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1 INTRODUCTION 

Accurate prediction of sediment inflow into reser-
voir is of great importance for an efficient dam 
management. The sediment supply is mainly 
caused by excessive bank erosion in mountainous 
river reaches during floods. In addition, a complex 
bed deformation can be observed in a curved 
channel due to secondary currents. Therefore, it is 
necessary to predict river channel processes with 
bank erosion in curved channel accurately for an 
effective management. 

A number of theoretical and experimental stud-
ies concerning the bed deformation and bank line 
shifting in straight and meandering channels have 
been conducted (e.g. Kovacs and Parker 1994, 
Seminara 2006, Shimizu et al. 1996). Moreover, 
some numerical models considering bed deforma-
tion with bank erosion have been proposed (e.g. 
Nagata et al. 1996, 2000, Sekine 1996, Shimizu et 
al. 1996, Shimizu 2004). However, these models 
are mainly applied to alluvial channels with mild 
slope and their applicability to the cases with 
steep slope is not examined enough. 

On the other hand, in the previous studies con-
cerning the bed deformation for upper regime 
flow, Meguro et al. (2001) conducted the hydrau-
lic experiments in the straight channel and re-
ported that multi-scale sand waves from micro- to 

large scale are formed. Arimitsu et al. (2009) car-
ried out the hydraulic experiments in steep curved 
channel with fixed and movable beds. In the case 
of fixed bed, characteristics of water surface oscil-
lations due to shock waves were investigated. It 
was also shown that multi-scale sand waves such 
as antidunes and bars can be observed in the 
movie, although the general characteristics of bed 
deformation in equilibrium stage are similar to the 
results for lower regime flow in the previous stud-
ies. In simulation of flow and bed deformation for 
upper regime flow, a one-dimensional model is 
commonly used to predict the large scale bed de-
formation in the longitudinal direction. Therefore, 
applicability of a depth averaged two-dimensional 
flow model is not examined. Hence, to simulate 
flow and bed deformation in steep curved channel, 
it is necessary to reproduce development of sec-
ondary currents, formation of point bar and non-
equilibrium state of sediment near river bank. 

In this study, a numerical model to simulate 
river channel processes with bank erosion in steep 
curved channel is examined, using a depth aver-
aged flow model in generalized curvilinear coor-
dinate system and both equilibrium and non-
equilibrium sediment transport models. In the 
non-equilibrium sediment transport model, sedi-
ment movements of bed load are characterized 
with pick-up rate and step length, while the em-
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pirical formula is used in the equilibrium sediment 
transport model. The bank collapse process is also 
considered by a simplified failure model. The 
model is verified through the comparison between 
experimental and numerical results. 

2 NUMERICAL MODEL 

2.1 Basic equations of flow 

A depth averaged flow model in generalized cur-
vilinear coordinate system is used to calculate 
flow fields. 
[Continuity equation] 
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[Momentum equation] 
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where t = time; ξ, η = generalized curvilinear 
coordinates; J = Jacobian of coordinate transfor-
mation (= 1/(xξyη-xηyξ)); ξx, ξy, ηx, ηy = metrics of 
coordinate transformation; Q

ξ
, Q

η
 = contravariant 

components of discharge flux vectors for unit 
width; M, N = Cartesian components of discharge 
flux vectors; U, V = contravariant components of 

velocity vectors; h = depth; zs = water surface ele-
vation from datum plane; g = gravitational accele-
ration; ρ = density of water; τb

ξ
, τb

η
 = contrava-

riant components of bottom shear stress vectors; 
22 vvuu ′−′′−′− ,, = Cartesian components of Reynolds 

stress tensors. 

2.2 Equilibrium sediment transport model 

To evaluate bed load fluxes in the streamwise and 
transversal directions, the following formula pro-
posed by Ashida and Michiue (1972), Hasegawa 
(1984) are used. 
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where qbs, qbn = bed load flux vectors in the 
streamwise and transversal directions; τ*e, τ*c, τ* = 
non-dimensional effective shear stress, critical 
shear stress and shear stress, respectively; u*, u*c = 
friction velocity and critical friction velocity; d = 
diameter of sand; σ = density of sand (σ/ρ=2.65); 

bb ns uu ,  = the velocity components in the stream-
wise and transversal direction near the bottom; μs 
and μk = static and kinetic friction coefficient of 
bed material, respectively (=1.0, 0.5). 

