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Vortex axisymmetrization, inviscid damping, and vorticity depletion

in the linearized 2D Euler equations
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Abstract

Coherent vortices are often observed to persist for long times in turbulent 2D flows even at very high Reynolds
numbers and are observed in experiments and computer simulations to potentially be asymptotically stable in a weak
sense for the 2D Euler equations. We consider the incompressible 2D Euler equations linearized around a radially
symmetric, strictly monotone decreasing vorticity distribution. For sufficiently regular data, we prove the inviscid
damping of the 9-dependent radial and angular velocity fields with the optimal rates ||u” ()| < (t)~* and Hu9 (t) H <
(t)~2 in the appropriate radially weighted L? spaces. We moreover prove that the vorticity weakly converges back
to radial symmetry as ¢ — oo, a phenomenon known as vortex axisymmetrization in the physics literature, and
characterize the dynamics in higher Sobolev spaces. Furthermore, we prove that the 6-dependent angular Fourier
modes in the vorticity are ejected from the origin as ¢ — oo, resulting in faster inviscid damping rates than those
possible with passive scalar evolution. This non-local effect is called vorticity depletion. Our work appears to be the
first to find vorticity depletion relevant for the dynamics of vortices.
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1 Introduction and statements of results
In polar coordinates (r, ) € [0,00) x T, the two-dimensional Euler equations in vorticity formulation read

~0
Oy + 00,0 + %aew -0, (1.1)

where the velocity vector @ = (%", @) is recovered from the vorticity & by means of the streamfunction 1, via the
relations

1 1 1, - ~ 1 1 ~
W= —*(%ﬁr + 787“(7"&9)’ u = (301/% —37«1/1) ; - (arr + *ar + 2899> 1/1 =w.
T T T T T
Any radially symmetric configuration {2 = () is a stationary solution of (1.1) and the above relations simplify to
1 1
Q= ;GT(TU), U=-0Y, — <6‘M + Tar) v =Q. 1.2)
In what follows, we denote
U(r opv(r 0.7
ury = 10— OV gy - O, 13

r r T

Writing @(t,r,0) = w(t, r,0)+Q(r) and dropping terms quadratic in w gives the linearized 2D Euler equations which
are the main object of study in this paper:

Ow + u(r)Opw — B(r)0eyp = 0, (1.4a)

- (ar'r + 1ar + 12899> 1/} = w, (1.4b)
T T

w(0,7,0) = w™(r,0). (1.4¢)

By expanding the solution w to (1.4) as a Fourier series in the angular # variable, namely

wt,r 0) =Y wi(t, e p(tr,0) = > wn(t,r)e’?, (15)

keZ keZ

we perform a k-by-k analysis of the linearized equations, since for any integer k we have that

Oywy, + iku(r)wy — ikB(r)Yr = 0, (1.6a)

1 k2
- Akwk = (arr + ;ar - 7‘2> ’(/}k = Wk- (16b)

Note that wq(t,7) = we(0,r) (i-e., the f-average of the solution), and therefore we restrict to k& # 0 without loss of
generality. Similarly, by reality we only consider k£ > 1 without loss of generality.

1.1 Background

The stability of vortices is one of the most fundamental problems in the theory of hydrodynamic stability and has been
considered by many authors, starting with Kelvin [62] and Orr [54] and continuing to present day in both mathemat-
ics and physics (see e.g. [2, 18, 33,34, 36,40,43,49,57] and the references therein). Nonlinear stability results in
weighted L? spaces (of the vorticity) are available using energy-Casimir methods [29], however, these results do not
provide a clear description of the long-time dynamics. Experimental observations, computer simulations, and formal
asymptotics (see e.g. [2,3,36,57] and the references therein) suggest that a vortex subjected to a sufficiently small
disturbance might return to radial symmetry as t — oo in a weak sense. Specifically, it is observed that the vorticity in
the angle-dependent modes is stirred up around the vortex into a spiral pattern (sometimes called ‘filamentation’) and
eventually the angle-dependent modes weakly converge to zero as ¢ — oco. This weak convergence is called vortex
axisymmetrization and is thought to be relevant to understanding coherent vortices in 2D turbulence [17], atmospheric
dynamics [51,58], and various settings in plasma physics [22,57,71]. Our paper appears to be the first mathematically



rigorous confirmation of this behavior for vortices in the linearized 2D Euler equations and the first paper to obtain an
accurate prediction of the decay rates for general initial data.

When studying the stability of the planar Couette flow, Orr [54] identified another effect associated with vorticity
mixing: the strong convergence (in L?) of the velocity field to equilibrium as ¢ — co. This effect is now often called
inviscid damping. Further studies of the 2D Euler equations linearized around planar shear flows were made by Case
[20], Dikii [27], and Stepin [60]. More recently, the linearized problem was revisited in [45] and optimal rates were
deduced by Zillinger in [73, 74] for shear flows close to Couette flow and later by Wei, Zhang, and Zhao in [66] for
more general strictly monotone shear flows in a channel. See also [24,75] for inviscid damping of Taylor-Couette in
an annulus and [69] for inviscid damping in stratified shear flows. The recent works of Wei, Zhang, and Zhao [67, 68]
deduce optimal inviscid damping rates for the some shear flows with non-degenerate critical points. This latter works
also confirmed the predictions of Bouchet and Morita [16] that the linearized 2D Euler equations can have a faster
inviscid damping rate than if the vorticity were evolving under passive scalar dynamics. We prove a similar effect here
as well; see the discussion following Theorem 1.1 for more details. Finally, see [44] for an approach to the problem
which is well-suited to treating general problems but obtains less precise decay estimates.

Inviscid damping is closely related to Landau damping in the Vlasov equations, which arises in the kinetic theory
of plasmas and galactic dynamics. Landau damping involves the rapid decay of the self-generated electric field in
a plasma in the absence of any dissipative mechanisms and was first predicted by Landau in the Vlasov equations
linearized around a homogeneous Maxwellian [41]. The predictions matched with experiments [47] and many works
on the linearized Vlasov equations followed (see [25, 35, 55, 63] and the references therein). In Vlasov, the decay is
caused by the mixing of particles traveling at different velocities whereas in 2D Euler it is caused by the mixing of
vorticity. Due to the special structure of the Vlasov equations, inviscid damping for the linearized 2D Euler equations
(with the exception of the Couette flow [39,54]) is significantly harder than the linearized theory of Landau damping
near homogeneous equilibria (and in general the rates are much faster — on T™ x R™ the decay can be exponential).

All of the above mentioned works on inviscid and Landau damping only apply to the linearized Euler or Vlasov
equations (respectively). The work of [19] first demonstrated the existence of (analytic) Landau damping solutions
to the nonlinear Vlasov equations (see also [37]). Later, Mouhot and Villani [52] demonstrated that on T™ x R",
all perturbations small enough in a sufficiently regular Gevrey class give rise to nonlinear dynamics that matches the
linearized dynamics (and in particular, rapid Landau damping). This work was followed subsequently by a variety
of others on Landau damping in nonlinear Vlasov and related models (see e.g. [9, 15,31,32,70] and the references
therein). In [14], it was shown that Orr’s inviscid damping predictions for Couette flow hold also for the nonlinear
2D Euler equations in T x R, provided the perturbation is small in a sufficiently regular Gevrey class. At sufficiently
low regularities, it was proved in [45,46] that linearized and nonlinear dynamics do not necessarily agree (for both
2D Euler and Vlasov). High regularity does not play a special role in the linear theory, however, it was shown in
[5] that on T x R one cannot (in general) extend the linearized theory of Landau damping to the nonlinear Vlasov
equations in any Sobolev space (however, see [9]). This is due to the plasma echoes, a nonlinear oscillation observed
in experiments in [48]. The work of [5] showed the existence of solutions to Vlasov with arbitrarily many, arbitrarily
small, plasma echoes. Similar nonlinear echoes are observed in experiments on vortices in the 2D Euler equations
[71,72] (see also the analyses of [64,65]). Hence, we expect the linear and nonlinear regularity requirements to be
drastically different. For this reason, it is important to study the linearized Euler equations is in as high regularity as
possible (preferably Gevrey class), and determine if such high regularity can be propagated in a suitable sense (see
Remark 1.4 below). If the answer is ‘no’, then it might be possible to introduce nonlinear instabilities even for Gevrey
or analytic data in the nonlinear equations.

Mixing involves a transfer of vorticity from large to small scales. When there is diffusion present, it has been
shown that this can enhance the dissipative time-scale. For example, Kelvin showed in [39] that x-dependent modes
of the linearized Couette flow in T x R decay on a time-scale like O(v~'/3) as opposed to the natural heat equation
time-scale of O(v~1) (denoting v to be the inverse Reynolds number). This effect has been called the ‘shear-diffuse
mechanism’, ‘relaxation enhancement’, or ‘enhanced dissipation’ and has been studied many times in linear and some
nonlinear settings in both mathematics [4, 6-8, 1013, 23, 26, 33, 38,43, 67] and physics [1, 30,42, 56]. Thus far, it
has also proved challenging to obtain enhanced dissipation estimates on the linearized Navier-Stokes. Ideally, the
goal is to obtain both simultaneously on Navier-Stokes; it seems the best result in this direction for non-trivial shear
flows is [67]. See [26,33,43] and the references therein for the most recent results on the 2D Navier-Stokes equations
linearized around the Oseen vortex.



1.2 Statement of main results

Throughout the article, we assume the following conditions on the background vortex:
(VD 0<Q(r) S (r)~%

(V2) [(ro,)7Q(r)| <; (r)=C forall j > 0;

(V3) 0,Q(r) <0,Vr >0,

We additionally take the following orthogonality condition on the initial condition of (1.4):

/ Wi (r)yr?dr = 0, (1.7)
0

which removes the neutral modes that arise due to the translation invariance (see Lemma 1.7). Recall that for smooth
functions w, the asymptotic expansion of wy(r) at the origin is necessarily in the form (see e.g. [3])

wi(r) ~ 1% (ag + arr® + agr* +--+) as r — 0. (1.8)

Let x be a smooth cut-off which is 1 for » < 1/2 and 0 for » > 3/4 and denote

Wity = tim 0 ) = wir () %xwkﬂp% 1.9

By (1.8), for smooth wi", we Fj,(r) ~ r*+2+1/2 as r — 0 and thus we may use a stronger weight for F}, at the
origin than for w;". To state our main result, for 6 > 0 we define smooth weights wy, s, wy 5, wr,s and corresponding
L2-norms which satisfy the following asymptotics:

< gt
r
Wy, 5(r) ~ min {rk+1/2—5,r—k+1/2+6}7 ||9||L3 L= (/ 92 ( )dr> , (1.10a)
" 0 wd},é r
< g\
. 5 _ g(r
wf,g(r)%mln{rk+1/2 8 pht1/2 6+5}, lgll 2 = (/ S —dr , (1.10b)
I.0 0 wis(r)
o 9 1/2
o i (k1426 —kt1—6+5 ,_ lg(r)]
wp,s(r) ~ min {r T |2 H9HL2H = 2 (T)dr . (1.10c)
’ 0 Wrs

We assume that (r@,.)j Wy, 5 satisfies the same upper bounds as w, s (up to a j-dependent constant). Noting that (V3)
ensures 3 > 0, we also make use of the L2-space normed by

- 9 1/2
lollzs = ( | e rdr> ,

which is the natural energy space for the equations (see Lemma 2.2). The main result of the paper is as follows.

Theorem 1.1. Let k # 0, and assume (V1)-(V3). Forall 1 > 6 > ng > 0 and any smooth w,i” € L% ﬂL%é satisfying
the orthogonality condition (1.7), the solution w, ) to (1.4) obeys the following inviscid damping estimates

2
1 5+ in 625+ j
||'(/)k(t)||L12pY§ Somo (k)2 oo |wk70’ +jz_;)k Jrmo H(r@T)]FkHLQMM
1 2
r [ 5+ in 6—275+ 1
(ht) W (g, + ek Oz, Soa gy (B follol + 2 K7 |00V Fillyy
J:
Furthermore, there exist fi.1(t,r) and fy.2(t, r) such that
wi(t,r) = e fiea (t) + e fioo (), (1.12)



and the following vorticity depletion estimates hold

IVr@o)" fia®ll s | Somno | K7™ |wil] + DRG0V Bl ] (1.13a)
, = }
1 ) n . .
H(Tar)nfk;Q(t)HL?s S&n,no @ k2n+4+n0 |w]l€7’lo| + Z k2(n—])+3+770 ||(T6T)JF]€||L%5/4 , (1.13b)
Jj=0 :

SJorall0 <n < max(2,k) in (1.13a) and for all 0 < n < max(1,k — 1) in (1.13Db).

Remark 1.2. By density we can extend the results to cover any wi" € L? (satisfying (1.7)) for which the norms
appearing on the right-hand sides above are finite.

Remark 1.3. The L? norms we are using in Theorem 1.1, namely (1.10), are natural in light of (1.8) and are well-
suited for studying vorticity depletion. However, these norms are quite strong at the origin (and infinity). Note that

A2 .2 = k™' (as opposed to k™2 as one might expect), which explains why some of the powers of k in
f.6 b6
Theorem 1.1 are slightly higher than might be at first expected. Similarly, note that F};, contains information about the

second term in the expansion (1.8).

Remark 1.4. The correct analogue of propagation of regularity for mixing problems is the regularity of: e?**%(") ¢y, (t, ),

the object which measures the difference between the passive scalar and full linearized (or nonlinear) dynamics. Reg-
ularity of this object is often studied in dispersive equations and it is sometimes called the ‘profile’; see e.g. [14] for
more discussions (note that regularity of this type was called ‘gliding regularity’ in [52]). Understanding regularity of
the profile plays a major role in all of the works involving nonlinear inviscid/Landau damping [5-8, 10, 14, 15,19, 52]
including those which obtain results in Sobolev spaces [9,31]. Theorem 1.1 deduces higher regularity of the vorticity
profile than is necessary to prove the (1.11), at least for £ > 3. However, as regularity plays a crucial role in the non-
linear theory, it seems appropriate to study it as carefully as possible in the linear problem. This goal has motivated
many of the primary aspects of our approach.

Remark 1.5. Because in this work we were only concerned with obtaining finite Sobolev regularity of the vorticity
profile, we have not carefully quantified how the constants in (1.13) depend on n. This is sufficient for any fixed
Sobolev space of interest, but e.g. for the end-point cases such as n = k — 1 and n = k, we have not quantified the
rate at which the constants grow in n as n = k — oo, an issue which becomes important at infinite regularity.

A direct consequence of (1.13) is the following weak convergence result which shows that the solution weakly
converges back to a radially symmetric vortex.

Corollary 1.6 (Vortex axisymmetrization). For all k # 0, wy,(t,r) — 0in L? as t — +oc.

Another direct corollary of Theorem 1.1 shows that the vorticity behaves as a passive scalar evolution in the limit
t — Foo (the analogue of ‘scattering’ in dispersive equations):

Corollary 1.7 (Scattering to passive scalar evolution). There exists wy, +o0 € L?p) s such that

tiiinoo ||eiktUWk(t) - wkvi‘X’HL’;l_(; =0.

Remark 1.8. If we additionally proved that (rd,.)? f 1(t) converged as t — 4oc in L?c’ 5 then of course scattering
in stronger spaces would follow immediately. This seems likely with some mild technical refinements of our method,
but we did not pursue this direction.

Remark 1.9. Vortices with a Gaussian distribution of vorticity constitute an important class that satisfies our assump-
tions (V1)—(V3). Specifically, we can consider vortices with

A r? A M1 T2
D r(r) = o exp <_4L2) o ) =—on o T [1 —ow (_4L2>] v

having length scale L > 0 and total circulation A > 0. In view of the notation introduced in (1.3), we can compute

Al r? A r’
ux,L(r) = o2 [1 — exp <_4L2)] WA ES oIt P (_4L2> . (1.14)




Remark 1.10. The restriction j < max(k,2) and the loss of k2 per rd, derivative (as opposed to k) are due to
difficulties specific to the vortex case. We expect that our methods can easily be adapted to get boundedness of
e*tu) yy (y) in H* for all s > 0 for strictly monotone shear flows on T x R. Our methods may also be able to shed

further light on higher derivatives of e?**“(¥); (/) in the case of a channel T x [—1, 1] (see [66,73]).

Remark 1.11. The strict monotonicity (V3) plays a crucial role. See e.g. the studies [2, 36,53, 59] showing various
kinds of pathologies in non-strictly monotone vortices, including embedded neutral modes (as occur e.g. in Rankine
vortices) and non-normal algebraic instabilities. See also the recent nonlinear counter examples to inviscid damping
around a vortex constructed in [21] without monotonicity.

The angular velocity of the background vortex u(r) satisfies v/(0) = 0, which indicates that the mixing is weak
at the vortex core. For well-localized data supported near the origin, one can show that the passive scalar evolution
(e.g wi(t r) = e iktu(r)yin (1)) generally cannot give rise to inviscid damping faster than ||u”(¢)|| < (¢)~'/2 and
||u H ~! (see the proof of Lemma 2.14 below for more details). Hence, the non-local term in (1.6a) improves
the 1nv1s01d damplng rate in (1.11). A related effect was conjectured for shear flows with non-degenerate critical
points (e.g. points such that v’(y.) = 0 but u”(y.) # 0) by Bouchet and Morita [16]. Bouchet and Morita predict that
vorticity will be ejected from the critical point, allowing the break-down of the mixing there to have less effect than
naively predicted. Specifically, Bouchet and Morita predict that the vorticity should behave as

wi(t,y) = e~ *uWy (y) + O(t™7) for some v > 0 such that wy o (ye) = 0. (1.15)

In [67,68], the authors prove that indeed the inviscid damping for such shear flows can be faster than passive scalar.
The authors directly study the evolution of the streamfunction via methods somewhat different from our approach
(though a number of common themes exist); our methods and theirs each have their own advantages and disadvantages.
Specifically, our methods obtain more precise information about the vorticity directly, and thus the inviscid damping
(1.11) is a straightforward consequence of our vorticity decomposition (1.13) (see Lemma 2.14). A vortex analogue
of the depletion effect (1.15) (more carefully quantified) is described by (1.13):

k
wrltyr) = MO f (1) 4+ 0 <t> ast 0,
fei(t,r) =0 2) asr — 0.

Although a hint of the vorticity depletion effect can be seen in the numerics and formal asymptotics of [3], our work
appears to be the first to precisely connect this depletion effect to vortex dynamics.

In what follows, we denote (r) = v/1 + r2. We use the notation f < g if there exists a constant C' > 0 such that
f < Cyg (and analogously f 2 ¢g)and f =~ gif f < g and f 2 g. We use the notation f S, .. g to emphasize
that the constant C depends on a, b, .... The implicit constants will never depend on the quantities c, k, , €, or wi™ or
similar variables except where otherwise noted (see below for the appearance of these quantities). Finally, we let x be
a smooth, non-negative function which satisfies x(r) = 1 for |r| < 1/2 and 0 for |r| > 3/4.

2 Preliminaries and outline of the proof

2.1 Skew-symmetric structure, neutral modes, and contour integral representation

The following lemma is a basic consequence of the Biot-Savart law for radially symmetric functions (recall u(r) =
(2m) 172 [ Q(s)sds).

Lemma 2.1 (Basic properties of the vortex). Every §)(r) satisfying conditions (V1)-(V3) satisfies the following:
e B(r)>O0forallr >0,u'(r) <0forallr € (0,00), u(r) > 0forallr >0, and v’ (0) = 0;
° ’(rar)]ﬂ(r)‘ S (ry=8 forall j > 0;
° ’(r@r)ju(r)’ <j ()2 forall j > 0;

e forr < 1 there holds u'(r) ~ —r and for r > 1 there holds u'(r) ~ —r=3;

e there holds the identity

B(r)+u"(r) + =0, Vr € (0, 00). 2.1



We rewrite (1.6a) in terms of the vorticity alone as
Owwy, + ik Lywy, = 0, Ly == u(r) + B(r)A; " (2.2)
A key observation is the following, which is a straightforward calculation via Schur’s lemma.

Lemma 2.2. The operator Ly, : L% — L% is bounded and self-adjoint with respect to the inner product

0 —
g1, 9g ::/ g1(7)g2(r)—=—dr.
(91,92)8 ; 1(r)ga( )5(”
It follows that the L% norm is a conserved quantity:
> Jwr(t, )2 /°° Jwi ()2
——————rdr = —=——rdr, vt € R. 2.3)
/o B(r) 0 B(r)

Remark 2.3. This conserved quantity is the quadratic variation of the Casimir used in the energy-Casimir method of
nonlinear stability [29].

The next lemma regards the neutral modes that arises due to translation invariance.

Lemma 2.4 (Neutral modes and orthogonality condition (1.7)). When k = £1, we have the conservation law:

o0

= ; wiy(t,7)r?dr = 0. (2.4)

Moreover, in view of (2.1), it is easy to check that
Ys(r) = ru(r), ws(r) =rp(r) (2.5)

is a steady state for (1.6a) with k = 1 (this is also pointed out in e.g. [3]). In particular, wg(r) = rB(r) is a neutral
eigenmode for L.

Proof of Lemma 2.4. Indeed, dropping the time dependence and the indices k = =1, a straightforward calculation
(note that the boundary terms vanish due to L% conservation) shows that

| )et) = B 2 = = [ [Pulr)0n () + a0, 00) = ur)(r) + 260 )0(0)] ar
0 0
== [ P 00) + 3 ()00 + 1280) ()] dr =
0
where we made use of (2.1) in the last equality. Hence, from (1.6a) we infer (2.4). That (2.5) is a steady state is also
simple consequence of (2.1). O
As a result of the self-adjointness of Ly, (1.6a) falls under essentially the same framework as Schrodinger opera-

tors. Hence, for all w,i" S L%, the solution to (2.2) can be represented via the formula (see [61, Proposition 1.9])

wi(t,r) = e Lt yin ) = al—i>%1+ i ). e ket [(c—ie — L)™' — (c+ie — L) ' wi(r)de. (2.6)

Using (2.2), the function
Ap®y = (2 — L) " 'wi™(r) re€0,00), z€C
satisfies the so-called inhomogeneous Rayleigh equation (explicitly writing out Ag):

2 ~ ~
(arr + 1o - '2) Gt 20 5, -
r r u(r) — z

wi'(r)

u(r) — 2z’

2.7)



Note that for 2 = ¢ 4 ie with ¢ > 0 (2.7) is a smooth perturbation of A and hence we will not have qualitative
smoothness or local-integrability problems for € > 0. Such difficulties arise only in the limit ¢ — 0. By replacing &,
with

NG
we obtain
n 1/4 — k2
RAY, Dy (r, 2) = M, RAY, := 0. + / + Blr) , 2.8)
u(r) — z r2 u(r) — z

supplemented with the boundary conditions that ®; vanishes as » — 0 and oo (asymptotic analysis shows that
Oy(r,z) ~ r*+1/2 a5+ — 0 and Oy (r,2) ~ r/27% as r — oo provided that z # u(0)). In what follows, nor-
mally we will set z = ¢ % ie and suppress the c, € dependence to write

1/4 —k? n B(r)

RAY 4 := Opr —.
* + r2 u(r) — cFie

Finally, from (2.6) we deduce that

anttr) = iy L [ g[S OB i) o) =Pt er )],
e—0+ 27 Jg u(r) — c+ie u(r) —c—ie
— e—iku(r)twin (7“) + 6(T) lim / e—ikct (I)k(r’ c+ Z'E) _ (bk(ra C— iE) de. (29)
k 2min/T e—0+ Jp u(r) —c—ie  u(r) —c+ie
2.2 QOutline of the proof for k = 1
In this case, the proof of Theorem 1.1 is based on the explicit formulas
: Br) " ing oy 2 * iu(r)—u dp
fl;l('r) = wi"(r) + W/(T’) o Cdin(p)p d/% f1;2(7"7 t) = Tﬁ(’l") g el(u(r) (p))tfl;l(p>pT(p)a
which can be obtained thanks to the explicit solution of the homogeneous Rayleigh problem for & = 1:
o(r,2) =12 (u - 2); (2.10)

(c.f. (2.5) and see Section 3.1). The vorticity depletion effect is encoded in the property that
fia(r) =0 as r—0
instead of just an O(r) behavior, while

®

which vanishes slower at the origin, but decays in time. The rigorous arguments needed to complete the proof of
Theorem 1.1 for k = 1 are carried out in Section 3.2.

2.3 Outline of the proof for & > 2

The case when k& > 2 presents fundamental differences compared to the case when & = 1. To simplify notation, we
omit the dependence on k of the functions involved except when it is relevant.

f1;2(t77“)=O< > as r—0,

2.3.1 Depletion trick and contour integral decomposition

The first step of the proof is to isolate the asymptotic expansion at the origin from the rest of the profile. For this, we
will apply the following trick, in which we remove a harmonic function (with a smooth cutoff) from ®. Besides the
function F' in (1.9), we define

k+1/2
Y(r,z) :=®(r,z) — %w,@%, (2.11)



F.(r) = 7%0) ((Qk F )X ()2 x“(r)rk“/?) wim, (2.12)

where we recall that x is a smooth, non-negative function which satisfies x(r) = 1 for |r| < 1/2 and O for |r| > 3/4.
From (2.8), we deduce that

RAY,Y = + F.(r). (2.13)

_Fr)
u(r) — z
Going back to (2.11), we have from (2.9) that the profile

f(t, 7“) — eik’u(r)tw(t’ 7“),

satisfies

flt,r) = () + br) lim /eik(“(r)’c)t [ Yir,c+ie) Yir,c— i) de. (2.14)
R

-
VT 2miN/T e—0t u(r) —c—ie  u(r)—c+ie

Next, we sub-divide the integrals in (2.14) in several natural pieces. First, we isolate the contributions near and far
from the spectrum (2.14) via the smooth cut-off function

1 —Rs/2 < c<u(0)+1/2
Xo(c) =40 ¢ < —Rs (2.15)
0 ¢ > u(0) + 3/4,

where Rs > 0 will be fixed later (depending on 9), so that

u(0)+1 . o
F(T) B<T) lim / ezk(u(r)—c)t |: Y(T7 €t ZE_) - Y(T7 ¢ ZE.) :| Xo (C)dc
VT 2N/ emsot g, u(r) —c—ie u(r)—c+ie

Br) .. ik(ury—cyt | Y(retis)  Y(r,c—ig) B
* 2min/T sgr(r)lJr R ¢ u(r) —c—ie u(r) —c+ie (1 = Xo(e))de. (2.16)

ft,r) =

Further, define
re i=u"'(c), ¢ € (0,u(0)]. (2.17)

The region r ~ 7. is known in the classical fluid mechanics literature as the critical layer [28]. Near the points ¢ = 0
and ¢ = u(0) there are a variety of subtleties in the resolvent. This can be expected due to the change in the nature
of the singularities in the Rayleigh equation (2.8) at these points. Since the first-order singular point at the critical
layer merges with the second order singularities at » = 0, co, the influence of ¢ in (2.8) will be felt much more, hence,
we need to pass to the limit e — 0 in a non-uniform way over the spectrum ¢ € [0,%(0)]. From Lemma 2.1 and
considering the points where (u(0) — ¢)? ~ 2 and ¢? ~ £2, we see that the natural place to divide the complex plane
is along the curves ¢ ~ 7’2 forr. < lande = r_ 2 for r. > 1. A small, but crucial, point is that we can afford some
flexibility in this boundary. Let a € (0, §) be a parameter chosen sufficiently small in the sequel depending only on §
(from Theorem 1.1). Define the set

Io={z=c+ic€C:ce (0,u(0), k°c < min(r;T*,r;>")} (2.18)

1t e

and the associated smooth cut-off function

x1(re) = x (W‘) [1 - X <(k55)2+1a>] .

Then, we further divide the contour integral by

— F(’I“) B(’I‘) : “(© ik(u(r)—c)t Y(Tv c+ i&) Y(’I“, c— ig)
fltr) = NG + 2min/T 51—1>%1+ 0 ¢ f [u(r) —c—ie u(r)—c+ iz—:} Xi(re)de



B(r) u(0)+1 ik () -t [ Y (r,c+ i) Y (r,c—ig)

i 2 | e el EACIUERIA)

B(r) . / ik(u(r)—cyt | Y (ryc+ie) Y (r,c—ic)
: im e A .
27T e—0+ Jg u(r) —c—ie u(r)—c+ie

} (1 —xo(c))de. (2.19)

The first term will be thought of as “close to the spectrum”, whereas the latter two terms will be considered “far from
the spectrum”. Given the singular integrals in the representation formula, the two relevant quantities appearing are

X(rye,e) =Y (ryc+ie) = Y(r,c —ig), (2.20a)
A(r,e,e) =Y (r,e+ie) + Y (r,c —ie) = X 4+ 2Y(r,c — ie) (2.20b)

so that from (2.19) we write:

F(?") 5(7«) ) /“(0) igeik(u('r')—c)t
1 5 5 X1(rc)A(r, ¢, e)d

Ve amigr ) Gy —ep w2 X Alnee)de
b [ et
2min/T e=0+ (u(r) —c)? +¢€2

u(0)+1 . o
B0y [ oo Vi) Yeem ] e
27i\/T e=0+ | _ g, u(r) —c—ie  u(r) —c+ie

. v . Vire—i
+ PO gy [ run—ar [ Yinetie)  Ynezie) |y e,
27iN/T e—0t Jp u(r) —c—ie u(r)—c+ie

f(t,?“) =

Xx1(re)X(r, e e)de

(2.21)

See Figure 1 for a summary of how the limiting procedure in (2.21) is carried out below.

I II o I 1AV .
- . ~ .- +1€
o . . : 7 N : . _ 9
—Rs 0 ,~u(0) ¢
- - d \K r/ —ig
I II IO v

Figure 1: This figure summarizes the limiting procedure used to treat (2.21). Region III represents I,. The con-
tribution from this region is further decomposed into ff and f5 (see (2.23) and (2.24) below) which converge to the
decomposition in (1.13). The limiting procedure is done by constructing the Green’s function for RAY, and making
analyses of the resulting integral operators (carried out in §4-86 together with Appendix C). In regions I and IV we
apply energy estimates on RAY , to prove these contributions vanish (carried out in Appendix E). Here § > 0 is traded
to gain the flexibility to take o > 0. In region II, we apply a compactness-contradiction argument with a second order
comparison principle that shows these contributions also must vanish (carried out in Appendix E.2.1).

There is one additional decomposition necessary in order to see the vorticity depletion effect — the decomposition
in f; and fo. While F(r)r~'/2 has better decay at the origin than w}"(r), it is clear that for, e.g. r. = 1, both
A(r,c,e)r=2and X (r, ¢, e)r~1/? can be expected to have the same asymptotic expansion at the origin as the solution
of the Laplace equation (specifically, ~ r¥). Hence, at any fixed ¢, clearly f cannot have better decay at the origin
(qualitatively speaking) than wi"(r). We instead deduce that the leading asymptotic expansion is decaying in time.
We divide the contribution from X in two pieces, by means of

xi(ryre) = [1—=x(r/2)x(r/re)xi(re), x2(rre) = x(r/2)x(r/re)xi(re)-
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Note that x(r/2)x(r/r.) =1 whenr < 1 and r. > 2r. In this way, we can rewrite (2.21) as
flt,r) = lim [f7(tr) + f5(t7) + f5(6,7) + Rt )], (2.22)

where

F w(0)  _ik(u(r)—c)t
e = (Al el

Jr
u(0) _ ik(u(r)—c)t
+ 2%7\"}; /O (UEZ)(r) c_)ec)2 — x1(r,re) X (r, ¢,e)de, (2.23)
ey B[O (ulr) = et
fst,r) = 27m'ﬁ/0 () — O T &2 X2(r,re) X (r, ¢,e)de, (2.24)
e _ B(r) w0 ik(u(r)—c) Y (r,c+ic) Y(r,c—ie)
fsttr) = 27iN/1 /Ré ¢ t {u(r) —c—ie  u(r)—c+ is} Xe(e)(d = xa(re))de, (223)

Y(r,c+ie)  Y(r,c—ie) ] (1= yo(c))de. (2.26)

€ B(T) / ik(u(r)—c)t
t e S _
F(t.r) 2mi\/T Re u(r) —c—ie u(r) —c+ie
In order to prove Theorem 1.1 we moreover need to express (r@r)j f for j < k. In what follows, denote Jg as:
1
u'(r)

The significance of this derivative is the following: formally integrating by parts in ¢ assuming that no boundary terms
appear gives:

Og = Or + Oe. (2.27)

rd, ( /O " h(u(r) - ) B(r, c)dc) _ /0 T hur) — e (1)9a B(r, o)de.

The G refers to the terminology of “good derivative” in [66], where an analogous derivative arises for a similar reason.
Iterating gives,

1 /oo Qisu/(rc)eitk(u(r)7u(r°))
0

(r0,) fi(t,r) = (r0, ) F(r) + — (rd (r)0g)’ (XI (rc)ﬂ(\/:;)A(r, c, 5)) dr,

2mi (u(r) — )2 + €2 250
28a

L - eitk(“(r)*u(%)) (u—(r) _ C)u,(rc) ru’ (r J r,T @ r,C T
27ri/o (u(r) —c)2+€2( (r)9%) <X1( /7e) VT X, ’€)> dre 225
(2.28b)

j 1 > itk(u(r)—u(r (U(’f‘) — C)u,(r ) j 5(7’)

(roy) f3(t,r) = i /0 gith(ulr)—ulre)) m(ml(ﬂacy x2(r, TC)WX(T’ c,e) | dre. (2.28¢)
This formula will be used below to obtain higher derivative estimates on f and f7. Finally, in order to complete our
characterization of vorticity depletion, we obtain a decay estimate on (rd,.)? f§ like O(t~1). For this, we will integrate
by parts in r,:

(ro.)? f5(t,r) = fﬁ 000 eithu(m—ulre) g (M(m’(r)a@f (Xg(r, Tc)ﬂ(\/:;)X(r, ¢, s))) dr,.
(2.29)

Notice that in the formulas above, near » = 0, the derivatives landing on X or A will be roughly O(r%)aé ; we will
see that each Og ‘costs’ 72 near the origin. Indeed, we have the following observation regarding F and F,:

Lemma 2.5. There holds

1961l .,

F,642¢

4
Se 2 N0 Pl o 06Fl, | Se R wil]
m=1
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2.3.2 Vanishing for z ¢ I, as¢ — 0

The contributions of f& and fz (2.25) and (2.26) vanish as € — 0. Hence, the only relevant values of the spectral
parameter c are those contained in the interval [0, u(0)], the range of u, which is the continuous spectrum of the
operator Ly in (2.2). The precise statement is contained in the following theorem.

Theorem 2.6. Assume k > 2, and let j € {0, ..., k} be a fixed integer, @ < §/8, and ¢ sufficiently small. Then for
allt € R,

timn (1107 f5 (85, Lz, + 11070, F5 (8, )z, | =0

The proof of this theorem is contained in Appendix E. The main ingredient is a set of careful energy estimates on a
slightly more generalized version of the Rayleigh problem (2.13), as stated in Theorem E.1. These estimates allow to
trade some § > 0 for freedom to choose a > 0 in (2.18). The estimates are then used in an iterative way, to bootstrap
from the initial Z? bound up to the k-th derivative. Indeed, the functions X, Y, A and their O derivatives satisfy an
equation of the type

. Ft
RAYL LY (etie) = — It 4 R, 2.30
+Uqg (7C 7’6) U(T‘)—C?’L.E_F J+1> ( )
where R; and F; depend on I, F, and lower order derivatives of Y. The difficulties we face are summarized below.

o The energy estimates depend on the region where c ranges, and, in turn, on the asymptotic expansion of u near r = 0
and r = oco. Hence, the bounds are necessarily different and have to be treated on a case-by-case basis. The non-
uniformity in which ¢ — 0 discussed in the previous section plays a key role. Moreover, bounds have to encode the
correct integrability in ¢, as the formula (2.25) deals with the endpoints ¢ = 0, u(0), while (2.26) requires integrability
as ¢ — too0.

< While in most cases a (weighted) energy estimate for (2.30) is obtainable by multiplication by Y. and integration
by parts, the case near ¢ = 0 requires a contradiction argument. Due to compactness, a failure of the energy estimate
would imply the existence of a localized solution to RAY+ ¢ = 0, which is ruled out by a second order comparison
principle against the homogeneous solution at £ = 1 associated with (2.5).

¢ In the iterative process, I2; contains coefficients (that depend on u and /3) that are very singular and that require a
gain of 72 at » = 0. This is related to the “cost” of taking O derivatives, discussed above. This loss can be handled
up to k — 1 derivatives, by keeping track of the weight correction allowed in the energy estimates (the parameter -y in
Theorem E.1). The case j = 0 is carried out in detail in Sections E.3-E.4, while the generalization to derivatives up to
k — 1 is handled in Section E.5.1.

¢ The k-th derivative is handled directly by expanding the Rayleigh operator in (2.30) and exploiting the elliptic
regularity due to the second order derivative present in RAY 1 (see Section E.5.2).

2.3.3 Green’s function for the Rayleigh problem for z € I, as¢ — 0

2.3.3.1 Homogeneous Rayleigh problem. While for k¥ = 1 the exact solution (2.5) allows the construction of the
Green’s function in a fairly direct way (for all z € C), the picture in the case & > 2 is complicated by the lack of
explicit formulae for the solution to the homogeneous Rayleigh problem RAYL¢ = 0. In Section 4, we derive the
existence of a unique solution ¢ of the form

o(r,z) = P(r,2)(u(r) — 2), zel,,

which satisfies P(r., z) = 1, 0, P(r., z) = 0. The function P also encodes the behavior of ¢ away from the critical
layer (essentially, the precise asymptotics as 7 — 0 and » — 00). Theorem 4.1 treats the general case when z € I,,
while Theorem 4.2 focuses on further properties when z € (0,4(0)) is real-valued. The convergence estimates are
stated in Theorem 4.3. The proofs are articulated in different steps.

o Existence and uniqueness of P is proved through an auxiliary function P, related to P via

P(r,2) = (r>3/2 P(r,2),
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which satisfies a proper integral equation, treatable under the contraction mapping principle in weighted L°°-based
spaces (note this step shares some similarity with [66]). In this way, existence, uniqueness, and the nearly correct
behavior at 0 and oo (up to a small correction) in both r and 7. is obtained at once, along with suitable bounds
(Proposition 4.6). Note that the definition of P is informed by the exact solution (2.10) in the case k = 1.

o When z € (0,u(0)) is real, further monotonicity properties of P, are available (see Theorem 4.2). Of extreme
importance is the fact that ¢ only vanishes at the critical layer, when r = 7., along with the correct k-dependence of
the estimates involved.

o In order to prove that the complex solution ¢(r, z) only vanishes at the critical layer for every z € I,,, we prove
convergence estimates for P(r, ¢ + i) — P(r, ¢) and its various derivatives, in the correct L>°-weighted spaces. This
is carried out in various steps. In Section 4.2, we use again the function ]3, and we derive sub—oEtimal (in both r and
r.) convergence estimates. Similarly, we treat O P near the critical layer in Section 4.3 and 0, P in Section 4.4. The
optimality in 7 is then obtained in Section 4.5. In both cases, factors related to 72 and r_ 2 appear in the convergence
estimates, due to the nature of the singularities at r,r. = 0, co. This is the primary practical motivation behind the
definition of the region I,, and the subsequent non-uniform passage to the limit as ¢ — 0. Indeed, only for z € I, are
we able to deduce that ¢(r, z) # 0 for all r # r., a key property (as we see from (2.31) below).

2.3.3.2 Inhomogeneous Rayleigh problem. In order to construct a Green’s function for RAY, from (2.8), we
again use reduction of order. For z € I, \ Ranu, we define the two homogeneous solutions which each satisfy one of
the boundary conditions via:

Hy(r, z) o(r, z) / ¢ 57) S, Hoo(r,z) = o(r, z)/ ﬁds. (2.31)

Note that Hy and H, are well defined by absolutely convergent integrals for z € I, \ Ranu and are solutions to the
homogeneous Rayleigh equation (4.1), whose Wronskian is

M(z) := Ho(r,2)0r Hoo (1, 2) — Hoo (1, 2)0rHo (1, 2) = /OO %ds. (2.32)
o (s, 2)

One of the crucial lemmas is Lemma 5.2, which provides the following lower bound uniformly for z € I,

|M(c +ig)| = kmax(r, >, r2).

c e

Note that the singularities at 7. — 0 and . — oo are in fact a gain (which are crucial for obtaining the vorticity
depletion). Hence, the Green’s function for the Rayleigh operator for z € I, \ Ranwu is

G(r,r',z) =

1 {Ho(m)Hoo(r’&), r<r, (2.33)

M(z) | Ho(r',2)Huo(r,2), 7 >71'.

In addition to the lower bound on M, precise estimates on Hy and H, follow from our study of ¢(r, z) (see §5) as
well as convergence as € — (0. Due to the apparently singular integrals that appear as ¢ — 0 in (2.31), it is not obvious
that Hy(r, c £ ie) and H (7, ¢ £ ic) converge, but cancellations for e > 0 ensure we have well-defined, log-Lipschitz
limiting functions Hy(r, ¢ +i0), Hoo (1, ¢ £ i0) (as expected from shear flows [28]). See §5 for more details.

The Green’s function gives us representation formulas for Y+ := Y (r,c +ig) and X := X (r, ¢, ¢) fore > 0 (see
Lemma 6.3),

/grsciza)(() )JreF ds+/ G(r,s,ctic)Fy(s)ds (2.34a)

2ie
X = BY) ——— = F(s)d
/0 Xoe 1 iy —op v 2 O

+/0 (/0 (u( 2i€ﬁ(c§g)+ ) Bgfl»)‘?m(r’ 507C)B§(2)S;a(50’5ac)d30> (U(;;(S)_CF(S)dS

u(sg) — c)?+¢e?
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VA 2ief(s
—|—/0 (/0 (u(s0) _ﬂ(c)g)_’_ 5 ngl)c;e(r, S0, C)ng;e(so, s,c)dso> F.(s)ds, (2.34b)

where

(1) _ . > 2i€ﬁ(80)
BXé;E(Tysyc)_g(TaS?C+Z€)+A (u(so)—6)2+62

Bg(lg;s = Bg(l)s;s(r7 s0,¢) = G(r, 89, ¢+ ic).

G(r, so, ¢+ i€)G(so, s, ¢ — ic)dsg,

2.3.4 Representation formulas and boundedness for (70,)? f; and (r9,)’ fo

2.3.4.1 Iteration scheme and representation formulas for ﬁé derivatives for j < k£ — 1. From (2.28), we see
that a key step in the proof of Theorem 1.1 is estimating ﬁéX and 8éA for z € I,. The crucial property of Jg
derivatives is that they vanish on functions of u — ¢, and hence, the commutator [0, RAY ] is not more singular than
RAY, itself at the critical layer (see (6.2) below). As a result, we are able to use an iteration scheme of the following
general form to control higher derivatives; this iteration scheme is one of the insights for obtaining higher regularity
of the profile.

Lemma 2.7 (Iteration lemma for 5'éX and 8éY fore > 0). For F}, R;, R}, E; defined below in Lemma 6.1 we have
the iteration

; 2ie ; E;
J+ly - J+1y — Jj+1
RAY+8G X—m( j+1_,68G Y >+m+ ;c-i-l
+
Rav.olyE = it g
¢ u—c¥Fic It

The quantities R;, E;, R}, and F; depend only on BéX and 8éonr 0<?¢<j—1(aswellasu, B, F and F,).

Using the recursion scheme described in (2.35) and Fubini’s theorem, it is not hard to formally verify the following
Proposition by induction, which allows to directly express 9% X and %Y in terms of F and F, in a form essentially
the same as (2.34) except with much more complicated kernels. See Lemmas 6.4-6.6 below.

Proposition 2.8. For all j < k — 1, there hold representation formulas of the general form for various kernels B and
weights w for e > 0:

J o)
; u(s) —c
LY = E /0 By sj.0(r; s, C)W)(_)Mws;j,é(S)aéF(s)ds
£=0

j o0 .
2ie
+Z/O BY&;J',E(T’S’C)mwé;j,e(s)aéF(s)dS
£=0

J LS
+3° [ Braalros,chua, ()2 F. (s)ds
(=070

+ Similar terms with different B, w, (2.36)

where by “Similar terms with different B, w” we mean terms with exactly the same formal structure, except with
different B kernels and weights w (however, all of the omitted terms will share the same estimates). Similarly, for
various kernels B and weights w we have a similar representation formula for € > 0:

j o0 .

. 2ie
5”X:§ / B (rys,0)—————xs1.0(5) 0L F(s)ds
G o X(Sl,],é(r )(U(S) —C)2+82 X51,],Z( ) G ( )

J &S] ) . .
2ieB(s 2ie
+ E / </(; (u( ﬂ( 0) B;?S;j,é(r? SO?C)BE?()S;j,Z(SO’S’C)dS()) ’U)X(SQ;J',[(S)aéF(S)dS

=00 s0) =) +¢? (u(s) =0 +

+ Z/O </0 (u( 2i20(s) Bg{%;j,é(rv SO,C)BE(Q)S;j,é(SOvSvC)d*SO) (((U(S)_C)gngS;j,l(s)aéF(s)dS

50) — ¢)2 + &2 u(s) — )2 +
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J S 00 .
2ieB(s
+ E /0 (/0 B(s0) B (r, so,c)Bgé;j’e(so,s,C)dso> wxG.j.0(8)06 Fu(s)ds
=0

(u(sg) — )2 + g2 XGidt

+ Similar terms with different B, w. (2.37)

Furthermore, in each term above, the weights satisfy an estimate of the following form for some 0 < ¢/ < j — { and
all m > 0 (different ¢’ for each term),

[(80s) ™ Wa:5,0(S)] Sem max(s~2¢, $2¢). (2.38)

Along with (2.36) and (2.37), the proof of Proposition 2.8 derives also an associated recursion for the various B
kernels appearing above (see Lemmas 6.4-6.6). That is, the kernels Bi*J) , are determined from BS}A,m via a few
canonical integral operators involving the Green’s function G. A crucial idea of our method is to use these recursion
formulae on the B’s, together with precise estimates on G, to obtain precise estimates on all possible B kernels by
induction. This method allows us to treat all of (%X and (%Y for j < k — 1 simultaneously (as discussed below, the

method only stops due to the max(r~2,72) losses coming from ¢). Define the bounding functions

2 2
— c 2 2
K(T, S, C) T 1r6>1 + ]-rcgl <]-s<7"<7"C + 13<7'C<r<1ﬁ + 1s<rc<1<rrc + 1r6<.9<r<1ﬁ + ]-7”C<s<1<7”S + 11<s<7'

r? r?
+ ]'T'<S<7'c + 17'<7'c<s<ls% + 17'<7'c<1<sr2 + 17'c<'r<s<1872 + ]‘7'c<7'<1<sr2 + 11<7'<s>7 (2.392)
sh—1/2 Ph+1/2 .
B(T, S) = <15<T7/-kl/2 + 1T<SW) <S> (239b)
11 ¢
Lye(rys) = k' max <2, —2,7"2, 32) . (2.39¢)
T S

The full properties and the estimates obtained on the kernels are laid out in Definitions 6.7 and 6.8 below. The main
result in §6.3.1 is the following.

