose that there exists a constant
0 <y < oo such that for every cube Q

3.3) ][ M(xow) <yac,(Q) < .
0
Then there exists 0 < 6 < m, with
21+3n
— 71
A =20 T o=

such that for every cube Q,
][ M(XQW)1+5 S 21+n(2p+3) VGCP(Q)H(S-
0

Note that the infimum of the constants y such that (3.3) holds is equivalent to the
C,, constant of w, because of Lemma 3.1. In this case we will have 0 < [wlc, < oo.

Proof. Fix a cube Q = Q(xg, R), that is, the cube centered at the point x¢ and with
side length 2R (Q(x, R) is just a ball with the [* distance in R"). The proof will be
carried out following some steps.

Step 1. Let r,p > 0 and / € Z be numbers that satisfy R < r < p < 2R and
2/(p — r) = R. This in particular implies / > 0.

We define a new maximal operator

Mv(x) := sup][ [v].
kez J Q(x.2k(p—r))

We have the following pointwise bounds between the different maximal functions
My < Mv < kM v,

where « does not depend on p — r. In particular, we can choose x = 4". Fort > 0
and a function F we define F;, = min(F,t). Now fix m > 0 with the intention of
letting m — oo in the end. Call Q, = Q(xo, ) and O, = O(xo, p).

We then have

g0 /Q (F1Cx g, )y B0 )
1+6 Y 0 1
<k /Q,(M(XQ’”W))m M(,\(pr)
m
< k' / 270, N {u > A)dA,
0
where u = M (XQPW). To state it in a separate line, we have
m
(3.4) / (Mg w)i® < &'*%6 / 70, N {u > A)da.
o) ' 0

Step 2. Now we pick Ay := 2’1(l+1)acp (2Q) (which is finite by hypothesis). It is
easy to see that for x € Q, and k > 0, by the choice of 1y we have

3.5 ][ XoW < Ap.
0x2%(o-r)) ~*
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Indeed, we have that Q, C 20, so we can make

][ Xo,W = ][ X20W
O(x,2k(p—r)) O(x.2k(p-r))

20| ][
" 10 2o — )]

< 2n(l+1 k)aCP(ZQ) < 2n(l+l)acp (ZQ)

This completes the proof of (3.5) when x € Q, and k > 0.
LetA> Agand x € @, N{u > A}. As u(x) = M(,\/pr)(x) > A > Ap, (3.5) and the
fact Q(x,2%(o — r)) € Q, when k < 0 imply

u(x) = sup][ Xo W = sup][ w.
k<0J Q(x2k(o-r)) ~* k<0J Q(x,2%(po—r))

For such an x, let k, = max{k : fQ(x,Zk(p w > A}. Trivially, we have

-r))

ontsac | 02—

xeQ,N{u>A1}

We use the Vitali covering lemma for infinite sets and choose a countable collection
of x; € O, N {u > A} so that the family of cubes Q; = O(x;, 2"*1‘(,0 — r)) satisfy the
following properties:

e O,N{u> A Ccy;0;

e the cubes %Qi are pairwise disjoint,

° fQi w > A,

. fsziw < A, forany k > 1

b Qi - Qp-

We make the following claim. If we denote Qf = 2Q; then for all x € Q; N Q,,

u(x) < Z”M(,\/wa)(x).

Indeed, fix x € Q; N O, and k < 0. If k > k,, then by the stopping time we get

][ 10(x;, 2 (o — )
w < - w
0(x24(pr)) 10(x, 2%(0 = M| J o(x;. 2641 (o-r))
<2< Zn][ w < 2"M()(Q%w)(x).

In the other case, namely k < k,, we have Q(x, 2% —1)) C 07 N O, and hence

][ w< M()(wa)(x),
O(x,2%(p~r)) '

and thus the claim is proved.

Step 3. We use now this claim together with the stopping time and the hypothesis
(3.3) to see

M(Qrﬂ{u>/l})szu(QmQr)SZ/ Q”<2"Z ono, M)
i i iNQr iNQr
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<y IQ?I][Q Mlrgw) <2 Y 100lac, ()

But, using the properties of Q; we get

ac (@)=Y 20 w<aa,
=0 2k+1 0;
so we have
w(Qr 0 {u> A} < 2"y Y 107 lad < (20)"ya | U; QilA,

1

where in the last inequality we have used that %Qi are disjoint. Since each one of
the cubes Q; C O, and 4 < JCQi w we have U;Q; C O, N {M(XQPW) > A} so we have
obtained for 1 > A

u(Qr N {u> A} < (20y'ayAlQp N {M(xy w) > .
Plugging everything on what we had in (3.4) we have

/ MGy D < 0 25u(Q;) + K°1(20)"ya6 / "’ 210, N{M(xy w) > AlldA.
o) !

