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Abstract 
 

This paper discusses the finite element modeling of cracking of quasi-brittle materials under 
cyclic loading. A damage based crack model is proposed, which considers tensile and 
compressive damage, irreversible strains upon unloading in compression, as well as micro-crack 
closure-reopening effects (MCR) with special attention to the sliding of open cracks (MCRS). 
The model is implemented in conjunction with a mixed strain/displacement finite element 
formulation which provides enhanced accuracy and guarantees mesh size and bias independent 
results. 

Two distinct damage models are developed. The first one is based on the classical fixed 
orthotropic crack models and the second is an isotropic version. Both of them incorporate the 
necessary elements to furnish full MCRS capabilities. 

The model is demonstrated through several examples of application and comparison with 
experimental evidence, in mode I, mode II and mixed mode monotonic and cyclic loading. 
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1. Introduction 
 

The numerical modelling of tensile cracking in concrete and other quasi brittle materials is a 
challenging problem that has been an active topic of research for the last 50 years. Springing from 
the pioneering work of [1] and [2] a broad supply of approaches has been developed for the 
modeling of cracks in solids. These range from the classical discrete and smeared crack models 
to the modern phase-field formulations.  

In most of the abundant methods, procedures and techniques developed in these 5 decades 
attention has focused in proportional, monotonic loading and in cracking due to tensile straining. 
A Rankine-type criterion of admissible stress or strain has been commonly used. The topics of 
non-proportional, alternate loading and cracking due to shear straining have received far less 
attention, regardless of their interest in practical situations, e.g. for concrete structures subjected 
to seismic actions. These topics raise issues such as fixed material systems, stiffness recovery 
upon load reversal and simultaneous tensile and compressive damage, not present in standard 
crack models. 

Up to date there is no general consensus for the realistic and efficient numerical analysis of failure 
in quasi-brittle materials [3]. On the contrary, at the same pace as the use of nonlinear numerical 
analysis became a common use of engineering practice, engineering researchers became 
growingly aware of the limitations of the ready to use models.  

The crack models used in the vast majority of cases, both in practice and research, are those 
implemented in commercial codes; these are either classical fixed orthotropic models or some 
damage-based adaptation of those. The bane that this entails arises from two main causes: shear 
locking and mesh bias dependence. Let us consider them separately, although they are related. 

Shear locking was identified as a problem of classical crack models almost from the start. The 
reasons for shear locking are twofold:  

1. From the numerical standpoint, the lack of strain (or stress) continuity in-between adjacent 
elements in standard irreducible finite elements. In standard FE, the main variable, the 
displacement field, is approximated and interpolated by means of element-wise defined C0 
continuous functions, and strains are derived by discrete differentiation within each element 
from the nodal displacements. This results in an inter-elemental discontinuous discrete strain 
field and, thru the constitutive equations, in a subsequent inter-elemental discontinuous 
discrete stress field.  
 
In (linear) problems and isotropic materials, this lack of continuity is frequently used as an 
error estimator of the numerical solution, as the inter-elemental discontinuity of strain and 
stress should be reduced on mesh refinement. In problems involving cracking, a severe (non-
linear) orthotropic material behavior is induced, with large differences in the elastic moduli 
along different directions. In this situation, the discretization error occurring in the evaluation 
of the strain field is magnified, producing acute stress-locking. 
 

2. From the physical point of view, a fixed orthogonal material system is a poor frame for a 
nonlinear secant constitutive model in situations in which the principal directions of strain 
change, e.g. non proportional loading. Material properties and constitutive relations between 
strain and stress in linear orthotropic materials are defined in fixed orthogonal systems. By 
analogy, the constitutive behavior of materials with nonlinear induced orthotropy due to 
cracking are often defined by secant relations in an orthogonal material system which needs 
to be defined. 
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Typically, the orientation of the material axes is defined by the directions of the components 
of the stress which causes the crack to firstly appear. This presents no difficulty if subsequent 
loading and unloading of the cracks occurs maintaining the same principal directions, but 
there are many practical situations in which this does not happen e.g. non proportional 
loading; loss of co-axiality between strains and stresses aggravates the issue. Under cyclic 
loading and/or shear dominated situations, these limitations are unwieldy. 

The numerical difficulties associated to shear locking in a fixed orthogonal material frame for 
cracks were soon identified, even for proportional, monotonic loading; the problem was firstly 
alleviated by the so-called rotating crack models and later by adopting isotropic damage models 
for tensile failure. The first ones maintained co-axiality of strains and stresses at the cost of 
rotating the material defects; shear locking was reduced, but not eliminated because of the 
mentioned lack of inter-element strain continuity in standard FEs. In isotropic damage models, 
remarkably simple to formulate and implement, shear locking is swiftly eradicated; for this 
reason, isotropic damage is at the core of phase-field formulations for cracks, despite the obvious 
locally directional nature of cracks.  

The physical limitations of crack models are very clear under non-proportional and alternate 
loading. For non-proportional loading, the options are either rotating the material axes or allowing 
for multiple cracks; the first has been discussed above and the second was the motivation for some 
few multi-crack models [4, 5] and the micro-plane theory [6, 7]. For alternate loading, the features 
to be incorporated are stiffness recovery for crack closing (microcrack closure-reopening effects, 
MCR) and irrecoverable strains when unloading in compression. It needs to be understood that: 

• Rotating crack and isotropic damage models cannot incorporate MCR effects, unless they are 
provided with some record of the directions in which damage occurred originally.  

• In fixed crack models, stiffness recovery upon crack closure leads to unphysical jumps in the 
shear and transverse stresses if the sliding of the open crack is significant (MCRS effects). 

• Irrecoverable strains can be readily incorporated to a crack model, but the formulation adopted 
may come in conflict with the strain-driven, explicit, secant form of crack models. 

As explained, the remedies to the numerical issues raised in certain situations have obvious 
physical limitations and are often contradictory with the requirements for realistic modeling in 
some other cases. Reversely, some of the physically motivated requirements are not agreeable 
from the numerical point of view. 

Mesh bias dependence has been a topic of great concern in computational mechanics for the last 
30 years, and it has been addressed in a variety of approaches. In linear elasticity, the use of 
standard FEs cannot guarantee local convergence of the solution in terms of strains and stresses 
in quasi-singular points such as the re-entrant corners of the tip of a sharp crack. In cracking 
problems, such situations arise in the vicinity of the tip of propagating cracks, bringing in an 
incorrect evaluation of the strain and stress in these most critical locations. This lack of local 
convergence in the strain and stress leads to the spurious mesh bias dependence observed in 
problems of quasi-brittle crack propagation solved with the standard formulation, yielding 
incorrect solutions in many cases.  

