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We prove that unital extensions of Kirchberg algebras by

Keywords: . X
C*-algebras separable stable AF algebras have nuclear dimension one. The
Nuclear dimension title follows.

Extensions © 2020 The Authors. Published by Elsevier Inc. This is an
Cuntz-Toeplitz algebras open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A compact space X has covering dimension at most n if every open cover can be
refined and then (n + 1)-coloured so that sets with the same colour are disjoint ([28]).
Nuclear dimension is a generalisation of covering dimension to C*-algebras, introduced
by Winter and the fifteenth-named author ([40]), based on coloured finite-dimensional
approximations, and has played a prominent role in the classification programme for
amenable C*-algebras over the last decade (see the expository articles [14,38]).

For simple C*-algebras, the theory of the nuclear dimension, and its relationship with
classification is essentially complete. The only possible values of the nuclear dimension
are 0, 1 and oo and these values can be seen in the internal structure of the algebra
([40,26,27,33,2,7,6]). Moreover, (in the presence of the universal coefficient theorem),
the simple separable unital and nuclear C*-algebras accessible to classification by K-
theory and traces are precisely those of nuclear dimension 0 and 1 ([19,29,18,13,34]).
Accordingly, attention is now turning to the non-simple setting. How do we compute
the nuclear dimension of non-simple C*-algebras, and is there a connection between
finiteness of the nuclear dimension and classification?

In this paper, we consider C*-algebras arising from extensions 0 - J - A — B — 0.
A key advantage of nuclear dimension over its predecessor (the decomposition rank,
defined in [23]) is its compatibility with extensions: one can directly obtain an (n +m)-
coloured approximation for A by combining an n-coloured approximation for J with an
m-coloured approximation for B ([40, Proposition 2.9]). If the extension is a direct sum
(and more generally for quasidiagonal extensions), one can do better because B and J can
be approximated in an orthogonal fashion ([23,40,32]). This results in an approximation
for A with only max(n,m) colours, which is also the fewest colours possible. For general
extensions, we do not know where in the range between max(n, m) and n+m the correct
number of colours for A falls.

For a decade, the nuclear dimension of the Toeplitz algebra 7 was an open problem
because the extension 0 — K — 7 — C(S') — 0 is not quasidiagonal and moreover
T is the primordial example of an extension with infinite decomposition rank, despite
the ideal and quotient having finite decomposition rank. It was known that two colours
were necessary in a nuclear dimension approximation of 7 and three suffice because
two colours are needed to approximate C'(S') and one for K ([40]). Recently, Brake and
Winter found an elegant way to re-use one colour to get a 2-coloured approximation to
T, thereby proving that the Toeplitz algebra has nuclear dimension one ([4]).
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Motivated by the work of Brake and Winter, we achieve a similar colour reduction
for a large class of unital extensions of Kirchberg algebras (simple, separable, amenable,
purely infinite C*-algebras).

Theorem 1. Let 0 — J — A — B — 0 be a unital extension where J is a separable stable
AF algebra and B is a Kirchberg algebra. Then A has nuclear dimension one.

The class of C*-algebras covered by Theorem 1 includes the Cuntz—Toeplitz algebras
Tn (for n > 2), defined as the universal C*-algebras generated by isometries si, ..., s,
with pairwise orthogonal ranges. Indeed, the ideal of 7,, generated by 1 — > """ | s;s7 is
isomorphic to the compacts K and the quotient by this ideal is the Cuntz algebra O,
([9]). The Toeplitz algebra can be viewed as the Cuntz—Toeplitz algebra 77, but in this
case the quotient is the commutative C*-algebra C'(S*) rather than a Kirchberg algebra.
It is therefore not surprising that our proof requires a different set of tools from Brake
and Winter while sharing some structural similarities.