The bed elevation is calculated using following 
continuity equation after transforming in the con-
travariant components of bed load flux vectors 
(qbξ, qbη). 
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where zb = bed elevation; λ = porosity of sand 
(=0.4). 

2.3 Non-equilibrium sediment transport model 

A non-equilibrium sediment transport model (Na-
gata et al. 2000) consists of 4 steps; (1) evaluation 
of pick-up rate, (2) calculation of trajectory of 
sand, (3) calculation of deposition rate and (4) 
temporal change of bed level. The pick-up rate is 
evaluated in the following equation proposed by 
Nakagawa et al. (1986), which can be applicable 
to the channel with side slope. 
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where ps = pick-up rate; kL = ratio of lift force to 
drag force (=0.85, Chepil 1958); ψ = angle be-
tween velocity vector near bed and sediment 
movement direction; θn = local bed slope angle; φ 
= angle between streamwise direction and sedi-
ment movement direction; and F0, k2, and m = 
constants (=0.03, 0.7, and 3, respectively). The 
detailed method to obtain the angles ψ and φ is 
described in the reference (Nagata et al. 2000) and 
the angle θn is calculated using the value of bed 
elevation between four neighboring cells. 

Then, using bed load fluxes in the streamwise 
and transversal directions calculated in Equation 
(3), the direction of sediment movement and the 
distance from the pick-up point can be found, and 
the sediment deposition rate with distance incre-
ment of Δs = 0.01m is calculated. The deposition 
rate pd (j,i) on the locus after i-th point since being 
picked up at point j is obtained by the following 
equation. 
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where A(j), A(i) = numerical mesh areas at the posi-
tions of pick-up and deposition rates; Δs = length 
increment for calculation of the locus; and fs(s) = 
probability density function of step length; Λ = 

average step length, which is proportional to sand 
diameter (=αd). The value of step length Λ is gen-
erally reported to vary from 50d to 250d, and the 
averaged value is 100d (Nakagawa and Tsujimoto 
1980). Therefore, various values of step length are 
applied to examine the effects of step length. It 
should be noted that since the position of deposi-
tion rate is not coincident with the pick-up rate, 
the deposition rate is distributed to the position 
where pick-up rate is defined. 

Using the pick-up and deposition rate calcu-
lated in Equations (5) and (6), the temporal 
change of bed elevation is obtained by the follow-
ing equation (Nakagawa and Tsujimoto 1980). 
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where A1 = one-dimensional geometrical coeffi-
cient of sand (=1.0). 

2.4 Bank failure model 

When bed near the edge of the channel bank is 
scoured, bank collapses intermittently due to in-
stability of side bank. A simplified bank failure 

Table 1.  Hydraulic conditions_______________________________________________________________________________________________ 
        Discharge Q   Width B   Water depth h   Bed slope   Radius of curvature r   Diameter of sand d 
          (m3/s)        (m)         (m)                         (m)                (mm) _______________________________________________________________________________________________ 
Case A    0.0085        0.5        0.024         1/80           2.0                 1.86 
Case B    0.0085        1.0        0.016         1/80           2.0                 1.86 _______________________________________________________________________________________________ 
 
Table 2.  Computational conditions _______________________________________________________________________________________________ 
         Case    Sediment transport model     step length Λ     Angle of repose        Angle of repose 
                                             (mm)       under water surface     at the edge of water _______________________________________________________________________________________________ 
Run1-1    A        Equilibrium model                             25o                   65o 
Run1-2    A      Non-equilibrium model          50d              15o                   65o 
Run1-3    A      Non-equilibrium model         100d              15o                   65o 
Run1-4    A      Non-equilibrium model         250d              15o                   65o _______________________________________________________________________________________________ 
Run2-1    B        Equilibrium model                             25o                   65o 
Run2-2    B      Non-equilibrium model         100d              15o                   65o _______________________________________________________________________________________________ 

