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ON THE REGULARITY OF RICCI FLOWS COMING OUT OF
METRIC SPACES

ALIX DERUELLE, FELIX SCHULZE AND MILES SIMON

ABSTRACT. We consider smooth, not necessarily complete, n-dimensional Ricci flows,
(M, g(t))ieo,ry with Ric(g(t)) > —1 and [Rm(g(t))| < ¢/t for all t € (0,T) coming
out of metric spaces (M, do) in the sense that (M, d(g(t)),zo) — (M, do,x0) ast 0
in the pointed Gromov-Hausdorff sense. In the case that Bgq)(xo,1) € M for all
t € (0,T7) and (Bg, (o, 1),do) can be isometrically and compactly embedded in a
smooth n-dimensional Riemannian manifold (€2, d(go)), then we show using Ricci-
harmonic map heat flow, that there is a corresponding smooth solution §(t):c o,y to
the §-Ricci-DeTurck flow on an Euclidean ball B, (po) C R"™, for some small 0 < 7 < 1,
and g(t) — go smoothly as ¢ — 0. We further show that this implies that the original
solution g can be extended locally to a smooth solution defined up to time zero, in
view of the method of Hamilton.
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1. INTRODUCTION

1.1. Overview. In this paper, we investigate and answer in certain cases the following
question.

Problem 1.1. Let (M, g(t))ie(o,1) be a (possibly incomplete) Ricci flow which satisfies

(L.1) Rm(,0)] < 7,

and for which (M,d(g(t))) Gromov-Hausdorff converges to a metric space (X,dy) as
£\, 0.

What further assumptions on the reqularity of (X,do) and (M,g(t))ico,r) guaran-
tee that g(t) converges locally smoothly (or continuously) to a smooth (or continuous)
metric as t approaches zero?

Remark 1.2. We recall that for a connected, open, not necessarily complete, Rie-
mannian manifold (M, g), there is a metric d(g) induced by g which makes (M, d) into
a metric space. Note that the distance between two points p,q € M is not necessarily
realised by a geodesic, nevertheless for every x € M there exists r > 0 such Byg)(z,7) is
geodesically convex, and the distance between any two points in By, (x,r) is uniquely
realised by a smooth geodesic.

If we assume in Problem 1.1 that (M, g(t))c(o,1) is complete for each ¢ € (0,7) and
in addition to (1.1) it holds that

(1.2) Ric(-,t) > —1

for all t € (0,7), then X is homeomorphic to M and the topology of (M,dy) agrees
with that of (M, g(t)) for all t € (0,T"). This is a consequence of the following estimate
on the induced distances, see [19, Lemma 3.1]: Let d; = d(g(t)), then d; — dy for a
metric dg on M and

(1.3) eldg > dy > dy — y(n)y/cot for all t e (0,7).

This implies convergence of d; in the C°-sense to dy, which is stronger than Gromov-
Hausdorff convergence. Since Gromov-Hausdorff limits are unique up to isometries, this
implies: if (M, d(g(t;)),p) = (X,dx,z) in the Gromov-Hausdorff sense for a sequence
of times t; \, 0 then (X, dx,z) is isometric to (M, dp,p). Hence it is not possible that
complete solutions satisfying (1.1) and (1.2) come out of metric spaces which are not
manifolds.

Note that if Ric(-,¢) > —C, and (1.1) holds for all ¢t € (0,7T") for some C' > 1, then,
since (1.1) is invariant under scaling, we can scale the solution such that it satisfies
(1.2).

Estimate (1.3) can be localised as follows.

Lemma 1.3. (Simon-Topping, [19, Lemma 3.1]). Let (M,g(t))icor)y, T < 1, be a
smooth Ricci flow, satisfying Ric(-,t) > —1, |Rm(-,t)| < ¢o/t, where M is connected
but (M, g(t)) not necessarily complete. Assume furthermore that By)(zo,1) € M for
allt € (0,7).
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Then X := (Nse(0,1)By(s) (0, %)) is non-empty and there is a well defined limiting
metric dy — do as t (0, where

(1.4) eldy > dy > dy — y(n)Vegt  for allt € [0,T) on X.

Furthermore, there exists R = R(cp,n) > 0,5 = S(co,n) > 0 such that By, (xo,r) €
X C X and Byy)(zo,7) € X C X for all v < R(co,n) and t < S where X is the
connected component of X which contains xo, and the topology of Ba,(xo,r) induced
by do agrees with that of the set Bg,(zo,7) C M induced by the topology of M.

Coming back to our initial question, assuming (1.1) and (1.2) hold and for some
r >0, By)(zo,7) € M for all t € (0,T), the above result implies that the metric do
exists (locally) and the convergence is in the sense of (1.4).

Examples. We give examples of solutions satisfying the conditions (1.1) and (1.2).

(1) Expanding gradient Ricci solitons coming out of non-negatively curved
cones.

Consider a smooth Riemannian metric v on S"~! with eigenvalues of its curva-
ture operator greater or equal to one and the cone C(7y) = (([0,00) x S"71)/ ~
,dr? @ r?v,0) where the equivalence relation ~ identifies O := (0,z) ~ (0,%).
Note that the curvature operator of C'(y) is non-negative away from the tip. In
[14] it was shown that if C'(y) arises as the tangent cone at infinity of a non-
compact manifold M with non-negative and bounded curvature operator then
there exists an expanding gradient soliton (M, g) such that its evolution under
Ricci flow (M, (9(t))e(0,00) has the property that (M,d(g(t)),p) — C(v) in the
pointed Gromov-Hausdorff sense as ¢ \, 0. The construction in [14] guarantees
that this convergence is in C7;, away from the tip of the cone.

In [8] it was later shown that there always exists an expanding gradient soliton
coming out of any such non-negatively curved cone C(v). The construction
in [8] also guarantees that the convergence is in C}2, away from the tip: the
existence result is based on the Nash-Moser fixed point theorem. Problem 1.1
was partly motivated by the cost of using such a ”black box”. Indeed, the
Nash-Moser fixed point theorem is not so sensitive to the nature of the non-
linearities of the Ricci flow equation as long as the corresponding linearized
operator satisfies the appropriate Fredholm properties. In particular, the use of
the Nash-Moser fixed point theorem does not shed new light on the smoothing
effect of the Ricci flow. Finally, we emphasize that uniqueness of such solutions
is unknown among the class of asymptotically conical gradient Ricci solitons
with positive curvature operator.

(2) Ricci flows coming out of non-collapsed Ricci limit spaces.
Let (M;, g;(0), z;)ien be a sequence of smooth n-dimensional Riemannian man-
ifolds with bounded curvature, such that R(g;(0)) + ¢ - Id(g;(0)) € Cx and
Vol(By,)(z)) = vo for all x € M; for all i € N, for some ¢,vg > 0 where R
is the curvature operator, Id is the identity operator of the sphere and Cx is
the cone of i) non-negative curvature operators, respectively ii) 2-non-negative
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curvature operators, respectively iii) weakly PIC; curvature operators, respec-
tively iv) weakly PIC5 curvature operators. Then [[17] for (i), (ii) in case n = 3,
2] for (i) -(iv) for general n € N] there are solutions (Mj, gi(t), i) teo,7(n,vo,c)]
such that R(g;(t))) + C - Id € Cx (for some new C' > 0). Note that this im-
plies Ric(gi(t)) > —c(n)C. After scaling each solution we obtain a sequence of
solutions satisfying (1.1) and (1.2). Taking a sub-sequencial limit, we obtain
a pointed Cheeger-Hamilton limit solution (M™, g(t), ¥oo )ie(0,1) Which satisfies
(1.1) and (1.2).

More generally, if we take a sequence of smooth complete solutions (M;, g;(t), xi)te[m)
satisfying (1.1) and (1.2), and Vol(By,«)(z:),1) > vo for all i € N for all

t € [0,1), we obtain a pointed solution (M", g(t), Too )1e(0,1) s a sub-sequential
Cheeger-Hamilton limit, which satisfies (1.1) and (1.2).

Local setting. Problem 1.1 can be considered locally in the context of the above
examples as follows.

(1) Assume that (M, g(t))e(0,00) is @ smooth self-similarly expanding solution with
non-negative Ricci curvature coming out of a cone (M",dx) = (R*xS"~ !, dr?®
r2v), where v is a smooth (continuous) Riemannian metric. Does the solution
(M, g(t))ie(o,1) come out smoothly (continuously)? That is, is the solution

(M\{p},9(t))eeo,]

smooth (continuous), where p is the tip of the cone, and gg is the cone metric
on M\{p} at time zero?

If we replace the assumption that 'y is smooth (continuous) on S"~!’ to
smooth (continuous) on an open set V' C S™, we ask the question: is

(RT x V), 9(t)|r+ xv)eelo,)

smooth (continuous)?

(2) Inthe setting of Example (2) let (M, dy, o) be the limit as ¢ \, 0 of (M, d(g(t)), o).
Note that (M, dy, ) is isometric to the Gromov-Hausdorff limit of (M;, d(g;(0)), x;)
as i — 00, in view of (1.4). Let V' C M be an open set such that (V,dy) is iso-
metric to a smooth (continuous) Riemannian manifold. Can (V,g()):c(0,1) be
extended smoothly (continuously) to ¢ = 0, that is, does there exist a smooth
(continuous) go on V' such that (V, g(t)).e[o,1) is smooth (continuous)?

9

vy is

We will see in Theorem 1.6, that the answer to each of these questions in the smooth
setting is yes, if we measure the smoothness of the initial metric space appropriately.
The answer to each of these questions is also yes in the continuous setting, see Theorem
1.7, if we measure the continuity of the initial metric appropriately and the convergence
in the continuous setting is measured up to diffeomorphisms.

The smoothness (respectively continuity) of a metric space in this paper will be mea-
sured as follows. Let 0 < gg(n) < 100~! be a small fixed positive constant depending
only on n. We denote with B, (z) C R" the Euclidean ball with radius r, centred at .
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Definition 1.4. Let (X, dp) be a metric space and let V be a set in X. We say (V, dp) is
smoothly (respectively continuously) n-Riemannian if for all zp € V' there exist 0 < 7,7
with 7 < %7‘ and points ay, ..., an € Bg,(xo,r) such that the map

Fo(z) := (do(x,a1),...,do(z,a,)), x € Bg,(zo,7),
is a (1 + e¢) bi-Lipschitz homeomorphism on By, (zo,57) and the push-forward of dy
via Fy given by do(Z,7) = do((Fo) " (Z), (Fo)~'(9)) on Baz(Fy(x0)) € Fo(Bay(wo,57))
is induced by a smooth (respectively continuous) Riemannian metric: there exists a
smooth (respectively continuous) Riemannian metric go defined on Byz(Fp(zo)), such

that dy satisfies dy = d(jo), when restricted to Bz(Fy(zg)), where d(go) is the distance
on (B4 (Fo(zo)), go)-

Since this definition might be slightly counter-intuitive at first reading, we give an
alternative definition as well.

Definition 1.5. Let (X, dy) be a metric space and let V be an open set in X. We say
(V,dy) is smoothly n-Riemannian if for all g € V' there exist a smooth n-dimensional
connected Riemannian manifold (U(zg), go) and a neighbourhood V(zy) C V of xg,
and an isometry Fy : (V (), do) = (Fo(V(z0)),do) € (U(zo), do), where (U(xg),do) =
(U(z0),d(go)), and d(go) is the distance on (U(zo), go)-

Equivalence of definitions. The first definition clearly implies the second one. That
the second definition implies the first, may be seen as follows: Since (U(zo),go) is
smooth, we may find @y, ... a, € Fo(V (z0)) such that Fo(Z) = (do(a1, %), ..., do(dn, )
s (1 4+ eo) bi-Lipschitz and smooth in a neighbourhood of F(zg). Defining a; :=
F(A]_l(dl)y---,ﬁln = Fy *(an)), and go := (Fp)«(Jo), we see that Fy = Fy o Fy satisfies:
(£0)+(do) = do = d(go) and

Fy(x) = (do(ay, Fo(x)), - .., dolan, Fo(x))) = (do(ar, ), ..., do(an, x))
is (1 + eg) bi-Lipschitz, as required.

1.2. Main results. The first theorem gives a positive answer to the questions posed
in the previous subsection in the smooth setting.

Theorem 1.6. Let (M, g(t))ic(o,r) be a smooth solution to Ricci flow satisfying (1.1)

and (1.2), and assume Byyy(zo,1) € M for all 0 < t < T and let (X,dy) be the C°

limit,ast 0 of (X, d(g(t)) established in Lemma 1.3, where X := (Nse(0,1)Bg(s) (@0, ).
Assume further that (Bg,(zo,7),do) is smoothly n-Riemannian in the sense of Defini-

tion 1.4, where r < R(co,n) and R(co,n) is as in Lemma 1.3. Then there exists a

smooth Riemannian metric gy on Bg,(xo, s) for some s € (0,1) such that we can extend
the smooth solution (Bg, (70, ), 9(t))ie(o,1) to a smooth solution (Bg,(zo, ), 9(t))eeo,r)

by defining g(0) = go-

As noted by Topping in [20], this result was known for Ricci flow of closed 2-manifolds
by results of Richard in [13].

The second theorem is concerned with the corresponding question in the continuous
setting.
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Theorem 1.7. Let (M, g(t))ic(o,r) be a smooth solution to Ricci flow satisfying (1.1)
and (1.2), and assume Bgy)(zo,1) € M for all 0 <t < T and let (X,dp) be the o
limit,ast N 0 of (X, d(g(t)) established in Lemma 1.3, where X := (N (0,1)Bg(s) (@0, ).
Assume further that (Bg,(xo,7),do) is continuously n-Riemannian in the sense of Def-
inition 1.4, where r < R(co,n) and R(co,n) is as in Lemma 1.3.

Then for any strictly monotone sequence t; \, 0, there exists a radius v > 0 and a
continuous Riemannian metric go, defined on B,(p), p € R™, and a family of smooth
diffeomorphisms Z; : By, (z0,2v) — R™ such that (Z;)«(g(t;)) converges in the C° sense
to go as t; \, 0 on By(p).

1.3. Metric space convergence and the conditions (1.1) and (1.2). Assume we
have a smooth complete solution to Ricci flow (M™, g(t))ic(0,1), satistying (1.1) but not
necessarily (1.2). Then there is no guarantee that a limit metric dy = lim;—, d(g(t)) ex-
ists. Similarly, if we have a sequence of smooth complete solutions (M}, g;(t), Z:):c(0,1)5
satisfying [Rm(g;(t)))| < co/t and Vol(By, ;) (z)) > vo > 0 for all t € (0, 1) for all x € M,
for some ¢y, vg > 0, for all i € N, we obtain a limiting solution in the smooth Cheeger-
Hamilton sense, (M", g(t),p)ic(0,1), Which satisfies |[Rm(-,t)| < co/t for all ¢t € (0,1),
but again, there is no guarantee that a limit metric dy = lim;_,o d(g(t)) exists. Further-
more, if a pointed Gromov-Hausdorff limit (M, dy, p), as t — 0, of (M, d(g(t)),p) exists
and if a Gromov-Hausdorff limit (X, dx,y) in ¢ € N of (M]*,d(gi(0)), z;)icn exists, then
there is no guarantee that (X, dx,y) is isometric to (M, dy, p), or that (M, dy) has the
same topology as d(g(t)) for t > 0.