Although not needed in our proof, Gabe and Ruiz have shown that the C*-algebras
covered by Theorem 1 (and that satisfy the universal coefficient theorem) are classified
by their 6-term exact sequences in K-theory together with order and the position of
the unit in the Ky-groups ([17]). Together with our result, this is further evidence that
the relationship between nuclear dimension at most one and K-theoretic classification
persists outside the simple setting. This connection has long been evident for AF algebras,
which have nuclear dimension zero and are classified by Ky ([11]), and is also present
for the class of non-simple algebras classified in [12], which are built as limits of suitable
one-dimensional building blocks and so have nuclear dimension at most 1. Furthermore,
amenable O,.-stable algebras have recently been shown to have nuclear dimension one
([3]). This last class was classified by ideal related K K-theory by Kirchberg ([20]; see
[15] for a new approach to this result).

We now discuss the proof of our theorem. The basic approximation has the form

a = hi”?ah}’ + (hi = hit1)"?u(r(a))(hi — hizr)'/?

(3

+ (1= hir1) 2 pu(m(@)) (1 = hin) /2, (1)

where m : A — B is the quotient map, p : B — A is a c.p.c. splitting and (h;); is a
quasicentral approximate unit for J relative to A such that h;;1h; = h;. Note that the
first term on the right of (1) is in the ideal, the last term factors through the quotient,
and the first and last terms are orthogonal by the hypothesis on (h;);. If the middle term
were to vanish, the extension would be quasidiagonal, and the nuclear dimension of A
would just be the maximum of that of the ideal and the quotient.

In [4], Brake and Winter handle the non-vanishing middle term in the case of the
Toeplitz algebra by using Lin’s theorem on almost normal elements of matrix algebras
([24]) to prove a lifting theorem for order zero maps from C(S!) into ultraproducts
of finite-dimensional C*-algebras. A similar strategy is not available when B is simple
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and infinite as there are no non-trivial order zero maps from B into finite-dimensional
C*-algebras.

The new idea in our proof is inspired by a technique that has been utilised in the
study of Z-stable and Ou.-stable algebras ([2,7,3]). Breaking the last term in half, for
b € B, we set

0, (6) = (hi = his1) " u(B)(hi = hisr)?
+ (1= hig) 2k 20k ) (1 = hig)V?,

0 (0) = (1= i) V(1 = k) /25(1 = k) Y2)(1 = o), @

where (k;); is an approximately central sequence of positive contractions in B and each
k; has spectrum [0, 1]. We then construct 1-coloured approximations for 91(0) and 91(1), by
building models which conspicuously have 1-coloured approximations using Voiculescu’s
quasidiagonality of the cone C(0,1]® B, and then using classification results to compare
these models with 02(0) and 91(1). Since a ~ h:/zahi/Q + 01@) (m(a))+ 951)(7r(a)) and 951) is
orthogonal to h;, we can re-use one colour and get a 2-coloured approximation for A.' The
classification results we need are in the non-simple setting, in the spirit of Kirchberg’s
classification of strongly purely infinite nuclear C*-algebras ([19,20]). Precisely, we need
a classification theorem for full *~homomorphisms from cones over Kirchberg algebras
into ultrapowers, which we deduce from Gabe’s classification theorem for full, nuclear,
strongly Ou.-stable *-homomorphisms ([15]). We record this result as Proposition 6.
The role of the positive contractions k; with spectrum [0, 1] is to ensure that the *-
homomorphisms Cy(0,1] ® B — A, coming from the approximately order zero maps
950) and 02(1) are full, so that Gabe’s theorem applies. A criterion for checking fullness
of such maps is established in Proposition 4, and the construction of the auxiliary maps
using quasidiagonality of cones and order zero lifting is isolated in Proposition 5. With
the more technical aspects at hand, we can then give a streamlined proof of the main
result at the end of the paper.
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2. Nuclear dimension of extensions of Kirchberg algebras

We begin with some preliminaries. Two positive elements a and b in a C*-algebra A
are called orthogonal if ab = 0. A completely positive (c.p.) map ¢ : A — B between
two C*-algebras is said to be order zero if it sends orthogonal elements to orthogonal
elements. The one-to-one correspondence between completely positive and contractive
(c.p.c.) order zero maps A — B and *-homomorphisms Cy(0,1] ® A — B established
in [39, Corollary 3.1] will be used repeatedly in this paper. The *-homomorphism & :
Cy(0,1] ® A — B associated to a c.p.c. order zero map ¢ : A — B is characterised by

(I)(id(o,l] ® CL) = ¢(a), a€ A. (3)

We now recall the definition of nuclear dimension of a C*-algebra and more generally
the nuclear dimension of a *-homomorphism.

