-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Hydraulic Engineering Repository

HENRY

Hydraulic Engineering Repository

Ein Service der Bundesanstalt fur Wasserbau

Conference Paper, Published Version

Ata, Riadh

TELEMAC-2D new finite volume schemes for shallow water
equations with source terms on 2D unstructured grids

Zur Verfugung gestellt in Kooperation mit/Provided in Cooperation with:
TELEMAC-MASCARET Core Group

Verflgbar unter/Available at: https://hdl.handle.net/20.500.11970/104290

Vorgeschlagene Zitierweise/Suggested citation:

Ata, Riadh (2012): TELEMAC-2D new finite volume schemes for shallow water equations
with source terms on 2D unstructured grids. In: Bourban, Sébastien; Durand, Noémie;
Hervouet, Jean-Michel (Hg.): Proceedings of the XIXth TELEMAC-MASCARET User
Conference 2012, 18 to 19 October 2012, St Hugh's College,

Oxford. Oxfordshire: HR Wallingford. S. 93-98.

Standardnutzungsbedingungen/Terms of Use:

Die Dokumente in HENRY stehen unter der Creative Commons Lizenz CC BY 4.0, sofern keine abweichenden
Nutzungsbedingungen getroffen wurden. Damit ist sowohl die kommerzielle Nutzung als auch das Teilen, die
Weiterbearbeitung und Speicherung erlaubt. Das Verwenden und das Bearbeiten stehen unter der Bedingung der
Namensnennung. Im Einzelfall kann eine restriktivere Lizenz gelten; dann gelten abweichend von den obigen
Nutzungsbedingungen die in der dort genannten Lizenz gewahrten Nutzungsrechte.

Documents in HENRY are made available under the Creative Commons License CC BY 4.0, if no other license is
applicable. Under CC BY 4.0 commercial use and sharing, remixing, transforming, and building upon the material
of the work is permitted. In some cases a different, more restrictive license may apply; if applicable the terms of
the restrictive license will be binding.

(OMOM



https://core.ac.uk/display/326240809?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

TELEMAC-2D new finite volume schemes for
shallow water equations with source terms on 2D
unstructured grids

Riadh Ata

EDF-R&D- LNHE
Saint-Venant Laboratory for Hydraulics
6 Quai Watier, Bat. I, Chatou, 78400, France.

riadh.ata@edf.fr

Abstract—We present the newly added (in TELEMAC-2D)
finite volume schemes (Zokagoa, Tchamen, HLLC and WAF),
which give the possibility for users to choose the scheme suited
for each kind of application. Depending on the chosen scheme,
several interesting numerical properties are obtained. Indeed,
the mass conservation, the positivity of water depth, wetting
and drying, shock capturing and small numerical diffusion are
proved and/or observed. The treatment of a tracer transport in
a coupled/split way is not implemented yet and will be the
subject of future developments.

I. INTRODUCTION

We try in this paper to present briefly the new finite
volumes (FV) schemes added to TELEMAC-2D in version
V6P1 and V6P2. We aim to give a theoretical base for users
to understand the algorithmic and the implementation aspects
in order to help them toward an optimal use.

We do not claim a complete originality through this
work. Indeed, the HLLC, for instance, is a well-known and a
widely used scheme. Nevertheless, the remaining schemes
are introduced on a vertex-centered 2D unstructured meshes
for the first time (as far as we know). Moreover, some major
numerical novelties dealing with the WAF scheme are
introduced for the first time and are an exclusivity of
TELEMAC-2D.

IL. TELEMAC-2D FINITE VOLUMES FRAMEWORK

A. The Saint Venant equations

We recall the Saint-Venant equations written in a
conservative form:

ou aG(U)+ aH(U)_S(U) Qx[0,T.]
ox ox ax on s
h hu
where U = |hul, G(U) = |hu? + %ghz s
hv huv
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where h=n-z is the water depth, n is the free surface, z is the
bathymetry, (u,v) are the x and y components of the velocity,
g is the gravity acceleration, n is the Manning roughness
coefficient and T is the simulation time.

This system is widely studied in the literature, we recall
here some of its main properties:

e [t is strictly hyperbolic for h>0 and loses its
hyperbolicity for h=0. This means that water depth
could vanish and dry areas may appear in the
domain.

e It has an entropy inequality (&) related to physical
energy (a):

0d -
ay aG) <0
at ox

where a(U) = hTuz+gzi2, GU) = (hTuz+ ghz) u,

@WU,z) = a(U) + hgz,G(U,z) = GU) + hgzu

e [t admits non trivial steady states, such as the lake at
rest (i.e. h+z=cst for u=0).