Ao

Step 4. We define
@(t) = / MGy w)y® 1> 0.

Observe that ¢(f) < oo for any ¢ > 0. We claim that,
(3.6) o(r) < c1y1012™ (ac,(Q) ™ + 61 (20)" yap(p).

Indeed, combining what we obtained before in the following way:

146 1)
o(r) < 10" (ac,(Q)) ™ + (20" ya—— / My, Wi
0+1 0, P

)1+5

< a0 (ac, (@)™ + 1+ (20)"ya)se(p),

where ¢; = 2"P+*D0+D and where we have used
u(Q,) = M(XQPW) < |2Q|][ My ow) < 2"|Qlyac,(2Q) < 2"|Qlyac,(Q),
Or 20

since
ac,(20) < 2"" Vac,(Q).
This yields the claim.
Step 5. Now we present an iteration scheme starting from claim (3.6). Remem-
ber that / > 0 was an integer such that 2/(p — r) = R. Set
to = R,
i+1
tiy1 =4 + 2~(+Dp — Z 2_jR, i>0.

j=0
Clearly, t; —» 2R as i — oo. This way, 2+1(£,.1 — 1)) = R and we can use them as
p=t,ti=r,and [l =i+ 1in (3.6).
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In other words, we have the estimate for ¢(#;) in terms of ¢(#;+1):

(1) < 22" + c3¢(tin),
where ¢, = cl2”‘5)/|Q|(an(Q))1+‘S , c3 = K7120"ays. So, iterating this last inequal-
ity ip times we get
io—1 io-1
O(R) = ¢(to) < c2 Y (¢32") + Depltiy) < c2 ) (e32™) + (c3)9(2R)
J=0 Jj=0

We have to choose ¢ > 0 so that we have the relation
(3.7) 32" = 20" lyas2™ < 1/2.

We may suppose 6 < 1. Once we have (3.7), we can take the limit iy — co and the
sum is bounded by 2 and the second term goes to zero since ¢(2R) < oo. Hence

QD(R) < 202 21+n5+n(5+1)(p+1),y|Ql(acp(Q))l+5
<2*"2Py|0lac, (@),

and then
+ +n(2p+ 1+6
|2| / M(XQ )1 0 < 21 @p+3) (Cl (Q))

Now, letting m — oo and using the Fatou lemma we can conclude the proof.

To finish the proof, we make the choice of ¢ as follows. Coming back to (3.7)
we see that, since we have ¢ in the exponent and y can be arbitrarily small, we have

— 1 H
to choose ¢ = m with
21+3n

_n,2 non - _ n___~—-
A = 2202 = 20)' o -

We are ready to finally prove the theorem.

Proof of Theorem 2.5. Fix a cube Q. Let M, o denote the maximal operator with
respect to the dyadic children of Q, that is

Mg ov(x) = sup /lvl xeQ
ReD(Q) IR

xX€ER

We argue as in [14], Theorem 2.3. By the Lebesgue differentiation theorem,

/WH(S < /(Md,Qw)‘sw.
0 0

Call now Q; = {x € Q : Myow(x) > A}. For 4 > wp we make the Calder6n—
Zygmund decomposition of w at height A to obtain Q; = U;Q; with Q; pairwise

disjoint and
A< — / w< 2"
10l Jo,

Multiplying by |Q;| and summing on j this inequality chain becomes

A < w(Qy) < 2" Q.
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Then we have

][ (Mg ow)’w = € / ) S w(Q)dA
0 101 Jo

1
<wi'+ — a 5/15 "w(Q,)dA

<wg+‘+52"— / ’|Q,ldA
101 Jiwg

5 1
< 6+1+2 / M 1+6.
"o s+ 110 Q( a.0W)

Now we apply Proposition 3.2. We have [w wlc, < By < 4r [wlc,, so we need
0 < B/A(max(1, [w]cp), with 8 as in Lemma 3.1. So we get

1+6
5+ 17) (ac,(Q)

