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1 INTRODUCTION 

1.1 Traditional approaches to grain entrainment 

The interaction of turbulent fluid flow with its sol-
id boundary, results in soil erosion in rivers and 
estuaries which constitutes a central problem in 
engineering and earth surface dynamics (Syvitski 
et al. 2005). Of particular interest to the fields of 
civil and environmental engineering and stream 
ecology is the identification of threshold flow 
conditions which are critical to the mobilization of 
coarse sedimentary grains. Typical applications 
range from the protection of hydraulic structures 
from scouring processes to the selection of mini-
mum grain sizes for channel bed stabilization. In 
the case of contaminated bed material, accurate 
assessment of the flow conditions leading to re-
moval and downstream transport to sites of eco-
logical or other significance (e.g. water supply in-
takes) is vital. Such information is also substantial 
for establishing the maximum flushing flow con-
ditions downstream reservoirs, while avoiding 
transport rates that may be damaging to stream’s 
ecology and spawning habitats.  

Much of the bedload transport, especially at 
low transport stages, occurs by rolling. Over the 
past decades the initiation of grain mobilization 
by rolling has been investigated under a theoreti-
cal deterministic framework (White 1940, Cole-
man 1967, Komar & Li 1988, James 1990, Ling 
1995). Most of these studies assume the influence 
of various hydrodynamic and resisting forces, act-
ing on an exposed to the incident flow grain, 
which rests on top of a local bed arrangement. 
According to the traditional static equilibrium ap-
proach, grain mobilization is dictated from the 
balance of moments about a rolling axis. 

The spatiotemporal variability of both flow 
forcing as well as micro-topography parameters 
can be incorporated employing a probabilistic ap-
proach (Kirchner et al. 1990, Papanicolaou et al. 
2002, Wu & Chou 2003, Hofland & Battjes 2006). 
Distributions of parameters related to local bed 
geometry and grain arrangement, such as par-
ticle’s exposure (Paintal 1971a, Hofland et al. 
2005) or relative protrusion (Fenton & Abbott 
1977, Chin & Chiew 1993) and relative flow 
depth (Shvidchenko & Pender 2000) can be found 
in the literature. 
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1.2 Grain entrainment from a dynamical 
perspective 

The significance of fluctuating local velocity and 
pressure field on the transport of bed material has 
been emphasized in the literature (Zanke 2003, 
Sumer et al. 2003, Hofland et al. 2005, 
Schmeeckle et al. 2007, Vollmer & Kleinhans 
2007).  

However, the complete entrainment and trajec-
tory of individual coarse particles greatly depends 
on the time history of hydrodynamic forcing 
(McEwan & Held 2001, Schmeeckle & Nelson 
2003, Valyrakis et al. 2008, Yeganeh-Bakhtiary et 
al. 2009). Diplas et al. (2008), was the first to 
present a dynamical framework for the entrain-
ment of particles, based on the impulse (Ii) crite-
rion. According to this concept, impulse is defined 
as the product of the hydrodynamic force (F(t)), 
with the duration (Ti) for which the critical force 
(Fcr) is exceeded: 

( ) ,  for ( )

i i
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i cr

t

I F t dt F t F

+

= >∫  (1) 

Valyrakis et al. (in press) extended the theoretical 
analysis and experimental results to illustrate the 
effect of duration of energetic events in addition 
to the magnitude of the fluctuating hydrodynamic 
forces. The critical flow impulse events were 
modeled as idealized square pulses responsible for 
transmitting enough momentum for the full en-
trainment of the grain. Critical levels of impulsive 
force and duration where derived, for variable lo-
cal bed configurations and degrees of entrainment 
of saltating or rolling grains. Thus flow events 
with relatively high impulse content which occur 
sporadically can cause the complete entrainment 
of spherical particles out of their resting configu-
ration. On the contrary and consistent with lab ob-
servations, if the flow strength does not last for a 
sufficient amount of time the grain may not com-
plete its entrainment downstream and will fall 
back to its initial location. 

Closer investigation of experimental data on 
the displacement of individual grains reveals the 
possibility that dislodgement is caused from a se-
quence of impulses rather than a single impulse 
event. Such impulses are below critical and would 
not suffice to cause complete grain dislodgement 
if they were isolated. To further investigate the 
above observation, the dynamics of grain entrain-
ment are appropriately analyzed. For that reason, 
grain trajectories and the distributions of quanti-
ties that statistically characterize the phenomenon 
are discussed. The impulse theory is extended to 
include the effect of varying resisting forces as the 
grain is dislodged. Experimentally obtained re-

sults are offered to support the proposed hypothe-
sis. 

