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F E A n al ysis of C o ast al Cliff E r osi o n d u e t o O c e a n W a v e Ass aili n g

B y

K a z u y a Y as u h ar a 1 , S at os hi M ur a k a mi2 ,  Y as h u n ori K a n n o3 ,  Zis hi e n W u4 ,

A B S T R A C T

T h e c o a st al er osi o n is di vi d e d i nt o t w o c at e g ori es :  (i) s a n d er osi o n, (ii) cliff er osi o n. T h e

m e c h a nis m  a n d  c o u nt er m e as ur es  f or  t h os e  t w o  h a v e  m ai nl y  b e e n  p urs u e d  fr o m  c o a st al

e n gi n e eri n g p oi nt of vi e w. U nf ort u n at el y, l ess att e nti o n h as b e e n p ai d t o t h e cliff er osi o n

fr o m a vi e wp oi nt of g e ot e c h ni c al e n gi n e eri n g. R at h er, m u c h att e nti o n h as b e e n dir e ct e d

fr o m  t h e  st a n d p oi nt  of  g e ol o g y  a n d  g e o m or p h ol o g y.   B as e d  o n  t h e  e xt e nsi v e

a c hi e v e m e nts o n t h e pr o bl e m i n J a p a n w hi c h h a d b e e n c arri e d o ut b y  S u n a m ur a ( 1 9 9 2)

usi n g  t h e  m et h o d ol o g y  of  t h e  g e o m or p h ol o g y,  f urt h er  i n v esti g ati o n  b y  t h e  a ut h ors  h as

b e e n  p erf or m e d  b y  t h e  a ut h ors  ( 2 0 0 2)  fr o m  a  vi e w p oi nt  of  g e ot e c h ni c al  e n gi n e eri n g.

T h e r es ults b y t h e a ut h ors i n cl u d e t h e m e c h a nis m, pr e di cti o n a n d c o u nt er m e as ur e wit h a

s p e ci al e m p h asis b ei n g pl a c e d o n t h e cliff er osi o n of r o c k y c o asts at I b ar a ki Pr ef e ct ur e,

J a p a n.  A m o n g  t h e m,  t h e  c urr e nt  p a p er  ai ms  at  d es cri bi n g  t h e  s u c c essf ul  r es ults  of

pr e di cti o n fr o m t h e fi nit e el e m e nt a n al ysis c o m bi n e d wit h t h e cr a c k pr o p a g ati o n t h e or y

i n v ol v e d  i n  t h e  fi el d  of  fr a ct ur e  m e c h a ni cs.   T his  a n al ysis  r e q uir es  u nit  v ol u m e  w ei g ht,

c o m pr essi v e str e n gt h, t e nsil e str e n gt h, a n d Y o u n g’s m o d ul us of  r o c ks  c o nsisti n g  of  t h e

c o ast al cliff.  It is i n di c at e d fr o m a n al ysis t h at:

1) C o ast al cliffs c o nsisti n g of s oft r o c ks b e c o m e u nst a bl e d e p e n di n g o n i n cr e as e i n t h e

er o d e d dist a n c e of t h e t o e of cliffs. T h e f ail ur e of r o c k y c o asts is m or e s e nsiti v e t o t e nsil e

str e n gt h t h a n t o c o m pr essi v e str e n gt h of r o c ks.

2) T h e F E a n al y si s c o n si d e ri n g t h e c r a c k p r o p a g ati o n i n r o c k s c a n p r e di ct of t h e p r o g r e s s

of  f ail u r e  i n  r o c k y  c o a st s.   T h e   r e s ul t s  f r o m  t h e  F E  a n al y si s  l e a d  t o  c o n s t r u c ti o n  of  a

d e si g n  c h a rt  f o r  r o u g hl y  p r e di cti n g  t h e  p o s si bilit y  of  c oll a p s e  w h e n  t h e  g e o g r a p hi c al

c o n diti o n s at a gi v e n sit e a n d t h e g e ot e c h ni c al p r o p e rti e s of a r o c k a r e gi v e n.

