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1 INTRODUCTION 

Tsunamis are large water waves set in motion either by landslides, submarine volcanic explosions, or sea 
bottom deformations associated with large submarine earthquakes. The West Asia Tsunami occurred on 
December 26, 2004 killed approximately 300,000 people and deprived of property of 10billion USD. The 
Tsunami was triggered by an 9.3-Mw magnitude earthquake at 3.316°N, 95.854°E off the coast of Suma-
tra in the Indonesian Archipelago at 06:29 hr, making it the most powerful in the world in the last 40 
years. The earthquake epicenter was located at a relatively shallow depth, about 10 km below the ocean 
floor. The high magnitude (Mw 9.3) of the earthquake along with its shallow epicenter triggered tsunamis 
in the northeast Indian Ocean.  

If an earthquake is generated, the displacement of the initial free surface of approximate 3-5m is gen-
erated. The displacement is then propagated to all directions at the velocity of by gravitational force, 
where h is a local water depth. In general, tsunami is analyzed by the linear theory because it has a very 
small wave height comparing with a depth in deep water. If the tsunamis approach at a shore, however the 
height of a wave increases by shoaling effects. Finally, the tsunamis not only kill many human beings but 
also cause serious property damages along the shoreline as they reach coastal area. 

Pelinovsky et al. (1999) studied run-up of tsunamis on a vertical wall in a bay of different cross sec-
tions by using the shallow-water equations. However, the run-up heights should be evaluated on an in-
clined wall to make an inundation map. The solitary wave adopted in this paper is considered a valid rep-
resentation of a tsunami (Silva et al., 2000) to present a reflection and transmission of tsunami waves by 
coastal structures. 

2 GOVERNING EQUATIONS 

In this section, the governing equations describing the propagation of tsunamis are first presented. The 
case of a constant water depth and a relatively small computational domain is chosen without considering 
the Coriolis effects. The linear Boussinesq equations over a constant depth may be written as (Mei, 1989). 
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𝜕2𝜁𝜕𝑡2 − 𝑔ℎ �𝜕2𝜁𝜕𝑥2 +
𝜕2𝜁𝜕𝑦2� =

𝜕ℎ33 �𝜕4𝜁𝜕𝑥4 + 2
𝜕4𝜁𝜕𝑥2𝜕𝑦2 +

𝜕4𝜁𝜕𝑦4�        (1) 

in which ς  is the free surface displacement, h  is the still water depth and x and y are horizontal coordi-
nates. However, the frequency dispersion terms of Eq. (1) have higher order derivatives, the accuracy of 
any numerical solutions depends on the technique used to approximate these terms and more computing 
time is needed for more accurate solutions. Therefore, solving the linear Boussinesq equations directly 
may not be an economical approach for simulating the transoceanic propagation of tsunamis (Imamura et 
al., 1988). 

By denoting P uh=  and Q vh=  as the volume flux components in the x- and y-directions, respec-
tively, the linear shallow-water equations are written as 𝜕𝜁𝜕𝑡 +

𝜕𝑃𝜕𝑥 +
𝜕𝑄𝜕𝑦 = 0 (2) 𝜕𝑃𝜕𝑡 + 𝑔ℎ 𝜕𝜁𝜕𝑥 = 0 (3) 𝜕𝑄𝜕𝑡 + 𝑔ℎ 𝜕𝜁𝜕𝑦 = 0  (4) 

In this study, the scheme proposed by Cho and Yoon (1998) is used to make the numerical dispersion 
equal to the physical dispersion. They proposed a leap-frog finite difference scheme as follows: 

𝜁𝑖,𝑗𝑛+12−𝜁𝑖,𝑗𝑛−12∆𝑡 +

𝑃𝑖+12,𝑗𝑛 −𝑃𝑖−12,𝑗𝑛∆𝓍 +

𝒬𝑖−12,𝑗𝑛 −𝒬𝑖−12,𝑗𝑛∆𝑦 = 0 (5) 𝑃𝑖+12,𝑗𝑛+1 − 𝑃𝑖−12,𝑗𝑛∆𝑡 + 𝑔ℎ𝑖+12,𝑗 𝜁𝑖+1,𝑗𝑛+12 − 𝜁𝑖,𝑗𝑛+12∆𝑥  

+
𝛾𝑔ℎ12∆𝑥 ��𝜁𝑖+1,𝑗+1𝑛+12 − 2𝜁𝑖+1,𝑗𝑛+12 + 𝜁𝑖+1,𝑗−1𝑛+12 � − �𝜁𝑖,𝑗+1𝑛+12 − 2𝜁𝑖,𝑗𝑛+12 + 𝜁𝑖,𝑗−1𝑛+12 �� = 0 (6) 