2 THEORETICAL ANALYSIS 

2.1 Grain entrainment by rolling 

Incipient movement of a spherical particle, ex-
posed to the flow occurs by rolling when the fol-
lowing conditions are satisfied: 

( ) ( )0 0 0sin cos cos 0D fF F B Wθ θ α θ α θΣ = − + − − >  (2a) 

( ) ( )0 0 0cos sin sin 0D fF F B Wξ θ α θ α θΣ = − − + − − <  (2b) 

where the gravitational (W), buoyancy (Bf) and 
drag (FD) are considered to act on the center of 
mass of the grain, θ0, is the pivoting angle, formed 
between the horizontal and the lever arm (Larm), 
ΣFξ , ΣFθ represent the sum of forces in the radial, 
ξ, and tangential, θ, directions at the rest position, 
respectively (Figure 1). Equation (2a) implies that 
the grain accelerates in the tangential direction 
while Equation (2b), is required for the particle to 
maintain contact with the downstream particles as 
it rolls out of its resting pocket. 

Valyrakis et al. (2010), employed the equations 
of motion for a rolling grain, to derive the mini-
mum required duration (T) for an application of 
hydrodynamic forcing above critical (FD>Fcr or 
ΣFθ>0), which results in its complete dislodge-
ment downstream: 

mod sinh 2arm
FL m

T arc W
F F

ξ
θ

ξ θ
ρ

⎛ ⎞−Σ
⎜ ⎟=
⎜ ⎟−Σ Σ
⎝ ⎠

 (3) 

 
Figure 1. . Definition sketch of tetrahedral particle arrange-
ment for entrainment by rolling, due to application of drag 
(FD) force of certain duration (T). 
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where mmod = (7/5 ρs + ρf Cm)V, is an expression 
for the mass of the particle accounting for added 
mass effects, ρf  and ρs are the fluid and solid den-
sities, V, is the particle’s volume, Cm, is the added 
mass coefficient and ρθ, is a geometrical coeffi-
cient depending on the ratio of exposed to base 
solid grains: 

0
0

0

cos
(1 sin ) sin (cos )

1 sin

f

s
θ
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ρ λ θ α α

θ ρ
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= − + −⎜ ⎟⎜ ⎟−⎝ ⎠
 (4) 

with , the ratio of partial angular dislodgement 
(θfin) to the angular displacement for complete en-
trainment (θmax=π/2): 

0

0
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According to equation (5), , ranges from 0 for no 
movement to 1 for complete entrainment. Inter-
mediate values characterize different mobility le-
vels from vibrations to twitches. 

2.2 Concept of sequence of pulses  

The above theory models the rapidly fluctuating 
turbulent forces as square pulses of specific dura-
tion and magnitude. Considering the very small 
time scales of turbulent fluctuations (of the order 
of tens of milliseconds to seconds - depending on 
the size of the grain) which are effective in grain 
removal, the impulse model is physically sound. 

Video observations of particle dislodgement in 
water flows, reveals cases when the grain per-
forms incomplete displacement or is dislodged 
relatively slowly to the crest formed by the down-
stream particles, to be eventually entrained. Based 
on these observations the impulse model is further 
extended to include the cumulative effect of sec-
ondary impulses. It is hypothesized that a series of 
impulses occurring at short (relative to their dura-
tion) temporal intervals, may act synergistically in 
completely dislodging a grain by rolling. 

As an illustrative example a sequence of two 
impulses may be considered (Figure 2). Assume 
for simplicity that the duration of application of 
all impulses is T. Equation (3) predicts the re-
quired force F1(> Fcr), for complete grain removal 
( =1) when only a single impulse is applied (I1=F1 
T=Icr, Figure 2a). Applying an impulse I2 of mag-
nitude F2, with F1> F2> Fcr, will only result in in-
complete displacement (θfin<π/2 or <1). The dis-
placement may be completed if a second impulse 
(I3) of magnitude F3>Fcr’, follows. Here, Fcr’, de-
fines the sum of resisting forces which depends on 
the new angular position the particle has obtained 
(θ(t)<θfin). Figure 2b illustrates the concept based 
on which the first impulse partially dislodges the  

 
Figure 2. Impulse model generalization: a) single impulse 
application capable for complete entrainment, b) series of 
impulses leading to full dislodgement and c) same series of 
impulses insufficient for complete dislodgement. 

grain to a new position where secondary impulses 
become effective in further pushing the grain, due 
to reduced resisting forces. In the case the second-
ary impulse (I3) arrives before the primary im-
pulse (I2) or before the grain dislodges to a new 
position, it is rendered ineffective (Figure 2c).       