A mixed strain/displacement formulation, proposed and developed in references [8, 9, 10, 11, 12, 
13] resolves the strain independently from the displacement field, instead of being derived from 
it at element level as in standard FEs. This results in a kinematic enhancement and increase in the 
accuracy of the strain and stress fields. Seasonably, this enhanced accuracy has proved to 
eliminate the spurious mesh-dependency and lack of convergence of standard finite elements in 
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problems involving isotropic plasticity and damage models without the use of auxiliary tracking 
techniques and with mesh densities far smaller than those used in phase-field formulations. 

In references [11, 12] the mixed finite element technology has been assessed for monotonic 
cracking problems using isotropic and orthotropic damage models in 2D and 3D. Remarkably, 
the enhancement of the inter-elemental continuity of the strain in mixed FEs alleviates to a large 
extent the spurious stress locking that used to make orthotropic models unpractical in conjunction 
with standard FEs. Also, the generality of the mixed finite element formulation allows using it 
jointly with orthotropic models developed for cyclic loading. 

Therefore, the objectives of this paper are: (1) to define the elements of crack models with full 
MCRS capabilities, (2) to present the formulation of isotropic and orthotropic damage–based 
models integrating those elements, (3) to demonstrate the performance of the proposed models in 
situations involving tensile and compressive damage, irreversible strains, MCRS effects and 
multi-cracking, (4) to demonstrate the capability of the mixed FE formulation in successfully 
incorporating isotropic and orthotropic damage models subjected to cyclic loading without the 
numerical burdens associated to standard FEs. 

The outline of this paper is as follows. In Section 2 the design requirements of crack models with 
full MCRS capabilities are given. In Section 3, isotropic and orthotropic fixed d+/d- damage-
based crack models are presented; Section 4 incorporates irreversible strains under compression. 
Section 5 describes the specific treatment of MCR effects; Section 6 incorporates the irreversible 
strains corresponding to the change of open/closed crack status. Section 7 considers the generation 
of multi-crack systems for cracking under non-proportional loading. Section 8 demonstrates the 
performance of the model at local level. Section 9 summarizes the mixed FE formulation. Sections 
10 and 11 present numerical simulations of a concrete beam and a metal specimen subjected to 
cyclic loading where the performance of the constitutive model is examined. Finally, some 
conclusions are given. 

 

2. Architecture of crack models with full MCRS capabilities 
 

The architecture of the multi-crack model with full close-reopening and sliding capabilities in this 
work consists of the assemblage of the following elements: 

1. Strain-driven format. 
2. Tensile damage, associated to tensile cracking.  
3. Directionality of damage. 
4. Irreversibility of damage and its directionality. 
5. Secant form. 
6. Compressive damage, associated to shear cracking and crushing.  
7. Irreversible strains upon compressive unloading. 
8. Stiffness recovery upon load reversal, MCR. 
9. Stiffness recovery upon load reversal with significant sliding, MCRS. 

10. Multi-cracks at local level. 

Points 1 to 5 define a classical fixed crack model, and are common to later damage-based 
orthotropic models. Remarkably, the nowadays very much used isotropic damage models wave 
crack directionality aside, while rotating orthotropic models abandon its permanent character. 
Damage is assumed isotropic in phase-field formulations. 

Points 6 and 7, relative to the behavior under shear and compression, are present in several 
orthotropic damage models, based on the split of the tensile/compressive stress or strain tensors 
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[14, 15, 16, 17, 18], but not applied in fixed material systems. In this work, a completely new 
approach, based on the activation and deactivation of damage in a fixed material system is 
adopted. 

Note that under shear loading, tensile and compressive stresses act simultaneously in orthogonal 
directions to each other. This implies that compressive damage needs to be contemplated in shear 
failure. On the one hand, tensile and compressive damage are not symmetrical; for instance, 
significant irreversible strains develop upon unloading under compression. On the other hand, 
compressive damage may be independent from tensile stresses (as in Rankine-type criteria) or 
related to them (as in Mohr-Coulomb and Drucker-Prager criteria). 

Point 8 is necessary for alternate cyclic loading. Previous efforts [14, 15] are not applicable to 
shear dominated situations, unless some record on the directionality of damage at the moment of 
occurrence is kept, as demonstrated in [17, 18]. Regarding this, in the following, a full record of 
directionality is maintained, and the ensuing model is therefore “fixed”. Stiffness recovery upon 
load reversal is here toggled through functions that define the status of the cracks as open or 
closed. The active damage is likewise defined. 

Point 9 is closely associated to Point 8; as sliding of the opened cracks occurs, stress continuity 
needs to be enhanced when the status of cracks, and their stiffness, changes. This is a novel feature 
of this work; irreversible “sealing” strains are introduced to ensure stress continuity in these 
situations. 

Point 10 is also associated to non-proportional loading and the modification of the directions of 
straining. This concerned some classical multi-crack models [4, 5] and the micro-plane theory [6, 
7]. Here, a multiplicity of material systems is allowed to develop, and the only one which is active 
at a current time is defined by the status of the cracks.  

The procedures involved in Points 8, 9 and 10 are simple and effective. 

In the following Sections, the different parts of the assemblage are addressed, as well as the 
algorithms showing how they are implemented and integrated. 

 

3. Isotropic and orthotropic d+/d- damage model with memory 
 

In this section, the formulation of the isotropic and orthotropic damage models is presented in 
secant form. Tensile and compressive damage is considered.  

Using Voigt’s convention, the strain and stress tensors are expressed as vectors [19]. In 3D the 

strain vector is ࢿ ൌ ൫ߝ௫, ,௬ߝ ,௭ߝ ,௫௬ߛ ,௫௭ߛ ௬௭൯ߛ
்

 and stress vector is	࣌ ൌ ൫ߪ௫, ,௬ߪ ,௭ߪ ߬௫௬, ߬௫௭, ߬௬௭൯
்

. 

In a secant damage model, ࢿ and ࣌ are linked through the constitutive equation: 

ો ൌ ۲ሺࢊ, ሻࣂ (1) ࢿ

where ۲ ൌ ۲ሺࢊ,  ࢊ ሻ is the secant constitutive matrix, a function of a set of internal variablesࣂ
that describe the degradation of the material and ࣂ which denotes the spatial directions in which 
damage occurs. Let be	ࢊ ൌ ሺ݀ଵ, ݀ଶ. ݀ଷሻ், with the scalar damage indices ݀௜, ݅ ൌ 1,3, associated 
to the 3 orthogonal spatial directions of ࣂ. 

In materials which are isotropic when undamaged, the orthotropic behavior induced by damage 
is generally associated to the principal directions of stress (and strain) at the inception of damage. 



 

6 
 

In classical “fixed” crack models, the material system ࣂ was locked thereafter; in “rotating” crack 
models, the material axes were updated so that stress and strains remain coaxial. Visibly, the 
differences between both options are the treatment of crack sliding and shear transfer across 
cracks.  

