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1. INTRODUCTION

;:introduction|

In the last years, the mathematical modeling of the electrical activity of the heart
was a topic of major interest in biomedical research. A better understanding of the
complex bioelectrical processes involved in the activity of the heart is a key issue in
order to find new drugs and diagnostic techniques, being well-known that a huge part
of the heart diseases is produced by some disorders of its electrical activity.

One of the most well-known mathematical models in cardiac electrophysiology is the
so-called bidomain model (see, e.g., [13, 22, 23| and the references therein; see, also,

the references quoted in [14, Introduction]). In this model, at a macroscopic scale,
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the electric activity of the heart is governed by a system of two degenerate reaction-
diffusion partial differential equations for the averaged intra-cellular and, respectively,
extra-cellular electric potentials, along with the transmembrane potential, coupled in
a nonlinear manner to ordinary differential equations describing the dynamics of the
ion channels. In such a model, the cardiac tissue is represented, at a macroscopic
scale, despite its discrete cellular structure, as the superposition of two continuous
media, called the intra-cellular and, respectively, the extra-cellular domain, coexisting
at each point of the heart tissue and connected through a distributed continuous
cellular membrane.

Several ionic models are considered in the literature for describing the cellular mem-
brane dynamics, starting with the famous Hodgkin-Huxley formalism and continu-
ing with more and more complex models (see, for instance, [14, 17, 18, 22]). The
well-posedness of the bidomain model has been studied, for different nonlinear ionic
models and by using different techniques, by several authors (see, for instance,
6, 11, 24, 26, 28]).

The bidomain model can be obtained from a corresponding appropriate microscopic
one by homogenization techniques (see, for instance, [2, 3, 5, 11, 14, 19, 23, 24, 27])
Despite the fact that the bidomain model is widely recognized as being the standard
model used in cardiac electrophysiology, it has some limitations (see [11, 16]). In
particular, the bidomain model is suitable for describing the propagation of the action
potential in a perfectly healthy cardiac tissue, but it is no longer valid (even if one tries
to ad-hoc modify some of its relevant modeling parameters) in pathological situations,
in which the heart contains electrically passive zones of fibrotic tissue, collagen or fat,
as observed for instance in scars, inflammations, ischemic or rheumatic heart diseases,
etc. Thus, it is important to find a suitable mathematical model that accounts for
the presence of pathological zones in the heart. Such a model was proposed in
(7,9, 15, 16, 30]; it takes into account the presence in the cardiac tissue of damaged
zones, called diffusive inclusions and assumed to be passive electrical conductors.
From a mathematical point of view, we have a bidomain system coupled with a dif-
fusion equation. More precisely, the model consists of a degenerate reaction-diffusion
system of partial differential equations modeling the intra-cellular and, respectively,
the extra-cellular electric potentials of the healthy cardiac tissue, coupled with an
elliptic equation for the passive regions and with an ordinary differential equation
describing the cellular membrane dynamics. Such a model arises also in coupling the
torso and the heart (see, e.g., [7, 10, 28]).

We point out that in all the above mentioned papers a perfect electrical coupling
between the healthy part of the heart and the damaged tissue was assumed. More
general coupling conditions were proposed in [10] and investigated through numerical
simulations in [8, 30], in order to take into account the possible capacitive and resistive
effects of the surface of the diffusive inclusions . However, up to our knowledge, there
are no rigorous proofs in the literature covering such results.

The goal of the present paper is to study the well-posedness of such a modified
bidomain model. We include the structural defects of the heart tissue in this model,
by coupling a standard bidomain system in the healthy zone with a diffusion equation
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posed in the damaged part of the heart, through non-standard imperfect transmission
conditions (see equations (2.16)—(2.21)).

In order to describe the dynamic of the membrane, one can use a physiological ionic
model or a phenomenological one (see, for instance, [14]). In this paper, the dynamic
of the gating variable modeling the ionic transport through the cell membrane is
described with the aid of a Hodgkin-Huxley type formalism. We can also include in
our analysis the modified Mitchell-Schaeffer formalism proposed in [16] (see Remark
2.2).

We point out again that our model generalizes the modified bidomain model with
diffusive inclusions and perfect transmission conditions considered in [16, 17], the
original model being recovered by suitably rearranging the parameters appearing in
equation (2.21).

The mathematical problem we address here is rather non-standard and, up to our
knowledge, the proof of its well-posedness is new in the literature and generates diffi-
culties due to the degeneracy of the bidomain system and its non-standard coupling
with the diffusion equation.