1+6
<<1+2“"<21’+4> i, )<IQI /( My g)'w ) ,

where we have used Lemma 3.1. Now, since we have 2% /8 multiplying &, we
have to change the choice of ¢ slightly and make

2—4np ﬁ 1
0 < = .
B Amax(l,[wlc,) Bmax(l,[w]lc,)

][(Md,QW)(SW < (1+21p 0
0

This finishes the proof of the theorem. O

4. SHARPNESS OF THE EXPONENT

For a cube Q, it is clear that My, equals 1 on the cube and is smaller than 1
outside the cube. Therefore (M, )(Q)p converges to x , a.e. when p — oco. Moreover,
for a weight w with finite C),-tails, by the dominated convergence theorem we
have

lim (M)(Q)Pw = w(Q).
p—0o R?

For any weight w € A, we have by the definition of the constant [w]4_ that for

any cube Q

/QM(W)(Q) < [Wla w(Q) < [wlaac,(Q),

where ac,(Q) = Zkzo 2‘”(1"1)kf2k oW is the discrete C-tail introduced in the pre-
vious section.

If we modify slightly the proof of Proposition 3.2 and Theorem 2.5 and add
some extra hypothesis, we can recover the RHI for A, weights. We explain how
to do this in this section.

Fix a number s > 1. This will be the dilation parameter, which was s = 2 in
the previous section. We plan on letting ¢ tend to one in the end. We introduce the
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corresponding discrete C,-tail with respect to ¢,
—n(p-1
ac,s(Q) =Y s >’<][ w.
k>0 s°Q

Note that for any weight w € Cp, we have lim,_,« ac, s(Q) = wg for any s > 1.
Also, for a fixed s > 1 we introduce the corresponding discrete C,, constant

fQ M(XQW)
ac,.s(Q)

Remark 4.1. For a weight w € A, and any s > 1 we have limp_,oo[w]cp,s < [wla,-

[wlc,.s := sup
0

Theorem 4.2. Fix2 > s > 1 and 1 < p < oco. For a weight w in C, and 6 =
and every cube Q, with

I S
At,p max(la[W]Cp,x)

5n21+5n
Asp = T a1
we have
1 1+6 ﬁ n
“4.1) @ w <@2"+1 acp,s(sQ).
o

Before we prove this theorem, we give a proof of Theorem 2.2 as a corollary.
Let w € A,,. By Remark 4.1, we can let p — oo in equation (4.1) and we obtain

1 +i ﬁ n
(4.2) (IQI/QWI 5w> < (2" + 1) wyp,

where
1 —sP=D 1

0co = lim = .
p—00 Cp max(l, [W]Cp,s) Cn[W]Aoo

Now we let s — 1 in (4.2) and obtain

1
<1/w1+5m>%° < (2" + 1) wp,
101 Jo

which is in fact the reverse Holder inequality for A, weights.

Remark 4.3. The dimensional constants are bigger from those in Theorem 2.2, but
the dependence on the weight is essentially the same. Because of this, we obtain
that the dependence on w in Theorem 2.5 is sharp.

Proof of Theorem 4.2. We repeat the first three steps of the proof of Proposition
3.2, with the following modifications. This time, r, p, [ will satisfy sl(p —-r)=R
and R < r < p < R. Also, now we will use the maximal operator Mv(x) =
SUp;c7 fQ( 25k (p—ry) Us and some other trivial changes. For the fourth step, we leave
ac,.s(sQ) in the equation, so we get

o(r) < " VY01 (ac, (@)™ + (K (55 yay) 6 (o),
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where a; = Y ;5 s7kP=D = (1 - g7"P=D)~1 We make a similiar iteration scheme,
namely #o = R and #;y; = t; + s *DR < sR. Now the condition for ¢ translates to
1
0= W where
5n21+5n
ol —sa(p - 1)

The main difference is that now we get

A

1 :
Kméma@mw“%n“ﬁﬂwwuwfﬂ

where the right part stays bounded whenever p — co. Now we use Fatou lemma
and make m — oo to get

1
0]

Now we make the argument in the proof of Theorem 2.5 and combine it with
(4.3). We get,

(4.3) )