B. The finite volume framework

We present here the general framework of the finite
volume approach used for all the schemes of TELEMAC-2D.
The entire domain Q is subdivided into N sub-domains called
control volumes K; associated to a vertex i. In TELEMAC-
2D, we use a vertex-centred approach based on “dual mesh”.
Specifically, the dual cell is obtained by joining the centres
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of mass of the triangles T; surrounding the vertex i, see
Fig. 1.

Figure 1. Finite volume framework in TELEMAC-2D

After integration over the control volume defined by
Fig. 1 and using the Gauss theorem, last equation gives:

m;
umtt =yt — Z o F(UM UM ny;) — oy F (UL UR,my)
j=1
+ At St
where F (Ul”, U]”,ni j) is an estimation of the normal

component of the flux F(U).n along the edge I}; separating
the nodes i and j.

To have a finite volume method, it is enough to prescribe
a numerical flux F and a numerical source term S;.

II1.

In TELEMAC-2D, there exists already Roe and (first and
second order in space) kinetic schemes. We will not present
these two schemes in this paper. We will focus only on the
newly added schemes, i.e. Zokagoa, Tchamen, HLLC and
WAF.

PRESENTATION OF THE NEW SCHEMES

A. Zokagoa and Tchamen schemes

We present these two schemes together since they make
similar assumptions and have similar formulations of their
numerical fluxes. The peculiarity of these schemes is that the
numerical flux is calculated assuming a new set of unknowns
where the first component is the free surface elevation n and
no more the water depth h. They are recommended for
problems with important wetting and drying sequences. See
[4] for more details.

These two schemes are based on the discretisation of the
geometrical source term g |, «. WYz dQ). Substituting z by n —
h gives: '

1
f hVz dQ = f hVn dQ — f —hVh? dQ
K; K; K; 2
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Since fK.%thz dQ exists in the advection part, the

geometrical source term becomes:

Sp, = | ghVndQ
Ki
Several strategies could be used for the discretisation of

this integral. We give hereafter the ideas of Tchamen and
Zokagoa:

e Tchamen proposed a local linearisation of Sbi:
Sp; = h fK gVn dQ, whereh is a mean value of the

water depth in the cell, defined with respect to
conservation properties and interface  states
(wet/dry).

e Zokagoa proposed a nonlinear model derived in
order to compute more accurately the propagation of
discontinuities. The water depth is substituted by the
difference between the free surface and the bottom
levels: h=n—z, but with the constraint h=n—-z> 0,
which gives:

2
Sp;, = fKi ghvn dQ = fKi ghVanQ - fKi gzvndQ .

In a similar way, by assuming z = Z on the control
volume, the source term is approximated as:

2
So, ~ 8 Ji, V(5 ~ ) do
The final fluxes are given by:

fgteg m + feueg g

=3
h;w;_” + ghi(n; + ;)
hiu-é.w“r'.n o ‘rl_,l' Uintin

J:;J-(V-l.Vj.nij) - =

v

1 i — T
— ED,-J. Bty n — hittip
hjvjn — hitin,
where uy, = wnj; + vkng. and vy, = vng; +
ukng}. In TELEMAC-2D, two choices are possible

for the updwinding Dj;:

e Toro’s choice (default): D;; = max{|ui,n| +
Vohi [ujal + g}

e Zokagoa’s choice: D;; = 4;; = amax{|ﬁi_n -
Ei,n|, |uj‘n|, |ﬁi,n + éirn”, where 0<a <1,

~ _ Uint Ujn - _ hi+ h]'
Ui = ———— and ¢;, = 5

B. HLLC scheme

The HLLC (C standing for Contact, the missing
intermediate wave) is an amelioration proposed by Toro et
al.[1] of the basic HLL (Harten, Lax, van Leer) scheme.
Indeed, the HLL scheme requires estimates of the wave
speeds S and Sy of the left and right waves present in the
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solution of the Riemann problem defined with data U, = U,
Ug = U ,and corresponding fluxes F; = F(Uy ), Fr = F(Uy)
(see Fig. 2). To consider the effect of the intermediate waves,
such as shear waves and contact discontinuities, another
intermediate speed, called S+, has to be considered.

star region

Figure 2. Structure of the solution of the Riemann problem
described above.