Our main result is contained in Theorems 3.4 and 3.6, where the leading idea is to
reduce the problem to an abstract parabolic setting (see [12, 25]). This requires to
introduce several auxiliary differential systems and a non-standard bilinear form (see
Proposition 3.3).

The problem proposed here can be seen as a mesoscopic model which will be analyzed
in the homogenization limit in a forthcoming paper.

The paper is organized as follows: in Section 2, we introduce the mathematical
description of our modified bidomain model, together with its geometrical and func-
tional setting. In Section 3, we state and prove our main result.

2. THE MODEL

2.1. Geometrical setting. Let N > 3. Let {2 be an open connected bounded subset
of RV: we assume that 012 is of class C*, though this assumption can be weakened.
Moreover, for T' > 0, we set 2p = 2 x (0,T). We assume that 2 = QP U P U,
where 27 and 27 are two disjoint open subsets of 2, and I' = 92PN 2 = 02N 1.
The domain (2 is occupied by the cardiac tissue, QF represents the healthy part of the
heart tissue, modeled with the aid of a standard bidomain system, Q¥ represents the
diffusive region, accounting for the damaged part of the heart, and I' is the common
boundary of these two regions, assumed to be Lipschitz. From a geometrical point of
view, we assume that Q7 is connected, while QP might be connected or disconnected.
Indeed, we will consider two different cases: in the first one (to which we will refer
as the connected/disconnected case, see Fig.1 on the left), we will assume 2P cC 12
and 27 is made by a finite number of connected components. In this case, I" = 92
and 9028 N o +# 0.

In the second case (to which we will refer as the connected/connected case, see Fig.1

on the right), we will assume that both 27 and 27 are connected, with 028N # ()
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FIGURE 1. On the left: the connected/disconnected case. On the
right: the connected/connected case.

and 92 N 912 # (. Finally, let v denote the normal unit vector to I" pointing into
28,

In the following, by v we shall denote a strictly positive constant, which may depend
on the geometry and vary from line to line.

2.2. Functional spaces. Let us introduce the following functional spaces:
H! ,(927) = {we H'(2P) :w=0on 9025 N9, in the sense of traces};
H)y(02F) :={we H'(2") : w=0o0n 2P N2, in the sense of traces}; (2.1)
HY*(I,02) = {r € HY*(I') : 7 = 7., with 7 € H}(22)}.

null

Notice that Hé/ (I, ©2) is a Hilbert space and, in the connected/disconnected case,
Hy*(I, Q) = HYX(I') and H},,(27) = H'(2P).
We also set
W= H' (0% x HY*(I,0Q);  H:= L*02%) x L}(I), (2.2)
where H is endowed with the scalar product
((w,r), (w,s)), = /w@dx + a/rs do, (2.3)

ns r

where o > 0 will be the constant appearing later in (2.21), and W is endowed with
the scalar product

((w,r), (w, s))W = / Vw - Vwdz + (r,5)1)2, (2.4)
0B

where (-, )12 is the standard scalar product on HY/2(I).
Moreover, we define the space

X2)={W: 2R : W 5 € Hyu(27), Wb € Hpyu(27)} (2.5)
4
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endowed with the norm
||W||§col((z) = VW[ T20my + WV o). (2.6)

We recall that 0028 N 042 is always non-empty, while 9£2” can intersect or not the
boundary of {2, depending on the geometry. For W € X (£2), we have the following
Poincaré inequality (see [1, Proposition 2]):

IWI3aay <7 (IVWBaas) + IVWIaon, + IDMZan) - (27)

where [W] =W, . —W,_, and the last term is not necessary in the connected/connected

case. Therefore, an equivalent norm on X (§2) is given by
W) ~ IVWIZ2) + DMy (2.8)
again, the last term can be dropped in the connected/connected case.

2.3. Position of the problem. Let a, 3 be strictly positive constants and o2, 02, o

be measurable functions such that vy < oB(x), 08 (z), 0P (z) < Fp, a.e. in £, for suit-

able strictly positive constants ~g,75. The assumption that of o2 P are scalar
functions is used only in Section 3. Removing this assumption is not trivial. If we

want to consider general bounded and symmetric matrices satisfying

Yl¢|? < oB(2)¢ - ¢ <Al for every ¢ € RY and a.e. z € 027;
YlC]? < o2 (x)¢ - ¢ < Fol¢f, for every ¢ € RY and a.e. z € 27, (2.9)
Yl¢|? < P ()¢ - ¢ < FolC)?, for every ¢ € RN and a.e. x € 27,

we have to require some other structural hypotheses as in [11, Lemma 1] and [21,
Formula (1)] (see, also, [7] and [17]).

