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Abstract

We prove the QNEC on the Virasoro nets for a class of unitary states extending the
coherent states, that is states obtained by applying an exponentiated stress energy
tensor to the vacuum. We also verify the Bekenstein Bound by computing the relative
entropy on a bounded interval.
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1 Introduction

In this work, we extend the recentresults of [11] and we prove the Quantum Null Energy
Condition (QNEC) for coherent states in (1 + 1)-dimensional chiral Conformal Field
Theory (CFT) by explicitly computing the vacuum relative entropy.

The first non-commutative entropy notion, von Neumann’s quantum entropy, was
originally designed as a Quantum Mechanics version of Shannon’s entropy: if a state
Y has density matrix py, then the von Neumann entropy is given by

Sv, = — tr(p,/, log ,Ow).

However, in Quantum Field Theory local von Neumann algebras are typically factors
of type 111 (see [13]), no trace or density matrix exists and the von Neumann entropy
is undefined. Nonetheless, the Tomita—Takesaki modular theory applies and one may
consider the Araki relative entropy [1]

Selly) = — (§]log Ay £8).

B Lorenzo Panebianco
panebianco@mat.uniromal.it

Dipartimento di Matematica, Universitd di Roma “La Sapienza”, Piazzale Aldo Moro 5, 00185
Rome, Italy

Published online: 09 June 2020 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11005-020-01296-8&domain=pdf
http://orcid.org/0000-0001-7982-3939

L. Panebianco

Here & and n are standard vectors of a von Neumann algebra M and A, ¢ is the
relative modular operator. The quantity S(¢||v) measures how ¢ deviates from .
From the information theoretical viewpoint, S(¢||v) is the mean value in the state ¢
of the difference between the information carried by the state ¢ and the state ¢.

In [11], the relative entropy is applied in (1 + 1)-dimensional chiral CFT as follows:
M is the local algebra A(0, +00), ¢ is the vacuum state @ given by the vacuum vector
2 and ¥ is the coherent state w ¢ given by the vector e TQ, with f a real smooth
vector field with compact support on the real line and 7' ( f) the stress-energy tensor.
If V is the unitary projective representation of Diff , (S') and p is the exponential of
the vector field on the circle C, f, with C the Cayley transform, then one has that
Wy = wy(p), that is w is represented by the vector V (0)$2. In [11] it is proved that
if £(0) = O then we have

c [T (n"w))®
S = — du,
(0,400) (@V () lw) 24/0 u (77’(14)) u

where 7 is the inverse of the diffeomorphism p. In this work, we remove the condition
f(0) = 0. By doing this, we are able to prove that

o [too ')\
St +00) @y (p) @) = gf[ (=1 <n/(u)) .

More in general, we notice that the same expression holds if p is a generic diffeomor-
phism of the circle fixing —1 and with unitary derivative in such point. This expression
implies the QNEC for these unitary states, namely S(#) = S(;,+00) (@ (p)ll@) has pos-
itive second derivative. By repeating the computation, we are also able to prove that
on a generic bounded interval (a, b) we have

b

C C
S (@yplw) =——= [ DupnSnw)du + — logn'(a)n’(b)
12/, 12
L e (D) = (@) ?
12 B\ p g ’

where S is the Schwarzian derivative of 7 and D, p) is the density of the dilation
operator associated to (a, b). In the case (a, b) = (—r, r), we verify the Bekenstein
Bound. We also provide the formulas for the relative entropies obtained by exchanging
the states w and wy (p). In this case, we show a counterexample to the convexity of the
function S(t,+oo) (a)||a)v(p)).

2 Notation and CFT basics
In this section, we describe our notation and some basic facts about the structure of a
two-dimensional chiral CFT. The material is standard and more details may be found,

e.g., in [8]. The starting point is the Virasoro algebra, that is the infinite dimensional
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Lie algebra Vir with generators {L,, c},cz obeying the relations
1 2
[Ly, L] = (n — m)Ln+m + En(n - 1)811,—1415', [Lp,c]=0. (1

A positive energy representation of Vir on a Hilbert space H is a representation such
that

(1) L;‘; = L—n,
(ii) Lo is diagonalizable with nonnegative eigenvalues of finite multiplicity,
(iii) the central element is represented by c1.

From now, we assume such a positive energy representation on the infinite dimen-
sional separable Hilbert space H. We assume furthermore that H contains a vector 2
annihilated by L_1, Lo, L1 (sl(2, R)-invariance) which is a highest weight vector of
weight 0, that is L, 2 = 0 for all n > 0. In [3,4,9,10], one can find the proof of the
bound

I(1+ Lo Ly W) < Ve/2(n] + D21+ Lo w| )

forw e V=) k>0 D(L’(;). Given a smooth function f(z) on the circle, one defines
the stress energy tensor

1 +00
T(f)= “om _Z (fsl f(z)z_"_zdz> Ly.