Thus the impulse model (Equation 3) predict-
ing complete dislodgement for impulses equal or 
greater to Icr, may be generalized to the sequence 
of impulses (Ii) formulation: 

1

,  for i=1,2,...,n
n

i cr

i

I I
=

≥∑  (6) 

where the flow event i, is ineffective (Ii=0), if it is 
applied at instances when its strength is less than 
the corresponding resisting force (Fi<Fcr,i).  

Essentially the required impulse is predicted 
from the same equation (Eq. 3) as before, with the 
only difference that a series of flow events are re-
sponsible in imparting small positive changes to 
the particle momentum, until its full removal.  

3 EXPERIMENTAL PROCEDURE 

Flume experiments are performed to obtain 
coupled data for the entrainment of a fully ex-
posed Teflon® (specific gravity = 2.3) spherical 
particle in addition to the flow events causing it. 
The properties of the near threshold (about 2 en-
trainments per minute) uniform open channel flow 
are shown in Table 1. The sphere (12.7mm diame-
ter) rests on top of four layers of fully packed 
8mm glass beads, forming a tetrahedral arrange-
ment (Figure 3). The motion of the grain is rec-
orded via a photomultiplier tube (PMT) and a He-
Ne laser source. As seen in Figure 3, the He-Ne 
laser beam is aligned to  

 
Table 1. Time averaged flow properties 

U(z) mean        (m/sec)    0.178 
U(z) standard deviation   (m/sec)    0.047 
U(z) skewness     (m/sec)    0.052 
U* shear velocity    (m/sec)    0.025 
Mean entrainment rate   (entr./sec)   0.042 
Hflow  mean flow height  (m)     0.072 
Re          (-)      13261 
Re*         (-)      1863 
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Figure 3. Local particle configuration, showing the upper-
most layer of (8mm) glass beads, the LDV measurement vo-
lume, the He-Ne beam and the initial and displaced posi-
tions of the fully exposed sphere. 

partially target the test particle. Its angular dis-
lodgement is a linear function of the signal inten-
sity of the PMT, which changes proportional to 
the light received by the He-Ne laser beam. A 
continuous series of entrainments is made possible 
due to a restraining pin (Figure 3), which limits 
the maximum dislodgement of the grain to the 
displaced position. The grain will fall back to its 
initial position after the energetic flow structure 
has passed. The time history of the streamwise ve-
locity component one diameter upstream of the 
particle (u(t)) is obtained by means of laser Dopp-
ler velocimetry (4W Argon ion LDV) at an aver-
age sampling frequency of about 300Hz. Utilizing 
Equation (1), the impulse events can be extracted 
from the time series of FD=f(u

2
), considering the 

classical drag formulation. The 30 minutes long, 
synchronized time series of impulses and stream-
wise grain displacement are statistically analyzed 
and the detailed trajectory analysis during the dis-
lodgement events is offered.  

4 RESULTS 

4.1 Statistical analysis 

The entrainment of coarse sediment particles at 
near incipient flow conditions is a highly dynamic 
and intermittent process. Due to the variability of 
the flow field only a probabilistic description of 
the phenomenon is feasible, even for an individual 
grain resting on a fixed local bed arrangement 
(Papanicolaou et al. 2002). Consecutively, for the 
proper statistical description of characteristic pa-
rameters, histograms of their probability distribu-
tion are provided. 

In Figure 4a, the distribution of time over 
which the grain remains suspended due to flow 
events of sufficient energy is shown. This duration 
is indicative of the temporal distance between 
positive and negative peaks in the flow. The for-
mer are required for onset of entrainment, while 

the later for distrainment of the completely ex-
posed grain. As such this measure corresponds to 
the time scale of the macroscale turbulent flow 
structures typically having length of several flow 
depths. The distribution of durations required for a 
complete dislodgement event is illustrated in Fig-
ure 4b. The duration for dislodgement, is general-
ly inversely proportional to the mean angular ve-
locity (Fig. 4c) or change momentum of the grain 
and can be considered as indication of the magni-
tude of the offered flow impulses. The distribu-
tions of those parameters are in qualitative agree-
ment with corresponding measurements reported 
in the literature (Drake et al. 1988, Williams 
1990).  