Let us consider a globally Lipschitz continuous function ¢ : R?> — R, such that
g(p,1) > 0 and g(p,0) < 0. The example we have in mind here is a function of the
form

9(p,q) = a(p)(g — 1) + b(p)q, (2.10)

where a,b : R — R are positive, bounded and Lipschitz functions. Notice that the
form of ¢ in (2.10) is classical in this framework (see, for instance, [28]) and that g is
Lipschitz continuous with respect to p and affine with respect to g. Let [, : R? = R
be given by

Lion(p, @) = ha(p) + ha(p)g. (2.11)

where hq, hy are Lipschitz continuous functions and hs is bounded. Clearly, there
exists a positive constant +; such that

[ Lion (1, @1) = Lion (P2, @2)| < Vi(|p1—p2|+|01—q2]) V(p1, 1), (p2, q2) € R*. (2.12)
Let w, € L®(028), with 0 < w,(z) < 1 a.e. in 28 and p € L*(2F). Consider the
gating equation

Oy, + g(p,Wp) =0, in OF; (2.13)
wy(,0) = Wo(2), in 27, (2.14)
5
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Notice that, by classical results, the previous problem admits a unique solution w, €
H(0,T; L*°(£2%)) and, from our assumptions, 0 < w,(z,t) < 1 a.e. in 2%, since
0 < W,(z) <1ae. in 28 (see [20]).

Moreover, from the previous assumptions, we can prove that there exists a strictly
positive constant vy such that

H[ion(plv ﬁjpl) - ]ion(p27 wpz) HLQ(QIE) S fVIle - p2HL2(Q$) 9 (215)
due to the Lipschitz dependence of w, on p.

We give here a complete formulation of the problem we shall address in this paper.
The operators div and V act only with respect to the space variable x.

Let f1, fo € HY(02F), vy € L*(027), sy € L*(I') and consider the problem for u?, uZ €
L*0,T; H ,,(28)),uP € L2(0,T; H! ,,(27)) and w € H'(0, T; L>(£27)), given by

0 _ :

E(uf —ud) — div(oPVul) + Lon(ul —ub @)= f1, in 22 (2.16)
0 . .

a(u? —ud) + div(e¥Vud) + Lon(uf — uf, )= fo, in 28 (2.17)
— div(e?VuP) =0, in Q8 (2.18)
oPVul v =0, on I'r; (2.19)
oPVuE v =oPVuP v, on Ir; (2.20)
aa(uf —uP) + B(uf —uP) = P Vul - v, on I'r; (2.21)
ul (x,t),ud (x,t),uP (2, t) = 0, on 02 x (0,7); (2.22)
uB(2,0) — ub(2,0) = (), 0% (223)
uf(z,0) — uP(z,0) = so(x), on [, (2.24)

where @ is the solution of the gating equation (2.13), (2.14), with p = uf — uZ.

Remark 2.1 (Biological interpretation). The previous system of equations represents
the coupling of a standard bidomain model in QZ, for the intra and the extra-cellular
potentials u? and uZ of the healthy zone, with a Poisson equation in the diffusive
part QP for the electrical potential u” of the damaged zone. The function uf — u?
is the so-called transmembrane potential. The sources f; and f; are the internal
and the external current stimulus, respectively. The coefficients o2, 02 and o are
the conductivities of the two healthy phases and of the damaged one, while o and
[ are given parameters related to the capacitive and the resistive behaviour of the
interface I'. We point out that for the intra-cellular potential u” we assume no
flux condition on I" (see (2.19)), while the extra-cellular potential uZ is coupled
with the electrical potential u” of the damaged zone through non-standard imperfect
transmission conditions (see (2.20) and (2.21)). Our system is completed with suitable
initial and boundary conditions. The variable w, called the gating variable, describes
the ionic transport through the cell membrane. The terms g and I;,, are nonlinear

functions, modeling the membrane ionic currents.
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For simplicity, we consider only one gating variable, but our results hold true also for
the case in which the gating variable is vector valued. 0

Remark 2.2. Different examples of functions [, and g are considered in the liter-
ature. We consider here a Hodgkin-Huxley type model (see (2.10), (2.11)), as in
[4, 14, 28]. However, we point out that the results obtained in this paper are also
valid for a regularized version of the Mitchell-Schaeffer model proposed in [16] (see,
also, [15, 17]). O

By standard approximation procedure, multiplying (2.16) by v, (2.17) by u&, (2.18)
by u”, subtracting (2.17) from (2.16), adding (2.18), integrating by parts, using
(2.19)-(2.24), (2.11), (2.12), (2.15) and moving the integral containing I, to the
right-hand side, we get