Definition 2 (cf. [40, Definition 2.1] and [35, Definition 2.2]). A *~homomorphism of C*-
algebras 7 : A — B is said to have nuclear dimension at most n, denoted dimpy.(7) < n,

if for any finite subset 7 C A and any ¢ > 0, there exists a finite dimensional C*-algebra
F and completely positive maps

Y:A—Fand ¢: F — B (4)
such that ¢ is contractive and ¢ is n-decomposable, in the sense that we can write
F=F9¢g. oF® (5)
so that ¢|p) is c.p.c. order zero for all 4, and for every a € F,

I7(a) — ¢vb(a)]| <e. (6)

The nuclear dimension of a C*-algebra A, denoted dimyyuc(A), is then defined as the
nuclear dimension of the identity homomorphism id 4.

We will use ultraproducts of C*-algebras throughout the paper. Recall that a filter
on N is a non-empty collection of non-empty subsets of N that is closed under taking
supersets and finite intersections. Maximal filters are called wltrafilters, and an ultrafil-
ter is said to be free if it contains all cofinite subsets of N; free ultrafilters exist as a
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consequence of the axiom of choice. We write lim;_,,, x; for the limit along the ultrafilter
w of the bounded sequence of real numbers (z;);.”
Fix a free ultrafilter w on N for the entirety of this paper. Let (A;); be a sequence of

C*-algebras. The bounded sequence algebra is the C*-algebra

HAi = {(a;)i 1 a; € A; and sup [[a; < oo}, (7)
=1 €N
and the ultraproduct is the quotient C*-algebra
A,
H Al = lel : . (8)
{(ai)i : limiy, [|as]| = 0}

1w

When (A;); is a constant sequence, i.e. A; = A for all i, we denote the ultraproduct by
A, and there is a canonical embedding A — A,, via constant sequences. As is standard,
when working with ultraproducts we usually use representative sequences in the bounded
sequence algebra to denote elements in the ultraproduct; this should be understood as
standing for the image under the quotient.

We write o(a) for the spectrum of the element a. The following standard proposition
will be used later to calculate the spectrum of elements in ultraproducts.

Proposition 3. Let (A;); be a sequence of C*-algebras and k = (k;); € [],_,, Ai. For
AeC,if{ieN:Xe€o(ki)} €w, then A € o(k).

Proof. Without loss of generality, assume each A; is unital. We prove the contrapositive.
Suppose A ¢ o(k). Then A1 — k is invertible, so there exists d = (d;); representing an
element of ], ,  A; such that (A\1—k)d = d(A1—k) =1in ][], , A;. Thenlim,; ., [|[(A1—
k;)d; —1|| = 0 and lim,_,,, ||d;(A1 —k;) — 1|| = 0, so the set of those ¢ € N for which both
(Al —k;)d; and d;(A\1 — k;) are invertible lies in w. If both (A1 — k;)d; and d;(A1 —k;) are
invertible, then (Al — k;) is invertible, so A ¢ o(k;). Therefore, {i € N: A ¢ o(k;)} € w
and, as w is a filter, {i e N: A€ o(k;))} ¢w. O

An element a in a C*-algebra A is called full if it generates all of A as a closed,
two-sided ideal. A *-homomorphism 7 : A — B is called full if 7(a) is full in B for
every non-zero a € A. The next proposition allows us to test for fullness in the setting
of Theorem 1.

Proposition 4. Consider a sequence of unital extensions (0 — J; — A; Iy B — 0);,
where the B; are Kirchberg algebras and each J; is stable. Let

2 By definition, L = lim;_, . ®; means Ve > 0, {i € N:|z; — L| < €} € w. For bounded sequences, the
limit along an ultrafilter always exists (and is unique).