An example which considers the metric behaviour under limits of solutions with no
uniform bound from below on the Ricci curvature but with [Rm(-,¢)| < ¢y/t is given in
a recent work of Peter Topping [20]. There, he constructs examples of smooth solutions
(T2, gi(t))eefo,1) to Ricci flow, satisfying (T2, d(g;(0))) — (T2, d(6)), as i — oo, where &
is the standard flat metric on T2, and |Rm(g;(¢))| < ¢/t for all t € (0,1),4 € N for some
¢ > 0, but so that the limiting solution (']I‘2,g(t))t€(071} satisfies (Tz,d(g(t)))te(o,l) =
(T2, d), where (T2,d) is isometric to (T2,d(26)). The initial smooth data g;(0) do not
satisfy Ric(g;(0)) > —k for some fixed k > 0 for all i € N, and so the arguments used
to show that the Gromov-Hausdorff limit of the initial data is the same as the limit as
t — 0 of the limiting solution, are not valid.

1.4. Related results. We recall the basic setup for the initial trace problem for the
scalar heat equation. Consider a smooth solution u : R™ x (0,1) — R, with %u = Au,
and assume that u(-,t) — up(-) in CP (B1(0)) as t \, 0, where ug € C*(B;(0)).
Then the solution can be locally extended to a smooth local solution v : By/5(0) x
[0,1) — R, by defining v(-,0) = ug(:) on B;/5(0), as we now explain: since u €

C°(By /4(0) x [0,1]), by standard theory, there exists a solution of the heat equation

z € CY(B3/4(0) x [0, 1])NC>(B3,4(0) % [0,1]), such that z = u on the parabolic boundary
OB3/4(0) x [0,1] U B3/4(0) x {0}. The maximum principle then implies that z = u and
hence u is smooth on B3/4(0) x [0, 1], as required. Here the linear theory simplifies the
situation. We have also assumed that u(-,¢) — ug locally uniformly. In the Ricci flow
setting, assuming (1.1) and (1.2), we saw above that the initial values must be taken
on uniformly, albeit for the distance, not necessarily the Riemannian metric.
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A non-linear setting closer to the one considered in this paper is as follows. In [1],
Appleton considers (among other things) the §-Ricci-DeTurck flow of metrics gg on R™
which are close to the standard metric d, in the sense that |go — d|s < e(n). In the
work of Koch and Lamm, see [11, Theorem 4.3|, it was shown that under this closeness
condition there always exists a weak solution (R™, g(t))ie(0,00). Weak solutions defined
on [0,T) (T = oo is allowed) are smooth for all t > 0 and h(x,t) := g(x,t) — d(x) has
bounded X7 norm, where

1Pl := sup |[A(#)ll5
0<t<T

n _2
+ sup sup (3_5HVhHLZ(BR(x)x(o,RZ))+R”+4HVhH

+4 R2 po >
zER™ 0<R2<T Lt Br(@)>x (5, 72)

If the initial values gy are continuous then the initial values are attained in the C°-
sense, that is |g(t) — gols — 0 as t — 0. Appleton showed, see [1, Theorem 4.5], that
any weak solution h(t) := g(t) — 0 which has g € Cfo’g(Rn) and |hols < e(n), must

have h(t) € H ita’1+5(R” X [0,00)). In particular the zeroth, first and second spatial
derivatives of h(t) locally approach those of hy as t ~\, 0. That is, for classical initial
data hg € Cfo’f(]R”), any weak solution h(t) restricted to € approaches h(0) in the
C?%(€) norm on § for any precompact, open set €.

Raphaél Hochard established in [10] some results similar to some of those appearing
in Sections 2 and 3 of the current paper. We received a copy of Hochard’s thesis, after
a pre-print version, including the relevant sections, of this paper was finished but not
yet published. We have included references to the results of Hochard at the appropriate
points throughout this paper. His approach differs slightly, as we explain at the relevant

points.

1.5. Outline of paper. We outline the idea of proof of the main theorems, Theorem
1.6 and 1.7. The idea is somewhat similar to the one we used above to show smoothness
of solutions to the heat equation coming out of smooth initial data, which are smooth
for positive times.

It is well known that since Ricci flow is invariant under diffeomorphisms, it only
represents a degenerate parabolic system. To able to prove initial regularity, it is
thus necessary to put Ricci flow into a good gauge, transforming Ricci flow into a
strictly parabolic system. The strategy we follow here is to construct a local family of
diffeomorphims solving Ricci-harmonic map heat flow into R™ and push forward the
Ricci flow solution to obtain a solution to §-Ricci-DeTurck flow.

More precisely, despite the low initial regularity, we show that there is a solution to
the Ricci-harmonic map heat flow, Z € C%(By,(z0,1) x [0,T); R™) N C*(By, (0, 1) x
(0,7); R™), with initial and boundary values given by the map Fp, which represents
distance coordinates at time zero. The a priori estimates we prove in Sections 2 and 3
help us to construct this solution, and from the Regularity Theorem 3.8, we see that
there is S(n) > 0 and a small a(n) > 0 such that the solution is 1+ «(n) bi-Lipschitz for
each t € (0,S(n)) N[0,7/2). The explicit construction of Z is carried out in Theorem
3.11.

Hence, we may consider the push forward g(t) := (Z;)«(g(t)), which is by construc-
tion a solution to é-Ricci-DeTurck, and §(t) is a(n) close to & in the C%-sense. We
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first restrict to the case that the push forward of dy with respect to Fy is generated
locally by a continuous Riemannian metric gg. A further application of the regularity
theorem, Theorem 3.8, yields that §(t) converges locally to the continuous metric go.
This is explained in detail in Theorem 4.3 in Section 4.

If we assume further that gy is smooth, and sufficiently close to 4, then we consider
the Dirichlet Solution ¢ to the §-Ricci-DeTurck flow on an Euclidean ball B,.(0) x [0, T7,
with parabolic boundary data given by g. The existence of this solution is shown in
Section 5, where Dirichlet solutions to the d-Ricci-DeTurck flow with given parabolic
boundary values C? close to § are constructed. The L?-lemma, Lemma 6.1 of Section
6, tells us that the (weighted) spatial L? norm of the difference g; — go of two solutions
g1, g2 to the d-Ricci-DeTurck flow defined on an Euclidean ball is non-increasing, if g1
and gy have the same values on the boundary of that ball, and are sufficiently close to
§ for all time ¢ € [0,T]. An application of the L?-lemma then proves that £ = §. The
construction of ¢, carried out in Section 5 guarantees that ¢ is smooth on B,.(0) x [0, T7].
Hence g is smooth on B,.(0) x [0, T]. Section 7 completes the proof of Theorem 1.6: the
smoothness of g on B,(0) x [0,7] implies that one can extend g smoothly (locally) to
t = 0. In Section 7 we discuss some of the consequences of Theorem 1.6 in the context
of expanding gradient Ricci solitons with non-negative Ricci curvature.

1.6. An open problem. The lower bound on the Ricci curvature in (1.2) is used
crucially to obtain the bound from above for d; in (1.4). It is also used in Section 4,
when showing that §(t) converges to go in the C° norm.

Problem 1.8. Can the bound from below on the Ricci curvature in Section 3 and/or
other sections be replaced by a weaker condition?

We comment on this at various points in the paper.

1.7. Notation. We collect notation used throughout this paper.
(1) For a connected Riemannian manifold (M, g), z,y € M, r € RT:
(1a) (M,d(g)) refers to the associated metric space,

d(g)(z,y) = ,Yelgfv } Ly(v),

where G, refers to the set of smooth regular curves v : [0,1] — M, with
7(0) =z, v(1) =y, and Ly(7) is the length of v with respect to g.
(1b) By(x,r) := Ba(g)(x,7) :={y € M | d(g)(y,z) <r}.
(1c) If g is locally in C?: Ric(g) is the Ricci Tensor, Rm(g) is the Riemannian
curvature tensor, and R(g) is the scalar curvature.
(2) For a one parameter family (g(t)).c(o,r) of Riemannian metrics on a manifold
M, the distance induced by the metric ¢(t) is denoted either by d(g(t)) or d;
for t € (0, 7).
(3) For a metric space (X,d), x € M, r € R, By(z,7):={ye M | d(y,z) < r}.
(4) B,(x) refers to an Euclidean ball with radius > 0 and centre z € R™.
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2. RICCI-HARMONIC MAP HEAT FLOW FOR FUNCTIONS WITH BOUNDED GRADIENT

In this section we prove some local results about the Ricci-harmonic map heat flow.
R. Hochard, in independent work, proved some results in his PhD-thesis which are
similar to some results in this chapter, see [10, Section 11.3.2]. Hochard uses blow up
arguments to prove some of his estimates, whereas we use a more direct argument
involving the maximum principle applied to various evolving quantities.
The first theorem we present is a local version of a theorem of Hamilton, [9, p. 15],
for solutions satisfying (1.1) and (1.2).

Theorem 2.1. Let (M",g(t))icior) be a smooth background solution to Ricci flow
satisfying (1.1) and (1.2) such that By (vo,2) € M and 0By (wo,1) is a smooth
(n — 1)-dimensional manifold.

Let Zy : By(o)(70,1) = R™ be a smooth map such that
* [VZolge) <1
e Zo(Bgy(o)(z0,1)) € B-(0) for some r < 2.
Then there is a unique solution
Z € COO(BQ(O) (x0,1) X [O, T]; R™)N CO(BQ(O) (x0,1) X [O, T]; R"™),
to the Dirichlet problem for the Ricci-harmonic map heat flow
0 7 _
o = Dy(t)62,
(2.1) Z(-,0) = Zy,
Z (-, )oB, ) (x0.1) = 2008, ) (@o,1)  for t € [0,T],

and constants c(co,c1,mn),S(n,co) > 0 such that

(2.2) Zy(By0y(z0,1)) € B.(0), forallt <T,
(2.3) By (z0,3/4) € Byo)(z0,1), for allt <min(T,S(n,co)),
(24) |vg(t)Z(, t) |52](t) < C(C(]a C1, ’I’L),

on By (w0,1/2) for all t < min(T, S(n,cp)).

Proof. We first note that the system for Z actually decouples into n independent linear
equations. Since Byg)(wo,1) C M is a compact set, and the solution (M, g(t)).ejo,7] is
smooth, by standard theory there is a unique solution

Z € C*(By(o) (w0, 1) x [0, T];R™) N C°(By(o) (w0, 1) x [0, T]; R"),
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to the Dirichlet problem (2.1).
For the sake of clarity, we omit the dependence of the Levi-Civita connections on
the metrics (g(t)):ec(0,7]-

The statement (2.2) follows from the Maximum Principle and the evolution equation
for [Z]2 = 377, (2%)*:

)
(2.5) (E - Ag(t)> 2] = ~2|VZ %,

Statement (2.3) follows from the distance estimates, (1.4), which hold on By )(zo,1)
for any solution to Ricci flow satisfying (1.1), (1.2) and By (w0,2) € M: see [18,
Lemma 3.1].

Regarding (2.4), we first recall the following fundamental evolution equation satisfied
by [VZ[% ,:

0
(2.6) (E - Ag(1t)> \VZ\f;(t) = —2’V2Z’3(t)'

Notice that the term Ric(g(t))(VZ,VZ) showing up in the Bochner formula applied
to VZ cancels with the pointwise evolution equation of the squared norm of VZ along
the Ricci flow.

In case the underlying manifold is closed, the use of the maximum principle would
give us the expected result.

In order to localize this argument, we construct a Perelman type cut-off function
n: M — [0,1] with n(-,t) = 0 on M\By)(zo, 3) and (-, t) = e~ k(o) on By (o, )
such that %n(-,t) < Ayyn(-,t) everywhere, and ]Vn\?](t) < e3(n)n everywhere, as long
as t <min(S(n,cp),T) : see, for example, [18, Section 7] for details.

We consider the function W := 9|V Z|2+c3|Z|?, with ¢z = 10¢(n)cs(n). The quantity
W is less than c¢; + 4cy everywhere at time zero. We consider a first time and point
where W becomes equal to ¢1 + 5c2 on By (0, 1). This must happen in By (x0, 1),
since 7 = 0 on a small open set U containing 9By (o, 1) and c2|Z|? < 4co by (2.2).
At such a point and time (x,t), we have by (2.5) and (2.6) together with the properties
of n,

d
0< <§ - Ag(t)) W (z,t)
< =20V 22 = 20[VPZ[ ) — 29(8) (Y, VIV Z]2 )

IVl
< =20V Z[3 — 20|V2 2|5 + 46(”)Tg()\vz\§(t) +0IV2Z 2

<0,

by the choice of ¢y, which yields a contradiction. Hence W (z,t) < ¢1 + 5co for all
t < S(n,cp), which implies

eIV (1) < e MVZP 0 (1) + ol ZI2(, 1) < (e1 + Bey),
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on By (o, 1) for all t < min(S(n, cp),T). This gives
IVZ[20 (1) < € (c1 + 5ea),
on By (o, 1) for all t < min(S(n, ), T) as required. O

We aim to prove an estimate for the second covariant derivatives of a solution to the
Ricci-harmonic map flow. In fact, once we have a solution to the Ricci-harmonic map
heat flow with bounded gradient, the solution smoothes out the second derivatives in
a controlled way, as the following theorem shows.

Theorem 2.2. For all ¢; > 0 and n € N, there exists £yg(c1,n) > 0 such that the
following is true. Let (M™,g(t))iejo,] be a smooth solution to Ricci flow such that

2
Ric(g(t)) > -1, |Rm(-,t)| < E—to, for all t € (0,7,

where g9 < &y. Assume furthermore that Byg)(z0,1) € M, and Z : By (wo, 1) X
[0,T] — R™ is a smooth solution to the Ricci-harmonic map heat flow

3}
EZ(.Z’,Z?) = Ag(t)Z(x7t)7
for all (x,t) € By)(xo,1) x [0,T], such that |V9(t)Z(',t)|§(t) < c1 on By (wo, 1) for
allt € [0,T]. Then

tvI02z(., t)|527(t) < c(n,c1),

on By (wo,1/4) for all t < min{S(n), T}, where S(n) > 0 is a constant just depending
on n.

Remark 2.3. The condition [Rm(-,t)| < €3/t where g9 < &g(c1,n) is sufficiently small
is not necessary : |Rm(-,t)| < k/t with k arbitrary is sufficient for the argument, as
can be seen by examining the proof, but then the conclusions remain only valid on
the time interval (0,S(c1,k,n)], where S(ci,k,n) > 0 is sufficiently small. We only
consider small k, as this is sufficient for the setting of the following chapters. A version
of this theorem, with ¢; = ¢(n) and the condition |Rm(-,¢)| < k/t, k arbitrary, was
independently proven by R. Hochard using a contradiction argument: see [10, Lemma
I1.3.9)].