1
5/(w?—uz) (z, T)dx—l—/J{B|Vuﬂ2d:cdt+/UQB\VUQBFdxdt
o8 op or
+ /0D|VuD|2dxdt+%/(u2B —uP)?(z,T) do(z) —l—ﬁ/(uf —uP)?(x,t)do(z) dt
nR r I'r
1
= /(flu{3 — foud) dz dt + 2/ v () dx+%/s§(:p) do(x)
0B 0B r
- /Iion(ulB _u2Bvr&7)(u1B _u2>dxdt
7
< [l — faud) dodt 45 ([0l ) + 50l
7
—/(Lon(uf uf,ﬁ?)—[ion((),wo))(ul —uf)dz dt
7

— /Iion(O,wo)(uB —u¥) de dt

QB

< V(1fillZ0m) + £l 720 + [P0l T20m) + S0l Z2(ry + 1)
(

)
+ 5 (IVer o) + VU272 (0p)) + VlIud = w272 gge)) (2:25)

where v and § are positive constants depending on 7o, &, vr; Yo, V£, Va, and the geom-

etry, 0 can be chosen smaller than min(o?, 0%), and we have also applied Poincaré’s

inequality to u? and uf. By absorbing into the left-hand side the first two terms in

the last line of (2.25) and using Gronwall’s inequality, from the previous estimate,
7
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we obtain

sup /(u?—uf)z(x,t)dx%—/|Vu?|2dxdt+/|Vu2B|2d:):dt+/|VuD|2dxdt
)
0 0 0P

te(0,T
NnB

+ sup /(uf —uP)?(z,t)do() +/(u2B —uP)?(z,t)do(z) dt

te(0,T)
r rr
< Y(AllZ20my + 12072008 + [TollZ2(@n) + S0l 2y +1) - (2:26)
Proposition 2.3. Under the assumptions stated above, problem (2.16)—(2.24) and
(2.13), (2.14) admits at most one solution.

Proof. Assume that (u?,u? ,_uD ,w) and (aP,u,uP, w) are two different solutions of
problem (2.16)-(2.23), with w being the solution of (2.13) and (2.14), corresponding

_ =B _ =B : B._,B_ =B ,B._,B_ =B D._ ,D _ =D
top—ul—u2.Settmgvl:ul—ul,v2 = uy —uy; and v = u’ —u", we
obtain that vZ v8 vP W and w solve the system

a B B d Bv B [ B B ~ ] —B —B ~ _O : QB’
a(% —vy) = div(oy Vuy') + fion(w” — ug', 0) — Lion (U7 — Uy, w) =0, in £27;

0 . — .
— (0B — B + div(ePVuB) + I, uB—uB,w — Loy (@ -8, @ =0, in QD;
1 2 2 VU 1 2 1 2 T

ot

—div(ePVoP) =0, in 2F;
alBVle-l/:O, on [7;
oPvul v =oPvoP .y, on I'r;
@S (W o)+ B — oP) = B VP v, on I
vl (z,t), v8(2,1), v (x,t) = 0, on 002 x (0,7);
vP(z,0) — v (z,0) =0, in 27,
vy (2,0) — v (x,0) =0, on [

Reasoning in a similar way as done for (2.25), i.e. by multiplying the first equation
by vE, the second one by vZ, the third one by v, subtracting the second equation
from the first one adding the third one, integrating by parts, using the remaining
equation of the previous system moving the integral containing [;,, in the right-hand
side and using Hoélder inequality, we get

sup /(U{B—vff(x,t)dx%—/|VUIB|2dxdt+/|VU2B|2dxdt+/|VUD|2d:)3dt
0 0 0P

te(0,T
0D J,

+ sup /(UQB —vP)2(z,t) do(z) + /(UQB —vP) (2, t) do(z) dt
te(0,7)
r Ir
< ion(ut’ =g, @) = Tion (@ =3, @) || 202y 07 =02 | 2y < Vllvr =02 17208y »

8
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where, in the last inequality, we used (2.15). We can conclude by using Gronwall
inequality:. 0