/M(/'\/QW)I-HS < 21+5"7(acp,s(SQ)
0

[ o 1

1+6 1+6 n 1+6
w < (wpg)TC+2 /(Md, w)
0 ¢ 1+46101 /o ¢

0 1+6
S (WQ)1+6+2nm21+5n'y(acp,s(SQ)) +

< (2" +62"9y) (ac, «(s0)) '
< 2"+ D(ac,,(s0) '™,

whenever § < 2,%% which is true by the choice of §. This finishes the proof. O

5. Cp WEIGHTS AND THE COIFMAN—FEFFERMAN INEQUALITY

Let T* denote a maximally truncated Calderon—Zygmund operator and M the
Hardy-Littlewood maximal operator. Then for w € A, and any f € LY, we have
forany 0 < p < o0

(5.D T fllzrowy < C M fllrow)

where the constant depends only on w, T and p.

The classical proof of inequality (5.1) in [8] uses a good-A inequality between
the operators 7* and M. If the kernel of T is not regular enough, there is in general
no good-A inequality and even inequality (5.1) can be false, as is shown in [20].

There are ways of proving inequality (5.1) without using the good-A inequality.
For example, the proof given in [1] uses a pointwise estimate involving the sharp
maximal function. Another proof can be found in [10], where the main tool is an
extrapolation result that allows to obtain estimates like (5.1) for any A, weight
from the smaller class A; (see also [12]).

Inequality (5.1) is very important in the classical theory of Calder6n—Zygmund
operators, as it is used in the proof of many other weighted norm inequalities. The
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first, and probably most important consequence of (5.1) is the boundedness of T*
in L”(w) for any weight w € A, 1 < p < oo, namely

/ T prwee [ 1frw.
Rn Rn

This comes as a direct corollary of Muckenhoupt’s theorem [21].

Another consequence of inequality (5.1), though not as direct as the previous
one, is the following inequality, obtained in [24]. For any weight w it holds

|77
where [p] denotes the integer part of p and M* denotes the k—fold composition of
M. This result is sharp since [p] + 1 cannot be replaced by [p] + 1. This is saying
that inequality (5.1) encodes a lot of information. Very recently, this result was
extended in [19] to the non-smooth case kernels, more precisely to the case case
of rough singular operators Tq with Q € L¥(S""!), by proving inequality (5.1)
for these operators. The proof of this result is quite different from the classical
situation since there is no good-A estimate involving these operators and it is a

consequence of a sparse domination result for T obtained in [9] combined with
the A, extrapolation theorem mentioned above in [10].

LP(w) <c ||f||Lp(M[p]+1W) )

Norm inequalities similar to (5.1) are true for other operators, for instance in [23]
(fractional integrals) or [28] (square functions). Also, in the context of multilinear
harmonic analysis one can find other examples, for example, it was shown in [18]
an analogue for multilinear Calder6n—Zygmund operators 7', namely

ITCfrs s fillleogey < € ML ooos Sl Lo »

for w € A, extending (5.1). We refer to [18] for the definition of the operator M.
The proof for the multilinear setting is in the spirit of the proof of inequality (5.1)
given in [1]. There are also inequalities for (5.1) for more singular operators like
the case of commutators of Calderén—Zygmund operators with BMO functions, as
was proved in [25]. In this case, the result is, for w € A,

Wb, T1f oy < €| szHLl’(w)’

where [b,T1f = bTf — T(bf) and M*> = M o M. The result is false for M,
because the commutator is not of weak type (1,1) and it would then contradict the
extrapolation result from [10].

All of the inequalities mentioned above are true for the class A, of weights, but
A 1s not the whole picture for some of them. The correct class of weights is, in
some sense, the C,, class. Muckenhoupt showed in [22] that A, 1S not necessary
for the CFI (5.1), and that the correct necesary condition is C,. About sufficiency,
Sawyer [26] proved that w € C),,,, for some 1 > 0 is sufficient for (5.1) in the range
p € (1, 00). Itis still an open conjecture if C), is a sufficient condition.

Although C), weights were introduced in the context of the CFI, other inequali-
ties have been proved to hold for these weights. For example, the Fefferman—Stein
inequality, between the maximal operators of Hardy—Littlewood and of Fefferman—
Stein, as can be found in [27], [6] for a quantified version, [17] in the weak-type
context. In [7], the authors extended Sawyer’s result to a wider class of operators
than Calderén—Zygmund operators, including some pseudo-differential operators
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and oscillatory integrals. Finally, in [5], Sawyer’s result was extended to rough
singular integrals and sparse forms.