Regardless of the indisputable directional character of cracks, isotropic damage models were 
firstly proposed [20] and then broadly adopted as crack models as a way of avoiding the numerical 
issues that orthotropic models bear. 

In the following, unless stated otherwise, the material axes ࣂ will be drawn on as in classical fixed 
models. 

From thermodynamic considerations, the secant matrix needs to be symmetric and positive 
semidefinite. Symmetric orthotropic damage models may be effectively formulated from the 
hypothesis of energy equivalence [17, 21, 22, 23].  

For an initially isotropy elastic material characterized by the Young’s modulus ܧ and the 
Poisson’s ratio ߥ, the secant constitutive matrix may be expressed in the ࣂ material system as 

۲ ൌ ۲ሺࢊሻ ൌ 

 

ۉ

ۈ
ۈ
ۈ
ۇ

ଵଵሺ݀ଵሻܦ ,ଵଶሺ݀ଵܦ ݀ଶሻ ,ଵଷሺ݀ଵܦ ݀ଷሻ
,ଶଵሺ݀ଵܦ ݀ଶሻ ଶଶሺ݀ଶሻܦ ,ଶଷሺ݀ଶܦ ݀ଷሻ
,ଷଵሺ݀ଵܦ ݀ଷሻ ,ଷଶሺ݀ଶܦ ݀ଷሻ ଷଷሺ݀ଷሻܦ

૙

૙
,ଵଶሺ݀ଵܩ ݀ଶሻ

,ଵଷሺ݀ଵܩ ݀ଷሻ
,ଶଷሺ݀ଶܩ ݀ଷሻی

ۋ
ۋ
ۋ
ۊ

 

(2)

such that 

௞௞ܦ ൌ ሺ1 െ ݀௞ሻ ௞௞ܦ
଴ ; ݇ ൌ 1,3 

௞௟ܦ ൌ minሾሺ1 െ ݀௞ሻ; ሺ1 െ ݀௟ሻሿ ௞௟ܦ
଴ ; ݇, ݈ ൌ 1,3 ݇ ് ݈ 

௞௟ܩ ൌ minሾሺ1 െ ݀௞ሻ; ሺ1 െ ݀௟ሻሿ ௞௟ܩ
଴ ; ݇, ݈ ൌ 1,3 ݇ ് ݈ 

(3)

and  

௞௞ܦ
଴ ൌ

ሺ1ܧ െ ሻߥ
ሺ1 ൅ ሻሺ1ߥ െ ሻߥ2

; ݇ ൌ 1,3 

௞௟ܦ
଴ ൌ

ߥܧ
ሺ1 ൅ ሻሺ1ߥ െ ሻߥ2

					 ; 					݇, ݈ ൌ 1,3					݇ ് ݈ 

௞௟ܩ
଴ ൌ

ܧ
2ሺ1 ൅ ሻߥ

; ݇, ݈ ൌ 1,3 ݇ ് ݈ 

(4)

The isotropic version of the model is obtained by adopting ݀ଵ ൌ ݀ଶ ൌ ݀ଷ ൌ ݀, so that	
۲ ൌ ሺ1 െ ݀ሻ	۲૙, where ݀ is the single scalar internal damage index and ۲૙ is the elastic 
constitutive matrix. 

The effective stress is defined in terms of the elastic matrix as ഥ࣌ ൌ ۲૙	ࢿ. Let ߪത௜, ݅ ൌ 1,3, be the 
three normal stress components of the effective stress ഥ࣌ in the material axes ࣂ. 
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In isotropic models the equivalent effective stress, ߪത௘௤, depends on the effective stress ഥ࣌ through 

the specific damage criterion ܨ 

ത௘௤ߪ ൌ ሺഥ࣌ሻ (5)ܨ

In orthotropic models, an equivalent effective stress is defined for each material direction, ߪത௘௤,௜, 
depending on the specific damage criterion ܨ and the material system ࣂ: 

ത௘௤,௜ߪ ൌ ,௜ሺഥ࣌ܨ ,ሻࣂ ݅ ൌ 1,3 (6)

In this work, Drucker-Prager and Rankine damage criteria are adopted as exemplary cases of 
isotropic and orthotropic models, respectively. Other criteria may be similarly considered.  

The Drucker-Prager criterion depends on the first and second effective stress invariants ܫଵ and ܬଶ 
and the equivalent effective stress is defined as 

ത௘௤ߪ ൌ ሺഥ࣌ሻܨ ൌ
൫ඥ3ܬଶ ൅ ଵ൯ܫߙ

1 ൅ ߙ
 (7)

with ߙ being a function of the tensile and compressive strengths ௧݂ and ௖݂  

ߙ ൌ ൬ ௖݂

௧݂
െ 1൰ ൬ ௖݂

௧݂
൅ 1൰൘  (8)

The Rankine criterion depends on the normal effective stresses along the material axes, and the 
equivalent effective stresses are 

ത௘௤,௜ߪ ൌ ,௜ሺഥ࣌ܨ ሻࣂ ൌ ത௜ߪ ݅ ൌ 1,3 (9)

If tensile and compression damage are to be considered, two distinct failure surfaces ॲ௜
േ need to 

be explicitly defined, here noted with the + and – suffixes. For an orthotropic model, these 
surfaces are defined as 

ॲ௜
േ൫ߪത௘௤,௜

േ 	, ௜ݎ
േ൯ ൌ ത௘௤,௜ߪ

േ ሺഥ࣌ሻ െ ௜ݎ
േ ൌ 0 ݅ ൌ 1,3  (10)

where ݎ௜
ା and ݎ௜

ି are the current tensile and compressive damage thresholds. From the Kuhn-
Tucker optimality and consistency conditions, the current values of the damage threshold, 
defining the actual size of the damage surfaces, are explicitly updated at time ݐ as 

௜ݎ
േ ൌ max 	൫ݎ଴

േ,max ሻ൯ݐത௘௤,௜ሺ̂ߪ ݐ̂ ∈ ሾ0, ሿ (11)ݐ

This guarantees the irreversibility of damage and the positiveness of the dissipation. Their initial 
values depend on the corresponding tensile and compressive uniaxial strengths of the material, 
଴ݎ
ା ൌ ݂ା and ݎ଴

ି ൌ ݂ି.  

For example, for Rankine’s criterion 

ത௘௤,௜ߪ
േ ൌ ,௜ሺഥ࣌ܨ ሻࣂ ൌ 〈 േ 〈ത௜ߪ ݅ ൌ 1,3  (12)

where 〈൉〉 are the Macaulay brackets, such that 〈ݔ〉 ൌ ݔ			݂݅			ݔ ൒ ݔ			݂݅			0			,0 ൏ 0. 