Notice that, by setting V = uf —uf U = uf ae. in 28, U = uP ae. in 2P,
and denoting by [-] the jump across I' of the quantity in the square brackets, i.e.
U] = uf —uP and [oVU - v] = (68Vuf — 0PVuP) - v, the previous system can be
written in the more convenient form

ov

o div(oPVV) + L (V,w) = fi + div(e7 VU), in 25 (2.27)
—div((of 4+ 05 )VU)=f1 — f2 + div(e7 VV), in 22 (2.28)
—div(e”VU) =0, in Q8 (2.29)
oPV(V +U) v=0, on Ir; (2.30)
[oVU -v] =0, on Ir; (2.31)
a%[U] + BlU] = o5 VU - v, on I'r; (2.32)
V,U =0, on 02 x (0,7); (2.33)
V(z,0) = vy(x), in 25 (2.34)
[U](z,0) = so(x), on [, (2.35)

complemented with the gating problem (2.13), (2.14), where again u —u# is replaced

by V. Clearly, V € L*(0,T; H} ,;(£27)) and U € L*(0,T; X} (£2)). We remark that,
since F' is Lipschitz, the composed function I, (V,w) is also a Lipschitz function
with respect to V.

The weak formulation of the previous problem is given by

—/V&WB dxdt+/alBVV~VgoB dxdt+/alBVU~VgoB—|—/Lon(V, w)pp dr dt
0F 0F 0F 0f
+/(alB+UQB)VU-V<p}3dxdt+/alBVV-Vap}:,dxdt
0F 0F

+/UDVU~Vg02Dd:cdt—a/[U]@t[goD]dadt+BF/[U][<pD]dadt

0P I'r

= /fl(deLUdt+/(f1—fQ)(pdeL’dt,—i—/@0@3(0)d1’+0&/80[§0p](0)d0’ (236)
nB

T 7 28 r
for every ¢p € L*(0,T5 H,,(27)) N H'(0,T; L*(27)), ¢p € L*(0,T; H,,,,(27)),
vh € L*(0,T; Hy,,(27)), and [pp] € H'(0,T L*(I)), with ¢5(T') = 0 and [p](T') =
0. Here, [¢p] = ¢} — ¢% on I

9
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Clearly, by (2.26), we get the following energy inequality:

sup /V2(x,t)d:)s+/|VV+VU|2da:dt—|—/|VU|2dxdt
te(0,T)
0 0B

B Q?
+/|VU\2dxdt+ sup /[U]2(x,t)da+/[U]2dadt
)
QD

te(0,T
r I'r

<7 (||f1||2L2(Q$) + ||f2||%2(97€) + [ Toll72(my + IsollZ2(r) + 1) , (2.37) |eq:energy3

where v depends on 7,77, @, 3, and the geometry. Notice that, by (2.37), it follows
also that

/ |VV|2d:£ dt <~ <||f1||%2(QTB) + ||f2||igm$) + ||50||%2(QB) + ||SO||%2([‘) + 1) . (2.38) |eq:energy4

B
QT

- 3. WELL-POSEDNESS

In this section, we first prove the well-posedness of the problem (2.27)-(2.35) cor-
responding to li,, = 0; then, the complete problem will be treated as a nonlinear
perturbation of this case (see, for instance, [12, 16, 20, 25]).

In order to prove existence and uniqueness for the linear problem, we will consider
it in an abstract setting and to this purpose we need “to move” the source f; — fo
from (2.28) to (2.27), (2.32), and (2.35). This will be done by considering, for a.e.
t € (0,7), the following auxiliary problem:

—div ((of + 02)V) = f1 — fa, in 2%; (3.1)
oPViu-v =0, on [ 2)
u=0, on 902F N oN. (3.3)

Clearly, problem (3.1)—(3.3) is classical and admits a unique solution u € H'(0,T; H} ,,(25)).
Moreover, we extend @ inside 2” by zero, so that it has a nonzero jump on I; i.e.,

u € Xy (£2). On I', let us define

4=~ i (3.4)



p:pl

and consider the problem for (v,u) € L*(0,T; H} ,,(£27)) x L*(0,T; X} (£2)) given by
ov

5 div(oeP Vo) = fi + div(eP Vu) + div(eP Va), in F; (3.5)
—div((of + o) Vu) =div(eP Vo), in F; (3.6)
— div(e”Vu) =0, in 28, (3.7)
oPV(v+u)-v=0, on Ir; (3.8)
oPVu-v=0"Vu-v, on Ir; (3.9)
a%[u] + Blu) = o5 Vu - v +q, on Ir; (3.10)
v,u =0, on 012 x (0,T); (3.11)
v(z,0) = vg(x), on 27 (3.12)
[u](x,0) = so(x) — [u](z,0), on I (3.13)