P. Easo et al. / Journal of Functional Analysis 279 (2020) 108690 7

i—w i—w i—w

be the induced extension of the corresponding ultraproducts.

(i) An element a € [],_,,, As is full if and only if m,(a) # 0.

(ii) Moreover, if D is a simple unital C*-algebra, ¢ : D — []
zero map and ® : Co(0,1] ®@ D — [,
out of the cone, then the following are equivalent:

(a) The element 7, (¢(1)) has spectrum [0, 1].
(b) The map 7, o ® is injective.
(¢) The map ® is full.

i Ai @8 a c.p.c. order

A; is the corresponding *-homomorphism

Proof. (i): The condition m,(a) # 0 is clearly necessary for fullness of a, we prove that
it is sufficient. Suppose that a € [],_,  A; satisfies m,(a) # 0, and let I be the ideal
generated by a. As 0 # 7w, (a)*m,(a) € I and 7, (a*a) = 7, (a)*m,(a), we may assume
without loss of generality that a is positive.

Since each B; is simple and purely infinite, so is the ultraproduct [], , B; by [21,
Remark 2.4]. Hence, there exists b € [[, ,  B; such that b*m,(a)b=1. Let x € [[, , A
be a lift of b. Then m,(z*ax) = 1. Hence, x*ax = (14, — d;); for some d; € J;, which
may be taken to be self-adjoint.

As the J; are stable, we can write J; = K ® C; for some C*-algebras C;. Perturbing
each d; in such a way that the equivalence class of (d;); is unaffected, we may assume
that d; € M, ® C; for some n; € N. Writing p,,, for the unit in M,,, we may make
a further perturbation and assume there exist positive contractions ¢; € C; such that
(pn; ® ¢;)d; = d; (these come from approximate units in each C;).

Let v; € K be a partial isometry with v;v] = p,, and vjv; = pap, — Pn,. Set e =

(Pn; ®¢i); and v = (v; ® cg/z)i. Note that (1 — e)z*ax =1 —e. Then

l=1-e+e—-0
=1-—e+vv* —vev*
=1l—-e+v(l—e)p”
=(1-e)z*ax+v((1 —e)z"ax)v* € I. (10)

Therefore, I =[], A, ie. a is full.

(ii): (a) = (b): Let I = ker(m, o ®). Assume for a contradiction that I is non-zero.
As D is simple, I must contain some element of the form f ® 1 for some non-zero
f € Cy(0,1], which we may further assume to be a positive contraction. It follows that
0=m,(®(f®1)) =m,(f(¢(1))). This contradicts the fact that m,(¢(1)) has spectrum
[0, 1]. Therefore I = 0, and so m,, o ® is injective.

(b) = (¢): Let © € Cyp(0,1] ® D be non-zero. As m, o ® is assumed to be injective, we
have ,,(®(z)) # 0. So ®(z) is full by part (i).
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(¢) = (a): Let f € Cp(0,1] be positive and of norm one. Then ®(f ® 1) is full in
[1,_. Ai, so m,(®(f ® 1)) = 7, (f(4(1))) is non-zero. Since f was arbitrary, it follows
that 7, (¢(1)) has spectrum [0,1]. O

With this in place, we now give the existence result needed for our theorem.

Proposition 5. Let (0 — J; — A; B = 0); be a sequence of unital extensions,
where B is a fized unital Kirchberg algebra and each J; is stable. There exist c.p.c. maps
¢; : B — A;, which factor through matriz algebras

B i A,

(11)
K &i

M, (C)
with 1; c.p.c. and & c.p.c. order zero, such that the induced map ¢ : B — ], Ai is
c.p.c. order zero and the corresponding *-homomorphism ® : C(0,1] ® B — [[,_,, Ai is
full.