The general solution of the Riemann problem defined
above is:

Uyg, if <8
= ) U, it Sp<§<S.
U(It) o U*Ra if S‘H E % S Sh’.
Ug, if % > Sgi
The three star states are:
1
Sk —U
om0
K * vK
with k =L,R.
The corresponding HLLC flux is:
FL: if 0 E SL
}_—JLHr: _ F*L: if SL <0< S’r
ity F.r, if 5. <0< 8Sg
Fgr. if 0> Sg

The star components of the flux can be obtained, for
instance by applying the Rankine-Hugoniot condition for
each of the waves; which gives:

F.p =Fr+ 5, (U, —Uyp)

F.n=F.p +5.(Ur—U,p)
F.p=Fr+ Sa(U.r — Ug)

where the water depth and normal component of the velocity
in the star region are given by:

h*L = h*R = h*
u*L = u*R = Uy

and the tangential velocity component:

U*L = UL
Vip = VR
where

(hy + hg) _ 1 (urp—uy)(hy + hg)

- 2 4 R+
w = (u, + ug) _ l(hR —h)(c, +cg)
- 2 4 hg +h;

The detection of a shock or a rarefaction wave is
achieved by a comparison between h; z and h,

C. Weighted Averaged Flux (WAF) scheme

The WAF method was first introduced by Toro (1989) in
[5]. It is assumed to guarantee second order accuracy in time
and space. Second order accuracy in space is obtained with
no need for data reconstruction.

Ax 0 Ax

Figure 3. space time (x-t) diagram for the WAF approach.

The original version of the WAF scheme is a weighted
sum of the fluxes in all regions of the solution of the
piecewise constant data Riemann problem [5], namely:

Ax
_ 1 =z At d
Fi+%_Ef_A_xF Ul,%(x,?) X
2

where U, 1(x,t) is the solution of the Riemann problem
2

defined in the previous section. The second order in space

and time is obtained since we use one Gauss point to
.. o . A A

compute this integral (in time and space, i.e. f and TX ).

The integral is therefore easily computed, based on the
diagram of Fig. 3, which gives:

N+1
_ G
Fl+% - Z ﬂkFi+l
k=1 2
where Fi(ﬁ =F(U®), yO =up, UD =u;, UB = U;

and U® = U, N is the number of waves in the solution of
the Riemann problem, B (k = 0, ..., N) are the normalised
lengths of segments AyAy.;, which correspond to the
difference between the local Courant numbers c; for
successive wave speeds Sy:
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|AxAreal 1
Br = Ax E(Ck — Ck-1)
C = %, co=—1landcy, =1

The generalisation of the WAF description to 2D
unstructured meshes in a proper way was achieved by Ata et
al.[2]. The procedure cannot be explained in details within
this paper, however, it can be summarised as the following: it
consists on the writing, in a 2D finite volume framework, the
final expression of the discretised SWE combined with a
TVD extension to prevent any spurious oscillations in the
vicinity of steep gradient.

1V. BOUNDARY CONDITIONS AND TIME DISCRETISATION

We need to define the status U,, which represents the
state in a fictitious cell adjacent to the boundary. In the case
of a solid wall, we impose a perfect slipping condition in
order to obtain the continuity of the tangential component. In
the case of a liquid boundary, we need to distinguish two
sub-cases: the subcritical and super-critical cases. It is
necessary to specify for every point along the boundary, a
number of conditions which depends on the regime: For a
subcritical input or output, only one boundary condition (h or
Q) is necessary, since there is one characteristic starting
within the domain and directed to the entry. For a super-
critical input, two conditions (h and Q) are required, while
for a supercritical outlet, there is no need for any condition.

For time discretisation, a Newmark scheme is
implemented which offers the possibility to retrieve,
depending on user choice, a first or a second order accurate
scheme.

V. SOURCE TERM TREATMENT

The geometric source term is discretised, as for kinetic
schemes, using the hydrostatic reconstruction of Audusse et
al. This fundamental aspect ensures the positivity of water
depth, the conservation of mass, the well-balanceness (or C-
property). More details can be found in [2].

For the discretisation of the friction term, a semi-implicit
algorithm is implemented. The friction term is written as:

S
f=

laf*|a**

4
K2R ()3

This discretisation is very robust and handles well
probable instabilities caused by possible abrupt changes in
water depths and velocities.