Notice that T (f) has zero expectation on the vacuum, that is (2|7 (f)2) = 0. This
follows by the commutation relations of the Virasoro algebra, since L_,2 is an n-
eigenvalue of the conformal Hamiltonian L¢. The notation

1 +o00 s
T(f)zfsl T@f@dz, T@)=—5— 3 "L,

n=—0oo

is widely used. Moreover, the estimate (2) shows that 7'(f) is well defined for any
function f in the Sobolev space W3/2.1(S1) and that V is T'(f)-invariant for any such
function. We recall that the norm of W*:? is

. 1/p
Iflls.p = (Z FAICEE |n|>'”) :

where fn is the n-th Fourier coefficient. If we now define

If(z) = 2> f(2),

then the stress-energy tensor is an essentially self-adjoint operator on any core of L
(such as V) for any function f € W3/%1(S!) obeying the reality condition

rf=f. 3)
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More in general, one has that 7(f)* = T(I' f). We point out that 7 (f) must be
thought of as an operator depending not on the function f(z), but on the vector field
f@ d%. In particular, we have that

d
Lo =iTG), b= @)

Notice that by changing variables z = e/, the stress energy tensor may be written as

T(f)=Y faln,

with f = f(0).

We now make the connection with the representation of the diffeomorphism group
on the circle. To do this, given a function f € C*(S!) real in the sense of Eq.
(9), we denote by Exp(zf) = p; € Diff+(Sl) the 1-parameter flow of orientation
preserving diffeomorphisms generated by the vector field f. In other words, p; is
uniquely determined by the conditions

0
5,P1@ = f(ei). po=id. ®)

Notice that p, acts as the identity for all # € R outside the support of f. The unitary
operators W(f) = ¢!T(/) can be thought of as representers of the diffeomorphisms
Exp(f). More precisely, there exists a strongly continuous unitary projective repre-
sentation Diff | (S') 3 p = V(p) € U(H) satisfying:

(V1) V leaves invariant ),
(V2) V satisfies the composition law

V(1) V(p2) = e“BP1ry (o) py),

with B(p1, p2) the Bott 2-cocycle

1 d
B(py, p) = — 7 Re /S Tog(p12) (2)5 log pA(L ©)

(V3) %V(Exp(tf)) = itT(f) on any core of T(f). In particular, we have that
T = i@y (p,), with a’(0) = 0.

We now describe the commutation rules between two operators e!7 (/) and ¢/7(8),
For a smooth diffeomorphism p on the circle, the Schwarzian derivative is defined by

'@\ 1@\
S = —_ = .
P ( P2 ) 2 ( P2 )
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It has been shown in [8], which uses results of [9,10,18], that on the domain V we
have the relations

V()T @V (p)" =T(psg) + B(p, &)L, @)
iT).TOI=T(f'g =8 f)+co(f gL, ®)

meaning that (7) holdson V and (8) on VN D(T (f)T(g))ND(T(g)T(f)). Here p,g
is the push-forward of the vector field g(z) (f—z through p and

C
Bp,g) = “oar g(2)Sp(z2)dz,

c
o(f,8) = ——[ (f(2g"(2) — f"(2)g(2))dz.
48 sl
Equation (7) implies that we have the commutation relations

W(fI)W(g) = PPOW(p.)W(f),

with W(-) = ¢/T") and p = Exp(f). The local net of von Neumann algebras is then
given by

A = {W(f): feCRSY, supp(f) c 1V,

with I any open non-dense interval of the circle.

Definition 1 We will say that a diffeomorphism p in Diff . (S!) is localized in an
interval I of the circle if p(z) = z foreach z € I'.

Lemma 2 If p is a diffeomorphism localized in I, then V (p) belongs to A(I).
Proof By duality, we can prove that V (p) belongs to A(I’), that is

V(p)W(Q)V(p)* = W(g), supp(g) C I’

But this identity follows from (7), so the thesis is proved.

Going back to the real line, the stress energy tensor ® on R is defined by the
formula ®(f) = T(C,f), with C, f the pushforward of the vector field on the real
line f(u)% through the Cayley trasform C(u#) = (1 + iu)/(1 — iu). By definition,
the stress energy tensor on the real line is then

dc@)\? 4
Ou) = T(C =———T(C(uw)). 9
() ( au ) (C(u)) d =it (C(u)) )
Using Egs. (9) and (4), we obtain an expression for the generators of s[(2, R). In
particular, the generator D = —7 (L1 — L) of dilations is given by
400
D = f u® (u)du.
—00
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We recall that, by the Bisognano—Wichmann theorem, we have D = —2m log A: the
modular dynamic is implemented by boost transformations.