Proof. Since Cy(0,1] ® B is quasidiagonal by [36], there exists a sequence of c.p.c. maps
¥; : Cp(0,1] ® B = M,,(C) that is approximately multiplicative and approximately
isometric. Define 7; : B — M, (C) by 7;(b) = 1;(id(9,1] ® b). Since the sequence of maps
(1;); is approximately multiplicative, the sequence of maps (7;); is approximately order
Zero.

Let k € O be a positive contraction with spectrum [0, 1] and let a; : M,,,(C) —
O be a (non-unital) injective *-homomorphism. Define a c.p.c. order zero map &; :
M,,(C) = B® Oy @ Ou by &(z) = 15 ® () @ k. As B is a Kirchberg algebra, it
is Ouo-stable by [22], and so we may identify the codomain of fz with B. The resulting
c.p.c. order zero map & : M,,(C) — B has a c.p.c. order zero lift & : M, (C) — Aj, i.e.
w0 & = &, by [37, Proposition 1.2.4].

Set ¢; to be the composition &; on;. Since the sequence of maps (7);); is approximately
order zero, and each map §; is order zero, the map ¢ : B — [],_, A, induced by (¢;); is
c.p.c. order zero.

Let ® : C(0,1] ® B — [[,_, Ai be the *-homomorphism from the cone over B
corresponding to the c.p.c. order zero map ¢. Using that the spectrum of an elementary

tensor is the product of the spectra of its factors (see [5]), we compute that
o(mi(¢i(1p))) = o (Ci(mi(1p)))

3 [37, Proposition 1.2.4] is a rephrasing to the setting of order zero maps of Loring’s result ([25, Theorem

10.2.1]) that Cy(0,1] ® M, (C) is projective.
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=0(lp ® a;hi(ido,1) ®15) @ k)
2 [0, [lvs(id(o,1) ®15)|l] (12)

as «; is isometric and k is a positive contraction of full spectrum. Since (1);); are
approximately isometric, we have lim;_, ||¢;(id,1;®1p)|| = 1. By Proposition 3,
o(mu(p(1p))) 2 [0,1). Hence, o(m,(¢p(15))) = [0,1]. Therefore, ® is full by Proposi-
tion 4. O

Our final ingredient is a complementary uniqueness result showing that, after amplify-
ing the codomain by a matrix algebra, the *-homomorphisms constructed in the previous
proposition are unique up to unitary equivalence. To achieve this we use a special case
of Gabe’s new approach to O..-stable classification ([15]). For ease of notation, given a
*-homomorphism ¢ : A — B, we write ¢ ® 0 for the *-homomorphism A — M (B) given
by

a) O
o (%) O). (13)
Proposition 6. Let (A;); be a sequence of separable unital C*-algebras and B be a Kirch-

berg algebra. Suppose ®,¥ : Cy(0,1] ® B — [[,_,,,
Ms(A;) such that

A; are full *-homomorphisms. Then
there exists a unitary v € [],_,

U(x)®0=u(®(x)®0)u*, zecCy0,1] B. (14)

Proof. Since B is nuclear and O -stable, it is automatic that ® and ¥ are nuclear and
strongly Oyo-stable. Indeed, *-homomorphisms with O-stable domains are strongly
O.-stable by [16, Proposition 3.18].* Moreover, by the contractibility of Cy(0,1]® B the
*-homomorphisms ® and ¥ are homotopic to zero, so KK (®) = KK (¥) = 0. Therefore,
by [15, Theorem B], ® and ¥ are asymptotically Murray-von Neumann equivalent in the
sense of [15, Definition 2.1].

Using [16, Proposition 3.10], we deduce that ® & 0 and ¥ & 0 are asymptotically
unitarily equivalent and hence approximately unitarily equivalent. As B is separable, a
standard reindexing argument or application of Kirchberg’s e-test (see [21, Lemma A.1])
enables one to pass from approximate unitary equivalence to unitary equivalence, i.e.
there exists a unitary v € [[,_,  M2(A;) such that for all z € Cy(0,1] ® B, ¥(z) ®0 =
u(®(z) ® 0)u*, as desired. O

We are now in a position to prove Theorem 1.