The evolution of the internal damage indices may be different for tension and compression in 
terms of their respective damage threshold internal variables. The requirements on the damage 
function defining this evolution are: it must be continuous, monotonically increasing from 0 to 1, 
and its derivative must be positive. These requirements ensure the continuous and positive 
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dissipation of the strain energy and of the mechanical dissipation. In this work, they will follow a 
parabolic-exponential softening law 

݀௜
േ ൌ

ە
ۖۖ
۔

ۖۖ
								0ۓ 																									 ݂݅ ௜ݎ

േ ൏ ଴݂
േ

ௗܣ
േ ݂

േ

௜ݎ
േ ቆ

௜ݎ
േ െ ଴݂

േ

௣݂
േ െ ଴݂

േቇ 																																									݂݅					 ଴݂
േ ൑ ௜ݎ

േ ൏ ௣݂
േ

1 െ
݂േ

௜ݎ
േ exp ቈ2ܪௗ

േ ቆ
݂േ െ ௜ݎ

േ

݂േ
ቇ቉ ݂݅ ௜ݎ

േ ൒ ௣݂
േ

 (13)

where ଴݂
േ ൌ ଴ߛ

േ݂േ and ௣݂
േ ൌ ௣ߛ

േ݂േ, as well as ߛ଴
േ and ߛ௣

േ, are material properties. Depending on 
this,  

ௗܣ
േ ൌ ௣݂

േ െ ݂േ

݂േ
 (14)

Note that for ߛ଴ ൌ ௣ߛ ൌ 1 the softening law is purely exponential; the parabolic part vanishes. 

Energy conservation considerations link the softening parameters, ܪௗ
േ	to the material fracture 

energies ܩ௙
േ and to the width of the crack ܾ in the following way [3]: 

1

ௗܪ
േ ൌ

௙ܩܧ2
േ

ሺ݂േሻଶ
1
ܾ
െ ௣݂

േ

݂േ
െ ௗܣ̅

േ (15)

with 

ௗܣ̅
േ ൌ

ௗܣ
േ ቂ൫ ௣݂

േ൯
ଷ
െ 3 ௣݂

േ൫ ଴݂
േ൯

ଶ
൅ 2൫ ଴݂

േ൯
ଷ
ቃ

3݂േ൫ ௣݂
േ െ ଴݂

േ൯
ଶ  (16)

The details on the expression of the mechanical dissipation and the derivation of the softening 

parameters ܪௗ
േ can be found in reference [3]. 

In this work, the bandwidth of the localized cracks is taken as ܾ ൌ 2݄, ݄ being the finite element 
size. This is consistent with the approximation adopted for the discrete strain field in the mixed 
formulation in Section 9. 

For isotropic models, the effective stress is not defined for each material axis. Therefore, the ݅ 
index is dropped in Eqs. (9), (10), (11), (12) and (13) for the isotropic version of the model. In 
this way, an isotropic Rankine criterion is defined by taking the maximum principal effective 
stress as the unique equivalent effective stress 

ത௘௤ߪ
േ ൌ ሺഥ࣌ሻܨ ൌ 〈 േ തଵ〉 (17)ߪ

For the Drucker-Prager criterion, we will adopt 

ത௘௤ߪ
േ ൌ ሺഥ࣌ሻܨ ൌ ർേ

തଵߪ
|തଵߪ|

඀
൫ඥ3ܬଶ ൅ ଵ൯ܫߙ

1 ൅ ߙ
 (18)

Other alternatives may be contemplated for the assignment of the tensile/compressive equivalent 
stresses in such a case. 

The algorithm for the orthotropic d+/d- crack model is presented in Table 1. The isotropic version 
of the model is akin, but there is a unique driving equivalent effective stress ߪത௘௤. 
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Table 1 Algorithm for the orthotropic d+/d- crack models 

 
1. Compute the effective stress ഥ࣌ ൌ ۲૙  ࢿ
2. IF ࢊ ൌ ૙ THEN  
          Rotate ഥ࣌ to its principal directions ࣂ 
     ELSE 
          Rotate ഥ࣌ to the material axes ࣂ 

ENDIF 

3. Compute the equivalent tensile/compressive effective stress ߪത௘௤,௜
േ 			݅ ൌ 1,3,	with Eq. (6) 

4. Update the tensile/compressive damage threshold ݎ௜
േ			݅ ൌ 1,3,	with Eq. (11)  

5. Update the tensile/compressive damage index ݀௜
േ			݅ ൌ 1,3 with Eq. (13) 

6. Compute the constitutive matrix ۲ሺࢊ,  ሻ using Eq. (2)ࣂ
7. Rotate the secant ۲ matrix to the global axes 
8. Compute ો ൌ  with Eq. (1) ࢿ	۲

 
 

4. Irreversible strains 
 

In this section, the orthotropic damage of the precedent Section is extended to incorporate the 
development of irrecoverable strains upon unloading. This is done by evolving an orthotropic 
version of the isotropic model used in [24]. Both models are explicitly strain-driven. 

In the following, irreversible strains are driven by the compressive strains exclusively; tensile 
irreversible strains can be readily contemplated. 

Let us consider the additive split of the total strain ࢿ into its elastic ࢿ௘ and inelastic (irrecoverable) 
  ௜ partsࢿ

ࢿ ൌ ௘ࢿ ൅ ௜ (19)ࢿ

so that the secant constitutive Eq. (1) is rewritten as  

࣌ ൌ ۲ሺࢊ, ሻࣂ ௘ (20)ࢿ

where ۲ሺࢊ, ௘ࢿ ሻ is the secant damage matrix from the previous Section andࣂ ൌ ࢿ െ  ௜. Theࢿ
effective stress is now redefined in terms of the elastic matrix and the elastic strain as ഥ࣌ ൌ ۲૙ࢿ௘. 

From the 3 directions of the material system ࣂ, ݅ ൌ 1,3, direction ݇ is selected, such that 

௞ݎ
ି ൌ max

݅ൌ1,3
ሺݎ௜

ିሻ  (21)

The rate of (compression) irreversible strains is proportional to 

 the current elastic strain and 
 the increase of the distance to the (compression) damage surface (normalized with respect 

 .(the actual size of the (compression) damage surface ,ݎ

It is stated as: 

ሶࢿ ௜ ൌ
ߚ

1 െ ߚ
൤
ሶݎ
ݎ
൨
௞

ି

௘ (22)ࢿ
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where 0 ,ߚ ൑ ߚ ൑ 1, is a material parameter that controls the development of irreversible strains. 
The super and sub-indices ሾ൉ሿ௞

ି indicate both the directional and the compressive nature of the 
argument. Note that the argument cannot be negative because the threshold ݎ may not decrease, 
Eq. (11). This ensures positive dissipation when irreversible strains develop. 

Note that in the limit case ߚ ൌ 0, no irreversible strains develop in the model. Contrariwise, for 
the limit case ߚ → 1, there is no evolution of the damage threshold ݎ௞

ି; in this case, the straining 
is fully irreversible. 