Proposition 2.9. For j < k—1, each of the kernels Bg(li;j.é appearing in (2.36) and (2.37) is Suitable (20", 0" +1,~)
of type I for some v € (0,1), 1 > n > 0, and some integer ¢ > 0 (difference for each kernel). For j < k — 1,
each of the kernels Bg?i;j,é and By ;¢ appearing in (2.36) and (2.37) is Suitable (20", 0" + n,~) of type II for some
v € (0,1), 1 > n > 0, and some integer {" > 0 (difference for each kernel). In particular, each satisfies the
uniform-in-¢ boundedness:

‘Biag(r, s, o) S [ ()| K(r, s, ¢)B(r, §)Logr 114 (1, 5)

2
|BE) (r,5,0)| S 10/ ()| K(r5,0)B(r, 5) Lo,y (7, 5),
and each of the kernels satisfies analogous log-Lipschitz regularity estimates and convergence estimates as € — (O (see
Lemmas 6.10-6.14). Finally, all terms in Proposition 2.8 satisfy the additional constraint

4+ 0+ 0" < g, 40+ 00 + 05 < 5. (2.40)

Remark 2.10. The gains encoded by K are what ultimately allows us to deduce the vorticity depletion effect and are
inherited from precise estimates on G. The losses encoded by £ are inherited from the max(r~2,72) losses inherent
in Jg derivatives. It is crucial that the losses in £ do not depend directly on 7.

Remark 2.11. The constraint (2.40) arises due to the fact that each application of J¢ to (2.35) can land either on
X, Y, F, F,, or on the fixed coefficients that depend only on the background vortex. Each application will lose
max(r~2,72), and hence there are max(r~2,r2)7 powers to distribute between different factors that the kernels and
the weights account for.
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2.3.4.2 Extension to 8’& or r.0, 8& with 7 < k£ — 1. It is not clear how to obtain estimates for even a single r,

derivative, e.g. O, Bé: the commutator [0, , RAY ] is too singular near . to use an approach similar to the one we used
on Og. Moreover, the arguments of Proposition 2.9 break down at j = & due to the singularities in the right-hand side
of (2.35) at zero and infinity (encoded by the constraint (2.40)). In order to overcome this difficulty, first notice that
while the commutator [0,, RAY.] is too singular to use an approach like what we used on J¢;, we should nevertheless
expect to be able to estimate 9,9%Y by elliptic regularity. Indeed, away from the critical layer, it is a straightforward
extension of our methods to show directly that 0, derivatives of (2.36) and (2.37) should not be significantly worse
than the 9, X and 9, Y themselves. The next observation is that, just as ¢ arises when taking 9, derivatives in (2.28),
similarly, O arises when taking 0,, (or Og) derivatives of (2.37) and (2.36) (see §6.4 for details). Therefore, while
it seems intractable to build a reasonable iteration scheme for taking multiple 0, and 0,,, it turns out we can take a
single Oy, Oy, away from the critical layer, or a single additional J¢ derivative near the critical layer, of (2.36) and
(2.37). For fo, we only need 0,., away from r ~ r. and hence this will be sufficient. For f;, away from r ~ 7, we
write

ru’(r)

ru'(r)0g = ro, + 7¢O,

reu! (1)
and estimate these two derivatives separately (whereas for  ~ r. we naturally leave the derivative as is). See §6.4 for
details.

2.3.4.3 Convergence and boundedness of (r9,.)’ ff and (r0,.)’ f5. Next, our goal is to pass to the limit ¢ — 0
and obtain L? bounds on (rd,.)? f1 and (10,.)? fo. The first proposition gives convergence in the weaker weighted space
Li s and boundedness of the limit in the weighted space which is r =2 stronger at the origin.

Proposition 2.12. For all j < k, we have the convergence of (10,)? f5(t,r) to a limit (rd,.)? f1(t,r) in the norm:
. J(re _
i [r6,)7 (5 = )5, =0

Moreover, there holds the uniform-in-t bounds for n < k in the stronger weighted space: for alln > 0,

V0 5ll 5 S B2 ]+ 32 K207 [0, P

F,5/4
=0 /

Similarly, we prove the requisite decay O(t~1) of f5 in the natural L% 5 space.

Proposition 2.13. For all j < k — 1, we have the convergence of (r0,.)? f5(t,r) to a limit (r0,)’ fo(t,r) in L?ﬁ:
. J(ge _ _
tim 60, (55— o)l =0

Furthermore, there holds the following decay estimate forn < k — 1: for alln > 0,

1 n+1

n n in 1 n—j ]
(o)™ fall 2, So @W AT |wing| + ) Zokz( )+3+n H(Ta,,)zFHLQw4
=

Propositions 2.12 and 2.13 give the vorticity depletion characterization in (1.13). Combining (2.28) and Proposi-
tion 2.8, the proof of Proposition 2.12 and 2.13 reduces to passing to the limit as € — 0 in operators of the type arising
in Proposition 2.8 (and obviously bounding the limiting operators) with the B’s satisfying a list of properties such as
those alluded to in Proposition 2.9 (the actual list is much longer; see §6.3.1). This involves a number of very technical
decompositions over (in general) four variables r, sg, 7., s adapted to the various asymptotic behaviors near the origin,
infinity, and the critical layer. The various Holder regularity properties of the kernels becomes important for passing
to the limit in the iterated singular integral operators arising. The details are carried out in Appendix C.

Finally, via the Biot-Savart law, integration by parts in r, and the Hilbert-Schmidt lemma, Propositions 2.12 and
2.13, directly imply Theorem 1.1 (see Appendix B).

Lemma 2.14 (Vorticity depletion implies optimal inviscid damping). The vorticity depletion estimates (1.13) imply
the inviscid damping estimates (1.11).

This completes the proof of Theorem 1.1.
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3 Dynamics of the £ = 1 mode

In this section we give the proof of Theorem 1.1 for the mode k£ = 1. For this, we derive an equivalent formulation of
(2.9) as follows. From (1.6a) we obtain that

at (eiku(T')twk) — eiku(r)tikﬁ(r)lﬁk.
An integration over time then yields
MMty (t,1) = wi (r) + ikB(r) / My (1, 7)dr.
0
Now, by writing the evolution equation satisfied by 1y, we infer that

br) m / e R [y (r, ¢ —ig) — By (r, ¢ +ic)] de,
R

t,r) = - 1
Viltm) 270/ e—0+

and therefore

B(r)

. im
27’1’2\/; e—0t

. . 1 — eik(u(r)—e)t
ket (1) = wit(r) + / — [®i(r,c +ig) — Py(r,c —ig)]de.  (3.1)
R

u(r) —c
We remark that this is roughly the form used in [66] (though the contour integral is set up slightly differently).
3.1 An explicit representation of the vorticity profile

The case k = 1 is special, because the homogeneous Rayleigh problem has an explicit solution
o(r,z) = (u(r) — 2)r*/? solves RAY.¢ = 0.

This fact may be verified by a direct computation, in view of (2.1). Additionally, this special solution has the property
that

lim ¢(r,2) =0
r—0 ¢( ’ )
and thus it may be used directly in the construction of the Green’s function for RAY,. This fact is yet another special

property of k£ = 1. Using the reduction of order technique (see e.g. [50]), one obtains another independent solution to
RAY, =0

*  ds
Hw(T’Z):¢(T72)L W;
which vanishes as » — o0o. One verifies that the Wronskian of these two solutions is
d)arHoo_ard)H :_17

and thus we may directly combine ¢ and H, to obtain the Green’s function for the k£ = 1 Rayleigh operator:

_ _¢(T7 Z)HOO(pv Z)a r< P
Gilrp2) = {—a»(p,z)Hm(r, 2, >0, G2

The upshot of (3.2) is that the solution of the inhomogeneous Rayleigh problem for k£ = 1,

RAY.®; — wi (r)v/r
(r)—=
for z € C, is given by
e} win
Dy(r,2) = / Gi(r, p, Z)Mdp. (3.3)
0 u(p) — =
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In order to derive a formula for the vorticity profile
fu(t,r) = ™Mty (t,7)
we appeal to the representation formula (3.1) which yields

B(r)

. im
27’(’@\/77" e—0t

1 — etlu(r)—o)t ‘ ‘
/ W [@1(r, ¢+ i) — P1(r,c —ig)] de. (3.4)
" _

Further, setting z = ¢ &+ ic in (3.3) and using essentially that fooo wi(r)r?dr = 0, we may pass to the ¢ — 07 limit
in the contour integral of (3.4), to obtain

filt,r) = wi™(r) +

fit,r) = fia(r) + fr2(r, 1), (3.5a)

fia(r) = wi"(r) + 7% /O wi(p)p*dp, (3.5b)
) = i) [ e —uot dp

fi2(r,t) B( )/T e fl;l(ﬂ)pu,(p)- (3.5¢)

where as usual we used the notation . = u~!(c) for ¢ € Ran(u) = (0,u(0)]. The proof of the convergence as
€ — 07 of the expression in (3.4) to the expression in (3.5) is rather tedious, but direct. We thus omit these details.
Alternatively, one may directly verify (by plugging in) that the vorticity

wi(t,r) = e Ol (L) (3.6)
obeys
Owr + u(r)wr —iB(r)yYr =0, A1 = wr, (3.7
which is what we are after in the first place.

3.2 Vorticity depletion and inviscid damping

A few comments are in order concerning the decomposition (3.5). Although f;.1(r) is time independent, and thus it
does not decay with t, it is unusually small near the center of the vortex, that is
fra(r) =0@*) as r—0,
instead of just an O(r) behavior. To see this, using the notation in (1.9) for k& = 1, one expands
Wi(r) = wiipr + 0(®), s =0, (38)

and uses the precise Taylor series for v and /3 near » = 0 (note that 3(0) = —4«"(0) from (2.1)). Inserting this in
(3.5b) shows that the coefficient w{% of r cancels out, leading to the 0(7’3) behavior (recall (1.8)). This is the vorticity
depletion due to the non-locality of the linear equation. Moreover, if wi™ is compactly supported away from r = 0,
the same holds for fi.1. On the other hand, for the time dependent contribution to f; we have the asymptotics

f1;2(t,7“) =0 (T‘) as r — 0,
{t)
which vanishes only O(r) as r — 0, but instead decays in time.
We now make this intuition rigorous. Using the notation of (1.9), we rewrite

in _.—1/2 B(r) i
wi(r)=r Fi(r)+ryx(r)—w (3.9)
() ) + () Skt
where w{’y = lim, o 7~ 'w{"(r) (recall (1.8)), and by definition we have that
r3/2+2 forr <1
Fo () o k <L 3.10
1) {rl/gw{"(r), forr > 1. (3-10)
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The important observation is that (3.10) is precisely consistent with the definition of the weight wr s in (1.10c), when
k = 1. Inserting (3.9) in (3.5b) and using (2.1), it follows after a short computation that

B(T) " 2 in B(T) " , ,
7’2u’(7’)/0 o Fl(p)d“‘”mm/o pPu' (p)X' (p)dp. (3.11)

We note that the last term on the right side of (3.11) vanishes identically for » < 1/2, by the definition of the smooth
cut-off function , and behaves as 3(r)r for r > 1. It follows from (3.10)—(3.11) and the definition (1.10c) that

IVrfiall s, S il + 1Bl - (3.12)
In a similar way, using that the operator 0, is scale invariant, we may apply derivatives to (3.11) and obtain that

IVr(ron fiallpe | S letol + 1Pl + 100

fra(r) =r=Y2F(r) +

and

VA0 frall s S bl + 1Bl + 10O Fillge |+ ][00 R

F,5/2

which completes the proof of the first half of (1.13).
We obtain similar estimates for fi,2 by using (3.5¢c), the already established bounds for f;.1, and integration by
parts. For instance, for the weighted L? estimate on f;.o we have
dp

itfi12(r) = rﬁ(r)/ ﬁi)ap (ei(u(r)—U(f’))t) f1a(p) pwis

Y it —uet_WEs/2(P) VP(p9p) fr:1(p)
| Bt R 5 wrsyalp)
_ e , i(u(r)—u(p))t wF,(;/Q(p)(ul(p) + 2pu”(p)) \/ﬁfl;l(p)
[ st FRWEP wrapaln)
+\/77B(r)wF’6/2(T) ﬁfl;l(T) (3.13)

(U ()% wpsp(r)

Upon dividing by wy s(r) and using that

‘ VTB(r) wrs/a(r <1

wpa(r) (W ()2 ||
rB(r)  wrs/2(p)

’ Loor wy 5(r) p°/2(u' (p))? L2r2 <L

‘ 1 rB(r) wrs2(p)(W (p) +2pu”(p)) <1

T wps(r) PR (p))? PR

and, in view of the already established bounds on f1,;, we conclude that
t ||JL’1;2||L§’(5 N H\/77J01;1||L2F‘5/2 + H\/;(Tar)fl;lul/;s/z S lwit

In order to bound the weighted 70, norm of fq,2, we apply an 0, derivative (which preserves scale) to (3.13) and
then divide by wy,s. Similar L?L2 bounds hold for the kernel which arises, and the norm of \/r(rd,)? f1.1 enters
the calculation (but we have it already bounded in the suitable norm). We omit these computational details. This
concludes the proof of the second half of (1.13).

The proof of inviscid damping for the stream function now directly follows from Lemma 2.14 and the bounds
established on f;.; and f;,2. We note that for £ = 1 the stream function has a particularly nice formula

+ ||F1HL2F’5/2 + ||(T5'r)F1HL2F,5/2 -

) . ) —iu(r)t
o (t, 7«) — _ti—;Z:)(r) (e—w(r)tfl (t, T‘)) _ _eiﬂTatflﬁ(t’ 7”)

=—r /OO(U(T) - u(rc))efit“(“)ifl;l(rc) dr., (3.14)

reu! (re)

which could also have been used to obtain inviscid damping, by integrating twice by parts in 7., as was done in [68].
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4 The homogeneous Rayleigh problem for £ > 2

We consider here the homogeneous version of equation (2.8), namely

2
arr¢+<1/4r2k ) >¢:o, @1

u(r) — z

for £ > 2. In this section we construct a specific solution for z € C in a neighborhood of the spectrum and study
various properties. Most of the estimates exploit the following weight, defined as

—k+1/2 —k+1/2—~
r/Te , r<l1, r/Te , r<l,
we(r,7e) = r/ )k+1/2 W, (r,7c) = r/ )k+1/2+ 4.2)

(r/re) , r> 2 (r/re) 7, r> 2,
using also the notation Li, -, as in (1.10a). In what follows, we will often use the the following smooth cutoffs:

k(r —r.
Xe(ry ) = x <<7“)> X(rc) =1— xe. (4.3a)

Note that |0g x| < max(r;2,r2) Xé(@)‘ and x/, is supported away from the critical layer; analogous observa-

tions hold also for 9, x. and r.0r, X.)-
Theorem 4.1 (Homogeneous solutions for k > 2). Assume k > 2, let &g € (0,1/2) and s € (0, 1), and define
D., = (0,00) x ((0,u(0)) 4 i(—e0,0)) C (0,00) x C. 4.4)
There exists a unique solution ¢ : D., — C to (4.1) of the form
¢(r, 2) = P(r, 2)(u(r) — 2) 4.5)

with P : Do, — C such that P(r¢,z) =1 and 0, P(r., z) = 0 for every z € ((0,u(0)) + i(—¢co, €0)). Moreover, ¢ is
continuously differentiable with respect to r and r..

Let Q, Q~ be defined via the identities

N

o(r,z) = (T) Qo(r, 2)(u(r) — 2), vr € (0,7, (4.6)

and

.\ L2tk
o(r,z) = (r) Qoo(r, 2)(u(r) — 2), Vr € (re,00). 4.7
Moreover, the functions

BO(T'? Z) = (k + 1)Q0(7", Z) - 7"87«@0(7", Z)v r<r (4.8)

and
Boo(r7 Z) = (k - 1)Qoo(Ta Z) + 7"87«@00(7"7 Z)) r Z Te, (49)

will play an important role. When z is real and belongs to the interval (0, %(0)), more can be deduced.

Theorem 4.2 (Further properties for the real solution). Assume that z = ¢ € (0,u(0)), and let ¢(r,c) be the unique
solution to the problem posed in (4.5). Then

QO(ﬁ C) > 07 8TQO(T7 C) > 0> Vr € (0>rc]u (410)
and

Qoo(r,c) >0, OrQoo(r,c) <0, Vr € (re,00). 4.11)
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Moreover,

QO(Ta C)? Qoo(r> C) ~ 1) ||T6TQ0('3 C)HL‘X’(O,'FC)7 ||raTQOO('a C)HL‘X’(TC,OO) 5 k. (412)

Finally, there is a constant 6y depending only on u such that for all r. € (0,00), there holds for all |r — r.| < dore
(uniformly in k and r.),

F2k—1 21
k27|rc—r| < Bo(r,e) < |re — 7], Vr e (0,7, (4.13)
TC
and
F2k—1 2 _
k2r7\rc—r| < Boo(r,0) < lr — rel, Vr € [re, 00). (4.14)

c

As a consequence, the theorem proves that, when the spectral parameter ¢ € (0, u(0)), the only point at which P
vanishes is the critical layer, while otherwise P is bounded away from O uniformly, thanks to (4.12). Combining this
with suitable convergence estimates deduced below, we deduce non-vanishing properties of the complex solution as
well. However, due to extra factors of r?*” and rC_Q_” (see e.g. Lemmas 4.11-4.14), this information will only be
available in the domain I, given in (2.18).

Theorem 4.3. On the domain (r,c) € (0,00) x I, we have

100, ) Pl Sa K, 5=0,1, (4.15)
¢
[(w(r) = 2)r00 P, Sa K, (4.16)
b0 /2
redr. Pllpoe S K, (4.17)
|(rd. ) (P(r,c £ i) — P(r,c))|| o Sa ™, j=0,1, (4.18)
¢
|reOr, (P(r,ctic) — P(r, c))||L3>o <q e, (4.19)
lrOpre0r (P(r, c £ ic) — P(r, C))X#HL;C < el (4.20)

where x+ is defined in (4.3), and we have the (uniform in ) Lipschitz bound

P +1 —
|0y P(r, c £ i€)| <. k3|r 7“c|7 @21)
We /2 (7“, 7AC) Te
and convergence estimate
| (u(r) — &)r?0p.(P(r,c +ic) — P(r, C))HL?Q/Z <a cTha, (4.22)
Finally, for every r € (0,00) and r. € I, such that
Te
=Tl > =,
el > ™

there holds (uniformly in )

|rOprcOr, P(r, c £ i€)| <

<o K4, (4.23)
w¢,a/2(r7 rc)

while if
Tec
|T - rCl S E7
we have the pointwise bounds (uniformly in ¢)
O P +1 0r0qP(r,cti — T
min{r2, ;20PN a2 gy IOOGLO RN o qalt el
w¢,a/2(r7 Tc) We /2 (7”, Tc) Te
and the convergence estimates
0.Y 0q(P(r,c+ig) — P(r, ,
min{r37rc_2}|(’r ) G( (7‘ C ’LE) (T C))| Sa 67]0‘7 j= O7 1. (425)

w¢,a/2(7’, T’c)
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Remark 4.4. The estimates on P of the above Theorem 4.3 can also be written in terms on g, Q. Of particular
importance are

[(r0,) (Qa(r,c £ig) = Qu(r,0)|| e Sa €™, (4.26)
[reOr. (Qe(r,c tie) — Qu(r,0))|| e Sa €™, (4.27)
[rOrrcOr, (Qa(r,c i) — Qo(r,¢)) X/l oo Sa €™, (4.28)
where 7, = ﬁ and e = 0, co. From (4.26) combined with (4.12), we infer that
|QO(T7Z)| Na 17 ||7"87~Q.(',Z)||L00 S_,oz k (429)

The first estimate is crucially stating that ¢ vanishes only at the critical layer, when r = 7.

The proof of Theorem 4.3 combines Lemmas 4.11-4.14 and Remark 4.15 below for s = «//2 with the definition
of I,. Once (4.26) is established, the bounds (4.15) and (4.29) follow from (4.12) and (4.6)-(4.7), while (4.22) is
precisely (4.72). The rest are stated in an equivalent way in Propositions 4.6 and 4.9.

4.1 Existence and uniqueness of solutions
Fix z € C be such that ¢ = Rez € (0,u(0)). We will denote by ¢1 = ¢1(r, z) the homogeneous solution for the
k = 1 Rayleigh problem devised in (2.10) (see §3.1), namely

r

o1(r, z) = ()3/2 (u(r) — 2), (4.30)

Tc

appropriately normalized at the critical layer. We will look for a solution ¢ to (4.1) of the form

o(r,2) = d1(r, 2)P(r, 2), (4.31)

and set up a contraction mapping argument for P, which satisfies

1—k?

29 D 25 _
@@ﬁf}+r2¢f_m (4.32)
subject to the boundary conditions
P(re,z) =1,  8,P(re,z) =0. (4.33)
Integrating (4.32) twice and using (4.33), we infer that
8, P(r,z) = —L /Tc s(u(s) — 2)2P(s, z)ds (4.34)
P S T ) — 22 ), ’ '
and
~ Te 1 Te ~ ~
P(r,z :1+(I<:2—1)/ 7/ s(u(s) — 2)2P(s,z)dsdp =: 1 + T2[P]. (4.35)
(r,2) s ), e - P P

The above expression will be useful to set up a proper fixed point scheme to deduce existence and uniqueness of P.
For further reference, we can take a 0, of the above expression, taking into account that z = u(r.) % ic, obtaining

p — p 2 _ RCA GO Tcsus—z2~sz s
0Pl 2) = Tolor P20 =) [ 5 [ stuts) - 97P G asdp
— 2_ h 71/(7“6) h sluls) —z P S,z)ds —2(k? — T h 71
200 [ S, o) = P = 07 = [ Sy
= T.[0,.P| + T + Ty + Ls. (4.36)
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Notice that the above expression is valid for ¢ > 0. Using integration by parts, we derive the equivalent formula

1 Te 9=
=R )L ) — 22 P

! /r % <P3u1’(p)> (U(p)l— 2)? /p s(u(s) = 2)°P(s, 2)ds dp
[ w0 (e ) - 9P sy
/

(u(s) — 2)20,P(s, z)ds dp] . (437

8y, P(r,z) = T.[0,,P] + (k* — D)u/(r,)

This is the formulation that we use also at ¢ = 0 as no singular integral appears here (see Section 4.4 below).
4.1.1 An auxiliary weight

With the convention adopted in (2.17), we define an auxiliary weight w = w(r, r.) to solve the ODE

3.~ 1 1

*87-7«117 - ;87-’11} + mﬁw = O, ﬁ(rc,rc) = 1, 3Tﬁ(rc,rc) = 0, (438)

where A > k is a parameter that we leave unspecified at the moment (one should think of A as close to k). In fact, we
can solve the above ODE explicitly, to find

~ A+1 v\ A—1 7\

Notice that, given a fixed r. > 0, w attains its minimum at r = r. and
w(r,r.) > 1, Vr > 0. (4.40)
The following properties of w will prove useful later.

Lemma 4.5. Let c € (0,u(0)), A > k and w be given by (4.39). Then

R (. o ,
= - - . 4.41
/T Pg/p sw(s,re)dsdp Y. 1(w(r, re) —w(r',re)), vr,r' >0 (4.41)

Furthermore, for any b # £ A and for A = k + s with »c € (0,1), we have

T Pl
/ sb@(s,rc)ds <p Tw(r, Te)s Vr > 0. (4.42)
Moreover
Te ,,,.2
/ sw(s,re)ds| < r—\r — re|w(r,re), Vr > 0, (4.43)
and
/ sPW (s, e )ds| < max{r, r.}0r — re|w(r, r.), vr > 0. (4.44)

Proof of Lemma 4.5. Equation (4.41) is obtained by explicitly computing the integrals from formula (4.39). Turning

to (4.42)-(4.43), we first observe that
re —b— A— —b— —A—
/ Gitsrds = —ATL e [(P\TT U (rY T L AL (T (e
- Te 2A(A+0b) Te Te 2A(A —b) Te Te '
(4.45)
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By considering the different cases r < r. and r > r. and the different ranges of b # +A with respect to A, (4.42)
follows immediately from the definition (4.39). Also, (4.44) is obvious from (4.40). Regarding (4.43), we use the fact
that if » < r, then applying the mean value theorem to the function (0,1] > z — 224 and using (4.39), we have

Te T2 r —A-1 r 2A 7’2 r —A—1
w =—— | — — 1l < — (=
/T sw(s,r:)ds 54 (%) (Tc) 1] < 54 <7“c) 24

24 r?
< 7T—|r —re|w(r,re). (4.46)

Tec

r
_1‘

A similar computation, applied to the function [1,00) >  +— 2724, also show that if » > r,, then

Te 24 1r? .
/T sw(s,re)ds| < T—H%|T —re|w(r,re). (4.47)
The two estimates can be grouped together as in (4.42), concluding the proof. O

4.1.2 Existence and uniqueness of P

We begin with proving existence, uniqueness and some regularity for (4.35). It is clear that existence and uniqueness
of P is equivalent to existence and uniqueness of P in Theorem 4.1. Morever, all the properties on P translate into
properties of P, since

P(r,2) = <r> e P(r,z). (4.48)

Tc

Proposition 4.6. Let ¢y € (0,1/2) and D., as in Theorem 4.1, and suppose W is given by (4.39) with A = k + .
Then (4.35) has a unique solution P € L (D.,) such that

1o, ) Pl = |~ (r0,) Pllp= S.c K7, j =01, (4.49)
and
u\r) —z)r rr~ L Py . .
20rr Pl o Sac K (4.50)
Moreover

10, P2 el

w(r,re) ~F re “51)
forany r,r. > 0.
Thus, thanks to (4.48), Proposition 4.6 immediately proves the bound
1(rd ) Pllre, S k', j=0,1. (4.52)

Proposition 4.6 is based on the contraction properties of the operator 7 in (4.35). This approach can be viewed as a
refinement of an analogous argument in [66] to the more complicated vortex case.

Lemma4.7. If Z € L*>°(D.,), there holds

]4)2

IT[@ 2l <

where w is given by (4.39).

Proof of Lemma 4.7. By linearity, we can assume that || Z|| - = 1. In view of (4.35), (4.30), and the monotonicity of
u (hence |u(s) — z| < |u(p) — z| in the integral), we have the immediate bound

‘w_lT wZ ’ 1

w(s,re dsdp‘
w(r, rc
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From (4.41), we readily obtain

< k?—1w(r,r.) —1
- A2—-1 w(r,re)

5 T, [@2]| (4.54)

which implies (4.53). O]
We can now proceed with the proof of the main result of this section.

Proof of Proposition 4.6. The existence and uniqueness of P follows from the contraction mapping principle. Indeed,
from (4.53) and the fact that w is bounded below (see (4.40)), the operator 1 + T.[] : LZ — LZ is a contraction

whenever A% > k2. Moreover, from (4.35) and (4.53), the unique solution P satisfies

K2 —1
A2 —1

13 1
| P(r,2)| < =

~w(r,re)
and (4.49) with j = 0 follows. We now turn to the second part of (4.49). In light of (4.34), we have that

+ w—lﬁ[m—lﬁ]] <1+ |12]

Lo, (4.55)

w

~ ~ K2—-1 = Te
00, P( )| € 1Pl / sil(s, ro)ds| (4.56)
Thus, taking advantage of (4.42), we deduce that
~_1 = k2 - 1 =~
W™ rd.P(r,z)| < | Pl Lee, (4.57)

w

k

and the claim follows by combining the above estimate with (4.49) with j = 0. We now prove (4.50). Firstly, notice
that we can read 9,.. P directly from (4.32), obtaining

8, P(r,2) = —garﬁ - maﬁ — (K2 - 1)P(:5 2} (4.58)
Hence,
I(u(r) = 2)r*0, P(r,2) |z S lI(ulr) = 2)rd: Pllzg + (B = 1| Pl
and (4.50) follows from (4.49). Finally, (4.51) is a consequence of (4.43) and (4.56). The proof is concluded. ]

4.2 Convergence of (r9,)’ P

As a first step towards the proof of the convergence estimates in Theorem 4.3, we deduce a convergence estimate on
P. These estimates are relevant near the critical layer, whereas near r = 0, oo improve the estimates further below.

Proposition 4.8. Under the assumptions in Theorem 4.1, and with w given by (4.39) with A > k > 2, there holds

| min{r2,r;2}0,)7 (P(r,ctie) = P(r,0)) 1z Sk, j=0,1, (4.59)
and
| min{r?, v 2} (u(r) — )r20,.(P(r,c £ ic) — P(r,c))||z < ek?, (4.60)
Sorevery e € (0,¢q).

Proof of Proposition 4.8. We begin by showing the case j = 0. By setting z = ¢ & i€, we use (4.35) to deduce that

Plre) = P2 = i —1) [ S5 BHO Bl [T su(e) = 02 Plaodsdp as)

Lis(K? - 1) / m /p s[2(u(s) — ¢) 7 ic] Pls, c)ds dp 4.62)
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+ T.[P(r,c) — P(r,2)). (4.63)

We now use Lemma 4.5 and (4.49) several times. Let us consider the case when r < r. only, since the other case is
analogous. Define b, = 1 — 1/k > 0. Then,

~ e o1 1 e
|(4.61)+(4.62)\5;—:k2||P||L%o/ 7,)7_/ sw(s,re)dsdp
bre PP u(p) = 21 J,
brre 1

~ 1 Te
+wwpm@/ —u———f/’ma&mmﬂm
) Pl -4l

1 Te 1 ~ 1 bere |

< ek?||P|| e ———— @(p,r.)d k| P| g —r——— —w(p,re)d
HPls g [ e+ M Pl e [ Sy
<€]€2 ”LU(’I”,TC)

~

_— 4.64
min{r2, rc_z} ( )

Hence, using (4.53) to control (4.63), we arrive at (4.59) with j = 0. We now deal with the similar convergence
estimate for the derivative of P, namely the case 7 = 1. Use (4.34) to get

dy(P(r,c) — P(r, , 2 - j re ~
ro (TkQC)—l (r,2)) = iZETz(u(f,;L(j)Z)z(ci;)w_ e / s(u(s) — ¢)*P(s,c)ds (4.65)
1 e ~
:F ng / S [2(’“(5) — C) :F Z€] P(S, C)ds (466)
1 e = =
- W/ s(u(s) — 2)? {P(s,c) — P(s,2)| ds. (4.67)
In the same way as above, we find
_ 1 Te w(r, re)

while appealing to (4.59) with 7 = 0 we also infer that

1

@ r2min{r2, ro 2}

4.67)| < || min{r2,r;2}(P(r,c £ ic) — P(r,¢))| s < o wnre)

~

/ sw(s,r.)ds

and (4.59) follows. Concerning (4.60), note that we can read &,Tﬁ directly from (4.32), obtaining

min{r2, r; 2}’
(4.68)

0,0 (P(r2) = Plrc)) = = 20,(P(r.2)  Plr.0) & s o2l 0,P(r,2)
- w&(ﬁ(ﬁz) — ]5(7", ) + (k% — UW'

and hence using the boundedness of u we obtain
[min{r2, ro >} u(r) — )0, (P(r,c + ie) = P(r,0)|p S [ min{r2, ro *}rd, (P(r,2) — P(r, o)) =

+ & ||min{r?,r%}r 2&8 P(r 2)

u(r) —

Ly
+ k|| min{rZ, 772} (P(r, 2) — P(r,c))||. (4.69)

Given (4.59), we only need to treat the second term above. Using (4.51), if |r — r.| < r./2, we obtain

=7

A S 4

3
u(r) — 2 ) - e w0
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while if [r — .| > r./2, since |u(r) — u(r.)| = min{r2,r_ 2}, we have

’ / 2
A 00, Plr )| S 0 Pl § e
Thus, we can plug in the above estimates in (4.69) and use (4.59) to conclude the proof. O
As a consequence of (4.48), we deduce
| min{r2,r_2}(rd,)? (P(r,c + ic) — P(r, Lz, Ss ek?*ti, j=0,1, 4.71)
and
| min{r?, r-2}(u(r) — ¢)r20p (P(r,c % ic) — P(r, ez, S ek 4.72)

Note that the last estimate is exactly (4.22). We now deal with O and 0,., derivatives.
4.3 Analysis of O; P

In this section, we analyze more carefully the behavior of P near the critical layer, by making using of the differential
operator O defined in (2.27).

Proposition 4.9. Let w be given by (4.39) with A = k + 5, and let us fix r. € (0,00). For every r € (0, 00) such that
Tc

|r —re| < .

we have the pointwise bounds

2 72} |a€]5(7"a 2)|

min{r(‘7 Te 5% k27 (4733)
e w(r,re)
o oy [r0,06P(r,2)] < alr —re|
s k , 4.73b
min{r;,r_ "} D) < - (4.73b)

and the convergence estimates

(min{r?,r-2})? |(7"8r)35c;(P(1;(7Cn:7|f z)(-:) — P(r,c))| <, ke, =01, 4.74)
Proof of Proposition 4.9. A direct computation from (4.34) yields
> ! ~ (k2 -1 Te ~
0,96 P(r,2) = (Z, (£S;Qarp(r,z) + T4u/(r()(u(r) >_ 5 / s(u(s) — )2 P(s, 2)ds

k2 —1 e s 5%

_ 7“73(1&(7“) ) /T 0Os (u’(s)> (u(s) — 2)°P(s, z)ds
k2 -1 Te ) _

_ 7“3(u(7“)—z)2/ s(u(s) — 2)“0aP(s, z)ds. (4.75)

Thus, integrating on (r, r.) and noting from (4.33) and (4.37) that aGﬁ(rc, z) = 0, we find

p = — b U//(p) P z - A 3(k2 — 1) B s(uls) — 2 2p s, z2)ds
Te k2 -1 Te s 5= .

Assuming |r — r.| < r./k, we now bound each term on the right-hand side above, tacitly using Lemma 4.5 and the
fact that |u’(r)| ~ min{r,7~3}. For the first term, we exploit (4.49) to get

w(r,re)

4.77)

D By 5 o P
0-P(p, z)dp| < ||ro0yP||pee
| G0 S 10 Pl

/:C (1;;/;)[)))2,)@(0, rc)dp’ <k

min{r2, 7“{2}
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Similarly

w(r, re)

Te 3 k2 -1 re )~
/r p4u'<p(><u<p> - BE / s(u(s) = 2)?P(s, )ds d,o\ Sk

and

[ a2 () 000 = 7Pt pasap| s 6T

u(p) — = W (s) min{rZ, ;%)
For the last term, we use (4.41) to deduce that

Te k/,Q —1 Te ) . ]{72 _1 B |6Gf)(r’z)|
PCTA I - A 1962 2)1 -y,
/T 03( )2/p s(u(s) — 2) acP(s,z)dsdp‘ S oo 1w(r7 Te) Sljp = (4.78)

TPl = u(p) — z w(r, re)

The fact that the right-hand side above is finite for all ¢ > 0 follows from general ODE theory, since 8(;13 satisfies
essentially a perturbation of Laplace’s equation. Collecting the above estimate, we obtain

2

min{r? r; —

{E(T, TC) A2 —1 r 'U)(’r', ’I"C)

0aP(rz) k-1 |8gﬁ(r,z)|] .

and we easily arrive at (4.73a). We now turn to (4.74) with 5 = 0. From (4.76), we infer that
g P(r,c) — g P(r,z) = T.J0cP(r,¢)] — T2[0P(r, 2)] + V1 + (k> — 1) V2 + V4],

where

YV, = /TT“ (Z/';(pf))))Qar {ﬁ(p, z) — ﬁ(p, C)} dp,

= 1+3ie b 2(ulp) = ©) F ie rcsus—02~sc 5
V= ie | ) o J, ()~ Pt isds

[ 1 re o
F 3ie o)) =) /p s[2(u(s) — ¢) Fie] P(s,c)dsdp
’ . N 2|P — P(s,z)| ds
2 g, =2 [Pl - Ple o] asap “79)

Arguing as in (4.77) and appealing to (4.59), we find that

min{r?, 122} Vil S 1 minge2, v 2y, (Plr, 2) — Plr, o))y — e e < g2 U T

e “ min{r2,rs 2} ~ min{r2,r; 2}’

Turning to Vs, we find

- Te 1 Te
N S T _
min{rZ, r*}HVe| < emin{r?, r; }||P||Lgo/ / sw(s,r.)dsdp
o pH (p)||ulp) — 2] J,
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1
Pt (p)]

(e 72} (Plo, ) — B lss [

/ sw(s,r.)dsdp
P

[Pllee 1 |[min{r2, r22}(P(p.c) — Pp. 2))llLg

g
S (r,re) + 5 B(r, 7e
S ez, 7y e g min{r2,r; 2} Wi re)
< Wnre) (4.80)

min{r2, 7"{2}.

The V5 contribution is estimated as in V, with the same bound. Lastly,

TeldcP(r,0)] = T.[0cP(r,2)] [ 2(u(p) —c) Fie
et ::F“/T 3(ulp) — )2 (ulp) — =
1

=+ is/r ,03(u(p)—z)2/p s[2(u(s) — ¢) Fie] 0cP(s,c)dsdp

N T.[0¢P(r, z) — 0 P(r,c)]
k2 —1

B /TC s(u(s) — 6)28gﬁ(5, c)dsdp

4.81)

The first two terms are analogous to Vs, estimated in (4.80), while we deal with the last term as in (4.78). Hence,
appealing to (4.73a) we find

T.[0cP)(r,c¢) — T.[0c P)(r, 2) 1 0P (s, ¢) — 0 P(s,2)|

~ ﬂ}'(ra TC)
e EER. 1w(r,rc) Sl;p

< ek?

~

w(s,re) min{r?,r{z}

Collecting all of the above

(min{r,r:?}) - <u.ek?,

2 [ 106P(r,c) = dcP(r,2)]  k*—1  |9gP(s,c) — cP(s,2)|
w(r,re) A2 —1 bs w(s,re)

from which (4.74) with j = 0 easily follows. We now go back (4.75), and use (4.44), (4.49), (4.51) and (4.73a) to
deduce (4.73b) by the methods above. From (4.75),

r&.agﬁ(r, C) — Ta,-agﬁ(T, Z) =W + (k‘2 — 1) [W2 + Ws + W4] (4.82)
where
B u”(r)
Wi (u/(T))Qrar [P(T, c) — P(r, z)}




2(u(r) —c) Fie
2(u(r) — )*(u(r) — 2
1

' ,,Q(U(T)Z)Q/TCS[?(U(S) —¢) Fie] 9 P(s, c)ds

- o | (e~ 2P0 [Pls.o) - Ps. )] as

W4 = +1ie
r

)2 /Tc s(u(s) — C)Qagﬁ(s, c)ds

Arguing as above, we see that W is analogous to V;, without a gain in % due to the absence of the integral, so that

min{r?, r 2} Wy| < ek? wir, re)

cr'c

min{r2,r; 2}’
Similarly, W», W5 and W, resemble Vs, provided we take into account the bounds (4.49), (4.59), (4.73), and (4.74)
with 7 = 0, so that

. _ w(r,r
Imn{rf, T, 2}|V\}2 + Ws + Wyl <. 5k2%.
min{r2, rc -}

The proof of Proposition 4.9 is now complete. O
4.4 Analysis of 0, P

We proceed with the analysis of 8”?, relying on (4.36) and (4.37). The main result of this section reads as follows.
Proposition 4.10 (The 0, derivative). Let w be given by (4.39) with A = k + s¢. Then,

70, Pllpse S k2, (4.83)
and
| min{r?, 72} r.0y, (P(r,c +ie) — P(r,c))| L o ke (4.84)
Moreover, for every r. > 0 and every r > 0 such that

r
|r —re| > f7

there holds
[0 P 2)| o 4o (4.85)
w(r,re)
and
a’r ca'r»ﬁ ; +ie) — ﬁ )
minfr?2,r 0T OLCCEE) PO o o, (4.8

w(r, re)
Proof of Proposition 4.10. The proof heavily relies on Lemma 4.5 and Propositions 4.6, 4.8 and 4.9, but the arguments
are very similar to those used earlier. Moreover, we shall only deal with the case

Tc
—re| > =<, 4.87
|r — 7] A (4.87)

even for (4.83) and (4.84), since in the other case

' (re)re
u'(r)

and hence the result follows from the respective bounds and convergence estimates on d¢ and r0,.. For the sake of

brevity, we consider only the case r < r., which from (4.87) implies that r < byr. with by, = 1 — 1/k > 0. To prove
(4.83), we need to show that

Or ~ min{r?, r-*Y0g + ro,,

cr'c

reOp, = u'(re)redg —

‘Tcarcﬁ(r, 2)|
w(r,re)

.
Vrore >0, |r—re > .

< k3
k

~ )
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We use (4.36), multiply by r. and bound each term. As in (4.78),

k21 B ) 10, P(s,2)]
Az TSP T s )

|7;[Tca7'cﬁ]| <
The fact that the right-hand side above is finite for all € > 0 follows from general ODE theory, since 8TC13 satisfies an
equation that is essentially a perturbation of Laplace’s equation. Moreover,

. re 1 e
relTi+ T < k2||P||Lge|u'(rc)|rc/ 7/ sib(s,r.)ds dp
B bere PPlU(p) — 2] J,

1

~ bire Te
+k2HP||L°§|U/(7’c)|Tc/ 7/ sw(s,r.)dsdp
“ r PPlulp) =2/,

< K3 / “’(”p”’c)dp < K2@(r, 7). (4.88)

and

Te

relZs| S k%f/

T

1 o2 9~
Edp <k T—; < kfw(r,re).

Hence, (4.83) is a consequence of the above estimates. Combining (4.59) and (4.74), we obtain (4.84) when we restrict
to the domain |r — r.| < 7./k. On the same region, to prove (4.84) we aim to show:

2 =2y |reOr, (P(r,c+ie) — P(r,c))|

min{rZ, r;

_ <, ke (4.89)
w(r, re)

Again, just consider the case when 0 < r < bgr.. A combination of (4.36) and (4.37) allows us to write

- biTe Te _
0, B(r,2) =T[0r. P + (k2 — 1)u'(re) |2 / W / s(us) — 2)2P(s, 2)ds dp

p) —z)?
brpre 1 e B

2 g ], - 9P

2 Te bure 1
— € u/(rc) /r Pg(u(p) — 2)2 dp
N ; _/TC p(u(p) — 2)2P(p, z)dp

(brre)3u (bgre) (u(bpre) — 2)? b ,

Te 1 1 Te . 2~ .. .

" /b ” <p3uf<p> (u(p) = 2)? / s(u(s) = 2)"Pls, 2)ds dp

rcas< i >(u(s)_z)2ﬁ(s,z)dsdp

W (s)

+/ <<p1> 2

P (u(p) — z
Y
bire PP (u(p) — 2

Te

T
s

(u(s) — 2)20,P(s, z)ds dp] .

)? '(s)

From this, we write

7
O, P(r,c) — 0, P(r,z) = T[0,, P(r,0)] = T10,, P(r, )] + (k* = D)u/(re) > Us,

=1

where

- b7 3(u(p) — ) F Bie(u(p) — c) — & rcsus —¢)*P(s,c)ds
o = w2 | P (ulp) = PP (ulp) — 2)? / e
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brre Te ~
+ 2i5/r 1)3/,; s[2(u(s) — ¢) Fie]P(s,c)dsdp

2" s [0 =2 [Plo,) = Pls. )] s

B ‘ brre Q(U(p) — C) Fie Te S) — ¢ s.c)ds
Z/lz—j:QZg/T )2/,, s(u(s) —c)P(s, c)dsdp

Us = &2 re /ka . dp
u'(re) Jr  pPlulp) —2)2 "7

2(u(brre) — ¢) Fie Te ~
(bkrc)‘?u’(bkrc)(u(bkn) — Z)Q(U(bk’l"c) — C>2 /17er p(u(p) - C)QP(P7 C)dp

1 e o
rra)ou (onre) (alonre) = 2)? /ber p[2(u(p) — c) Fic] P(p,c)dp

" (o) — 2 [Plp.c) - P(p. )] d.

Uy = Fie

+ e

1
_|_
(brre)3u! (bpre) (u(brre) — 2)? bire

" | dulp) = Fie [T s
%‘*Eﬁm@(wwm)ww—w%mwwvé (uls) = )" P(s, c)dsdp

i“ﬁ;@<w&m>w@ialékpm@dxmpﬁ@“@

s(u(s) — 2)? [P(s, ¢) — P(s,2)| dsdp,

7‘: 2(u(p) — ¢) Fie /pr” o, ( S > (u(s) — c)2j3(s,c)ds dp

> [2(u(s) — ¢) T ie] P(s,c)dsdp

(u(s) — 2)? [P(s7 ¢) — P(s, z)} dsdp,

+ /b:c p3(u(p1) )2 /pTc u/is) (u(s) — 2)? [8315(5,0) — 0,P(s, z)} dsdp.