The weak formulation of previous problem is given by

—/v@tapgdxdt—l—/U{BVU-Vadexdt—l—/U{BVU-Vgpgdxdt

7 7 7

+/(UIB+U2B)VU~V<pbdxdt+/alBVv-VgolDd:cdt

B B
QT ‘QT

+/UDVu-ch%dxdt—a/[u]&[ng] dadt+ﬁ/[u][<pg] do dt
I'r

D
028 I'p

:/flngd:):dt—/UIBV?Z-V¢dedt+/q[¢g]dadt, (3.14)
o744 74 I'r

for every pp € L*(0,T; H! ,,(28))NH(0,T; L*(27)), op € L*(0,T; X3 (£2)), where,
as before, [pp] = ¢l — % and [pp] € Hy(0,T; L*(I")). The weak formulation (3.14)
shall be complemented with the initial conditions. Indeed, as it will be proved in
Theorem 3.4, we have v € C°([0, T]; L*(027)) and [u] € C°([0,T7]; L*(I)).

The next step is to define a suitable bilinear form on W, which is continuous and
coercive. To this purpose, we need the following result.

Proposition 3.1. Let (w,r) € W be assigned. Then, there ezists a unique solution
W € X3 () of the problem

—div((of + o2 )VW) =div(eP V), in 2F; (3.15)
—div(e?VW) =0, in 27 (3.16)
(P +o2)YVYW v =0’VYW . v —0oPVuw-v, on I'; (3.17)
W] =r, on I'; (3.18)
W =0, on 012. (3.19)
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Moreover, there exists a constant y > 0, depending on 0P, 0ol o, and the geometry,

such that

IWllxry < vUlwllgresy + 17l gzay) - (3.20)
Proof. Uniqueness for problem (3.15)—(3.19) is a straightforward consequence of its
linearity. In order to prove that a solution does exist, we first consider the following
auxiliary problem:

—div((o? + o2)VW))=div(ePVw),  in 27, (3.21)

Wi =r, on I’ (3.22)

Wi =0, in 27, (3.23)

Wi =0, on 9f2. (3.24)

Clearly, the previous problem admits a unique solution W; € X3 (£2). Moreover,
there exists a constant v > 0, depending on o2, o2, such that

W1l aze) < v(lwllaoe) + Il mve) - (3.25)

Indeed, let us denote by 7 € H} ,,(£2%) an extension of r from I" to the whole 27,
such that [|7]| 108y < 7|7l g2y, and set W, := W, — 7. Clearly, W, satisfies the

problem

— div((of + of) VW) =div(oP Vw) + div((ef + oF)VF), in 2%,  (3.26)
W, =0, on 9%, (3.27)
Therefore, by the standard energy inequality, we get
[ 19w <3 (190l + Irls) (328)
nB

which implies (3.25), with v depending only on of, 05,

Now, let us consider the second auxiliary problem for Wo € Hj(£2) given by
—div((ef + o2 )VIW,) = 0, in 27; (3.29)
— div(eP?VWy) = 0, in 27: (3.30)
(W] =0, on I'; (3.31)
((of + 02 )V Wy — aPVW,) - v = —((0f + 05 )VW, + 0 Vw) -v, on I (3.32)
Wy =0, on 9f2. (3.33)
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Existence and uniqueness for the previous problem is guaranteed by [1, Lemma 5];
moreover, the weak formulation of (3.29)—(3.33) is given by

0= /(U{B+023)VW2-Vgodx+/(alB+U2B)VW2-l/goda

0B r
+/UDVW2~V<pdx—/aDVW2-Vg0dJ
QP r
:/(01B+UQB)VW2-Vapdx+/UDVWQ-Vgpda:
ns 0D
—/(01B+02B)VW1-l/cpda—/alBVw-uapda, (3.34)
T r

for every p € H}(§2). From (3.21), we obtain

—/(UlB—I-O'2B)VW1'IJQOdO'—/O'lBV’LU'I/gOdO’
r r
:/(01B+U2B)VW1-Vgpdx+/alBVw-V<pda:.
nB NnB

which, replaced in (3.34), provides

O:/(U{B+023)VW2-Vgodx+/UDVW2~V<pdx
0NB 0D
+/(UlB+azB)VW1~V<pdx+/alBVw-Vgodx. (3.35)
0B 0B

By taking ¢ = W, in (3.35), we get

/(UIB+UQB)|VW2|2dx+ /0D|VW2|2da7
QB QD
= —/(01B+02B)VW1-VW2dx— /UIBVw-VWQda:,
QB QB

which, taking into account (3.25), implies

[VWallzz) < (I VWL gz(amy + [Vl 2am) < 3ol om + I lsary) + (3:36)

with v depending only on of, 05, " and the geometry.