The development of irreversible strain is dissipative. Under the assumption that the total 
dissipation of the damage model is not affected by the value of parameter ߚ the softening modulus 
ௗܪ
ି is redefined as 

1
ௗܪ
ି ൌ ሺ1 െ ሻߚ ቆ

௙ܩܧ2
ି

ሺ݂ିሻଶ
1
ܾ
െ ௣݂

ି

݂ି
െ ௗܣ̅

ି െ
ߚ

1 െ ߚ
ௗܤ
ିቇ (23)

where  

ௗܤ
ି ൌ

൫ ௣݂
ି െ ଴݂

ି൯൫3 ௣݂
ି െ ௗܣ2݂ି̅

ି ൅ 3 ଴݂
ି൯

3ሺ݂ିሻଶ
 (24)

The supplementary details on the influence of the parameter ߚ in the mechanical dissipation and 

the resulting renewed derivation of the softening parameters ܪௗ
േ can be also found in reference 

[3]. 

The rate expression for the irreversible strain Eq. (22) may be integrated in time with an implicit 
backward Euler scheme. Let ∆ݐ ൌ ௡ାଵݐ െ  ௡ be a time increment between subsequent time stepsݐ
݊ and ݊ ൅ 1. In the following, let ∆ሺ൉ሻ indicate the increment of a specific quantity from step ݊ to 
݊ ൅ 1.  

The trial effective stresses at ݐ௡ାଵ are defined as the effective stresses that would occur without 
further development of irrecoverable strains,  

ഥ࣌௡ାଵ
௧௥ ൌ ൫ഥ࣌|∆ఌ೔ୀ଴൯௡ାଵ ൌ ഥ࣌௡ ൅ ۲଴ (25) ࢿ∆

With some manipulation, it can be shown that  

௜ࢿ∆ ൌ
ߚ

1 െ ߚ
	൤
ݎ∆
௡ାଵݎ

൨
௞

ି

௡ାଵࢿ
௘ ൌ

1 െ ߣ
ߣ

௡ାଵࢿ
௘  (26)

with the scaling parameter ߣ 

ߣ ൌ 1 െ ߚ ቆ1 െ ቈ
௡ݎ
௡ାଵݎ
௧௥ ቉

௞

ି

ቇ (27)

where 	ሾݎ௡ାଵ
௧௥ ሿ௞

ି is evaluated with ഥ࣌௡ାଵ
௧௥ . Note in Eq. (21) that the material parameter ߚ defines the 

rate of the irreversible deformation by scaling the current increment of the equivalent stresses, 
and consequently the stress threshold. Therefore 

	ሾ∆ݎሿ௞
ି ൌ ሺ1 െ ሻሺߚ ሾݎ௡ାଵ

௧௥ ሿ௞
ି െ ሾݎ௡ሿ௞

ିሻ (28)

Due to the co-axiality of ࢿ௘ and ∆ࢿ௜, it can be shown that ഥ࣌௡ାଵare proportional to ഥ࣌௡ାଵ
௧௥ , so that 

ഥ࣌௡ାଵ ൌ ߣ ഥ࣌௡ାଵ
௧௥  (29)
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This allows taking into account the effect of the irreversible strains explicitly in the computation 
of the effective stresses prior to the update of the damage indices. The complete algorithm for 
updating stresses and internal variables is given in Table 2. Note that it is fully strain-driven. 

Table 2. Algorithm for the evaluation of irreversible strains 

 
1. Compute the increment of total strains ∆ઽ ൌ ઽ௡ାଵ െ ઽ௡ 
2. Compute the trial effective stresses ഥ࣌௡ାଵ

௧௥  with Eq. (25) 
3. Select direction ݇	according to Eq. (21) 
4. Compute ሾݎ௡ାଵ

௧௥ ሿ௞
ି from Eq. (11) and ߣ from Eq. (27) 

5. Compute the effective stress ഥ࣌௡ାଵ from Eq. (29) 
6. Compute ∆ࢿ௜ from Eq. (26) 
7. Update ࢿ௡ାଵ

௜ 	and ࢿ௡ାଵ
௘  

8. Compute damage variables ࢊ and secant matrix ۲௡ାଵ according to Table 1 
9. Compute ࣌௡ାଵ ൌ ۲௡ାଵ	ࢿ௡ାଵ

௘  with Eq. (20) 
 

 

5. Microcrack closure-reopening effects (MCR) 
 

Cyclic straining requires the partial or total recovery of stiffness caused by crack closure and 
reopening to be resolved. For establishing the status of a crack as active (open) or inactive 
(closed), a set of step functions is associated to the tensile damage indices. In the orthotropic 
model, these functions are noted as ܪ௜

ା and are defined for each of the directions ݅ ൌ 1,3, of the 
material axes ࣂ as 

௜ܪ
ା ൌ ቐ

	0							 ݂݅ ത௜ߪ ൌ 0

ർ
ത௜ߪ
|ത௜ߪ|

඀ 		 ݂݅ ത௜ߪ ് 0
 (30)

where ߪത௜ are the effective normal stresses along direction ݅. Therefore, the crack in direction ݅ is 
open if ܪ௜

ା ൌ 1 and it is closed if ܪ௜
ା ൌ 0.  

Associated to the ܪ௜
ା functions that signal the current status of the crack in direction ݅ , the discrete 

toggle functions ௜࣮ are defined as 

௜࣮ ൌ ቊ
0 ݂݅ ௜ܪ∆

ା ൌ 0
1 ݂݅ ௜ܪ∆

ା ് 0
 (31)

where ∆ܪ௜
ା is the increment of ܪ௜

ା in the current time (or load) step. 

The toggle functions signal if the status of the crack has changed, themselves activating the MCRS 
effects described in the next Section. 

If compressive damage is also considered, an additional set of step functions ܪ௜
ି is defined as 

௜ܪ
ି ൌ ൜

0						 ݂݅ ത௜ߪ ൌ 0
1 െ ௜ܪ

ା ݂݅ ത௜ߪ ് 0
 (32)

The ܪ௜
ା and ܪ௜

ି step functions are introduced to activate and deactivate the tensile and 
compressive damage indices in the secant constitutive matrix in each direction ݅. Note that ܪ௜

ା 
and ܪ௜

ି are not equal to one concurrently; hence, tensile and compression damage are not active 
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at the same time. The switch between tensile and compressive situations provides partial or total 
stiffness recovery when the corresponding effective stress flips sign. 