The rest of this Section is devoted to the quantification of Sawyer’s result. We
define now the Calderén—Zygmund operators in a similar way as in [8]. We will
need a kernel K defined away from the diagonal x = y of (R")? that satisfies the
size condition

IK(x,y)l <
lx =y

for some A > 0 and every x # y. Furthermore, we require the following regularity
conditions for some £ > 0

Kx,y) - KX, y)|<A—F—
Ky = Kl < A=
whenever 2|x — x’| < |x — y|, and the symmetric condition
e
K(x,y) - Ky < A2—2E
|X _ y|n+8
whenever 2|y — y'| < |x —y|.

A Calder6n—Zygmund operator associated to a kernel K satisfying the above
conditions is a linear operator 7' : . (R") — .¢’(R") that satisfies

T = | Koy

for f € CX(R") and x ¢ supp(f). Additionally, we will require that 7" is bounded
in 12,
Now we define the maximal truncated singular integral operator 7" as follows

T" f(x) = sup

&>0

/| RO
x—y|>e

We state the quantification of Theorem B from [26] and Theorem 16 from [7].

Theorem 5.1. Fix g > p > 1. For all Calderon—Zygmund operator T, all bounded
S with compact support and all weights w € C, we have

2
1Tl < cnr (@ + %) O(max((wle,, D) M il

where O(t) = tlog(e + 1).

We begin with a few lemmas, which correspond to Lemmas 2-4 in [26]. We
include most of the details concerning the quantification of the weight for the sake
of completion.

Lemma 5.2. Letw € C,. Fix R > 2 and 6 > 0. Then for every cube Q and any
collection of pairwise disjoint cubes Q; C Q we have

cR™

&0

1
52 M 4 dx < —1 R 5 M q d ,
(5.2) /RQ Zj:( X 0, () w(x)dx < —log w(RQ) + /Rn ¥ () W(x)dx



16 JAVIER CANTO

where a, c are dimensional constants and € is the parameter for w in (2.2). Hence,
we have

(5.3) / E (M)(QA(x))qw(x)dxs cn4”q(19/ (M)(Q(x))qw(x)dx.
- 4 R?
J

Proof. For A >0, we willcall E; ={x € RQ : Zj M)(Qj(x)q > A}. Since the cubes
are pairwise disjoint, we have ) iXo, € L*. Then by the exponential inequality

from [11] we have |E;| < c,e |RQ|, where c, and a are positive dimensional

constants. Then, applying the C, condition (2.2) we get

|Eal\*
w(E)) <2 (|Ré|> /RH(M)(RQ()())‘IW(X)dX

< cpe ®RM / (M)(Q(x))qw(x)dx.
Rﬂ

Now we compute

| S g s = [ wEgar = awEn + [ wiEpar
RO ! 0 A

1
< AWW(RQ) + c,RI"—e™% [ (My ,(x))Iw(x)dx.
ae R2 Q
We can choose A big enough so that

I _
Cannie agA <6,
ag

and we get (5.2). In order to get (5.3), choose R = 2,6 = é and use ) M,yé. <
J

2" My 0 almost everywhere outside of 2Q. |

Lemma 5.3 (Whitney covering lemma). Given R > 1, there is C = C(n,R) such

that if Q is an open subset in R", then Q = U;Q; where the Q; are disjoint cubes

satisfying

SR < dist(Qj,R” \ Q)
diam Q;

ZXRQJ‘ < Cxo:
J

< 15R,

We now define an auxiliary function considered in [26]. This operator will be
used to intuitively represent the integral of the function % to the power p after we
apply the C, condition.

Definition 5.4. Let i be a positive lower-semicontinuous function on R” and k an
integer. Let W (k) be the Whitney decomposition of the level set Q; = {h(x) > 2k,
that is, Q = Ugewr) Q. We define the function

(5.5) Mpgh(e) = Y 2P (My 5(x))".

keZ QeW (k)
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We need lower-semicontinuity in this definition to ensure that we can apply
Whitney’s decomposition theorem. In the practice, we will apply this operator to
M f and to T* f, which are always lower-semicontinuous.

Lemma 5.4. For a bounded, compactly supported function f and a weight w € C,
with g > p, we have

ra 1 1
(5.6) / (M M f(x)Y"w(x)dx < <cn26” 77— log ) (M £(x))’w(x)dx,
Rn E E R
where M, , denotes the Marcinkiewicz integral operator as defined in (5.5).