 
Figure 1. Initial bed level in Case A 
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model is used in the numerical simulation, al-
though various models are proposed (e.g. Hase-
gawa 1984, Nagata et al. 2000, Shimizu 2004). 
The calculation of bank erosion is carried out 
when local bed slope between eight neighboring 
cells becomes steeper than the angle of repose of 
the bed material. It is assumed that volume of 
bank collapse becomes equal to the volume of de-

position in the neighboring cells. Here, different 
values of the angle are used depending on condi-
tion, that both adjacent cells are under water sur-
face or that the cell of fellow is under water sur-
face (at the edge of the water). By using this 
simplified failure model, the characteristics of 
steep form at the river bank observed in the expe-
riments after bank failure can be simulated. In this 

 
                                                (a) Exp. 

         
                       (b) Run1-1                                     (c) Run1-2 

        
                        (d) Run1-3                                     (e) Run1-4 

Figure 2. Bed level contours and velocity vectors in Case A 
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model, the shape of grids may affect the results 
since the direction of bank failure is calculated 
from the eight neighboring cells. On the other 
hand, Sekine (2004) has proposed a bank failure 
model in which the direction of bank collapse is 
calculated explicitly. Further investigation for the 
treatment of bank collapse is needed. 

3 COMPUTATIONAL CONDITIONS 

The numerical model is applied to the previous 
experiments conducted by Arimitsu et al. (2009), 
and the applicability of both equilibrium and non-
equilibrium sediment transport models is ex-
amined. The bed slope of channel in the experi-

ments is 1/80 and radius of curvature r is 2.0m. 
The cross section of channel is trapezoidal with 
side slope of 40

o
. The hydraulic conditions are 

summarized in Table 1. The two cases are simu-
lated with small width (B = 0.5m, r/B = 4.0) and 
large width (B = 1.0m, r/B = 2.0). The computa-
tional conditions are shown in Table 2 and the ini-
tial bed level with small width is presented in Fig-
ure 1. 

The governing equations are discretized in 
space using the finite volume method in which 
Adams-Bashforth method is applied for time inte-
gration and QUICK-scheme (Leonard 1979) is 
implemented for convection terms. The computa-
tional mesh size in the streamwise direction is 
0.05m in straight and 1.5

o
 in curved channel 
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Figure 3. Comparison of bed variations in the transversal direction in Case A 
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respectively, and the size in the transversal direc-
tion is 0.01m. 

4 RESULTS AND DISCUSSION 

Firstly, it is necessary to adjust two parameters for 
the angles of repose of bed materials under the 
water surface or at the edge of the water. The sen-
sitivity analysis for the angle of repose of the bed 
material was carried out using the equilibrium se-
diment transport model (Figures are not shown). 
While the angle of repose of the bed material is 
generally reported to be 30

o
, it is thought that the 

angle with bank erosion depends on the hydraulic 
condition and characteristics of bed materials, as 
pointed by Goto et al. (2001). Therefore, numeri-
cal experiments are conducted using the same 
value for the angle of repose at the edge of the 
water and the different values for the one under 
the water surface. The angle of repose near river 
bank is set to be 65

o
 since banks tend to be almost 

vertical in the experiments. In the case of large 

value for the angle of repose under the water sur-
face (e.g. 30

o
), the sediments due to the bank col-

lapse are not supplied from the river bank, rather 
the bed in the outer bank is scoured. Consequent-
ly, bed degradation in outer bank can be observed 
and river bank is not shifted outward. On the other 
hand, in the case of small value for the angle, the 
sediments are supplied from the river bank after 
the bed in the outer bank is scoured. As a result, 
extensive bank erosion can be observed. In this 
study, the different values for angle of repose 
shown in Table 2 are used between the equili-
brium and the non-equilibrium sediment transport 
models to reproduce the position of river bank at 
the 90

o
 section in the curved channel, which are 

smaller than the standard value (30
o
). To deter-

mine the suitable parameter, further investigation 
is required. 

Figure 2 represents comparison of bed level 
contours in the case of small width and Figure 3 is 
comparison of bed level in the transversal direc-
tion at 3 different sections (30

o
, 60

o
 and 90

o
) in 

the curved channel as shown in Figure 1. In the 

 
                                               (a) Exp. 