Finally, setting W = W, + W,, it is easy to see that W € X}(§2) and satisfies

(3.15)-(3.19) and (3.20). O
13



Remark 3.2. We point out that, taking 7 € H}

p:p4

null

{W—F, in 28,
W' =

3.1 and defining

W, in 27,

we get that W' € H}(£2) and it satisfies

—div((of + o2)VW") =div(ePVw) + div((of + 02)V7), in 27
— div(ePVW") = 0, in 2P
(0P + e )YVW™ - v = PVYW" v — 6PVw-v — (0f +a2)V7 -, on I
(W' =0, on I';
W' =0, on 0f2.

The weak formulation of problem (3.38)—(3.41) is given by

/(o—lB + o2 )VW - Vo dr + /aDVW" Vo

NB nD
:—/afvw-vqbdx—/(af+a§)V?-v¢dx,
nB nB

for every ¢ € H}({2), which implies
/(af‘ + o )VW - Vo dr + /UDVW Vo =— / oPVuw-Vodr,
0B oD 0B

for every ¢ € HJ(£2).

Now, we are in the position to define the bilinear form a : W x W — R as

a((w,r), (W, s)) := /alBVw~Vde+/UlBVW~VEd$

0B 0B

(£28) as in the proof of Proposition

(3.37)

(3.43)

(3.44)

+/(UlB+azB)VW-VWd$+/UlBVw-Vde+/UDVW-Vde+ﬁ/rsda,
r

nB 0B np

(3.45)

where W and W are the solutions of (3.15)—(3.19) corresponding to (w,r) and (w, s),

respectively.

Proposition 3.3. The bilinear form a : W x W — R, defined in (3.45), is symmet-

ric, continuous, and coercive.
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Proof. Notice that the bilinear form a can be rewritten as

a((w,r),(w,s)) = /alBV(w + W) Vudr + / oPV(w+W) - VWdz
nB 0B
—I—/afVW-Vde—I—/UDVW-Vde—I—ﬂ/rst
0B Qb r
= /UlBV(w+W)-V(@+W) dx—l—/ UQBVVVVde—l-/UDVW~Vde+ﬁ/rsda,
2B 0B Qb r
which immediately proves that it is symmetric. Moreover, from (3.20), it easily

follows that a is continuous.
In order to prove that it is also coercive, we note that

a((w,r), (w,r)) = / oPV(w+W) - V(w+ W)dr + /UQBVW VW dzx
0B OB
+/0DVW-VWdz+ﬁ/r2da
QP r
> y([Vw + VW22 08y + IVWI[T2(08) + VW 2200y + I71172(r))

> ([0l oy + 7 lZs2gry) - (3:46)

where, in the last inequality, we take into account that r = [W)] (see (3.18)) and we
use the Poincaré inequality (2.7) and the classical trace inequality, which assure that

1722y < VIV ) <7 (I 12 0, + IV a0 + I3y -

O
Theorem 3.4. Assume that o2, o8 oP «,p, fi, f2,V0, 80 are as in Subsection 2.5.
Let @ be the unique solution of problem (3.1)—(3.3), extended by zero inside 27, and
q be defined in (3.4). Then, problem (3.5)—(3.13) admits a unique solution (v,u) €
L*(0,T; H ,(028)) x L2(0,T; X3 (£2)), such that v € C°([0,T]; L*(£28)) and [u] €
([0, T; L*(I)).

Proof. Let us denote by (-, )y« the duality pairing between W and its dual space
W* and define B € W* as

(B, (05 lon)wew = / frop o — / PV - Vi dr + / alen] do,
_QB

0B r
15



for every (g, [pp]) € W. By using the bilinear form a introduced in (3.45), we can
consider the following abstract problem:

find (v, [u]) € L*(0,T;W)NC°([0,T); H)
with v(0) = 7g and [u](0) = so — [u](0) such that

(3.47) |eq:problem

(v, [ul), (B; [en]))  + a((v, [ul), (5, [¢n]))

= (B, (¢n, [ep)))w-w,  V(es[ep]) €W,

in the distributional sense. By [29, Theorem 23.A], the problem (3.47) is well posed
and it is not difficult to see that its weak formulation is given by

&~

— /U@Batwdxdt+/UfVU-Vgondxdt—i—/alBVu-Vgonda:dt

B B B
QT ‘QT QT

+/(01B+02B)Vu-Vg0}3wdxdt+/alBVv-Vgp}jwdzdt

7 7

+/UDVU~VgozDibdxdt—a/[u][apl)]ﬁtwdadt—i—ﬁr/[u][gop]wdadt

nR I'r

— [ newvdsdt— [ V- Vopudedt+ [dlpoldode, (345)

B B
Q7 07 I'r

for every (vg,[pp]) € W and every v € C°(0,T), where ¢p inside 28 and 27 is
defined as the solution of (3.15)—(3.19), starting from ¢p € H! ,(2F) and [pp] €

null

Hé/ (I, ©2). Clearly, (3.48) shall be complemented with the initial conditions.