We end this section with a few remarks about the representation V of Diff | (S1)
and the stress energy tensor. Given n points on S', say z; with i = 1,...,n, we
denote by B(z1, ..., z,) the group of all the C! diffeomorphisms p of S' which are
smooth except that on the points z; and such that p(z;) = z; and p’(z;) = 1. A similar
notation will be used in the real line picture, where in this case we will be particularly
interested in B(oco). If B is the union of all the B(zy, ..., z,) with z; € S!, then
the unitary projective representation V can be extended to B in such a way that the
properties (V1)—(V3) are still satisfied. For details, see [7,11]. The relation V3) is then
satisfied by any real valued C' function f on §' which is smooth except that on a
finite number of points z; such that f(z;) = 0 and f'(z;) = 0. We precise that if g is
a piecewise smooth, real, compactly supported C'-function on S', then by standard
arguments g € W*! for any s < 2. Therefore, T'(g) is a closable essentially self-
adjoint operator and V3) is verified. Furthermore, in [5] it is proved that if g, — g in
W3/2.1 then ¢!T(&n) — ¢T(®) in the strong operator topology.

The groups B(z, z') are of interest also for the following reason. Given two points z
and 7’ of the circle, consider a diffeomorphism p in B(z, '), that is a diffeomorphism
in Diff, (S') fixing z and z’ and with unital derivative in such points. Define I =
(z, 7"), where the interval is obtained moving counterclockwise from z to z’. Then
thanks to Lemma 2, it is possible to define a diffeomorphism p4 localized in / and
a diffeomorphism p_ localized in I’ such that p = pyp_ = p_p+. If p = Exp(f),
then this is possible if f and its derivative vanish at the points z and z’.

3 Relative entropy
We recall the definition of the relative entropy in terms of relative modular operators.
We use the notation of [14].

Let M be a von Neumann algebra on H and let ¢, 1 be two faithful normal positive

linear functionals on M given by the standard vectors &, 1. The relative modular
operator Ag ; = S;,;;S,E,n is given by the polar decomposition

172

Sen=J0,

with S¢ , the closure of the antilinear operator X¢ — X*n, X € M. The Connes
Radon-Nikodym unitary cocycle can be written as

. _ Al Al
(DY : D) = A AL
The Araki relative entropy is defined by [1]
o0
S(elly) = —(llog Ay £8) = —/0 log Ad(§| Ex(Ape)8). (10)
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Notice that

d d
S(elly) = iaw((Dllf Do) = —iaw((Dw 1 DY)

=0
where the last equality follows from the identity (D¢ : DY) = (D : Dy),. It
satisfies natural conditions of positivity and monotonicity, that is

Selly) =0, Slelvlving = Slelv),

with N € M a von Neumann subalgebra (see [17] for the proof of the monotonicity
property). Notice that the relative entropy can be infinite. In this paper, we will study
in particular the case when M = A([) is a local algebra of the Virasoro net, ¢ = w
is the vacuum state and v = wy is the state wy (1) = w(U™* - U) given by the vector
U 2, with U some unitary operator. To this purpose, we give a useful lemma.

Lemma 3 Let M be a von Neumann algebra on H and u € U (H) a unitary operator.
Consider two standard vectors & and n for M.

(1) u& and un are standard vectors for uMu*.

.. M * _ M

(ii) AZS,u’:; _“Aé,n“*'

(iii) If u = v/, with v and v’ unitary operators in M and M’, respectively, then

AM =AMy
§un — §n” - ™ ™

. IR _ «

(v) Ifu = vV asin (iii), then Aug,n = vAg’nv .
Proof (i) uMu*(ué&) = ME, so u& is cyclic and the same holds for un. Since the
commutant of uMu* is uM’u*, the assertion follows. (ii) The proof is standard:
one first proves that S;fg\;",;* = uSg yu™ and then uses the fact that Az, = S¢ | Se .
(iii) In this case, we have that uMu* = M. The thesis follows by noticing that
Se,un = vSg ,v™ and applying the definition of Ag ;. (iv) The statement follows by
(ii) and (iii).