Bounding these terms essentially relies repeatedly on Lemma 4.5, Proposition 4.6 and Proposition 4.8. Note that

Tel0n P(r O] = T0r Plr2)] o [T 2Aulp) —O)Fie [T e
21 =7 | g et < J, )~ 0Py
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) Tc 1 Te . ~
+ ze/r M—,Z)Q/p s[2(u(s) — ¢) Fie] Op P(s,c)dsdp

p)
T.0. P(r,¢) — 8, P(r, z)]
< < ) 4.90
+ 21 (4.90)
For the first two terms in (4.90) we obtain the bound
rcar P s Te 'rcar ﬁ oo brre 1 e
H Pl / w(s,re)dsdp + ” Pllzg / 3 / sw(s,re)dsdp
re bare P lu ) ==l J, re e PPlulp) =2 J,
kS [T |P - 7"c| k? 1 brTe ~ P, Tc)
— ——————w(p,re)dp +e— / dp
2 e, o) T ) )
i e w(p,re)d K2 e wpre)
_h (p,re)dp dpte / w(p,re)
r2u (re)] bTe P Te |u(bkrc —u(re)]
< kj ’lZ(T’, T’c) S k’ZE ’L.T)(Tv TC) —,
re |u/(re)|re remin{r2, r; “}
while for the last term we use (4.54) to obtain
T. 8TC]5 r,c —&C]S Tz ~ ~ e 1 [fTe _
[ ( kQ)—l (r,2)] < st:p\arcP(r, z) —arcp(r,c))\/ —3/ sw(s,r.)dsdp
< 1 w(rre) sup |reOy, P(r, 2) — 10y, P(r, c))|
A2 -1 . r w(r,re)

Concerning the U;’s, for the first three we have
- brre 1 Te
Uy + Us| S €||P||L<z°/ 7/ sw(s,re)dsdp
e pilulp) =22/, ‘

~ ~ 1 bre 1 Te
+ || min{r,r_“}(P(s,c) — P(s, 2 Lzo'ii/ 7/ sw(s,re.)dsdp
I minds2, 22} (P(s,6) = Plo Do gy | gy gy [, omer
1

| bere g5(p, ) | ‘fmw@m
€ ~ Zdp + €k LS |
|u(kaC) - U(TC)P /r 14 P min{rﬁ,rc_z} ‘U(bk%) - U(TC)‘ r P r

w(r,re)

<egh—m—"—,
(min{r2, r; ?})?
and
brre 1 brre (7" r )
u / < / —d Seh— DT
Ul 2l ). PR S T atber) =) PR {2, v )
Concerning the others, we only show how to deal with i/, and U5, as Ug and U7 are treated similarly. We have
| S ell P ! " pip,re)d
g oo WP, Te
S S ) 3 fulbere) — ulre)] Sy, 70T
~ 1 Te
+ | minfr2, 72} (P(s, ¢) — P(s,2)) |1 . = [ plp,r)dp
[ (re)|r3 min{rZ, re =} Jo,r.
< €k {E(Tﬂ TC)

(min{r2, rz?})?’

and, considering that |9, (p3u/(p)) ! | ~ 1/ min{p®, p}, we also deduce that

Us| S <l P

L°°/ ‘ w(s,r.)dsdp
: krmmw o Tulp —4
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~ ~ 1 Te 1 Te
+ || min{rZ, .} (P(r,c) — P(r, 2z o - / sw(s,r.)dsd
Imingo2 722} (PG €) = Pl Dl s | oy [ sitssradsap

1 Te 1 w(r,re)
< ek - w(p,re)dp < ch—— 2%
S R 02,727 oy, min{ 8,1} e S R

Collecting all of the above, (4.89) follows. Going back to (4.34), we also infer that

T@Trc&,cﬁ(r, 2)

— u’(rv)(' TCSUS _Z2~5Z < 2 T
Bl ) - o / (uls) = 2)"Pls, 2)ds + & ey =2
M TCSUS—Z~SZ S—; TCSUS—ZQT ~SZ S
2T2(U(T)—Z)2‘/T (u(s) )P (s, 2)d () =2 ). (u(s) )r.0r, P(s, 2)d

Hence, we argue as above to obtain (for |r — r.| > r./k),

r160r O, P(r, 2)

min{r 1 fre
SIPl e bre — )] / w(s,re)ds + - + HrcaTCPHme/ sw(s,re)ds
c r

k2 -1 w r2|u(bkrc
S KBl @, + 807, re) + llrede Pl Tr, 1) S K0, 70),
and (4.85) follows. Lastly, the proof of (4.86) is simpler than the proof of (4.89), and is hence omitted. O]

4.5 Convergence in optimal weights

With the convergence estimates of the previous sections at hand, we now aim to show the validity of the convergence
estimate in Theorem 4.3. The proof utilizes the Green’s function of the operator

1/4 — k?
8TT' / 2 )
T
which is explicitly given by
k
Lrp) = ——min (2,0 Vivs, rp>0 4.91)
i 2]{/’ r 9, p ) ) ) .

as we treat the Rayleigh problem as a perturbation of the Laplacian. We split the proof in different cases.
4.5.1 Thecaser. <1
All the estimates are pointwise in 7., and hence the norms and spaces here are involving only the variable . We begin

by optimizing the weight near the origin.

Lemma 4.11. Let j = 0,1. There exists a universal constant ( € (0,1/4) such that, for all r. < 1 and » € (0,1),
there hold

k—1/2 ] . 1+7,..k—1 2
rh=112(p, Y1 p(r,ciza)HLm(om) e 72"3 i1/ 4.92)

and

Hrk—1/2(,rar)j (P(nciié—)_P(r’C))H Soec SRFHIRRL2, (4.93)

L>(0,(Te) r2

Proof of Lemma 4.11. The proofs of (4.92) and (4.93) are very similar, so we focus on the more challenging (4.93).
Note that the norm appearing on the left-hand side of (4.93) (and (4.92)) is a priori finite since RAY, is a regular
perturbation of Laplace’s equation near r ~ 0.

Let us first consider the case j = 0. If r € (0, {r.), then (4.52) and (4.71) imply that

PR =12 (18, ) P(r, ¢ + i€)| <. kMipk-1/2] C, j=0,1, (4.94)
/'a%
. . 1
R =12 (18, ) (P(r,c £ ic) — P(r,¢))| S, ek?Tipk—1/2 S J=0L (4.95)

34



Let x = x(r/a) be a smooth cut-off function at some scale a > 0 to be determined. Define

9e(r;re) = x(r/a) [6(r, c £ ie) — ¢(r, c)]

and compute

1/4 —k? o B(r) B +ieB(r) RV
(8” * r2 ) e = u(r) —cF ie e (u(r) —cFie)(u(r) — C)X( [a)(rc)
2

= 20,0,(0(r, ¢ i) — 0{r,¢)) — ~5x(B(r, % i8) — 6(7,0)).

Using (4.91), we then have

<> N Lich(p) s
(7o) = / £l ) o= [ L) e (/a0

- [T o <2<apx><ap<¢<p, CiE) = 0. ) + 5 @) (0lp.c i) — 0(p.) ) dp

4
- Z Jo. (4.96)
=1

Since B(p) < 1and |u/(r.)| = r. as 7. — 0, we have for ¢ € (0,1/4) that
|U(p) —Cc+ Z“€| Z 7"3, Vp € (O7<rc)'

Qrc, with ( < 1, we obtain

Hence, by choosing a = 3

LA < 2k / @Mﬂ%ﬂkl/Qgs(p,rc) dp+;]: . p~ 2kt u(pﬁ(%ispkmgs(p,n) dp
=2 Hrkil/zgs(r’ re) Lo(0.¢re) (4.97)
Turning to Js, we use (4.94) to obtain
2
()] < 22/0”"/) u(p)’i(pc)qcigpk Y2P(p, C)dp’der T;]: Cpn &p’“‘mﬂp, c)d,o’dp
< = p‘pk—l/QP(p’C)dp‘ dp < r;%r?—l/z /02 1=%dp <, erh™ 1/2. (4.98)

For J3, from (4.94)-(4.95) we obtain the pointwise bound for p € (0, (r.)

10056, & i) — 9(p, )| <r2|P<p,cizs> P(p, )| +121p0,(P(p,c £ i€) — P(p,c))| +¢lpd, P(p, c + )|

Hence, arguing as above,

B 1 2a ' B 5]{52 B B 2a . 7
PRI < o [ 000 ie) = 6 ) R S Tt [ e
(4.99)

Finally, by (4.94) and (4.95) we obtain the pointwise bounds
|6, ¢ £ i) — Bp, €) [P 7V/? oo ckPrh2IE

;’n%

and therefore

1 2a
R L T R Y R ) e
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~,

k 2a
<, irk 1/2 n/ P dp S ehrk12, (4.100)
0

Hence, collecting (4.96)-(4.100), we arrive at

k—1/2 E2pk—1/2
. .

r

95(7", T(‘) N%7C €

L (0 Crr)

Note that g, and ¢(r, c+ic) — ¢(r, ¢) coincide in this region, and (4.93) is recovered from the definition of P, together
with the inequality |u(r) — ¢| = 72 and a further application of (4.94). Finally, the case j = 1 follows immediately.
Indeed, taking and r0,- derivative of (4.96), we simply notice that

_(k_1/2)7 PS%
r0.L(1, p) = ci L(r, p), k= 4.101
(rp) = ekllrp). {kﬂ/z’ o @.101)
Therefore, the result follows in the exact same way, by using the estimates on g. derived above. O

The interval (¢r., R), for R > 1, independent of r. < 1, is treated already by (4.71), which implies that for
r € (Cre,re) there holds,

) . 1
PR (10, (P(r, ¢ i) = P(r, )| Soe sk HrE Y2,

(4.102)

while if € (r., R) there holds

1

7“_]“_1/2|(7“8,ﬁ)j(P(7"7 ctie) — P(r,0)| Sur Ek’2+jrc_k_1/2m. (4.103)
Tc

Finally, we need to correct the weight at infinity.

Lemma 4.12. Let j = 0,1. There exists a universal constant R > 2 such that, for all r. < 1 and any » € (0,1),
there hold

—k—1/2 j - 1 —k—1/2
HT / (TaT)JP(T’CiZE)HLOO(R,OO) SueR T?+ Eitipsk=t/
and
|12 60, (P e de) = Pl ey S T,

Proof of Lemma 4.12. Again, we only treat the case j = 0. From (4.52) and (4.71), if r € (R, 00) we have that

TR (10,)] P(r, e )| S KRR =00, (4.104)
/r-%

rovT T ‘ r,ctie) — P(r,c € T, - ) =0,1. 4.105

F2\(r0, ) (P(r, et de) — P(r,c))| Sae ek®Hr 12 2 170 (4.105)

Let x = x(r/R) be a smooth cut-off function, with R > 0 to be determined, and define

ge(ry1re) = x(r/R) [p(r,c £ ie) — ¢(r, c)] .
As in the proof of Lemma 4.11,

+ief(p)
(u(p) — c Fie)(u(p) —c)

- [ o) (; O/ RO, (0(p.c-4 E) = 0(p.0)) = 0o/ R)Dprc i) — 9(prc)) ) o

4
=> (4.106)
=1

(1, re) = — / L(r,p)~ () g(p,rc)dp—/oooﬁ(np)

—cFic x(p/R)¢(p;c)dp
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For the first term, we use Lemma 2.1 that | 3(p)| < (p) =% and that |u(p) — ¢ Fie| = 1 (thanks to our choice of R > 2
and r. < 1) to obtain

—k 1/2|J< )‘ <’I“_k 1/2

/ L(r, p)(mﬁ(p).ga(p, Tc)dp‘

—cTF e
B(p) —k—1/2
o)|d
< k/ wr T e’ |9<(p;7c)ldp
1
< R76 —k—1/2 < —k—1/2 4.107
~ r gg(r,rc) Lo (Rioo) r ge(r,7e) Loo(Rio0) | (4.107)
provided R > 1 is big enough. Regarding .Jo, from (4.104) we infer that
e b > +ieB(p)
k 1/2J < k—1/2 / L R d
r | Ja(r)] <7 (r,p) (u(p)_chiE)(u(p)_c)x(p/ )B(p, c)dp
= / pB(p)p~"1/2|P(p, )| dp
ok 1/2 -
S e — / P p78dp Spa —r KT (4.108)
U R re

The terms involving 0, x and 0, are estimated similarly as in Lemma 4.11, except for the weight r~k=1/2 and the
fact that 9,y and 0,,,x are supported in interval [R, 2R]. Using that u is bounded, |u’(p)| &~ p~> and (4.104)-(4.105),
we obtain for . < 1 that

1
100, (¢(p; c i) — d(p,c))| S EIP(p,c +ig) = P(p,c)| + [p0,(P(p, ¢ +ie) — P(p,c))| + elpd, P(p, ¢ + ie)]

Fk=1/2
]{7367 p%
7Ic 1/2 ) 2+%’

and
poR=1/2

C

|9(p, c £ ie) — d(p,c)| < [P(p,ctie) — Plp,c)| +e[P(p,ctie)| S kaTUQ P
p

Hence, we arrive at

kP2, (4.109)

c

- 12 . Che
SR < gz [ 0000 i) = o)l 20 S

and

L 1 2R ' c o
rk 1/2|J4(7“)|§ﬂ/}{ pld(p,cxie) — p(p,c)p™ " 2dp S Sl 172, (4.110)

‘We then collect (4.106)-(4.110) to deduce that

—k—1/2 € 12 —k-1/2
r / 5%7R T2+%k Te / ’
C

ge(r,7e)

L*>°(R,00)

since r. < 1. Since, in this region, g. and P(r, ¢ & ic) — P(r, ¢) satisfy the same estimates, the proof for j = 0 is
over, while the case j = 1 follows again as in the previous lemma. O

4.5.2 Thecaser. > 1

We now turn our attention to the case r. > 1. Again, we will split in different cases. The proofs are similar as in the
previous section, so we will only highlight the main differences. Since r. > 1, (4.52) and (4.71) entail the following
estimates in the case r. > 1 (notice that the splitting of the interval (0, co) slightly differs from the case r. < 1):

or e (0,¢):
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PRV (10, ) P(ry e+ ie)| < kMHIRV2Te g (4.111)
/Ia%

. . 2+2¢
rR=12\ (18, ) (P(r, ¢ + ie) — P(r,¢))| <. sk”ﬂrﬁ*l/?%, j=0,1. (4.112)
or € (¢,re):
k=12 (19,) (P(r, ¢ + ie) — P(r,¢))| Soeg k2 HIpk=1/2p 245 j=0,1. (4.113)
or € (re, Rre):
T 1) (P(r,c £ ie) — P(r, ¢ ».R € k=12 | = . .
|00, (P(r e de) = P(r, )| Soer ek®Hr 22 j=0,1 (4.114)
or € (Rr.,o0):
PR 12 (18,) P(r, e £ de)| <, K12 501 4.115)
Ly
r R 2\ (r0,) (P(r, e % ie) — P(r,¢))| S, k¥ p km1/2pp 2= j=0,1L (4.116)

We begin with the case r € (0, ().

Lemma 4.13. Let j = 0,1. There exists a universal constant { € (0,1/4) such that, for all r. > 1 and » € (0, 1),
there hold

Tk71/2(r8r)jp(r, ¢+ ie) H e 5rf+%k1+jrffl/2.
L2 (0,¢) ' ’ ’
and
H?"k‘m(r@r)j (P(r,c+ig) = P(r, 0))HL 0.0y e erZ T2 Hiph=1/2, @.117)
o0 (0,

Proof of Lemma 4.13. The proof is similar to that of Lemma 4.11, so we only treat the case 7 = 0. Asin Lemma4.11,
the norms appearing in this lemma are a priori finite. For a cut-off function y = x(r/(¢), the function

ge(r,7e) = X(1/C) [#(r, c £ ic) — ¢(r, c)]
can be written as

> B(p)

£irp)- +icB(p)

ge(rire) = — ge(pyre)dp — / T L)

/o (p) —cFice (a(p) — e Fi2)(ulp) — C)X(P/C)éf’(/’a c)dp
- / £ir,p) (§<f”p><><8p<¢<p»c +ic) = ¢(p, ) + é(appx)w(p, c+ig) - 6(p, c>>) dp
0
=2 e (4.118)

Since 3(p) < 1 and |u(p) — ¢ F ie| 2 1 in this regime, we choose ¢ < 1 to deduce that

1
PR < 5 [P )

, (4.119)
L>(0,0)

For to J5, we use (4.111) to obtain

~

¢
_ € _ e o
P2 ()| S /0 p |01 2P(p, c)dp| dp Succ erzri I, (4.120)
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For J3, we preliminary note that

Op((p, ctie)—d(p, ) = u'(p)(P(p, c-tie) — P(p, ¢))+(u(p) —u(r.))d, (P(p, c£ic) — Plp, ) Fizd, Plp, cie),

so that from (4.111)-(4.112) we obtain the pointwise bound for p € (0, ()

Tk 1/2 7"2+%
1P, (d(p, c £ ig) — d(p, )| Soerc 5k3m7~
Hence, arguing as above,
rR=12 | Ty (r / 1p0,(p(p, ¢ £ic) — ¢(p, )| p* YV 2dp Sor o er? = k2rk=1/2, (4.121)

On the other hand, due to (4.111) and (4.112) we obtain the pointwise bounds

2+43¢
6(p, c £ ie) — ¢(p, )| p" V2 <, ekrb—1/2le

2

and therefore

~ I ) ~ ke
rE2 ()| < Tgk/ lp(6(p, c £ ie) — d(p,c))|p" 1/ 2dp o er? T hrk =12, (4.122)
0

Hence, collecting (4.118)-(4.122), we arrive at

k—1/2 < 2o p 2k 1/2,
r r,T S er
H ge(ryre) Lo (0,¢re)
Since, in this region, g. and P(r, ¢ £ ic) — P(r, c¢) satisfy the same estimates, the proof is over. O

Also in this case, the regime r € (¢, Rr.) for any R > 1 is already contained in (4.113) and (4.114). For
r € (Rr.,c0), we follow the ideas in Lemma 4.12.

Lemma 4.14. Let j = 0,1. There exists a universal constant R > 2 such that, for all r. > 1 and any » € (0, 1),
there hold

Hr‘k_lm(rar)jP(r, c+ ze)H SuR 57ﬂ2]§1+77ﬂ_k’ 1/2
L*>(Rr.,00)
and
Hr‘k_l/g(r&)j (P(r,c +ie) — P(r, c))HL o Soor erikPTip k= /2,

Proof of Lemma 4.14. We use a cut-off of the form x = x(r/Rr.), with R > 0 to be determined, and define

e (Ta Tc) - X(T/RTC) [¢(Ta cE i€) - QS(T’ C)] .

Hence
Bl T +ief(p) . .
() == [ 200 gl = [0 p) e (o Rl
/ ( i 9pX0p(p(p, c i) — ¢(p, c)) — #%x(qﬁ(pmiia) - é(p, C))> dp
3 (4.123)
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Since |u/(p)| & p~3 as p — oo, in this region we have that [u(Rr.) — u(r.)| 2 Rr_ 2. Hence, since r. > 1, we can

choose R > 1, independent of r., to have

. L[> B(p) o
k—1/2 < pPPLP k—1/2
r J1(m)] S / . sTe)|d
| 1( )| k Rr. |u(p)—u(?"c)2|il€|p ‘gé‘(p )‘ p
r2(Rr.)~ 1
< Telftle) || —k-1/2 < - H —k=1/2 4.124
~ R HT ge(’r’ TC) L>°(Rr.,00) - 2 " gg(r’ TC) L~ (Rr.,00) ( )
For Js, from (4.115) we infer that,
e e [~ e e
r L0 ¢ / PBP)P~ 2 1P (p,)ldp S er T, (4.125)
Rr.

The terms involving 0, and J,,x are estimated similarly as in Lemma 4.11, except for the weight r~*=1/2 ‘and the
fact that 9, x and 0,,,x are supported in interval [Rr., 2Rr.].
Regarding .J3 and .J4, using that |u/(p)| = p~3 and (4.115)-(4.116) for p € (Rr.,2Rr.) we obtain

—k—1/2
(&

3 T
1p0,(p(p, c L ic) — d(p, )| Soerr Ek?’mv

and
poh=1/2
|p(p, ¢ £ig) — d(p, )| Sser €k’2m7
so that
k—1/2 1 2ire k—1/2 2 —k—1/2
P2 | T (r)] < T k/ 100,(¢(p, ¢ i) — d(p, ) [p™* " 2dp Soem kP F N2, (4.126)
c Rr.
and
1 QRTC
P R0 € / pl(p,c £ ie) = d(p, )™ 71 2dp S g ehr P2, (4.127)
Te Rr.

We then collect (4.123)-(4.127) to deduce that

2. .—k—1/2
<z,R ek T / s

~

/20,12

L (Rr.,00)

since 7. > 1. Since, in this region, g. and P(r,c 4 i) — P(r,c) differ by a factor proportional to 2, the proof is
over. O

Remark 4.15. The proof carries over to optimize the weights for rcarcﬁ, for 5 = 0, 1. Indeed, from (4.1) we see that

B(r)u (re)re

RAY 7.0, ¢ = W) — 2

@.

The extra singularity on the right-hand side is in fact innocuous. Indeed, Lemmas 4.11, 4.12, 4.13 and 4.14 are relevant
in regions that are far from the critical layer, in which |u(r) — z| 2 min{r2, r_2}. Since |/ (r.)|r. &~ min{r2,r_?

as well, the contribution of the singular denominator cancels. Note that for r&,.rcarcﬁ we can simply differentiate
the Green’s function £. However, we can only deduce information away from the critical layer, due to (4.86). We

therefore arrive at the conclusion of the proof of Theorem 4.1.

4.6 Further properties for the real solution

In this section, we prove Theorem 4.2.
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4.6.1 The function ) and its properties

With Qg defined as in (4.6). From (4.1) we have that Q obeys the second order equation (note that Qg is C? for
r<re),

r(u(r) — ¢)0rrQo + (Qru’(r) + (1 — 2k)(u(r) — c))arQo =2(k + 1)u/ (1) Qo, (4.128)
or, similarly,
B, (r2(u(r) — ¢)0,Qo) + (7"21/(7") — (14 2k)r(u(r) — c))@rQo = 2(k + 1)ru (1) Qo. (4.129)
Note that we may rewrite (4.128) as
(u(r) - ¢) (7“6”@0 +(1- Qk)arQo) = —2u/(r) (r@,Qo ~(k+ 1)@0). (4.130)
Also, according to (4.30), (4.31) and (4.33), we have that
Qo(re,;e) =1 and  9,Qo(re,c) = (K +1)r L (4.131)
Observe also that that (4.128) and (4.131) imply

Do Qo (e ) = (4k — 1)0,Q(rc, ) _ (4k — 1)(k + 1)' 4.132)

3re 3r2

We begin by proving (4.10). The fact that Qo (r, ¢) > 0 for all » € (0, 7] is clear from (4.35) and continuity in r, so we
only need to prove monotonicity. From (4.131) it follows that 0,.Qo(7¢, ¢) > 0. Assume for the sake of contradiction
that there exists a first point r,. € (0, r.) (meaning closest to r.) such that 9,Qo (7, c) = 0.

Note that on (7., r.] we have 9,Qo > 0, and thus also r%(u(r) — ¢)8,Qo(r,c) > 0 on (r,,r.). By the minimality
of 7., we have that 72 (u(r) — ¢)9,Qo(r, ¢) attains the value 0 for the first time (from r. towards 0), and thus we must
have

Oy (r*(u(r) — )9, Qo(r, c))

> 0. (4.133)

="y

On the other hand, evaluating (4.129) at r = r,, and using that 9,Qo(«, ¢) = 0 we obtain that

0, (1 (u(r) = )0, Qo(r, )| = (2(k + Droa (1)) Qo(r+. )

="y

Since u is monotone decreasing, we immediately arrive at a contradiction with (4.133), and (4.10) follows.
To establish (4.12), we rely on the following lemma.

Lemma 4.16. For k > 2, define the function let By be defined as in (4.8). Then we have By(r,c) > 0 for all
r € (0, r.). As a consequence,

70rQo + (1 — 2k)0,Qo < 0 (4.134)
on (0,7.]. Moreover By(r.,c) = 0 and the upper bound stated in (4.13) holds.

Proof of Lemma 4.16. Note that according to (4.131) we have that By(r, ¢) = 0. Then, upon differentiating, appeal-
ing to (4.130), we obtain that

—2u/(r)
u(r) — ¢

(k—1)0,Qo + 0, By = (2k — 1)0,Qo — r0rr Qo = By.

holds on (0, r.). Switching the order of the terms, we arrive at

—&((u(r) _ c)2BO) = (k- 1)(u(r) — ¢)28,Q0
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which we may integrate from r to r. and obtain
(u(r) = ¢)*Bo(r,¢) = (k= 1) / (u(s) = €)*0,Qo(s,c)ds > 0, (4.135)

appealing to that fact that 9,Qo(r,c) > 0. Also, (4.134) follows immediately for » € (0, r.), while for r = r. it
requires (4.131) and (4.132). Finally, the fact that By(r.,c) = 0 is a simple computation using (4.131). Now, from
(4.8), the monotonicity of ()¢ and the positivity of By, we have the upper bound in (4.12) for r0,.Qq as

Qo(r,c) < Qo(re,c)  k+1
T - T N

r

0 < 0,Qo(r,c) < (k+1) (k+1)

while from (4.135) and the fact that v is decreasing we deduce that
(u(r) — c)QBo(r, ¢) < (k—1)(u(r)— 0)2/ ’ 0rQo(s,c)ds < (k2 — D(u(r) — 0)2 log(r./T), (4.136)

and the proof is complete. O

Now, from (4.134), we obtain that
D, 10g(9,Qo) < d(logr2*~1)

holds on (0, r.]. Here we used that on (0, ] we have 9,Qo(r, ¢) > 0. Integrating the above from 7 to r., we infer
F2k—1
0rQo(r,¢) 2 0rQo(re, ¢) 2T (4.137)

C

Inserting the above information in (4.135), which holds for all > 0, we infer that

(k+1)Qo(r,¢) = 1r0,Qo(r,c) = Bo(r,c) > (f%_ll)(i?ig)oycc’)z) /TC (u(s) — c)?s**~1ds. (4.138)

In the above inequality, we drop the term —70,Qo(r,¢) < 0, and moreover (again by monotonicity) we have that
Qo(r, ) converges, as  — 0, to some limit Qo (0, ¢). Therefore, we have a lower bound on Q¢ (0, ¢) which is

(k—1)0,Qo(re, ) Te B
Qo(0,c) 2 rzk-1<k+1>(u<o>—c>2/o (1(s) = )" d. @13

We then arrive at the lower bound in (4.12) through a further use of the boundary condition (4.131). Regarding the
upper bound, going back to (4.137) and re-arranging, we have an explicit lower bound on 0,Q)y, namely

0rQo(re, c)r%_1 < rfk_la,.Qo(T, c).

By the fundamental theorem of calculus and using this lower bound, for any s € (0, 7.) we have

Qulrere) ~ Qulsc) = [ 0,01, dr > Qo(resciri [ tar = ER e .

2%kr2k—1

Hence, passing to the limit as s — 0, we get the upper bound

0rQo(re, C)re
Qo(re, ¢) — %k) > Q0(0, ).
The left-hand side however, using (4.131) is
0rQo(re, O)re k+1 k-1
_rxvere 12 - 2
Qo(re ) 2% 2% %

from which the upper bound in (4.12) follows. The lower bound in (4.13) is proven in the next lemma.
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Lemma 4.17. There is a constant 6y depending only on u such that for all r. € (0, 00), there holds for all |r — r.| <

00T (uniformly in k and r.),
F2k—1

By(r,c) > k* 7
C

(re — 1), forr <r..

Proof of Lemma 4.17. Since we are assuming that |r — r.| < &g, for &y sufficiently small (depending only on u"),
we have from Taylor’s theorem that u(r) — u(r.) &~ u'(r.)(r — r¢), and hence from (4.138) there holds

k? -1 e 2 2k—1
By(r,c) Z (s —1¢)°s ds.

o2k |y — rc|2

This integral is explicitly computed via integration by parts:

Te 1 2 Te
/ (s — rc)Qs%*lds =3 |r — 7"C|2 r2k — % / (s— rc)s%ds

_ 1 Ir — Tc|2 r2k 4 2 2k+1 2 p2kt2 7,2k;+2) )

2k 2k(2k + 1)(2k + 2) (re

By Taylor’s theorem, there exists some ¢ € (r,r.) such that
1 1
ref =t = (2 2)r e — 1) 4 52k 4 2)(2k + D (re = 1) 4 5 (2K + 2)(2k + 126 (e = 1),

from which the conclusion follows since ¢ > r. ]

4.6.2 The function ()., and its properties
Analogous to (4.128), Q. obeys the second order equation

P(u(r) — 0 Qoo+ (200 (1) + (L 2K)(u(r) — ©)) 8, Quc = ~2(k — L/ (1)Qucr  (4.140)
or
0 (r2 (u(r) — )9, Quo) + (7’21/(7’) +(2k — D)r(u(r) — c))@rQoo = —2(k — 1)rt/ () Qo (4.141)

Note that we may rewrite (4.140) as

(u(r) —c) (raeroo +(1+ 2k)8rQoo) = —2u'(r) (TarQoo + (k- 1)@00)- (4.142)
As conditions at the critical layer we have

QOO(TC7C> =1, arQoo(rc,C) = - (k' - 1) Tc_l7 aeroo(raC) = WC_‘_;# (4.143)

Proceeding as in the previous section, it is not hard to verify (4.11). Turning to (4.12), we have a lemma similar to
Lemma 4.16 which we state without proof.

Lemma 4.18. For k > 2, define the function let Bo, be defined as in (4.9). Then we have By (r,c) > 0 for all
r € [re, 00). As a consequence,

70rr Qoo + (14 2k)0, Qo0 < 0 (4.144)
on [re, 00). Moreover By (7., ¢) = 0 and there holds the bound (4.14).

From (4.144) and arguing as in the previous section, we infer that

<k+n&Qmua@ﬁﬁl/rm@»ﬂ¥ds

(k= 1)Qoo(r,c) +70,Qoo(r, ) = Boo(r,c) > — (u(r) — )2 . g2k+1

which implies the lower bound in (4.12). The upper bound follows similarly, while the lower bound for B, in (4.14)
is similar to that of B.
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S The inhomogeneous Rayleigh problem for & > 2

Recall from (2.31), (2.32), and (2.33) how the reduction of order technique is used to derive two linearly independent
homogeneous solutions (each satisfying one of the boundary conditions) Hy, H., and their Wronksian M, and hence
the Green’s function for (2.8). In this section we will lay out a few technical results regarding M, Hy, H.., and of
course by extension, G. The properties of P (equivalently ()y and (J,) deduced in §4 are crucial.

Lemma 5.1 (Complex integral expansion). For e > 0 and c + ic = z € 1,,, define the following quantities,

1 1
50:5) = 139 (par) 1o

N R R

a,b(z) 7/@ (U(’I") —6)2 +52E( ) )d (Slb)

N eu'(r)

a’b(z) = /a WE(r,z)dr. (5.1¢)

Then, we have, for z = ¢ + ig,

" 1 1 e . e
Hy(r,2z) = —¢(8,z)/0 (5.2) ds = P2 —o(r, 2) ( 0r(2) £ ZEOJ.(Z)) (5.2a)
Hoo(r,2) = 6(s, 2) / mds _ m T g(r,2) (R so(2) £ B2 (7)) - (5.2b)

Similarly, there holds

> 1 1> . 13
M(z) = /0 st = R oo (2) TIEG o (2)-

Proof of Lemma 5.1. The lemma follows by integration by parts in the complex integral:

bou(r)(u—2)
+ /a i) — o2 1 82E(r7 z)dr.

b

b9 b 1 1
/a ¢<m>2d’"‘/a (0 2222 = ) — e ()P 2)

Note that boundary terms vanish when @ = 0 or b = oo by the asymptotic behavior of P (Theorem 4.3). O

a

Denote the formal limits of the above quantities:

Eor(c) :==mE(re,c)ly <r, E, (c) :=7E(rc,¢)ly 5y,

! !

"u < u
Ry (c) == p.v. E(s,c)ds, R, »(c) == p.v. E(s,c)ds.
(@ = po [ Bs0ds Rew(e)i=pa. [ B(s0ds
Here we are defining (and in the remainder of the paper as well)
oo i I
p.v./ u(s) g(s,c)ds := lim u(s) g(s,c)ds. (5.3)
o u(s)—c &0 Jju(s)—c|>er u(8) — ¢

For r < r¢, by (2.1) (recall the definition of By from Lemma 4.16)

B(r, ) = B(r)Qo(r, ) + 2@ (1+k)Qo(r,2) — rd-Qo(r, 2)) _ B(r)Qo(r, 2z) + 2@30(7‘, 2) (5.4)
| PR, 2) e W@ AT ¢

whereas for > 7, there holds (recall Lemma 4.18)

_ BQuo(r2) = 2% (k= DQuo(r2) +70: Qo (1, 2)) _ BQuo(r2) =24 Boo(r2)
(W (N)PQ%(r2) (r/re) (W (N)PQ% (r2) (r/re)

Recall from Lemma 4.18 B, > 0 and that B, (r., ¢) = 0, and hence E(r,¢) < 0 for r > r.. However, from Lemma
4.16 By > 0 and By(r¢, ¢), and hence FE is not sign definite for » < r.. Finally, we note that there holds

B(re)
(u'(re))?

(5.5)

E(r,2)

E(re,c) =
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5.1 Estimates on the Wronksian

First, we must deduce lower bounds on the Wronskian M (¢ & ic). Moreover, the gain as 7. — 0 obtained in this
lemma is crucial for deducing vorticity depletion. This proof requires a delicate use of the monotonicity properties
deduced on @y and ) in §4. In particular, the lack of sign-definiteness of E(r, ¢) on each side of the critical layer
presents a complication for ruling out cancellations in the singular integrals which define M (z).

Lemma 5.2 (Wronskian lower bounds). For all z € I, with z = ¢ & ic with ¢ sufficiently small (depending only on o
and k), there holds the following lower bound,

|M(c =+ ie)| 2q kmax(r; 3, r2), (5.6)

c e

and if we write M (c+10) = Ry o (c) £ iEy,00(c), then the following uniform convergence holds for some sufficiently
small np > 0
|M(c £ ig) — M(c+i0)| < " max(r, >, r2).

i e

Proof of Lemma 5.2. For € > 0 we have,
M (c+ie)]* = | R oo (c +ie)|” + | Ef oo (c £ i) | F 2Im E§ o Ro oo (¢ + ic). (5.7)

We first study £ oo (1, 2) for z = ¢ £ ie. First, for all € sufficiently small and all sufficiently small > 0, we prove

EE (2 __7“6(”) T max(rd. =3
o,oo( ) W (r))? +O(5 max(ry, 7, )) (5.8)
Indeed, write
E§ = —EU/(S) FE(s,c)ds + —su’(s) F(s,z) — E(s,c))ds
0700(’2) /0 ( (S) 0)2 c2 ( ’ )d /0 (U(S) 6)2 82( ( ’ ) ( ’ ))d . (59)

Further decompose:

T ) gl [T ) T
/0 (’LL(S)—C)2 E( ’ )d /O (U(S)—C)2—|—g2 (XC+X7§)E( ) )d E0700+E0,oo .

Further expand:

e;0c 5(7‘6) o EU‘/(S) s = EU/(S) B(TC) _ S.C S
Eyoo = (W (re))3 /0 (u(s) —c)? + €2 Xed Jr/o (u(s) —c)? + &2 Xo ((u’(rc))fi E(s, )> ds.

By Theorem 4.3 (and (5.4), (5.5), and Lemma A.1),

Blre) o |r =l 2 L4
- F S Xk ————= =~ xk7|r — — 5.10
Xc (U/(Tc))?’ (S,C) ~ Xe 2 \u’(r)|2 Xe ‘T Tc|maX(r§,7’c) ( )
and hence by (A.5), for all n > 0 sufficiently small,
;0c B(Tc) _
E(ELOS = (u’(rc))3 +O(e" max(rc 377“;?)).
Whereas, away from the critical layer there holds by (A.1),
) 1 00 |u/(5>| 1 ) 52k71 7,2k+1
‘Eg’gf‘ <cek max(ﬁ, Tf) /o 7\u — ] X4 rnax(s—37 55) min fkil , 7837‘”‘1 ds (5.11D)
1
<cek max(ﬁ,rg) max(r, 3, r2), (5.12)

(&
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which goes into the error by the definition of I, (2.18). This completes the first term in (5.9). To control the latter
term, we first decompose

T edls) g »
/0 (u(s) —¢)? +z—:2( (5,2) — B(s,c)) ds (5.13)
e Eu ( ) 5 1
/0 (u(s) — )2 + 2 (W(s))3 (P2 (s,z) P2(s, c)>d5 (5.14)
R O N 4 0V - O N N 0 S (O N A P
+/o (u(s) —¢)? + €2 ((E( -2) (u’(S))3P2(s,Z)) (E( ') (u/(s))3P2(s,c))> ds  G.15)
= Egig + Egié (5.16)

Then, by Theorem 4.3, for all z € I, and all sufficiently small 7 > 0 (using the same argument as (5.12))

00 ' 2k—1 2k+1
;10 € [u'(s)] I3 . S r 3 ,-3
B2 5 [ oy ot e min (S i) 0 S man(r)

The vanishing of Egii follows in a similar manner (due to the lack of convergence of (5.10) as ¢ — 0, we use a trick
to combine convergence and uniform Holder regularity from (5.10); see e.g. the proofs of Lemmas A.4 or A.4 for
details). This completes the proof of (5.8), which gives us a lower bound on |E§OO(Z)| as well as an upper bound on
its contribution to the error in (5.7).

Itis clear from (5.8) that we will need to make a detailed analysis on R ~(2) to obtain (5.6). Indeed, 3(r.)(u/(r.)) ™3
potentially goes to zero very rapidly as 7. — oo unless we impose stringent lower bounds on 5 as . — 0 (note we
wish to include the case 5(r) ~ e~"). Moreover, we would like to gain the power of k as well.

As above, we divide R(E),oo based on the decompositions of ano in (5.4) and (5.5):

[T (= B(s)
Bosleie) = [ e T

< (u—cp ‘ B(s)
+/0 w—oP 22 (E(S’Ci“> - (u’(s))?’PQ(s,ciie)) ds
= R} (c +ie) + Ry (c £ ie). (5.17)

Denote the formal limit of the first term as

oo !
Ré%go(c) :p.v./ 4 - Bls) ds.
0

Sub-divide via the critical layer:

(1) +je) = >~ (u — C)ul B(S) _ (1 c) (1,#).
RO,oo(C 7’5) /0 (u . C)Q 4 &_2 (Xc + X;ﬁ) (’U/(S))SPQ(& -+ iE) dS R + RO o 1

with analogous definitions also for the ¢ = 0 limit. For R( ’7&) it is straightforward to verify the following from
Theorem 4.3, (A.3), Lemma A.4, and 3(r) < (r)~° from Lemma 2.1, for all z € I, an all n > 0 sufficiently small
(note that the integration gains k~1)

‘R(l 2 Ciis)‘ < max(r;?, r7) (5.18a)
‘Rffgf Nctie) — RS )(C)‘ < e"max(r;?,r3). (5.18b)

Similarly, Theorem 4.3 and Lemma A.4 imply that for n sufficiently small there holds:

‘R(l ) (c+ w)’ < max(r22,r3) (5.19a)
‘R(l eie) - R (e)| S e max(ry?,r3). (5.19b)
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Next, we consider the convergence and uniform estimates of the second term in (5.17), which we write as (in particular,
note that since By and B, are Lipschitz continuous and vanish at the critical layer by Theorem 4.3),

R (c+ic) = /O (u(ﬁ C)?j’g <2 o (Sl)g)Oz(jjji)(S’z)) ds / Oo (u(ﬁ @91/52 (2 (u,(gi‘;ﬁi;ifs,ZQ ds.

First, by following the same argument as that applied to R (c =+ ie) we deduce the analogous properties

‘Ré?io(c + i&‘)’ < kmax(rg?,r2) (5.20a)
‘R(” +ie) — R (0)| < e max(r;?,77), (5.20b)

Next, we establish the lower bound on R((fio. From Theorem 4.2 we make the crucial observation that R((fio(c) is
strictly negative. Further, the quantitative lower bounds on By and B, near the critical layer will allow us to deduce
lower bounds. Using the negative definite signs and Theorem 4.2 (and Lemma 2.1):

R(2) ( ) < k2 /TC u’ 1 54k72( )d < _p2 /TC 1 S4k73d —kma ( -3 5)
c re—8)ds S — TNy =1 max(r. ,Tr
0o S ssgyre w— ¢ (u/(s))2s k=1 C ~ (1—s0)r. (W(8))2 rgk=1 e
and hence by (5.20), we have for all € > 0 sufficiently small,
R(2) () = —kmax(r_ 3,rf) (5.21a)
‘R@) ¢ +ie) ’ ~ kmax(r_ 3,7"?) (5.21b)

Putting together (5.21), (5.18), (5.19), and (5.8), for all small » > 0 we have,

|2Im E§ , Ro,c (¢ + ig)| S €” max(r;?,r])>.

Next, we use (5.7) to deduce (5.6). For r. = 1, (5.8) is not useful, however, (5.21) together with (5.18) and (5.19)
imply (5.6) for r. > R for R large enough depending only on u and universal constants. For r. < R, (5.21) together
with (5.18) and (5.19) imply (5.6) for & > kg for some k( depending only on u and universal constants. Whereas, for
r. < Rand k < kg, the lower bound (5.6) follows from (5.8). O

Lemma 5.3. Fore < 1andall z € I, there holds the following

|re0r. M(2)| < K3 max(r*3 7"5)

C »i e/

and we have that for all z € 1, and n > 0O sufficiently small,

|70, M (c +ig) — 1.0, M(c +1i0)| < "k max(r; 3, r2),

C ’ C
Proof of Lemma 5.3. By integration by parts

1 [ A (s) 1 <1 <1 xz
U’(Tc)aTCM(Z)/o (u—zpC /PQd”u«rC)/o o +/o (a2 P20

From Theorem 4.3, we see that .0, P essentially satisfies the same upper bounds as P (up to powers of k), and hence
the terms containing x« can be estimated directly using (A.1) and Lemma 2.1. Consider for example, the latter term

(estimating as in (A.1)):
00 1 X o0 (sl 2kl
/O 7(111 _ 2)3 P2 dS ~ /0 X;ﬁ min r2k71 ) 82k+1

(KR :
X <17.C§1 (1752 min (7‘67 7‘6) + 17.22> + 17'021 (1r§1/2 + 1r21/2 min (kgrg’, k‘g’l“ﬁ))) ds

< kK2 max(r;5,r7), (5.22)

c
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which is consistent with the desired estimate (the additional power of k is lost in the term involving 0, P; see Theorem
4.3). Turn next to the term involving x.. Here, we integrate by parts again as in Lemma 5.1:

> u/ Xc e Ul 1 Xe
[ wtaptermtr= [ it (eg) o (523)

Note,

u/

’U/

18 ( Xe ): 1 <8GXC u e )_ 1 ( &) OcP Xc0r0g P XcOr POg P

— - — —2 6 . 5.24
o G P2 wP?  (u)3P? u/) P3 ' P3 + u P4 ( )

Obtaining estimates on the contributions of the first two terms in (5.23) is essentially the same as the estimates made
in Lemma 5.2. Hence, this is omitted for the sake of brevity. Next, consider the contribution of the term containing
0, 0q P. For this, from (4.24) we have,

[ee] 1 Oy P [ee] . 2
|[reu (re)| / Xc0 (ZG dr| < k3/ 5 X dr < i .
0o u—2z P o 12 u(re)l [rew’(re)|

For the term in (5.24) involving 0, we similarly use (4.21).
Next, consider the problem of convergence as ¢ — 0. We define the expected limit as:

1 . 1 Xe ) 1 1
W&CM(C:I: i0) = p.v./o - Cgar (8Gu’P2) dr Fim <u’8T <8Gu/P2>) (re,c)

LY S TPy L O
) Jo ( ) Jo

! (re u—c)2 °P? ! (re u—c)3 P?

Convergence of the terms involving Jg follows from Lemma A.4 and Theorem 4.3. Convergence away from the
diagonal follows from Theorem 4.3 along with

1 1
(u—cFie)?2 (u—-c)?

F2ie(u — c) & &2
(u—cFie)?(u—c)?

_ X
X = X2 < emax(r 2 7"2) a 55
lu— ¢

(& rh e

and the the analogous

X#
lu — ¢

< 5max(r;2, 1"3)

(u—cFie)® (u—rc)?

X# 3"

From there, the estimate follows as in (5.22) and the assumption that z € I,,. O

5.2 Estimates on H, and H,

Next, we outline the basic estimates available on Hy and H.; see Appendix D for proof sketches, as most are minor
refinements of ideas appearing in the proofs of Lemmas 5.2 and 5.3.

Lemma 5.4 (Estimates on Hy and H..). Let z = ¢+ ic € 1.

(a) (explicit expansions near the critical layer) In the region |r — r.| < r./k, there holds:

1
HQ(T, ct 26) = m — ¢(T, ct ZE) (R071,-(C + 26) F ’L.E(E)J.(C + ZE)) (5253)
Hoo(r,c+ie) = ! + ¢(r,c tie) (Ryoo(c £ie) FiE;  (c Li€)), (5.25b)

u'(r)P(r, c £ ic)
and we record the following estimates: in the region |r — r.| < r./k, we write

1 1 ( —1 3)
~ ~ —max(r. L r
w(r)P(r,ctie)  u/(re) ¢ e
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and

. < . . e . r—"Tc r—"Tc
|p(r, ¢ % ic) (R, (c +ie) TiEf . (c +ig)) |S1.< |7472| <k + |logk ‘c ) (5.26a)
T 1L - re (k + [logk | =— > . (5.26b)
. . . . r—"Tc r—"Tc
|\p(r, c £ie) (R o (cie) FiE; (cEie))| S 1Tc§1|7ﬂ72| (kz + |log k ’C ) (5.26¢)
L1, (k + [logk | ——L< ) . (5.26d)
Te Te
In particular, for |r —r.| < r./k,
|Ho(r,c +ig)| + |Ho(r, c +ie)| < max(r; !, rd). (5.27)
(b) (bounds away from the critical layer) In the region |r — r.| > r./k, there holds
Ph+1/2 pht2+1/2 rh+1/2
|Ho(r,c £ ie)| < 1r.<1 <1r<rc 132 + 1Tc<r<1km r>1kk+3+1/2)
Fh+1/2 Tk+5/2 rh+1/2
+ 151 <1r<1rk_1/2 + 11<r<7~crk_71/2 + 1r>r6kk_5/2) (5.28a)

o k=312 k172 k172
|H00(T>C:t25)| ~ ]-TcSl 1T<Trkm + ]-rp<7“<1 Fh+3/2 + 151 Fh—1/2

k+5—1/2 h5—1/2 k+5/2
) (5.28b)

+ 151 ( r<1kk71/2 + 11§7“<er:“]€+73/2 + 1rc<rm

(c) (convergence) Furthermore, if we define

i0) = 71 —o(r,c c) £imE(r
Ho(r,c£10) = W (M P(r, ) ¢(r,¢) (Ror(c) £inE(re)l,.<r)
Hoo(r,e£i0) = —— 4 6(r, ) (Ryoo(c) £ inE(re) 1,5, |

u'(r)P(r,c)

then we have that Hy(r, c+40) and H (7, c110) satisfy the same pointwise estimates as the € > 0 counterparts
and there exists anm > 0 such that for z € 1,,, the difference =" (Hy(r, ¢ & ie) — Ho(r, ¢ £ 10)) satisfies (5.27)
and (5.28a) (and analogously for H..).

The next lemma details analogous properties on the derivatives of Hy and H
Lemma 5.5. Let z =c+ic € 1,.
(a) (explicit expansions near critical layer) for O, derivatives there holds for |r — r.| < r./k:

1

H, +7e) = | —
rO-Ho(r, c + i) = r0, (u’P(r,c:I:iE)

) —10r¢ (R§,.(2) TiEg,) — ru'(r)PE(r, ¢ + ig), (5.30a)

r0pHoo (1, ¢ £ i€) = 10, ( ) +70r¢ (R o (2) FiE; ) —ru' (r)PE(r,c £ ie);  (5.30b)

u'P(r,ctig)

for O¢ derivatives there holds (for |r — r.| < r./2k):

Ho(r,2) = 96 (2)) ~(u—2) (06P) (RS, (=) FiES,)

f¢>/ ) o (xeB) ds
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+ ¢/OTX¢M(SW(TC)E(S>Z)— w(s) Oy, (x2E(s,2))ds. (5.31a)

uw'(re) (u—2)? (u—2)

Heo(r.2) = 06 (P(li)) + (= 2) (06P) (R (2) FiF5 )

+¢/

aG Xc )d

;) B(s,2) — (Zlfsi) Oy, (x2E(s,2))ds. (5.31b)

Furthermore, for |r —r.| < r. / k, there holds the estimates:

(|rOrHoo (r, 2)| + |8y Ho(r, 2)|) Loy <o e S max(r; ', 1) (kz + ’log klr =rel ) (5.32a)
max(r; 1 r3
(196 Hoo (r, 2)] + 106 Ho (1, 2)]) Ly—r. <oy < kw (5.32b)
17 3 k — 7.
(170106 Hoo (1, 2)| + 110006 Ho(r, 2]) Ly <y S b ixle 2 Te) (k + flog Elr = 7el ) . (532
rew(re)| Te

(b) (derivative bounds away from critical layer) For |r —r.| > r./k, we have that |r —r.| > r./k, k= 'rd,Ho,
k=3r.0, Ho, k~rd,1.0,, Hy satisfy the estimate (5.28a) whereas k=10, Hy, k~31.0,, Hoo, and k410,70, Huo
satisfy the estimate (5.28b).