I N T R O D U C T I O NI N T R O D U C T I O N

T h e e r o si o n at t h e c o a st h a s b e c o m e c h r o ni c i n J a p a n.  T h e c o a st al e r o si o n i s g e n e r all y

1 Pr of ess or, D e p art m e nt of Ur b a n a n d Ci vil E n gi n e eri n g, I b ar a ki U ni v ersit y, Hit a c hi, I b ar a ki, 3 1 6- 8 5 1 1, J a p a n.

2 R es e ar c h Assist a nt, D e p art m e nt of Ur b a n a n d Ci vil E n gi n e eri n g, I b ar a ki U ni v ersit y, Hit a c hi, I b ar a ki, 3 1 6- 8 5 1 1, J a p a n.

3 Gr a d u at e St u d e nt, D e p art m e nt of Ur b a n a n d Ci vil E n gi n e eri n g, I b ar a ki U ni v ersit y, Hit a c hi, I b ar a ki, 3 1 6- 8 5 1 1, J a p a n..

4 Pr of ess or, D e p art m e nt of Ur b a n a n d Ci vil E n gi n e eri n g, I b ar a ki U ni v ersit y, Hit a c hi, I b ar a ki, 3 1 6- 8 5 1 1,J a p a n.
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divided into the beach erosion and the cliff erosion. Less attention has been paid to the

cliff erosion than to the beach erosion.  In addition, the researches on the cliff erosion

have mainly been limited to the fields of coastal engineering, geology and geomorphology,

and have scarcely included the geotechnical aspects.  Even in the extensive

achievements for the erosion of rocky coasts in Japan which have been carried out by

Sunamura (1992), less information has been described from the geotechnical point of view.

Authors (1995, 1997, 1999) have been invest igating the mechanism, proposing the

prediction and exploring the countermeasures in the past few years. Based on the

previous studies, the current paper aims to propose the design charts and the predictive

manual through the results from the numerical analysis by using the finite element

method incorporating the crack propagation theory. Photo.2-Izura Coast

MECHANISM OF COASTAL CLIFF EROSION

Fig.1-The process of Coastal Cliff Erosion (Sunamura)

Photo.1-Unomiaki Coast Photo.2-Izura Coast
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Fi g. 1 s h o ws a t y pi c al r es ult of t h e pr ofil e c h a n g es of l a b or at or y cliffs c a us e d b y br e a ki n g

w a v es. A c c or di n g t o t h e i n v esti g ati o n b y  S u n a m ur a, t h e J a p a n es e st yl e of cliff er osi o ns

p ert ai ns t o t h e t y p e- B fr o m t h e t w o t y p es i n Fi g. 1.  I n t his t y p e, t h e t o e of t h e cliff is

er o d e d d u e t o ass aili n g o c e a n w a v es a n d t h e n ot c h is f or m e d.  T h e r o c k y c o ast c oll a ps es

w h e n a c ert ai n dist a n c e of t his n ot c h f or m e d d u e t o w a v e a cti o ns is att ai n e d. H o w e v er, t h e

m e c h a nis m  of  t h e  c oll a ps e  h as  r e m ai n e d  u n k n o w n.  F or  e x a m pl e,  n o  m et h o d  h as  b e e n

f o u n d t o d et er mi n e w h et h er t h e f ail ur e m o d e m ust b e i n t h e c o m pr essi v e f ail ur e or i n t h e

t e nsil e  f ail ur e.  It  is  t h er ef or e  r e q uir e d  f or  t a ki n g  c o u nt er m e as ur es  t o  d e al  wit h  t h e

sit u ati o n t o pr e di ct w h e n a n d h o w t h e c oll a ps e i niti at es.