Specifically, the active damage ݀௜ used in Eq. (3) is posed as 

݀௜ ൌ ௜ܪ
ା݀௜

ା ൅ ௜ܪ
ି݀௜

ି (33)

In the isotropic model it is also necessary to determine if the tensile or compressive damage 
indices are active if MCR effects are to be elucidated. To this end, the material axes ࣂ are 
associated to the principal directions of stress (and strain) at the inception of damage and they are 
locked thereafter. The required step and toggle functions are defined by the first material axis, as 
it is the first to damage, so that 

ାܪ ൌ ଵܪ	
ା	 ିܪ ൌ ଵܪ

ି ࣮ ൌ ଵ࣮ (34) 

Consequently, the active damage ݀ is either ݀ ൌ ݀ା if the crack is open or ݀ ൌ ݀ି if it is closed: 

݀ ൌ ା݀ାܪ ൅ (35) ି݀ିܪ

In 3D, the orthotropic model needs to consider 3 damage variables in traction (one for each 
material direction) and 3 additional damage variables in compression. For isotropic damage, only 
2 damage variables, one for tension and one for compression, are needed. 

 

6. Microcrack closure-reopening effects with sliding (MCRS) 
 

One of the serious drawbacks of classical fixed crack models is the transfer of shear stress due to 
sliding of the open cracks. This issue led firstly to the conception of the rotating crack models, 
which preserved co-axiality of strains and stress at all time at the expense of not fixing the 
direction of the material cracks, and secondly, to the adoption of isotropic damage models, which 
further enhanced co-axiality and disavowed directionality. 

A secondary drawback of orthogonal crack models, fixed and rotating, was the evolution of 
Poisson’s effect, which was usually discarded from the inception of cracking.  

In any case, changes in the secant stiffness lead to discontinuities in the evolution of the stress 
under continuous straining, an objectionable feature for a constitutive model, burdensome in the 
numerical application. Note that isotropic damage models treat this issue in a remarkably straight-
forward manner, one of the reasons for their broad adoption.  

These concerns have a predominant role if cyclic straining with stiffness recovery from crack 
closure-reopening and sliding (MCRS) is considered. Changes in the secant stiffness due to the 
activation/deactivation of tensile/compressive damage in the material axes ࣂ are triggered by the 
individual normal effective stresses ߪത௜, ݅ ൌ 1,2,3, but, once implemented, they interact both with 
the shear strains and with the normal strains in the other directions. If the stress field is to remain 
continuous in time under continuous straining, “sealing” irrecoverable strains need to be 
considered; they are associated to the shear and the transverse elastic strains that are present when 
damage flips occur. In the following, these strains are motivated and evaluated in correspondence 
with the previous Sections. 

Let us consider the secant constitutive Eq. (20)  

࣌ ൌ ۲ ௘ (36)ࢿ

Differentiating with respect to time 
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ሶ࣌ ൌ ۲ ሶࢿ ௘ ൅ ۲ሶ ௘ (37)ࢿ

where the first term of the right hand side is due to the variation of the total and irrecoverable 
strains and the second term is due to the variation of the stiffness. In a continuous process in time, 
continuous strain rates drive continuous stiffness and stress rates. However, changes in stiffness 
associated to the closure-reopening of the cracks are not strain-drive, but motivated by the change 
in the open/closed status of the crack, signaled by the toggle functions ௜࣮. This means that if stress 
is to be continuous in time while a change of crack status occurs, there are irreversible strains that 
must take place concurrently. As in previous Sections, let ݊ and ݊ ൅ 1 be subsequent time steps, 
such that the closure or reopening of a crack takes place in the time increment in between. Let 
∆ሺ൉ሻ indicate the increment of a specific quantity from step ݊ to ݊ ൅ 1, and ∆ݐ ൌ ௡ାଵݐ െ  ௡ be theݐ
time increment.  

Making ሶ࣌ ൌ ૙ in Eq. (37) to ensure stress continuity regardless of the variation of stiffness, the 
incremental irreversible strains caused by crack closure are: 

௜ࢿ∆ ൌ ࣮ ۲௡ାଵ
ିଵ ∆۲ ௡௘ࢿ  (38)

where ࣮ ൌ max
	݅ൌ1,3

		ሺ ௜࣮ሻ. ∆۲ ൌ ۲௡ାଵ െ ۲௡ corresponds to the variation of stiffness due to a change 

of the open/closed status of the crack. These additional irrecoverable strains guarantee stress 
continuity at ݐ௡ and are computed at ݐ௡ାଵ, added to those computed from Eq. (26). 

The algorithm for the orthotropic crack model with irreversible strains and MCRS effects is given 
in Table 3. The isotropic version of the model is analogous, but there is a unique driving 
equivalent effective stress ߪത௘௤. 

Table 3. Algorithm for the orthotropic crack model with irreversible strains and MCRS effects 

 
1. Compute the effective stress ഥ࣌௧௥ with Eq. (25) 
2. IF ࢊ ൌ ૙ THEN 

     Rotate ഥ࣌௧௥ to its principal directions ࣂ 
ELSE 
     Rotate ഥ࣌௧௥ to the material axes ࣂ 
ENDIF 

3. Compute ഥ࣌ according to Eq. (29) 
4. Compute irreversible strains ࢏ࢿ following Table 2 

5. Compute the equivalent tensile/compressive effective stress ߪത௘௤,௜
േ 			݅ ൌ 1,3, with Eq. (6) 

6. Update the tensile/compressive damage threshold ݎ௜
േ			݅ ൌ 1,3, with Eq. (11) 

7. Update the tensile/compressive damage index ݀௜
േ			݅ ൌ 1,3, with Eq. (13) 

8. Compute the status and toggle functions ܪ௜
േ, ௜࣮ 			݅ ൌ 1,3, with Eqs. (30), (31) and (32) 

9. Decide on active damage ݀, as in Eq. (33) 
10. Compute the constitutive matrix ۲ሺࢊ,  ሻ using Eq. (2)ࣂ
11. Decide on changes on crack status ࣮ ൌ max

	݅ൌ1,3
		ሺ ௜࣮ሻ 

12. If crack status has changed, ࣮ ് 0, compute ∆ࢿ௜ with Eq. (38) 
13. Rotate the secant matrix ۲ and irreversible strains ݅ࢿ to the global axes 
14. Compute stress ࣌ ൌ  ௘  with Eq. (20)ࢿ	۲
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7. Multi-crack model 
 

Non-proportional loading may produce significant changes in the directions of the principal 
strains and this may cause multiple cracks in non-orthogonal directions. In cycling situations with 
pre-loading, these changes occur, inducing cyclic sliding and shearing in the existing cracks. 

Fixed orthogonal damage models cannot contemplate the issue of non-orthogonal cracking 
locally. Rotating and isotropic damage models are even less apt, as they cannot detect so much as 
the swapping of the principal strain directions under load reversal that occurs under alternate pure 
shear loading. This concerned some classical multi-crack models [4, 5] and the micro-plane theory 
[6, 7]. 