We now use the previous lemma to do some considerations about the relative entropy
between a state ¢ and a state y. Notice that, by the second point of the previous lemma,
in general we have

Smlelly) = Sumu(pullvu). (11

Moreover, in the particular case ¥ = ¢y with U as in the lemma, we obtain that the
relative entropy (10) has expression

S(ellpy) = —(V*E|log A V*E). 12)

Similarly, we also have that

S(eullp) = —(VE|log Az VE). 13)

These two expressions of the relative entropy will be the starting point of a more
explicit formula of the relative entropy.
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L. Panebianco

4 Relative entropy on a half light-ray

We now apply the theory of the previous section in (1 4 1)-dimensional chiral CFT.
In particular, the setting is the following: M is the local algebra A(0, +00), ¢ is
the vacuum state @ given by the vacuum vector 2 and wy is the state associated to
U = V(p) for some diffeomorphism p. We recall that if p = Exp(f) for some real
smooth function f then we have ww sy = wy(p).

We now come back to the real line picture, and we consider a diffeomorphism p in
B(0, 00), so that p(0) = 0 and p’(0) = 1. We also have p(u) — 0 and p’(u) — 1
if 4 — oo. It then follows that V(p) = V(p+)V (p—) up to a phase, where V (p4+)
belongs to A(0, +00) and V (p_) belongs to A(—oo, 0). Notice that the same prop-
erties hold for the map

n=p"" =BExp(—f). (14)

It then follows by the formulas (7) and (13) that

+oo

$(0,+00) (@y(p)lw) = — — uSn(u)du.
12 Jo

Notice that this integral is absolutely convergent, since through the Cayley transform
it reduces to an integral of a bounded function on the upper half circle. To prove this,
one also has to take advantage of the chain rule for the Schwarzian derivative

S(f-9)(2) = &' (@)*Sf(g(2) + Sg(2).

Therefore, integrating by parts we obtain the expression

s _ e [t
(0,+oo)(0)V(p)||w)—ﬁ A u G0 du. (15)

This formula holds if p € B(o0) verifies p(0) = 0 and p’(0) = 1. However, by
an approximation procedure it is proved in [11] that the same formula holds with the
only hypothesis p(0) = 0. The proof is done in the case p = Exp(f) where f has
compact support, but it still works with the hypotheses on p stated above. The proof
is based on the ansatz on the Connes cocycle

(Dwy(p) : Dw) = V(ps -8 - pi' - 8_1)e' D, (16)

with 8, (u) = e~ 2"y and a(r) € R to be determined. This ansatz has been proved in
[11], but we show it here for the sake of completeness.

Proposition 4 If p(0) = 0, with p in B(00), then equation (16) has a solution.

Proof We denote by u, the right-hand side of Eq. (16), with a(¢) to be determined.
Notice that even though p is not globally C!, the combination py - §; - ,0;1 -8y 18
globally C! and so (16) is well defined. Moreover the diffeomorphism o = p, - §; -
,o;l - 8_; verifies @(0) = 0 and o’(0) = 1, so we have that u; belongs to A(0, +00)
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for every t € R. Therefore, the thesis follows if we find a function a(¢) such that u,
verifies the relations

(1) O':;V(p) (x) = urol,()uf, x € A0, +00),
(i) wrps = urol (uy).

Note that the first relation suffices to be verified for x = V(r), with t = Exp(g)
and supp g € (0, 400). Notice also that, since p(0) = 0, we can apply the point (ii)
of Lemma 3. Therefore, by noticing that p - §; o Vrpsp  =py 8- le .
TPt 04" p_zl and by the explicit expression of the Bott 2-cocycle (6) we have

Gty V(@) = V(D)V BV (0)* V(D) V(p)V (87 HV (p*)
= V(o) VEIV(pIHV @OV (e)V @ HV (3 h
=Vipy 8- p3 8 DVEIV@OVETOWipy -8 -p3" - 8-0)*

= w0l (V(T))u}.
7)
We now study the condition (ii). This is equivalent to
at) +a(s) —a(t+s)=0b(t,s), (18)

where
b(t,s) = cB([p+, 81,8 - [p+, 851 - 6,71,

using the usual notation [g1, g2] = g182 gfl & ! for the commutator in a group. We
can rewrite this condition as ba = b, where b is the cocycle operator on the additive
group R. Since there are not non-trivial 2-cocycles on this group, solutions a of (18)
can be found provided that bb = 0, with

bb(t,s,r) = b(t,s) —b(t +s,r) +bt,r+s) —b(s,r).

By using the identity bB(g1, g2, g§3) = 0 one can directly verify this formula (see [11]
for the explicit computation). This concludes the proof.

Remark 5 Notice that the proposition can be easily adapted to a generic bounded
interval (a, b) of the real line, provided that p(a) = a and p(b) = b.