4 Since the concept of a strongly O..-stable map plays no concrete role in the remainder of this article,
we shall refrain from repeating the definitions here and refer the reader to Gabe’s article [15] instead.

5 Similarly, we refrain from defining Kasparov’s K K-groups as the only properties we require are that
KK is homotopy invariant and that KK (0) = 0.
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Proof of Theorem 1. Let m : A — B denote the quotient map of the extension. Fix
a unital c.p. splitting p : B — A, which can be obtained from the Choi-Effros lifting
theorem [8]. As B2 B® O ® Ox ® - -+, we can fix an approximately central sequence
of positive contractions (k;); in B such that o(k;) = [0,1] for all i € N.

We will start by constructing a quasicentral approximate unit (h;); for the extension
with some additional properties. Firstly, we shall need that each h; has finite spectrum
and h;y1h; = h; for all © € N. Secondly, we need to ensure that the sequences of c.p.c.
maps «; : A — A, 950),951) : B — A given by

1

a;(a) = hi% ah}
00 (6) = (higr — hi) p(b) (higr — ha)?

N(ki%bki%)(l — hip1)?,

(S

+ (1= hit1)
0 (0) = (1= hig1) 2 (1 — ki) 2b(1 — k) F)(1 — hign) 2, (15)

for a € A and b € B, induce order zero maps o : A — A, 69,60 : B — A, and
that the sum a + 0 o + 0™ o 7 coincides with the canonical embedding A — A,, as
constant sequences.

We now perform the construction of (h;);. Write J as an increasing union of finite-
dimensional C*-algebras (F},),, and let e, be the unit of F,,. Then (e,), will be an
approximate unit for J with e,y1e, = e, for all n € N. Therefore, there exists a
quasicentral approximate unit (h;); in the convex hull of the sequence (e,), such that
hiy1h; = h; for all i € N (see [1, 11.4.3.2]). By construction, each h; lies in a finite-
dimensional subalgebra, so has finite spectrum. Since B is separable and (k;); has already
been fixed, replacing (h;); with a subsequence, we may further assume that

[[hip(bk;) — (ki) hil| — O,

[his1p2(Dk;) — p(bki)higa || — O,

[(L = Pigr) (D) (0" ki) — p(0V'K;))|| — O,
(X = Poig 1) (pa(bkei) (bR ) — pa(bkib'ks)) || — O (16)

for all b,V € B.

With this choice of (h;); we can now verify that the maps «, () and §1") are order
zero. For « this is immediate from quasicentrality, but for 6(°) and (") we shall need
(16). Set h = (hi); € Au N A, h = (hiy1); € AuN A, k= (k); € B,N B, and write

le @ By — A, for the c.p.c. map induced by p. Let b,b’ € B be positive elements such
that bb’ = 0. Then we have

0@ )0 (V) = (b — h)? o (b) (b — h) o (W) (h — h)?
+ (b = h)2 gy (b) (h = h)> (1= h)? oy (V) (1 — P2
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(1= R)2 s (k) (1 = R)% (= h)* (V) (B = )’
+ (1= 7)o (k) (1 = B) s (B'R) (1 = )2 (17)

Now as (h;); is quasicentral for A and is chosen so the properties (16) hold, all the terms
in the right hand side of (17) are zero. Applying a similar argument to #(*) shows that
it too is order zero. Moreover, for all a € A, we have

(400 or 4+ 00 o) (a) = ha+ (h — h)pw(7(a))

+ (1= h)pu(m(a)k)
+ (1= h)po(m(a)(1 — k)
=a (18)

using (16) and that k € B, N B’ and h,h € A, N A’

Since h;y1h; = h;, the maps «; and 951) have orthogonal ranges. To ensure that
this orthogonality is respected by subsequent constructions, we introduce hereditary
subalgebras