Proof. Let ‘W(k) be the Whitney decomposition of Q; = {Mf > 2}, for any
integer k. Let N be a positive integer to be chosen later and fix a cube P from the
k — N generation. We have, as in [26],

(5.7) QN 5P| < C27N|P,
where C depends only on the dimension 7.

Now define the partial sums

Sky=2" Y /

(My p)*w
0ewk) 'R

and

SwN.P =27 S [ rxgiw.
OeWw(k) ' B
ONP+0

where in the last sum P € ‘W(k — N) is fixed. Because of the Whitney decomposi-
tion, Q N R # 0 implies Q C 5P for large N, so we have

SN.P < [ 273 (it
R oeww
Qc5pP

:/ +/ Z (MXR)qW=I+II for large M.
op  Ja

OP) gew (k)
Qc5pP
Now, by (5.2), for any > 0, which will be chosen chosen later, and for R = 10 we
get
n nd

1 10
1 <2 —1og €
as

w(10P) + n2~P / (Myp)iw.
Rn

Standard estimates for the maximal function of characteristics of cubes show that
if xp is the center of the cube Qp then

q
Il < cZ2k1’/ &w(x)dx
a

opy |x — xp|"?

QN P|?
< cigkp / uw(x)dx
aopy |x — P

2-4N|pja
< cigkp / 7||nw(x)dx
aopy |x — xp|"?
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< szN(l’_f])‘*'(k—N)P (MXp)an
R}l

where we have used (5.7) on the third inequality. Thus we have, by the Whitney
decomposition theorem, for N large,

Sk < Y SKkN.P)

PeW(k N)

10
< 71 En okp / (v i0p)w + @2VP + cA2VP=D)S (k — N)
R pewk-n)

c, 10
—1 0g T okP Q) + (2P + c12NP=D)§ (k — N)
ne

1 10
= 2" log < ” S PNy Q) + (2P + 12V D)S (k — N).

Now, since ¢ > p, we can chose N so that cn’qZN -9 <« %, that is, N > cn#; and
1 so that 2P < i

1 1 1
Sh) < ex25 —(gen + log — + en—LL 2Pk ) + =S (k = N)
ag £ q-p 2

w1, 1 1
< ;277 = log ~2P% My y) + =S (k - N).
& & 2
Thus, with Sy = >, S (k) we get

1 w1, 1
Su< =Sy+c2var—log— | (Mf)YPw.
2 & & Jrn

Now, exactly as in [26], p. 260, we have that S 3y < oo and since it is clear that
supSy = / (M o(M f))Pw,
M R"

we conclude the proof of the lemma. m|

Remark 5.5. The important part of the dependence of the constant on the exponents
p and q is that the lemma will fail to be true for p = g, with this kind of blowup.

Lemma 5.6. Under the same assumptions of Theorem 5.1 we have

1 ¢, 10M42P+2
E

/ (M, 4T f(x))’w(x)dx < (cn2p log (T* f(x))Y’w(x)dx
R ae R

(cq2c”q21’ 1 log 1) / (M f(x))Pw(x)dx.
Rn

Proof. Let ‘W(k) be the Whitney decomposition of the level set Q = {x € R" :
T*f(x) > 2%} for integer k. One can prove as in [8] the following inequality: if
Qe W(k-1)and 5Q ¢ {Mf > 25N} for some N > 1, then

(5.8) lixe Q;T* f > 28 < cr27V|Ql.

Let V(k) be the Whitney decomposition of the set {M f > 2k}, We observe that
for each cube Q € W(k — 1) there are two cases (for a fixed N that we will chose
later).
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Case (a). 5Q c {Mf > 2N} in which case 5Q c ¢,/ for some I € V(k — N).
Case (b). 5Q ¢ {Mf > 2k=N} in which case (5.8) implies

> Pl cer2Mol.

PeW(k)
Pc50

Now define the partial sums

Stky= Y 2 /R (Myp)w

QeW(k)
and
swn= 3 2 [ ongrws 3 20 [ agin
0eW(k) R QeW(k) R
0Pl 0csP

Here, P € ‘W(k — 1) and the last inequality follows from the Whitney decomposi-
tion. Thus,

S (k; P) < Z 2t /Rn(MXQ)qw = /10p+/<1 Z 2P (My p)'w =T +11.