Proof. In the following, we denote constants C'(gg, ¢1,n) simply by & if C'(egg, ¢1,n) goes
to 0 as gy tends to 0 and ¢; and n remain fixed. For example cin'ey and b(cy,n)\/2o
are denoted by & if b(cy,n) is a constant depending on ¢; and n, and d(cy,n)\/&y may
be replaced by &, if d(c¢1,n) is a constant depending on ¢; and n only.

For the sake of clarity in the computation to follow, we use the notation V to denote
V9 at a time ¢, Rm to denote Rm(g(t)) at a time ¢, et cetera, although the objects in
question do indeed depend on the evolving metric. By standard commutator identities
for the second covariant derivatives of a tensor T', V2T(V, P,-) = V2T (P,V,-) + (Rm *
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T)(V,P,-): see for example [21], we obtain

92 ok _ o2 (0 )\F : !
22k = v, (a Z) + (VRic * V2)¥,

ot
= V2(AZ)f + (VRic* VZ)F;
= A(V;V;Z") + Rm « V°Z)}; + (VRm * VZ)};.

Shi’s estimates and the distance estimates (1.4) guarantee that [VRm(g(t))| < &t ~3/2
for t < S(n) on By (wo,3/4) : see for example Lemma 3.2 (after scaling once by 400).
On By (wo,3/4), we see for t < S(n), that
O 192212y < 8,00 (I9°24) — 22+ eln) R (g(0) g V2212
+c(n) VRI(g(t)) |41y V> Z 40y [V Z g1
ARURVEPSE
TV 250

(2.7) < Dy (IV?Z[50) = 21V° 215 +

&0
+ t—%\vzz!g(t)\vz\g(t)

s §
<Ay (IV2Z[50) =21V 22 70|V22|3(t) + t—SWZE](t)

q(t)

For ag > 1, let
W = t(ao + [V Z|2 ) IV> 2]

Using (2.6) together with (2.7), we see that

9 0
(E B Ag(t)> W= (E B Ag(t)> (t(ao + |VZ|3(t))|V2Z|3(t))

g(t)”

= (ag + |V ZP2))[V2Z %)+t (8 — )<|VZ|g(t> V222,
+ tag + [V Z[2) (8 W)yv?zyg(t —2tg(1) (vyvzyg(t V\VQZ\f](t))
< (a0 + [VZI2 ) IV Z 0 — 2tV Z 15 ) — 2a0t| VP Z[2 )

14+a
+(1+a0)&lV22Z[% ) + % -

< E —2t|V2Z|3

2t9(t) (VIVZI20), VIV2ZI)

— 2a0t|V?Z % ) + aoko| V2 Z [ )

g(t) g(t)

a
+ 0—50 + te(n, cl)|V3Z|g(t |V2Z|g(t

W a

g7+umm—mwwﬁﬁ-wwmw+%mwﬂ%+£@

K a% SO
t

< 5+ (elner) = 200)t/V° 2[5 - §\V22\3(t> -

where ¢(n, c1) denotes a positive constant depending on the dimension n and the Lips-
chitz constant ¢, that may vary from line to line and we have used Young’s inequality
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freely. Thus

w W2 CL2§0
OW < AyyW + — — y
WS By + 2m0+qﬁt+ t
W W2 CL2§0
<A W+ —— — 2050
S8 T T T T
if ag is chosen sufficiently large such that ag > ¢(n,c1).

In case the underlying manifold is closed, the use of the maximum principle would
give us the expected result: if there is a first time and point (x,t) where W (z,t) = 10a2
for example, we obtain a contradiction. Hence we must have W < 10(13.

In order to localize this argument, we introduce, as in the proof of Theorem 2.1,
a Perelman type cut-off function n : M — [0,1] with n(-,¢) = 0 on Bg(t)(:no,2/3)
and 7(-,t) = e~" on By (o, 1/2) such that %n(-,t) < Aypn(-,t) everywhere, and
\anz(t) < ¢(n)n everywhere, as long as t < S(n) < 1: see for example [18, Section 7]
for details.

We first derive the evolution equation of the function W := nW with the help of
inequality (2.8) for t < S(n):

(2.8)

~ N W2 a2
(2.9) atW < Ag(t)W — 2<V7], VW>g(t) + T - 7]4—2 + T]O—go .
apt t

Thus

< —2(Vn, VWV W+ —
< =2V, VW)g0) + c(m)W + = e

where again, c(n) denotes a positive constant depending on the dimension only and
which may vary from line to line. If the maximum of W at any time is larger that
100a(2) then this value must be achieved at some first time and point (z,t) with ¢ > 0 ,
since W (-,0) = 0. This leads to a contradiction if t < S(n) < 1. O

3. ALMOST ISOMETRIES, DISTANCE COORDINATES AND RICCI-HARMONIC MAP HEAT
FLOW

In this first subsection we set up the problem we will be investigating for the re-
maining chapter, collect some background material and give an outline of the further
strategy.

For convenience we recall a slightly refined version of Lemma 1.3 in the introduction,
where §(n) > 0 is the constant appearing in [19, Lemma 3.1].

Lemma 3.1. (Simon-Topping, [19, Lemma 3.1]). Let (M,g(t))icor)y, T < 1, be a
smooth Ricci flow where M is connected but (M, g(t)) not necessarily complete. As-
sume that for some g9 > 0 and R > 10032 (n)e3 +200 it holds that By ) (70,200R) € M
forallt € (0,T) as well as

2

(@) [Rm(-,t)] < ; on By (20,200R) € M for all t € (0,T)

€0
(14 B%(n))
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(b) Ric(g(t)) = —1 on Byyy(z0,200R) € M for all t € (0,T).
Then for all r,s € (0,T) it holds that
erdy, > dy > dy —egVt—r Vt e [r,T) on By (ro,50R).

This motivates for us to work with the setup that (M, g(t)).e(o,r) is a smooth solution
to Ricci flow, with

(@) |Rm(t)] <ej/t on By (xo,200R) € M for all t € (0,T)

(b) Ric(g(t)) > —1 on By (wo,200R) € M for all ¢t € (0,T)

(3.1) €7"d.>dy >d, —egVt— 71 Vit € [r,T) on By (20, 50R) V r,s € (0,T)
(3.2)  By(s)(w0,50R) € M for all s € (0,7).

As in Lemma 1.3, if (3.1) and (3.2) hold, then there exists a unique limiting metric as
t N\ 0:
do = }1\1}(1) dy exists, is unique and is a metric on X := Nye(o,1)By(s) (0, 50R),
Byy(0,20R) C X C Byy)(w9,50R) € M,V s € (O,min (%,1%(2)1)) ,

0

(3.3)
and the topology of Bg,(xo,20R) induced by dy agrees with the topology

of the set By, (xo,20R) C M induced by M,

where X is the connected component of the interior of N 86(07T)Bg(8)(x0, 50R) containing
x0, and the limit is obtained uniformly: the existence of a unique limit follows from the
fact that dy(-,-) is Cauchy in ¢, and the inclusions and statement about the topology
follow from the triangle inequality and the definition of the interior of a set.

The estimates of Shi yield the following time interior decay.

Lemma 3.2. Let (M, g(t))ico,r) be a smooth, not necessarily complete, solution to
Ricci flow satisfying (a), (b), (3.1) and (3.2) for some R > 1. Then

J
(3.4) > IV Rm(-, 1) < w

i=0
for all z € By,(z0,10R) for allt € (0, min((1+&3)"1R?, log(2),T)), where B(k,n,c) —
0 for fixred k and n, as g — 0, and dy is the metric described in (3.3).

Proof. We scale the solution §(-,) := t~1g(-, t), so that time ¢ in the original solution

scales to time £ equal to 1 in the new one. We now have |l/{7n(, s)| < 2e2 on Bj1/2)(z,1)
for all s € [1/2,2], for all z € Bg,(xo,10R), in view of (a) and the (scaled) distance
estimates (3.1). The estimates of Shi, see for example [7, Theorem 6.5], give us that

Zf:o |ViRm(z, 1)]? < B(k,n,e0) where B(k,n,e0) — 0 as g — 0, as claimed. O

In the main theorem of this chapter, Theorem 3.8, we consider distance maps F; at
time ¢, points mgy € By, (2o, 15R) and g9 < % such that Fy : By, (mo, 10) — R" satisfies

(c) |Fi(z) — Fi(y)| € ((1 — e0)di(,y) — eoV't, (1 + e0)dy(x,y) + 50\/Z>
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for all z,y € Bg,(mo,10). If such a map F; exists for all ¢ € (0,7"), and we further
assume that supc (o 1 [Fi(70)| < oo, then for any sequence ¢; > 0, ¢; — 0 with i — oo,
we can, after taking a subsequence, find a limiting map, Fy which is the C° limit of
Fy;, SUDge g, (mo,10) |Fo(x) — Fy,(x)] — 0, as ¢ — oo which satisfies

[Fo(z) — Fo(y)]
dO (Z’, y)

on By, (g, 10). Indeed, we first define Fj on a dense, countable subset D C By, (xo, 10)

using a diagonal subsequence and the theorem of Heine-Borel, and then we extend Fy

uniquely, continuously to all of By, (¢, 10), which is possible in view of the fact that the

Bi-Lipschitz property (3.5) is satisfied on D. The sequence (F3,); converges uniformly

to Fp in view of (3.1), (c) and (3.5).

Thus Fy is a (1 + &9) Bi-Lipschitz map between the metric spaces (Bg,(xo, 10), dp)
and (Fo(Byg,(z0,10)),d). This is equivalent to Ho(-) = Fy(-) — Fo(zo) being a 1+ ¢ Bi-
Lipschitz map between the metric spaces (By, (2o, 10),dp) and Ho(Bg,(xo, 10)) where
B5(0) € Ho(Ba,(20,10)) € B2o(0).

In Theorem 3.8, we see that if we consider a Ricci-harmonic map heat flow of one
of the functions F;, and we assume that the solution Z satisfies a gradient bound,
\VQ(S)Z(-,S)\Q(S) < ¢1, for s € [t,T] on some ball, then after flowing for a time ¢, the
resulting map will be a 1 + «g Bi-Lipschitz map on a smaller ball, if gg is less than
a constant £y(n, ag,c1) > 0, and ¢ < min(S(n, ag,c1),T). This property continues to
hold if we flow for a time s where ¢t < s < min(S(n,ag,c1),T).

For convenience, we introduce the following notation:

Definition 3.3. Let (IW,d) be a metric space. We call F': (W, d) — R™ an gy almost
isometry if

(3.5) (1—¢g) <

< (14 ¢g)

(I —eo)d(z,y) —eo < |[F(x) = F(y)| < (1 +e0)d(z,y) + €0
for all z,y € W. F: (W,d) — R" is a 1 4 ¢¢ Bi-Lipschitz map, if
(1= eo)d(z,y) < [F(z) — F(y)| < (1 +£0)d(,y)
for all x,y € W.

In the main applications in this chapter of Theorem 3.8 and Theorem 3.11, we will
assume:

there are points ay, ..., a, € Bg,(zo, R), such that the map

~ . BdO(JEQ,R) — R"
(©) FO'{ z — (do(ar,x),...,do(an, ) == (Fo)1(2), ..., (Fo)n(x))

is a (1 4 ¢¢) Bi-Lipschitz homeomorphism on By, (zg, 100).

The components of the map Fy are referred to as distance coordinates. As a con-
sequence of this assumption and the distance estimates (3.1), we see that the corre-
sponding distance coordinates at time ¢, F; : Bg,(z0,50) — R", given by Fi(:) :=
(d¢(ay,-),...,di(ay,-)), are mappings satisfying property (c), for all ¢t € (0,7)). That
is: in the main application, we begin with a 1 + ¢y Bi-Lipschitz map Fy and find, as a
first step, maps F; which are gy almost isometries for all ¢ € (0, 7).
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Remark 3.4. R. Hochard also looked independently at some related objects in his
PhD-thesis, and some of the infinitesimal results he obtained there are similar to those
of this section, cf. [10, Theorem I1.3.10], as we explained in the introduction. Hochard
considers points xp which are so called (m,¢) explosions at all scales less then R (only
m = n is relevant in this discussion). The condition, for m = n, says that there exist
points py, ..., py such that for all z in the ball By, (xo, R) and all r < R, there exists
an er GH approximation ¢ : Bg,(z,r) — R™ such that the components ¢° are each
close to the components of distance coordinates d(-,p;) — d(z,p;) at the scale r, in
the sense that [¢'(-) — (d(-,p;) — d(x,p;))| < er on Bg,(x,r). Our approach and our
main conclusion differ slightly to the approach and main conclusions of Hochard. The
condition (c¢) we consider above looks at the closeness of the maps F}; to being a Bi-
Lipschitz homeomorphism, and this closeness is measured at time ¢ using the maps F;,
and our main conclusion, is that the map will be a 1+ «q Bi-Lipschitz homeomorphism
after flowing for an appropriate time by Ricci-harmonic map heat flow, if ¢ > 0 is small
enough. We make the assumption on the evolving curvature, that it is close to that of
R™, after scaling in time appropriately. Nevertheless, the proof of Theorem 3.8 below
and of [10, Theorem I1.3.10] have a number of similarities, as do some of the concepts.

Outline of the section. The main application of this section is, assuming (a), (b) and
that Fj are distance coordinates which define a 1 + g9 Bi-Lipschitz homeomorphism,
to show that it is possible to define a Ricci-DeTurck flow (g(s))se(o,7] starting from the

metric dy := (Fy)«dp, on some Euclidean ball, which is obtained by pushing forward the
solution (g(s))se(o,) by diffeomorphisms. The sense in which this is to be understood,
respectively this is true, will be explained in more detail in the next paragraph.

The strategy we adopt is as follows. Assuming (a), (b), we consider the distance
maps Fj;, at time ¢; defined above for a sequence of times ¢; > 0 with ¢; — 0. We
mollify each F;, at an appropriately small scale, so that they become smooth, but so
that the essential property, (c), of the Fj, is not lost (at least up to a factor 2). Then
we flow each of the Fy, on By, (x0,100) by Ricci-harmonic map heat flow, keeping the
boundary values fixed. The existence of the solutions Z;, : By, (z0,100) x [t;,T) —
R™, is guaranteed by Theorem 2.1. According to Theorem 3.8, the Z; (s) are then
1 4+ ap Bi-Lipschitz maps (on a smaller ball), for all s € [2t;,S(n,e0)] N (0,7/2), if
g0 = eo(a, n) is small enough. If we take the push forward of g(s) with respect to
Zi;(s), s € [2t;,S8(n,e0)] N (0,7/2), (on a smaller ball), then after taking a limit of a
subsequence in i, we obtain a solution §(s).c(0,5(n,c0))n(0,7/2) to the d-Ricci-DeTurck
flow such that (1 — ap)d < g(s) < (14 ap)d for all s € (0,5(n,e0)) N (0,7/2) in view
of the estimates of Theorem 3.8. The solution then satisfies d(§(t)) — do := (Fo)«(do)
as t — 0 and hence may be thought of as a solution to Ricci-DeTurck flow coming out
of dy. This is explained in Theorem 3.11.