We now notice that if p is in B(c0) then pt is still in B(co) for each translation .
It then follows that, defined 7 (1) = u + p~'(0), we have that pt fixes zero and by
the SL(2, R)-invariance of the vacuum state we also have that wy (,) = wy(p)v(z) =
vy (pr)- This implies that the formula (15) still holds without the hypothesis o (0) = 0.
Now we notice that, by considering «(¢) = u — t we have by (11) that

c [t ' (w)\*
Stt,400) @y (p)ll©) = S0, +00) (@V(@p)llw) = ﬂ/t (u—1) (77’(“)> du. (19)
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We can also provide a formula for the relative entropy given by exchanging the two
states. Indeed, if as above we use the notation n = ,0’1, then we have

S(t,+00) (@llwV (p)) = S(1), +00) (@v (i ll@). (20)

We summarize the previous results in the following theorem.

Theorem 6 Let p be a diffeomorphism in B(00), e.g., p = Exp(f) where f is a real
smooth function on the real line such that f(u) — 0 and f'(u) — 0 ifu — oc.
Define n = p~\. Then the relative entropies of the correspondent state are finite and
given by the formulas

c [T n" (u)
S(t.400) (@V (p) @) = 24 / @=1 (fl (M)> .

c [+ . 0" () 2
S(t,400) (@]l@y (p)) = 51 /7 ([)( —p (t))<,0’(u)> du.

Corollary 7 The states of Theorem 6 verify the QNEC inequality [6], namely the func-
tion S(t) = St +o0) (Wv (o) ll@) satisfies S"(t) > 0, since

4 t
) = ( n'( >>
n'(1)
Now we study the derivatives of S,(t) = S, +00)(@|wy (p)). Clearly S,(o(t)) has
negative derivative and so S, (¢) is decreasing since p is increasing. In particular, we

have
, homy P )
Sp(p()p' (1) = <p (u)) u,
” , c p”(l‘) ”
Spp)p' 0 = 2 (p (t)) = S, (p)p" (1) @

IR AOY VO /+°° (p”(u))2 i
24 p'(1) \ p'() i p'(u)
In this case, we can notice that the relative entropy is convex in the average, that is if
p = Exp(f) and [a, b] contains the support of f then

b ” 2
t
/ S”(t)dt ¢ ('O ( )> du >0,
a 24 p'(t)
where this identity follows from (21) and from the fact that p () = u outside [a, b].

However, in this case the second derivative is not always positive, as shown by the
following counterexample.
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4.1 A counterexample about the second derivative
Let us consider the function

—nm/2<x<m/2
otherwise ’

1
fx) = { 1+tan(x)?
0

This is a C! function with compact support and smooth except that on the points
£ /2. We now compute its exponential map p. Clearly p(u#) = u outside the interval
[—m/2, /2], so we can suppose u € (—m /2, w/2). Notice that Eq. (5) can be seen as
a family of Cauchy problems

d
5p”(t) = f(p"(®), p"©0) =u,
with p (1) = p;(u). If f(u) # O then p“(t) = Fu_l(t), with
Fo(s) = /u ' % — tan(s) — tan(u). 22)

It then follows that p;(u) = F, Y(r) = arctan(tan(u) 4+ ¢) and hence p(u) =
arctan(tan(u) + 1). In particular, we have p” (0)/0’(0) = —1. Moreover, by numerical

integration one obtains that
/2 1 2
/ <'°,(”)> du ~ 1.4,
0 p'(u)

Therefore, by (21) we obtain

S;)’(n/4)/4 ~ —c/60,
as announced before.

4.2 A characterization of the first derivative

In this subsection, we give some insights on a variational characterization of the first
derivative of the relative entropy.

Definition 8 An inclusion of von Neumann algebras N € M is called a half-sided
modular inclusion if there is a common cyclic and separating vector 2 € H such that

AGSUNAG SN, 5=0.
From this minimal assumption, one can derive the following. Let P be the closure of
1
P = g(log Aq N —log Ag Mm). (23)
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Then P is a self-adjoint positive semi-definite operator. For further properties of the
half-sided modular inclusions, see [6] and references therein.

Theorem 9 (6] LetN C M be a half-sided modular inclusion. Set w(-) = (2| - Q)
and M, = "' Me™'P with P given as in (23). Consider a state \r such that

(WIPY) < F00, S(t) = Sm,(V]w) < +o0, 1 = 1o,

for some t > ty. The derivative of S(t) exists almost everywhere for t > ty and can be
calculated using the expression

—8'(1) = igf2ﬂ(¢lp¢),

where the infimum is taken over all vector states ¢(-) = (¢| - @) such that (p|Pp) <
100, 9Im, = Vm, and Sy (@llw) < +o0.

Here we briefly verify Theorem 9 for the unitary states considered above in the
Virasoro net. In this case, the half-sided modular inclusion is given by the von Neumann
algebras M; = A(t, +00) and the operator P is the generator of translations

+00
P = / O (u)du.