        
                        (b) Run2-1                                    (c) Run2-2 

Figure 4. Bed level contours and velocity vectors in Case B 
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experimental results, the point bar is formed at the 
inner bank of the curved channel and the river bed 
at outer bank is scoured. Moreover, the bank ero-
sion occurs at outer bank in curved channel and 
sediment deposition due to secondary currents at 
the same section can be observed. The position of 
river bank at No.3 section in the curved channel 
can be reproduced by using the adjusted angle of 
repose in Run1-1 (equilibrium sediment transport 
model), while agreement between experimental 
and numerical results at the outer bank in the up-
stream side is not so satisfactory. The bed scour-
ing at the inner bank in the downstream side of 
curved channel also cannot be simulated well. 

Next, the numerical results in the non-
equilibrium sediment transport model (Run1-2, 1-
3 and 1-4) are compared with experiments. In the 
case of Run1-2 in which the averaged step length 
is short, the picked up sediments tend to deposit at 
closer point, and the characteristics of bed scour-
ing in the outer bank and bank line shift can not 
be simulated well. In Run1-4, the peak of bank 
erosion point is occurred in the upstream side of 
curved channel compared with the experiments, 
and the bed variations in the downstream side are 
not reproduced. On the other hand, the bed eleva-
tions at No.1 and 2 sections in Run1-3 can be re-
produced satisfactorily by using the appropriate 
averaged step length, while the position of river 
bank at 90

o
 can not be simulated rather. It is also 

observed that the bed scouring at the inner bank in 
the downstream of curved channel can be also si-
mulated well in Run1-3. These results are thought 
to be related to the non-equilibrium condition of 
sediments near river bank as pointed out by Naga-
ta et al. (2000). Near the river bank, side slope in 

transversal direction is steep and the sediments 
move from river bank to center of channel. Before 
bank erosion occurs intermittently, sediments are 
not supplied from bank. Consequently, non-
equilibrium condition of sediments prevails. In the 
equilibrium sediment transport model, the bed 
load fluxes are calculated by using the local hy-
draulic variables in Equations (3). The condition 
of no flux in the transversal direction is not consi-
dered before the bank erosion occurs. Therefore, 
the bed load flux is overestimated, although the 
actual flux is small. It can be concluded that mod-
eling of sediment movements is considered more 
accurately in the non-equilibrium model. The de-
velopment processes of antidunes which are ob-
served in the movie of experiments were not re-
produced in this numerical simulation. It is due to 
the fact that a simple depth averaged flow model 
is applied to calculate the flow fields. Therefore, 
the improvement of flow model to a Boussinesq 
equation considering the effects of vertical accele-
ration is required. 

Figures 4 and 5 show comparison of the bed 
contours and the bed elevation in the transversal 
direction in the case of large width. In this case, 
since the bed variation is so small and the river 
bank is not shifted much, both types of sediment 
transport models can simulate the bed deforma-
tion. Moreover, the characteristics that the peak 
position of bank erosion occurs in the downstream 
side compared with the small width case is repro-
duced well. 
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Figure 5. Comparison of bed variation in the transversal direction in Case B 
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5 CONCLUSIONS 

In this study, river channel processes in a curved 
channel with steep slope are simulated, using a 
depth averaged flow model in generalized curvili-
near coordinate system. Equilibrium and non-
equilibrium sediment transport models are em-
ployed and their applicability is examined. It is 
found that both types of sediment transport mod-
els can reproduce the experimental results by us-
ing the value of appropriate angle of repose. It 
should be noted that better agreement can be ob-
served in the results of the non-equilibrium sedi-
ment transport model, especially in the case that 
the bank erosion progresses. In the future, to ex-
amine the effect of model scale in the numerical 
models between the equilibrium and non-
equilibrium sediment transport model, the numer-
ical models should be applied to the real scale of 
rivers. In addition, to indicate superiority in the 
non-equilibrium sediment transport model, further 
investigation is required by comparing the trajec-
tory of sediments with experiments (e.g. from 
where to where and its rate of pick-up and deposi-
tion).  
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