In the next section we examine the regularity properties of this solution, which
depend on the regularity properties of dp.

3.1. Almost isometries and Ricci-harmonic map heat flow. In this subsection
we provide some technical lemmas giving insight into the evolution of almost isometries
under Ricci-harmonic map heat flow. These results will be needed in the following
subsection.
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Lemma 3.5. For all o, there exists an 0 < (o) < o small with the following property:
if L:B,-1(0) — R™ is a vy almost isometry fizing 0, then there exists an S € O(n) such
that |L—S|Loo(]B (0)) SO’.

o—1

Proof. If not, then for some o > 0, we have a sequence of maps L; : B;,-1(0) - R™, i € N
such that L; is an almost i~! isometry fixing 0, but L; is not ¢ close in the L™ sense to
any element S € O(n) on B,-1(0). Let N := 20~! and D C By(0) be a dense subset
of By (0). By taking a diagonal subsequence and using that |L;[zecmy @) < N + 1 in
conjunction with the Theorem of Bolzano-Weierstrafl, we obtain a map L : D — R"
satisfying L(x) := lim;_,oo L;(x) forallz € D. L : D — R" satisfies |L(x)—L(y)| = |x—
y| for all z,y € D, and hence may be continuously extended to a map L : By(0) — R"
which is an isometry |L(x) — L(y)| = |x — y| for all z,y € Bx(0). Using the facts that
the Lls are almost isometries, L; — L poinwise on D, and L is an isometry, we see
that in fact L; — L uniformly on By(0) for ¢ — oo, which contradicts the fact that L;
is not o close to any element S € O(n) on B,-1(0). O

Lemma 3.6. For all c1,a9 > 0, n € N there exists 0 < a(cy,n,a9) < ag such that the
following is true. Let Z : B,-1(0) x [0,1] — R™ be a smooth solution to the harmonic
map heat flow with an evolving background metric,

0

ot
where h(-,t)c(0,1) s smooth, and Zy(0) = 0, where Zo(-) := Z(-,0). We assume that
Zy is an « almost isometry with respect to h(0), and further that:

Z('vt) = Ah(t)Z('7t)7

|hij = Sijlcz@, i o)x[o,1)) < @
]Vh(t)Z(-,t)\h(t) < ¢ onBy-1(0)

VPO2Z (- 8) gy < W on B,-1(0)

for allt € [0,1]. Then
[dZ (-, 5)(v)] € (1 — o, 1 + ag)|v]ns)
(3.6) Z(z,5) = Z(y, s)| € ((1 = a0)d(h(s))(z,y), (1 + ao)d(h(s))(z,y))
1 Zo(z) — Z(2,t)] < a0,
for all s € [1/2,1], for all t € [0,1], for all z,y € Baa1(0) and v € TxBao—l(O).

Proof. We omit the dependence of the Levi-Civita connections on the metrics h(t),
t € [0,1]. From Lemma 3.5, we know that there exists an S € O(n) such that

1Z(,0) = SC)leo, 10y < 5

where 0 < a < 8 = B(n, c1,a), but still S(n,c1,a) = 0 as o — 0.
We also know that ]%Z(m,t)] = |ApZ(2,t)| < e1/Vtand hence | Z(x,t)—Z(x,0)| <
2¢; for all t € [0, 1] for all 2 € Bg-1(0) which implies

‘Z(x7t) - S(‘T)’ < ‘Z(x7t) - Z(LZ',O)’ + ’Z(‘Tvo) - S(‘T)’ <3¢
(w.lo.g. B <ecp)forallte[0,1] for all z € Bg-1(0).
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Let n: Bg-1(0) — [0, 1] be a smooth cut off function such that n(-) = 1 on Bg-1,,(0),
n(-) = 0 on R"\Bg-1(0), |D*n| + (|Dn|*/n) < ¢(n)B?, |Dn| < c¢(n)B. Due to the fact
that h is a close to ¢ in the C? norm, we see

[AR(S) (@, 8)] = [h (2,8)(8:0;5 (x) — T(h)}; (2, )9S < e(n)ar.

Hence, we have

O (2= 8)(1) = Buy(Z ~ $)(.1) + B,

where |E| < ¢(n)a. But then, using the cut off function 7 on Bg-1(0), we get
0
5% - SPPn) < Muy (12 = 8)°n) = 20|V (Z = S)* =2 — S Anyn
+c(n)alZ — S| - 2h(t)(V|Z — 5, Vn)
< Apiy(1Z = S)Pn) + c(n)BlZ — SPP =0V (Z = S)|* + c(n)eran
< Ay (1Z = SPPn) + e(n,c1)B.

Hence, by the maximum principle, |Z — S|2(t) < a? + ¢(n,c1)B < ¢(n,c1)B for all
t € [0,1] on Bg-1/5(0).

Since |V(Z — S)|2 +|V23(Z — 8)|? < ¢(n)c; for s € [1/2,1] on Bs-1/2(0) we can use
interpolation inequalities as in [6, Lemma B.1] to deduce that on Bg-1,4(0)

ID(Z — 5)|5 < e(n,c1)B1.
Again, since h(t) is a-close to § this implies that for « sufficiently small
dZ (-, s)(v)| € (1 — ao, 1+ )

for all v € TyR™ of length one with respect to h(s) for s € [1/2,1] and y € Bg-1,4(0).
We also see that

[ Z(x,s) = Z(y, s)| = |DZ(p, s)(vp)|lx—y| € (d(h(s))(z,y)(1 - o), d(h(s))(z,y)(1+a0))
where by the mean value theorem p is some point on the unit speed line between x and
y, and v, is a vector of length one with respect to  and

1Z(w,1) — Zo(a)| < 12(2,) — S| + |Zo(x) — S| < c(n, c1)B% < ag
for all z,y € Bg-1,4(0), for all s € [1/2,1], t € [0,1] for a sufficiently small. O

Lemma 3.7. For all n,k € N, L > 0 there exists an €9 = go(n,k, L) > 0 such that
the following holds. Let M™ be a connected smooth manifold, and g and h be smooth
Riemannian metrics on M with Bp(yo, L) € M and |dy, — dg|co(p, (yo,1)) < €0- Assume
further that

sup (\Rm(g)\g + ...+ ]Vg’k+2Rm(g)]g) < ¢p
Bh(y07L)

and that there exists a map F : By(yo, L) — R™ which is an €9 almost isometry with
respect to h, that is

(1 —e0)dn(2,y) —e0 < [F(2) = F(y)| < (1 +€0)dn(z,y) + <o,

for all z,y € Bp(yo,L), and F(yo) = 0. Then (By(yo,L/2),q) is 1/L-close to the
Euclidean ball (Bf,/5(0),d) in the C*-Cheeger-Gromov sense.
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Proof. Assume it is not the case. Then there is an L > 0 for which the theorem
fails. Then we can find sequences g(i), h(i),M (i), F'(i) : By (i, L) — R™ satisfying
the above conditions with ey := 1/i but so that the conclusion of the theorem is
not correct. Using the almost isometry, we see that for any ¢ > 0 we can cover
Bhiy(yo(7),6L/7) by N(e) balls (with respect to h) of radius ¢, for all 7. Hence, using
ldni) — dg(i)lco(B, (wo,0)) < 1/i, we see that the same is true for By (yo(i),5L/6) C
Bhiy(yo(7),6L/T) with respect to g(i): we can cover By (yo(i),5L/6) by N(g) balls
(with respect to g(i)) of radius ¢, for all i. Hence, due to the compactness theorem of
Gromov (see for example [3, Theorem 8.1.10]), there is a Gromov-Hausdorff Limit

(X, d) = Jim (B, (90(0), 41./5), 9(0) = lim (B (90(0), 4L/5), h(3))

In particular, there must exist
, 3L . 4L
G(Z) : Bd (y07 T) — Bh(l) (yO(Z)a ?) )
which are £(¢) Gromov-Hausdorff approximations, where (i) — 0 as ¢ — co. Using the

maps G(i) and the 1/i almost isometries F'(i), we see that there is a pointwise limit
map, H := lim;_,o, F(i) o G(3),

H: <Bd<y07 %)#1) — (Bar5(0),0) ,

which is an isometry. Hence the volume of By;(yo(i), 2L/3) converges to wy(2L/3)"
(in particular the sequence is non-collapsing) as i — 0o, since volume is convergent for
spaces of bounded curvature (which are for example Aleksandrov spaces and spaces
with Ricci curvature bounded from below). Hence (By;)(yo(i), L/2), g(i)) converges to
(Br/2(0),0) in the C* norm in the Cheeger-Gromov sense, which leads to a contradiction
if 4 is large enough. O

3.2. Ricci-harmonic map heat flow of (1+¢()-Bi-Lipschitz maps and distance
coordinates. We begin with a regularity theorem for solutions to the Ricci-harmonic
map heat flow, whose initial values are sufficiently close to a 1 + £y Bi-Lipschitz map.

Theorem 3.8. For all ag € (0,1),n € N and c; € RT, there exists eg(n, c1,ap) > 0 and
S(n,c1,a0) > 0 such that the following holds. Let (M, g(t))ie(o,r) be a smooth solution
to Ricci flow satisfying the conditions (a), (3.1) and (3.2) for some R > 100, where dy is
the metric appearing in (3.3). If mg € Bgy(x0,15R) and Z : Bg,(mo,10) x [t,T) — R"
s a solution to the Ricci-harmonic map heat flow

9
95Z =B ?

for some t € [0,T) on Bg,(mo,10) for all s € [t,T), which satisfies ]VQ(S)Z\Q(S) <
on Bg,(mo, 10) for all s € [t,T), and the initial values of Z satisfy (c), that is

(3.7) |Z(z,t) — Z(y,t)| € (1 — e0)di(z,y) — 0Vt, (1 + e0)dy(z,y) + £0V1)
for all z,y € Bg,(mo, 10), then
(3.8) V927 (x,5)|2 ) < an(s — )"

(3.9) |Z(x,s) — Z(x,t)] < c(er,n)Vs —t
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(3.10) |dZ (x,s)(v)] € (1 — o, 1+ ao)|vly),
(3.11) |Z(z,8) — Z(y,s)| € (1 —ap)ds(x,y), (1 + ag)ds(z,y))

for all z,y € Bg,(mo,2), v € TyBg,(mo,2), s € [2t,S(n,c1,a0)] N [0,T/2]. Fur-
thermore, the maps Z(s) : Bg,(mo,3/2) — Ds = Z(s)(Ba,(mo,3/2)) C R" for
s € [2t,S(n,c1,a0)] N [0,T/2] are homeomorphisms and their image satisfies

Bs/4(Z(s)(mo)) € Ds € Ba(Z(s)(1mo)),
for Z(s) := Z4(+).
A direct consequence of (3.10) is the following corollary.

Corollary 3.9. Assuming the set up of Theorem 3.8, the following metric inequalities
hold

(3.12) (1—a0)’g(x,5) < (Z(s))"0 < (1 + a0)’g(a, 5)
(3.13) (1= 20)*(Z(9)+g(y,5) <6 < (1+00)*(Z(5))+9(y, )
for all x € Byy(mo,2), for all y € Bs4(Z(s)(mo)) € Z(s)(Ba,(mo,2)) S R™ and for all

s € [2t,S(n,c1,00)] N[0, T/2].

Proof of Theorem 3.8. From Theorem 2.2, we know that [V2Z(z, 5)|,(s) < c(c1, n)s= /2
and hence

(3.14) |Z(z,s) — Z(x,t)| < c(c1,m)Vs —t

for all s € [t,S(n,c1)]N[0,T), x € Bgy(mo,8) C By(s)(1m0,9) € Bqg,(mo, 10). We show
the rest of the estimates hold for arbitrary r € [2t, S(n, c1, ap)]N[0,T/2], z € Bg,(mo, 4),

if S(n,c1,ap) is chosen to be small enough. First we scale the solution to the Ricci-
harmonic map heat flow and the metric g(¢) by 1/+/r respectively 1/r:

Z(z,8) := %Z(z,sr) and g(-,s) = %g(',rs)

for z € Bg,(mo,8). Then the solution is defined for s € [t := t/r,T := T/r] on

Bj (z,1/4/r) for any x € Bg,(mo,7) where t=t/r <1/2, since r > 2t and T > 2,

since r < T'/2, and the radius V := 1/4/r satisfies V. > 1/4/S(n, 1, ). Since before

scaling, we have |Rm(-,s)| < €3/s, after scaling we still have |[Rm(-,s)| < 3/s on

Bj; (z,V) for all s € [t,2]. The time r has scaled to the time 1. The property (3.7)
0

scales to

1202,) = 2(,0)| € (1= 0) dy(z,9) — 20VE, (1 +20) dilz,9) + 20V )
C ((1—€o)d (2 y) £0, (14 20) di(z, y) + o)

for all z,y € By (z,V) since t =t/r < 1/2. The inequality (3.14) scales to

(3.16) |Z(2,3) — Z(2,8)| < c(cr,n)VE—1

for all 5 € [t,2], 2 € B & (z,V), and the gradient estimate, is also scale invariant:
VZ(, 8)|3(s) < c1 still holds on By (x, V) for all § € [t,2]. We also have

2(-,6) = Z(-,1)| < eer.n)Va

(3.15)
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on Bj (z,V), due to (3.16), for 6 := o + t, 0 € (0,1). Hence

Z(2,6) = Z(y,6)| > |Z2(2,8) = Z(y, 1) = |Z(2,8) — Z(2,6)| = |Z(y,) — Z(y,6)]
> (1—eg) Jg(z,y) — g0 — c(er,n)o

> (1= 0)ds(z,y) — 2¢(c1,n)Vo
for o fixed and g9 < o2, and similarly,
|2(2,6) = Z(y,6)| < (1 +0) ds(2,9) + 2c(c1, n) Vo

for z,y € By (z,V) if go < o?. That is Z(-,&) is an o almost isometry on Bj (z,V)
if we choose 0 = a8. At this point we fix a := a(n,c1,a3) where a is the function
appearing in the statement of Lemma 3.6 and we set ¢ := o8. Without loss of generality,
a < ap < cer,n), and (ag) ™! > 2¢(ey, n) for any given c(eq,n) > 1. We also still assume
g0 < 02 = '8, so that the previous conclusion, Z (-,6) is an o-almost isometry, and
hence certainly an a-almost isometry, on B i (z, V), holds, as explained above.