 

 

 
Figure 4. a) probability distribution of entrainment dura-
tions, b) probability distribution of durations for complete 
dislodgement, and c) scatter plot of the average angular ve-
locities with duration for dislodgement for all grain en-
trainment events. 
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Figure 5. Distribution of time to occurrence of entrainment 
events. 

4.2 Reliability of grain dislodgement 

The traditional statistical analysis may be com-
plemented utilizing reliability theory or survival 
analysis. Under this framework, the entrainment 
of an individual coarse grain may be regarded as a 
stochastic process with a certain probability that 
the grain will “survive” the entrainment for a spe-
cific time interval. Similar concepts have been 
employed from Ancey et al. (2007) who consi-
dered the flux of coarse grains as a birth-death 
process as well as Tucker & Bradley (2009) for 
sediment motion along a transport path.  

Reliability theory usually models the rate of 
occurrences or time interval until the event inves-
tigated takes place. Here of interest is the com-
plete entrainment of the individual test particle. 
The probability distribution of time to occurrence 
(recurrence intervals) of entrainment events is 
shown in Figure 5. The distribution of intervals 
between occurrences of entrainment (Fig. 4c), 
shows high kurtosis which is indicative of high in-
termittency. The mean of inter-arrival times be-
tween dislodgement events is a commonly meas-
ured reliability parameter and may be found as the 
inverse of the entrainment rate (Table 1), having a 
value of 24 sec.  

Nonparametric analysis of the entrainment in-
stances is performed, employing the Kaplan-
Meier estimator (Kaplan & Meier 1958): 

1

( ) ,  for 1, 2,...,
i

j j

i

j j

n k
R t i m

n=

−
= =∏

 (7) 

where ti is the duration interval over which the 
particle is expected to dislodge, ni is the number 
of dislodgements expected to occur after time ti-1, 
ki is the number of dislodgements occurring dur-
ing ti, and m is the total number of entrainment 
events. The obtained values provide an estimation 
of the reliability that a grain will not have been 
entrained over a particular duration interval (Fig-

ure 6). For example, the mean interval between 
entrainments (24 sec), is given by R=0.5. 
 

 
Figure 6. Plot of Kaplan-Meier estimator as a measure of 
nonparametric reliability. 

4.3 Comparison of experimental data to 
theoretical predictions 

The distribution of grain angular velocities aver-
aged over the duration for dislodgement relates to 
the distribution of impulses or sequence of im-
pulses which are effective in completely displac-
ing it. In the following, all impulse events are of-
fered to enable comparison to the theoretical 
results.  

Utilizing the time series of instantaneous ve-
locity signal upstream the particle the potentially 
effective impulses are acquired from Equation 1. 
These are grouped together to separate flow 
events, if their temporal distance does not exceed 
a defined duration, which is typically selected to 
be less than the average duration for dislodge-
ment. Then the impulses belonging to the same 
flow event are summed according to Equation 6, 
so that their combined effect can be accounted for. 

Figure 7, offers a comparison of the experi-
mentally obtained results with the theoretical 
curves as predicted from Equation 3. Impulse 
events are extracted using the simplifying assump-
tion of constant Fcr (corresponding to constant 
critical velocity level with drag coefficient of 
CD=1). The flow events above the threshold curve 
(CD=1, Figure 7), will result in complete entrain-
ment of the test particle, while the points below 
the curve will only produce small vibrations to 
twitches depending on their proximity to the criti-
cal curve.  

The impulse content of the flow events is illu-
strated in Figure 8. It is important to note that for 
the flow events of variable duration and magni-
tude, the theoretical curves remain practically 
constant. For example the threshold curve, for 
CD=1, appears to undergo a change of less than 
10%, for the range of flow events of interest. The 
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relative invariability of impulse (compared to the 
more than twofold variation of the magnitude of 
flow events, for the same range of values), is in-
dicative of the potential usefulness of impulse as a 
criterion for grain entrainment. 

 
 

 
Figure 7. Magnitude-duration representation of the experi-
mental flow events (dots) and critical curves (Equation 3, 
for various values of drag coefficients). 

 

 
Figure 8. Representation of impulse content of flow events 
(dots) and critical curves (Equation 3, for various values of 
drag coefficients). 

The variation of the theoretically predicted crit-
ical level for different values of the drag coeffi-
cient is shown in Figures 7 & 8. The greater the 
cumulative impulse is the higher the gain of par-
ticle’s momentum or equivalently the angular ve-
locity obtained. Thus data points with high im-
pulse content (Figure 8) correspond to those with 
high mean angular velocity (Figure 4c). 