C R A C K P R O P A G A TI O N A N A L Y SI S U SI N G FI NI T E E L E M E N T M E T H O D

T h e cr a c k pr o p a g ati o n a n al ysis is b as e d o n t h e i d e a of t h e bi a xi al pri n ci p al f ail ur e m et h o d

t h at t h e cr a c k o c c urs w h e n t h e t e nsil e m aj or pri n ci p al str ess e x c e e ds t h e t e nsil e str e n gt h

us e d  i n  t h e  a n al ysis  b y  c o nsi d eri n g  t h e  s elf- w ei g ht  i n  w h ol e  t h e  o bj e cti v e  ar e a.  T h e

a n al ysis is c h ar a ct eri z e d b y:

1) t h e el e m e nts t h at u n d er g o t h e cr a c k ar e t a k e n off b y p ost ul ati n g t h at t h e y ar e ass u m e d

n ot t o r et ai n  t h eir str e n gt h.

2) t h e  a n al ysis  i n  t h e  n e w  ar e a  is  r e p e at e d  u ntil  t h e  c o m p ut ati o n  is  c o n v er g e d.  T h e

Fi g. 3- T e n sil e S oft e ni n g C rit e ri a

Fi g. 2- T h e C r a c k G e n e r ati o n C rit e ri a
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ft
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ε cr
n n

 

G f/ h
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collapse possibility is estimated by means of the propagation condition of cracks that

occur in the cliff due to the formation and development of notches.

The distributed crack model is employed in predicting the crack occurrence phenomena

by means of the finite element analysis that incorporate the following:

1) The crack generation condition : this is governed by the condition as shown in Fig. 2.

2) As the softening of the material after the occurrence of the cracks, the linear tensile

softening is adopted as shown in Fig. 3.  The ultimate crack strain necessary to meet

this condition is given by:

h

G
I

f
ultnn

cr

α
ε

1
. =                                                         (1)

where α  : angle of gradient of the cliff, G f
I  : failure energy, h : equivalent converted

distance of one element.

3) The shear retention after the occurrence of tension cracks is assumed to be constant,

that is, β  is kept constant during shearing which is equal to 0.05.

OBJECTIVE MODEL FOR TWO DIMENSIONAL ANALYSIS

Analytical Procedure

The crack propagation analysis by using a FE analysis for exploring stability of rocky

coasts is performed by following the procedure as (Fig. 4):

i)Self-weight analysis for the objective rocky coast undergoing erosion at the toe of the

cliff due to assailing ocean waves was conducted to find the elements where cracks occur.

ii)By assuming that the rock elements with cracks lose strength leading to failure, the new

region in which the elements with cracks are eliminated is set for the successive analysis.

iii) Self-weight analysis was carried out again for the new analytical region without

elements where cracks take place.

iv) This procedure from (i) to (iii) is repeated until the analytical solution is diverged.

The divergence of the solution in this procedure indicates the condition that the some

elements with cracks being taken place suffer from collapse. Accordingly, the collapse

seems to occur and propagate from the bottom to the top of the cliff, as is shown in Fig. 5.
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Fi g. 4- A n al yti c al Pr o c e d ur e

Fi g. 5- A n E x a m pl e f or F E A n al ysis

(c )

(b)

(a)

 

 

H = 2 0 m

L = 2 0 m

3 1 1311



T w o- di m e nsi o n al M o d eli n g of t h e O bj e cti v e G r o u n d f o r Fi nit e El e m e nt A n al ysis

F or  m o d eli n g  t h e  c o ast al  cliff  w h os e  t y pi c al  c o nfi g ur ati o n  is  s h o w n  i n Fi g. 6,  t h e

f oll o wi n g ass u m pti o ns ar e e m pl o y e d:

i) T h e c o a st al cliff is f or m e d b y t h e h o m o g e n e o us r o c k a n d d ef or m ati o n of r o c k y c o asts

o c c urs u n d er t h e pl a n e str ai n c o n diti o n.

ii) B as e f o u n d ati o ns s u p p orti n g t h e cliff c o nsist of t h e e xtr e m el y h ar d r o c ks.

iii) T h e b as e is c o nstr ai n e d wit h t h e v erti c al a n d t h e h ori z o nt al dir e cti o ns, w hil e t h e b a c k

f a c e is c o nstr ai n e d at t h e v erti c al dir e cti o n o nl y.