—00

Consider now S(t) = S(/,+00) (¥ lw), with ¥y = wy () as in Theorem 6. Denote by
I(¢) the infimum on the right-hand side of Theorem 9. By Theorem 6 we have that
—8'(t) = 2w (Y| Py), thus —S’(¢r) > I(t). Conversely, if ¢ is a state verifying the
conditions of the infimum 7 () then by applying Lemma 1 of [6] we have the estimate

Syt +h) — Spt) — (Sp(t +h) — Sg(1))
h

27 (| P) = hlir](r)1+ > —5'@),

where Sy (1) = Sam, (¢]|w) and §¢ (1) = S (@llw). We have applied monotonicity to
§¢ t+h) > §¢, (¢). Therefore we have I(t) > —S'(z), and this proves the assertion.

5 Relative entropy on a bounded interval

In this section, we compute the relative entropy between the vacuum state w and a
unitary state wy ,) on a bounded interval.

First of all, we notice that the dilation operator on a bounded interval I = (a, b)
can be computed as D, ) = O (D(q4,p) (1)), with

1
D, py(u) = m(b —u)(u —a).
Consider a diffeomorphism p in B(0o0). We proceed by cases.
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A formula for the relative entropy in chiral CFT

Suppose that p belongs to B(a, b), that is p fixes a and b and has unital derivative
in such points. As in the case of the half-line, we have that V(p) = V(po4+)V (p-)
up to a phase, with V(o) in A(a, b) and V (p_) in A(a, b)'. Therefore we can take
advantage of the formula (12), and integrating by parts we obtain

c b p//(u) 2 c b , p//(u)
Swmwwwwm)=51f D@mw>(ﬂw))du+15/'Dw@un(;z5>du

c [ 0" )\ c/6
= — D d
2 ), Pent® (p/(u) ) S

Now we generalize the previous equation to the case in which p’(a) and p’(b) are
generic. Given r > 0, consider the sequence of functions

b
/ log o’ (u)du.
a

hn () = (nlogr)~'(e"0en™ _ 1), (24)

Notice that h,(0) = 0, h,(1/n) — 0if n — 400, h),(0) = 1 and h),(1/n) = r.

Notice also that 1 2 2
n h” 1
| ( "(u)) au = 1o8"° 25)
0 hy, (u) 2

If we denote the function (24) by hl, and we set r, = p’(a), rp = p’(b) then we
can define

hlu) =a+hew), h>w)=b—h>@b—u).

We now consider the following maps: given to intervals [a, b] and [c, d], let g[[ZZ} (u) =
mu+-q be the affine function mapping [a, b]to [c, d].Ifa,, = a+1/nand b, = b—1/n,

then we define
1 [hh@@w).h2 b)) 2 _ [ab]
8n = 8la,b) + 8n = 8lay. by

Finally, we consider the following sequence of functions:

u u<a,u=>b
) a<u<a,
u) = ® - -
D=1 olog2w)  ay <u<b,
hy () by <u<b

Up to mollify a bit p, in a, and b,,, we have that p, is a sequence of C ! functions such
that p;,(a) = p;,(b) = 1. Moreover, by (25) one can notice that

b ) )
D (logra)” + (logrp)
/ (a,b)y(W)Sp, (w)du — — gra g7

b
4 +/ Da,p)(u)Sp(u)du. (26)

Now we arrive to the crucial point of the proof. The idea is to approximate
Sia,py(@llwy (py) With S p) (@|lwy(,,)), since for the functions p, formula (5) holds.
Unfortunately, the relative entropy does not behave well in the limit. However,
by studying the Bott 2-cocycle (6) it is shown in [11] that S ;) (w|lwy(s)) and
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lim,, S(4,p) (wllwy(p,)) are both solutions of an equation whose solutions are unique
up to a constant term m,. More precisely, this term depends only on the derivatives
rqa = p'(a) and rp, = p’(b). Therefore by (26) we obtain that

b " 2 b
c o (u) c/6
S(a,p)(@lloy(p) = v(ra, rp) + ﬁ/a D4 by (1) (p,(u) ) du + b—al, log p’ (u)du
for some function v(r,, ) which we are now going to prove is zero. To do this, we
will construct sequences of functions p, with the same derivatives as p at u = a and
u = b. For simplicity we consider (a, b) = (0, 3). The general case will follow by
covariance, that is by noticing that

Sa.by@llwv ) = S0,3) (@loygpe-1)),

with o(#) = cu + d in the Moebius group mapping (0, 3) in (a, b).
We start by proving that 0 < v(rp, r3). Given r > 0, consider the sequence of
functions