𝒬𝑖,𝑗+12𝑛+1 − 𝒬𝑖,𝑗+12𝑛∆𝑡 + 𝑔ℎ𝑖,𝑗+12 𝜁𝑖,𝑗+1𝑛+12 − 𝜁𝑖,𝑗𝑛+12∆𝑦  

+
𝛾𝑔ℎ12∆𝑦 ��𝜁𝑖+1,𝑗+1𝑛+12 − 2𝜁𝑖,𝑗+1𝑛+12 + 𝜁𝑖−1,𝑗+1𝑛+12 � − �𝜁𝑖+1,𝑗𝑛+12 − 2𝜁𝑖,𝑗𝑛+12 + 𝜁𝑖−1,𝑗𝑛+12 �� = 0 (7) 

in Eqs. (6) and (7) γ  takes a value of one for the proposed scheme, while γ  takes a value of zero for the 
Imamura and Goto’s scheme(1988).  

If ∆𝑡 and ∆𝑥 are chosen according to the relationship suggested by Imamura and Goto, the numerical 
dispersion generated from the modified scheme given by Eq. (5)-(7) mimics the frequency dispersion of 
the linear Boussinesq equations. Furthermore, the accuracy of the numerical scheme has been raised from 
a second order to a third order. A staggered grid system is employed in this study.  

As a tsunami approaches a coastal area, the wave length of the incident tsunami becomes shorter and 
the amplitude becomes larger as the leading wave of a tsunami propagates into shallower water. There-
fore, the nonlinear convective inertia force and bottom friction terms become increasingly important. The 
nonlinear shallow-water equations including bottom frictional effects are adequate to describe the flow 
motion in the coastal zone (Kajiura and Shuto, 1990; Liu et al., 1994). The nonlinear shallow-water equa-
tions are given as follows: 𝜕𝜁𝜕𝑡 +

𝜕𝑃𝜕𝑥 +
𝜕𝑄𝜕𝑦 = 0 (8) 𝜕𝑃𝜕𝑡 +

𝜕𝜕𝑥 �𝑃2𝐻 �+
𝜕𝜕𝑦 �𝑃𝑄𝐻 �+ g𝐻 𝜕𝜁𝜕𝑥 + 𝜏𝑥𝐻 = 0 (9) 𝜕𝑄𝜕𝑡 +

𝜕𝜕𝑥 �𝑃𝑄𝐻 � +
𝜕𝜕𝑦 �𝑄2𝐻 �+ g𝐻 𝜕𝜁𝜕𝑦 + 𝜏𝑦𝐻 = 0 (10) 
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where ζ  is the free surface displacement, P is the horizontal components of the volume flux in the x-
direction, Q, the horizontal components of the volume flux in the y-direction and H, the total water depth 
(still water depth + free surface displacement). Bottom friction terms can be modeled by using Manning’s  

formula 𝜏𝑥 =
𝑔𝑛2𝐻10/3 𝑃(𝑃2 + 𝑄2)1/2, 𝜏𝑦 =

𝑔𝑛2𝐻10/3𝑄(𝑃2 + 𝑄2)1/2,where n is the Manning’s relative rough-

ness coefficient. 

In previous studies, a first-order upwind scheme is widely and plausibly used to calculate the nonlinear 
terms of the momentum equations for analyzing a tsunami. In this study, however, a second-order upwind 
scheme is used to improve accuracy of analysis of the nonlinear terms in the momentum equations. 

The second-order upwind scheme proposed by Shyy(1985) can be written as: 𝜕(𝑢𝜙)𝜕𝑥𝑖,𝑗 =  

12Δ𝑥 �3(𝑢𝜙)𝑖,𝑗 − 4(𝑢𝜙)𝑖−1,𝑗 + (𝑢𝜙)𝑖−2,𝑗�,     (𝑢 ≥ 0) 12Δ𝑥 �−3(𝑢𝜙)𝑖,𝑗 + 4(𝑢𝜙)𝑖+1,𝑗 − (𝑢𝜙)𝑖+2,𝑗�,     (𝑢 < 0) (11) 

The nonlinear terms of Eqs. (9) and (10) can be discritized by a second-order upwind scheme as follow-
ings:  𝜕𝜕𝑥 �𝑃2𝐻 � = 