The curvature estimate, |l/{7n(,s)| < e}/s for all s € [0,2] 2 [t,2], holds, as do the
scaled distance estimates,

(3.17) (ig—i—Eo\/S—deszdg—Eo\/s—g
on By (x,V) @ M, for all 0 < ¢ < s € [0,2]. The estimates of Shi imply, as explained
in Lemma 3.2, that at time 6 :=t+ 0 =t + o,

—— ~ e — ~ =k ~ Bkanﬂgo Bkanﬂgo
IRm|(-,6) + |[VRm[?(-,6) + ...+ |V*Rm|(-,5) < (ak+2 ) = E)zngG )

on Bj (z,2V/3) where B(k,n,e0) — 0 as g9 — 0 for fixed k and n. In particular

(3.18) sup  |Rm|(-,&) + |[VRm|*(-,6) + ... + |V*Rm|(-,5) — 0
BJO(.CB,2V/3)

as €9 — 0 for fixed c1, k, n, ag. Without loss of generality, L = 1/1/S(n,c1,a0) > 10/«
and hence Bj (z, 207 1) C Bj (z,L/2) C By (x,2V/3) for all s € [0, 2]~.

By (3.17), (3.18), and (3.15), we see using Lemma 3.7 with h = §(¢), and g = g(d),
L =a"!, that (B, (z, a™1),§(5)) is a close in the C*-norm to a Euclidean ball with the
standard metric in the Cheeger-Gromov sense (that is up to smooth diffeomorphisms),
if ¢ is small enough.

Hence there are geodesic coordinates ¢ on the ball (B (z,a1),§(5)) such that
the metric §(&5) written in these coordinates is a close to ¢ in the C* norm, if we
keep o fixed and choose gy small enough. Using (3.18), and the evolution equation
%f] = —2Ric(g) in the coordinates ¢, we see that the evolving metric h(-) = p«(g(-))
in these coordinates is also, without loss of generality, « close to § for ¢ € [7,2] in the
C? norm.

Using the above, we see that

G( 1) = (Z(t +6) = Z(w,5))o() ()

defined on B,-1(0) x [0,3/2] sends 0 to 0 at t = 0, is Lipschitz with respect to § with
Lipschitz constant 2¢(c¢q1,n) and is an « almost isometry at time 0. Lemma 3.6 is then
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applicable to the function G and tells us G(-, s) is an o almost isometry at s =1 — &
on a ball of radius (cp)~3 and that the inequalities (3.6) hold. Hence,

[dZ(w)(1)] € (1= ad)lvlzay (1 + ad)lvlza)),
’Z(Zv 1) - Z(yv 1)‘ € (( aO)dg(l)( )7 (1 + ag)dg(l)(zay))a
and
|Z(2,1) — Z(2,1)| < agV/1—1

for all z,y € By (z, ag?) for all v € T, M. This scales back to

|dZ (v)(r)] € ((1 = ap)[v]gerys (1 + ag)vlge)
|Z(z7 T) - Z(y’ T‘)| € ((1 - Oég) dg(r)(zv y)’ (1 + Oég) dg(r)(zv y)),
and
|Z(2,t) — Z(z,7)| < a1 —
for all z,y € By, (z,/r/ad) for all v € T, M.
For z € By, (7,+/7/(203)) and y € (By,(z,/7/a))¢ N (B, (mo,6)), we show that
the property (3.11) also holds. For such z,y, we have, do(z,y) > /7/(2a3) and hence

12 (z,1) = Z(y, )| = 12(2,1) = Z(y,1)] = c(er,n)vr — 1,

> (1= eo) di(z,y) — oVt — eler, n)Vr,

> (1 —e0) do(z,y) + (1 — €0)(de(2,y) — do(2,y)) — 2c(er,n) VT,
> (1 - &9) do(z,y) — eoVr — 2¢(c1,n)V/r,

> (1 —ag)do(z,y) — 3c(c1,n)V/r

> (1 —1003) do(z,y) + 9a2do(z,y) — 3c(cr, n)V/r

> (1 —10a3) do(z,y) + 9(122\(/; — 3c(c1,n)V/r
0

(1 —10ad) do(z,y) + 9c(er, n)v/r — 3c(er, n)V/r

> (1 1003) do(z.9) + V7

(1 1003) dy (2, ) — cov/F + V7

(1 - Oé()) d?‘(z7 y)

as required, where the first inequality follows from (3.14), the second from the condition
(c), the seventh and eighth from the fact that do(z,y) > v/7/(203) > c(c1,n)y/7/ad and
we have used g9 < ag, c(c1,n) > 1, the distance estimates (3.1), and ag < 1/¢(c1,n)

freely.
It remains to show the property that

B1(Z(s)(mo)) € Ds C Bo(Z(s)(my))

for Dg := Z(s)(Bg,(mo,3/2)) C R", for s € (2t,5], s <T/2, Z(s) :== Z(-,s). Observe
that

v

>
>

Z(S) : Bdo(m0,3/2) — R”
is smooth and satisfies (3.10). In particular, Z(s) is a local diffecomorphism, due to the
Inverse Function Theorem, and hence B,.(Z(s)(mg)) C Dy for some maximal r > 0. Let



ON THE REGULARITY OF RICCI FLOWS COMING OUT OF METRIC SPACES 23

pi = Z(s)(x;) € Br(Z(s)(mo)) N Ds, such that p; — p € 0B, (Z(s)(mg)) where p ¢ Ds.
Assume that r < 5/4. Then x; € Bg,(mo,5/4 + C(n)a). After taking a subsequence,
if necessary, ; — = € By,(mo,5/4 + C(n)a)), and consequently, p; = Z(s)(x;) —
Z(s)(x) = p € Dg, as i — oo which is a contradiction to the definition of r > 0, if
r < 5/4. Hence r > 5/4, which implies Bs/4(Z(s)(mo)) C Ds, as claimed (the second
inclusion follows immediately from the Bi-Lipschitz property). O

With the help of the previous theorem, we now show that it is possible to construct
a solution to the d-Ricci-DeTurck flow coming out of dy := (Fp)sdy using the har-
monic map heat flow, if we assume that (¢) is satisfied. First we show that by slightly
mollifying the distance coordinates at time t, we obtain maps which satisfy (c).

Lemma 3.10. Let (M, g(t))icio,r) be a solution to Ricci flow satisfying (a), (b), for
some R > B%(n)ek +200 and let dy be as defined in (3.3). Assume that there are points
ai,...,an such that Fy : By, (zo, R) — R", Fy(z) := (do(a1,x),...,do(an,x)) satisfies
(¢) on Bgy(z0,100) , and let Fy : By, (zo, R) — R™ be given by
Fy(z) = (di(a1, ), ..., di(ay, x)).

Then by mollz’]‘;yz'ng F; at an appropriately small scale, as explained in t[ze proof, we
obtain a map Fy : Bgy(xo, R) — R™ which is smooth and satisfies |Vg(t)Ft|g(t) < ¢(n)
as well as (c) on By, (z0,50) (with ey replaced by 2e), provided t < T(o, R).

Proof. As already noted,
Ft‘BdO (20,50) * Bdo (a:o, 50) — R"”

satisfies (c) in view of the distance estimates (3.1), if t < T'(eg, R). Also, it is well
known, that the Lipschitz norm of any map F} as defined above may be estimated by
a constant depending only on n:

F — F
sup |Fi(z) t(y)] < c(n),
r#Y€ By (w0, R) dy (.Z', y)
in view of the triangle inequality. Hence, by mollifying the map F; at an appropriately
small scale, we obtain a map F} : Bg,(xo,50) — R"™ which is smooth and satisfies (c)

(with g replaced by 2¢() and |V13't|g(t) < c¢(n). O

Theorem 3.11. Let (M, g(t)):co,r) be a solution to Ricci flow satisfying (a), (b) for
an R > %(n)ed + 200 and let dy be as defined in (3.3). Assume that there are points
ai,...,an such that Fy : Bg,(zo, R) — R", Fy(z) := (do(a1,),...,do(an,x)) satisfies
(¢) on Bg,(z0,100), and let Fti be the corresponding mollified functions from Lemma
3.10 for any sequence of times t; > 0 with t; — 0 as i — oco. Let S 1= min(S(n, agp)
and
Zy, : Bay(x0,100) x [t;, S,T/2)] — R"

be the Dirichlet solution to the Ricci-harmonic map heat flow with boundary and initial
values given by Zti(.7s)‘8BdO(SC(),1OO) = Fi, (), for all s € [t;,S] and Z;,(-,t;) = Fi,(-).
Then, after taking a subsequence in i, the maps

Z4,(8) : Bay(0,3/2) = Ds; = Zy,(s)(Bg,(z0,3/2)) CR"
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N

are homeomorphisms for all s € [2t;,S], with B1(Fo(xo)) € Ds; and (Zy,)«g — §
smoothly, as i — oo on compact subsets of By(Fo(xo)) x (0, 5], where §(s)8€(0 g isa
smooth family of metrics which solve the §-Ricci-DeTurck flow and

(3.19) (1 —)d <g(s) < (14 ap)d

for all s € (0, S), provided ey = eo(ag,m) > 0 from (a), and (¢) are small enough.
The metric d(t) := d(g(t)) satisfies, d(t) — dy := (Fp)«do uniformly on By (Fo(zg)) as
t—0.

Remark 3.12. Examination of the proof of Theorem 3.11 shows that:
(i) We can remove condition (b) if we assume that the estimates (3.1) are satisfied.

(ii) If we remove condition (¢) and replace it by the assumption: there exists a sequence
of times ¢; > 0 with t; — 0 as i — oo, and maps Ftl : By, (0,100) — R™ each of which
satisfies (c), sup;ey |F, (w0)] < oo, and |Vg(ti)1:}i|g(ti) < ¢; then we can use these [,
in the above, instead of the slightly mollified distance functions, and the conclusions
of the theorem still hold for s < S := min(S(n,c1,aq), T/2) if the g = eo(n, ¢1, )
appearing in (a) and (c) is small enough. In this case, Fy is the uniform C° limit of
a subsequence of the Fj, as i — oo and satisfies (3.5). The existence of such an Fp is
always guaranteed in this setting, as explained directly after the introduction of the
condition (c).

Proof. Theorem 3.8 tells us that the maps Zy,(s) : Bg,(z0,3/2) — D, ; are homeomor-
phisms with Bs/4(Z,(s)(w0)) C Ds,; for s € [2t;, S]. Hence

B1(Fo(z0)) € Bs/a(Z1,(s)(20)) € Dsyi,
for s € [2t;, 5], in view of (3.9). We define §;(s) := (Z,)+9(s) for s € [2t;,5] on
B s (F; (z0)). This is well defined in view of Theorem 3.8. Then g; is a solution to the

d-Ricci-DeTurck flow on B 5 (Fy, (w0)) (see [9, Chapter 6] for instance) and satisfies the
metric inequalities (3.19) for all s € (2t;,.5) in view of Corollary 3.9. Using [16, Lemma
4.2] we see that

(5 — 2t;)P0)

for all j € N, for all s € (2t;,S) on By (F},(0)). Taking a subsequence in i we obtain the
desired solution g(s)se(oﬁ) on By (Fp(0)) with

|D7g;(s)| <

J= C(ja TL)
Digls) < L2

The Z;, all satisfy the estimates stated in the conclusions of Theorem 3.8, and so there
is a uniform C1% limit map Z : By, (z0,2) % (0,5) — R™, in view of the Theorem of
Arzela-Ascoli. Furthermore, Z(s) = Z(-, s) satisfies

|Z(s) — Fo| < a1v/s

for s € (O,S) in view of the estimate (3.9). Let v,w € B1(0) be arbitrary, and z,y
the corresponding points in By, (zo,2) at time s, that is the unique points z,y with
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Z(s)(x) =v,Z(s)(y) = w. Then

ds(v,w) = dg(x,y) < do(z,y) + eo0v/s = do(Fo(x), Fo(y)) + eov/s

< do(Z(s)(x), Z(5)(y)) + B(s) +0V/s = do(v,w) + B(s) + 0V,
where $(s) — 0 as s — 0. Here, we have used the fact that dy := (Fp).(dg) is
continuous, and hence uniformly continuous on B1(0), and that
sup |Z(s)(1) = Fo(1)| < erv/s
Bdo(:c(),Z)
for all s € (0,5) in the above. The continuity of dy = (Fy)«do with respect to the
norm in R” follows from the fact that dy is a metric, equivalent to the standard metric

on R in view of the property (3.5). Similarly, ds(v,w) > do(v,w) — B(s) — €04/, as
required. O

4. RICCI-HARMONIC MAP HEAT FLOW IN THE CONTINUOUS SETTING

We now assume, in addition to the assumptions (a), (b) and (¢) of the previous
chapter, more regularity on dy and do. Namely, we assume that do is generated by
a continuous Riemannian metric go on B;(0). This assumption will guarantee for all
e > 0 the existence of local maps defined on balls of radius r(e), which are 1 4 ¢
Bi-Lipschitz maps at t = 0. We explain this in the following Lemma.

Lemma 4.1. Let (X,d) be a metric space, By(yo,10) @ X and F : By(yop,1) — R™ be
a 1+ &g Bi-Lipschitz homeomorphism with F(yo) = 0, and assume that d = (F).d is
generated on B1/4(0) by a continuous Riemannian metric g, which is defined on B1(0).
Then for all € > 0, there exists an r > 0 such that for all p € Bg(yo,1/8) there exists
a linear transformation, A = A(p), A : B,(F(p)) — R™ with |A — Id|co < 2 such that
F:=AoF satisfies

(1-9)|F(y) — F(a)| < d(y,q) < (1+)[F(y) — F(q)|
for all y,q € By(p,7/2), and Vol(By(p, s)) € (1 — &) wps™, (1 +&)"w,s™) for all s <,
for all such p.
Proof. The continuity of g means: for any ¢ > 0 and any x € B;(0) we can find an r > 0
and a linear transformation, A : B, (z) — A(B,(z)) with |A — Id|com, ) < c(n)eo so

that g := A.(g) satisfies |§ — 6|co(p, (2)) < €, and g(x) = . For the dlstance d:=A.d
this means

(1-e)lz —w| < d(z,w) < (1 +¢)|z — w]

for all z,w € B, /2(A(z)). Returning to the original domain, we see that this means

(1—o)lE(y) — Fg)l < d(y.q) < (1 +€)|F(y) - F(q)]

for all y,q € By(p,r/2) where F(p) = A(z), and F = Ao F. This means in particular
in view of the existence of the 1 + & Bi-Lipschitz map F', that (1 + ¢(n)e)"w,s"™ >
Vol(By(p, s)) > (1 — c(n)e)"wy,s™ for all s < r. O
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This implies that we can replace condition (a) by condition

t
(@) [Rm(-,t)] < E(T) on By, (z9,1/10) for all ¢ € (0,1) where
e :[0,1] — [0,1] is a continuous non-decreasing function with £(0) = 0,
as we show in the following Lemma.