The activation/deactivation scheme of tensile/compressive damage described in Section 5 allows 
the consideration of multi-cracks quite naturally. The proceedings are described in the following. 

Let the secant constitutive Eq. (20) be  

࣌ ൌ ۲൫ࡵࢊ, ൯ࡵࣂ ௘ (39)ࢿ

where ࡵࢊ is the set of damage parameters in the active material system ࡵࣂ. Note that only one set 
of material axes can be active at a given time. 

Two questions need to be resolved to complete the multi-crack model:  

1. The selection of the active material system ࡵ,  
2. The creation of a new material system. 

Let ࡶ ൌ ૚,ࡺ be the number of standing material systems. For the selection of the active system 
ଵܪthe step functions ሾ ,ࡵ

ାሿ௃ are evaluated. The active system ࡵ is the one such that  

ሾܪଵ
ା݀ଵ

ାሿூ ൌ max
ܬ

ሾܪଵ
ା݀ଵ

ାሿ௃  (40)

Systems are discarded if ሾܪଵ
ାሿ௃ ൌ 0 because the corresponding crack is “closed”.  

A new material system ࡺࣂା૚ may be considered if: (a) none of the existing ones is active, and (b) 
the maximum number of systems allowed is not reached. In this case, the new material system 
 ା૚, coincides with the current principal directions of effective stress. The new system is lockedࡺࣂ
once it becomes active because damage occurs in it. 

In the proposed model the choice of the active crack system depends on tensile damage. If only 
compressive damage develops because of crushing, according to the criterion in Eq. (40), the 
activation of a second system does not take place. In such case, in the only existing system 
compressive damage is active if ܪ௜

ି ൌ 1; otherwise elastic stiffness is recovered. 

For the isotropic version of the multi-crack model, the procedure is analogous, the active system 
ା݀ାሿூܪis ሾ	ࡵ ൌ max

ܬ	
		ሾܪା݀ାሿ௃. 

The algorithm for the orthotropic multi-crack model is given in Table 4. 

As an explanatory remark, note that for alternate shear cyclic loading with an initial pre-
compression (or pre-tension) in 2D, two material systems ࣂ૚ and ࣂ૛ are required. Their relative 
angles depend on the pre-loading as this determines how much the directions of the principal 
strains swing from the 90º corresponding to the pure shear case. The ࣂ૛ system is activated by 
the alternate tension when system ࣂ૚ is deactivated because axis ݔଵ is under compression. 
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Table 4. Algorithm for the orthotropic multi-crack model 

 
1. Compute the effective stress ഥ࣌௧௥ with Eq. (25) 
2. DO for each of the standing material systems ࡶ ൌ ૚,ࡺ 

    Perform steps 2. to 8. From Table 3 
            ENDDO 

3. Select the active material system ࡵࣂ according to criterion (40) 
4. If no system is active, check for the creation of a new material system ࡺࣂା૚ 
5. Check if system ࡺࣂା૚ is active, steps 2. To 8. From Table 3 
6. Compute the constitutive matrix ۲൫ࡵࢊ,  ൯ using Eq. (2)ࡵࣂ

7. Rotate the secant matrix ۲ and irreversible strains ݅ࢿ	to the global axes 
8. Compute stress ࣌ ൌ  ௘ with Eq. (20)ࢿ	۲

 
 

8. Study of the model performance 
 

The behavior of the proposed crack models is first assessed through several cyclic loading 
numerical tests. The performance of both the isotropic and the orthotropic models is examined. 
The Rankine criterion is adopted in all the cases. The material properties are shown in Table 5. 

Young’s Modulus 1.5·109 Pa 
Poisson’s Ratio 0.0 
Tensile Strength 1.0·106 Pa 

Tensile Fracture Energy 250 J/m2 
Compressive Strength 3.0·106 Pa 

Compressive Fracture Energy 500 J/m2 
଴ߛ
ା parameter 1.0 
଴ߛ
ି parameter 0.5 
 ௣ା parameter 1.0ߛ
 ௣ି parameter 1.5ߛ

 parameter for Irreversible Strains 0.0/0.2 ߚ
Table 5. Material parameters of the tests 

In the tests, the loading is applied via strain increments. Firstly, a vertical pre-tensile or pre-
compressive strain is applied; secondly four different cycles of shear loading with increasing 
amplitude are executed. For comparison purposes, the test is performed under three different 
values of initial vertical strain, noted as ߝ௩: 

(a) Pure shear, ߝ௩ ൌ 0.0 
(b) Pre-tension, ߝ௩ ൌ 2.5 ൉ 10ିସ 
(c) Pre-compression, ߝ௩ ൌ 7.5 ൉ 10ିସ 

In all the tests, four consecutive cycles of shear that have an amplitude of ߛ௫௬ ൌ 5.0 ൉ 10ିଷ, ߛ௫௬ ൌ
1.0 ൉ 10ିଶ, ߛ௫௬ ൌ 1.5 ൉ 10ିଶ and ߛ௫௬ ൌ 2.0 ൉ 10ିଶ, respectively, are imposed. 

The ߪ௫௬-ߛ௫௬ curves obtained with the proposed isotropic model with each case are depicted in 

Figure 1 using a parameter for irreversible strains ߚ ൌ 0.0 (left) and ߚ ൌ 0.2 (right).  
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Figure 1. Stress (Pa) vs strain curves of the tests with (a) pure shear, (b) pre-tension and (c) pre-compression 
with the proposed isotropic model using β=0 (left) and β=0.2 (right) 

In all cases the stiffness is recovered properly during the cyclic process. Damage develops also 
when the load is reversed due to consideration in the model of multi-cracks as described in Section 
7. For cases (a), proportional loading, pure shear, the principal strains swap directions, and the 
two cracks formed are orthogonal to each other. However, for cases (b), non-proportional loading, 
pre-tension, 2 crack systems are necessary, forming angles of 76.91º and 78.12º for ߚ ൌ
0.0, 0.2,	respectively; for cases (c), non-proportional loading, pre-compression, the 2 systems 
form angles of 61.36º and 62.77º for ߚ ൌ 0.0, 0.2,	respectively. Note that these values differ 
sensibly from what can be accomplished with a single orthogonal system. 

The effect of the non-proportional pre-straining is clear comparing the three cases in the two 
columns. When pre-tension is applied, the peak shear stress is smaller than in pure shear; the 
opposite occurs with pre-compression. The first cycle of straining is most affected by the pre-
load, but differences can be observed for all cycles. For ߚ ൌ 0.2, the differences between the three 
cases are very obvious, because the very asymmetric effect of the compressive irreversible strains 
is reduced in case (b) and enhanced in case (c). 

 

(a) 

(b) 

(c) 
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Figure 2. Stress (Pa) vs strain curves of the tests with (a) pure shear, (b) pre-tension and (c) pre-compression 
with a classical isotropic model 

“Sealing” irreversible strains are considered according to the specifications of Section 6, even for 
the case ߚ ൌ 0, to guarantee the continuity of the stresses when cracks open and close.  