(¢) (convergence) For somen > 0, for z € I, we have the following convergence: ¢ =" (Hyo (1, ¢ £ i€) — Hoo(r, ¢ £ i0))
and e (Ho(r, ¢ & ie) — Ho(r, ¢ £ 40)) satisfy (5.32) and the assertions in part (b) for € sufficiently small.

6 Representation formulas and estimates on (r9,)’ fi, and (r9,) f5

6.1 Recursion relations for derivatives of f; and f,

Next, our goal is to derive formulas for the derivatives of f; and f5. As discussed in §2.3.4, the first step is the iteration
scheme outlined in Lemma 2.7.

Lemma 6.1 (Iteration lemma for GéX and aéY). Set

50 :0, F():F(T)7 R():F*(T‘), RS =0. (61)
For j > 0 if we define
QUH X 6/ .
Ff, =0gF; - B - BOGY™) — ogY™
2u u 4 ru"\ 9LYE 1 ;
+ 2 G +
Rj+1 - aGRJ ( ) R + 2 <4 k > < ’r(u/)Q > 2 + arr <’U,l> 8T8JGY
o0 ) o
Eir1=0cE; — ﬁ(gj — BOLX) — %%:X

. 22U 1 o+ ru” 8J 1 ;

then (2.35) holds for all j.

Proof of Lemma 6.1. Recall that 9 commutes with functions of u — c¢. Hence, the lemma follows from the following
relation:

B 1 2u” 1 o\ [u +ru"\ Z B 2u'pB Z

O
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Lemma 6.2. For coefficients €; ¢, hj 0, ;0. D0, and v, we have

J+1
Rjp1 =Y ejp1006F + Z Gi+1.00,06Y ™ +pji1,006Y ™

£=0 £=0

J
T = D 44100, 06X T 4 i 06X

(6.3a)

(6.3b)

(6.3¢c)

(6.3d)

£=0
Jj+1
;+1 = Zhj'i'l ZaGF+Z7‘J+1 éaG )
£=0 £=0
J
¢
Eiv1 =Y 1i11006X,
£=0
where the coefficients are given by the following recursion formulas: for £ < j (with the convention that e; 1 =
hj,—1 =0),
€j+1,4+1 =1
2u”
€; =—0rejr+e -1 — —5€;
Jj+1,8 s 7, J€—1 (u/)g 7,
hjraa(r) =1
2u//
hj+1,£( r) = ahﬂ"‘hﬂ 1= (W )zhﬂv

and for £ < j — 1, (with the convention that p;, _1 = q;,—1,7j,—1 = 0),

1 S\ (v +ru\ 1
Pj+1,j = Pjj—1+2 (4 —k ) (,W e}

1 2u’
Dit1e = Earpj,é +pje—1— ij,e

1
Gj+15 = Gjj—1 + arr;
u//

1
qdj+1,6 = arqu+QJZ 1 — ( )QQJZ

2u// /8/
rit1(r) =rjj-1+ 7(@6’)2& -
1 2u"
Tj1,e(r) = SO0+ -1 = i

Finally, the above coefficients satisfy the following estimates: for ¢ < j+ 1 and n > 0,
|(rOy)" e j1,0(r)] Sy max(r—2,r2)
|(r0y) " hj1,0(r)| Sy max(r=2, 72+,

and for { < jandn > 0,

|(r0,)" qj1,e(r)| Sp max(r™?, ) max(r—2,72)7~*

|(r0;) " jr1,e(r)| S k® max(r=*, 1) max(r—2,72)7~¢

1 _ .
|(r0)"Tj41,0(r)| Sn Wmax(r 277“2)] ‘.

Proof of Lemma 6.2. Note

1 1 1
0 (q(r)0,.2) = (u,arq> OrZ + q(r)0c0.Z = (warq —q(r)0, <u’)> 0rZ + q(r)0,0cZ.

The rest follows from Lemma 2.1.
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6.2 Integral operators appearing in the derivatives of X and Y

Define the following operators which appear in the expression for 8&Yi,

Z?g[ = :I:/ G(r,s cizs)ﬂ%g( c)ds (6.4a)
ZE5 9] / G(r,s, cizs)( (u— e 1629( c)ds (6.4b)
ZE 9] / G(r,s,ctic)g(s,c)ds. (6.4c)
In an abuse of notation below, we use the definition
ZEe, owZiEE [g] / G(r,s,c +ic)w(s)ds ZE5[g)(s)ds. (6.5)

A more complicated set of operators arises in the formula for X and its derivatives (using a similar abuse of notation):

L > (1) 2ie
Zxsl9l ~*/0 BX&;E(T’S7C)mg(s)dS

Zislg] = / ( / (M()B&’( 807c>B§?>s;5<80,s,c>dso) S ) BN

u—c)? + g2 (u—c)? + &2

Zild = [ ( / (””B&é< >B§?%,~;E<so,s,c>dso) g(s)ds

u—c)? +e2
€ +e > > 2i€5(80) (1) (2) +e
ZXT‘G o U}Zya[g} = mBXTG 6(7’ S0, )BXTG;s(S()’ S, C)dSO w(S)asZYa[g](S)dS. (663)
0 0 -
where the kernels are defined via:

ng;s(’r? S, C) = Q(r, s, c+ iE)

+ /0 mg(r, s0,¢+1€)G(s0, s, c — ic)dsg, (6.7a)
BQZG;E = BE(%;E = Bgfl)s;g(r, 80,¢) = G(r, 89, ¢ + i€) (6.7b)

ngv)"G;E = Bg?é‘;e = Bg?,)s‘;g(soa S, C) = g(SOa §,C— 25) (670)
The next lemma verifies the relevance of the above operators.

Lemma 6.3 (Representation formulas). Let ¢ > 0 and c £ ic € I,. There holds,

YE(r,e+ie) = (Z55 + Z5£5) [F) + ZE5 (R, (6.8a)
X(r,ee) = (Zxs + Zxs) [Fl + Zx [ Fy], (6.8b)

and for j > 0 (assuming the integrands are integrable),

J j—1 j—1
OLY* = (Zy5 + 255) [F) + 255 | ) ejud6Fe + ) _piedeY ™| - 256 [Z 4,00, 06Y 6.9)
£=0 £=0 =
_ j—1 j—1
0GX = (Zxs + Zxs) [F; 1+ Zkc Z ¢j00GF. + ij W0GY | = Zke Z 45,00,06Y
£=0 =0 £=0
Jj—1 J
(255 + Z55) (€] + 288 | D pinde X | = 285 D qjﬂ,zaragxl . (6.10)
=0 £=0

52



Proof of Lemma 6.3. First, observe

2 (popy)= 2 (FﬂRAYZl [ a D -7 L AT

(u—c)? + 2 (u—c)? + 2 u—c+ie u—c)2+e2" Y
and by definition
2ief3 _
This completes the proof of (6.8); the cases 5 > 0 follow similarly. O

6.3 Iterated integral operators

6.3.1 Recursion scheme for integral operators

In this section, we will analyze the recursion algorithm derived above. By Lemma 6.2, the F}; and &; terms appearing
on the RHS of Lemma 6.3 can also be expanded only in terms of X, and Y, with ¢ < j.

We will write all possible operators appearing in the iteration scheme as variations of the original operators with
kernels derived from a recursive algorithm. The operators appearing in this algorithm are of the following form:

O [wK](r, s0, ¢ / K(s, s0,¢ (u ; ci Sw(s)G(r.s,c + ie)ds (6.11a)
(2) _ (u -0 :

Og..[wK](s0,7,¢) = ; K(so7 s, c)mw(s)g(r, s, ¢ —ie)ds (6.11b)
) ;

Oés[wK T, 80, C / K(s,s0,c ) +€2w(s)g(r,s,c+zs)ds (6.11¢)

o? [wK](so,7,¢) = K(so s C)Lw(s)g(r s, ¢ —ig)ds (6.11d)
die » o 7 ( _ C)z + g2 ’

Og)s[wK (r, s0,c / K (s, so,c)w(s)G(r, s, c+ ic)ds (6.11e)

Og;)s[wK}(so,r c) = K(so,s cw(s)G(r,s,c —ie)ds (6.11)

Ogls)[wK (r, 80, / K (s, s0,0)w(s)0sG(r, s,c+ic)ds (6.11g)

(996) [wK](sg,7,¢) = / K(s0, s, c)w(s)0sG(r, s, c — ic)ds. (6.11h)

0

Lemma 6.4. Let a € {S,G,rG}. For each set of weights {w;} and ordering of operators b; € {S,9,G,rG} there

exists kernels B( )Xa o Bg()s Ybe such that (recall abuse of notations (6.5), (6.6a))

ZxaowiZyp, 0 wiZyslgl(r,re,€) =
[T 2ied(s0) Lo (2) (u—c)
/0 (/0 mems(ﬂ $0,¢)Bxa, ...y 5:(50, 8, ¢)dso (u—c)? + &2 g(s)ds

Zyp, 0 W12y, OWILXa O Wit1 Ly b,y © Wy Ly slg|(r,7e,€) =

> 24’ (s0) 1 2 (u—c)
/0 (/O m3§/31 ..... Yby,Xae(Ts 505 € )Bg(z)z,YbJ_H ..... vy ;e (50, 8, ¢)dso mg(s)ds.

moreover if the last Y S operator is replaced by the allowable alternatives, the expression changes via:

(u—c)
YSn—>YG:7(u_C)2+52 — 1

(u—c) 2ie

YS—Yé= —
(u—c)2+e2  (u—c)?+¢e?’

(notice that the final operator cannot be Y rG; see Lemma 6.1). The operators are obtained by the following recursion
formulas:
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1. To define B® we use the recursion scheme:

() _n® (2)
BXa}Yb17...,YbJ71,YbJ;E(SO’ T, C) - Ob‘,,l;a[wJBXa}th,,,,YbJ,l;a](507 T, C)a
and if J = 1 then X a plays the role of by _1.
2. To define BY) we use the recursion scheme

1 1 1
Bg/gl’Ywaan%E(T’ S0, C) = 01(21;)5 [wlB)(/gz7...,Xa;6](T7 50, C)'

Lemma 6.5. For a = 6, for each set of weights {w;}, and choice of operators b; € {5, 6, G,rG} there exists kernels
(depending on the weights) such that

Zyp, 0 0owsZyp, , owsZxs(g]

_ i 21e B(l) d
- 0 (u o C)Q + e2 Ybl,...,YbJ,Xa;s(r7 S, C)g(s) S
Zyp, 0 0wglyp,  OWiLxq OWit14yp,,, O Wit12ys[9]

o > 2i€5(80) 1 2 (u — C)
:/0 </0 (73%1,..,1/1”,)((1;5(7"’ 307C)Bg(()l,YbJH,..,Ybl,/;e(so’S’C)dso (79(3)0137

u—c)? 4 &2 U—c)2+e2

where the last operator is changed for YS — Y G, Y § then as above

(u—c)
YS—YG= ——+———+—1
s ¢ (u—c)? + &2

(u—c) 2ie

Y Y6 .
S :>(u—c)2+62’_>(u—c)2—|—62

The kernels are constructed via the following recursion.
1. To construct the B! kernels we use the iteration scheme
Bi(/lgl,sz,...,Xs;s(Ta 50,¢) = Ol()i;)s [wlBgzzg,...,Xs;s](ﬁ 50, €).
2. The first steps of B are given by:
Bg?();’yms = G(so,r,c — ig),
and to construct further kernels B we use the recursion scheme

2 2
Bg(%,yt;l,...,YbJ,l,YbJ;s(SOv s,¢) = Ob,}—lQE[w']Bg(()S,Ybl,...,YbJ,l](SO’T’ c).

Lemma 6.6. For each set of weights {w;} and choice of operators b; € {S, 0, G,rG} there exist kernels Bx g yu,,... vb,:e
(depending on the weights) such that

> (u—c)
w1 Zyp, 0 owyZys(g] = / By, vbs,..., s (T 8, C)( (s)ds,
0

u—c)2+52‘q

with the requisite change for YS — Y G, Y § as above (as usual, the final operator cannot be Y rG). To construct the
kernels we use the following scheme as above:

1. All of the basic kernels are given by
Bya.e = G(r,s,c —ig).
2. Further kernels are constructed via

_ »n(2)
By, 1, vbye(s0:7,¢) = Oy [wyBye,,.. vb, 1)
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6.3.2 Estimates on iterated integral kernels

The next step is to use induction to deduce the requisite estimates on the B kernels appearing in Lemmas 6.4 — 6.6. In
order to effectively pass to the limit ¢ — 0 in (2.28), we need to prove that the kernels satisfy a variety of regularity
properties. Moreover, in order to close the induction argument, a variety of additional regularity properties are required
as well. These properties are outlined in Definitions 6.7 and 6.8 below.

Recall the bounding functions defined in (2.39). Further, define the following variants of the J¢ derivatives suitable
for functions of three variables:

a1 1
dg =0y = ) o, + -~ (rc)a“ (6.12a)
(rs) _ 1 1 1
0" = e Or + = (S)as + - (rc)a“' (6.12b)

Definition 6.7 (Suitable (J, ¢,~y) kernel of type I). We say K°(r, s, c) is a Suitable(J, {,~) kernel of type I if the
following properties hold for ¢ & ie € I, with all constants independent of ¢:

(a) uniform boundedness and regularity away from the critical layer:

|Ke(r,s,0)] < |u'(s)| K(r, s,¢)B(r,s)Le(r,s) (6.13a)
[ro-K=(r,s,¢)| <
klr—r.
[u'(s)| K(r, s, c)B(r,s)L.y(r,s) (k + 1) —roj<ro/k | 108 klr = re| > ) (6.13b)
|TCaTcKE(r7 S, C)' 1|s—rc|>rc/k’ S
k — e
K ‘ul(s)| K(Ta S, C)B(Ta S)‘CJ,Z(T7 S) (k + 1\rfrc\<rg/k log y ) ) (6.13¢)
C
(b) regularity near the critical layer:

‘ag)KE(Ta S, C)‘ 1|57Tc\<rc/k1\r7rc\2rc/k 5
mk [u'(s)| K(r, s, c)B(r,s)L.y(r,s,c) (6.14a)

lag)Ke(ra S, C) 1|r7rc|<rc/k1|sfrc\2rc/k S
mk |u'(s)| K(r, s,¢)B(r,s)Lje(r,s,c) (6.14b)

c C
‘T@rag)Ka(r, S, C) 1|T_Tc|<7’c/k1|s_rc‘2rc/k S/
1 klr—r.

TR |u'(s)| K(r, s,¢)B(r,s)Lje(r,s,c) (kz2 +k ’log M > , (6.14¢)

‘88’8)[(6(74; S, C) 1|r7rc|<rc/k1|sfrc\<rc/k 5
mk |u'(s)| K(r, s,c)B(r,s)Lje(r,s,c) (6.14d)

’Tarag7S)K6(ra S, C) 1|r—7'c|<rc/k1|s—rc\<7'c/k 5

1 , 9 Elr—rel [
o ()] |u' ()| K(r, s,¢)B(r,s)Lye(r, s, c) (k + k |log - ; (6.14e)
(c) Holder regularity in s near the critical layer: for |s — r.| < r./k there holds:
|K*®(r,s,¢) = Ke(r,re,0)] <
/ k ‘3 — 7| 7

[/ (s)| K(r,s,c)B(r,s)Lye(r,s,c) — (6.152)
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067 (2 (r,5,) = K¥(ryes ) [ Uy

_ ol
mk [/ (s)| K(r, 5,¢)B(r, ) Le(r, 5, ) <k|87“ch|>
‘6&”) (K=(r,s,c) — K°(r, rcac))‘ Lr—rel<re/k S
_ vy
mk /()| K(r, 5, ¢)B(r, )L ye(r, 5, ) (W)

|’I“(9T (KE(Tv S, C) - KE(T7 Te, C))| 1‘7‘77‘(:‘27‘(:/]6 5

k2 | (s)| K(r, s,¢)B(r,s)Lye(r, s,c) (k|s—r6|)

Tec
|T68Tc (KE(T’&C) - Ke(rv Tcac))| 1\r7rc\2rc/k 5

Tc

k2 | (s)| K(r, s,¢)B(r,s)Lye(r, s, c) (M) .

(6.15b)
(6.15¢)

(6.15d)

(6.15¢)

(6.15f)

(c) convergence: there exists an 17 > 0 such that =" (KE — KO) satisfies (6.13),s (6.14), and (6.15) for z € I, and

e sufficiently small.

Definition 6.8 (Suitable (.J,¢) kernel of type II). We say K°(r,s,c) is a Suitable (J,¢,~) kernel of type II if the

following properties hold for ¢ & i € I, with all constants independent of e:
(a) uniform boundedness and regularity away from the critical layer:

|K=(r,5,0)] S [u' ()| K(r, 5,¢)B(r,8) L1 e(r, 5, )
|[sOs K(r,s,0)| <

k —lc
k' (s)| K(r, s, c)B(r,s)Lye(r, s, c) (k + 1js—r.|<r./k |lOg M ) ,
(&
|TC8TCKE(T) S, C)' 1\T7rc\>rc/k S
31,/ k |3 B TC|
k |u (8)| K(ﬂ S, C)B(T, S)EJ,K(Ta S, C) k+ 1|sfrc\<7"c/k IOg - ;

(b) regularity near the critical layer:

‘85)[(5(7" S, C)‘ 1\57Tc|<ru/k1|r7rc|2rc/k: ,S
1
rew (1)

‘3g)K5(r,s,c)

k' (s)| K(r,s,c)B(r,s)Le(r, s, c)

Lo <re e jsmro|zre ke S
1

|rew (re)|

k' (s)| K(r, s, e)B(r,s)Le(r, s, c)

‘Sasag)KE(Ta S, C)‘ 1\7‘7rc|<rc/k1|sfrc|2rc/k 5
1
|rew (re)|

’38"8)[(5(7", s, ¢)

[u'(s)| K(r, s,c)B(r, s)Lje(r, s, c) (k2 Sk ’10g ks —r|

).

c

1\r—rc|<r6/k1|s—rc|<rc/k 5
1
rew(re)|

‘sasag’s)KE(r, s, ¢)

k' (s)| K(r, s, c)B(r,s)Le(r, s, c)

1\r—rc|<rc/k1|s—rn|<rc/k 5
1

|rew (re)|

k|s—r

|u'(s)| K(r, s,c)B(r,s)Lje(r,s,c) <k2 + k |log

)

C
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(6.16a)
(6.16b)

(6.16¢)

(6.16d)

(6.17a)
(6.17b)
(6.17¢)
(6.17d)
(6.17¢)
(6.176)
(6.17g)
(6.17h)

(6.171)



(c) Holder regularity in r near critical layer: for |r — .| < r./k there holds:

|K5(r,s,¢) — K*(1¢,8,0)| S

! k |7‘ — Tc| v
[ () K(r, 5, ¢)B(r, ) L e, s,¢) | ———— (6.18a)
‘8&” (Kf(n&c) — KE<7"C,S7C))‘ l\sfrC|2rc/k 5
L / Elr—re\”
mk [u' ()| K(r, s,¢)B(r, s) L1 e(r, 5, ¢) (rc (6.18b)

0 (K=, ,€) = K (e 5,€)| Lo rujaresn S

1
reu/(re)]
|Sa$ (Ks(’/‘,s,c) - KE(’/’C,S,C)” l\sfrU|Zrc/k ,S

Y
k' (s)| K(r, s, ¢)B(r, s)L(r, s, ) (MT_T> (6.18¢)

Tc

20,7 k |T - Tc| K
K= [ (s)| K(r, 5, ¢)B(r, ) Le(r s, 0) | ———— (6.18d)
7O, (K°(1,5,¢) — K*(7¢, 8,0))| Ljs—ro|>ro /b S
3 Elr—re\”
k[ (s)| K(r, 5, ¢)B(r, ) Le(r,s,0) | ———— ] (6.18¢)

(c) convergence: there exists an 7 > 0 such that ™" (KS - KO) satisfies (6.16), (6.17), and (6.18) for z € I, and
¢ sufficiently small (depending only on k).

Remark 6.9. Note that the main differences between Definitions 6.7 and 6.8 is in the regularity requirements.
First, we prove that the Green’s function is the prototypical suitable kernel of both types.

Lemma 6.10. The Green’s function G(r, s, c % i€) is both a suitable (0,0,) kernel of type I and a suitable (0,0, )
kernel of type Il for all v € (0,1).

Proof of Lemma 6.10. Consider just the case statement of Type I; Type II is exactly analogous.
Step 1: Proof of (6.13). First, consider the boundedness estimate (6.13a). From Lemmas 5.2 and 5.4 (and 2.1),

rf 1
k" krd

)

’Wc—%) < max(s—, 5%) min(

sk+1/2 sht2+1/2 sk+1/2
X lrc§115<r <19<n k+3/2 + ]-rc<9<1k' k+2+3/2 +1s>1k k+3+1/2)
Tc

k—3/2 k+1/2 k+1/2
Lo ke 41 fe 4o,
X r<re k 1/2 re<r<l a5 k+3/2 7‘>1Tk_1/2

rk+1/2 rk+2+1/2 rk+1/2
+ 1Tc§117"<s (11ﬂ<rc k+3/2 + 1n<r<1km + 1r>1kk+3+1/2)

k=372 ph+1/2 SRH1/2
C
X <1s<nk k—1/2 + 1 <s<i 537 sk +3/2 + 15>1kl/2>

gh+1/2 Ght5/2 ght1/2
+ 1 >11ecr <15<1k_1/2 + 11<s<rcm + ]-s>rckk_5/2>
Te Te

Pkt 1/2 pht5-1/2 ht5/2
(&
X r<1kW+11§r<rckW+1n<rm

pk+1/2 pR45/2 pRt1/2
T lrs1lesr <1’“<1k—1/2 thicr<re o + 17'>7"ckk—5/2>
Te Te Te
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k+5—1/2 k+5—1/2 k+5/2
B 41 R 1,
X s<1 k 1/2 1<s<r. 5k+3/2 TC<SSk71/2

<1 gh—1/2 sh—1/2 r2 gh—1/2 2
1

Sle< s<r<re o172 + ls<rr<r<17k 172 2 + 15<7’p<1<r7k ia'e

gk+3/2 Gh+3/2 Ght3+1/2
+ 1rc<s<7"<177‘k+3/2 + 1rc<s<1<r77,k_1/2 + 11<s<r7rk_1/2

Ph+1/2 rk+1/2 42 Ph+L/2
+ 17"C§1 ]-7"<a<7"c Sk+1/2 + 17‘<TC<S<1 Sh+1/2 g 2 + 17"<7"C<1<a Sk+1/2 ST,

FE+2+1/2 FE+2+1/2 FE1/2
3
+ 1 <res<1 s + 1 <r<ics 1z S +licres 12°
gk—1/2 gk—1/2 gh=1/2

+ 11 <1s<r<lrk1/2 + Lici<r<r, Ft3/2 + 1S<1<7‘c<7‘7rk71/2 =
gk—1/2 Gh+3+5/2 | gh+1/2+3
+ Lics<r<r, sz T 11<S<7‘C<TWTE + 11<TC<S<TW

k+1/2 k+1/2 k+1/2
+ 1’f'c>1 17"<s<1 k+1/2 + 1r<1<s<rc k+1/23 + 1r<1<rc<s k+1/2 $Te

k2 k412 ph1/2 y
+ Licrcs<r, 7k+1/27“ s% + 11<r<rp<57k+1/2 st + 11<rp<r<57k+1/2

< K(r,s,c)B(r, s),

which is (6.13a). The estimate (6.13b) follows from a similar argument together with Lemma 5.5. To see the r.0,,
control, first note that

. G(r,s,c)\ 1 M Hy(r,c)Hoo(s,¢) r<s
cﬁrc < ) - u/(s) {n(’) M(z ( ( )
)

ul(s) Tz) 0 s>r
1 reOp, Ho(r, ¢)Hoo (8, ¢) + Ho(r, €)1:0r, Hoo (8, C) r<s
uw' (8)M(2) | redr, Ho(s,c)Huo(r, c) + Ho(s, c)reOr, Hoo(r, C) r>s.

Hence, all the lemmas in §5 together imply (6.13c) as in (6.13a).
Step 2: Proof of (6.14). Consider the case |r — .| > r./k and |s — r.| < r./k as in (6.14a). Here we have,

50 (Q(T, s, c)) _ 1 reOr, Ho(r,¢)Hoo (8, ¢) + Ho(r,¢)0cHoo (5, €) r<s
“ ul(s) u,(s) ( ) 8GH0(57 C)Hoo(rv C) + HO(Sv C)TcarcHOO(r’ C) r>s

() S (Ml ()<
(W (s))>M(2) M2(z) Hy(r,¢)Hoo(s,¢) r>s.

By the lemmas in §5, we deduce (6.14a). Note further that from the lemmas in §5, we may deduce a logarithmically
singular upper bound on 59,9 ((v/(s))7*G(r, s,c)). This is important both to verify that the kernel is suitable of
type II but also to prove the Holder regularity (6.15) below. The estimates (6.14b) and (6.14c) are analogous and
omitted for the sake of brevity. Consider the estimates (6.14d) and (6.14e) next. We have

0rs) (g(r, 570)) _ 1 OcHo(r,¢)Hoo(s,¢) + Ho(r,¢)0cHx (s, ¢) r<s
¢ u'(s) u'(s)M(z) | OgHo(s,c)Hoo(r,c) + Ho(s,c)0cHox(r,c) r> s
)
)

(
(
B u(s) reOr, M(z) Hy(r,c)Hoo (s, ) r<s
(( '(s))3 M (z) M(z) ) { ( N (6.19)
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Hence, this satisfies the desired estimates by the lemmas in §5. Similarly, we can obtain s, estimates as well.

Step 3: Proof of (6.15). The inequalities (6.15a) are a consequence of the log-Lipschitz regularity of G in both
variables (from Lemma 5.5); we omit the details as they are straightforward. Finally, we note that the convergence
stated in Definition 6.7 follows from the lemmas in §5. O

Next, we prove that all possible integral operators arising in the iteration scheme are suitable.

Lemma 6.11 (Iterated integral operators O((;{ 2 and C’)(Sj;)a). Let K&V be a Suitable(J, V', ~) kernel of type I and K, @ 4
Suitable(J, V', ~y) kernel of type II. Further, suppose that

1,
2
|w(r)] + |rorw(r)| < max (Tz,r ) oGk
Further, suppose £ + 0 < k — 1/2. Then, for alln > 0 and v’ € (0,7),
. Oél;)s[wKél)] is suitable (J + 1,0 + 0+ 1+ n,v") of type I, (’)((S;IE) [ngl)} is suitable (J,0' + L+ 1+n,v") of
type I;
. (’)g)a[wa)] is suitable (J + 1,0/ + £+ 1+n,v") of type Il and (’)g?g [wa)} is suitable (J,0' + £+ 1+n,7")
kernel of type I1.

Lemma 6.12 (Iterated integral operators Og )). Suppose that K%Y is a suitable (J,0',7) kernel of type I and K is
suitable (J, 0, ~y) kernel of type II. Further, suppose that

¢
1 1
2 2
|w(r)] + |roqw(r)] < k° max <7“2’T ) max(T4 1),

and that £ + 0" < k —3/2. Then, foralln > 0, and v" € (0,7), (’)8;)5 [wKs(l)] is suitable (J +2,0' + L+ 1+n,7") of
type I and O(GQ;) [ng(z)] is suitable (J + 2,0/ + L+ 1+ n,v") of type IL.

g

Lemma 6.13 (Iterated integral operator Oﬁjg)) Suppose that

¢
1
|w(r)] + |ro-w(r)| < max (ﬂ’T2> max(r~%, 1)
and that (40" < k—3/2. Suppose that the kernel KW is a suitable (J, ', ~) kernel of type I and that K is a suitable
(J, ', ) kernel of type II. Then, for all ) > 0 and v € (0,7), (9515) [wKe(l)] is a suitable (J + 1,0/ + 0+ 1+ n,7")
kernel of type I, and 07(?5) [wKE(Q)] is a suitable (J + 1,0 + £ + 14 n,7") kernel of type I1.

We now prove Lemmas 6.11 — 6.13.
Proof of Lemma 6.11. The cases of j = 1 and j = 2 are essentially the same, we will focus on j = 1 here. The

treatment of Qg is similar to, but slightly harder than, the case Oy, so we focus on the former. Define:

K(r, so,¢) ::A (u(_ucyc_i_)ﬁw(s)g(r,s,c—kis)K(s,so,c)ds.
Boundedness Estimate (6.13a). Most of the non-trivial methods involved in the proof of Lemma 6.11 appear in
some form in the proof of (6.13a). Recall (4.3) and split the integral based on proximity to the critical layer:

G(r,s,c+ie) ~ -

K(T7SO’C)/OWW(XC+X¢)w(S) i Kl s s = Kot Ko (6.20)

u—c)?+e?
First consider the problem of estimating K + for r. < 1. In the case of K +, we apply Lemma 6.10 and (A.1),

1 -
K
u’(so) #(T’SO’C)

® u'(s
< 1rc§1/ |u ( )c| X |w(s)| K(r, s, c)B(r, s)K(s, so, c)B(s, 50)Lje (s, 50)ds
0 _

1. <
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oo
<1 i 1,01 + 52771
~ tre<l 0 sl+2e max(sz,rg) s<1 s>1

x K(r, s,c)B(r, s)K(s, so,¢)B(s, 50)Lse (8, 50)ds.

This integral is estimated by a tedious, but straightforward, calculation. Note that the requirement £ + ¢’ < k —1/2is
necessary to ensure the resulting integrands are integrable at zero and infinity. The calculation is summarized via:

1

—K,
’U,I(SQ) 0,¢(Ta 8070)

k—1/2 k—1/2
1 rk+1/2 k 1 0 / 1 r2s, / k
r<so<re<l 12\ p2 () +lso<r<rca rh=172 | 2ra(ere) +lso<re<r<a r2rh=1/2 \ 200+0)+2
0 0 0

<

~

1. <1

2 k—1/2
TeS0 k —20'  20-2 _—20'  2(0+0')—2
+ 1sp<ro<i<r /2 3053 + max(sy <", %o <, Y{log )
s
0
’
) ,rg,,,kJrl/Q k ) r2pkt1/2 7,3+2k72272£ k
+ lo<r<r.<so<t 9 k+1/2 \ p2(0+0)+2 + 1 <r<so<t 5 k+1/2 r2k+4 +r2+2e+2€'
$0%0 $0%0
3/2+k 242k —2(L+'
1 30/ R e (E+6) k
+ TCSSOST§1T3/2+I~: Sg+2k + 32(€+€')+2
0

+

k+3/2 2+42k—2(6+£")
S Te
+ 1rC§50§1§7‘ rk*l/?

20 2004+0")-2 20—-2 _—20'
2k 212061 0) + max(sy >0, P72 220 )(logr>>
0 S0

max(

rht1/2y2 4 < k

/ 2(6+£")—2
+ 1r<r.<1<s0 Y (s0) xS 26 + max(1, 30( +) )(log 50>>
S0

r2él ’

max(rc_%/, 3(2)[) +

c
rit2k

r2pk+1/2 L (T2
r2+2¢

YT 00—
+ 1, <r<i<so i3 (s0) max(r 2¢ ,8(2)6 )+ max(l,sg( +£7) 2)<10g 30))
S0

Pht1/2 , [rFrEe2e
2k

__op! / ¢ e’ _
+ 1r6§1§r§50m<80> < max(r, 2%, s2°) + max(l,sg( 72 (log 30>)
S0

813—1/2 . p2t2k—2¢ o op 2(0+£)—2
+ 1rC§1§soSrm<30> (CS% max(r; 20, s2°) + (log r) max(1, 2+ )) .
0

A key constraint is to not lose powers of 7, ! while still gaining the improvement encoded in K, that is, we specifically
want L to be independent of 7., so when e.g. 7. < r, sg, we still need to get good estimates (which one observes is
indeed the case using that £ + ¢/ < k). After simplification, we therefore have the following estimate for all > 0,

1 -
——— Ko £(r, 50, ¢)

1,
<1 s0)

c

S K(r, 80, ¢)B(r, $0) L 141,040 +140(7, S0), (6.21)

which is the desired estimate. In the case r. > 1, we similarly have (omitting the tedious intermediate steps):

1 -
K
U/(SO) 0,¢(Ta 8070)

]-rc>1

e 1
5 1Tc>1 / (H%lsgl =+ max(rg, 52)52571321)
0 S
x K(r, s,c)B(r, s)K(s, s0,c)B(s, 50) L ye (8, 50)ds
S B(r,50) Lyt 640/ +141(7 S0)- (6.22)

This completes the treatment of the K. .
Consider next the contributions of K. First consider the case that |r — r.| < r./k. Near the critical layer we write

1 - s o) = wlr G(ryre,c) K(re, s0,¢) [ (u—c)u/(s)
u’(so)Kc( »50,) (re) uw'(re) u'(s0) /0 “(u—c)2+e2
© (u—c)u(s) w(s G(r,s,c) K(s,s0,¢)

+/0 Xely— 2 1 22 ( (s)

u—c)? 4 g2 u'(s) u'(so)

—w(re)

g(ra Tcy C) K(TCa 50, C)) ds

W) w(s0)
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= ~cl +K02~

For K, <1, by Definition 6.7, Lemma 6.10, Lemma A.1, Lemma A.3, followed by arguments similar to those to deduce
(6.21) and (6.22) without losing powers of rcﬂ we have the following estimates:

cr'c

S K(r, 50, ¢)B(7, 50) L ge+e41(7, S0)-

’f(cl(r, 80,0)‘ < max(r2 r )Hl(rc)_GK(r, e, €)B(r, 1) K(re, S0, ¢)B(re, $0) Lo (T, So)

Next, turn to K. By the logarithmic regularity in Definition 6.7, we have (using |r. — s| < r./k and Lemma A.1),

_ 1
[K (s, 50,¢) — K(re, s0,0)| S K(re, s0,)B(re, s0) Lo (e, s0) — / re|0sK (e +0(s —1e), S0, ) df
0
1
kO |s — 1
S K(re, s0,¢)B(re, 50) k+ ‘logM ‘d&
kls —re|

5 K(TC; 807 C)B(TC7 SO)EJ,Z/ (Tm SO) ‘S ; TC| <k + log

).

Analogous estimates also hold for G due to Lemma 6.10 (and clearly also w). Therefore, we have (again arguing as in
(6.21) and (6.22) to avoid losing powers of r.),

(&

‘f(cg Smax(rf,rc_Q)eH( ) 6K(7” Te, O)B(r, 1)K (re, re, €)B(re, $0)Lye (re, So)

o (u—on — 7 k |5 Tl
X /0 Xe (=) + 52 o k+ |1 ds
< max(rf,rc )Hl( o) 6K(7‘ re,¢)B(r, r.)K (rc,so, e)B(re, s0)Las1.e(re, So)

S K(r, s0,¢)B(r, 50)£J+1,2’+€+1 (7, 50)-

This completes the proof of (6.13a).

rd, estimates (6.13b). Next, we estimate 79, K. By continuity of G and K,

M —r _ " (u—cl  K(s,so,c) wHy(s,c— ig) )
Tar ’U/(So) =7r0.H ( 6) /0 (U — 0)2 + £2 'U/(SQ) M(C — ZE) d
—is)/ ( (u—-c)u'  K(s,s0,c) wHOO(s,c—zg)ds

O Ho(r, .
+rorHo(r,c u—c)2+e2  u(sg) M(c —ig)

From the arguments used to deduce (6.13a), for |r — r.| > 7./k and the lemmas of §5, we can derive (6.13b) in the
same manner as (6.13a). The details are omitted for brevity. Turn to the case |r — r.| < r./k. In this region, our goal
is to deduce the logarithmic upper bound; in order to avoid losing an additional logarithm we will need to extract a
cancellation. Write,

i , o 7 .
r@rm = r“/Rioo(Z)/ ((UC)UK(S,SmC)wO(&CZE)dS
0

u'(so) u—c)?+e? M(c— i)
Ll e L=

4
=21
j=1

From Lemmas 5.4 and 5.5, we deduce rd, Hoo — ru’ Rim is bounded near r = r., and hence 13 and 7T} are treated
using techniques used above in the proof of (6.13a). Due to the inability to extract an additional cancellation, these
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terms are logarithmically unbounded (since for % g(s)ds is singular near r ~ r, for any smooth g; see Lemma

A.3):

kl|r—r

(T 1T30) Lo e S 10 (50) K1, 50, )BUr, 50) L. 4147 50) (/c ; |1og

(&

which is consistent with (6.13b). For 77 and T, first divide via

" —c)u’ Hy(s,c — ie)

T T, — /RE (U C)U K wiipls,

1+ 15 =ru hOO(Z)/(; 7@_0)2_'_62)(6 (S’SO’C)—M(c—ig) S

© (u—c) wHeo (s, ¢ —ig)

_TU/RS,T(Z)/ (u_c)2+€2XcK(Sa307C)WdS

" — o’ Hy(s,c —ie)

e (u—c)u K wHy(s, d

SR ) [ K0 s

e < (u—o wH o (8, ¢ — i€)
_ Y% UK WHooks, ¢ 1)
TRy, (2) /T (u—c)? +e? X#K (s, 50,) M(c — ie)

- Tl;c + T2§C + T1§7£ + T2§7£‘

The terms 7', and T5.» are also treated as in (6.13a) and are hence omitted for the sake of brevity (in particular, Rar
and R7 . contain a logarithmic singularity by Lemma D.1 but the integrals involving K do not due to x). For the

remaining terms we use the following cancellation:

oo . / r — / Hy(s,c — ie)
T4 Ty =it (B (2) — Elr., I Cl LA /MCK wHo(s,c —ie) |
e+ 22 = 1Y <RT’OO(Z) (T’Z)/r (u—c)2+€2x * 0 (u—c)2+€2x (5,50, ¢) M (c —ie) ’

i e To(u— o < (u—o wHoo (8, ¢ — i€)
—ru ( 0.r(2) — E(TC,Z)/O (u—c)2+52X0d8> /T mXcK(S, SO’C)W

+ (E(rc,z) / N mxcds) /O T mh

soso,0) ol e=i) gy wlre) g
. (K( 50 ey K e, )u’(rC)M(c—i6)>d

wH (s, ¢ — i€) CKlr se.c w(re) s
X (K(S’SO’C)M(C—ZE) K(re, so, )u’(rc)M(c—ia)) ds.

Note that e.g.

. © (u—co) © (u—c)
Rnoo(z) 7E(7’C,Z)\/T mxcds = : m (E(S,Z) — E(TC,Z)) Xcds,
does not have any logarithmic singularities by arguments used in the proof Lemma 5.2. From here, the above terms are
estimated in manners analogous to the arguments in the proof of (6.13a) and are hence omitted for the sake of brevity.
Derivatives involving 0,... First we prove (6.13c). Taking a 0, derivative directly yields (integrating by parts in s),
S _ / ;
red, K = / rodh. ( (u—c)u'(s) > w(s) G(r, s, ¢ +ic) K (s, 50, ¢)ds
0

(u—c)? + &2 u'(s)

N /OOO v ((WC)“'(S)) w(s)redy, <X¢WK(S, 0, c)> ds

u—c)?+ 2

[t (5 ) o) (o2 K s ) s

u—c)?+ g2
3 ~
:E .

Jj=1

<.
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Due to Definition 6.7 and Lemma 6.10, we can apply the methods used above to prove (6.13a) to prove that (6.13c)
holds for K1 and K. For K3, we need to argue that the presence of 0, derivatives on G does not stop us from finding
a similar cancellation as we used in the proof of (6.13b) above. To that end, note that for |r — r.| < r./k:

reu' (re)

ru’(r)
The former term is bounded from Lemma 5.5 and hence in the neighborhood of r ~ r., we can extract the same
cancellation in K3 as we did in (6.13b) so that we deduce only one power of logarithm is lost. We omit the repetitive

details for brevity, which concludes the proof of (6.13c).
Next, consider the proof of (6.14a) (which is relevant for the region where r % r. and sg = 7.). In this case,

6(5;0)K(T’ SO?C) _ Aoo - 1 ) (((U — C)U/(S) ) w(S)X#wK(&SOvC)dS

(re) " \(u—c)? + &2 u'(s)

. (W) e ( (s )Xj(m”%qs,sch s

u—c)?+e? u'(s)

[ (u_—ci)zu’(sé 95 (o) (T2 ks, s, ) s,
o \(u—c)3?+e w'(s)

Notice that since r % r., we do not need to obtain additional regularity in 7 in order to satisfy Definition 6.7. From
here, we may again apply the methods of (6.13a) to deduce the desired estimates.
Next consider (6.14b) (which holds in r & r. but sg % r.) Here,

oK = / 0., ((ﬂj‘_‘))“f)) R e e

Obtaining boundedness estimates is again a straightforward adaptation of the proof of (6.13a). Next, consider obtaining
(6.14c¢). For this we apply an 79, to (6.23), however, some care must be taken due to the jumps in the derivatives of G:

r8,00) K = /OO /X;é o, (((U_ c)u'(s) )w(s)rarWK(s,so,c)ds

u—c)?+e? u'(s)

n /0 < u—cu (‘9) >w(s)7’8,«8g’s) (XCQ(T’S’”“)K(S,SO,C)) ds

(u—c)? + 2 u'(s)

1O, Ho(r, 2) = rott! (re) 080 Ho(r, ) — 78, Ho(r, 2),

= Z Kj; (6.24)

j=1

note that two of the potential boundary terms from 7 = s vanished due to the presence of . and the assumption that
|r — re| < r./k whereas the other two boundary terms coming from » = s vanished due to the symmetric structure
of (6.19). The K 1 and I~(2 terms are estimated in essentially the same manner as done previously for (6.13b) and are
omitted for the sake of brevity. To treat Ks, again we use a cancellation analogous that used in (6.13b) to avoid losses
of higher powers of logarithms. This is only an issue if both derivatives land on G (otherwise the situation is essentially
the same as (6.13b)). Recall the identities:

1 / 5 B
'U/P(r,cj:flg)> —u'(0cP) (R, (2) FiE5,)

— (u—2)(8,06P) ( o.(2) F iES,'r') — (B P)u (r)E(r, 2)

+ (P + (u—2)0,P) /0 (Zlisi) e (xcB) ds + Pu'(r)dg (x.F)

0,0cHy = 0,0¢ (
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g (3r¢)/TX¢ME(S’Z)— 1e) X#0r E(s,z)ds,
0

uw'(re) (u—2)? (u—2)
and

1 , i .
M) +u' (06 P) (R oo (2) F iy )

+ (u— 2)(0,0aP) (Rioo(z) F zEﬁoo) + (OgP)u' (r)E(r, 2)

0,0 H~ = 0,0 (

— P w-20.p) [ (;‘/@) O (xeF) ds — Pu/ ()06 (x.F)

: AL 8% _wls) s, z)ds
+u/(rc)(ar¢)/r X =) E(s, 2) (uiz)x?g@uE( ,z)ds.

We see that the logarithmically singular terms between 0,.0¢ H o, and 0,.-0¢ Hy in K5 in (6.24) have a structure similar
to that of 0, H, and 0, Hy that was exploited in the proof of (6.13b). Note that singular terms in e.g. 0,0g Hj are

’

u'0g R; . and u' P fOT Y0 (x.E)ds. After these observations, the proof follows analogously and is hence omitted

u—=z

for the sake of brevity. This completes the proof of (6.14c). The proofs of (6.14d) and (6.14e) are straightforward
variants of the techniques used on the other inequalities in (6.14) and are hence omitted for the sake of brevity.

Holder Regularity in sy near r. estimates. Notice that:

(u—c)

mw@)g(m,c — ie)ds.

f((r, S0,¢) — f((r,rmc) = /000 (K (s,s0,¢) — K(s,7¢,0))

Consider first obtaining (6.15a). The only difference between proving (6.13a) and proving (6.15a) is the lack of an
analogous Holder regularity estimate on 0, K (r, sg, ¢) — 0, K (r,r., ¢) (Which was used to control s = r.). This is
dealt with via the following (see the proof of Lemma A.4 for a similar approach): for 6 € (0, 1),

~ ~ - - 1-6
X ‘K(r, s0,¢) — K(r, rc,c)‘ + ‘K(rc,so,c) — K(TC,TC,C)D

|r — 7] o o k|so — 7l v(1-6)
( Tc k+ Te ’

and hence we choose 4" = v(1 — ). Other than this slight difference, the proof of (6.15a) follows as in (6.13a). The
rest of the estimates in (6.15) are adapted in essentially this same way; the details are omitted for the sake of brevity.

rT—"Tc

A

log |k

C

Convergence as ¢ — 0. As seen above, verifying the boundedness estimate contains most of the non-trivial work.
Hence, for the convergence estimate, we will focus on this. That is, if we define

~ o] / , S, 0
Roriso,e) = . [ oot FES e s,

we are interested in obtaining an estimate of the following form for some 7;, 72 > 0:

KE (’I", S50, C) - KO (T, S50, C)’ 57]1,?72 6”1K(T7 S50, C)B(’/‘, 30)£J+1,€+€’+1+172 (T; SO)'

Write the difference as the following:

. - / (u—c) G(r,s,c+ie) — G(r,s,c+1i0)
(

K. (r,s0,c) — Ko(r,s0,¢) = u— )2 + &2 u'(s)

K (s, so,c)ds

(u—rc)u'  G(r,s,c—i0)
* / (u—c)? 42 w'(3) (K< (s, 80,¢) — Ko(s,7c,c))ds
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Hw./(( (w—cu' )Q(r,s,c+i0)K0(s7SO’c)d8

u—c)?+e2 u-—c u'(s)

The terms 7 and T5 are treated in essentially the same way as above (see Lemma 6.10 for control on G(r, s, c+ic) —
G(r, s,c+10)). Hence, it remains to treat 73. Sub-divide via:

(u— ) u G(r,s,c+10)
Ts=po. - 0y K =:Tsc + T
3 =pv /((u—c)2+€2 U—c (Xc-l-X;é) W (5) (s, 80,c)ds 3c + T2

For T3, we apply (A.3) to obtain some decay and then we argue as in (6.13a). For T3., we apply (A.4) (which applies
due to the various regularity and convergence estimates satisfied by K and G).