1
on(u) = - O(g/ 3 [(u + l/n)log(n/r)/log(n) _ (l/n)log(n/r)/log(r)] (27)

We notice that ,,(0) = 0, 0,(1 — 1/n) = lofgo(i;lr) (1—%) — 1andalso o, (1 —

1/n) = 1. If we denote the function (27) by o, , then we define

) O<u<l—1/n
) =1{3-0B—u) 24+L1<u<3 |
V(1) 0therw1se

with y, a smooth function such that p, is C'. Moreover, since p,(1 — 1/n) — 1
and p,(2 + 1/n) — 2, then we can suppose that y,, converges uniformly with its
derivatives (up to the second order) to the identity function on [1, 2]. In particular we
can suppose that

2+1/n
/ pp(w)du — 0 ifn — oo.
1—1/n

Therefore, by the positivity of the relative entropy we have
¢ 3 d 3
0=<v(ro,r3) + ﬂ/ D(o,3)(u) ( log p,l(u)> du+ — 18 / log py, (u)du
1-1/n 2 3
- v(ro r’;) T i log ro / D(0‘3)(u)d:l + 10g r3 / D(0,3)(u)du .
24 logn 0 (u+1/n) logn 241/ B—u+1/n)

i ¢ [logrg ‘/'1*'/" du +logr3 /3 du
18 | logn Jo u+1/n - logn Joyim G—u+1/n)

— v(ro, r3),

where ~ means the equality up to a term going to zero. This proves that v > 0. Now
we prove the other inequality.
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Given r > 0, consider

(28)

L) = ! + /u expl(logr)(ns + 1)1/"]ds.
n —1/n

Notice that ¢,(—1/n) = —1/n, ¢,(—1/n) = 1 and £,(0) = r. Notice also that
£:(0) — 0 and < log ¢, (u) = (logr)(1 + nu)'/"~!. Always in the case I = (0, 3),
if we denote the function (28) by ¢, then we can define

)
on" () + ¢y
3—0P@—u)+d,
3—°(B—u)

Y (1)

Pon(u) =

—1/n<u<0
O<u<l-1/n
24+1/n<u<3,
3<u<3+4+1/n
otherwise

with y,, ¢, and d,, such that p, is C!. Notice that ¢, — 0 and d, — 0, so that we can
suppose that y,, () — u in [1, 2] as before. Moreover, if we mollify ¢, at u = O then
by monotonicity we get

S0,3) (@llovp,)) < S—1/n,3+1/n) (@ll@y(p,))- (29)
Notice that on the right side of (29) the term v(rg, r3) does not compare. Therefore,
up to a term going to zero we have

oury) < 1y + =10
v(ro,r3) < — s
O =0am T 3 om "
with

0

I, =dn(10gr0)2/ (1 +nu) 2=y
—1/n
3+1/n

+ d, (log r3)2/ (1 4+nG —u)20-1mqy,
3

3+1/n

0
J, = (log ro)/ (1 + nu)"/"du + (log r3)/ (1 +n@—u)/"du.
—1/n 3

But by direct computation and by the estimate D(_1/,,3+1/n)(#) < u + 1/n one has
that I, — O and J, — 0, and so v(rg, r3) < 0, as required.
We can then conclude with the following formula: if p(a) = a and p(b) = b, then

" (u)
P’ (u)

c (b 2 c/6 (b ,
Sea.b)(@lloy ) = 2 Da,p) (1) du + b a log p'(u)du (30)
a a

b
Cc
Dia,p))Sp(u)du + - log p'(a)p'(b),

12 J, G
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where the second expression is obtained by integration by parts. This expression
allows us to compute the relative entropy with switched states. Indeed, if we consider
a transformation « in the Moebius group such that no fixes n(a) and n(b), then we
have

S(a,by @y lw) = Sya,p) (@llovae) = Syap (@llovage)). (32)

and the formula above applies.

Therefore, to generalize the formula (31) to a generic diffeomorphism p in B(00), it
suffices to explicitly find a diffeomorphism « in the Moebius group such that pa(a) =
a and pa(b) = b. By direct computation one finds the following result.

Theorem 10 Let p be a diffeomorphism in B(00), for example p = Exp(f) where
f is a real smooth function on the real line such that f(u) — 0 and f'(u) — 0 as
lu| — oo. If (a, b) is a bounded interval, then

p~L(b)

S ollw =——
(a,b) (@l (p)) 2)

D14,y Sp(u)du

C , -1 , -1 C
+ —logp (p~ (a)p'(p~ (b)) + — log

12 12

(p—la»-—p—1@0)2
b—a )

1

Similarly, by applying n = p~' we have that

b
C
S(a,by(wy (p)llw) = _E/ Da,pySn(u)du
a

Co ¢ (nb) —n@)?