Lemma 4.2. Assume (M, g(t))ieo,1) is a solution to Ricci flow satisfying (a) and (b)
for some R > [%(n)ed + 200, and assume Fy : By, (z9,1) — R" is a Bi-Lipschitz map
and that dy = (Fo)«do and Fy satisfy the assumptions of Lemma /.1, where dy is defined
by (3.3). Then (a) holds on Bg, (z9,1/10).

Proof. Let o > 0 be given, and assume, that there are t; — 0 and p; € By, (zo,1/100)
with [Rm(p;, ;)| = o /t;. We scale the solution (g(t)).(o,7) so that the time ¢; scales to
time 1, i.e. we define a sequence of solutions to Ricci flow as follows:
gi(s) == t; tg(t;s)

for s € (0,T/t;).

The distance estimates (3.1), the estimates of Shi, (3.4), hold, and Vol(By, 4 (pi, 1)) >
wy /2 for all s € (0,100) in view of Corollary 3.9. Hence, after taking a subsequence,
we obtain a smooth solution (€2, £(t),po)tec(o,10) With |[Rm(pg,1)| = o, Ric > 0 ev-

erywhere, and |Rm(-,t)| < 3/t everywhere. Furthermore, writing do(i) := tl._l/ 2d0,
we see, in view of the distance estimates, that d(¢(t)) — dp with ¢ — 0, where
(Bdo(i)(pi,ﬁ),do(i),pi) — (2,dp,po) in the Gromov-Hausdorff sense, as i — oo.

But (2, dp) must be isometric to (R™,d) since there are 1 + & Bi-Lipschitz maps
F(i) : (Bgyiy(pi,7(€)/V1;),do(i)) — R™ for all € > 0, in view of Lemma 4.1. Us-
ing a similar argument to the one used in [22] and [14], we see that the asymptotic
volume ratio of (€2,4(t)) must be w,, as we now explain. Take a sequence R; — oo
at time s > 0. Scale £;(s) := R 2((sR?). Since (€, R; 'dy) is isometric to (R™, ) for
all i € N, we must have (B; (o, 1),4;) — (B1(0),6) in the Gromov-Hausdorff sense as
i — oo, for f; := £;(1/R?) (= R;2((1)) in view of the scaled distance estimates (3.1).
Hence, Vol(B; (zo,1), ;) — wy, as i — oo, in view of the Theorem of Cheeger-Colding
on volume convergence (Theorem 5.9 of [5]). But this means that the asymptotic vol-
ume ratio of (€, 4(s),pp) is wy, and hence, (2, 4(s), po) is isometric to (R™, ), in view
of the Bishop-Gromov comparison principle (the case of equality). This contradicts the
fact that [Rm(pp,1)| = o. O

Note that we obtain the better distance estimates in the setting of this Lemma,

dy +e(t)Vt—r >dy >d, —e(t)V/t —r forall t € [r1)

4.1
( ) on Bdo (:E(], 1/20) - Bg(s) (ZEQ, 1) EM

for all » > 0, where ¢ is without loss of generality, the same function appearing in the
condition (a).

Theorem 4.3. Assume (M, g(t))ic(o,m 18 a solution to Ricci flow satisfying (a) and
(b), and that there are points ai,...,an such that Fy : Bg,(zo,R) — R", Fy(-) =
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(do(ay,-), ..., do(an,-)) satisfies (¢) on Bg,(x0,100), and dy = (Fy)«do and Fy satisfy
the assumptions of Lemma 4.1, where dy is as defined in (3.3). Then the solution
(B1/2(0), 3(5))se(0,min T,S(n,a0,e1)] t0 6-Ricci-DeTurck flow constructed in Theorem 3.11
satisfies |g(s) — §0|CO(BU20(0)) — 0 as s — 0.

Proof. Using Lemma 4.1 we see the following: for any € > 0 and any py € By, (2o, 1/20)
we can find an r > 0 and a linear transformation A : R™ — R"™ , such that

(4.2) (1— )| Fo(y) — Folq)| < doly,q) < (1 + )| Foly) — Folq)]

for all y,q € By, (po,), for Fy = Ao Fy. We define z := Fy(po) and %y := Fo(po).
Now since A is a linear transformation with |A — Id|co < 2, and (4.1) holds, we have
|Fy — F0|Co(Bd0(m0%)) < e(t)V/t for I, = Ao I, and hence

(1—e)di(v,q) — eVt < |Fy(y) — Filg)l < (1 +e)dy(v,q) + eVt
on By, (po,r) for all ¢ < T'(¢), where we have also used (4.2). Let Z;, : Bg,(z0,1/2) x
[ti, S(n,ap)) — R™ be the solutions to Ricci-harmonic map heat flow constructed in

Theorem 3.11. Then Z;, = Ao Z;, is also a solution to Ricci-harmonic map heat flow.
Using the regularity theorem, Theorem 3.8, we see that we must have

(1 - U(E))d8(27w) < ’Zti(278) - Zti (wﬂg)’ < (1 + U(E))d8(27w)
VI Zy (0)] € (1 = a(e))[vlg(s)s (1 + 0 (2))]0]g(s))
for all z,w € By, (po,r/5) for all v € T,Bgy,(po,r/5), for all s € (2t;,S(n,e)) where
o(e) - 0 as ¢ — 0. Hence Corollary 3.9 tells us that the push forward g;(s) :=
(Zi)«(9(5))se(2t:,5(n,c)) satisfies [gi(s) — 5|CO(BT/5(20)) < o(e). Transforming back with
A7l we see that this means |g;(s) — Jolco®, 5(z0)) < 0(€) for all s € (2t5,5(n, €)),
and hence |g(s) — §0|CO(BT/5(20)) < o(e) for all s € (0,5(n,e)). As py € IBBdO(:I:O,Q—lo)
was arbitrary, we see by letting ¢ — 0, that |g(s) — §0]CO(BI/20(O)) — 0as s — 0, as
required. ]

The estimates of the previous theorem allow us to give a proof of the second main
theorem of the introduction:

Proof of Theorem 1.7. Let aq,...,a, € Bg,(xo,r) be as in the statement of Theorem
1.7. That is, Fo(-) := (do(a1,-),...,do(an,-)) is 1 + ¢ Bi-Lipschitz on Bg,(zo, 57) for
some 7 < /5. The metric do(Z, §) := do((Fo) (&), (Fo)~'(9)) defined on Bj(Fy(xo)) is
generated by a continuous (with respect to the standard topology on R™) Riemannian
metric go defined on Byi(Fy(xzg)) € R™ By scaling everything once, that is §(t) =
F1g(t) dy = 7 Y2dy, we see that we are in the setting of Theorem 4.3 (choosing
R = 1/+/7 in conditions (a),(b),(¢)). The conclusions of that theorem, when scaled
back, imply the conclusions of Theorem 1.7. O

5. EXISTENCE AND ESTIMATES FOR THE Riccl-DETURCK FrLow wiTH CY
BOUNDARY DATA

In this section we construct solutions ¢ to the Dirichlet problem for the J-Ricci-
DeTurck flow on a Euclidean ball, which are smooth up to the boundary at time zero,
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and have C° parabolic boundary values. These solutions are constructed as a limit of
smooth solutions £, whose parabolic boundary values converge to those of £.
Recall that the §-Ricci-DeTurck flow equation for a smooth family of metrics ¢ is
given by (see [9, p. 15] and/or [15, Lemma 2.1])
0
(5.1 il = 00,00l + 207 0P (94,0 Lap, + 20050 lit
— 204l jpOpliq — 20 paOpliq — 2aiepaabejq) .

First we prove an estimate about the closeness of smooth solutions to § in the C° norm,
assuming C? closeness on the spatial boundary and a bound on the C? norm at time
ZEro.

Lemma 5.1. Let £ be a H**1%2(Bx(0) x [0, T]) N CO(Br(0) x [0,T]) solution to the
6-Ricci-DeTurck flow such that £(-,0) = Lo, [[€(-;t) — €ollLamgz(0) < B fort € [0,T]
and |[lo — dllc2mR(0)) < €(n), where B < e(n). Then,

1€(-;2) — 0| LooBR(0)) < c(n)e(n), for allt € [0,T],
Hg(,t) — gO”LOO(IB%R(O)) < B + E(n)t, fOT’ all t € [O,T].

Proof. We will denote in the following | - | all norms induced by the metric §. From
smoothness and the boundary conditions, we know that £ is a smooth invertible metric
for a small time interval [0, 7] with |¢ — §|> < £(n) during this time interval. By (5.1)
we can compute
9 2 ij pab 2
aw —0]7 < 2(£ = 6)" 4 0q0p(£ — 6)i5 + c(n)|€ — 6| DE|
< 190,04/ — 6% — 2(DL, D)y + c(n) | — || DeJ?
< 09,0y — 8|? — | DL? + ¢(n)e(n)| DL)?
< %9, — 6)?

for all t € [0,7] if £(n) is sufficiently small. Thus by the maximum principle [¢ — §|? <
¢(n) remains true as long as this is true on the boundary. Thus we can take 7 =T.

We perform a similar calculation for [¢ — £y|?. By the above estimate, we can freely
use that 36 < ¢ < 26, for all t € [0,T]. We also use, that [Dl| + |D?¢o| < e(n) due to
the assumptions.

bl .
E'é —Lo|? < 2(€ — £0)"74%0, 04455 + c(n)|€ — £o|| DL
= 2(0 — £p) 70,0 (£ — Lo)ij + 2(£ — Lo) 48,0y (£o)i; + c(n)e(n)| DeJ
<900 — o> — |D(L — Lo)? + (n) + c(n)e(n)|DeE)?

1
<09, — o] — 5\1)@12 + ¢(n)e(n)
if £(n) is small enough. Hence,

%W — o> — c(n)e(n)t) < €*0,0, (|0 — o] — e(n)e(n)t),
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and, consequently,

|6 = Lof? < B+ e(n)e(n)t
for t < T, in view of the fact that |[¢ — {g|> < 8 < B+ &(n)c(n)t on dBR(0) x {t} for
t <T,and |¢ — £y|? = 0 for t = 0 on Bg(0). O

We now consider the problem of constructing solutions to the Dirichlet problem for
the §-Ricci-DeTurck flow, with boundary data h given on the parabolic boundary P of
Bpr(0) x (0,7). We will assume that the boundary data is given as the restriction of
h € C®(Bg(0) x [0,T]) which is e(n) close in the C° norm to § on Br(0) x [0,7]. We
now explain how to construct a solution to this Dirichlet problem if the compatibility
conditions of the first type are satisfied.

Definition 5.2. Let h € C*°(Br(0) x [0,T]) be a smooth family of Riemannian metrics

on Br(0). We say h satisfies Compy,, or h satisfies the compatibility conditions of the

k-th order, if
[

9
—ih(@.0) = Lilh(w,0)  forl=1,...k

for all x € 0BRr(0), where L; is the differential operator of order 2/ which one obtains
by differentiating (5.1) I-times with respect to t, and inserting iteratively the already
obtained formulas for the m-th derivative in time for m =1,...,l — 1. For example

Li(h)ij = h™0,0phij + Ah®hP9(0;hpaOihay + 204hp0hin
— 205hjpObhig — 20;hpaOphiq — 20;hpaOphijg) -
and
La(h)ij = —h™®R"™ Ly (h)km 0aOphij + h°040p L1 (R)ij + .. . .
We are now prepared to derive the following existence result.

Theorem 5.3. Let h € C*°(Br(0) x [0,T]), T <1 and assume |h(-,t) — | < e(n) for
all t € [0,T], and |ho — 0|c2.0®h0)) < €(n) and h satisfies Comp,. Then there exists a

solution £ € CO(BR(0) x [0,T]) N H*t1+2 (Bx(0) x [0,T)]) to the 6-Ricci-DeTurck flow
such that €|p = h|p on the parabolic boundary P. Furthermore,
(5:2)  [l(x,5) = h(z,s)] < C(n, R,)K (s, [Pl 2 B (0)x(s.17)) (R = |2])

for all s € (0,T], x € Bg(0), for any given a € (0,1), where K : Rt x Rt - R is a
monotone increasing function with respect to each of its argument.

Proof. The first part of the proof follows closely the proof of the existence result given
in [15, Chapter 3]. Assume for the moment that a solution ¢ exists, and set S := ¢ — h.
Then S = 0 on the parabolic boundary, and the evolution equation for .S is:

0 0 0

099;0; + 1 % 071« DUx Dl — %h) (z,t)

- ot

(Waiajs +099,0;h + €7 %47 % DO % DI — éh) (z,t)
a’(S(z,t),x,t)0;0;S(x,t) + b(S(x,t), DS(x,t), z,t)
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where a*!(z,z,t) := (h(z,t) + 2)* is the inverse of h(x,t) + 2 (which is well defined as
long as h(x,t) + z is invertible) and b is defined similarly

b(z,p,a;,t) — (h(a:,t) + Z)—l ” (h(.%',t) + Z)_l * (p + Dh(l’,t)) * (p + Dh(az,t)))
_ %h(gj,t) + (h(l‘,t) + Z)klakalh($vt)v

where this again is well defined as long as z + h(z,t) is invertible. Note that if |z] is
sufficiently small then z + h(x,t) is invertible. Since £ is assumed to be a solution, and
¢ = h on P, where |h — d|co < e(n), and [y — |2 = |ho — 0|2 < &(n), we obtain
that [€(-,t) — lo|comr) < €(n) for all t € [0,T] in view of Lemma 5.1, and hence
|S(t)|CO(]BR(O)) <e(n) for all t € [0,T].

We divide S by a small number §(n) > 0, and call it S, i.e.

S:=06"Yn)S,

where we assume £(n) < 6(n), for example we choose e(n) = 63(n). Hence |§(t)|CO(BR(0))

is still small for all times ¢ € [0, 7], and we have |S| < \/2(n). The evolution of S may
be written as

(5.3) %5(:17,75) = a9 (S(x,t),2,1)9;0;S(x,t) + b(S(x,t), DS(x,t),z,1),

where @ (2, x,t) = (h(z,t) + 062)¥ is the inverse of h(z,t) + 62, and
b(Z,p,x,t) = 0(h(x,t) + 02) "' « (h(x,t) + 62) " % (p+ 6 ' Dh(x,t)) * (p + 6 ' Dh(x,1)))
10
o ot
In the setting we are examining, we see, defining C1(h,n) := 10|h|c2.1(®,0)x[0,1)), that
b(2, B, %, t)| < 8(n)(Cr(R)6 % (n) + [B)

for the 2 = S(z,t) we are considering, since |S|co < 1/e(n). As long as [S(-,)|co <
Ve(n) for t € [0,1], we have 26;; > a”(S(,t), z,t) > 16;; and [b(S(z,t), DS(,t),z,t)| <
5(n)(C1(h)02(n) + |DS(x,t)[?) in this case. We write this as

(S (2, t), DS (. t), 2, t)| < Q(IDS(w,1)],|S(z, )|)(1 + |DS(x,t)?)

where @ is a smooth function, with Q(|p|,|u|) = 25(n)n(|p|) + 26(n)(1 — n(|p|)(1 +
100C; (h)6=2(n)) where 7 is a smooth cut-off function with n(r) = 0 for all r <
100 Cy (h)5~2(n) and n(r) = 1 for all r > 200 C'(h,n)6~1(n).