As remarked above, the rest of the claimed inequalities are a straightforward adaptation of the above arguments
and are hence omitted for the sake of brevity.

Adaptation to Og)e case. The case j = 2 is essentially the same. As above, we begin by dividing based on the
critical layer:

K@ (sg,r,¢) /Oo (u—c)u
o

u!(r) u—c)?+e?

G(r,s,c+ic) K(so,s,c)
u'(r) u'(s)

(Xe + x) w(s) ds = K. + K. (6.25)

The contribution from near the critical layer, K,, is treated in essentially the same manner as in the j = 1 case and
is hence omitted for brevity. Hence, we need only to check the tedious but simple contributions of K; we omit the
intermediate steps for the sake of brevity: for all n > 0,

e k
1, <1, —— 5757 1s 27,
<1 631/0 <max(32,r§)sl+2€ <1+S >1
x x£K(s,r,¢)B(s,r)K(so, s, c)B(sg, s)ds

Sn L. <1K(s0,7,¢)B(80,7) L1 o4 er4147(50,7)-

K#(Soff‘, C)

w'(r)

Similarly, we have the contributions from r. > 1: for all n > 0,

R#(Soﬂ", C)

o0
1 2 .2\ 207
1515 1rc>1/ (51+2515<1 + max(r7, s7)s™ " 1o
0

x x£K(s,r,¢)B(s,r)K(so, s,c)B(sg, s)ds

w'(r)

1 ~
'U/(T') K#(SOa T, C)

This completes the proof of (6.16a) in Definition 6.8. As discussed above, this estimate involves most of the non-
trivial work necessary to deduce the rest of Definition 6.8, and hence the remaining estimates are omitted for the sake
of brevity. O

1r.>1 S B(s0,7) L1 6400 +149(50,7)-

Proof of Lemma 6.12. Consider the case j = 1 first. As there are no singular integrals, we do not need to separate the
critical layer from the rest, and hence the calculations are a small variant of those done to estimate & + in the proof of
Lemma 6.11 above. As above, this is a tedious, but simple and direct, calculation, and hence we omit the intermediate
steps. For the case of r. < 1, using Definition 6.7, Lemma 6.10, and the requirement that £ + ¢ < k — 3/2 (to retain

integrability at zero and infinity), there holds

S
lrcgl < /
0

oo 1.2
< / R max( o 2K (r, 5, )B(r, VK (5, 50, ) B(s, 50) £(s, 50, c)ds
0 S S

1

u'(So)

G(r,s,c+ie)
u/(s)

K(r, s0,¢) u' (s)w(s) ds

'K(S» 50,¢)

u'(s0)

S K(r, 50,¢)B(r, 50) L. 42,040'+145(75 50),
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and similarly for r, > 1:

Lt
u'(s0)

which completes the proof of (6.13a). As in the proof of Lemma 6.11, the remaining estimates in Definition 6.7 follow
from straightforward variants of the proof of (6.13a), and hence we omit these arguments for brevity.

As above in the proof of Lemma 6.11, the case j = 2 follows in a similar manner with slightly different integrals.
The repetitive details are omitted for brevity. O

. 0 k2 1
K(T’, 50, C) 17”021 5 A 3 ma‘X(@a SQZ)B(Ta S)B(Sa SO)[’(Sa 50, C)dS S B(Ta SO)LJ+2,Z+K’+1+TI (T7 SO)a

Proof of Lemma 6.13. We will consider only the j = 2 case; j = 1 is the same. For (’)52) (by symmetry of G),

K * 1
(5/0(’73’0):/0 UI(T)SBSQ(S,TaC—iE)wiS)K(SO7S7C)dS7

Boundedness estimate (6.16a). From Lemma 6.10 and definition 6.8, the proof of (6.16a) is essentially the same as
the corresponding estimate made on Og ),

Regularity estimates. First consider (6.16¢). Taking an 0, derivative gives (using the definition of M (2.32)),

TarK(SOa Ty C) = ’U)( )K(S()v T, C) + r(“) H / K 807 wa H?C(s_czg_) ZE) ds
. o wasHoo( 5,C— 7'6)
+ r0-Ho(r,c —ic) /T K (s, s,¢) M(c— i) ds.

This does not present any new challenges and hence (6.16¢) is deduced as in Lemma 6.11 (though significantly easier,
as no delicate cancellation is necessary) and is hence omitted for the sake of brevity.
The more subtle problem is 0, derivatives:

K(so,r,c)_ <1 .
8,.671/(” —/0 r(r)ﬁs&.cg(r,s,c ie)w(s) K (so, s,c)ds

<1
—I—/O W@ G(r,s,c—ie)w(s)0r, K(so,s,c)ds
=K, + K.

The treatment of K is similar to the proof of (6.16a) and is hence omitted. Consider next K. The trick is to integrate
by parts so that two derivatives never land on the same kernel (note that the boundary terms vanish):

K, =— /r %83 (O, Hoo(r,c —ie)Ho(s, ¢ — i€) + Hoo(r, ¢ — i€) 0y, Ho(s, c — i€)) (w(s) K (s0, s, ¢)) ds
o w(r

B /Oo U%T’) s (8T(~,H0(r?c - iE)Hoo(sv c— iE) + HOO(S,C - Z.E)QTCHO("",C - 7/5)) (w(S)K(So, S,C)) ds.

/ ! (Or, Hoo(r,c — ie)Hy(s, ¢ — ie) + Hoo(r, ¢ — i€)0r, Ho(s,c — ic)) Os (w(s) K (sg, s,¢)) ds
0
+ / 1 (Or Ho(r,c —ie)Hoo (s, ¢ —ig) + Hoo(s, ¢ —i€)0y Ho (1, ¢ — i€)) Os (w($) K (50, 8, ¢)) ds.

The log-boundedness (6.16d) follows from similar arguments as in Lemmas 6.12 and 6.11. Consider (6.17¢) (which
is relevant for r % r. and sg = 7.) for which we apply the same approach:

8(90)[{(50,7' c) = /OO %&CQ(S r,c —i€)0s (w(s) K (so, s,¢)) ds
/ 0sG(s,r,c —ie)w(s )8S°)K(50,5,c)ds.
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Due to the restriction |r — .| > r./k we can apply analogous estimates as in (6.16¢) to deduce (6.17¢). Similar
arguments deduce (6.17a) and (6.17g) which we omit for brevity.

Consider next estimate (6.17¢). Some care is required due to the jumps in the derivatives of G (recall this is only
relevant in the case |r — 7| < ro/k and |sg — rc| > rc/k):

r@rc‘?g)f((so,r, c) = rc‘?r/ % (8gHoo(r7 2)0sHo(s,2) + Hoo (1, 2) Or,0sHo (s, 2)
0

b
u'(rc)

_ 87X4MHOO(T, 2)0sHy(s, z))w(s)K(so, s,c)ds
o / (aGHOTZ)aH (s,2) + Ho(r, z)u( 000 Hc (5, 2)

0, M
M

Hoo(r, 2),0sHo(s, z)) w(s)K (so, s,c)ds

+ 70, / (r,2)0sHo(s, 2)w (s)ﬁ@TCK(so,s,c)ds
L
' (re)

—l—r@r/ MHo(r,z)asHoo(s,z)w(s) Or. K (s0,5,c)ds

= % <8GH00(7“7 2)0rHo(r,2) + Hoo (7, 2) Or,0p Ho(r, 2)

b
u/(re)

— aTCTMHOO (r,z)0.Ho(r, z)) w(r)K (s, r,c)

Oy, 0 Hoo (1, 2)

_ ﬁ <8GHO(T,Z)8TH (r,2) + Ho(r,z) ——

U( c)
_ 8’X4M oo(r,z),8TH0(r,z)>w(r)K(so,r,c)

+ &H (r,2)0-Ho(r, z)w(r )u’(lrc) . K (s0,7,¢)
T 1
_ MHO(T‘, 2)0r Hoo (1, 2)w(r )U/(Tc) K (50,7, €)

+ / % <T'8T8GH00(T7 2)0sHo(s,2) + 10, Hoo (1, 2) Oy.0sHy(s, 2)
0

b
o’ (7“0)

_ O 70r Hoo (1, 2)0s Ho (s, z)) w(s)K (so, s,c)ds

O OsHoo (s, 2)

+ /TOO % (raragHo(r,z)(?sH (s,2) + ro.Hy(r, Z)u "(re)

0y, M
M

rOrHoo (1, 2), 0s Ho (s, z)) w(s)K (s, s,¢)ds

T 1 1
+/0 M?‘&Hoo(r,z)@sHo(s,z)w(s)mﬁrcK(SoaSac>d5
+/T M"’arHO(TﬂZ)asHoo(s7Z)w(s)maTcK(s()?S?C)dS
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~Y &5

Jj=1

There are several cancellations to observe. First, we observe that (recalling | — r.| < r./k) from Lemma 5.4,

)

r—"Te

OrH(r,2) — 0p Hoo(r, 2) = 100 M (2)
\Ho(r, 2) — Hoo(r,2)| < 1%1'7”_72“‘ <k:+ Tt

re

logk‘l

c

4 1TC>1T§>M (k +
T

[

).

and hence the terms K3 + K, are only logarithmically singular at » ~ r. due to 9, K. For K, and K, we can uncover
the cancellations via writing the following for r ~ r:

log k

(&

1 1
HOO(T’ Z)maTcarHO(r, Z) - Ho(T‘, Z)m
= Hoo(r,2)0c0-Ho(r, 2z) — Ho(r,2)0G0 Hoo (1, 2)

1 1
_ TT)HOO(T, Z)@TTHQ(T, Z) + W
= Hoo(r,2)060,Hy(r, z) — Ho(r, 2)0g0r Hoo (7, 2)

1 k2 — 1/4 BHy 1

_U/(T)HOO(T,Z)< 7“2 HO_U—Z)+UI(T)HO(T7Z) (7‘2 0o U— 2

= Hoo(r,2)060,-Ho(r, z) — Ho(r,2)0c0, Hoo (1, 2).

Or,0rHoo (1, 2)

HO(Tv Z)aTT‘HOO (Tv Z)

Note the commutation relation: 0g0,.h = 0,0ch + %&h. Hence, K + Ko is again again only logarithmically

singular via Lemmas 5.4 and 5.5. Finally the remaining terms Ks through K are treated using techniques used on
previously made estimates in (6.17) and are hence omitted for the sake of brevity. The treatment of (6.171) is similar
and is hence omitted for brevity. This completes the estimates in (6.17).

Holder regularity. Consider next the estimates in (6.18). As in Lemma 6.11, write
K(so,r,¢) — K(re,r,¢) = / (K (s0,s,¢) — K(re,s,¢)) w(s)0sG(r, s, c — ig)ds.
0

The estimate (6.18a) hence follows as in the proof of (6.16a). Consider next (6.18b) (recall |r — r.| > r./k in this
case):

880)K(50,r, c) — 880)K(TC,T, c) = f/ ﬁg’so) (wxe (K(so,s,¢) — K(re,8,¢)))G(r, s,¢c —ic)ds
0

- / 8810) (wxs (K(s0,8,¢) — K(re,s,¢))) 0:G(r, s,¢c — ie)ds
0

e 1
+ / X (K(80,58,¢) = K(re, s,¢)) w(s)——=0,,0:G(r,s,c — ic)ds.
0 u'(re)
Note that no boundary terms appear (as in the proof of (6.16d) above). From here, the proof follows as in (6.16d)
using the hypotheses on K. the treatment of the other inequalities in (6.18) follow via similar reductions and are hence
omitted for the sake of brevity.

Convergence. By the Lemmas in §5, the r0, derivative of Hy and H, satisfy analogous quantitative convergence
estimates as Hy and H, themselves and hence the convergence as € — 0 is a straightforward consequence of argu-
ments used previously; the details are omitted for the sake of brevity. [

Finally, we verify that the original kernels satisfy the estimates necessary to run the iteration scheme.
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Lemma 6.14. Fora € S,6,G,rG, B.(Xa is suitable (0,0) of Type I. For a € S,4,G,rG, B and By, are suitable
(0,0) of Type I1.

Proof of Lemma 6.14. The treatment of B{ X 6 . 1s the only case not covered by Lemma 6.10. This follows Lemma 6.11
— indeed:

1 1 1
Bgﬂ);;s(r’S’C) g(?@e(’r?s?C)_'_Oé[BB( )]
and hence we may apply the lemma if we set w(r) = 8(r),and £ = ¢ = J = 0. O

Proof of Propositions 2.8 and 2.9. From Lemmas 6.1, 6.2, and (6.3), we can express all 8éYi and 8&X in terms
of ﬁéF , 8éF «, the coefficients derived in Lemma 6.2, and compositions of the integral operators in (6.4) and (6.6).
Moreover, the coefficients are such that if one has ¢’ compositions and 8gF (or 8éF %), then the rotal of all of the
losses from all of the coefficients is £’ with £ + ¢/ + ¢ < j. This condition ensures that the compositions all involve
integrable functions (for € > 0) and hence we iteratively apply Fubini’s theorem and prove Lemmas 6.4-6.6. This, in
turn, implies Proposition 2.8 and finally Lemmas 6.10-6.14 imply Proposition 2.9. O

6.4 Vorticity decomposition
In this section, we prove Propositions 2.12 and 2.13.

Proof of Proposition 2.12. We will first prove the lemma in the case n = 0, then explain how to extend ton < k — 1,
and finally, to extend to n < k.

Casen = 0. Write

F 1 > itk (u(r)—u(re)) 27:EU/(7'C) B(T)
_ 2.t ith(u(r)—u(re A dr, 6.26
h \/77+27rz'/ ¢ (u—c)2—|—52XI NG (ryc,e)dr (6.26)
1 > ztk‘(u(r) u(re)) ( C)ul(rc) B(’I‘)
— e X 2
27i /0 (U ) ¥ 2 X1 ﬁ (T, c, E>drc (6 7)
F
=7 + fr,a+ fix. (6.28)

From the expansion for X, there holds

itku(r) 00 _ / g tktc oo :
Viwgsfix = S / (u = u'lre) xi(r, 7 )5(1“) / ( 2ie Bxs.c(r,8,¢)F(s)dsdr,
0

2mi (u—c)? + &2 wF(;( u—c)?+e2

eitku(r)  poo (u— )/ (re) e —iktc 2156 30)
), et [ e e eeent)
wrs/a(s’)  (u—c) F(s)
)

(s
wrs/2(50) (U — )2 + 2 wp s /2(s")
eitku(r)  roo (u — )/ (re) ,,,)e—zktc 2%5 So)
+ 271 /0 (u—c)2+a2X1(T’ ¢ wp s( / / Jré:QIUF,zs/z(So)
wr5/4(8 ) F.(s)
Wr,5/2(80) Wr5/4(8")

ds’dsodr,

X Bg(l)s;s(r, 50, c)Bg(Q)S;E(so, s’ c)

(1)

x BXG;E (7’, 50 C)Bg(?)G;g(Sov 8/7 C) ds’ dsodre. (629)

To pass to the limit, we apply Theorems C.1 and C.18 (together with Theorem C.2). Note that the requisite properties
on the kernel are obtained by Lemmas 6.10 and 6.14 above. Hence, we have the strong L? limit:

dr,

_ _ A o ! . Bxs(r,re,c) e FCE(r,)
1 Lpe o oiktu(r), / w(re) . wFﬁ/Q(r ) X6\ Tey c
EI_I}%) \/;wF,(Sfl,X (S b.v 0 U—c Xl(ra r ) U)F)(;(’I") 6(7.) UI(TC) wF,6/2(Tc)

eitk’u(?") < Te Wr,5 2<TC> B(l) T Te,C
T om p'v'/ ( E)Xl(» )= B(r) XS,( )
o (u—c¢) wp,s(r) uw'(re)

; o DI F(s'
e—lktc <p.v'/ ﬁ(rc)ng(TC7S/’0) wF,5/4(8) (S ) /)d8/> dTC
0

wF,6/2(7"c) (U - C) wF,6/4(5
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eitku(r) > ! (re w Te BW.(r r,, c
+ —p / ( ) Xl( ) F75/2( ) r XG/( )
2mi 0 (u—2c) wp,s(r) uw'(re)

oo / !/
efiktc </ /B(TC)BA()?%:(TC’ 5/7 C) 'lUF76/4(S ) F*(S )I) d5/> drc.
0

wF,é/z(Tc) wF,6/4(S

A crucial point to notice is that if » < 1 then x; implies that . < 2r. This is what allows to transfer the gain in r.
from K to a gain in 7 in Theorem C.1 so that we may use the stronger wg s as opposed to wy 5. Theorems C.1 and
C.18 also provide the following estimate: for all > 0 (recall (2.12)),

< n < n in
L2 Sne k ||FHL§:)5/4+||F*||L2F7§/4N|k| ||FHL2F)5/4+|I€|‘WI<:,0 .
Turn next to fq.4 in (6.28) and expand via

1 %) Qisul(rc)eitk(u(r)fu(rc)) B(r) )
= — X 2Y — dr. = fi. LAY -
fr,a= = (=0 F 2 X1 r (X(r,e,e) +2Y (r,c —ie))dre = fi.ax + fi.ay

Further expand fi.4x via x; and x2:

1 i ith(u(r)—u(re)) 27;5’“/(7"5) B(T)
- ithk(u(r)—u(re X dr,
omi f, © oL X (nee)dr

L% ith(u(r)—u(re)) 20U’ (re) B(r)
. nys Te X
2mi / © (a—cp a2t 7 (e

friax =

= fi,ax1 + fraxe.

The contribution of fi.4x1 is treated in the same way as f;.x (but with different integral operators in Theorem C.18)
and is hence omitted. Next, we show that fi.4x2 vanishes as € — 0. Indeed, expanding X asin f1.4x1 gives

_ eik:tu(r) o 9ica) B
\/wa,éfl;AXZ(ta r) = - / ( (re )52 x2B(r)e iktu(re)
0

2mi u—c)?+

© o F
X / Zi 2 wF76/4<8> Bxs;e (7“7 S, C)ﬁd‘gdrc
0 («ufc) + e 'lUf-J(T) U)F§/4(5)

+eiktu(r) /00 2ieu’ (1) ﬂm/ / 2zeﬁ so) B(r)wr,s/2(s0)
o ( +e2X

2mi u—c)? 2462 wys(r)

wF,6/4( s') (U - C) F(s')
wF5/2(80) (U - 0)2 + g2 Wr 5/4(8/)

R 2w (1) i 2155 so) B(r)wr,s/2(s0)
[ L@

2mi u—c)?+ 2 X 24+e2 wys(r)

ds’'dsgdr,

x BE??S’;E (T7 50, C)Bg?g;e(So, S/7 C)

_|_

wr,5/4(8") F( )

ds’dsedr,.
wF&/Q(SO) wF6/4( s') ’

X B;g};e (7"7 S0, C)ng;g(s()a 3/7 C)

Therefore, Theorems C.18 and Theorem C.3 imply this term vanishes in the limit due to the support of x2 (note the
weaker space wy, 5). Turn next to fi, 4y, which we similarly decompose via:

9 ) igu/(rc)eitk(u(r)*u(rc)) /B(T') .
Jiay m'/o (u—c)? 4 &2 X1 N (r,c —ie)dre
9 itk(u(r)—u(re))
2 ° geu/(re)e Ya p(r) Y (r,c — ig)dr.
™ Jo (u—c)?+e? VT

= fr.av1 + fi,ave.

By Lemmas 6.10 and 6.14, the kernels satisfy the hypotheses necessary to apply Theorems C.18, C.3, and C.3. There-
fore, we have that again that lim._,q w;};fl;Ayg = 0 in L2, and that we may pass to the limit ¢ — 0 in fi,4y1 and
deduce:

> wr,5/2(8) 1 F(s)

wrs(r) DByt s ) e e e @

. —1
lim /7rwp s f1,4v1 = —p.v./
e—0 ’ 0
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1 Bys(r,r,u(r))

— %ir om0 w0 F(r)
_ / 711”:’5/2(8) B(r)Byg(r, s, u(r))iF*(S) ds.
o wrs(r) wps/2(8)

Similarly, Theorem C.18 implies that we have the boundedness for all > 0,
-1 n
|Vrwrstuan|,, SK0F, 1, S K, o+ Ik ool

This completes the case j = 0.
Casen < k — 1. Next, turn to (r9,)" forn < k — 1. From (2.28), denote the three contributions of f; as:

(r0:)" fi = (ro)"F + fi.x + fi.a-

Consider first f7, . After distributing the O derivatives there are many terms all of the general form

/OO pith(u(r)—u(re)) (u—cpu'(re) 1 H(r,c,e)0LX (1, ¢,e)dr.
0 (u—c)?2+e2wps(r) e ’

for some weight H* satisfying the following for all m > 0 (depending on ¢ through x):
|(Tar)mH€ (7“, C)| ,Sn,j,m Il'lin(’I"Qj, T_7_2j) (Xl + XTSIXZT%TC + XT%1X2r<rc) . (630)

From Proposition 2.8 we have representations of the following form for a variety of complicated integral kernels:

/oo eitk(u(r)_“(“)) (u - C)u’(Tc) He¢ (T; C) aéX('l", ¢, E)d’l"c
; (u—c)®+e2 wps(r)

EJ: eithu(r) / (u— ) (re )HE(T 0 efiktch76/4+2Z(s)
0

2mi (u—c)? 4 €2 wps(r)
9 F (s)
wF,5/4+2e(8)

J itku(r) 00( . ) ( ) 7”“0 2 B )
€ u—cu ief(so 1)
B
+Z omi /0 (u—c)?+e g H" (1, c wFa / / )2 + €2 Xaje(T 50,¢)

£=0

£=0

& 2ie
X / (723)(5;]'74(7’,S,C)U)X(sl;j,z(s) dsdr,.
0

u—c)?+e

(2) &;()
x B 80, S, C)w w dsdspdr,
X5.5,0(505 8, )W 5/a120(5)Wx62;5,0(8 )(u_c) 2 wpsarae(s)

J itku(r) ( _ ) /( ) e—tktc 2 B )
e u c)u e (23 SO (1)
+ E He( B
= 2mi / (u—c)? + &2 . wpa / / )2 + g2 Xs35,(2%0:€)

(u—c) 35 ()

u—c)? + % wp 5 a420(5)

J itku(r) ( _ ) /( ) e—tktc 2 ﬂ )
e u—c)u'(re i€ so (1)
E He( B .
+ o / (u—c)? +e2 r,c chS / / 2 1 22 XG;j,tz(T, 50,¢)

0=

X BE{?S‘]Z(SOVS C)Wp,5/a+20(8)Wx 5:5,0(5 )( dsdsodr.

(o]

(2) aG (s)
X Bx.i.0(50s 8, C)wF,5/4+2é(S)WXG;j,é(S)mdesoch

+ Similar terms with different B and w.
Recall that in each term there holds for some ¢ (different £’ in each term) |w,.; ¢(s)| < max(s~2¢, s**'). By Lemmas
6.10-6.13 (using also the recursion scheme laid out in Lemmas 6.4 and 6.5), for sufficiently small > 0 and v > 0,

Bxs,j.0 is suitable (207, ¢ + n,~) of type I, B¢ ()Lﬂ is suitable (2¢7, ¢/ + n,~) of type I for some ¢; and v > 0,
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whereas Bg(()l j.¢ 18 suitable (2¢5, 5 + n,y) of Type II for some £; (as above, each term may have a different £7). In

all terms there holds the inequality (where for the Bxs.; » terms we take ¢5 = 0):
O+ 0+ 0] 4+ 05 < g

Note that the total losses matches with (6.30). Therefore, for 7 chosen sufficiently small relative to 4, Theorems C.1
and C.18 (together with Theorems C.2 and C.3), we can pass to the limit ¢ — 0 in the same way as we did for the case
j = 0, giving also the L? bounds:

lim / = eithtutr)—u(rop (= U(re) Hree) g vy,
==0 J, (u—c)2+e2 wpg(r) ¢ 77770

L2

J
DL b2
£=0

S KT |w |+Z|k\2“ ”*"ZH r0,)"F ||

F,5/4

+ PO G F

F,5/442¢ F,5/4+2¢

m=0

Analogous to the case j = 0, the other contributions to f{ are similarly; the details are omitted for brevity.

Casen = k. Recall that, as discussed in Remark 1.5, we do not really get useful information about the k-dependence
in the case n = k. In the case n = k, the problematic terms in (2.28b) are those that contain 8’5X and 8’C“,A; all other
terms are treated as in the case j < n — 1. Hence, the terms we must consider are:

B 1 ) Qigu/(Tc)ez‘tk(u(r)fu(rc)) , 5(7“)

fi,a = 2Tm/ OECETE: (ru (r))kxl(rc)wag/l(r, c,€)dr, (6.31)
r 1 > itk(u(r)—u(re (’LL(T) - c)u’(rc) ! ﬁ(’l’)

Jix = Tm/ otk ))W(m () xa (r, TC)WGEX(r, c,e)dre. (6.32)

The key difficulty is that we cannot use the iteration scheme to compute this derivative in the same manner as above.
Consider f1.x and sub-divide based on the critical layer:

_ 00 ith(u(r)=u(re)) (y(r .
Fux = | g TS 0 ) 0 R () 4 ) X (e (633)

= fl;Xc + f1;x;é- (6.34)

On the support of fl; X+, We write

ru’(r)
reu! (1)

(ru' (r)* 05X = (ru/ (r)* Y redr, 08 X + (rd (r) ¥ 10,0571 X, (6.35)

Next, we take O, and 0,, derivatives of the representation formula (2.37). Let us start with the easier 0, (note that
|r —re| 2 r¢/k on the support of fi,x). Due to Lemmas 6.10-6.13, these derivatives only land on Type I kernels:

2ie

J oo
&«3&){ = ZA arBX(;;j’[(T, S, C)mwxgl;j’z(s)aéF(s)ds
j ) .
i > 2igf(s0) 1 9 2ie
+ Z/ (/0 W@Bg{g;m(ﬁ 50,€) BS).; (50, 5, ) dso mwXM;J',Z(S)aéFdS

—|—i/Oo /OO M&,B(l) (1, 80 c)B(z) . ,(s0,s,c)dsg &wxgug(s)aéf’ds
0 (u—c)2 +€2 XS54\ ’ X S5, D (U—C)2—|—62 30

+i - OOMG BY) (rys C)B(Q) (50,5, ¢)dso | wxgsje(s)05Fuds
; (u7c)2+€2 rDxaG5,e\T 50, XG;5,6\505 55 0 XGsj,¢ G~ x*

+ Similar terms with different B, w. (6.36)
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By Definition 6.7, k' x(r,r.)r0, Bxs,j,¢(r, s,¢) and k™ x.(r, rc)&B;()l;M(r, s, ¢) satisfy the conditions neces-
sary to apply Theorems C.1, C.18, C.2, and C.3 (note Remark C.4) with the same parameters as x (7, r.)Bxs.;,¢ and
X£(7,7¢)0p Bgi; ;.0 Tespectively. Specifically, the r0, derivative does not incur a loss on the weights. Hence,

X (rsre) (ru (r)k= 17“8,0’2;1)((7“, c,e)dre,

/oo eitk(u(r)—u(re)) (u(r) —e)u'(re)  B(r)
o 2mi (u(r) — )2 + 2 F

is treated via the same methods used to treat the case j = k — 1 above. Repetitive details are omitted for brevity.
Turn next to 9, derivatives, which are more technical. From (2.37), (still for | — r.| > r./k), we have

4
u—c)2+e2 wxs1,5,(8)0cF(s)ds

J oo ;
. 2ie
8TC3éX = ZA arCBXé;j,f(rv S, C)(
£=0

u—c)? + &2
2ieB(so) 1 2 2ie
+ Z/O (/0 Or. ((U—CW BY). o(r,50,0)BS) (50,5, )dso mwmz;j,e(S)a‘éFds
£=0

2ieB(s 2ie
+§ /0 /0 (uf)(g?,r)gga’chg(l()?;j,Z(rﬂSO?C)BE?()S;j7E(SO7S7C)dSO> (7“1%2;3‘,18(3)5@}7013
£=0

J 00 .
2
+ E / BX&;j,é(r7s7C)arc <(ZE> wXSl;j,é(s)aéF(S)ds
=070

u—c)?+e?

J e’} [e%s} . .
2ieB(s 2ie
+ g /0 /0 76( ) ng;j’z(r, 30,c)arung;j’e(sms,c)dso) 7wx52;j)g(8)aéFdS

=0 (u—c)? +e? (u—c)?+e?
j o0 o0 .
2ieB(so) 1 9 2ie
+2 /0 /0 w—cP+22 BYje(r 50,00 BY . o(s0,5,0)dso ) O, RTINS wixs2i7,6(5) 9 Fds
=0
J .
o0 o0 2ieB(so) 1 2 (u—c)
+2 /0 /0 Or. <(u_c)2+52 B %01y 50,0) B, (50,5, ¢)dso mwxs;j,e(S)a’éF ds
=0
—Jo (u—c)?+e?
J .
> < 2ief(so) 1 2 (u—c)
+ ZA /0 7@ — 7 Bg()s;j,e(ra S0, C)@TCBE(;;j7Z(So, s, ¢)dsg 7@ T wXS;M(s)@éFds
=0

e > 2ief(s u—c
/0 (MO)BE(%;M(T’ 5070)3&239;]‘7@(50, s, c)ds()) Or, (()) wXS;M(s)aéFds

u—c)?+e? (u—c)? + &2

o o0 2@5[3(80) 1 2
/0 Or, ((u—c)2+52 Bg(g;ﬂ(r,so,c)Bg(g;;j,e(so,s,c)dso wxG.j.0(8)05Fuds

(
(
(
(
3 T G o, B0 50 B, 00 ) Ui
(
(
(
(

o o0 27;65(80) 1 2
/0 m&nﬂB&é;M(r, S0, c)Bg&;;N(so, s, c)dsg wXG;jyg(s)aéF*ds

J .
T 2EB(s0) L) (2) £
+ ;_%/0 (/0 7@ P BXG;M(T, S0, C)aTcBXG;j,Z(S()? s,¢c)dso | wx@ayje(s)0qFuds

+ Similar terms with different B, w
12
=Y T, + Similar terms with different B, w. (6.37)

n=0

Many of the terms permit a similar treatment, hence, let us only consider a few. As in (2.28) and Lemma 5.3 (and §6),
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we use ;00 h(u(s) — u(re)) = — g5 9sh(u(s) — u(re)). Hence, we integrate by parts:

2ie

4
mwxm;j,e(é‘)@cF(S)ds

J 0o
re(Ty+T) =Y / redn. (X (5,¢) Bxsyy e (1 5,))
¢1=0"0

2ie

J )
+ Z/o Bxsije(r, s,)x2(s, c)redy, ((10—0)24‘52) wXél;j,é(S)ag;F(S)dS

9
+ Z/ reu' (re)0 (XCBX(;J[(’I“ s, Q)Wxs1;56(s )8éF(s)) (;Eds, (6.38)

u—c)?+ &2

and note we are interested in passing to the limit in the singular integral

00 gitk(u(r)—u(re)) (u(r) — c)u/(re) B ra (r) / -
/0 2mi (u(r) — ¢)2 + &2 X1 Wi ()T e (o) (ru' ()" re (To + Th) dre.

Due to the cutoffs in x.(s,c) and x«(s,c) in (6.38) and Definitions 6.7 and 6.8, we are still in a position to apply
Theorems C.1 and C.18 and that the r.0,., derivatives have not changed the weights (as was the case for 79,). Note
that there is the leading ratio (ru/(r))(r.u'(r.))~!. The numerator of this represents a gain in the weight in r and
hence is what allows us to use the stronger weight wwhereas the loss of (r.u/(r.)) ™! is balanced by the gains in K.
With these observations, we may hence apply Theorems C.1 and C.18 and pass to the limit € — 0, also obtaining the
bounds (using Lemma 2.5):

2 Q10D (u(r) — ul(re) () rl(r)
1i c L) —— ! k—1 . T T d .
sl—I>r(1J/0 27 (u(r) — )2 + &2 X ng(r)\/?X#(r’r )rcu’(rc) (re(r))™=re (To + 1) dr 12
k—1
2(j—¢ 3 —0) 3
< k| (3—0)+n+ Haz FHL2 + |l<:| (G—0)+n+ HaGF ||L2
=0 F,5/4+42¢ F,5/4+2¢

k—1
Sk |Wlic7,lo| + Z [(r0r) " F| 12
=0

Fo/a’

(recall Remark 1.5). For the compound terms in (6.37) the picture is a little more complicated as these involve the
triple derivatives appearing in Definitions 6.7 and 6.8:

ﬁ 25: [ZJ:/OO </ X#’(é?;) )8’”0 ((uQ_i»Sg(si)Ez) Bgclt)s 0T Sovc)B_(XQBS;jj(SO,S,C)dSO)

¢/ n=2

y 2ie
(u—c)? + &2

J .
> e 21€ﬂ(80) (1) (2)
+Z/ </0 7(u—c)2+52BX5”(r so,c)BX&j,[(so,s,c)dso

¢=0"0

wx52;j7g(s)8éFdS
1 2ie
s, 0) 0 (g ) w06 s

(
+ i/oo </OOO : 2ieB(s0) (1 )5rc (X¢(507C)B§35;j7€(r, SO,C)X#(S,C)Bg?();;j’e(s()’g’c)) d50>

u—c)2+e2u

y 2ie
(u—c)? + &2

J [e%S) ) .
2ieB(s s
+ Z/ <A ((20)8( ) (X;é(sOaC)ng()S;j7£(T, 803C)XC(SaC)Bg(?()S;j,é(S()vsvC)) d80>

u—c)? + &2 G

wxs2:7,6(5) G Fds

2ie
X mwxéz;jj(‘s)aép‘ds
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j .

([ 2ief(so) ) )
3 [ G (k50 et B 5.
2ie 1

X' (w— )2 + 22 u/(s)

j .
o < 2ieB(s0) 8,8 1 2)
+ Z/ </0 m@é 0) (Xc(so,c)Bgﬂ);;j’é(r, 50,c)xc(s,C)Bg(é;j,e(so,s,c)) dso
y 21e
(u—c)? + &2

J .
T[T _20eB(s0)  os0) ) @)

+ — 0 O<CS,CB (1, s0,cC s,¢)Bys. . s,s,c)ds
S (L e (elons 0B s B .0
y 2ie

(u—c)? + &2

85 (wX(;g;j’g(s)aéF) ds
wx52;j7g(s)8éFd8

Wwxs2.5.0(5)05 Fds (6.39)

It is crucial to note the very specific structure in (6.39): whenever s = r. and/or sy = r. the derivatives landing on the
kernels are either 8g ) or 02 or 95 so that one never evaluates J,, (or 0,) of a kernel near the critical layer without

the matching s or sy derivatives. A similar structure is seen also in the E?:e T); terms which are omitted for brevity.
The last three terms instead have:

12 J ) oo ;
1 1 2ief(s0) (1) ©)
W (re) Z T; = ;/0 (/o U/(TC)aTC ((u — )2 + &2 X¢(507C)Bxc;j,z(7“v 807C)BXG;j,Z(807S7C)dSO

j=10

X WxGj.0(5)06 Fuds

J .
L 2ieB(s0) 1 1) (@)
+Z@_O/o (/ <<_>+ o 0n (0050, B (r50, ) B 50, 5.)) sy

X wxg;j/(s)aéF*dS

J .
([T 2ieB(s0) (s0) (1) @)
X wxa.j.o(5)06 Fuds. (6.40)

Notice that near sy ~ r. we are still using ag? o) derivatives, despite that s can be close to the critical layer as well.
Hence, the derivatives are not quite the correct form for directly using that BE?)G; ;¢ 18 suitable (204,05 +n,~) of type

II (for some ¢4 and +y and all > 0). However,

s 2 s,8 2 1 2
3é°)B§()G;j,g($0787€) = 82, O)B;é;j’e(so,s,c) - mﬁsB&é;j’e(so,s,c).

Note that the former is bounded near the critical layer whereas the latter is logarithmically singular there (see Definition
6.8). However, since there are no singular integral operators or approximately d-functions in s in these terms, it is
straightforward to verify that we my still apply Theorem C.18.

Finally, putting together (6.34) and (6.35) with the associated decompositions of (6.36), (6.37), (6.38), (6.39) (and
the analogous omitted terms), and (6.40) with Definitions 6.7, 6.8 and Theorems C.1, C.18, C.2, C.3 (and Remark C.4),
we may pass to the limit in ¢ — 0 as we did in the n = k — 1 case. This gives us a (very complicated) representation
formula for fq.x~, and, in particular, the bound

k
Vs, Sese o] + 22 160 F

Next, we consider fl; xc. Wedirectly take a O = 8g ) derivative of (2.37) and as above, apply the usual integration
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by parts when sg ~ r. and/or s = r.. This yields (on the support of the integrand)

J 0o .
. 1 2ie
0cOLX = Z/o Bxs.je(r, s,¢)x£(s,¢) e )&C ((u o7 €2> wxs1.j,0(s)05F (s)ds
£=0 ¢
J e ) 2ie
+ Z/o d¢’ (Bxsju(r,s,¢)xx(s,c)) ((uc)2+s2) wxs15,0(8)0GF (s)ds
=0

u—c)? +e?

J S %) .
1 2ief(s
+ Z/ </0 X(50, ) u/(rc)a"c <(u = c)(2 i)gz> BY); 4(r50,9) B 4 (s0, Svc)dst))
o 2ie
(u—c)? +e2

J .
([ 2ieB(s0) (r) (1) 2)
+Z/0 </0 ((U— C)2 +€2> aG (X#(SOaC)BX(S;j,Z(Tv SOaC)X#(S7C)BX§;]‘7€(507Sac)> dSO

£=0

I e 2ie s
+ Z/O <()> 0% (Bxsize(r, 5, ¢)Xe(s, wxsije(5)96F (s)) ds
£=0

wxs2:5,0(s)0GFds

o 2ie
(u—c)? +e2

J .
F ([ 2ieB(s0) > (r,s) 5 @) )
+ — " 0 ( 80,¢)By 5. (T, 80,¢)Xc(8,¢)Bys. . s,s,c)ds
;/; </0 <(U_C)2+€2 G X?f( 0 ) X(S,j,[( 0 )X ( ) X(S’J’é( 0 ) 0
y 2ie
(u—c)? + &2

J .
00 00 2ieB(s0) (r,50) (1) ©
) 9570 c y By s, , S0, , BV s, d
+;/0 </0 ((U_C)2+62 G (X (50, €)Bxs.;.4(1s S0, €)X(5,¢) Bx5.; (50, 8 C)) S0
(u—c)? 4 €2

+i/°" /‘X’ M a(r,so,s) (X (s C)B(l) (7,50, €)X (5 C)B(Z) (50,9 C)) ds
=00 0 (U70)2+52 G c\20, X6;5,0\" 20 c\S, X65:5,0(505 5, 0
(u—c)? + &2

+ Z/o </0 ((uz_wf)(jj_)ez) (ng()g;j’z(r, so,c)x¢(s,C)ng;j’é(so,s,c)) dso)

J
£=0

wixsa:5,6(5)0G Fds

wxs2.5.0(5)05 Fds

wX(;Q;j,z(s)angs

wxgg;j,z(s)aéFds

1 2
X 0 ( e ) ’LUX(;Q;LZ(S)aéFdS

‘u’(rc) "\ (u—rc)2+e?
x ( = i;i - 52> u,is) 0y (Wxs2:j,0(s)05F) ds
" ; (] et on (2 ) B s 0B (oo s

u—=c
(u(c)2<}»)€2wxs"]e(s)8éFd8
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L% 2ief(s0) () ) @)
+ Z/ (/0 ((u—c)z—l—sz) 0 (x¢(so,c)BXS;j’£(r, so,c)x¢(s,c)BXS;j’e(so,s,c)) dso>

—07Y0
(u—rc
J 00 o0 2 s
+ ;/0 </0 <(U—Z€f)(;j')€2> 5&7‘) (X;ﬁ(so,c)ng;M(r, so,c)xc(s,c)ng;M(so,S,C)) d80>
(u—r¢c

(u—c)? + &2

J 00 00 :
2ieB(s 50
+ Z/O (/ (((0>> 8é ) (Xc(so,c)Bg(l)S;M(r, so,C)X7g(s,c)Bgfzg;M(so,s,c» d80>

0 u—c)?+e?

u—c)
X w(cwwxs)]7g(5)8éFd5

J .
o o 2155(50) 7,50,8 1 2
+> / < / ((u_c)2+€2 5 (Xel50, VB 5001 50,)Xel5, ) B L (50, 5,) ) dso

0

wxs;j7g(s)aéFdS

wx s..0(5)05Fds

u—c)
(u—c)? + &2

J 00 o0 )
2ie(s0) 1 2
> (0 ((u—c>2+52 (B el s0.)x (5.0 B (50, 5,6) ) dso
B

u—=c
W(rg) ((u 97y €2> wxsie(5)0G Fds

+ zj: OOO </0°° (ﬁ%) (Bg(l)s;j,é(?“, 80,C)XC(S,C)BE?;V;M(SO,S,C)> dso)
X‘ (( lw )_204)_ 52) u’}s) 0s (wX62;j,£(3)aéF) ds

J .
o o 1 2ie(s0)
+ Z/ </0 X(50,€) u’(rc)&"“ <(u — o2 igz) BYL; o(r50,€) BEh.; o (50,5, C)d50>

X wXG;j,g(s)aéFds

J .
o o 2ief3(s0) () (1) 2
T (22t st 8 8 )

X wXG;j,g(s)aéFds

j o0 o0 .
2ief3(s0) (r,50) (1) (2)
+;/O (/0 ((uc)2+52 9’ (Xc(507C)Bxc:;j,£(r, so,c)BXG;jyé(so,s,c)) dsg

X wXG;j,g(s)aéFds

U)XS;jvg(S)aéFdS

+ Similar terms with different B, w.

We see that, although slightly more technical, the overall structure of which derivatives appear in what contributions of
the integrals, is very similar to the case of 9,0 X . Hence, the arguments used above apply with no major variations
and we may pass to the limit and deduce the estimate:

lim \/;wp,gfl;xc
e—0 F,5/4

k
Sk [wio] + Do) Fl .
L2 =0

we omit the repetitive details for brevity. This completes the treatment of f~1; X-

77



Turn next to fl;A. As in the cases n < k — 1, we write
B 1 ) Qisu/(r()eitk(u(r)fu(rc))

Jia = 7/ - 5

27 Jo (u(r) —c)?+e¢

= fl;AX + f1;AY-

(ru (r))*xr (TC)Mﬁé (X (r,c,e) 4+ 2Y (r,c— ie))dr.

\/77

The term fl; Ax 1s treated in essentially the same manner as fl; x and is hence omitted for the sake of brevity. Similarly,
we see that the treatment of f;, 4y is made via a small variant of the method used to treat the first term in (2.37). Hence,
this is also omitted for the brevity. This completes the proof of Proposition 2.12. O

Proof of Proposition 2.13. Recall from (2.29),

w;’(ls(rar)nf; _ _WA eitk(u(r)—u(rc))arC <(U(r>c;20+)52> (Tu/(r)ag)n (XQ(T, TC)B(\/;)X(T, C7E)> dr,

)
1 G /Ooo with(u(r)—u(re) (W) O (ru/ (r)0c)" (Xz(?“, rc)*él(/?X(r, ¢, 5)) dr,

- 2rktwy, s
= f5at fop (6.41)

Due to the presence of y2, the support of these integrands satisfies » < min(r./2,1). In particular, the integral in ..
is not converging to a singular integral as ¢ — 0. Analogous to the treatment of f{ in the proof of Proposition 2.12
above, we may write f5 , as the sum of terms of the general form

L[ ith(ar)—utroy) L ;
_ (3 w(r u(re HE J X . d -
27714:7,‘/0 e wra(r (r,e)0L X (1, c;e)dr

for weights H satisfying,

|H®(r,c)| < 1T<TC/21T§17"_1/2 min(r2j, T_Q‘j_7) InaX(7°C_37 1).

From Proposition 2.37 we have an expansion as in the proof Proposition 2.12 above which by lemmas 6.10-6.14 (using
also the recursion scheme laid out in Lemmas 6.4 and 6.5) satisfies similar properties. The main difference here is that
we are using a weaker weight (wy s instead of w 5) and we have lost an additional 7_ 2 from the integration by parts
in .. The loss in . is balanced by the gains in K; these were used to recover the strong weight on f; whereas here
the gains are used to gain the r_ 2 necessary to allow us to integrate by parts in 7. to deduce. After this adjustment,
the proof of convergence follows from Theorems C.1 and C.18 (together with Theorems C.2 and C.3) as in the proof
of Proposition 2.12 and is hence omitted for brevity. 4

Consider next f5 , in (6.41). The terms where 0, lands on xy are treated as in f5 ,. For terms containing 0, 0g, X,
we apply the same methods as in Proposition 2.12 when 0,., derivatives were computed away from the critical layer
as in (6.37). Indeed, due to X2, the entire integrand in f5, is supported away from the critical layer and hence this
is the only case we need to consider here. Hence, combining ideas in Proposition 2.12 with those used to treat f5 ,
completes the desired bounds; we omit the details for brevity as they are repetitive. This completes the proof of
Proposition 2.13. O

A Preliminary technical lemmas

We record a few minor technical observations used several times in the proof.
Lemma A.1. Letr,r. € (0,00) and k > 2 such that |r — 1| < r./k. Then
o Btre <r < HHrg

e forall a € R, there exists constants c,, C, (depending only on a) such that cargk < rok < C’argk.

The next lemma contains a few useful inequalities regarding u. The proof follows immediately from Lemma 2.1.
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Lemma A.2. There holds

. kr kr 1 ) 2k
S1r<a (L«gz min <r2’ 742) + 731722) + 1, >1 (L«gz?“ + 1,>omin <r;7 )) ) (A.D)

pa r

xzu'(r)

u(r) —c

and for z € 1, there holds

e’ o 0]y

< g£2%a A.Z

(U—C)2+€2 X#Ne ‘U—C" ( )
(w—cp W o 0]y

Xz S €%+ (A.3)

(u—c2+e2 u—c lu—c|

Lemma A.3. Let x. be defined as in (4.3). Then, the following holds independent of c:

A&g_ﬁﬁzhwdmgL (A4)
and for |r — r.| < rc/k there holds
/T MXc(S»C)dS <14
0

u(s) — )2 4 &2 .

k — Ic
log FIT —Tel

Proof of Lemma A.3. Consider just (A.4); the other estimates follow similarly (and are slightly easier). Integration by
parts yields the following for any 7:

|t s == [Tlog ((u(s) - o + ) dnals, s
= [ o () 0+ 2) 0w (atr) — %)) el s
(o (e =0 )
- A Q%«mm—dww%>aﬁ“”“'

Choose r = (1 + %)rc and hence, on the support of the integrand,

(u(s) = ¢)* — (u(r) — c)?
((u(r) —e)* +¢?)

((u(s) —o)* +€?)