12Δ𝑥 �3 (𝑃2)𝑖+1/2,𝑗𝑛𝐻𝑖+1/2,𝑗𝑛 − 4
(𝑃2)𝑖−1/2,𝑗𝑛𝐻𝑖−1/2,𝑗𝑛 +

(𝑃2)𝑖−3/2,𝑗𝑛𝐻𝑖−3/2,𝑗𝑛 � ,     𝑃𝑖+1/2,𝑗𝑛 ≥ 0 

12Δ𝑥 �−3
�𝑃2�𝑖+1/2,𝑗𝑛𝐻𝑖+1/2,𝑗𝑛 + 4

�𝑃2�𝑖+3/2,𝑗𝑛𝐻𝑖+3/2,𝑗𝑛 − �𝑃2�𝑖+5/2,𝑗𝑛𝐻𝑖+5/2,𝑗𝑛 � ,     𝑃𝑖+1/2,𝑗𝑛 < 0 (12) 𝜕𝜕𝑦 �𝑃𝑄𝐻 � = 

12Δ𝑦 �3 (𝑃𝑄)𝑖+1/2,𝑗𝑛𝐻𝑖+1/2,𝑗𝑛 − 4
(𝑃𝑄)𝑖+1/2,𝑗−1𝑛𝐻𝑖+1/2,𝑗−1𝑛 +

(𝑃𝑄)𝑖+1/2,𝑗−2𝑛𝐻𝑖+1/2,𝑗−2𝑛 � ,     𝑄𝑖+1/2,𝑗𝑛 ≥ 0 

12Δ𝑦 �−3
(𝑃𝑄)𝑖+1 2⁄ ,𝑗𝑛𝐻𝑖+1 2⁄ ,𝑗𝑛 + 4

(𝑃𝑄)𝑖+1/2,𝑗+1𝑛𝐻𝑖+1/2,𝑗+1𝑛 − (𝑃𝑄)𝑖+5/2,𝑗+2𝑛𝐻𝑖+5/2,𝑗+2𝑛 �      𝑄𝑖+1/2,𝑗𝑛 < 0 (13) 𝜕𝜕𝑥 �𝑃𝑄𝐻 � = 

12Δ𝑥 �3 (𝑃𝑄)𝑖,𝑗+1/2𝑛𝐻𝑖,𝑗+1/2𝑛 − 4
(𝑃𝑄)𝑖−1,𝑗+1/2𝑛𝐻𝑖−1,𝑗+1/2𝑛 +

(𝑃2)𝑖−2,𝑗+1/2𝑛𝐻𝑖−2,𝑗+1/2𝑛 � ,     𝑃𝑖,𝑗+1/2𝑛 ≥ 0 

12Δ𝑥 �−3
(𝑃𝑄)𝑖,𝑗+1/2𝑛𝐻𝑖,𝑗+1/2𝑛 + 4

(𝑃𝑄)𝑖+1,𝑗+1/2𝑛𝐻𝑖+1,𝑗+1/2𝑛 +
(𝑃𝑄)𝑖+2,𝑗+1/2𝑛𝐻𝑖+2,𝑗+1/2𝑛 � ,     𝑃𝑖,𝑗+1/2𝑛 < 0 (14) 𝜕𝜕𝑦 �𝑄2𝐻 � = 

12Δ𝑦 �3 (𝑄2)𝑖,𝑗+1/2𝑛𝐻𝑖,𝑗+1/2𝑛 − 4
(𝑄2)𝑖,𝑗−1/2𝑛𝐻𝑖,𝑗−1/2𝑛 +

(𝑄2)𝑖,𝑗−3/2𝑛𝐻𝑖,𝑗−3/2𝑛 � ,     𝑄𝑖,𝑗+1/2𝑛 ≥ 0 

12Δ𝑦 �−3
�𝑄2�𝑖,𝑗+1/2𝑛𝐻𝑖,𝑗+1/2𝑛 + 4

�𝑄2�𝑖,𝑗+3/2𝑛𝐻𝑖,𝑗+3/2𝑛 − �𝑄2�𝑖,𝑗+5/2𝑛𝐻𝑖,𝑗+5/2𝑛 � ,     𝑄𝑖,𝑗+1/2𝑛 < 0 (15) 
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5 CONCLUDING REMARKS 

In this study, the numerical model is based on the shallow-water equations, which developed by 
Shyy(1985) has been applied run-up at the east coast. The target events is 1983 tsunami. The results have 
been compared with observed data and that of first-order upwind scheme. The results are simulated at the 
east coast are more accurate than that of first-order upwind scheme. And, the tsunamis are simulated at 
Imwon by 4.5x m∆ = . The results are greater than observed data, but the results are more accurate that 
first-order scheme. Thus, the computed results represent reasonably well the run-up heights of the tsuna-
mi at the east coast.  

We can use the results to minimize loss of human lives and property damage from unexpected tsunami 
attacks, it is essential to construct a safety zone along the coastline based on the maximum inundation 
map developed by simulating historical and probable maximum tsunami events with this numerical mod-
el.  
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