6 QNEC and Bekenstein Bounds

We now apply the previous formulas to verify some conditions expected to hold in
QFT.

Consider the state w - O, with ®(-) = V(p)* - V(p). Notice that the conjugate
charge of 7(:) = V(p) - V(p)* is T = ®,: the conjugate equation is trivially satisfied
and d(t) = 1. Since the positive generator of translations is

+00
H =/ O(u)du,
—00

then the mean vacuum energy of the representation t is given by

E=@Q|V(pHV(p)*Q)

c —+o0 <,0”(u)>2 (33)
= — du.
B J oo \p'(u)
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Before proceeding, we do the following remark: if y is an orientation-preserving
diffeomorphism fixing a and b, then by the Jensen inequality

1 b 1 b
—/ log ¥’ (u)du < log —/ y'(w)du ) =0. (34)
b—aJ, b—aJ,

We now want to estimate the relative entropy

S(r) = S—r,n(wlwyp)).

To this purpose, we notice that if @(u) = cu + d is a Moebius transformation such
that a¢p (£r) = £r then by (30) we have that

c (" P\
Sr) < ﬁ/;r D~y ry(u) <;0/(M)) du,

and so as before we obtain

Sc—rn(wloyp) <nrE,

which is related to the Bekenstein Bound [16]. B
Similarly, we now verify the Bekenstein Bound for S(r) = S, ») (v (p)llw). We
denote by E the mean vacuum energy in the representation 7, that is

_ +oo " 2
E= @V HY (0D = (’Z]((;‘))) du, (35)

If «(u) = cu + d is a transformation in the Moebius group such that no fixes n(£r),
then by (32) and (34) we have

_ cr 7 (0" (w) 2
Sr) < Ty ) du. (36)

Therefore, by the identity (35) we have

S’(r) <nrE.

We can also notice that the QNEC [2] is verified with an equality: if by S(¢) we denote
the relative entropy (19) and

’

t 1

2 /
_ E(t,t
du, E(t) = lim @.7)
24w J, t/

-t t'—t

then we can notice that the QNEC E(r) > S”(¢)/2n holds with the equality
n 1 /!
E(t)y=—8"()>0.
2
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7 A remark about the extensivity

It can be easily noticed by the formulas given above thatif Sy = S;(w r||w) for some
interval I, then S¢, 15, = Sy + Sy, if the supports of f1 and f> are disjoint (up to a
set of zero measure). Clearly if the supports are not disjoint then this fact is not more
true. Therefore, if we define Sy (1) = S¢, +00)(@y () [lw) then we will have

S+ =S50+ Sp () +5:(f1, f2)

for some term s;(f1, f2). In this section, we give an estimate of s;( f1, f>).

Let [a1, b1] and [az, by] be the supports of f1 and fr, with by < b;. Clearly
s:(f1, f2) = 0ift > by, since for such values of r we have that f; does not contribute
to the relative entropy. So we can suppose ¢ < by.

Before proceeding we make a general remark. Consider a real function f with
compact support. We recall that if f(u) # O then the exponential flow p;(u) of f is
obtained by inverting the function F;, (s) defined in (22). Then by deriving the relation
t = F,(p;(u)) with respect to the variable u we have

_ S (pe(u))
Oy pr(u) = W 37

Deriving again and applying the obtained formulasto p_; = p~! = pand f = fi+f>

one obtains ,
n 7] 7)
= = I +8(f1, f).

n 771 772
with
8(f1, )w) = f'(mw) — fimi ) — fr(n2(u)).

Notice that if supp f1 U supp f> < [a, b] then

18Cf1, f)lloo < 10 —al - /"o + 16— al - 1|3 lloo-
We use this fact to estimate

*© 4 1 ( )
;—4/ = D3(f1. f2du = 2 (1 llso + 17 loe)” (b — @ === = o).

Moreover, by applying Cauchy—Schwarz with respect to the measure (1 — ¢)du on
(t, +00) we have

/ (u —t) ,( )5(f1,f2)(u)du<—2 Sg (eo(t) = € (1),

fori = 1, 2. Always by Cauchy—Schwarz we have

/ =0T = 2,[51,05,0) = €500,
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and therefore, we can conclude that |s;(f1, f2)| < €(¢), with

€(r) = eo(1) + €1(1) + €2(1) + €3(1).

We conclude by noticing that, since S, (t) vanishes with its first derivative at t = by,
then €(t) < C(by — t) for ¢t near to by for some C > 0.

Acknowledgements I deeply thank Roberto Longo for suggesting me the problem and for the encourage-
ment, and Yoh Tanimoto and Simone del Vecchio for useful comments.
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