((u(r) —¢)* +€2)
and hence (A.4) follows. O

log hS <L

Lemma A4. Forall 0 < v < 1, for all n sufficiently small (depending on v and o) and all z € 1, there holds

0 / _ v
/ ( e ()] ('T rc') Yedr < e, (A.5)
0

u—c)?+e2

Let G¢(r, c) be defined for z = ctie € I, and |r — r.| < r. and (over the same range of r, r., €) satisfy the following
estimates (uniformly in €) for some exponents ~; € (0, 1]:

_ Yo
g@@G%bW§<Trm> (A.6)

|G€(r, c) — Go(r, c)| <, (A7)

Then for all ) sufficiently small (depending on a,~;),

<l (A.8)

u—=c

oo u—c u/ (o) u/
/0 (u(c)Z)JrszxcGe(r’ c)ds —p.v./o XG0 (r, c)ds
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Proof of Lemma A.4. Consider first (A.5). For all 0 < p < v, by Lemmas A.l and 2.1,

el (r)] Ir — 7|\ kP /OO 1 1
dr <P dr < ePkP max(—, r?P),
/0 (u—c)? + &2 Te Xe@ [/ (ro)” Jo Ir — 7‘C|1+p*7 ~ (rf” ")

and hence (A.5) follows from the definition of I,. Next, consider (A.8). We have

oo _ ’ o0 ’
/ (U(UC)C)UXCGE (r,c)ds — p.v. / “ XeG°(r,c)ds
0 - 0

24 g2 U—c

/OO ((U_C)U/ (Ge(r,c) — G (r,c)) ds
0

u—c2 +e2 X

o (u—c)u 1 0
p.v./o ((u — 71 2 - XG'(r,c)ds
— T, 4Ty

<

+

By the assumptions on G¢, we have
Xe |GE(r,¢) = G5 (re, ¢) — GO(r,¢) + G°(re, ¢)|
< xe (IG5(r,¢) = G*(re, ©)| +|G(r,c) = G°(re,0)|) " (|GE(r,¢) — GO(r,¢)| + |GE(re, ) — GO(re, c)\)l‘”

< gm(1=7) <|7”— Tc>770 .

Tc

Therefore, setting 77 = 1 (1 — ) and using Lemma A.3 implies

< (u—o
————Y.d
/0 (u—c)2—&—52XC "

/000 (u(:)g)ilﬁxc (Go(r,c) = G*(re,c) — GO(r,¢) + GO(re,c)) dr

Tl S |GE(TcaC) - GO(T(HC)’

+

Sel

The proof of T; follows from noting:

e2u!

1> < ‘Go(rc,c)p.v. /OOQ ((u (RSP 52)) Xeds
i ‘p.v. /ooo <(u - c)((:fﬁ/c)Z T 52)> Xe (GO(r,¢) = GO(re, ¢)) ds| .

The latter integral is treated by an easy variant of the treatment of 7 and is hence omitted. The former integral is
estimated via

e L

= ‘/OOO XC%&; (log((u —¢)® +&?) — log(u — ¢)?) ds
(u—c)? + &2 B
(u—¢)?

oo
rg/
0
: 4)’

272
< e“k®max(r, 5,7,

1| il

which completes the proof by the definition of /. O

B Vorticity depletion implies optimal inviscid damping

In this appendix we prove Lemma 2.14: the statement that the vorticity depletion estimates (1.13) imply the inviscid
damping estimates (1.11). We may without loss of generality consider the case |kt| > 1. Denote G (r, p) to be the
Green’s function for the Laplacian restricted to the k-th angular Fourier mode, i.e.

Gk(T,p) = g {
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Using the decomposition of wy, as in (1.12), we have

P(t,r) = / Gi(r, p)e™ ™) f1 (t, p)dp + / G(r, p)e™ 1) f5(t, p)dp
0 0
= Yra(t,r) + Yre(t,r).
It is convenient to denote
2 1
sup Y7k V(D) i (0] 5, -+ supllt) S K 09" a0 5, = Mo

t>0

=" n=0 n=0

where by (1.13) we have that M is bounded in terms of the datum w,i". For the contribution from 2, we integrate
by parts and obtain

Vi (t,r)] /OO —jeiktu(p) ( 1 ) ‘
kt)(kt) ————— = (kt 0 G (r, 2(t, d
(o) k) 2 = G| | =0 (G O A a(t0) )
oo kt a(t, E=1(p0,) fra(t,
s/ Tor. )’ ) ([fr2(t p)| + &~ [(08)) fria p)de,
0 wy,s5(p)
where
wys(p)Gr(r, p) <(P5p)Gk(T,P)I kplu”(p)| >
To(r, p) := . +k|.
P R weas) Gl o)
Using that (recall the strong decay imposed on f (1.10b) at infinity),
X PLE
wys(p)Gr(r, p wy,s(p) min § &z, 7%
||T2(7’,p)|L2(d7_dp)§kHf/()k() < , {& 5] <1,
P|u (P)|ww,25(7“) L2(dr dp) ‘u (P)|ww,26(7“)
L2(dr dp)
we obtain,
My
. , <
||wk,2(t)“Lw128 ~ (kt)<kt>’

as desired. Similarly, for the vy,; contribution, we integrate by parts in p twice, keeping track of the boundary terms
arising from the second derivative of the Green’s function. We arrive at

2 r) = efiktu(r)m_ ooeiiktu(p) 1 Gk(’l",p)
(P (tr) = 27O - | o (e (S ateon)) ) o

from which we deduce
2 [Yra (8,7)] _ 2wrs(r) VTl fr(t, )]
Wy,26(r)  — wy,2s(r)Vr(W(r)?  wps(r)
N /°° Ty(r.p) VP (I fia (8 p)| + k7 (p0,) fra (8, p)| + E2((08,)? fra (8, p))
0 wF,zi(P)

(kt)

dp

where

) = 0Ea(P)Cslrp) <|<pap>2Gk<v~, ol <3 ) 3p|u”<p>> 00,Gi(r )| |2

p* (W (p))*/pwy,25(T) Gr(r, p) W (p)] Gr(r, p)
ot (p)] | 3K () | 320l (p)
TR T @ T W) )

. kook
wrs(p) min { &, 7 }

b (D) fpwn ()
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Therefore, using that

. ko k
wp,5(p) min {% ,%k}

Looqary || PP (p)?wy 25(r)
L2(dr dp)

wp,s(r)

H Wy 25(r)/r (' (r))?

<1

which may be checked directly, we obtain that

My
. < -
loka®l e, S 75

which is the desired estimate. The inviscid damping of the velocity field follows in a similar manner from the Biot-
Savart law, or by noting that r(u},uf) = (ik, =0, )%, and we omit these details to avoid redundancy.

C Boundedness and convergence of integral operators

C.1 Two singular integrals and one delta distribution

Our goal is to prove the convergence as € — 0 of the following “model operator”:

/ / / ) —u(re))u'(re) (u(s) —u(re))w'(s) ew'(so)
—u(re))? + €2 (u(s) —u(re))? + &2 (u(so) — u(r.))? + &2
X %571(7", 50,7¢)Be2(50, 8, 7c) f(s) dsdsedr, (C.1)

in L2(dr) as € — 0, under certain assumptions on the weights B, ; and B 5.

Theorem C.1. Let § € (0, 2) and assume that for some y € (0, 4) we have that the functions B, 1 and B, o obey the
conditions (C.8), (C.10), and either (C.37)—(C.41) or (C.42)—(C.43). Additionally, assume that there exists ¢ € (0,7)
such that conditions (C.57)—(C.58) hold, for some limiting weights ‘B 1 and B 2. Then, if f € L?, we have that the
operator L.|f], defined in (C.1), converges as € — 0, in L? to the operator Lo[f], defined by duality via

(Lolf], ) = —7 /Ooo (p.v./ooo u(r)u’_(ri(rc) u’(rc)’Bj;(lg, rc,rc)gp(r) dr>

; > u'(s) Bo,2(Te, 8,7¢) 9 F(s))ds ) dr
<(ro [ s e €2

and the operator Lg is bounded from L2 to L2, with norm less than kS.

The first standard example of pairs of weights 8. ; and ‘B, » which obey the conditions of Theorem C.1 are:

Theorem C.2. Let 0 < j <k —1, and 0 < £, 01,05 be such that £ + (1 + 0y < j. Let 0 < ( < 2, and 0 < n < %.
Consider the weights

B(r) min(r?, r=2)J
wr,s(r)w (so)
ﬂ(so)wF,g+2£(5)
u'(s)

B 1 (r, 50, 7¢) = x1(r,7e) B (r, s0,7¢) (C.3)

B 2(s0,5,7) = B (s0,5,7c) (C4)

where B§ E) is a suitable (21,01 + 1n/2) kernel of type I or I1, and Blg 6) is a suitable (20, l 4+ 1/2) kernel of type I
or II. Then the conditions of Theorem C.1 are satisfied for the welghs (C.3)(C.4). The corresponding operator L.
defined in (C.1) converges to the corresponding operator Lg defined in (C.2), which in this case becomes

2

(talflogh = [ (po. [ 0L SO 5 () ar

wr,s(r)

& 1 ﬁ(rc)wF7%+25(s) () s
X (p.v./o ) B g (e, s,mc)((8)° f(s)) ds | dre,

—u(re) (s)?

as operators from L? to L?. The operator Ly is bounded on L? with norm < k¢+261+2¢2,
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Proof of Theorem C.2. The theorem follows from Theorem C.1, upon verifying that the weights in (C.3)—(C.4) obey
the needed conditions. This is done in Corollary C.6, Corollary C.11, and Corollary C.14 below. O

The second standard example of pairs of weights B, ; and B, » which obey the conditions of Theorem C.1 are:

Theorem C.3. Let 0 < j <k —1,and0 < {,01,05 be suchthat £ + {1 + {5 < j. Let 0 < ( < %, and 0 < n < %
Consider the weights

B(r) min(r?, r=2)J
r%wfﬁ(; (r)u’(so)reu! (re
B(SO)WF,ngze(S)

u/(s)

where B(E) is a suitable (201,01 + 1n/2) kernel of type I or 11, and B( ) is a suitable (202, 5 + 1/2) kernel of type
I or II. Then the conditions of Theorem C.1 are satisfied for the welghs (C.5)—(C.6). The corresponding operator
L. defined in (C.1) converges to the corresponding operator Lq defined in (C.2), as operators from L? to L?, and the
limiting operator is bounded on this space, with norm bounded by k¢+261 1262

B. 1 (7, 50,7¢) = x2(r,7e) )ngm 50,7e) (C.5)

%5’2(80,5,7'6) - Béi)(SO,S,TC) (C6)

Proof of Theorem C.3. We remark that the main difference between (C.3) and (C.5) is a factor proportional to

r2(re)t

2
c

r

besides the obvious difference of replacing x; with x2 ~ 1,<112,<,.. The theorem follows from Theorem C.1, upon
verifying that the weights in (C.5)-(C.6) obey the needed conditions. This is done in Corollary C.7, Corollary C.11,
and Corollary C.15 below. O

Remark C.4. It is clear from the proof of Theorems C.1, C.2, and C.3 that not all properties of a type I or type
II kernel are used. For instance, for a type I kernel, Theorems C.2 and C.3 only use (6.13a), (6.13b), (6.15a), and
the convergence as € — 0 in these inequalities, with some positive rate ¢ for some ¢ > 0. Similarly, for a type II
kernel, Theorems C.2 and C.3 only use the global uniform boundedness, weighted Holder regularity in each of the two
variables not called r. near the critical layer, and the convergence as ¢ — 0 in these inequalities, at a positive rate.

The remainder of this section is dedicated to the proof of Theorem C.1, which is decomposed into several steps,
detailed in the following subsections. In each subsection, we show that the weights (C.3)—-(C.4) obey the necessary
properties, so that the proof of Theorem C.2 is done concomitantly. Checking that the weights (C.5)—(C.6) obey the
necessary properties is done at the end of this section, yielding the proof of Theorem C.3.

C.1.1 Convergence away from the diagonal sy = r,

In this section we consider the contribution to the operator L. in (C.1) due to the set

{|30 —7re| > T—p}
k

We first prove an abstract lemma, and then show that the available conditions on the coefficients B, ; and B, o are
sufficient in order to apply this lemma. Let us denote by L. ; the contribution to the operator L. in (C.1) from
|so — 7¢| > I¢, i.e. the operator

/ / / (re))u'(re) (u(s) — u(re))u'(s) eu’(so)
(re))? +e2 (u(s) —u(re))? + €2 (u(so) — u(re))? + €2
X 1‘50 ZTC% 1(7, 80,7¢)Be 2(50, 5, 7¢) f(s) dsdsedre. (C.7)

Lemma C.5. Assume that
1Be1(7, 80, 7c)Be 2(50, 8, 7e)| S Bo(r, S0, 8,7c) (C.3)
holds for some e-independent function Bq. In addition, define the cut-off

]-strange - ]-TLS 511r6§112r§312r6§s + 17'§112r§rc (C9)
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and assume that By obeys the bound

=

1
s (s)2 2 -2
GB S 1@ range 1- 1 ran 5 5 5 5 CIO
(7, 80,8,7¢) S ( strang T%<S>% + ( st ge)> (7‘>%+7 (30)37 (maX {T r?, 82 50 S0 }) ( )

uniformly in r, so,s, and r., for some n € (0,7%), v € (0, Z) and § € (0,3). Then, if f € L% we have that
Loa[f] = 0ase — 0, in L2
Proof of Lemma C.5. Let ¢ € L?(R, ) be arbitrary. We then have by (C.8) that

(0(r) = u(ro ! ()l () = ulre D' ()] el (o)
(Lealf1(), 0(r))] < / R TG 8 v B o e e
|

X Ligo—r |2 e Bo(r, 50, 5,7¢) | f(s)p(r)] dsdsodr.

::/ J(r, s0,8,7) | f(s)p(r)| dsdsodr.dr. (C.11D)
)

Our goal is to show that the integrand on the right side of (C.11) lies in L*(dr ds dsg dr.), and moreover vanishes as
€ — 0 in this norm.

Case r. > 1. The proof is based on the following estimate (c.f. (A.1)),

v’ (p)] 1 p 1
_— <1, 1 1,«;— +1 +1, ;51— C.12
() — )] ~ o< gy (st T ezt ) Tl 7 ©1
and the asymptotic description
W (p)] ~ L. (C.13)
Here we use (C.12)—(C.13) to estimate
]-r 3 - c ! c ! c 17%
e le) ) g (A0
(u(r) —u(re))? +e lu(re) — u(r)]
17‘c>11|r —rl<& 1Tc211|1“¢77‘|2% (C.14)
ST —r3 T (R
and similarly, using that |s — r.| < {5 = 5 > r. — 15 > 7 for . > 1, we obtain
1T‘c21€%|u S) B U(TC)| |’U/(8)‘ < 1T°>11|5 Tc|< ; 1 % + Sglrczll‘s_TJz% (C 15)
u(s) —ulre))* +e* 7 (s)V]s — Tcll‘% ()t '
Lastly, we have
17“0211‘80_7«0'2%51_7‘“/(50” <1 1 1 < |u/(30)| >1+'7
(u(so) —u(re)2+e2  ~ = o = s\ Julse) — ulre)]
Lreztboo vz gy | Dreztboecioo sty () S0 g
sq(so)t=37 |sg — re[tHY 0=t (sg 4 1)ty T TS0
17"p>11|s ro|> & 1Tc>11|s —re| <L
< (s0 37( R s “—1°> (C.16)
\#a) o) 50 = 7=

since 1. > 1. In the above inequalities, the implicit constants are independent of € and &, but may depend on 7. From
the above three estimates we arrive at (recall (C.11))

L < L - |>110]

Lro>13(r: 50 8,7¢) S ¥ Loz Lag—re 2 3¢ (50) 7 Bo (7, 50, 8, 7c) Lr Plre =3 T (ro)tt 2
c c c
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3
Ls—rel<ds ] S Ljs—rl> 45 {1|sorcl>fo L 2y Hsorel<dy
()]s —re|' 73 ()t 50/ (s0) [s0 = rel' 7

At this stage we use assumption (C.10), noting that Lgirangelr,>1 = Llor<r 1, >11-<1, (recall (C.9)) to obtain

1, >1J(r, s, 5,7 53
TeZ ( 71 19 C) S 1T0211‘807TC|2% 12T§7‘01T§1 T T + (1 - 127’§T01T§1)
€3 ra <5>2
S 145 1 _ 1 1 _ 1
X = <‘?> 235 ITC Tlglo ol |TC T|22'10 (ma’X {T27r_27s278_27sg7862})n
OFF [Glre=—rl=3 T (g E
J
Ysoresds 58 Momrel2d | [Moomrel2ds 4 oy Hoo-rel<ds | oy
(s)7+0]s —re|' 3 (s)ttto 50 (s0) lso—ret=7] " T
We first note that since 7 is sufficiently small, we have
k1 L1 1
) 2 _—2\\n [so—re|<1g [so—rc|> 15 < 1.2v
/]R+ 1Tc211|5077'c‘27c(max{807SO } [ o — ro|i=7 sg<50> dso S k77,
so that, after some manipulations, we arrive at
1.>1
e J(r, 30, 8,7r)dso
g3 R4
57
5 17"021 [12TST61TS1 T T =+ (1 — 127’§T51TS1)] (max {’]"277"*27 52’ 572})7]
rz(s)z
ol
ra(s)3 0 | ey Ly —ri> 4 Lgorj<d ST, >
R A A S | R TR R I R
Liro—ri<ds Lsor<d L1 Liro—ri<ds 1
N —r )2 — 173 (s —r )25 —r [1TF 0 (r) 22 (p — )Y |re — |13 <s>%+%7—2’7
N 1 (max{r? r=2})" o<t n 1 (max{r?r=2})7 (max{s?, s~ 2})"
(ro)3+5 -2 2 (s—r)s—re'TE 0 (r)HE (Y (s)3+%

=:Jii(re = r)Ji2(re — 5) + J21(re)J22(re — 7)J23(5)

+ J31(re)Jae(r)Jss(re — 8) + Jar (re)Jaz(r)Jaz(s), (C.18)

where the identification of the J;; functions, for 1 < ¢ < 4, and 1 < j < 3 is the obvious one. We then use Young’s
inequality and Holder’s inequality to deduce

. J11(re = r)diz(re = s)[f ()| ()| dsdrdre < [|T11 [0l L2 gy 112 # [l 22 ar
3
< WIaallp 13a2ll o el 2 1N 22
Slellipz 11z
and similarly
» Jo1(re)Jaa(re —7)J23(s)|f ()| l(r)| dsdrdre < [|Jo1llza 1T22ll o 123l 22 @l 2 11l 2

3

S lellpe 1 f1l e

/RS 31 (re)Js2(r)dss(re — s)|f ()] | (r) [ dsdrdre < |[ Tzl L2 [1Ja2]l L2 1Tsall 1 ol 2 11l 22
+

S lellpz 111
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/ Ja1(re)Jaz(r)Jas(s)1 £ (s)] [o(r) | dsdrdre < || Tanllpn (1Tazll o (1Tasll 2 el g2 11 12

Sllelle (11 22 -

Summarizing the above estimates, we arrive at

/ re21d(r, 80, 8,70) | £ (8)p(r)| dsdsodredr S e¥ ol 2 [ fll 2 =0 as e =0
R4

Case . < 1. In this case, instead of (C.12)—(C.13), we also have the improved estimate

v/ (re)]
<
() — u(ro)] oS ez ST (C.19)
which is useful when r. < 1. Similar to the r. < 1 case we obtain the bounds
1TC§1£%|u(r) —u(re)| v (re)] < Telro<ily <t o1 ) (C.20)
W) R+ et S —pfi3 s ez ‘
%I ( )_U(TC)| "LL/(S)| < Slrcgll“g_T’JSTlo 551r0§11‘s_7'0|2%0 (C 21)
u(s) — u(re))? + &2 Y (sHr) T3 |s — 1 TF (s)t+7 ’
Lro<1ljsgpzree 7/ (s0)] _ K% (50)* L <115y <t N Lo<iljg p>d (C22)
(u(so) —u(re))? +e> ™ re¥|so — 1t 80 (s0)1 77 '
From the above three estimates, and by using (C.10) we arrive at
1rC§1J](7‘» 307377"c)
3
5 1T»§11|507TC‘2%%0(T3 807877’0)
rCch<11|rC—r|< 1 1
(re+r)t =3 r —r\l 7 Trelresibin, *T\>%
slro<ilis p <t s3lp<1l)y > ][00 i g r<cr Lro<idiggp >k
(s+7)i3|s—r[t™3 (syttv re e — so|1=7 50 (s0)1 %7
s3 rs(s)s
Sj 1TCS11|507TC‘2$ 1strangeT+ - strange 1y T 1,35
: ()30 CHE
=+ 7. TL<11|T —r| 11O:| maX{r r 2,52’5—2,5(2),562})7]

|: Tclrc 1]'|rc—r|<
(re + 1) 3 |re — r\l
slro<ilis_p <

(s+r) "3 |s — 1| —7
Similar to the estimates (C.17)—(C.18) for the case r. < 1, we first integrate the so dependent-part of (C.23) in s¢ to

o
$31r <iljsp >4
(s)1t7

1 [k oSt llorel<gy 1rc31llso‘”>°] (C.23)

2l |re — so|17

obtain that
/ 1 <1(max{32 872})7’ 17C<|60 rel<% \SU re|>4 dsg
TeS 0
R, e reY|sg — e[ 50 (s0)
1 <1k2’y / _ |s re|< 1|s —re|> L kv
< Te=r” max{s2, so2})" 0=Te| <55 =10 ) dsy < ——
~ ’I“E’y R+( { 0720 }) |50 _ 7”5|1 ~ Sg<30> ~ 7“?7

since 7) is sufficiently small. Then, using that v < 2, we have the inequality

s
r2 Te
— (1 1 +r.1 1 | <r
re—r|<s5 _a _ Crlre—r|> 7
( Ire Llo(r—i—rc)l 5|re —r[t73 [re=rl21g | ~
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and since on the support of 1, <1ljg <1 we have s < 7.+ 15 L < }(1), it remains to consider the integral of o (r) f(s)
multiplied by

o)

1T J T, 80,5, ¢ S% T2 _
/ es1 ( ¥ 0 )d S0 < ]-rc<1 strangei + (1 - 1strange) R (maX {Tz,T 2})n
Ry (s) (r)

N

1 1
£3 s)zrz

y {1|rcr|<fo N 1|n-r|>fo] Yoorisdy | Mooreizgy
L R N L e R DR
1 1|7‘ —r|<& 1 :| 1|57'r <& 1
S 1 c S0 + cl>70p 4
rest 7%746% [|rc—r|1 3 (et | s —re23 <s>%+2%

1
rz

[re— T|,10 1 1‘37TC|§% 1
+ 1, + + .
rest ch — 773 <r>§+5} [ o173 3+F

Here we have used properties of the support of 1 ange (recall (C.9)). Similar to the case r, > 1, for the second term
above (the one coming from 1 — 1g,ange) One may use Young’s and Holder’s inequality to check that

lre=r|< 1 Lis_r < 1
/ 1,.c§1[ RS | | | ) @ardsdre S e 115
w5 o=t () ; a

For the term first term (due to 1gtrange), We first note that

1 1 1
[s—re|<+5 1 |9 re|<4 1
up [ 1£(6) Tt | ds S e sup R
re<1JRy |577'c|2 3 <5>2 re< | |2 3 <>2 3 L2(ds)
S gz
so that we only are left to bound
17~<¥17”c<1 1\7" —r|<& 1
r =1 — < -1 }drdr
[ 1ot i3 [m_rl—z (ryave | drdre
1 <1 ]-rc<11 —re| <& 1 1,
S ligllzs || =2 s e +llelze | =1 o5l
r=7% lpeany r<B || 18 e — '3 L' (dr.) r2m (= e | 18 o
S el -

Combining the above, we arrive at
/ L, <1|3(r, s0, 8, 7) (f(5))(r)| dsdsodredr S % @l | fll- =0 as =0
R
which is the desired estimate, and concludes the proof of the lemma. O

Corollary C.6. Let0 < j < k—1,and 0 < {,01,05 be such that { + {1 + {y < j. Assume that the functions B 1 and
B, o in (C.7) are given by (C.3)—(C.4), where Bé}g is a suitable (201,01 + n/2) kernel of type I or 11, and Béi) isa
suitable (205, (s + 1/2) kernel of type I or I11. Then the operator L. 1 defined in (C.7) vanishes in L*(dr) as e — 0.

Proof of Corollary C.6. We recall that the following estimates are available
By (1 s0,7)| S ' (50) 1B(r, 50)K(r, 50,7¢) Loty 1/ (7, 50)
B4 (0, 5,7)| S [/ ()| B(s0, 8)K (50, 5, 7e) Loty a2 (50, 5)

on Ri, where as before we recall the definitions

sk=32 rhts
B(r,s) = <15<r = +1 - | (s)* (C.24)
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2 82

c 2 2
K(r,s,7¢) = Lr.>1 + 1r.<1 (ls<r<rc + 1s<rc<r<17f2 + licr <1< + 1TC<S<T<1ﬁ + 1 <s<i<rs” + lics<r
: 2 § 2
C
+ Lics<r, + 1r<rc<s<187 +1crcicstc + 1rc<r<s<187 + L <rcics™ + 11<7‘<s>

£
1 1
L:JJ(TvS) =k’ (max{ryr?, 82a32}> .

Recalling the definition of the weights wr s we obtain that

Btg,le) (T’ 50, TC) Bé?g)(807 S, Tc)‘

Lisg—re|>2e

17"<1 i
= k—1—-25—6
S Lsomrep>ze (Lralro<or + 1r21) [r;ﬁggjg + 1o 770 Loty 0y 40/2(75 50) L2ty 0340/2(50, 5)

1>

k+3-2¢6-2
X 68(T7 50)K(r, s0,7¢) [18<18 T gk+5-20—%

T50) } B(s0, $)K(s0, 8, 7¢)
=: Bo(r, S0, S, 7¢)- (C.25)

The above defined function By is explicit, and we need to verify that it obeys condition (C.10). Note that the terms
due to the 7 corrections in £ are already incorporated in the (max{r?,r=2, s, 572 53, s;2})" term on the right side
of (C.10), so that we ignore these factors from here on, working as if n = 0. This is done by considering the possible

orderings of 7, sq, s, and r.. It is useful to denote by

]_T 1 1 15 B Py B bl
W(r, s, so) := {q +1r>1rk2] [15<18’”2 + >1] (7, 50) Blso, 5)

rhts (so)t ()
T PN 1:<
L(r, s,50) := {17«517’” + r‘»l} {;2}1 + 18215%] Loty 6, (1, 50)L2ey,0. (S0, )

1
sk—z2

r2J
In view of Lemma C.17, we have that
W(r,s, so)L(r,s,s0) S 1. (C.26)

Estimate (C.26) requires some care in proving and we defer the proof to the Subsection C.1.4. With this notation, and
using estimate (C.26), we have that

1,<1 1> _1_3
%Q(T, S0, 577"6) 5 1‘807TC‘2%<17‘§117‘0§27‘ + 17‘21) |: _Tj_ + = ]-SSISB 2 4 +
2

1
—K K . 2
X <50>2 (Ta SOvrC) (50; Sch) (C 7)

Checking condition (C.10) for the above defined B thus reduces to verifying the uniform boundedness of

S
J(?", S0, S,’I’C) = 1|50—rc\2%(1r§11rcg2r + 17"21) <lstrange T + (1 - 1strange)>
S2
1< s_s  lg>
X | == T x| |Lec1s? 4 + 55 K(r, s0,7¢)K(s0, 8, 7¢), (C.28)
rz-2 iy

where we have used that 3y < 2, and thus (so) 237 < 1.

Case r. > 1. Note that here we are working on the support of Ly ange = 0, and by definition K(r, sg,r.) S 1,
K(sg, s,7.) S 1. Thus, condition (C.28) reduces to proving the uniform boundedness of

11 1
s<r<1l 5_36 s>1
2<r> >

JT«.~>1 = 5_0 1T21 185152 ‘4 5_388 |-
ra—3 24

Since both of the above terms are < 1, so is their product, and thus

JTC>1 f, 1

as desired.
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Case . < 1. From condition (C.10) we need to show that

r3(s)z
Jragl = 1rc§1 1strange7l (1 - 1strange) (1r§11r0§2r + 1r21)
s2
e FRVEN
X 5 T Lex1| | L1521 + — =5 | K(r, 50, 7¢)K(s0, 5,7¢) (C.29)
T2 2 S 4

is uniformly bounded in r, 7., s, Sp. As in the case r. > 1, since K(sg, s,7.) < 1, K(r, sg,7.) < 1, it is clear that
proving the uniform boundedness of the term J,. <1 defined in (C.29), resumes to checking the uniform boundedness
of J,,<11,<11,<5. Indeed, when s < r the quotient (3/1“)5/2*‘5/4 < 1, and no singularity at » < 1 arises. This
issue is avoided altogether if » > 1. Thus, we see that our desired estimate J, <; reduces to proving the uniform
boundedness of

Jrcéll%érgllrés J(1<1 + Jg)gl

rz <s>% 1
= 1TC§1 1strange71 + (1 - 1strange) |:2
S

+ 1r21:| 13§18%7%K(T‘7 50, TC)K(S()v S, TC)

r
1 1
r3(s)? lrecpcr | L] 1o
+ 17'C§1 lstrange <l> + (1 - 1strange) l: 25 _Té Lt(;:l ; 33 K(T 50, TC)K(Sm S, Tc) (C.30)
52 ra"3 s

where the decomposition is basedon s < 1 or s > 1.
. . 5 s . .
When s < 1, and either s < 2r, or s < 2r, the quotient (s/r)2~ 1 is bounded by a universal constant, so we are
left to consider the case s > 27 and s > 2r,, which is precisely the support of 1girange. Therefore, the boundedness

of J. ) .<1 reduces to the boundedness of

5

1

“Ur <1 lstrange = Lstrangels<1 9 3 K(s0,s,7¢)K(r, 50, 7¢)-
reT2

At this stage the specific form of K is useful to us. By analyzing the product K(so, s, 7.)K(r, so,7.) we note that

r<s<1lr.<1K(s0,s,7c)K(r, 50, 7¢)
it st .2 242 -
1 <ro<r<s<i s 2,2 T 1, <so<r<s<i 3 5 2,2 T 1, <r<so<s<i 2t 1, <r<s<so<1i—— T 1, <r<s<i<s, ST
0

L,

r2 r2 r2 5272
2.2
+1leg, <1so<r<n<s<1 5t Lr<so<r.<s<1—5 2t 1r<r,<so<s<1 75 2t 1 <r <s<so<i—7 g T 1r<r.<s<i<sosT )
0

4

c 4
+ 1z, (150<r<s<rc<1 +lrcsocssre<t T lrcacsosrest + Ir<scrocsociog + 1T<S<Tc<1<50rc>

0

2 2 2 2
T r /A T 2 92
Liosresr<s<ig +lrecsosr<ssi g + lresr<so<ssi g + lresr<ocsosi g F Lresrcoica, 877
1:

7,,2 7“2 T2 7"2
2.2
+ 1o, <1sOSr§rC§s§182 Flrcsosresssig +lrcrecso<asi g + lrcreacsosi g + lrcre<sci<agSr )

2 2 2 2
4
+ 1o, <1sO§r§s§u§182 Flrcsososresi g+ rcscsosrei 5+ Ircacre<sosi g  Ircscrecicao” )
2
T
Sleeg, <s§11rc§1§-

Therefore, since r < s < 1, we are left with

1
«:]Iic)gl lstrange ,S 1

which is the needed estimate.
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The case s > 1 is treated similarly. When s < 2r or s < 2r,, then since %C < r < s, r is bounded from below,
and thus there is no loss of 7~ 2+3. We are left to consider the support of 1gtrange and bound the term
9 1

(2
JT <11:>trange - 15trangels>1 —5 9
T’ 28

=~K(s0, 8, 7.)K(r, $0,7¢)

N

Here we use that
lrecpcicslr.<1K(s0, 8, 7c)K(r, 80, 7¢)
re 50 2 2 2
c
= 150§r6§r§1<sﬁ + 17‘C§so§r§1<sﬁ + 1r6§r§50§1<sr + 1r6§r§1<50§sr + 1rC§r§1<s§30T

2
+ 1’"2 <r<r.<i<s'ec

1 1. (C.31)

AN
|_|

F<r<i<
Therefore, it follows that

(2) r
"]]r <1lstrange - 1strangels>1 9

which concludes the proof. O

A similar result may be obtained for the weight which has xo(r, r.) instead of x4 (7, r.), but an additional argument
has to be given to control the region in which r. is much larger than all the other parameters. We have:

Corollary C.7. Let0 < j < k—1,and 0 < {, 01,5 be such that { + {1 + {5 < j. Assume that the functions B, 1 and
B, 2 in (C.7) are given by (C.5)—(C.6), where B( ) is a suitable (201,01 + n/2) kernel of type I or L1, and B(z) isa
suitable (205, 05 + 1/2) kernel of type I or I1. Then the operator L. 1 defined in (C.7) vanishes in L*(dr) as e — 0.

Proof of Corollary C.7. The proof is nearly identical to the proof of Corollary C.6, so we only emphasize here the
points which are different. As noted below Theorem C.3, the main difference is that a factor of # enters the
estimates. Using the definition of Lgrange, We see that instead of checking the uniform boundedness of the expression
in (C.28), we are left to check the uniform boundedness of the new expression

2/, \4 1,01
(T 72(5)2 1l,<1 5_5 11
J(Ta So,S,T‘C) = 1|So—Tc\Z%c %B(SO)<SO>4+3’Y]—2TSTC 5<%> ;:é |:]-s§152 1+ 23_35:| K(Tv SO7TC)K(503S?TC)
c r2 2 S 1
4
r 5 _o 1>
< Lisgora|> Tc<;2> B(s0){s0)* T 1gpep 1pcyr? |:].s§132 T4 25$]K(T,SO,TC)K(80,S,TC).
c S 4

Since K(r, sq, r)K(s0, 8,7¢) < 1, the boundedness in the regions s < r. < 1,and 1 < r. < 2s follows immediately.
Moreover, for the region 1, <11,>,, we explicitly check that

2

S
L <1ls>r dor<r, i<t — 77 K(r, s0,7)K(so, 5,7¢)
rZ(s)

4
S1p<ilssr Lop<r, 1r<1 [ s<1 (1 + st + 15<soz ) + 1> 12] S 1.

0
We are left to consider the region where 1, >112s<,.. If r. < 259, we can absorb the bad power of rg into and sg,
and use that 3(so) <30>6+37 < 1 to obtain the desired boundedness. However, in the case r. > 27, 2s, 25, 2, there is
nothing to make the above term, and a different argument is needed.

We recall that in the definition of xo(r,r.) we have the cut-off function x;(r.), which restricts our attention to

e < £~ 7= for some o > 0. Here this information is used essentially. We start from the beginning of the proof of
Lemma C.5, namely from (C.11), and focus only on the remaining region 1,<11lo,<, 1, >11l2s<r Los,<r.. We are
instead left to consider the convergence as € — 0 of

/ |(u(r) = u(re))w'(re)| [(uls) — ufre))u'(s)| elu’(s0)
R4

|
o ()~ ur)? €2 (uls) — u(re))? + & (ul(se) — ulro))? &2 TELSretnzsdssr.
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XJ(TC)T2+2j7”35(80)wF,g+2e(3)3(7", 50)K(7, 80,7¢) Loty 0y 4+n/2(1, 50)B(50, 5)K(s0, 5,7¢) L2g, 0, 4n/2(50, 5)

X
wp,s(r)
x| f(8)p(r)| dsdsodre
=: /4 J(r, s0,8,7)| f(s)p(r)| dsdsedr.dr. (C.32)
R+
By appealing to (C.26) and the boundedness of K, similarly to (C.28) we obtain that
/ !
Soosoosn) < |u (rc>| ' (s)] ool
V(ul 12+ 2 \/(u(s) —u(re))? + &2 (ulso) —u(re))® +¢
X 1pcicr 1 ><z<rc>r3<50>4+“s52"6<so><1sg1sf-%-2’7 + Lozys™ 2 HER)
r<1<r.12r,25,2s50<r. T%75+277 )
and using the definition of x; we obtain
/ / Tra [0/
Urva0,8,7) < v <n>| |u (5) e fu (soy 2
V{(u(r) — 12422 /(u(s) — u(re))? + €2 (u(so) — ( e))?+e
x 1 1 XI(TC)<50>4+7730 B(s0)(1s it P LA
r<1<r.12r2s,2s50<r. %*5+277
|u'(re)| |u'(s)] |u'(s0)|

ST f—— — G ——
u(r) — u(re)|' TS Ju(s) — ulre)|' T Ju(sg) — u(re) T T

(50)455 2" B(50) (Le< 5 %—z—2n+18213 §+i+am)
T%—5+2n

X Lr<i<r, Lor2s,250<r.

1 s So

S £A2+a)

(ro)tTeeia (s)*Faeta (5,)2ere

(50)47755 2" B(s0) (Le<185 1721 4 1,515~ 378 420)
T%75+2n ’

X ]-rg 1<r. 127’,25,250 <re

by using properties of the cut-off 1,<1<,_ 12y 25 2s,<r., and estimates (C.12) and (C.19) in the region |p — t| > %0
relevant here. As above, we first take care of the integral with respect to sg

/oo s(l) 2n<80>4+2n5(50) <1
0 (s0) Z@F®) ~

in view of the decay rate of 5. To conclude the proof and obtain the desired vanishing as ¢ — 0, we are left to show
the boundedness of

/ 1 (Locysi— 3721 41,55 2Hi- 10 +27)
R (re)

£ (s)p(r)| dsdrcdr

1r§1§7’612r,2s§rc

=) 730420
o 1

< z 2n -5+ — 427 r<1

SNy el ary |[Lagas 3727 4 Loz FHE 705 ) p2as) || 7520 |

S ||f||L2(ds) ||99||L2(dr) :
This concludes the proof of the corollary, upon passing € — 0. O
C.1.2 Identifying the leading order operator near the sy = r. diagonal
In this section we consider the set

{Is0 =l < %} (C33)

and show that the contribution to the operator L. in (C.1) coming from the operators

/ / / r) = u(re)u'(re) (u(s) = ulro)u'(s) e (s0)
P) = ulre)? + €2 (uls) — u(ro))? + £2 (u(so) — u(ro))? + 22
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X 1‘50 rel Tc e 1(r,80,7c) = B (r,7e,7e)) Be2(50,8,7¢) f(s) dsdsodr.  (C.34)

(B
/ / / (re))u’ (7“) (u(s) — u(re))u'(s) eu’(so)
(re))? + €2 (uls) —ulre))? + &2 (ulso) — ulre))? + &
X 1‘50 —p TJB 1(ryre, 1) (Be2(s0, 8, 7¢) — Bea(re, s,7c)) f(s)dsdsedr.  (C.35)

vanish as ¢ — 0 in L?(dr). The goal is to establish a result which is similar to Lemma C.5. Once achieved, such a
result shows that

/ / / —u(re))u'(re) (u(s) —u(re))u'(s) eu’(so)
—u(re))? + €2 (u(s) — u(re)? + € (u(so) — u(re))? + €
X 1‘807“5%%571(7“, TeyTe)Be2(re, 8,7¢) f(s) dsdsodre (C.36)

is the leading order operator with respect to € in L.[f]. Indeed, we note that

Ls[f] - L5,4[f] = Ls,l[f] + L€,2[f] + Le,r[f]

where the right side vanishes in L?(dr) as e — 0.

)

Lemma C.8. Let § € (0, 1) and assume that for some v € (0, $) we have that

% c _% stey!c
re 1Bealrso.re) = Bea(rsres o)l o5 o 03] < Bo(r, s, 70) (C.37)

Hourels 2 = 50 — 72l

holds for some e-independent function By which obeys the bound (C.10). Then, if f € L*(ds), we have that the
operator L. 5| f], defined in (C.34), vanishes as ¢ — 0, in L*(dr).

Proof of Lemma C.8. The proof closely follows the proof of Lemma C.5. Similarly to (C.11), the lemma reduces to

showing that the function

(u(r) — u(r ) ()| |(u(s) — u(re))e (s)] e (50)| s < 5 27
2

(u(s) —u(re))? +22 (ulso) —ulre))? + 2

“]](T7 50a57TC) = %O(Tv 50757TC)

obeys

[, 350, lo(r) () dsodsdrdre 5 & 1ol 1] ©39)
R+

The power law 7 is rather arbitrary.

Caser. > 1. Note that estimates (C.14) and (C.15) hold as is, s1nce they are independent of the bound [so—7.| < .
Since r. > 1 and k > 2, this restriction implies that sq > 5 L 2 5, and we may thus replace (C.16) with

5 5
Lr211jsy i< €' % Js0 = e (o)l _ 1 |50 — re|? W(so)  \'TT
(u(s0) — u(re))? + &2 e TS (s) | \Juls0) — ulro)]
Lol r >t Le>alyg o jcn
S0 | — s 10). C.39
< (%0) ( kv (so)1t3 |so — 1|t % (€.39)

Estimate (C.39) is nearly identical to bound (C.16), and in particular once the (s()3” is absorbed by the bound on
By, the resulting object is integrable in sy, with a bound that is O(1) with respect to s, r., and . All the following
arguments in the proof of Lemma C.5, for the case r. > 1 follow line by line in this case too. To avoid redundancy we
omit these details.

Case . < 1. As before, the bounds (C.20) and (C.21) hold as is, since they are independent of the restriction
|so —re| < 5. For v, < 1, the later restriction implies |sg — 7| < %0 and also sg < 1(1), and thus (C.22) needs to be
replaced by

— 5 [so=re| |1 T 3y
e 6 7 |u (SO)‘ < S0 17’c§11|50—rc|§1—10 <50> 1Tc§11|so—r6\§%

u(re))? + 2 ~oordlso =1t Y rd|sg — |t R

1TUS11|50 re| <

(()

(C.40)

| w\a
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In the last inequality we have used that . < 1, with the purpose of showing that the right side of (C.40) is nearly
identical to the first term on the right side of (C.22). In particular, integrating (C.40) with respect to so we obtain the
same estimate as in the proof of Lemma C.5. All the following arguments in the proof of Lemma C.5, for the case
r. < 1 follow line by line in this case too. To avoid redundancy we omit these details. O

The proof of Lemma C.8 clearly implies, mutatis mutandi, also the following result:

Lemma C.9. Let § € (0, ) and assume that for some ~ € (0, 2) we have that

T?x |$B€,2(507 S, TC) - sBz—:,2(7’c; S, Tc)|
|50 - rcl”

1|SQ—T’C‘S% |%E,1(T7 TC7TC)| SJ %O(Ta SO,S,TC) (C41)

holds for some e-independent function By which obeys the bound (C.10). Then, if f € L*(ds), we have that the
operator L 3| f], defined in (C.35), vanishes as € — 0 in L*(dr).
Remark C.10. We note here that assumptions (C.37) and (C.41) may be replaced with the dual pair of conditions

Tz |%8,2(803 Sa rc) - %E,Q(T(H S? TC)|

1|So—’r‘c‘§% ‘%S,l(n SO7TC)‘ 5 %0(r7 SOaSaTC) (C42)

lso — el
””Z |%6,1(r7 S0, Tc) - %6,1(r7 Te,y Tc)

| IBe2(re, s, 7c)| S Bo(r, so,8,7¢) (C.43)

llso—rc\f% ‘SO_Tc‘W

where B (r, sg, s, ) obeys (C.10).

Lastly, similarly to Corollary C.6, we have that:
Corollary C.11. Let 0 < j < k—1, and 0 < {,01,05 be such that £ + {1 + {2 < j. Assume that the functions
B, 1 and *B. 5 in (C.34) and (C.35) are given by either (C.3)—(C.4), or (C.5)—(C.6), where either B(l) is a suitable
(201, ¢1) kernel of type II and B( ) is a suitable (205, ¢5) kernel of type I, or Blg 6) is a suitable (2¢1, ¢ +1/2) kernel
of type I and Béi) is a suitable (242, Uy +1n/2) kernel of type I1. Then the operators L. o and L. 3 defined in (C.34)
and (C.35), vanish in L?(dr) as € — 0.

The proof of the corollary follows from the definition of being a kernel of type I, respectively I, and the proof of
Corollaries C.6 and C.7. Indeed, the definitions of the kernel types precisely show that the conditions of Lemmas C.8
and C.9 are satisfied. Also here, we note that for the weight (C.5)—(C.6) a separate argument must be carried out in the
region {r <1 <r.} N{2r,2s,2s¢ < r.}, as in the proof of Corollary C.7.

C.1.3 Convergence of the operator with sy = r,
In this section we give the proof of Theorem C.1. In view of Lemmas C.5, C.8, and C.9, we have shown that under the
conditions (C.8), (C.37), and (C.41), (see also Remark C.10 for a dual pair of conditions), we have that

=0 (C.44)

lim |L. — L
e—0
where the operator L, 4 is defined in (C.36), and may be rewritten as

(u(r) = u(re))w(re) (uls) — ulre))u'(s)
/ / u ’I" )) +€2 ( (S) ( )2 SBE.,l(Tv Tcarc)%s,Q(rcasarc)

X (arctan < (kH 65 ulre > + arctan (u(rc) — :(kkl%)>> f(s)dsdr. (C.45)

upon performing the explicit integration in sg. Therefore, computing the limiting operator for L. reduces to computing
the limiting operator for L. 4. For this purpose, we consider an arbitrary ¢ € L?(dr) and compute as before

(Lealf](r), o(r))
= /00 <arctan (u(kklrc) — u(rc)> + arctan (u(rc) — u(k;lrc)>>
0 € -
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x (/OOO (u((r; — U(TC))));L/(TC) Be1(r,re,me)p(r) dr)
x ( / h ((“(5> — U)o i) £(5) ds) dr,

=: /OO <arctan <u(k—;§1rc€ — 'LL(T'C)> + arctan <U(7"c) - u(k;lrc)>> ./\/[571[()0](7“0)/\/[872[,]0}(7“0 dr. (C.46)
0

3

where we have denoted the operators

M) = [ G e i 4
M 2[g](re) = /0Oo (( (( ))_ u((;;)));:_( 8)2111(%)‘35,2(7“(;, $,7¢)g(s)ds (C.48)

and the weight m(r..) is at our discretion. Assume for the moment that we can show for a fixed function g € L*(R)
that we have

u'(r) U’(Tc)%o,l (ryre,re)

) —ulre)  mlre)u'(r)

g(r)dr in L3(dr.) (C.49)

e—0

lim M. 1[g](re) = Mo,1[g](re) := p.v. /Ooo u(r

and

;i_r% Me2g](re) = Moplgl(re) := p‘U'/OOO U(SUI(S) m(re)Bo(re, s,7c)g(s)ds in L*(dre)  (C.50)

) = u(re)

where
Bo1(r,re,re) = Um B 1(r,re,7e) and By o(re, s,7e) = Um B 2(r¢, s,7¢) (C.51)
e—0 e—0

holds in a sense that is determined by Corollary C.13 below. If (C.49) and (C.50) hold, then by (C.46), the fact that
|arctan(-)| < %, and the Dominated Convergence Theorem, we would have that

lim
e—0

(Lealf)(r), o(r) + 7 / Mot [@)(re) Mo [f] (re)dre
S lim [ Meo[f] = Moa[f]ll 2. ||Ma,1[<ﬂ]||Lglrc + lim \|M0,2[f]||LngC [Me1le] — Mo,l[@]HLg%

00 k+1 o o k—1
+ lim <7r + arctan ( ( re) U(TC)> + arctan (u(rc) u( k re) >>
e—0 0 g g

x [Mo,1[p](re) Mo2[f](re)| dre
-0 (C.52)

and therefore we have identified the limit in L?(dr) sense of L. 4[f], finishing the proof of the theorem.
It remains to show that (C.49) and (C.50) hold under a suitable convergence condition of the weight. For this
purpose it remains to consider the convergence as ¢ — 0, in L?(dr..), of the model operator

M.[g](re) = /O ~ (%’"))_—&(5)))2“1’22 M. (r, ) g (r)dr (C.53)

where in view of (C.47)—(C.48) the weight 91, (r, r.) plays the role of either

U/(TC)%E,l(Tv Te,Te)

m(re)u’(r)

or m(re)Beo(re, 7, 7).