VI. ASSESSMENT AND VALIDATION

Even though we have achieved a large set of validation
cases, we will present here only three of them showing the
major good numerical properties of these schemes.

96

A. C-property

The well-balanceness or C-property is an essential
criterion that every numerical scheme should satisfy. In our
case, we chose the benchmark proposed by Goutal et al.[2]. It
represents a 2D channel with a severe variation of the
bathymetry in the longitudinal direction. The schemes have
to maintain a lake at rest for a long simulation time. In our
case, we fixed a t,,= 1000s. The results (water elevation and
velocity) are presented in Fig. 4.

free surtace

20 “Roe
bottom
151 Kinetic 1
kinetic 2
10F Zokagoa
Tchamen
5 HLLC — =2
WAF

eta (]

xIm]

scalar velocity
813
7813 |
6e-13
5e-13 |
413 b
313
2e1a b
te-13 |

umis)

1813

x(m]

Figure 4. Lake at rest test case - comparison between all the schemes of

TELEMAC-2D.

We can conclude, from Fig. 4, that the C-property is well
satisfied for all the schemes.

B. Wet and dry dambreak

The second test case is the theoretical dam break with wet
(Stoker problem) and dry (Ritter) downstream. These tests
permit to ass the shock-capturing capabilities of the schemes
and to quantify the numerical diffusion which is located
mostly in the shock areas. Initial conditions are defined by
water depths of 4m and Im (or Om for Ritter case)
respectively upstream and downstream of the dam. This latter
is located at x=1000m. Figs. 5 and 6 show the obtained
results which prove that WAF scheme gives excellent results
comparing to the analytical solution and to other schemes.

45

— Analytic
——WAF
~—HLLC
~—Kinetic 1

—=—Kinetic 2

0 200 400 600 800 1000 1200 1400 1600 1800 2000
x{m)

Figure 5. Stoker problem: comparison of water depth and obtained by

each scheme.
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— Analytic

—=—WAF

——HLLC

Kinetic 1

—=—Kinetic 2
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Figure 6. Stoker problem: comparison of water depth zoom on the
rarefaction wave that shows the numerical diffusion of each scheme.

— Anahytic

—e=WAF
—HLLG
Kt 1

—=—Kinwtic. 2

200 400 600 BOO 1000 1200 1400 1600 1800 2000
x{m)

Figure 7. Ritter problem: Comparison between all the FV schemes.

C. Malpasset dam break

The last validation case is the real case of Malpasset dam
break. All the details about this problem as well as the
reference solution are given in [2]. This problem is
interesting since it allows to see how the schemes behaves in
case of real case which include almost all the numerical
challenges (shock-capturing, wetting and drying, steep
bathymetry etc.).

The used mesh contains 5435 nodes and 10049 elements.
The CFL number is fixed to 0.8 and the Strickler number is
assumed to be 30 everywhere in the domain. The simulation
time is 4000s. The water depth at several times is shown in
Figs. 8, 9 and 10.

The CPU time for some of the schemes is given in the
following table (we used a 8-Core HP Z600, Linux, with 4Go
of RAM):

TABLE L CPU TIME RELATIVE TO THE MALPASSET PROBLEM
HLLC Kinetic 1st Kinetic WAF
order 2nd order
CPU time 46 s 55s 1mn56s 1mn08s

The results were compared with those obtained by real
measurements and by a physical reduced order model. A L1-

type error was used to quantify the error between obtained
results (elevation and arrival times) and reference ones. The
results are encouraging especially if we consider the fact that
we used a single value of the Strickler coefficient and that we
have not proceeded by any calibration step before simulating
the case.

VII. CONCLUSIONS AND FUTURE WORKS

We presented in this paper a comparative study of the
newly added finite volume schemes of TELEMAC-2D. We
showed the specific aspects of each scheme and its
recommended application. Moreover, we presented a
numerical assessment of these schemes through some
theoretical and real test cases. The obtained results are very
encouraging since we obtained very interesting numerical
properties such as positivity of water depth, mass
conservation, very nice shock-capturing, low numerical
diffusion and very robust wetting and drying treatment.
These encouraging results open wide perspectives to apply
such formulation in specific applications that need strong and
robust numerical properties such as the transport of passive
tracer and sediments.
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Figure 8. Malpasset dam break initial conditions t=0s.
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Figure 9. Malpasset dam break: elevation at t=2450s.
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Figure 10. Malpasset dam break: elevation at t=4000s
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