Notice that (3.48) formally coincides with (3.14); however, in (3.14) the test function
¢p is a generic function belonging to L%*(0,T; X4 (£2)), while in the present case it
is the solution of an assigned differential problem. Hence, in order to state that,
actually, the two weak formulations are equivalent, we have to prove that we can
replace the prescribed p in (3.48) with a generic test function belonging to Xy (£2).
To this purpose, let us fix [¢pp] € Hol/ ?(I',2) and choose two generic functions ¢! €
H! L (028) and ¢? € H! ,,(2P), such that [p] := p' — p?* = [pp]. By (3.44), with

¢ =pp—p € HLN), we get
/(alB + o2 )\Vu - Vo do dt + / oPVov - Vohtdrdt + / oPVu - Vi dedt
o7 2f QP

:/(a?+a§)vu-v¢1¢dxdt+/afw.wlwdde/aDvu-w?quxdt.

of of oF
3.0
Hence, replacing (3.49) in (3.48), it follows that it is possible to take pp € X (2)

arbitrarily in (3.48) and, thus, such a weak formulation coincides with (3.14), once
16



p:p3

t:

we take into account the density of product functions in L?(0,T; H},,,(£27)) and in
L*(0,T; X (£2)). O

Proposition 3.5. Assume that oP,08, 0P «, B, f1, f2, Vo, o are as in Subsection 2.3.

Assume that I;,, = 0. Then, problem (2.27)—(2.35) admits a unique solution (V,U) €
L*0,T; HE ,,(028)) x L*0,T; X} ($2)), such that V € C°([0,T]; L*(£27)) and [U] €

n

co([0, T]: LA(I)).

Proof. Uniqueness easily follows by the linearity of problem (2.27)—(2.35). In order to
prove existence, set V = v and U = u+ u, where u € H*(0,T; X} (§2)) is the solution
of problem (3.1)-(3.3) and the pair (v,u) € L*(0,T; H. ,(27)) x L*(0,T; X3 (£2))
with v € CO([0, T); L?(£27)) and [u] € C°([0, T); L*(I')), is the solution of (3.5)—(3.13),
whose existence is guaranteed by Proposition 3.4. Then, by (3.14), we get

— /V&tadexdtJr/alBVV~V<dexdt+/alBVU~V<dexdt
0 0 0
+/(UlB+UQB)VU-Vg0}3dxdt—/(UlB+azB)Vﬁ-Vg0}3dxdt+/UlBVV-Vgo}:,dxdt
0F 0F 07

+/JDVU~Vg02Dd:cdt—a/[U]@t[goD]dadt+BF/[U][<pD]dadt

0k I'r

_ / frondzdt, (3.50)

of
for every ¢p € L2(O> T Hflmll(“QB)) HH& (Oa T Lz(QB))> ¥p € L2(O> T X(JI(Q))> Where>
as before, [pp] = ph, — % and [pp] € HY(0,T; L*(I")). Recalling (2.36), the thesis

is achieved, up to an integration in time, once we have taken into account that

/(O’lB + o2 )\Viu - Vo, dzdt = /(f1 — fo)pp dodt, (3.51)
o7 o7
as follows from (3.1)—(3.3). O

As a consequence of the previous results, we finally get our main theorem.

Theorem 3.6. Assume that of 02 0P a,B, f1, f2,00, 50, and L, satisfy the as-

sumptions stated in Subsection 2.35.
Then, problem (2.27)—(2.35) admits a unique solution (V,U) € L*(0,T; H} ,(25)) x
L*(0,T; X4 (82)), such that V € C°([0,T]; L*(27)) and [U] € C°([0, T); L*(I')).

Proof. The proof can be obtained following the same approach as in [16] (see, also,
(17, §2.4.1]). Indeed, recalling that the function g appearing in the gating equation
(2.13) is affine with respect to its second entry, problem (2.13)—(2.14) can be explicitly
solved in term of u? — uf = V. Therefore, denoting by wy such a solution and by
h(V) := Lon(V,wy), we obtain that problem (2.27)-(2.35) is a nonlinear version of

the problem considered in Proposition 3.5. Moreover, since the nonlinearity h satisfies
17
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the assumptions [12, Definition 4.3.1], the thesis follows by the results in [12, Section
4.3] (see, also, [25, Ch. 6, Theorem 1.2]). O
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