We prove the L?(dr.) convergence of M under suitable conditions on the difference M. (r, r.) — Mo(r, r..), and
then check that these conditions hold for the specific weights that arise in (C.47)—(C.48). A simple-to-work-with set
of assumptions are:
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Lemma C.12. Assume that there exists 0 < ( < v < 1 such that the following properties hold for all r,r,:

|9 (ry7e) = Mo (r,7e)| S M, 7e) (C.54a)
19 (r,re)| S D (r, 7e) (C.54b)
EYr —rc|?
Ly < ze [Mo(r,re) — Mo(re, re)| S Tm(r’ Te) (C.54c)
where the c-independent function M > 0 is defined by
T% Pt (7’>%
931(1", TC) = <’I’c>3< <1TCSTT‘124 + 17"<7"C<TC>1;4) . (CSS)

Then, for any g € L*(dr), the operator M_|g| defined in (C.53) converges as € — 0, in L?(dr.), to Mo|g], defined
by

o0 ul(,’,)
M Te) = P / _
) = i =)
!
=: lim &fmo(r, re)g(r)dr (C.56)
&' =0 Jlu(r)—u(re) | >e’ u(r) —u(re)
and this limiting operator is bounded on L*(dr.), with norm bounded from above by k°.

Under the assumptions (C.54a)—(C.55), the proof of the above lemma is direct. We give it here for the sake of com-
pleteness. However, before giving the proof, we state an immediate corollary, which yields the proof of Theorem C.1.

Lemma C.13. Assume that there exists 0 < ( < g, limiting weights B 1(r,7¢,rc), Bo2(re, T, 7¢), and that we may
choose a weight m(r.) > 0, which obeys 1.0, m(r.)/m(r.) S k, such that the following conditions hold:

4
B (r,7e,me) = Boa(r, e, me)| S 5<Wm(r, Te) (C.57a)
4
|%071(’I‘, TC’TC)| S wm(ra Tc) (C.57b)
EYr — 7Y rir ) m(r,
Lo roj<ze |Bo,1(rre,7e) = Bo,1 (e, re, re)| S | 5 " rire) 1 ( )im(r, Te) (C.57¢)
T4 (rytr,
and
1
1B 9 (7e, 8,7¢) — Boa(re, 5,70)| < e m(rc)im(s,rc) (C.58a)
cy“y ! c < mt s e C58b
1Bo0,2(re, 8, 7¢)| S () (s,7c) ( )
E'ls—re]? 1
1|s—rc\§%? ‘%0)2(7“0, S, Tc) - %072(7“0, Tc, ’I“c)| 5 7"3 m(rc) m(s, 7“5) (C.58¢)

where the function M(r, r..) is defined by (C.55) above. Then we have that

lir% L.[f](r) = Lo[f](r) as bounded operators L* — L?,
e—

where the operator Ly is defined in (C.2). Moreover, the operator norm of Lo[f) in this space is bounded by k¢.

Lemma C.13 is a direct consequence of Lemma C.12, which implies that (C.52) holds, and we conclude using
(C.44). We omit these details. It thus remains to prove Lemma C.12.

Proof of Lemma C.12. Let x.(r,7.) be defined as in (4.3). For any test function ¢ € L?(dr.), we may decompose

)
= e (U(T) 7U(T‘C))u,(r) TTe) — r,T T T rar
Melslop) = [ O () = M) )
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[eelydes] —u?"c 1- e\ Te M r,Te
i /o /0 u(q(ﬂ) z)gl(rcgz (+ 52)) o )g(T)w(rc)derc
/ /OO —u(re))Xxe(r, re) (Mo(r,re) — Mo(re, re))

(u(r) = u(re))? + €2 g(r)p(re)drdr.
0o oo u(?" U( ))Xc(r rc)

+/0 /0 u(r) —u(re))? + €2 g(r) Mo (re, )@ (re)drdre

(

8

+

= (MOl o) + <M;>[g]7 e) +{(MP[gl,0) + (MP[gl, ). (€.59)
Next compute the limit of the first three terms on the right side of (C.59) vanishase — 0
By (C.12) and (C.54)—(C.55), we have
(MO, 0)|
s [T |u'(r)]
suet [ (7, lg(r)p(re)
u(r) = u(re)[' 2
¢ 3¢ 1-¢ 1+¢
rere 1, <2 1, . >1 rz ry z
/ / Imﬁ + 1 210 lrcérz + 1T‘<rc% lg(r)p(re)|drdr.
[r=reli72 (r)iT2 re? (re)
1,._7.C a1 1 1, 1, <11,
ket | / | 'SH; ottt Dbl 00 drar,
o Jo [|r—re['TE (r)F (re) O R PR e
1 1
9 ol <45 1 1,.<1 1,.<1l,<1
Ske? llgllpz el | | |1_1%° + ) () T < Tie <
O P A T LR O 7 S e 7
< ke gl @l =0 as e — 0. (C.60)

Similarly, using (C.12) and (C.54b)—(C.54c), which allows us to replace v with ¢ in (C.54c) since ¢ < v, we get

(ML) = (M715) )
,kc/ /°° |u'(r Hr—rcl L <re

—u(r )|1+< =M (r,re)|g(r)e(re)drdre

ngkC/ /OO |7‘_7" |< Cl\v —re [17-—7»053 Lr—roz4
| 1

0 + 10
rérs T — 7| +3 (r)H%

1-<¢ 1+¢
r2 r
X [1rc<ru + 1r<rc<>1+<‘| lg(r)p(re)|drdr,
2 <TC> 2

1 1 1.1 ¢
E%]{ Ir—re|<+5 + 10 Slr—re|< 52
1 % 1+¢ <

‘1 r)(re)|drdr,
e <TC>2]|9< Jo(ro)

A

S €2k4 lgllz= llllpz =0 as

(C.61)
Moreover, a bound similar to the above shows that

(M Lol e)] < K gl Nl oo

(C.62)
so that the limiting operator MBQ)

is bounded on L2.
In a similar fashion, by using (C.12), (C.19), and (C.54b), we arrive at

(8l o) = (M7 o)

¢ i \u ‘1|r ro|>Te
Sez M(r,7e)|g(r)p(re)|drdr,
u(re)|'+3
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1cqrits 1,
<17 2( + 1> | +1, > 1r<17"1+% + 214
g BT

==
| =

I
= =
o’ |l
—$|/\
o3
VN

: 5 ka
Te r2z ry 2
5 lhﬂ T W] lg(r)(re)|drdr
<7”C> Te? <rc> 2
¢ [ | Lregprorel< 1 1,<1l, <1 1. <1
552/ £ 5lrorels o e | lg(r)p(re)|drdr
o Jo | fr—rel5 )T e ()0
<
€3 |lglla gl 2 =0 as &—0. (C.63)

Moreover, a bound similar to the above shows that
1
(M lgl, 2)] S gl el (C.64)

so that the limiting operator Mél) is bounded on L2

Thus, by (C.60), (C.63)—(C.64), and (C.61)—(C.62), we know that the first three terms on the right side of (C.59)
converge as € — 0 to bounded operators on L?(dr.).

Lastly, we need to consider the fourth operator on the right side of (C.59), namely

Mgl =Malrer) [ SIS (1 gy

We note that since u: [0, 00) — (0,(0)] is a bijection, hence upon making a change of variables, we have that

II£( (C.65)

TC)HL2(dTC) H \/#

so that we may change variables in the formula for ./\/123) [g](rc) as

MEg)(ro) = Mo ro) /)] [~ u(n))( U’(T)deﬁ%)) g(r)

dr
(re))? + €2 [w ()] [w(r)]

L2(dc)

= IU’(U‘l(C))Imo(u_l(C),u_l(C))

y /“@ (v—c) ( IU’(U1(y))|xc(u_1(y)7u_1(0))> 9" )
0o -oie [ (=T ()] [ (=T )
9(u”'())

|u/<u1<.))] ()

Thus, if we can show that the operator M is bounded on L2 ((0,u(0)]), uniformly in €, and that it has a certain limit
in this space, then by applying (C.65) twice, we have proven that

dy

S RUCITRIOIE

71 . 71 .
Mot - P - Mg)l () ]_ M((;L)[ g () ]
1 (aro TR0l TN | o
-1
< Mg‘*)—ME{*)‘ glu=(-)
22200 | T O | o e
@ — <4>‘ C.66
M: Ma L2(de)— L2 (de) lgllz2 ar. - (C.66)
Therefore, in order to conclude the proof of Lemma C.12, it remains to show that
MD M 50 in L%(de) as e —0, (C.67)
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and that the the limiting operator ME)4), naturally defined as

u(0) u (u=t (uy),u" (e
MEPL61(E) = o™ @)™ (. | ( S e U));ﬁ(_y)cdy, co8)
obeys
[ M6 ] . = 1022 (€69

Indeed, once this is achieved, we may change variables ¢ — 7., to obtain that

u'(r)

MS) lg](re) — M(()3) lg](re) = Mo(re, re)p.v. /000 W) — ulre

[ee) /
= Mo(re, 1) lim _ulr)
e>0 )y  u(r) —u(r.
in L?(dr.), as € — 0. Combining the above with (C.60), (C.61)~(C.62), (C.63)~(C.64), (C.65), (C.66), and (C.67)—
(C.69), we obtain that

Melgl(re) = Mg lgl(re) + MG lg)(re) + MG [g) () = p-o. /OOO ulr o (r,reg(r)dr

) — u(re)

and that the limiting operator is bounded on L?, as desired.
In order to prove (C.67) we note that for any ¢ > 0 we have

o VTG0 (), 07 ()
e W)

=1

which allows us to rewrite

MO[B(e) = Mo(u(e), u(e)) /

0

“<0>< [ (a= ) (9). u”" () _1> bWy e
(

()] y— ot el

u(0) —ec
“v‘mo(u*l(c),u*l(c))p.v./o Wd

= MUY [](c) + M2 [Y](o). (C.70)

The convergence in L?(dc) of the second part in (C.70), namely

MED(e) = MEP ) (e) = Mo(u™ (), u™ () H (L.uo¥) (¢)

where H is the Hilbert transform is classical. Moreover, since # is unitary on L2, and since by (C.54b) and (C.55) we
have

1Mo (uwt (), u (e)] S M(re,re) S 1,

~

we have that

M6 2]

Sl

which is consistent with (C.69). The convergence in L?(dc) of the first part in (C.70) follows since this term is not a
principle value anymore, and we have that for any test function ¢ € L?(dc),

(MEDR() = MEDW](0), ¢ (0))]
el T O RVAZA il 1 X i 1 I 2 O B D) 2 O]
Se /0 /0 mm{u Ye)yz,u™(e) }‘ -1 dy

ju' (w1 (c))] ly — cf1+5
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A

u(0) pu(0)
,C/ [ bl
ly =73

where
Vv (=t y)xelw  (y)u" () 1
u (u=1(c
K= sup min {u_l(c)%,u_l(c)—%} Vv (= ( )gl
y,c€(0,u(0)] ly —c| 7
(C.71)

s¢ VIWDIxe(rre) 4

_ 7’62 ‘u/(Tc)l < C

= sup 3C 3 < kS .
r,re€[0,00) <Tc> |U(’I") _ U(T’C)| )

To see that (C.71) holds, first note that
1 1
Ir=rel>16 . -1 2
~ min{re,r. "} S (re)”,
[u(r) —u(re)| ™~ Ju/(re)]
and
1|r—ru|§% < 1 1 <T‘C>4
lu(r) —u(re)| ~ [/ (re)| [r—re| ™ relr —rel
from which it follows that
1-— T re)3¢
Xel 0)74 < (re) s e CBL
4 TC2

u(r) — u(re)|

This proves (C.71) for the region x.(r,7.) = 0. Second, due to the regularity of u’, we have that
3¢
4

[ (r)]
VAP N .
[ (o) < Xe(r, re)|w' (r) — o' (r.)] 1, < &~ 1,_ re|> 4 Te < (re)3¢
X('(T7 TC) 3¢ ~ 1, 3¢ 3¢ + 3¢ ~ 3¢
lu(r) —ulre)| = Ju/(re) |2+ (\/Iu’(rc)l + /o’ T)|> Ir—re|® (re) e

which proves (C.71) for the region y.(r,7.) # 0
To conclude, the same argument as above shows that

4,1
[ RO B T P P
which establishes the boundedness of M(4 b on L?, and thus (C.69) holds. This finishes the proof of the lemma. [
To conclude this section, we show that the conditions of Lemma C.13 hold for the specific weights we need to

considering. First, the next Corollary concludes the proof of Theorem C.2
Corollary C.14. Let 0 < j <k —1,and 0 < £, 01,05 be such that { + {1 + {3 < j. Let 0 < ¢ < £. Consider the

B(r) min(r?, r=2)J (1)
= B
%5,1(7“7 7“6,7“0) Xl(rv TC) u’(rc)wp,(;(r) le (T TC7TC)

weights

B(re)wen s s
( ) F,4+22( )3(2)(rc,5,7’c)

%5,2(7"3,57TC) = U/(S) l,e
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where B( ) is a suitable (201,41 +n/2) kernel of type I or I1, and B( ) is a suitable (205, Ly +1/2) kernel of type T
orlIl. Then letting

m(r) = (C.72)

(re)*wp, 3 (re) (max{r2, re )7 =n/2"
the conditions (C.57)—(C.58) of Lemma C.13, with 9 replaced by k***+2290, and where the limiting weights are
obtained by passing € — 0 in B&) and Béi). Also, the operator norm of Lo on L?(dr) is bounded as k<6126,

Proof of Corollary C.14. In view of the established pointwise (and in a Holder class near the diagonal) convergence

properties of type I and type II kernels B,E 6)(7‘ Te,Te) = Béo)(r Te,7¢) and B,E E)(rc, 8,7e) — Béo)(ru s,re)ase = 0

(cf. Definition 6.7 and Definition 6.8), it is clear that checklng conditions (C. 57b) and (C.58b) is sufficient. Indeed,
checking conditions (C.57a) and (C.57c), respectively (C.58a) and (C.58c), follows mutatis mutandis. For simplicity
we only treat the case 7 = 0. The case 0 < 1 < 1 is treated similarly. First, we verify (C.57b). We recall that

B (rore, ro)| S |/ (re) |B(r, r)K(r, 7, 7o) Loty o, (7 7e)

ko3 rEtd A 2
= W (treer Ty + Lo g ) 1 (1ro1 + Lo+

4
1 1 !
20 2 2
X k 1(max{r2, r2’rc}> ,

from which it follows, using the definition of wg s in (1.10c), that

2
1rc<r<1 + Te 1Tc<1<'f>

TC<7">4
e |Bo,1(r, e, re)|
(re)ytm(re)r '
1-% 3 k-1 1
<1 : re 2 (re) CU}F,%(TC) 1 e 2 1 rktz
S et ) =0 0 re<r =g Tr<re Ry

2
X <1r0>1 + 1< <1+ 2

2
]-rc<r<1 + Te 1Tc<1<T>

3¢
2 2k 2]+§—6

20, Te
Sk [ERES [1 e cr<re<t T loecrcicr, ¥ licrar. 2k 2j+1+4-3-3C

2k—2j+1+5-8 -3¢ - PR F5=8
c $-0,2k-2j $-
+1 1 - +1 1<rT? +1; :|
Te<r< r2k_2j+%+5_5 re<l<r <rc<rr§+4_g_3<
20 7’0%( re (r) 5 20
Sk S L e + Le, o] = RO )
(e = )

in view of our assumption on (. Here we have used that j < k. Thus, (C.57b) holds with the above definition of
B, 1(r,7¢, 7¢), upon multiplying 9 by k%1, Next, we verify (C.58b). We recall that

By (re, s,me)| S 10/ (8)|B(re, $)K(7e, 5,7¢) Loy, (re, 5)

.

stz rf+2 4 r? 9
’
= |U (3)| licr,—/— P! +1 <s——T hrL <3> <1rc>1 + <.t 573ch<8<1 + Tclrc<1<s)
2 §NT3

Te

£2
1 1
x k22 (max{ =, s%, =, r?
2 27 'c
s 72

from which it follows, that upon using the definition of wr s in (1.10c) we arrive at

m(rc) ‘%O,Q(Tm S, TC)|
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1

5¢

1 k+3 4.7

< 5 re ° wF,g+2£(5)<5> re’ r? 9

S| Ls<re 7 + 1re<s e 6730 et + Lcro<o + S lrocsar + el <acs
Te +3 (re) Wp s (re) $

12
1 2 1 .2
(o)
x k**2 <

1 j—41
(max {rg, 72})

3¢ 5

[N

I\'JH

= 1 1 s 1 s
< 12 2 ) §2k—20-205+3 -3 o s—20+1-4 O §2k—20+3-1-2% max{87252’r2€2}
~ 3¢ | T8<re<l 2= 2j+20+1-2 re<s<l 2t 20+5 -3 s<I<re 2j—20,+1+%
c Tc Te
2k—2j+420, -8
1 max{rc—2€2782€2} 1 1 1 ro j+201—5—3
re<l<s g2j+2£1+%_352k—2é+%+1—% 1<s<re ng—2€1—2€2+1+%s_25+%_% 1<r:<s 52k—2£—2€2+%_%
20, Te s 2 S) 2 20
SR [Lreso =g T Lo S | = M5 ).
¢ re? (re) =
Here we used that £ + /1 + {5 < j < k — 1. Therefore, (C.58b) holds with 99t multiplied by k262, O

Similarly, the next corollary concludes the proof of Theorem C.3.

Corollary C.15. Let 0 < j < k—1,and 0 < £, 01,05 be such that £ + {1 + {5 < j. Let 0 < ( < %. Consider the
weights

c 2 —2Nj
B(T) Il’lln(’l“ T ) Béla)(r, Tcﬂ“c)

Be1(r,7e,7e) = Lr<ilor<r,
1> ( (&3 C) TS TST T%wf,a(r)u/(rc)’rcul(rc)

5(Tc)wF,g+2e(3)
w'(s)

where Bé E) is a suitable (201,01 + n/2) kernel of type I or 11, and Bé E) is a suitable (2{5, {3 + n/2) kernel of type I
or I1. Then, letting

%5’2(7'6,8,7'6) = Béi_)(TC,S,TC)

3¢
re (re)?

<TC>3<UJF’% (Tc)(max{rg, r;z})j—h

m(r) = (C73)

the conditions (C.57)~(C.58) of Lemma C.13 are satisfied, with M replaced by k**7229%, and where the limiting
weights are obtained by passing € — 0 in BSE) and Bﬁ). In particular, the norm on L?(dr) of the operator Ly defined
in (C.2) is bounded as k¢+20+262,

Proof of Corollary C.15. The proof is essentially the same as the proof of Corollary C.14, hence, we only emphasize
the requisite modifications. We notice that the choice of m(r.) in (C.73) is different from the one in (C.72), as we
have multiplied by a factor of (r.)2. Thus, when checking conditions (C.58a)—(C.58¢) for the weight Beare,s,re)
we need to obtain bounds which are better by an (r.)2. This however is automatic from the decay of 3(r.) present in
the definition of B, 2(r, s, 7). In turn, when checking conditions (C.57a)—(C.57¢) for B, 1 (r, r., r.), we can afford

estimates which are worse than those in Corollary C.14 by a factor of (r.)?. This is natural, since recall that the

B¢ 1(r, ¢, T¢) in this corollary, differs from the one in Corollary C.14 by a factor of L ,forr < 1land2r < r..
The worsening of the estimate by a factor of (rc> is thus compensating this extra factor ‘when . > 1. On the other

L < i s < 71 1 "and thus there is nothing additional to prove. With these changes
in hand, we may now follow line by the proof of Corollary C.14, and conclude the proof. O

hand, in the case r. < 1, we have

C.1.4 A useful product formula for weights
Lemma C.16. With the notation of (C.24), define

1<
k+1

1
W(r, s, 50) := S ST %} {1598“2 + 52?
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1,<1 1 1 1,
< k-1 k+3 s>1
P + 1r21T 2 1s§18 2 + oL
riTa shT32
857% rkts k=3 s§+%
X |1gcrp—— +1gop——— 1o, — + 14
So<r ’r‘k_% + S0>T Sk+% s$<8p Sk_l + $>80 k+%
0 0
Then we have that
2k 2k 2k
W(r,s,50)Lr<s<sy = li<r<s<so 5 T Lrcics<so 25 + Lr<s<icso 55 T lr<s<so<1 35
50 80 S0 50
2k 2k 2k 2k 2k
T re-s S S
W(Ta Sa30)13<7‘<50 - 11<s<r<so ok + 1s<1<r<so ok + 1s<r<1<so ok + 1s<r<so<1 ok
50 S0 80 S0
r2k 1 1
W(T, S, 30)17’<so<s = licr<so<s S2k + 1rcicso<s S2h + 1rcso<ics S2k + 1rcso<s<t
S%k (Q)k S%k S%k
W(T, S, 80)150<T<s = 11<80<7‘<8 52k + 1so<1<r<s 52k + 1so<r<1<sr2k82‘k + 1so<r<s<17r2k
5216

2k 2k
W(r, s,50)Lscso<r = Lics<csoar + Loci<socrs™ + Lscsg<i<rs™ + 1s<so<r<172,C

2k 2k S(2)k

0 0 2k
W(r,s,50)Lso<s<r = licso<s<r 52k + 1sg<i<s<r 52k + Lo<s<i<rsy + lso<s<r<t 2k

holds. In particular, note that

W(r, s, sp) <1.
Proof of Lemma C.16. The proof follows by inspection of each of the 24 possible permutations of {r, s, so, 1}.

Lemma C.17. Let 0 < j < k, and { + {1 + f5 < j. Define

1>1] | 1s<1
;23 } [;2_4 + 13>15%| Loty 0, (1, 50) Loty 05 (50, 5)-

]L(’I“7 S, 80) = |:17-§1’I“2j +

Then, we have that

W(r, s, so)L(r,s,s0) S 1.

(C.74)

O

Proof of Lemma C.17. Notice that for j = 0, we must have ¢/ = ¢; = {5 = 0, and thus L. = 1. In this case the proof

directly follows from Lemma C.16.

For j > 1, we use the precise formula for W in Lemma C.16, and use the definition of IL, which is also a function

of r, s, and sg, to obtain that

rk=igt strd 1 )
\/W (1,5, 80) (1, 8, 80) Lrcs<sy = Li<r<s<so =0y + Licics<so =i \ o + 5o
S S
0 0

rh

rightt /1 0 1 . pi—tigh—t—tz
+ 1r<s<1<soT o + 8 sy +50" | + Lrcscsoct — 75—

0 So

rkf.js‘g kajskfé 1 ’
\/W(Tv 5, SO)H‘(Ta S, 80)15<7’<so = 11<s<r<so k—0—0 + 15<1<r<30T€1 872 + S()2
S S
0 0

+1 P (L o) (L) 4 s
- | — 4+ s 1 g [
s<r<l<sg Slg ’I“él 0 842 0 s<r<so<l Slg

k=i gl r! 1 ¢
\/W(’/‘, S, SO)L(Ta S, 30)17‘<So<s = 11<T'<so<s Sk,g,gz + 17-<1<so<s sk,g,& 7,,71 + 301

b (1, pi—t
2

+1lcsocics—— | 7o +s + 1rcsgcs<i—
Sk_e 562 86562
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k k
S0 50 1 ¢ 1 1
VW(r, s, s0)L(r, s 180) Lsg<r<s = li<so<r<s O P + 15<i<r<s gl Ny +r - ts7
S S Sp Sp

k, [1 1 k el 22
0
+150<T<1<s k JSk 7 74’5 +1So<r<s<1 s ;
S0

Z,rk—]
£ L2 k—¢
s's s 1
W I 0 2
\/ (’I’,S,So) (Ta5a50)13<so<r = 11<S<SU<T7«j—Z1 ls<1<80<rrj—€1 <Sé2 + S0 )

sk—€—€2

k—0—103 '
+ Lscso<i<r - v +7 |+ Lscso<r<a
S

J k—j ol
T 0 r ]30

k k
s s 1 1
W I _ 0 0 4y £o
\/ (r,s,50)L(r, s, 80) Lsg<s<r = 11<50<5<7’,rj—£15k—£—€2 130<1<5<7’rj5k—£ (sgl " > (Séz 5 >

slg_b 1 sg_el
+ 180<s<1<rW 71 +ri ) 4 180<s<r<1m
Inspecting each of these 24 terms, by using the constraint 0 < ¢ 4 ¢; + ¢ < j < k — 1 the proof of the lemma
follows. O

C.2 The remaining combinations of iterated operators

Similar to the results in the previous section, namely Theorems C.1, C.2, and C.3, one can prove a number of results
for passing € — 0 in other combinations of three integral operators. The aforementioned theorems deal with the most
difficult case, of an approximate delta function combined with two approximate singular integrals. The remaining
operators all have at least one approximate delta function, and at most one approximate singular integral, which are
hence easier to treat.

Theorem C.18. Let0 < j < k—1,and 0 < £, {1, 05 be such that (+0y+(y < j. Let B{) be a suitable (20, ¢, +1)/2)

kernel of type I or 11, and B( ) is a suitable (205,85 4+ n/2) kernel of type I or I1. Let 0 < ¢ < < , and consider the
pairs of weights given in (C. 3) (C 4) or (C.5)—(C.6). That is, either consider the pair

B(r)min(r?, r=2)7 )
’U)F75(T)U/(So) Bze(r S(),TC)
B(SO)WF,ngQe(S)

u'(s)

B 1(r, 50,7c) = x1(7,7¢)

%E,Q(SOasarc) = Bé?e)(50587TC) ’

or consider the pair
B(r) min(r?, r=2)J

r%wfﬁ (r)u!(so)reu! (re

5(30)wF,§+2e(3)

u/(s)

For each such pair of weights, we have that the following limits hold, in the sense of bounded operators on L*(dr):
/ / / u(re))u (re) eu(s) eu'(s0)
—u(re))® + &2 (u(s) —u(re))? + € (ulso) —u(re))? + €2
X %5,1(7‘, 50,7c)Be 2(80, 5, 7c) f(s) dsdsodr,

— 7r2p.v./0 m%o 177, 7e)Bo2(re, e, ) f (1) dre

/OO/OC/OO eu'(re) (u(s) — u(re))u'(s) ew'(so)
o Jo Joo (u(r) —u(re))? +e? (u(s) —u(re))? +e2 (u(so) —u(re))? + &2
x B 1(7, S0,7c)Bo,2(50, 8, 7¢) f(s) dsdsodre

)

%8,1(7‘7 507Tc) = X2(Ta Tc) )Bég)(’r7 SOaTc)

%6,2(SOaS;TC) - B[E,Qg)(s(hSaTC) .
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— p.. /000 (;‘()%071(7«, 7,7)Bo,2(r, 5,7) f(s) ds

) —u(r)
/OO/OO/OO eu'(re) eu’(s) eu’(sp)
o Jo Joo (u(r) —u(re))? +e? (u(s) —u(re))? + €2 (u(so) — u(re))? + &2
X B 1(r, 80,7c)Be2(50, 8, 7c) f(s) dsdspdr,

2
— 77r3%0 1(r, r,7)Bo2(r, ) f(r)
o RS
—u(re))? +e? (u(s0) — u(re))? + €
X %E 1(r, so,rp)‘BE 2(80, 8,7¢) f(s) dsdsedr,
— —TP.V. / / ) (3)%071(7'; Te, rc)%O,Q(TCa S, Tc)f(s) derC
/ / / e (re o (5) e’ (s0)
)) +¢e? (u(s0) — u(re))? + €
%5 1(r 50, 7¢)Be 2(S0, 8,7¢) f(s) dsdsodr,

— 72 /OO u'(8)Bo,1(r,m,7)Bo2(r, s,7) f(s) ds

(u(r) — u(re)u'(re) eu’(s)
/ / u( —u TC)) + &2 (U( ) — u( )) 1 g2 %571(T357Tc)f(5) dsdr,

’\/—\

—Tp.v. m% T Te,T r r
— D- /0 U(’/‘) ( )%0,1( s ey c)f( c)d c

"(re) e/ (s)
/ / 7“ rc)) +52( ( )7’(14( )) +52%E’1(T’8’T0)f<5> deTc
—T %0 1(r, T)f(r) dr.
re)

L] aor = e

—Tp.v 0071/(8) r,s,r S S
oo / u(s) gy oA o)

/
));L_|(_S€2 %5»1 (T7 S, Tc)f(s) deSOdTC

// - TC)Q w'(8)B:1(r, 5,7¢) f(s) dsdsodre
0 0

Moreover; in each case the limiting operators are bounded on L?(dr) with norm < k¢ +26+262,

Proving each statement in Theorem C.18 amounts to following step-by-step the proof of Theorem C.1 C.2, and C.3.
For every approximate delta function, first show that the contribution away from the diagonal vanishes, leaving one
with the contribution close to the diagonal, in which one may pass to the limit because we have Holder regularity of
our weights in all variables not called r.. Checking that the weights we consider are suitable for this procedure, i.e.
that they give a bounded operator in the correctly weighted L? spaces, was already done in the proof of Theorems C.2
and C.3. This leaves us with the contribution from the joint diagonal, in which the remaining operators are either
approximate singular integrals (note however that at most one singular integral may be present), or simple Hilbert-
Schmidt kernels. For the approximate singular integral we again employ Lemma C.13 and Corollaries C.14 and C.15,
depending on which weight we choose. For passing to the limit in the operators with Hilbert-Schmidt kernels, we
simply subtract the limiting kernel, so that the difference is again Hilbert-Schmidt but of size ¢ for some ¢ > 0.
Here we lose lose a power of k¢/r$, but since ¢ > 0 is arbitrary, we may absorb this loss into the weights. This
procedure again essentially uses the regularity of our weights in all variables not called .. The only non-trivial case
left to discuss is the case in which we have an apparent approximate delta function in the r. variable. We treat this
operator by duality, so that the approximate delta function in r., becomes an approximate delta function in the r
variable, acting on the L? test function. We pass to the limit in the dual pairing and thus obtain the formula and
the boundedness of the limiting operator. Having available the estimates in the previous section, which were used to
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Theorems C.1, C.2, and C.3, implementing the above described program is tedious, but routine. In order to avoid this
unnecessary redundancy, we omit these details.

D Properties of Hj, and H

The next lemma concerns the asymptotic analysis of Ry ,.(z) and R, «(z), which both arise in the Green’s function.

Lemma D.1. For z = ¢ +ic € I, with e sufficiently small, for |r — r.| < r./k there holds

oy
|R |1\r rel<ro/k S Lro<1 max(r.”, 3r9) <k+ logk| 2 ) (D.1a)
c
r2k—2 1
‘RS,T(Z)’ 1"’"77'6‘2""6/1’"' 5 leUSI (17‘<Tcr2k+1 + 1Tc<7”r3> (le)
(& (&
r2k—2 o2kt .
+ 151 | <t + Lico<r,—55— + Lisr R7e ) (D.1¢)
Tc Te
and similarly
S
|R: o ()| L)oo <ro i S Lro<a max(r,® )(k+ 10gk| d ) (D.2a)
(&
k Eprl+2k p2ht
|R7E~,oo(z)} 1|r—rc|zrc/k f, lrcgl (17‘<rC 3 + er<r<1W + 1r>1 2k 2) (D2b)
C
F2k+3
+ kL > (1r<rc7“i + 1r>rc7f§,€_2> . (D.2¢)

Moreover, for all n sufficiently small and z € I,, we have that e~ ( 6.r(cEic) = Ro, (c)) also satisfies (D.1) and
1 (RE (¢ tie) — Ry oo(c)) also satisfies (D.2).

Proof of Lemma D.1. The proof is a straightforward variant of arguments applied in the proof of Lemma 5.2 and is
hence omitted for the sake of brevity. O

Proof of Lemma 5.4. Recall (5.25), which will be of use in the critical layer region |r — r.| < r./k. From Theorem
4.3, followed by Lemma A.1, there holds for |r — 7| < r./k:

1 N e ——
~ min , ~ max(r, ',
W (r)P(r,ctie)  u'(re) pR=1/27 pht1/2

Consider next (5.26). From Lemma D.1 and Lemma A.1 we have for |r — r.| < r./k (for z € I, and ¢ sufficiently

small),

|p(r, c £ ic) (R, (ctie) TiE (c+ i€))| S Leo<are|r —re|r;? (k +

1ogk‘r <

(&

—re

1
+1r>1—3 |r—re| 75 (k +
TC

logk‘r

C

which is the desired estimate of Hy; the treatment of H, is the same.
Turn next to the estimates (5.28a) and (5.28b). Consider just the estimates in (5.28a); the estimate (5.28b) is
analogous. For r < 7. (1 — 1), (from (2.31)),

v P12 e ke
Hy(r, 2)| < |o(r, 2 / ———ds<|u—c| = / ds.
| 0( )| | ( )| 0 |¢2(S,Z)| ‘ ‘ Tk;71/2 o | |2 2k—1

Consider the case r. < 1. Then from (A.1),

Lo lHo(r )| < TE [T
r<re/2 10\ 2)| S 50775 %148~ 7 e
rer / 0 Tec ch+ /
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pk—1/2 r2k r 1 52k—1
L acrcraio by Ho(r 2 S el = el Sy ( s+ | == Tmds
r kre T

o/2 |u(s) —c["r
< rkt1/2 1rc/2<r<rc(17%) 1 pkt1/2
~ 2 —1/2
krf+3/ Te |T - Tc‘ k TE /
k+1/2
S
ret /

Once the integral crosses the critical layer, one cannot do better than the analogous upper bound on M (z):

rk+1/2 f 72 pkt1/2
<1 el M <l
1Tc<r<1 |H0(7nvz)| ~ tre<r<l |u C| k+1/2 p3 ~ V3 k+1/2°
Te c cTe
L rk+1/2

1 <1lp>1 [Ho(r,2)] < 1rc<11r21ﬁm-
cTe

Analogous estimates are made for r. > 1 and for H.; these are omitted for the sake of brevity. This completes the
boundedness estimates (5.28a) and (5.28b).
Next, we consider the estimation of Hy(r, ¢ & i) — Hy(r, ¢). For r < r.(1 — 1/k), we write

" ¢2(57C) - QSQ(S’CZE Z€)d
o P%(s,ctig)d?(s,c) 5

In this region, we apply a proof analogous to those used in Lemma 5.2. For the region |r — r.| < r./k we again use
the complex integral expansion (5.25):

Hy(r,c+ie) — Ho(r,c) = (¢(r,c £ i) — ¢(r, c) / ¢2 ds + o(r,c)

1 1
' (r)P(r, c £ ig) B ' (r)P(r, c)
+ ¢(r,c tie) (RG,(c £ ie) FiEj, (c£ie)) — ¢(r,c) (RG,.(c) FiE§,.(c)) .

Hy(r,c+ie) — Ho(r,c) =

The desired estimates then follow from the convergence of Rf, and Ef,. Convergence for r 2, r. follows as in

Lemma 5.2. The estimates of €” (Hoo (7, ¢ & i€) — Hoo (1, ¢)) follows similarly as well. O

Proof of Lemma 5.5. The identities (5.30) follow by direct calculation from (5.25). Next, observe that r9,.¢ = ru’ P+
(u — ¢)ro, P. The estimate (5.32a) then follows fromm Lemma D.1 and Theorem 4.3.
By direct calculation,

OrHo(r,z) = T(b/quz —;Z(UQLIZ—FZ)HO—;; (D.3)
and analogously for H,. Therefore,
110y Hoo (7, 2)| Ly 20k S <|Z |i‘/|c| T k) |Hoo (7, ¢ £ i€)| + 7 min C:_i;z riig) (D.4)
10, (1) T gonp 5 (o + & ) s e i)+ romin (,cf Zii) D3
Then, note from (A.1), Tlfj (ZI 1,y >r./k S k and moreover that

phk=1/2  k+1/2 ph+1/2 pR+2+1/2 ph+1/2
in|——-,——-| <1 1 +1 k———rm + ik ————+
7 min rk_l/Q’ rk+1/2 ~ *+re<1 r<re L13/9 k+3/2 re<r<l1 k+2+3/2 r>1 rk+3+1/2
c C

k+1/2 k+5/2 k+1/2
+ 1.1 (1r<1,€_1/2 + 11<r<rcm + 1r>rukk_5/2>
Te Te Te
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— k+1/2 k—3/2 k+1/2 k+1/2

Y L I ST O s

7 1min kal/Z’ ESYOR re<1 r<re k12 + Ll <r<i—77375 k432 + r>1rk71/2
c

k+5—1/2 k+5—1/2 k+5/2
(& TC
)

+ 151 < r<1]€,€71/2 + 11§r<rckrk+73/2 + lrc<rm

which completes the estimates of the 0, derivatives. Moreover, convergence follows from (D.3) and convergence
estimates already proved.
Next, turn to studying derivatives involving J,,. Away from the critical layer there holds

—0r Ho(r,¢) 11—y |>ro/k = / (s ds+¢/ X;,g )3) ds

Tc X+#
+¢\/0 (U—Z)2 aG( /P2 d5+¢/ a7rP2d

By adapting the arguments in Lemmas 5.4, 5.2, 5.3 the desired boundedness and convergence estimates follow (note
that appropriate estimates on O, P follow from Theorem 4.3). Further, from Theorem 4.3, we may even take an
additional r@,. derivative and obtain similar estimates (note crucially |r — 7| > r./k).

Computing ¢ derivatives near the critical layer from Lemma 5.1:

1 1 1 ; o ,
OcHy = ) Or <u’P(r,c:|: ZE)> e Or¢ (Roﬂq(z) F ZEOJ,) PE(r,ctig)

! ! ! or(2) Filg (2
+ o0 (75) ~ g0t (6. B3, (2)

T !/
+ Px E(r, z) — (b/ Ufﬁg (xcE)ds

/
c) ————>F(s,z) — (Z Esi) X+0r E(s, z)ds.
The cancellation which ultimately removes the logarithmic singularity is the fact that ¢ = (u — 2)J¢ P. Taking this
into account gives the identity (5.31a). The corresponding calculation on H, is analogous.
Next, we prove (5.32b) and (5.32c). Consider one of the singular appearing terms in (5.31a):

(xE)ds = ¢ / (Xwis)as (U1P2)> as.

Note that d¢ and (u’(s)) 10, commute. Hence, this term is essentially the same as that treated in Lemma 5.3 (com-
bining also with arguments in Lemma 5.4). Similarly, the remaining terms in (5.31a) are all easy variants of terms we
have treated before in Lemmas 5.3, 5.4, and D.1. Hence, the details are omitted for brevity. The calculations involving
H, are analogous and are also omitted. This proves (5.32b). Similarly, convergence as ¢ — 0 asserted in part (c) is
deduced as in previous arguments.

Next, turn to (5.32¢). Taking a 0,.0¢ derivative of (5.31a) gives:

— ; —ay/ 5 S nl
0,0cHy = 0,0¢ (u’P(r,c T zs)) u'(0gP) (RO,T(Z) T zEO,T)

— (u—2)(0:0cP) (R5 ,(2) FiEj ) — (0 P)u (r)E(r, z)

+ (0r9) /OT (Z/(S,)z) dc (XE)ds + Pu'(r)0g (xE)

—%(am) / L) gy W) g B(s, 2)) ds.
0

u'(re (u—2)? (u—2)

By Theorem 4.3 and the arguments used previously, we can again deduce the desired logarithmically singular upper
bounds; the details are omitted as they are repetitive. O
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E Vanishing for £ > 2 outside /,

We start by performing energy estimates on the solution to the inhomogeneous Rayleigh problem

1/4 — k? r F.(r,c
Orr + / — + b) : Yg(r,c)zig( ) — + F..(r,c), (E.1)
T u(r) —cFie u(r) —cFie
with boundary conditions
Y2(0,¢) =0, lim Y.(r,¢) = 0. (E.2)
r—00

Problem (E.1) is a slight generalization of (2.13). Notice that, for every € > 0, (E.1) is just a regular perturbation of
Laplace’s equation, and therefore

Yo(r,e) = O@rFH1/2)  asr — 0, Yo(r,e) = O@r/?7%)  asr — . (E.3)
For this reason, we define the weight

k+1 7k+1}
)

wy (r) = min{r*" r wy (1) = min{rF =7 p=krt (E4)

and, using the notation as in (1.10a), prove the following theorem.
Theorem E.1. Let Y, be the solution to (E.1)-(E.3), and fix any v € (0, 2k). Then Y; satisfies the following bounds.
e Ifc e (u(0),u(0) + 1), then

2 2 2
VeColiZg +IVeCo0lig +1ronYesollig Sq [ Feoolly + 1P Feclollz - ES)

If ¢ € (0,u(0)) is such that r. < e7ia, then

2 —
IYaCo0)lFee +1Ye(0)e +170nYe(0)lTe Sy {H( Y R (o o)ll7s 7 Fac (5 0)l1ze
Y Y Y,y 7’ Y,y Y,y
(E.6)

If ¢ > u(0) + 1, then

1
2 2
Vel + V003 + 10 0lly Sy S IPFCalRs + IR ol - ED

Ifc <0, 0rce (0,u(0)) is such that r. > e~ e | then for every 0 < & < we have

2 2
V()i + V= 0le +lronYe(o)lze Sy ([ (r)* @ Fe(: HL2 B L OO 7

Y,y—&

(E.8)

There exists R, > 1 such that if c < — R, then
2 2
IVl + IO+ 1002y Sy glPRC A, + PRl - E9)
The proof of Theorem E.1 is based mostly on energy estimates, along with the Sobolev inequality
o0 oo 1
Yool < [ oYtnerdr+ [ Sien o (€.10)
0 o T

We take the real and imaginary parts of (E.1), to obtain the system

2 _
{&r‘*‘ 1/4—k ]R Y.+ B(u—c)ReY; efImY, (u—c)Re F. elm F,

= = Re F, E.11
(u—c)2+¢e2  (u—c)?+e2 (ufc)2+€2¥(ufc)2+62+ e )
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1/4 — k2 Blu—c)ImY; efReY, (u—c)Im F; eRe Fy
Opr + ——— |Im Y, + = ImF, .. (E.12
{ + r2 ]m er(u—c)Q—i—EQ (u—c)? + &2 (u—c)2+52q:(u—c)2+52+m e )
Let
Ve € (—k+1/2,k+1/2).

We multiply (E.11) by Re Y.r' =27+ and (E.12) by Im Y, =27~ integrate by parts using (E.3), and add the result to
obtain
/°° Yo(ro) |
0

Y=

Or

rdr + [kz_l_%(%_l)] /O°° Ye(r o o /O“’ (mr)(c—um) LAGII

4 727 t2 u(r) —c)2 42 r2-
< [T E(r o) [Ye(r,o)] 1

~J V) -z s

Since for any small £ > 0 there holds

> 1
dr + / |Fyc(r, )| |Ye(r, 0)] mrdr. (E.13)
0

*

- 1 * |Ye(r, o) S [T B o)
/0 |Fye(r )| |Ye(r, )] mrdr < H/O ﬁrdr +kK 1/0 r;ﬁdr, (E.14)
we obtain
/Oo 0 Lc-(r,c) 27"d1"Jr {Z‘:Q 1 =Y — 1)] /OO e C)|2Tdr+/oo Brelie—uirl) Il C)|27’d7’
r 4 *\Vx (
0 0 0

727 t2 u(r) —c)24+¢e2  r2-

> |F, Y. 1 ®|F, . (r,c)|?
SJ ‘ 5(T7 C)| | 5(r7 C)| > Td?“ +/ I ;;(r §)| d'f'. (E.15)
0 [(u(r) — ¢)2 + e2 127 0 27—
Cross multiplying (E.11) and (E.12) and subtracting gives
o Y. S > |F, Y. 1 > |F, Y.
N - CLECULIGR SO L GE ] AT SR SN L T LRI PR
o (u(r) _ 0)2 + 52 27 0 (U(T) — C)Q 4 22 27+ 0 r27v«—1
We use (E.15) and (E.16) in different ways, depending on the various regimes considered.
E.1 Estimates near ¢ = u(0)
We start by proving estimates (E.5)-(E.7).
E.1.1 Proof of (E.5)
When ¢ € (u(0),u(0) + 1],then
c—u(r) > c—u(0) >0, Vr € [0, 00).
From (E.15) and using standard arguments, we obtain
> |F, Y. 1 |y, 2 1 [~ |F 2
LAGEIIL AL TP T TR QUL
o V{u(r)— o+ 0 T2 ko T2 u(r))?

2

for any s € (0,1). Moreover, since u(0) — u(r) ~ r* near r = 0, we can write

~ EGAP [ RGAP T EGOP
I e e O G M R

1 2 00 2 0 2
<[ ()] rars | [E.(r.c) ars 0P
0 1 0

7"2')’*"!‘2 r27*_2 7“27* +1

Hence, from the above estimates and (E.15), we obtain by taking x € (0, 1) small enough, that

I o — A Yol [ Aalem utr) Yol

4 r27-+2 u(r) —c)?4+¢e2  r2-

2

Ye(r,0)
OTT
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~ 7"27* +1 7"2’}/* -3

00 2 oo 2
</ <>4Mdr+/ [Fee(mof o (E.18)
0 0

An application of (E.10) gives the estimate

0o o |y 2 oo r 2 0o F* 2
Hr’“f*YE(-,c)H%m—F/ rdr—|—/ 7‘ (. 0)] rdr 57*/ <r>47| e(r,0)] dr—l—/ 7| (.| dr.
0 0 0 0

T2’y*+2 ,,127*-&-1 7"27*_3
By considering the left-hand side above restricted to (0, 1) and choosing v, = k +1/2 —~y, with y € (0, k], we obtain

2

Yo(r,c)
0,522

I E Y )0,y + 1Yoy + 170:Y:(5)IZ2 0
< /0"" 4|1*;2:+012dr+/0°° IF,;;(Z“,_E)Fdr
S IR0l + I Fec(o o)l (E.19)
Similarly, on (1, 00) we choose v, = —k + 1/2 + ~, with v € (0, k], and deduce that
I 2 () e ey + 1Yo (022 1,00y + 170 Ye (O T2 1,00
S PR ol + 1P Fec0)l3;, (E.20)

Adding the above two estimates together and recalling the shape of the weight (E.4), we deduce (E.5). Note that we
can extend the range of +y to the interval (0, 2k), as the weight wy,, is symmetric about v = k.