QeW(k) 0P oewk)
Qc5P Qc5P
By (5.2) with R = 10 we have
1 10
I < cp— log = 2kPy(5P) + 2% [ (Myp)tw,

ag en R2

where n > 0 is a positive number at our disposal. As in the previous lemma one
can show

II < cZ2kp_Nq/ (Mx p)w.
Rﬂ

Combining estimates for / and /1 we obtain, for every case (b) cube P € W(k—1),

1 1074
(5.9  S(k;P)<c,— log G ok (5P) + (1 + c12~Naypkp / (My p)tw.
ag en R"
Thus
Sk < Y SkPy+ Y SkP)y=II+]1V.
PeW(k-1) PeW(k-1)
Pis (a) Pis (b)

Now, since each of the O € W(k) of type (a) intersects at most ¢ of the P €
W(k — 1), (yet again due to the Whitney decomposition), we have

1
m<e Y > 20 / (Myg)'w < ¢~ > ook / (My,)w,
1eV(k-N) QeW(k) R 1eV(k-N) R
QOcceul
where we have used (5.3) and My el S cnMy, (for two different ¢, of course). For

the remaining part we have by (5.9)
1 10M
IV < cy— log ok / W(Qu1) + (27 + ch2rNayt-br Y / (My p)'w
ag en n R7
PeW(k-1)
1 cp 10
en

1
< 27— log 2E=DPy( Q) + =S (k = 1),
as 2
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if we choose 1 small enough and N big enough. This means = 2~*2 and
N> cn%q. Combining now estimates for /11 and IV we get

¢, 10M920+2
E

1 1
Sk < 38k =1+ <cn2plog 25Dy 1)
ac

1
(qucnqu) ) Z 2 k=N)p (My,)w.

1eV(k-N) R
Set Sy = > ;<p S (k) and sum the previous inequality over k < M to obtain

1 1 10"a2p+2
Su<=Swu+ (c,,zl’ log C)
2 ag &

4 1
" (szcn;’(mq)g) /R,,(Mp’q(Mf))pW

(T*)Pw
Rn

1 1 10792r+2
< S+ (cn2p log C> (T* f)P'w
2 ag £ RY
qnC E(p+q)1 c, 2L 1 1 p
+ | cf2a — | | cp2"ar — log — (Mf)rw,
E E E Rn

by (5.6). It can be shown (cf. [26], p.262) that § )y < oo, so taking it to the left and
then taking the supremum over all M we obtain the desired result. |

Proof of theorem 5.1. Using the exponential decay from [4], we know that if we
write {T*f > 2K} = U jQ; as in the Whitney decomposition theorem, we have

(5.10) Hxe Q;: T f(x) > 24, Mf(x) < yA)| < ce”7|Qjl,

for any y > 0. We call E; to the set in the left side of (5.10). Then, if we call r to
the exponent 1 + ¢ in Theorem 2.5, we get

1 1

W(E;)) = |E|/ |E|<|E|/Wr>r 'E"QJ'<|Q1|/ )

< IEJ-|7|QJ-|’ / (MXQ Yiw < ce” w (MXQJ,)‘IW.

R®

10l

We use the standard good-A4 techniques as in [26] combined with Lemma 5.6 to
get

p .
(T*HPw < <)2/) A (Mf)YPw +ce 7 / (M, T f)Pw

Ril
e oAl ]
<20y P e (02 "w 5 log (Mf)Pw
Rll

1 c,110"q21'+2
E

+ce v <cn2” log (T* f)Pw
ae Rn

ino v-1 P4yl 150 1
Choosing y~" ~ c,(qg + q_p)‘9 log < we can make

_c % | 1 1
e <c426"f1 »—log — > —
g2 2
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and

& 2
and taking the term to the left side (which is possible since it is finite, see [26]) we
obtain

_c 1 10792p+2 1
ce (cn2plog C") <=
ae

2

(T*f)Pw < P <cn(q+qp )- log ) / (Mf)Pw. 0

R2

Remark 5.71. We conjecture that the first g in the constant should not be there. That
way lim,_,. ¢, < co. We think this should be the case because whenever w € C,
and ¢ is bigger, we have more information. This way we could recover a weighted
inequality for the A, class, though it would be a worse one than the one we mention
in the introduction. For this very reason, we conjecture that the dependence on the
C, constant is not sharp in this sense.
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