4.4 Trajectory analysis 

Coupled measurements of the local flow field and 
onset of particle’s motion at near threshold condi-
tions, can only be accurately obtained using non-
intrusive equipment, due to the high sensitivity of 
bedload transport to small changes of the shear 
stress (Paintal 1971b). Methods such as high 
speed cinematography have been employed in ad-
dition to image analysis techniques (Sechet & Le 
Guennec 1999, Papanicolaou et al. 1999, Böhm et 
al. 2006). 

Here detailed trajectories of particle movement 
are acquired using the aforementioned He-Ne la-
ser and photodetector. These measurements are 
synchronous to Laser doppler velocimetry (LDV) 
measurements of the instantaneous velocity up-
stream the particle (Figure 9). The normalized He-
Ne measurements (Figure 10) of angular dis-
placement (Δθ/Δθmax) are highly accurate (back-
ground noise level of background noise level of 
about ± 1.4%) by minimization of the ambient 
light interfering with the setup. This allows for a 
precise determination of the instance (first vertical 
dashed line, Figures 9 & 10) and conditions for 
particle entrainment. 

 
Figure 9. Hydrodynamic forcing and critical force levels for 
typical entrainment events. Shaded area corresponds to cas-
es of positive (orange) to negative (yellow) change in par-
ticle momentum per unit mass (impulse). 
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Figure 10. Characteristic dynamics of typical particle trajec-
tories (corresponding to Figure 9) using normalized angular 
displacements and angular velocities. 

The time required for maximum dislodgement 
can be deduced from the difference of the time in-
stances for cessation (second dashed vertical line, 
Figures 9 & 10) and commencement of motion. 
The hydrodynamic forcing history on the test 
grain (Figure 9a) is shown along with the varying 
level of critical forcing due to gravity. The 
changes on the critical resistance level are com-
puted from the displacement measurements im-
plementing the momentum balance equations. 
When the critical level is below the hydrodynamic 
forcing (u

2
), the momentum transfer to the grain is 

positive, having the potential for particle dis-
lodgement. As confirmed from Figure 9a, small 
impulses (at instance of 30.6 sec) are not capable 
of displacing the grain. On the contrary, a series 
or a combination of sufficiently persisting, high 
magnitude impulses may result in grain entrain-

ment (Figure 9b and c). For insufficient impulse 
durations the particle can only perform a twitch-
ing or pivoting motion, eventually falling back to 
its pocket under the influence of gravity. Figure 
9b relates to the case of highest mean angular ve-
locity and consecutively impulse while Figure 9c 
is linked to the flow event of the lowest magni-
tude (closer to threshold).  

The typical particle trajectories and angular ve-
locities (uang) corresponding to each case are 
shown in Figure 10, illustrating the dynamics of 
entrainment. Figures 10a & 10b are demonstrative 
of a single impulse and sequence of impulses re-
spectively. Due to the high magnitude and long 
duration of the offered impulses, the momentum 
imparted is greater. The accelerating phase has 
practically the same duration as the time for en-
trainment, which explains the relatively increased 
angular velocities at the topmost position (more 
than 3.3 and 4.1 m/sec respectively).  

In Figure 10c, a decelerating phase is discerned 
due to the reduction of hydrodynamic forcing be-
low critical (Figure 9c). The motion of the particle 
stops (uang=0) when half of the displacement is 
completed. Then a secondary impulse arrives to 
push it further downstream. Note that this impulse 
on its own has significantly smaller magnitude 
compared to the primary ones (25 to 50%), but it 
is rendered more effective after the particle is 
brought to a position with reduced resisting 
forces. Again as observed in Figure 4c, the longer 
the duration for entrainment the less energetic and 
closer to threshold the dislodgement will be. 
Those cases can be modeled based on the sug-
gested criterion. 

5 CONCLUSIONS 

The impulse model is extended to include the cas-
es of multiple impulses having a combined effect 
on particle dislodgement. The new model is based 
on the assumption that the effect of secondary im-
pulses with regard to the particle’s response is in-
creased after the primary impulses have set the 
sphere in motion. Statistical analysis of the en-
trainment events and characteristic variables is 
performed. Reliability theory is employed in de-
fining the probability a particle will be entrained 
in a given duration. The proposed model is further 
validated with appropriately designed experiments 
utilizing non-intrusive equipment. The experimen-
tal results are reproduced from the theoretical pre-
dictions, implying that the criterion is promising. 
The trajectories of typical entrainment events are 
analyzed, offering a greater understanding on the 
relation between the applied forcing and corres-
ponding particle’s response.  
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