E.1.2 Proof of (E.6)

When ¢ € (0, u(0)) complying with r, < e7+a, from (E.13) and using a similar argument to that in (E.17), we have

<, Yelrio) [ 2 1 < |Ye(r, o) Br)(c—u(r)) [Ye(r,o)”
/0 Or e rdr + [k —4—’}’*(%—1)]/0 P rdr—&—/rc (W) — 242 1o rdr
) — o) e [P ROl 1 R ol Ve(ne)l
S/0 (u(r) —c)? +e*  r>- e 0 (u(r) — c)? + 2 r2- d +/o r2y.—1 dr.

For r < r. < 1 there holds |c — u(r)| < r? and hence by (E.16) and therefore

/TC B(r)(u(r) 70) |YE<T’C)| rdr < i > |F€(7‘7C)| |)/5(7”,C)| 1 rdr+/oo ‘F*’E(T,C” |)/5(7",C)|dr
o (u(r) —c)24e2  r2n- re | o w(r) — o2 1 2 - : ) )

and since r. < 1, we obtain

/OOO Ye(r.0) 2rdr + {kQ - i =Yl — 1)] /0DO |Y1:€2(:’2|2rdr + /Too (ﬂ(?‘i(cz)g“)) Yfg’%c”zrdr
1

Y=

1| [ |F(r,0)||Ye(r,0)] 1 ~
< l Fero)llYe(ro] 1 / |Fae(r, ) [Ye(r, ©)] —5- d]
0 0 mr

Or

u(r

re (u(r) — )2 + 2

Now, for any « € (0,1) we have

* |F. Y. 1 Y, (r, 1 |F(r o)) 1
F.(r.)l| <T’C>'irdrgm/ Yoo o L . (u(| (r.c) .
0 0

reJo lulr) o +e2 1o 27 +2 "2 ST

The contribution from Fy is controlled using that 72+ < (r)2t<, /(u — ¢)2 + €2, which implies that

L) 2 oo ,4+2a 2 LS 2
|[Fe(r, o) 1 riEe | F(r o) 1 o [Fe(r, o)
AV 2 27, —2 rdr = AV 2 2721 2a rdr S (r >4+2 2y F1i2a dr.
o (u(r)—c)2+e2r2y o (u(r)—c)2+e2r2y 0 r2Y

On F, we use again (E.14). Therefore, choosing x < 1 and arguing as in (E.19)-(E.20) yields the desired result.
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E.1.3 Proof of (E.7)
The starting point here is again (E.15), together with (E.17), which allows us to write

[ e+ [,{2_1_%(%_1)} [ Yol [ Aemuie) Yer o

4 727 t2 u(r) —c)2+e2  r2n-

o |F.(r,c)|? © |Fye(r,0)]? 1 < |F.(r,c)]? *|Fye(r,e)]?
< rdr 4+ — 22 dr < —dr+ —— 22 dr, (E21)
~Jo u(r))? 0 ~ et Jo 0 -3

7’27*72(6 _ 7"27*73 T2'y*73 T2'y*

Yo(roe)[°

Y=

d,

and (E.7) follows from similar arguments as in (E.19)-(E.20).

E.2 Estimates near ¢ =0

The core of this section lies in the proof of (E.8). As we shall see below, (E.9) follows by the argument already used
for (E.7).

E.2.1 Proof of (E.8)

In this case, the argument to prove uniform estimates is completely different. We aim to prove the following.

Lemma E.2. Let Y, be the solution to (E.1)-(E.3), and fix 0 < & < v < 2k. Then, for every ¢ < 0, or any
€ (0,u(0)) such that

e e, (E.22)

we have that
IYeCoelipe  +IronYe( ollpe Sy [P () F o Fe(- ol R i 2 CROT PR (E.23)

Above, o can be take zero when ¢ < 0. In particular, using (E.10), then (E.8) holds.

The proof of this fact is split into different lemmas. To begin with, we need an estimate with sharper weights on
Y. in terms of slightly weaker weights.

Lemma E.3. Let Y, be the solution to (E.1)-(E.3). Then, for every ¢ <0, and 0 < & < v < 2k we have that

e ) N 1 O PP A P (E.24)
and
oYy, S [P0 EC e 4 IPELC Al IV, - €29
When ¢ € (0,u(0)) is such that .
1
7’c255 e,
then
IVeColllig | S FCoe)lly A+ Facs)lus |+ 1Yol (E.26)
and
PO Y.y S P RGOl I E Al G0l - E2D

Proof of Lemma E.3. By using the Green’s function (4.91), we can deduce from (E.1) that

(r,c) / L(r, p) [ ) Ecq):ze + F. . (p, c)} dp — /0°° L(r, p)u(p)mpc)q:igye(p’ c)dp. (E.28)
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Considering the weights in (E.4) and (1.10c), we need to prove an L? bound for

Ye(rio) _ [T wyy-alp)p™? 1 P*Fe(pic) | pPFic(p,c)
e == wra-a(p) | wvald)
% wy,24(p) Blp)  Ye(p.c)
- /0 £ p)U(p) — ¢ Fig wy,2y(p) @

dp

Wy, (1)

Wy, (1)

If we consider the case ¢ < 0 first, we observe that since u(p) ~ (p)~2 for the first term we need to prove that

[ [y =een

which follows from a straightforward calculation. Similarly, we also have

/OO /00 wY72’Y(p)£(T p)ﬁ(p)
o Jo | wyy(r) “u(p)
where we need to exploit the fast decay of (3 at infinity. The derivative estimate follows from applying 0, to (E.28),

and arguing in the same way as above.
When ¢ € (0,4(0)) is such that

2
dpdr < oo, (E.29)

2
dpdr, < oo, (E.30)

1 _ 2
TCZ 56 2+,‘,7

the proof is similar. In this case, the key observation is that if r > r./2,

2+a 2+a (r)>*e
(r) (u(r) —e)?2+e2 > (r)* e 2 27a >1, (E.31)
while if r < r./2, then |u(r) — ¢| = (r)~2, and thus again
(2o /(u(r) — ¢)2 + €2 > (12T u(r) — | > 1. (E.32)
In view of this, the weight on F' has an extra power of (r). The proof is concluded. O

We also need a result on the homogeneous Rayleigh problem.

LemmaE4. Fix0 < v < 1, and let ¢ € L%/’7 withr0,¢ € L%ﬁ be a solution to the homogeneous Rayleigh problem
@.1), forz=c <0. Then p = 0.

Proof of Lemma E4. If ¢ = 0 in a neighborhood of the origin, then, by unique continuation, ¢ = 0 everywhere.
Hence, we may assume that ¢(r, ¢) > 0 for every 0 < 7 < 1. Recall, the function g(r) = 73/2u(r) (Lemma 2.4)

satisfies
3 B
Orrg + (_47‘2 + u(r)) g=0.
Hence,
1— k2 1 1
9Orr® — GOrrg + 2 %9+ B(r) (u(r)c - u(r)) ¢g = 0. (E.33)
Let

7 =sup{r € (0,00) : ¢(r',c) >0, Vr' <r} e (0,00].

We integrate (E.33) on (0, 7). Notice that the functions involved are integrable due to the assumptions on ¢, even if
7 = oo. Using that
garr¢ - (barrg = ar(gar(b - ¢8Tg)7

and the fact that since ¢ < 0 there holds



we obtain

Bt o) - 80) (1 _ 1) o(r, c)g(r)} dr > 0.

u(r) —c  u(r)

9(7)0:6(7, ¢) = (7, )0, go(F) = /o [

r

Note that ¢(7, c) = 0, 9,¢(7,¢) < 0 and g > 0, so that the above implies (also in the case 7 = co) that

[ 5ot - 500 (5= = ot ) oot ar =

r u(r)—c u(r

and therefore ¢ = 0, concluding the proof of the lemma. O
We can now complete the proof of Lemma E.2.

Proof of Lemma E.2. Assume for contradiction that (E.23) does not hold, and let

Mpe = [Ir*(r)* Fe( o)y A+ FecCo)lls

Yv—a

Then there exists a sequence €; — 0 such that

V2, (o 0le > GMee,. (E.34)
By replacing
Yo, () I, (r o) Fie,(r o)
Y. (r,0) » A, F..(r¢) —» ———1———, Fic (r,c) » ",
“ Voloolm o Ve, (20l Ve, (olllg.
we may assume that |Y, (-, ¢)[|zz = Land | F;, (-, )||Lz + 1 Fe;(he)llzz . — 0. Hence, thanks to standard
Y,y Y, y—

compactness arguments, Lemma E.3 provides the existence of a subsequence (not relabeled) such that Y, weakly in
L /o and strongly in LY , while 70,.Y; ; converges weakly in LY ,/2- Note that in that case ¢ € (0, u(O)) we have

that r. — oo as € — 0 thanks to (E.22), Wthh is equivalent to say that ¢ — 0. Hence, the limit Y € HY /20

weak solution to the homogeneous Rayleigh problem (due to F.; — 0), for some ¢ < 0, and satisfies ||V 2 = 1.

However, Lemma E.4 implies that Y = 0, which is a contradiction. With (E.23) at our disposal, the derivative estimate
follows from (E.25). O]

isa

E.2.2 Proof of (E.9)

Assume ¢ < —R,,, where R, > 0is fixed below. Using the same ideas as in (E.21), we have

0o 2 0o 2
1 “ (’I C)‘
2 e\l
/O rdr 4+ |:]{; _ — ,y*(fy* _ 1):| /0 ﬁrdr

* Br)(ulr) =) [Ye(r,o)? L[ |F(r o) * | Be(ro)?
</0 ( rdr+—/o 7dr+/0 EeeD Dl ar. (B39)

~ u(r) —c)24+¢e2  r2- c? 727 =3 727 =3

Ye(r,c)
arT

Now, since

B(r)rQ <Cpg

by standard estimates,

 Br)(wlr) ) Yelr,o)f * B el Ca [T Yelro)
/0 ( rdr§/0 rdr < /0 dr.

u(r) —c)24+¢e2  r2- u(r) —c r2rv-+2 ~ R, 7272

Thus, by taking

estimate (E.9) follows from (E.35).
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E.3 Vanishing of fz

The function fg from (2.26), can be rewritten using the notation introduced in (2.20) as

: bum-er [l ey gy EATGD) g )de
f(t,r 27”\[/ {(u(r) 2 Ta2Xn ’€)+(u(r)—c)2+g2 (1—xo(c))de,  (E.36)

where

1 2ie[F(r) — B(r)Y (r,c — ic)]

RaY, X = u(r) —c—ie u(r) — c+ie ’ (E.37)
and
B 1 2(u(r) — ¢)F(r) + 2ieB(r)Y (r,c — ic)
RAY A = o p— o p— + 2F,(r). (E.38)

According to (E.7) and (E.9), if ¢ > u(0) + 1/2 or ¢ < R, we use Lemma 2.1 and the fact that 1 < |u(r) — ¢|? to
obtain that

2

X(-,ce)
min{rF 1727 k120 |

A IXCeolzy 1o X (oeels
< € 22 e s ST
Sy I Fllzs + S BY (e —de)lzs

< 82 2 9 52 . 2
< SIPFR, + IV e o)l

52
S5 S IR IR, (E39)
and, similarly
A(',C, E) 2 ) 2 2 2
Hmin{rkH/QW,rkH/?Jﬂ/} 3 Sy P Fllzs + I Flzs - (E.40)

Proposition E.5. For § sufficiently small, there holds
tim || 5 (6, )z, = 0.
foreveryt > 0.

Proof of Proposition E.5. Recalling the shape of the weight (1.10b), we split into different cases. If r < 1, we use
(E.39) and (E.40) to obtain

|f5(t, )] \XTC{—: |Arc€)|
E1j3-5 rk—&-l 5 Xo(e))de + e k+1 5 BE (1 = Xo(c))de

< 7
~O L E, 1/2 5/25

If » > 1, we get in a similar manner that

|fE(t )] \chs IATCé‘)I
F—k+1/2—4+6 S —k 3+5 Xo (€ ))dCJrs k 3+5 |2 (1= Xo(c))de
S6.F,F. W&

Upon squaring and integrating over 7 € (0, c0) and using Lemma 2.1, we deduce that
et e)llz Ssrr. e

concluding the proof. O
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E.4 Vanishing of f4

We next treat fg in (2.25), which we rewrite here

/U(O zk(u r)—c)t Y(Tv c+ 7'5) o Y("',C — Zé')
u(r) —c—ie  u(r)—c+ie

f5(tr) Xo (€)(1 = x1(re))de.

2m\f

Recall that
1—xr(re) 20 if r. < g7+a or re >

We prove the following result.

Proposition E.6. For § sufficiently small, there holds
i 3 . =
lim (1 /5t )llzz , = 0,

for everyt > 0.

(E41)

(E.42)

Proof of Proposition E.6. Since the cut-off functions in (E.41) isolate different subsets of R, we proceed case by case,

using the estimates provided by Theorem E.1. We first note that

75(t7)] Sh+Je+J3+Jy
wy,5(r)
where
B(r) / e(u(r)—oyt | Y (rce+ie)  Y(r,c—ig)
e i _ z u(r)—c _ d
Jilt.r) wys(r)rt/? | ), <.ots u(r) —c—ie u(r) —c+ie ‘P
B(r) /““”“ k(o | ulr) —¢ ieA(r,c,€)
JE(t _ ik(u(r)—c X d
s(t,r) wf,g(T)Tl/Q w(0) (u(r) — )2 + €2 (rye,e) + (u(r) — c)2 + &2 cl,
B(r) /O ik (u(r)—c)t u(r) —c i€
JS(t,r) = etftvtr)=e)t 2 X —_— A d
3( 77") wf’5(7'>7'1/2 RS (U(T) — C)2 T 52 (’I", 075> + (’LL(T’) — 0)2 + 52 (T, C, 5) C
JE(t ) = B(r) / e>3e ~ =& k) Y (r,c+ ie) B Y (r,c—ie) de
o wys(r)ri/2 1 Jo u(r) —c—ie u(r) —c+ie ’

(E.43)

(E.44)

, (E45)

(E.46)

and X and A satisfy (E.37) and (E.38), respectively. Let us first consider .J;. The key observation is that on the support

of the integrands in ., there holds for r < 1,

I
0 S ((u(r) —ulre))® +€2) 7
whereas for > 1 and . < 1/4, there holds
1< (u(r) —u(re))? + &2

Moreover, u'(r.) = r.. Hence, by (E.6) if < 1 we have

u(0) ‘ % . e2¥a % .
[ e B oyl [ )l ey,
u(r) —e—ic : ) — ) +
ke Y on
T r,c+ i€
[ Yineriol
o () —ulr)? + )t

1

c2ta
/ rcr_5/4|Y(r, ¢+ ig)|dr.
0

1

~ 1— S
e 1+a)
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1
ph+1/2-8/2  pe?te 1aes
—k—1/2468/4 .
A / rollr Y (e 4 i6)]| e o1y dre

el 1eFa Jo
k+1/2—6/2 1525
§F7F*7§ r / / 54(2+a)’

while if » > 1 there holds

/ ezk(w)_cﬁw(l — xo(c))de

<cTFa u(r) —c—ie

< / relY (1, ¢ + i€)dre
0

1
e2ta
< T7k+1/2+5/2/ TC||7,k71/276/2y(.7c+ i€)HLoc(1,oo)d7”c
0

Spp.g T RURH/2 55
and the same holds for Y (r, ¢ — ic). Hence we have
~1/2-8/2 3tz1ay 0.1
|JT(t,7)| SFF..s (r)r 25 7 re 01}
e B(r)rT/?=0/2¢57a r> 1.

Since o < 0/8, thanks to Lemma 2.1 we obtain

HJf(t)”L2 <F,F*,5 5%’

~

Now, J, is very similar. On its support, we use (E.31), (E.32), the fact that u/(r.) ~ 7.3 and (E.8), to obtain for r < 1
that

re>ie )
/ 2 eik(u(’r)*c)tM(l — Xo(€))de 5/ ()] dr.
0 u(r) — ¢ —ie 1 7ra V() —u(r.))? +¢2

< ()t / [Y(r,c+ie)l dre

1
~ o ré”

1_-
5€

e 1
§Tk+1/2_6/2<’l“>2+a/ . 73Hr—k—1/2+5/2y(.7c+Z'g)HLoc(O’l)drc

lemzha T2

k+1/2—6/2/,\2+a 52—

Sers TETVETR ()2 e m,
while for » > 1, a similar argument implies

re>e 7w Y (r, ¢+ ie)
| )0 S DEEIE (1 (e))de| S5 HHRH ()Rt
0 u(r) —c—ie

Similar estimates hold for Y (r, ¢ — i¢), and thus in view of Lemma 2.1 we have

_2
IJ5 ()2 SFF..6 €702

We now deal with J> and J5. For Js, in analogy with (E.39) and (E.40) and using (E.5), for ¢ € (u(0),u(0) 4+ 1) we
obtain that

2

X('v ¢, 5)
min{rF /2= p—k1/247}

2 2
+ HX(WCaa)”L%/ + HTaTX('vcag)“L%,
00 Y Y

(r)F
() =P + 2

<T>2/8Y(" c— iE)
() — oF + 22

2

c 2

~Y

2 2
LY,W LY,'y
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5/4

~ W 2P, +1Y (ool ]
< gd/4 . L
S el [ G P [ N E47
and, similarly
A('acv 5) 2 2 9
Hmin{rk“/ eyt IS L N e P (E48)

If r < 1, taking into account that u(r) — u(0) ~ r2 when r — 0, we appeal to (E.47) and (E.48) to obtain

s < 20 /"“”“ X(r, .0 de
PSR fuey () = w(0)74u(0) — ¢t/
L i B /““”“ [A(r,c.e)| de
0 ) Tulr) — w(O)P7Hu(0) — e =078

B(T) /u(0)+1 ||747}’~cfl/2+6/4)((T7 c, 5)||L°°(0,1) y
SEE T [a(0) — c[1=5/4

B(r) /u(0)+1 |7k L2/ Ay, C7E)HL°°(0,1)dC
2074 | o) u(0) — c[1=9/8

B(r) 5/8

< Ll S
~S6,F,F. r1/2-6/4

+e9/8

(E.49)

If » > 1, we use an even simpler version of (E.47) to get

. p(r) B(r) B(r)
J2 (t,’l") 5 m /l; |)((’I"7 C, E)|dc+5m . |14('f'7 C,E)|dC 557F7F* mf.

As a consequence,

15 ()| r2 Srr. s €5
The treatment of J3 is similar. In this case, using (E.8) with o = 0, we obtain that

2

X RS
H (,¢,€) + | X (e, &:)||2L§,W + ||7“8TX(-7c,f:‘)Hi%/,W

min{rk+1/2*7, T7k+1/2+'y}

LOO
? r2(r)2BY (-, c — ic) ?

(u(r) —c)* + €2

r2(r)2F
(u(r) —c)? + &2

2 2

+e€
2 _

Sye

(E.50)

2
LY,“/*

From u(r) ~ =2 when r — oo and the fact that ¢ < 0, we have

2
r2(r)2F

() — o + 22

< 62 /1 7‘4‘F(T)‘2
~ 0 ,r.2k+272'y+2d((u(7.) _ 6)2 + 62)

LY, s
o) 8 2
+€2/ r ~|‘F‘(T)| dr
1 T—2k+2+2'y—2a((u(r) _ 0)2 + 52)

14 2 50 846/4] ()2
5/8 | E(r)] ss [T rTE ()]
Sy € /0 2oy rza e | 2Rt —2a dr

dr

2
<’y E6/8 H’I’2<T‘>2+6/8F(7’)’

~ ‘
2
LY,'yfd
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Analogously, using Lemma 2.1, we have

r=2Y (r, ¢ —

r2k+2—2y

2

(o]

(u(r) =2+ 2|, ™ 0
LY,'yfd

~

O o [ B0)
reess [

Sy Y (e —iol3y S 0 |l R
Y

2r8+5/4+25“Y(T, c— i5)|2 d
r—2k+2+2y r

2 2
O] P [ X P

implying that, with the choice & = /2 = 0/4, we have the control

X(,c€) 2+6/8 2 2 2
Hmin{rk—i-l/Q 5/2 p—kt1/2+5/2) ‘ Sy el [H F( )’ 2, +r F*(T)”Lg/,é/él (E.51)
Regarding A, we argue in the same way and arrive at
A+, c,e) 2 2 2 2
‘ min{rk+1/2=0/2 p=kt1/246/2} || S ) T)HLzy,a/z; i F*(T)”L%M E52)

In order to control J3, we again consider two cases. If r < 1,

r 0 r
J5(t,r )Nﬁfl)é/m | X (r,c,e)|lde+ ¢ B(r)

B(r)

0
oy |A(r, c,e)|de

B(r)

rl/2-6/2

0 0
S e / Ir=h 22X (1, ) | oode + & / P22 Ay ) | e de
r —Rs —Rs

_ B0

5/16
56, Fy

rl/2-6/2 )

while if » > 1, since u(r) ~ r~2 as r — oo, we use (E.51) and (E.52) to deduce that

Br) s [0 |X(ree) 56 B(r) 0 |A(r, c,€)|
J3( ) —k+1+5— 1¢ / |C|1—5/32 dc+€/ r—k+14+6-4 “Rs ‘u(r)|6/8|c|1—6/16dc
< B(?‘)E*‘s/z”2 0 ||7“’“*1/2*‘5/2X(7"7c,E)IILmd n Br)e’s  ° I\T’“*”%‘s/QA(nc,s)Iled
N TR |c|T—5/32 c rTRHS/ [ |c|T—5/16 c
B(r) §/32
S6.FF. —T/ate/4 /2,
Hence,
195 ()22 Spp.s €%,
which concludes the proof. O

E.5 Vanishing of higher derivatives
The aim of this section is to prove analogous results to those of Propositions E.5- E.6.

Proposition E.7. Let § be fixed sufficiently small, and let j € {1, ..., k}. Then

tim (|0, fi (8, )z, + lim 1r0,) £5 (8, )2z, | =0,

foreveryt > 0.

The proof is based on the iteration scheme laid out in Lemma 2.7, and appropriately choosing v € (0, 2k) in
Theorem E.1, depending on the derivative index j and the small parameter §. We illustrate the proof only in one case
to handle higher derivatives of fg, for k = 2 and j = 1, 2. As in (2.28), we have

J 1 u(®+1 ik(u(r)—c)t 1 / 7 ﬂ(?‘) .
(ro.) fst,r) = i /_RS eth(u(r)=c) [u(r)—c—ie(m (r)9c) <ﬁY(T7C+Z€)XU(C)(1 —XI(Tc))>
] _1C - @'é(m,(r)aG)j (B\([:)Y(r, ¢ —ie)xo(c)(1 - Xl(rc))) ]dc. (E.53)
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E.5.1 Proofforje {1,...,k—1}

Arguing as in the proof of Proposition E.6 and taking j = 1, an important term to bound (somewhat analogous to
(E.44)) reads as

plryrv/(r)

J;(t,’l“) = wy 5(7")7"1/2

w(0)+1 _ e A
/ oik(u(r)—e)t [U(T)CGGX(T, e,e) + Z@(%;(T,C,e’:‘):l de (E.54)

(0) (u(r) —c)? + €2 (u(r) —c)2 +¢€2

According to Lemma 2.7, we have

RAY, 06X =0 _2205)2 — (u’ir) 0, F(r) — B(rcY (r,c — i) — 5 :E:; Y(rc—ie)  (ES55)
P (Z(g;z [F(r) — Br)Y (r,c— is)}) (E.56)
e ),
+ Oy (wb)) 0. X + 2% (u'(r) +ru (r) X (E.58)
and
RAY_JY =— Cl+ — <<2“¢%§§> - igg) Y + ﬁam(r) - 2%1%)) (E.59)
+ o, (%) 9,Y + 2% W/ () + 1" (1)) Y — 2(5,/;%;21?*(7«) +OGF.(r).  (E60)

Next, we show that the terms in (E.58) and (E.60) are bounded in the norm |72 - || 12 _ as they correspond to the term

F, c in Theorem E.1. The terms containing F), are harmless, since they are compactly supported away from r = 0. As
for the other terms, notice that from Lemma 6.2, we have

(W' (r) + ru"(r)) {r—4, r— 0, aw< 1 ) N {r‘3, r—0,

r3(u'(r))? 1, r — 00, u!(r) T, 7 — 00.

Thus, we can choose v = 2 + v/ € (0, 2k), deduce that

2

1 1/4 — k?
r2 {amn <U,(T)> 2,Y + QW (' (r) + " () y} <s ||raTY\|§2w + ||Y|\2Li , (E.61)
2 2ty s Y
and
7 {a (1> ) X+2M (u'(r)Jrru"(r))X] 2 s lronX 2. +IX)2. . (E.62)
(1) r3(u/(r))? " Fra i

To control the terms in (E.57) and (E.59), we note Lemma 6.2,

2u”(7“)ﬁ(7“) _B(r) N {7"2, r—0, u'’(r) N {7‘2, r—0, 1 {7’1, r— 0,
2

W) e, WP\ :

r2, r— o0, u(r) r3, r — 00.
The point is that these coefficient are less singular at the origin by a power of 72, and therefore all the norms appearing
in Theorem E.1 for F. are finite even without a gain of 2 at the origin, upon choosing again v = 2++/. In the specific
case when ¢ € (u(0),u(0) + 1), we use (E.5) to have

o (G~ o) ¥ + a0 -2 )

2

2
LY.2+w’
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Ss WD YIE: +IVIE:  + 10 Fl:  +10)?FIE; . (E63)

’

and

2

s (W (B0) B
) (2 W(r)? u'<r>)X

S llron XL +IXIZ: - (E.64)

2
LY,2+*/’

Lastly, the terms in (E.56) are treated as in (E.47). Accordingly, using (E.62) we obtain the bounds

2

OgY (- c—i : '
GY (¢ — ic) H06Y (e —ie)lFs +IrondaY (e — i)l
oo Y24~/

H min{rk+1/2-2=7 p—k+1/2+2+7"}

SlroYiie  +IVIEe  + 1o Flze  +I1)*FlL:

Y, 2++/

and
X (- cre) ’ ) 2
e ey | WX el 10 deXCadlly
5/4
e
< 2F|1% . 220, F|2 . + ||V |3 + |0cY 3 . o, X% +|X|?
S (o) = oA K2 FNS e + 1) r0n FlIS o + Y5 +1106Y (15,4] + I IILQW | IILQW,
(E.65)
which, using (E.47) and (E.48), they imply that
Y (-, c — ig) 2 2 2
| | vty 100y (el
S roFlize  +1(n?FIl7:
Y,/ Y.~/
and
6GX(',C,€) 2 2 2
H min{rk+1/2-2=7" p—k+1/24247 1| 106X seelly, , +lIrordaXCoeelis,
<&t (Y2 EN3 + () ro-F3. ] - (E.66)
~ \u(O)—c\‘s/‘l Yoy oYy :

Similarly, by essentially arguing that A(-, ¢,e) = X (-, ¢,€) 4+ 2Y (-, ¢ — ig), we obtain

2
+ ||8gA(-,C, 6)”%2 + ||'raraGA('7ca 5)||2LQ
oo Y, 24~ Y,2+

min{rk+1/2-2=7" p—k+1/2+2+7"}

SIE?ronFllze  + 1) Flzs .

’

~/

’ AgA(-,c,e)

Now, going back to (E.54) and noticing that 7u/(r) ~ r? as 7 — 0 and ru/(r) ~ r =2 as r — 0o, and collecting all the
estimates above, we complete the proof of Proposition E.7 in the case j = 1 by choosing ' = /4.

It is worth mentioning that the proof for £ > j > 1 is analogous: the main idea is to use Lemma 6.2, combined
with the choice v = 2j + § < 2k. Clearly this imposes the constraint j < k& — 1, which is why the case j = k is
treated differently below.

E.5.2 Prooffor j =k

We now deal with the case j = k. For the sake of simplicity, we consider the case k = 2; the others are analogous. We
begin from (E.53) with j = 1 and take an additional r0,- derivative, but in this case we do not exploit the O¢ derivative.
Let us only deal with the term containing X, namely

ru'(r)0g (ﬂ(T)X(r7 c, 5)) (1 — xo(c))de.

e 1 ib(u(r—cye__ u(r) —c
- t,r)=-—
ror f5.x (8,7) 271 /Re (u( NZa

r)—c)? + &2
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Then

(10, f5xltr) = 5 [ e (u((f)” . )+€Qr2u’<r>ac( (19 1oL = s ()
i zk:(u(r) o)t e — (U(T) C)2 2 M 7, ¢, c _ r
o T G s o (T ) o0t
1 oik(u(r)—c)t u(r) —c ! (r,c N1 — v (r-Nde
bge [ MO ZE )+ oe (PR X000 xa @ - (o)
L k- ulr) —c (r ) re (e de
#gy e S )0,06 (22X () ) o 1 = )

We show how to deal with the four terms above, when all the derivatives land on X, in the case when ¢ € (u(0), u(0)+
1) and r < 1, when using the appropriate weight (1.10b). For the first term, we bound it using (E.66) and

kt /“(0)+1 o1 kt /u(0)+1 al0aX(rce)l

v 2 — < 7
rkt1/2=06 u(0) r U(T)\/;|5GX(T»075)\dCN rl/2-6/2 w(0) rk+t1/2-5/2

Kt O oeX ()|
~ p1/2-5/2 w(0) rk+1/2-2-6/2

S ke [|2F R 50 + 1010 F IS 570

The second term is similar, only slightly more delicate. It suffices to bound the following, using (E.66) once more:

L /U(O)H W) 10X (e, 0)de
rk+172=5 [y (u(r) — c)? + €2 S JEA G
1 u(0)+1 rl 1 1
< 1 —|0eX d
ST T e Ko
< 1 u(0)+1 ,,,2—46/7 1 B.X d
S Jyoy o) - g7 o el
o 1 (Ot 1 0 X (r,c.0)|
~ p1/2-6/7 (0) [u(0) — ¢[1=20/7 pk+1/2-2-25/7
S & (12 F I 037+ 1r)2r o F Il 57 -
The next term is treated similarly, using that
= [ - (W (r) + 7 (1) =0 X (1, )l
riu (r ru (r))— r,c,e C
rk+1/2—6 w(0) (u(r)—c)2+52 \/77 G
1 u(0)+1 7,2 1 1
<1 |9 X d
ST T T iy oK ke
o1 u(0)+1 1 06X (r,c.2)| |
NPT Jue ulr) — o127 A28 ¢

S &4 (12 F I 57 + 1210 Fll /7] -

Lastly, we have

1 (0)+1 1 5 1 9.9
_ r“u (r)—|0,0a X (r,c,e)|dc
’f'k+1/2_6 /7;(0) (u(r) — 0)2 T 52 ( )\/;| rVG ( )|

1 w(0)+1 1 1 s 1
ST [, T e ) X e
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u(0)+1
1 / 1 [rd, 06X (r,c,e)] (E.67)

< -
~ p1/2-8/7 ©) [u(0) — ¢|1=20/7 ph+1/2-2-25/7

Hence, to bound this last term we need a proper estimate L> on 70,0cX. By Sobolev embeddings and the fact that
(rd.)? = r20,, + 10, this follows from a proper L? bound on r29,... Referring to (E.56)-(E.58), we have that

2 1 2 B(r)r? 2
070X = — | - —k* )| 0¢ X — —————0¢X + r* [(E.56) + (E.57) + (E.58)] . (E.68)
4 u(r) —c—ie

Since for ¢ € (u(0),u(0) + 1) we have 72 < \/(u(r) — ¢)2 + 2 if r < 1, we use Lemma 2.1 to deduce that

2
B(r)r? 2
200X, SN0eXIZ |t aox| [ (ES6) + @D + G,
\2+ Y, 24y (u(r) —c)? +¢ 12 Y249/
Y, 24~/
2
S106X[3:  + |2 [(B56) + BST) + ESS)][7,
2+ Y, 24~/

Now, in view of (E.62), (E.64) and (E.66), we end up with the higher order estimate

r0,0cX (-, ¢,€) 2 ) , )
H min{rFL2—2— R BR[| + ||r0,0c X (-, ¢, a)HLgmﬂj— |(ron)?0cX (-, ¢, E)HL;uv/
£8/4 - , ,
S [u(0) — e/ )2 FIS o + [(r)*ronFIIY ] - (E.69)

Going back to (E.67) we now set v/ = 24/7 as in the other terms. Arguing in a similar manner for r > 1, we deduce
that

170,02 5 (8.7 Lz, S €/,

which is what we wanted. The treatment of all the other cases is similar, following the ideas of Propositions E.5 and
E.6. The proof of Proposition E.7 is therefore concluded.

References

[1] K. Bajer, A. P Bassom, and A. D Gilbert, Accelerated diffusion in the centre of a vortex, Journal of Fluid Mechanics 437 (2001), 395-411.
[2] N. Balmforth, S. G L. Smith, and W. Young, Disturbing vortices, Journal of Fluid Mechanics 426 (2001), 95-133.
[3] A. P. Bassom and A. D. Gilbert, The spiral wind-up of vorticity in an inviscid planar vortex, J. Fluid Mech. 371 (1998), 109-140.

[4] M Beck and C E Wayne, Metastability and rapid convergence to quasi-stationary bar states for the two-dimensional Navier—Stokes equations,

Proc. Royal Soc. of Edinburgh: Sec. A Mathematics 143 (2013), no. 05, 905-927.
[5] J. Bedrossian, Nonlinear echoes and Landau damping with insufficient regularity, arXiv:1605.06841 (2016).

[6

J. Bedrossian, P. Germain, and N. Masmoudi, Dynamics near the subcritical transition of the 3D Couette flow I: Below threshold, To appear
in Mem. Amer. Math. Soc., arXiv:1506.03720 (2015).

[7] J. Bedrossian, P. Germain, and N. Masmoudi, Dynamics near the subcritical transition of the 3D Couette flow II: Above threshold,
arXiv:1506.03721 (2015).

J. Bedrossian, P. Germain, and N. Masmoudi, On the stability threshold for the 3D Couette flow in Sobolev regularity, Ann. of Math. 157
(2017), no. 1.

[9] J. Bedrossian, N. Masmoudi, and C. Mouhot, Landau damping in finite regularity for unconfined systems with screened interactions, To appear
in Comm. Pure Appl. Math. (2016).

[8

[10] J. Bedrossian, N. Masmoudi, and V. Vicol, Enhanced dissipation and inviscid damping in the inviscid limit of the Navier-Stokes equations
near the 2D Couette flow, Arch. Rat. Mech. Anal. 216 (2016), no. 3, 1087-1159.

[11] J. Bedrossian, V. Vicol, and F. Wang, The Sobolev stability threshold for 2D shear flows near Couette, To appear in J. Nonlin. Sci.. Preprint:
arXiv:1604.01831 (2016).

[12] J. Bedrossian and M. Coti Zelati, Enhanced dissipation, hypoellipticity, and anomalous small noise inviscid limits in shear flows, Arch. Rat.
Mech. Anal. 224 (2017), no. 3, 1161-1204.

[13] J. Bedrossian, M. Coti Zelati, and N. Glatt-Holtz, Invariant measures for passive scalars in the small noise inviscid limit, Comm. Math. Phys.
348 (2016), no. 1, 101-127.

122



[14]

[15]
[16]

[17]
[18]

[19]
[20]
[21]

[22]

(23]
[24]
[25]
[26]
[27]
[28]

[29]

[30]
[31]

[32]

[33]
[34]

[35]
[36]
[37]
[38]

[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
(48]
[49]

[50]

J. Bedrossian and N. Masmoudi, Inviscid damping and the asymptotic stability of planar shear flows in the 2D Euler equations, Publ. math.
de I'THES (2013), 1-106.

J. Bedrossian, N. Masmoudi, and C. Mouhot, Landau damping: paraproducts and gevrey regularity, Annals of PDE 2 (2016), no. 1, 1-71.

F. Bouchet and H. Morita, Large time behavior and asymptotic stability of the 2D Euler and linearized Euler equations, Physica D 239 (2010),
948-966.

A Bracco, J. McWilliams, G Murante, A Provenzale, and J. Weiss, Revisiting freely decaying two-dimensional turbulence at millennial reso-
lution, Physics of Fluids 12 (2000), no. 11, 2931-2941.

R. J. Briggs, J. D. Daugherty, and R. H. Levy, Role of Landau damping in crossed-field electron beams and inviscid shear flow, Phys. Fl. 13
(1970), no. 2.

E. Caglioti and C. Maffei, Time asymptotics for solutions of Vlasov-Poisson equation in a circle, J. Stat. Phys. 92 (1998), no. 1/2.
K. Case, Stability of inviscid plane couette flow, The Physics of Fluids 3 (1960), no. 2, 143-148.

A. Castro, D. Cérdoba, and J. Gémez-Serrano, Uniformly rotating smooth solutions for the incompressible 2d euler equations, arXiv preprint
arXiv:1612.08964 (2016).

A.J. Cerfon, J. P. Freidberg, F. I. Parra, and T. A. Antaya, Analytic fluid theory of beam spiraling in high-intensity cyclotrons, Phys. Rev. ST
Accel. Beams 16 (2013), no. 024202.

P. Constantin, A. Kiselev, L. Ryzhik, and A. Zlatos, Diffusion and mixing in fluid flow, Ann. of Math. (2) 168 (2008), 643-674.

M. Coti Zelati and C. Zillinger, On degenerate circular and shear flows: the point vortex and power law circular flows, Preprint.

P. Degond, Spectral theory of the linearized Vlasov-Poisson equation, Trans. Amer. Math. Soc. 294 (1986), no. 2, 435-453.

W. Deng, Resolvent estimates for a two-dimensional non-self-adjoint operator.,, Communications on Pure & Applied Analysis 12 (2013), no. 1.
L. Dikii, The stability of plane-parallel flows of an ideal fluid, Soviet physics doklady, 1961, pp. 1179.

P. G. Drazin and W. H. Reid, Hydrodynamic stability, Cambridge University Press, Cambridge, 1981. Cambridge Monographs on Mechanics
and Applied Mathematics. MR604359 (82h:76021)

D. G Dritschel, Nonlinear stability bounds for inviscid, two-dimensional, parallel or circular flows with monotonic vorticity, and the analogous
three-dimensional quasi-geostrophic flows, Journal of Fluid Mechanics 191 (1988), 575-581.

B Dubrulle and S Nazarenko, On scaling laws for the transition to turbulence in uniform-shear flows, Euro. Phys. Lett. 27 (1994), no. 2, 129.

E. Faou and F. Rousset, Landau damping in Sobolev spaces for the Vlasov-HMF model, Arch. Ration. Mech. Anal. 219 (2016), no. 2, 887-902.
MR3437866

B. Fernandez, D. Gérard-Varet, and G. Giacomin, Landau damping in the Kuramoto model, Preprint arXiv:1410.6006, to appear in Ann.
Institut Poincaré - Analysis nonlinéaire.

T. Gallay, Enhanced dissipation and axisymmetrization of two-dimensional viscous vortices, arXiv preprint arXiv:1707.05525 (2017).

T. Gallay and C E. Wayne, Global stability of vortex solutions of the two-dimensional navier-stokes equation, Communications in mathematical
physics 255 (2005), no. 1, 97-129.

R. Glassey and J. Schaeffer, Time decay for solutions to the linearized Vlasov equation, Transport Theory Statist. Phys. 23 (1994), no. 4,
411-453. MR1264846

1. M Hall, A. P Bassom, and A. D Gilbert, The effect of fine structure on the stability of planar vortices, European Journal of Mechanics-
B/Fluids 22 (2003), no. 2, 179-198.

H.J. Hwang and J. J. L. Velazquez, On the existence of exponentially decreasing solutions of the nonlinear Landau damping problem, Indiana
Univ. Math. J (2009), 2623-2660.

S. Ibrahim, Y. Maekawa, and N. Masmoudi, On pseudospectral bound for non-selfadjoint operators and its application to stability of kol-
mogorov flows, arXiv preprint arXiv:1710.05132 (2017).

L. Kelvin, Stability of fluid motion-rectilinear motion of viscous fluid between two parallel plates, Phil. Mag. 24 (1887), 188.

P. Koumoutsakos, Inviscid axisymmetrization of an elliptical vortex, Journal of Computational Physics 138 (1997), no. 2, 821-857.

L. Landau, On the vibration of the electronic plasma, J. Phys. USSR 10 (1946), no. 25.

M. Latini and A. J. Bernoff, Transient anomalous diffusion in Poiseuille flow, Journal of Fluid Mechanics 441 (2001), 399-411.

T. Li, D. Wei, and Z. Zhang, Pseudospectral and spectral bounds for the oseen vortices operator, arXiv preprint arXiv:1701.06269 (2017).
Z. Lin and M. Xu, Metastability of kolmogorov flows and inviscid damping of shear flows, arXiv preprint arXiv:1707.00278 (2017).

Z.Lin and C. Zeng, Inviscid dynamical structures near couette flow, Archive for rational mechanics and analysis 200 (2011), no. 3, 1075-1097.
Z. Lin and C. Zeng, Small BGK waves and nonlinear Landau damping, Comm. Math. Phys. 306 (2011), no. 2, 291-331. MR2824473

J. Malmberg and C. Wharton, Collisionless damping of electrostatic plasma waves, Phys. Rev. Lett. 13 (1964), no. 6, 184—186.

J. Malmberg, C. Wharton, C. Gould, and T. O’Neil, Plasma wave echo, Phys. Rev. Lett. 20 (1968), no. 3, 95-97.

M. Melander, J. McWilliams, and N. Zabusky, Axisymmetrization and vorticity-gradient intensification of an isolated two-dimensional vortex
through filamentation, Journal of Fluid Mechanics 178 (1987), 137-159.

P. D. Miller, Applied asymptotic analysis, Vol. 75, American Mathematical Soc., 2006.

123



[51]

[52]
[53]

[54]

[55]
[56]

(571

[58]

[59]

[60]
[61]

[62]

[63]
[64]

[65]
[66]

[67]

[68]
[69]
[70]
[71]
[72]
[73]

[74]
[75]

M. T Montgomery and R. J Kallenbach, A theory for vortex rossby-waves and its application to spiral bands and intensity changes in hurri-
canes, Quarterly Journal of the Royal Meteorological Society 123 (1997), no. 538, 435-465.

C. Moubhot and C. Villani, On Landau damping, Acta Math. 207 (2011), no. 1, 29-201. MR2863910

D. S Nolan and M. T Montgomery, The algebraic growth of wavenumber one disturbances in hurricane-like vortices, Journal of the atmo-
spheric sciences 57 (2000), no. 21, 3514-3538.

W. Orr, The stability or instability of steady motions of a perfect liquid and of a viscous liquid, Part I: a perfect liquid, Proc. Royal Irish Acad.
Sec. A: Math. Phys. Sci. 27 (1907), 9-68.

O. Penrose, Electrostatic instability of a uniform non-Maxwellian plasma, Phys. Fluids 3 (1960), 258-265.

P. B. Rhines and W. R. Young, How rapidly is a passive scalar mixed within closed streamlines?, Journal of Fluid Mechanics 133 (1983),
133-145.

D. A. Schecter, D. Dubin, A. C. Cass, C. F. Driscoll, and I. M. L. et. al., Inviscid damping of asymmetries on a two-dimensional vortex, Phys.
F1. 12 (2000).

G. B Smith and M. T Montgomery, Vortex axisymmetrization: Dependence on azimuthal wave-number or asymmetric radial structure changes,
Quarterly Journal of the Royal Meteorological Society 121 (1995), no. 527, 1615-1650.

R. A Smith and M. N Rosenbluth, Algebraic instability of hollow electron columns and cylindrical vortices, Physical review letters 64 (1990),
no. 6, 649.

S. A. Stepin, Nonself-adjoint friedrichs model in hydrodynamic stability, Functional Analysis and Its Applications 29 (1995), no. 2, 91-101.

M. E. Taylor, Partial differential equations II. Qualitative studies of linear equations, Second, Applied Mathematical Sciences, vol. 116,
Springer, New York, 2011.

W. Thomson, Xxiv. vibrations of a columnar vortex, The London, Edinburgh, and Dublin Philosophical Magazine and Journal of Science 10
(1880), no. 61, 155-168.

N. G. van Kampen, On the theory of stationary waves in plasmas, Physica 21 (1955), 949-963.

J. Vanneste, Nonlinear dynamics of anisotropic disturbances in plane Couette flow, SIAM J. Appl. Math. 62 (2002), no. 3, 924-944 (elec-
tronic). MR1897729 (2003d:76064)

J Vanneste, P. J. Morrison, and T Warn, Strong echo effect and nonlinear transient growth in shear flows, Physics of Fluids 10 (1998), 1398.

D. Wei, Z. Zhang, and W. Zhao, Linear inviscid damping for a class of monotone shear flow in sobolev spaces, Communications on Pure and
Applied Mathematics (2015).

D. Wei, Z. Zhang, and W. Zhao, Linear inviscid damping and enhanced dissipation for the Kolmogorov flow, arXiv preprint arXiv:1711.01822
(2017).

D. Wei, Z. Zhang, and W. Zhao, Linear inviscid damping and vorticity depletion for shear flows, arXiv preprint arXiv:1704.00428 (2017).
J. Yang and Z. Lin, Linear inviscid damping for couette flow in stratified fluid, Journal of Mathematical Fluid Mechanics (2016), 1-28.

B. Young, Landau damping in relativistic plasmas, J. of Math. Phys. 57 (2016), no. 2, 021502.

J. H. Yu and C. F. Driscoll, Diocotron wave echoes in a pure electron plasma, IEEE Trans. Plasma Sci. 30 (2002), no. 1.

J. H. Yu, C. F. Driscoll, and T. M. O‘Neil, Phase mixing and echoes in a pure electron plasma, Phys. of Plasmas 12 (2005), no. 055701.

C. Zillinger, Linear inviscid damping for monotone shear flows in a finite periodic channel, boundary effects, blow-up and critical sobolev
regularity, Archive for Rational Mechanics and Analysis 221 (2016), no. 3, 1449-1509.

C. Zillinger, Linear inviscid damping for monotone shear flows, Trans. Amer. Math. Soc. 369 (2017), no. 12, 8799-8855.
C. Zillinger, On circular flows: Linear stability and damping, J. Differential Equations 263 (2017), no. 11, 7856-7899.

124



	1 Introduction and statements of results
	2 Preliminaries and outline of the proof
	3 Dynamics of the k=1 mode
	4 The homogeneous Rayleigh problem for TEXT
	5 The inhomogeneous Rayleigh problem for k 2
	6 Representation formulas and estimates on (rr)jf1, and (rr)j f2
	A Preliminary technical lemmas
	B Vorticity depletion implies optimal inviscid damping
	C Boundedness and convergence of integral operators
	D Properties of H0 and H
	E Vanishing for TEXT outside I