Hence, from the general theory of non-linear parabolic equations of second order,
see for example [12, Theorem 7.1, Chapter VII|, we see that equation (5.3) with zero
parabolic boundary values has a solution ¢ € H?+t®1+2/2(Bp(0) x [0,77]) for all times
t € [0,7], as long as |S(-,t)|co < /e(n) for t € [0,T].

Writing ¢ = h + 65 and using the arguments above, we see that this will not be
violated for ¢t € [0,7], T < 1, and that ¢ solves the ¢-Ricci-DeTurck equation and
llp = hlp.

This proves the existence of the solution. It remains to prove the Holder boundary
estimate, (5.2). For ease of reading, we assume R = 1.

h($7 t) + (h(l‘, t) + 5Z)kl5_1akalh($v t)a
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Consider for g, r fixed the functions
P+ = ((Eqr - hqr) + )‘M - h|2) and ¢ = ( - (Eqr - hqr) + Alf - h|2)7
where A = A(n) is a sufficiently large constant such that
s — 179,050+ < C(n,hl(s1),

on By(0) x [s,T] where C(n, h) = C(n, [|h]l c2.1 (5, (0)x[s,7]))-
We consider the functions

Vi =nt)py —2Mp* and P = n(t)p- —2Mp"~,

for some 0 < av < 1, where p(x) = (1 — |z|), and 7 is a non-negative cut off function in
time with n(t) = 0 for 0 <t < s and n(t) = 1 for 3s/2 < t such that |n/(t)|* < cs™2n(t)
for some positive constant c¢. A direct calculation shows

eijajajpa — ez]az <apa—1(_|—x|j)>
T
—:EZ:I;’ —ap Tt fap
] ]
an=1)p*" all—a| .,
- 2 || 2
Oé|1 — Oé| a—2
2

for all |x| € (1 — dp(a,m),1). We note that ¢4 cannot be zero very close to IBr(0),
since |D(¢ — h)| is bounded by some constant according to [12, Theorem 7.1, Chapter
VII], and £ — h = 0 on 0BR(0). Also, by choosing M = M («) large enough, we have
without loss of generality, that ¢4 (z,-) <0 for |x| =1 — dp(c,n). That is Y1 (z,-) <0
for || =1 —dp(a,n) and |z| =1 — ¢ for all € > 0, € < ¢y sufficiently small. We also
observe that ¢4 (-, s) < 0 for all |z| € [1—dp(cv,n),1—¢] for t < s. Hence if ¢y (z,t) =0
for some |z| € [1 — dp(cv,n),1 — €] for some t > s, there must be a first time ¢ for which

0 s
a1t riz;

B .
= (@ = 1)ap* 7Y BE

<-1-

this happens and this must happen at an interior point = of B1_.(0)\B1_s,(0). We
calculate at such a point (z,t),

%wi < 099,09+ + C(n, h) +1'ox — 2M — Mal|l — a|p® >

< 099,04+ + C(n, h) + Ln)lnsoilé —2M — Mall — afp*~?

s
ij C(TL) 1 a a—2
§£]8i8j1/)i+0(n,h)—2M—|—T(2M)2p2 — Ma|]l —alp*™* <0,
for |z| € (1 —3dp,1 —¢), it M > C(C(n,h),a,s) also holds. A contradiction. This leads
to the desired estimate close to the boundary. For points |z| € (0,1 — dy) the estimate
follows immediately from the fact that ¢ and h are £(n) close to ¢ and hence bounded,

and (1 — |z])* > dF for |z| € (0,1 — dp). O

If we assume that higher order compatibility conditions are satisfied, we obtain more
regularity of the solution.
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Theorem 5.4. Let h € C*°(Bgr(0) x [0,T]), T <1 and assume |h(-,t) — | < e(n) for
all t € [0,T], and |hg — 6|c2.amy(0)) < () and h satisfies Compy,. Then there exists a
solution £ € C°(Br(0) x [0,T)) OH’”‘”’%*%(B (0) x [0,T]) to the §-Ricci-DeTurck flow
and the values given by h on the parabolic boundary, that is £|p = h|p. Furthermore,

(54)  [l(z,s) = h(z,s)| < Cn, R, a)K (s ||hllo2 (g 0 < s,7)) (B — |2

for all s € (0,T], x € Bg(0), for any given o € (0,1), where K : Rt x Rt - R is a
monotone increasing function with respect to each of its argument.

Proof. The proof is the same, except at the step where we used [12, Theorem 7.1,
Chapter VII] to obtain a solution in H?*t%1%3 e now obtain a solution ¢ € HFt®k+3
in view of the fact that the S satisfies the compatibility condition of k-th order. O

We now explain how to construct a J-Ricci-DeTurck flow for parabolic boundary
values given by h which do not necessarily satisfy compatibility conditions of the first
order, but are smooth at ¢t = 0, smooth on Br(0) x (0,7] and continuous on Br(0) x
[0,T]. This is done by modifying the boundary values, so that the first (or higher order)
compatibility conditions are satisfied, and then taking a limit.

Theorem 5.5. Let h € C®(Bgr(0) x (0,7]) N CO(BR(0) x [0,T)), T < 1, such that
h(-,0) € C*®(Bgr(0)) and assume |h(-,t) — 6| < e(n) for all t € [0,T], and |hy —
S|c.a(mp(0y) < €(n). Then there exists a solution

¢ e C'(BR(0) x [0,T]) N C=(Br(0) x (0,T))

to the 6-Ricci-DeTurck flow and the values given by h on the parabolic boundary P,
that is

g‘p = h’P .
Furthermore
s By 0)x[0,17) < (IR = R, [holcs 8, (0)))
for any R' < R and any s € N.

Proof. Let £ : R — R be a monotone non-increasing smooth function whose image is

contained in [0, 1], such that £ is equal to 1 on [0, %] and equal to 0 on [1, 00).

For each 7 € [0, 1], let h(7) be the smooth Riemannian metric defined as follows:

M) |BR(0)x[r1] = Py
b lsuoreon =€ (£ ) o)+ (1€ () ) o) +16 () Lalhoa)

where L; is as in Definition 5.2, i.e.
14 (ho) = (ho)ijaiajho + (ho)_l * (h())_l * Dhg *x Dhyg.

Using |h(t) — 0] < e(n) and |L1(ho)| < ¢(n), we see that |h(T)(t) — d| < 2e(n) = e(n) if
7 is sufficiently small. Furthermore,

& (r)(,0) = La(ho) 2,0) = La(A(r)(2,0),
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that is h(7) satisfies Comp;. We may hence use Theorem 5.3 to obtain a solution
() € H* >3 (BR(0) x [0, T]) to the §-Ricci-DeTurck flow with parabolic boundary
data given by h(7). From the definition of h(7), we have on 0Bg(0) that
[E(7) (- t) = ho)| = [h(T) (1) = ho(-)]

< |h(18) — ho()] + te(n)

< C(t h,n)
where C(t,h,n) is a function (independent of 7) such that C(¢,h,n) < e(n) and
C(t,h,n) — 0ast N\, 0 for n and h fixed. Lemma 5.1 then tells us that [£(7)(-,t)—ho)| <
C(t,h,n) on all of Br(0) for all t € [0,T] where C(t,h,n) — 0 as t \, 0 for n and h
fixed (independent of 7). The boundary Holder estimate (5.2) of Theorem 5.3, and the
smoothness of h = h(7) for t > 27, also tells us, for any € > 0 and s > 0, there exists
a o > 0, such that |¢(7)(x,t) — h(x,t)| < e for all z € Bg(0)\Br_,(0) for all ¢ € [s,T],
where o = o(e, s, h,n) > 0 is independent of 7 if 7 is sufficiently small. These two C°
estimates imply that we have the uniform (in 7) C° bounds

[£(7)(t) = h(t)|p. < C(e, h,n)
where C'(e,h,n) — 0 as ¢ — 0 (for fixed h and n ) and P. = Br(0)\Br_-(0) x [0,1] U

BRr(0) x [0,¢] for 7 sufficiently small.
If we define

2
W) = &(t/m)ho(x) + (1 = &(t/7)) h(w, t) + £ (/7) L1 (ho) () + %La(ho%

then we still have |£(7)(-,t) — ho)| < C(t, h,n) and hence [¢(7)(-,t) — ho)| < C(t, h,n)
on all of B (0) for all t € [0, T] where C(t, h,n) — 0 independent of 7 if 7 is sufficiently
small, in view of Lemma 5.1.

The Holder estimates still hold: for any € > 0 and s > 0, |(7)(z,t) — h(z,t)| < € for
all z € Br(0)\Br—s(0) for all ¢ € [s,T], where 0 = o(e, s, h,n) > 0 is independent of 7
if 7 is sufficiently small. Thus, the uniform C° estimates |¢(7)(t) — h(t)|p, < C(g, h,n)
where C(e,h,n) — 0 as ¢ — 0 (for fixed h and n) still hold. Continuing in this way,
we can assume £(7) € Hk+a’§+%(B (0) x [0,77]) and [£(T)(-) — 0lcomg0)x[o,r)) < €(n)
and £(7)(-,0) = hg, and the uniform C? estimates hold, |¢(7)(t) — h(t)|p. < C(e) where
C(e) = 0ase — 0 and P. =Bgr(0)\Br_-(0) x [0,T]UBR(0) x [0,¢]. The proof of the
interior estimates, explained in [16, Section 4] can be used here to show that

(7)) s By 0)) < (IR = Rl [holesBr(0)))

for all t € [0,T], for all " < R. By Arzela-Ascoli’s Theorem, one is able to take a
limit: up to a subsequence, we obtain a solution ¢, with the desired properties. O

6. AN L? ESTIMATE FOR THE RICCI-DETURCK FLOW, AND APPLICATIONS THEREOF

In this chapter we prove a lemma which estimates the change in the L? distance
between two solutions to the d-Ricci-DeTurck flow. Lemma 6.1 considers smooth solu-
tions which are e(n) close in the L? norm at time zero and agree at all times on the
boundary. If we weight the L? distance at time ¢ of two smooth solutions appropriately,
then this quantity is non-increasing in time. The weight has the property that it is



34 ALIX DERUELLE, FELIX SCHULZE AND MILES SIMON

uniformly bounded between 1 and 2, and hence the unweighted L? distance at time ¢
of the two solutions can only increase by a factor of at most 2. With the help of the
L?-Lemma, we prove some uniqueness theorems for solutions to the J-Ricci-DeTurck
flow.

Lemma 6.1 (L?-Lemma). Let g1,go be two smooth solutions to the §-Ricci-DeTurck
flow on Br(0) x (S,T) such that gg € C*°(Br(0) x (S,T)) forl=1,2 and that g1 = g2
on OBR(0) x (S,T). Let h:= g1 — g2 and

V= ]h\2 (1 + A|g1 — 5\2 + g2 — 5\2)) .

We assume that |gi(-,t) — 8| + |g2(-,t) — 8] < e(n) for all t € (S, T). Then for A > A(n)
and e < &(n), where &(n) is sufficiently small and \(n) sufficiently large, it holds for
t € (S,T) that

3}

— vdr <0.
ot /BR(O)

Before proving the lemma, we state and prove two corollaries of this estimate.

Corollary 6.2. Let g1,go be two smooth solutions to the §-Ricci-DeTurck flow on
Br(0) x (0,T) such that gg € C*(Bgr(0) x (0,T)) N COB(0) x [0,T)) forl = 1,2
and that g1 = g2 on OBg(0) x [0,T) and g1(-,0) = g2(-,0). We assume further that
lg1(-,t) = ] + |g2(-,t) — 6| < e(n) for allt € (0,T). Then g1 = g2 on Br(0) x [0,T).

Remark 6.3. [7, Proposition 7.51] shows a uniqueness result of the Ricci-DeTurck
flow with a background metric g with bounded curvature for solutions (g(t))¢e(0,1) that
behave as follows: there exists a positive constant A such that A='g < g(t) < Ag
and |V9g(t)| + Vt|V92g(t)| < A for all t € (0,1). Its proof is based on the maximum
principle. Corollary 6.2 assumes a stronger condition on the closeness to the background
Euclidean metric but it does not assume any a priori bounds on the first and second
covariant derivatives: the proof is based on energy estimates.

Proof of Corollary 6.2. Let h := g1 — g9 and
V= ]h\2 (1 + A|g1 — 5\2 + |92 — 5\2)) .

From the assumptions, we know that |v(-,0)] = 0 on Bg(0) and hence
/ v(z,7)dx < o(7),
Br(0)

where o(7) tends to 0 with 7\ 0, in view of the continuity of v. We also have g;(-,t) =
g2(+,t) on OBR(0) for all ¢ € [0,T], and so Lemma 6.1 implies fBR(o) v(z,t)dr < o(r
for all t € (7,T). Taking a limit 7 \, 0, we see fBR(o) v(z,t)dz = 0 for all t € (0,7).
This implies g;(-,t) = ga(+, ) for all t € [0,T") as required. O

By slightly modifying the previous proof, we can also show the following uniqueness
statement.
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Corollary 6.4. Let h be a smooth solution to the 0-Ricci-DeTurck flow on Br(0)x(0,T")
such that h € C*®(Bg(0) x (0,T))NC°(Br(0) x[0,T)) and assume hg € C>*(Br(0)) and
let £ be the solution constructed in Theorem 5.5, with parabolic boundary data defined
by hlp. We assume further that |h(-,t) — | < e(n) for allt € [0,T). Then £ = h.

Proof. Let h(7) be the modified metric defined in the proof of Theorem 5.5, and ¢(7)
the solutions defined there. Let

v(r) = [h(r) = £(7)[* (1 + A(|h(T) = 6] + |e(7) — 6%)).
From the construction of h(7) we know that |v(7)(:,7)| < o(7) on Bg(0), where o(7) —
0 with 7 ™\, 0. This implies

/ (1) (z,7)dx < o(T),
Br(0)
where o(7) — 0 with 7 N\, 0. Since h = h(7) = £(7) on 0Bg(0) for all t € [r,T]

and the solution £(7) is C* (in space and time) up to and including the boundary,
we can use Lemma 6.1 to conclude fB (0 v(T)(z,t)dx < o(r) for all t € (7,7).