   T h e  t w o- di m e nsi o n al  F E  a n al ysis  w as  c o n d u ct e d  b y  c h a n gi n g  t h e  h ei g ht  of  r o c k y

c o ast, t h e gr a di e nt of t h e sl o p e, a n d t h e wi dt h as is s h o w n i n  Fi g. 6. T h e wi dt h  a n d  h ei g ht

of t h e n ot c h f or m e d b y er osi o n ar e als o ass u m e d 1 m a n d 1 m, r es p e cti v el y.

S E L E C TI O N O F P R A M E T E R S N E C E S S A R Y F O R A N A L Y SI S

Fi g 6- M o d el f o r F E A n al y si s

Fi g. 7- S p e ci m e n att a c h e d b y L D T
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The parameters necessary for CPA-FE analysis are : unit volume weight, compression

and tensile strengths, and elastic modulus. The compressive and tensile strengths, f c,  f t

were obtained from unconfined compression and Brazilian tests, respectively, at

laboratory on rock samples.  The elastic modulus, E, was determined from small strain

which was measured using the local displacement transducer (LDT) attached at the

specimen in unconfined compression tests as shown in Fig. 7.  The typical examples of

the results from unconfined compression and Brazilian tests on a mud rock that was taken

at the coastal cliff of the Northern Ibaraki, Japan are presented in Figs. 8a, b. A

considerable difference in the elastic modulus determined from the results using the outer

displacement meter and the LDT was observed. This gives the results from numerical

computation based on the crack propagation analysis (CPA) as will be described in the

later part of the paper.

Among the mechanical properties, a correlation between compressive and tensile strength

Fig.8a-Results from Unconfined

Compression Test

Fig.8b-Results from Brazilian Tests
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is presented in Fig. 9. Thus, the brittleness index, B t, is defined by:

Bt= fc/ft 　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(2)

where fc  and f t  are compressive and tensile strengths, respectively. Fig. 9 shows the

tensile strength plotted against the unconfined compression strength for the mud rocks

together with the data on saturated rock samples collated by Sunamura (1991). There is a

clear tendency for tensile strength, f t, to increase with increasing compression strength, f c.

It is also found that the brittleness index, B t, ranges from 5 to 25.

PREDICTION OF COLLAPSIBLE RISK USING CRACK PROPAGATION

ANALYSIS

Results from FE Analysis

A typical result from finite element analysis using the crack propagation theory is shown

in Fig. 10 which present the eff ects of Young’s modulus on manners of crack propagation

in coastal cliff and distribution of principal stresses. Those two values of Young’s

modulus correspond to those measured using an outer displacement indicator and a LDT.

Although there is not a considerable difference in distribution of crack propagation

between both values of Young ’s modulus, time required for computation is different with

each other, three times being required for the larger Young’ modulus than the smaller one.

In other words, the coastal cliff with the larger Young’s modulus is more stable for cliff

erosion than with the smaller one.

                (a)E=250[MPa]                   (b)E=850[ MPa]

Fig.10- Effects of Young’s Module on Results from FEM

 

314



Definition of Safety Factor

The safety factor for evaluating a possibility of collapse of the cliff at rocky coasts is

given by:

ora
f

f
D

t

ta )3(= Fs  = 
ta

t

f

f

D
=

1
    (3b)

Fig.11-Relation between F s and B t

Fig.12-Relation between F s and E

Fig.13-Effect of B t  on the Relation between F s and the Length of Notch
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which constituting of cliffs, which do not lead to collapse, D : failure potential. The

results from FE analysis are given in the form of the safety factor, F s, being plotted

against the given parameters of the configuration of cliffs and the properties of rocks.

Effects of Mechanical Properties of Rocks Constituting Coastal Cliffs

Fig. 11 shows the influence of the brittleness,  B t, on the safety factor, F s, calculated as a

parameter of the compression strength, f c. It is indicated that the safety factor decreases

with increasing the brittleness and with decreasing the compression strength.

Effects of Young’s M odulus of Rocks

As was previously described, the Young’s modulus is an important factor influencing on

the stability of coastal cliffs.  The results from FE analysis are given in Fig. 12 as the

relations between the safety factor and the Young’s modulus.