Ai = (1= hip1)A(l — hipr) C A,
Ji=1=hip1)J(1 = hiy) € J,

By restricting the codomains, we may view «; as a map A — D, and 051) as a map
B — A;, and we note that A; and D; are orthogonal. We also have an induced short exact
sequence 0 — J; — A; — B — 0, where the quotient map is the restriction of 7. Since
hi+1 has finite spectrum, A; is unital. Moreover, J; is stable by [31, Corollary 2.3(iii)].
Let ©© : Cy(0,1] ® B — A, be the *-homomorphisms corresponding to the c.p.c.
order zero map 0(®). By Proposition 4, ©© is full if 7, (0® (1)) has spectrum [0, 1],
where 7, : A, — B,, is the map on ultraproducts induced by m. As h, h € J,,, we have

T (00 (1)) = o (h — h) + 71, (1 — h) 7, (e (k) = & (20)

which has spectrum [0, 1] by Proposition 3. Therefore, 0 is full. By the same argument
applied to the extensions 0 — J; — A; — B — 0, the *~homomorphism ") : Cy(0,1] ®
B — I1,_., A; induced by the c.p.c. order zero map V) : B — []
7,0 (1)) = 1 — k has spectrum [0, 1].

Let (gi)l(o) : B — A); be the sequence of c.p.c. maps provided by Proposition 5 cor-
responding to the constant sequence of extensions 0 - J — A — B — 0, and let
(¢§1) : B — A;); be the sequence of c.p.c. maps corresponding to the sequence of exten-
sions (0 — J; = A; — B — 0);. By construction, (Z)Z(j ) factor through a matrix algebra
Mi(j) as fi(j) o nl(j) with ngj) c.p.c. and fi(j) c.p.c. order zero (j = 1,2), the induced

iy Ai 1s full because
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maps ¢§0) : B — A, and qbgl) :B = i,
*_homomorphisms ®(©), &) from the cone over B are full.

A; are order zero, and the corresponding

Proposition 6 establishes that there exist unitaries u € My(A), and v € [], |, Ma(A;)
such that
Ad(u) o (@@ ©0) =0 g0,
Ad(v) o (@M @ 0) =0W go. (21)
In particular,
Ad(u) o (¢ @ 0) =0 @0,
Ad(v) o (¢ @ 0) = 6 @ 0. (22)

By [30, Lemma 6.2.4], u and v lift to sequences of unitaries (u;); € Ma(A) and (v;); €
M5 (A;) respectively.

Since A is separable and each D; is approximately finite dimensional (by virtue of
being a hereditary subalgebra of J; see [10, Theorem 3.1]), there exist finite-dimensional
subalgebras G; C D; and conditional expectations F; : D; — G; such that || E;(o;(a)) —
a;(a)|| = 0 for all a« € A. We now define completely positive approximations

id @0

A Ms(A)
(23)
(5 Xi
FO ¢ FO,
where
FO = pm©,
Y- vYaeq,,
bila) = (1 (x(a)), n" ((a)), Ei(i(a))),
X2,y 2) = Ad(u) (6 (x) © 0) + Ad(v;) (€ (2) © 0) + 2 @ 0. (24)

It follows from (18) and (22) that x;(¢;(a)) — a along the ultrafilter w. The restriction of
Xi to Fi(o) is order zero because &’ is order zero. Moreover, the restriction of x; to Fi(l)
) A; is order zero, v; € Ma(A;), and D; is orthogonal
to A;. Therefore, id 4 ® 0 has nuclear dimension at most 1.

As A is a hereditary subalgebra of Ms(A), [3, Proposition 1.6] implies that id 4, as the
co-restriction of id 4 @ 0 to A, has nuclear dimension at most 1. Hence, dimy,c(A4) < 1. On

is order zero because 51(1) : Mi(1
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the other hand, [40, Proposition 2.9] implies that the nuclear dimension of A is bounded
below by the nuclear dimension of B. As we assume that B is a Kirchberg algebra, it
has nuclear dimension 1 by [2, Theorem G]. Therefore, we conclude dimy,.(4) =1. O

Corollary 7. The Cuntz—Toeplitz algebras T, have nuclear dimension one.
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