Taking a limit 7 N\, 0, we see fB v(z,t)de < 0 for all ¢ € (0,7), with v :=
|h— 2 (14 X(Jh =62+ €= 6]%)) . Thls implies h(-,t) = £(-,t) for all t € [0,T) as
required. ]

Proof of Lemma 6.1. In the following, we will assume that e(n) is a Small positive

constant, and A(n) = 1/4/e(n) is a large constant, which satisfies A(n =en) =
o(n) per definition.
From (5.1) we have for g, | € {1,2}:

0 _ _
5701 = 90,0091 + g7t % g ' % Dgy x Dy,

and

0

a|9l — 6 < gi*0u0hl g1 — 0> — r| ail*.
Summing over | = 1,2, and writing h% := % (g‘fb + g5 ) and hob = % (gi‘b
get

—g5"), we

2 (lor— 9P + lgz — 3P
< 91%0a0591 — 01> + g5°DuDblg2 — 6> — 2(1 — &(n))| Dg1|* — 2(1 — £(n))| Dga|?
= h®da0u(|g1 — 61 + g2 — %) + 200y (|91 — 6> — g2 — 0]?)
—2(1 —&(n))|Dg1* = 2(1 — &(n))|Dga*

2
= 10,0191 — O + Ig2 = 31%) + 3 (91— ) + D1+ hx Dy » D)
=1
—2(1 —(n))|Dg1|* = 2(1 — £(n))| Dgs|?

2
< h®9,0(|g1 — 9> + |ga — 6%) + Z (h* (g, — 6) * D)
=1
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—2(1 = 2¢(n))|Dg1|* - 2(1 — 2¢(n))|Dg2|?,
in view of the fact that g; is € close to § for [ =1, 2.
We obtain for the difference h = g; — go that

0 _ _
5= 93°0.0091 + g7 % g7t % Dg1 x Dgy

— 520,092 — g5 % g3 ' % Dga * Dgy

= % (g‘fb + ng) DaOph + % (gi”b - 95”’) 0a0b(91 + 92)

+ (91" — g3 ) * g7t % Dgy+ Dg1 + g5 '+ (97 — g5 ') * Dg1 * Dy
+g2_1>k92_1*Dh*Dgl+gQ_1*g2_l*Dgg*Dh,
which we can write as

o - .
5= h®0,0ph + h™8,0(g1 + g2)
+ h* gt % Dgy * Dgy + g5 ' % hx Dgy * Dgy
+ g5t % gyt % Dhox Dg1 + g3 ' % g3 ' * Dga x Dh.

This implies that

2 _ sab 2 2 2 2 2
— < h*9, —— 1D D
875|h| < h*70,0| 1Jrgl h|* +hxh* D"(g1 + g2)
—I—h*ﬁ*gfl*Dgl*Dgl+h*gz_1*fz*Dgl*Dgl
—|—h>|<g2_1>|<g2_1*Dh*Dgl+h*g2_l>kg2_1*Dgg*Dh,
in view of the fact that h is € close to . We now consider the test-function
V= ]h\2 (1 + A|g1 — 5\2 + g2 — 5\2)) )
We obtain
P B ~
50 < h* 0,040 — 2Xh ™0, |20y (|91 — 61> + |g2 — 6|)
—2A(1 — 2¢(n))|n|* (|Dg1|* + | Dg2|?)
—2(1 —2¢(n)) (14 A(lg1 — 61> + |g2 — 6*)) |DAJ?
+(1+)\(|gl—5|2—|—|gg—5|2)) (h*ﬁ*D2(gl+g2)+h*ﬁ*gf1*Dgl*Dgl
+h>kg2_1*E*Dgl*Dgl—kh*gQ_l*gz_l*Dh*Dgl—i—h*gQ_l*gQ_l*Dgg*Dh)

2
+ AR Y (b (g — 8) x D2gy).
=1
Using Young’s inequality and the fact that g; is € close to §, for [ = 1,2, as well as
|h* h| < c¢(n)|h|?, we see that the first order terms appearing in the large brackets may
be absorbed by the two negative first order gradient terms which appear just before
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the large brackets, if A > A(n), where A(n) is sufficiently large. That is, we have

%v < h® 9,050 — 2Xh™8,|h)? 8y (|g1 — 6| + |g2 — 6]?)

3 3
- 5)\|h|2 (IDg1|? + |Dga|?) — §|Dh|2

+ (14 Ags = O +1g2 = 6)) (A hx D291 + g2))
2

+ AR (R (90— 6) * D?gy).
=1

The second term on the right-hand side of (6.1) can be estimated as follows:

2 0ulh POy = O +1g2 = 6| < Affx Dhs o (lgw =]+ 12 = )

* (Dgl + Dgg)
< c(n)e(n)AlL||Dh[(|Dg1| + [Dgal).

Therefore, it can also be absorbed by the negative terms just before the big brackets,
in view of the fact that e(n)\ < y/e(n). This leads to

0 -
T h* 9,00 — Mh|* (|Dg1|* + | Dga|?) — |Dh|?

+ (14 Ags = OF +1g2 = 67)) (hxhx D291 + g2))
2
+ AlR)? Z (fl (g1 — 0) * D%g)).
=1

In order to estimate the second order terms appearing in the equation (6.1), we integrate
over B := Bg(0):

Q/Ug/ﬁabaaabv—x/ 1 (1Dg1]? + |Dgal?) —/|Dh|2
ot Jp B B B
+/ (L+X(lg1 — 01> + [g2 — 0[%)) (B x hx D*(g1 + g2))
B

2
n / NS B2 (h s (a1 — 6) * D).
B =

Since Dv and h are zero on the boundary of B, we obtain no boundary terms when
integrating the first and last two terms on the right hand side of the above by parts.
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Doing so, we get

0 ~
—/vg —/aah“babv—)\/\h[2(]Dgll2+]Dgg\2) —/\DhP
ot Jp B B B

+/D<(1+>\(|g1 5|2—|—|92—5|2)) *h*ﬁ) * D(g1 + g2)

+/ S AD(PGh = (- 5)) + Do

=1
=A+B+C+D+E.

Note also that |h| < ¢(n)|h|. We estimate the integrand of A as follows:
[8a(h)®0p0| < ¢(n)(|Dg1| + |Dga|)| Do|
c(n)(|Dg1| + |Dgal) [ID(AP (1 + A|gr — 6] + |g2 — 6]*))))|
< e(n)(IDg1| + [Dgal) (2IIIDA| + [h2Ae(n)(|Das| + | Dgal))
< c(n)(|Dg1| + [Dg2))|h||Dh| + [h[*Ae(n)(|Dg1| + [Dgal)?,

and hence the integral A can be absorbed by the integrals B and C. In estimating the
integral of D, we will use

[Dh| < ¢(n)(|DA| + [h]|Dgi| + [h]| Dgal),

the validity of which can be seen by writing, h = 2((g1) 7 = (g2)7h) = %gl_l(gg -
91)95 = —%gl_ 1h92_ ! differentiating, and keeping in mind that ¢; and g, are ¢ close
to 9.

We estimate the integrand of D as follows:

D<(1 +A(lg1 = 0 + lg2 = 0%)) x h = il) * D(g1 + g2)
= D((1+ Mg — 02 +lg2 = 9)) ) + hos hox Di(ga + g2)
+ (14 Allgy = 0 +1g2 = %)) ) D(h x h)  D(g1 + g2)
< c(n)e(n)A[R*(|IDg1|? + [Dgal?)
+c(n) (|1DRIIR| + 1B2(1Dg1| + 1Dgs]) ) (1Dgr | + | Dgal),

and hence the integral D can also be absorbed by the integrals B and C'. We estimate
the final integral of F in a similar way: the integrand of E can be estimated by

2
\ STAD(RP (R (g 6))) = Dgz\ < Ae(n)|h[*| Dhle(n)(|Dg1| + |Dgal)
= + Ac(n)|h*(|Dg1[* + | Dgal?)

and hence the integral E can also be absorbed by the integrals B and C', in view of the
fact that |h| < e(n). The result is
0
<
o / v <0,
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as required. O

7. SMOOTHNESS OF SOLUTIONS COMING OUT OF SMOOTH METRIC SPACES

Let (M, g(t))ic(o,r) be a smooth solution to Ricci flow satisfying
(7.1)

for all t € (0, 7).

We first give an example for an application of Theorem 1.6 in the setting of expanding
gradient Ricci solitons. As explained in the introduction, expanding gradient Ricci
solitons coming out of smooth cones (R",dx,0) = (R x "1 dr? @ r?,0) where v
is a Riemannian metric on the sphere, which is smooth and whose curvature operator
has eigenvalues larger than one, are examples of solutions which satisfy the estimates
above. In [14] examples are constructed, and [8] it is shown that there is always a
solution which comes out smoothly, in the sense that the convergence is in the C},
sense away from the tip. The uniqueness of such solitons is unknown. Below, we make
precise the meaning of an expanding gradient Ricci soliton which comes out of a metric
cone.

Recall that an expanding gradient Ricci soliton is a triple (M™, g, VIf) where M
is a n-dimensional Riemannian manifold with a complete Riemannian metric g and a
smooth potential function f : M — R satisfying the equation

(7.2) Ric(g) — Hessf = —g.

Also, to each expanding gradient Ricci soliton, one may associate a self-similar solution
of the Ricci flow. Indeed, let (14)i~o be the flow generated by —VY9f/t such that
=1 = Idp and define g(t) := tyfg for t > 0. Then (M, g(t))i~o defines a Ricci
flow thanks to (7.2). Next, we notice that if an expanding gradient Ricci soliton
(M™, g(t),p)¢>0 admits a limit as ¢ tends to 0 in the pointed Gromov-Hausdorff sense
for some point p that lies in the critical set of the potential function f then this limit
must be the asymptotic cone in the sense of Gromov since (M", g(t), p) is isometric to
(M™, tg,¢(p) = p) for t > 0 as pointed metric spaces. Therefore, there is a space-time
dictionary for expanding gradient Ricci solitons: the initial condition can be interpreted
as the asymptotic cone at spatial infinity and vice versa in case the potential function
has a critical point.

Returning to the general setting, we assume further that we are in the setting of
Lemma 4.1. That is, that dy written in distance coordinates Fy near a point xq is
generated by a continuous Riemannian metric gg on a Euclidean ball. Then, using
Lemma 4.2, we see that we may assume that |[Rm(-,¢)| < # for all t € (0,T), where
e : [0,1] — RJ is a non-decreasing function with €(0) = 0, and that the improved
distance estimates

dy +e(t)Vt — —e(t)Vt—rforallte[rT]
on By, (zo ) (xo, 20) for all s € [0,T]

hold on some fixed ball.

(7.3)
Bys)
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We now make the further restriction, that the metric gg is smooth on some Euclidean
ball containing Fy(xp) in the sense of Definition 1.4.

Theorem 1.6 shows in this case that the original Ricci flow solution comes out
smoothly from some smooth initial data, if we restrict to a small enough neighbourhood
of zg.

Proof of Theorem 1.6. We consider
(B#(0), 3(t)) teo,1)n[0,5 (n,r,e0)]
the solution to d-Ricci-DeTurck flow of Theorem 4.3, which is smooth on Bz(0) x
(0,7) N (0,S(n,re0)) and continuous on B;(0) x [0,7] N [0,S(n,r,e9)) and satisfies
9(-,0) = go € C(B;(0)). Let
(€ C*(Bx(0) x [0,1]) N C°(B#(0) x [0,1])
be the solution to the d-Ricci-DeTurck flow that we obtain from Theorem 5.5, if we use
h := g to define the parabolic boundary values. Corollary 6.4 tells us that £ = g and
hence g € C*°(B#(0) x [0,1]).
By the smoothness of §, we see that we have
(7.4) sup  [Rm(g(t))]* + [VRm(G(®)[* + ... + [V*Rm((1))]* < Cy,
B3 /4(0)x[0,1]

for all ¢ € [0, 1].

By the original construction of g, we have §(t) = lim;_,o Z;(t).(g(t)) for all t > 0
where the Z;(t) are smooth diffeomorphisms for all i € N, and the limit is in the smooth
sense on any compact subset of Bz(0) x (0,1]. Hence, we must have

(7.5) sup IRm(g(t)|* + [VRm(g(t)|* + ... + |[VFRm(g(t))|* < Cy.
By (20,7/2)x(0,1]

Using the method of Hamilton, see [9, Section 6], we see that we can extend the
solution smoothly back to time 0: there exists a smooth Riemannian metric go defined
on By, (z0,7/4) such that (Bg,(2o,7/4),9(t))ielo,1) With g(0) = go is smooth. O

We return to the expanding gradient Ricci soliton examples provided by [14] and
[8] discussed at the beginning of this section. By construction, they have non-negative
Ricci curvature and bounded curvature at time ¢ = 1 which amounts to saying that
the corresponding Ricci flows satisfy (7.1).

We make a small digression to show that if an expanding gradient Ricci soliton
satisfies (7.1) then it must have non-negative Ricci curvature. Indeed, let (M, g(t) =
0} 9)te(0,00) be an expanding gradient Ricci soliton, satisfying (7.1) for all ¢ € (0, 00).
This clearly means that Ric(g(t)) > 0: if this were not the case, say Ric(g)(x)(v,v) =
—L < 0 for some z € M and some vector v € T, M of unit length with respect to g,
then we must have

Ric(g(6)) (o) (v, 1) = — £ 9(6) () o, )

for all t > 0 where z; := ;! () and v := (dy, ;) (v). Consequently, Ric(g(t))(x¢) <
—1 for ¢t > 0 small enough, a contradiction. So without loss of generality, Ric(g(¢)) > 0
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and hence the asymptotic volume ratio

. Vol(Byy(z, 1))
AVR(g()) = lim U000
is well defined for all time ¢ > 0 and all points x € M by Bishop-Gromov’s Theorem.
Moreover, Hamilton, [7, Proposition 9.46], has shown that AVR(g(t)) is positive for
all positive times ¢. Using the non-negativity of the Ricci curvature together with the
soliton equation (7.2), one can show that the potential function is a proper strictly
convex function. In particular, it admits a unique critical point p in M which is a
global minimum. Since we are considering expanding gradient Ricci solitons, we know
that (M, g(t),p) is isometric to (M, tg(1),p) as pointed metric spaces, and hence the
asymptotic volume ratio AVR(g(t)) is a constant independent of time t > 0. Let
(M, dy,0) be the well defined limit of (M,d(g(t)),p) as t — 0, the existence of which
is explained in the introduction and guaranteed by [19, Lemma 3.1]. The theorem of
Cheeger-Colding on volume convergence, now guarantees that the asymptotic volume
ratio of (M, dy,0) is also AVR(g(1)) and that (M, dp,0) is a volume cone. In fact it is
also a metric cone, due to [4, Theorem 7.6] and the fact that (M, dy, o) is the Gromov-
Hausdorff limit of (M, td(g(1)),p) for any sequence t — 0. If zyp € M is a point where
dp is locally smooth, in the sense explained in Definition 1.4, then (By(q) (7o, 7),9(t)) —
(Bg(0)(w0,7),9(0)) smoothly for some small » > 0 as ¢ — 0, where g(0) is the local
(near x() smooth extension to time zero of g(t).

In particular, if (M, dp,0) is a smooth cone, away from the tip o, in the sense that
locally distance coordinates introduce a smooth structure near x( for any xg in M not
in the tip of the cone, then the solution comes out smoothly from the cone away from
the tip.
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