Effects of Configuration of Coastal Cliffs

Among the effects of configuration of coastal cliffs, the eroded distance to form notch is

taken as the most important one. Fig. 13 shows the relation of the safety factor plotted

against the maximum eroded distance measured at laboratory tests. As far as the present

situation of the eroded distance at the two coastal sites, the Takato and Hitachi coasts in

the Northern Ibaraki which have suffered from severe cliff erosion is concerned, they are

not situated under the serious condition to collapse of rock slope due to breaking waves. 　

COLLAPSE FUNCTION IN TERMS OF FE ANALYSIS

In terms of the results from the afore-mentioned FE analysis, the authors have proposed

the following “collapse function” which enables us to predict quantitatively the

possibility of collapse of rocky coasts under assailing ocean waves:

F = F(H, α , fc, f t, l) 　　　　　　　　　　　　　　　　　　　　　　　　　   (4)

where H : height of cliff, a : inclination of rock slope, and L : horizontal length of notch.

The possibility of collapse depends on whether F is larger or smaller than unity.  Here, if

the collapse function monotonically increases or decreases with increasing the values of

Bt, H and L, Eq. (4) is converted into:
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F = F(H, α , f c
-1,  B t, l) 　　　　　　　　　　　　　　　　　　　　　　　　  (5)

Fig.14-Effects of influencing factors on (1/f c)

Fig.15-Relation between B and α
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Fig. 14 represents the interrelations between 1/f c  and one of other three parameters, B t,  H

and L.  If we postulate that the projection to the two parameters plane can be

approximated by the curves with the same gradient when the other conditions get changed,

the collapse function towards the cliff with the gradient of 90 degree for slope can be

expressed by:

F90  = ln(f c
-1) + A l ln(Bt) + A 2 ln(H) + A 3 ln(L) + A 4 ln(a) + C 90 　　　　     (6)

F=ln(fc
-1)+Al ln(Bt) + A 2 ln(H) + A 3 ln(L) + A 4 ln(a) + C 　　　　　　　(7)

Where A 4  and C are determined from the relation between B t  and a as shown  in Fig. 15.

Eq. (7) can be converted into:

lf  = f c BtH α  C 　　　　　　                                   (8)

When we assume the values for the Takakdo Coast, 1.2 MPa for f c, 5 for B t, 20m for H

and 90 for a, then we have L f = 3.81 corresponding to F s  = 1. This is in good agreement

with the value for the allowable length of notch, L equal to 3.35m as can be read out from

Fig. 13.

When the erosion rate is designated by l (= dl/dt), the collapsible period, T f, is defined by:

d

l
T

f

f = 　　　　　　　　                                   (9)

By inserting Eq. (8) into Eq. (9), Eq. (9) leads to:

d

CHBf
T c

f

α
= 　　                                              (10)

Accordingly, the collapsible period, N T, at a certain period, T is given by:

NT = <T, T f> 　　　　　　　                                  (11)

where the symbol, <A, B> implies the quotient in which A is divided by B.  Therefore,

the retarding distance D T of cliffs can be given by:

DT= l fNT 　　　　　　　　　　　　　　　　　　　　　　　　　　    (12)

Using the parameters, compression strength and tensile strength, for the five coasts in
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Northern Ibaraki, the collapse frequency, T f, collapsed cycle, N 100, and retarding distance,

D100  in coming 100 years are calculated and listed in Table 1.

COCLUSIONS

1) It is verified that the collapse of coastal rocky cliffs is the tension failure mode that is

governed by the tension toughness.

2) The failure potential increases with increasing the brittleness, f c/ft, in which f c  and f t

are compression and tensile strengths.

3) The crack propagation analysis using the finite element method can predict this

failure mode.  Based on the numerical analysis, the design charts are established.

4) The collapse frequency and the collapse period can be predicted using the collapse

function that is defined by the results from FE analysis.
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Table 1 Results from Calculation for 5 Coasts

Tf(y) N100 D100(m)
Izura 5.45 18 60.85
Takato 3.13 31 45.58
Kokaiga-
hama

24.84 4 32.80

Hidaka 6.33 15 94.96
Ohmika 26.28 3 18.14
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