Results can also be compared with the ones shown in Figure 2, where a standard (memoryless) 
isotropic model is used, which cannot reproduce either stiffness recovery or multi-cracking 
because it has no memory of the directions in which damage originated.  

The ߪ௫௬-ߛ௫௬ curves obtained with the proposed orthotropic model with each loading case are 

depicted in Figure 3 using a parameter for irreversible strains ߚ ൌ 0.0 (left) and ߚ ൌ 0.2 (right). 
Proper stiffness recovery takes place when cyclic loading is applied. For all cases, the two material 
systems form the same in-between angles as for the isotropic model, (a) 90º, (b) 76.91º and 78.12º 
,	(c) 61.39º and 62.77º for ߚ ൌ 0.0, 0.2,	respectively, as these values depend on the effective 
stresses and, therefore, on the applied straining. The departure from the 90º of a single material 
system is significant. 

The effects of the pre-tension are opposite to those of the pre-compression, even more seemingly 
than for the isotropic model, and further evidenced by the asymmetry of the compressive 
irreversible strains.  

Continuity of stresses is enforced at all times; the influence of the sealing strains is most 
noticeable in the first cycle. See that sealing strains of case (b) in Figure 3 are nearly canceled out 
by the irreversible strains. 

In Figure 4 results corresponding to a classical rotating model are shown; there is no stiffness 
recovery, because the model has no record of the directions in which damage originated. 
Consequently, only a minor difference among the three cases is observable. 

Figure 5 shows the resulting ߪ௫௬-ߛ௫௬ curves in the pre-compression case when the sealing 
irreversible strains, detailed in Section 6, guaranteeing the continuity of the stresses are not 
considered. It is shown that in this situation the continuity of the stresses is lost when cracks open 
or close and the stiffness changes accordingly. These results must be compared to the ones in 
Figure 1c and Figure 3c, where the stress continuity is enforced. 

(a) 

(b) (c) 
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Figure 3. Stress (Pa) vs strain curves of the tests with (a) pure shear, (b) pre-tension and (c) pre-compression 
with the proposed orthotropic model using β=0 (left) and β=0.2 (right) 

It is also important to note the comparative performance of the isotropic and orthotropic versions 
of the model, that is, Figure 1 vs Figure 3. The isotropic model is insensitive to the compressive 
strength, and damage is only due to the tensile stress that acts in one or the other direction, 
according to the alternate sign of the applied shear strain. Contrariwise, the orthotropic model 
responses simultaneously to the principal stresses (tensile and compressive) acting in at the same 
time. The response under shear of the orthotropic model is a blending of the behavior under pure 
tension and pure compression, both in terms of strength and dissipation.  

The effect that the pre-tension and pre-compression have on the peak value of the stress in both 
models is as follows. On the one hand, for the isotropic model, for cases (a), in pure shear loading, 
the peak value of the ߪ௫௬ is 1 MPa, which is equal to the tensile strength of the material. However, 
for cases (b), in pre-tension, the peak value attained is lower than the tensile strength, while for 
cases (c), under pre-compression, the peak load is noticeably increased. On the other hand, in the 
orthotropic damage model, the effect of the pre-tension and the pre-compression on the alternate 
stress peak loads is asymmetrical. 

 

 

(a) 

(b) 

(c) 
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Figure 4. Stress (Pa) vs strain curves of the tests with (a) no pre-compression, (b) low pre-compression and (c) 
high pre-compression with a classical rotating model 

 

 

Figure 5. Stress (Pa) vs strain curves of the tests with pre-compression in the isotropic and orthotropic fixed 
models without irreversible strains of Section 6 guaranteeing stress continuity (β=0.2) 

 

9. Mixed FE formulation 
 

A mixed ε/u formulation is used to solve the problem with enhanced strain and stress accuracy 
and guarantee mesh-objective results. This formulation also helps avoiding the spurious stress 
oscillations which typically appear in orthotropic models when the standard formulation is used 
and that usually lead to severe stress locking [12]. In this section, the adopted mixed finite element 
formulation used to solve the problem is briefly introduced. The mixed FE formulation is 
described in reference [11]. For additional details on the formulation, references [8, 9, 10, 12, 25] 
are appropriate.  

The model follows the local continuum mechanics framework. In the considered mixed FE 
formulation, the variational form of the nonlinear solid mechanics problem is computed in terms 
of the displacement ࢛ and the strain ࢿ fields. Matrix and vector notation based on Voigt’s 

(a) 

(b) (c) 
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convention for symmetric tensors is adopted, as customarily used in FE literature and in most FE 
codes [19].  

The compatibility equation links the strain and displacement fields 

ࢿ ൌ ܁ ࢛ (41)

where ܁ is the differential symmetric gradient operator. Correspondingly, the stress vector ࣌ and 
the body forces vector ܎ are associated through Cauchy’s equilibrium equation, written in matrix 
form as  

்࣌܁ ൅ ܎ ൌ ૙ (42)

where ்܁ is the differential divergence operator, adjoint to the ܁ in Eq. (41). The constitutive 
equation relates the stress and strain vectors as 

࣌ ൌ ۲ ൫ࢿ െ ௜൯ (43)ࢿ

where ۲ is the symmetric secant matrix.  

A mixed system of equations is obtained pre-multiplying Eq. (41) by the secant matrix ۲ and 
substituting Eq. (43) into Eq. (42) 

െ۲ࢿ ൅ ࢛܁۲ ൌ ૙ (44)

ࢿ൫۲்܁ െ ௜൯ࢿ۲ ൅ ܎ ൌ ૙ (45)

The strong form of the mixed ࢿ/࢛ formulation is defined by the system of Eqs. (44)-(45) and the 
proper boundary conditions. Note that this differential problem is symmetric if ۲ is symmetric. 

The corresponding weak form is obtained by multiplying Eqs. (44) and (45) by the virtual strain 
 respectively. The system is then integrated over the spatial domain ࢛ߜ and displacement vector ࢿߜ
and the Divergence Theorem is used in the right hand side of the second integral operation. The 
following variational form results: 

െන ߗ݀	ࢿ۲்ࢿߜ
ఆ

൅ න ࢛܁۲்ࢿߜ ߗ݀
ఆ

ൌ 0 ࢿߜ∀ (46)

න ሺ࢛ߜ܁ሻ்ሺ۲ࢿሻ݀Ω
ஐ

ൌ න dΩ	܎்࢛ߜ
ஐ

൅ න ்࢚࢛̅ߜ ݀Γ
୻೟

൅ න ሺ࢛ߜ܁ሻ்൫۲ࢿ௜൯݀Ω
ஐ

(47) ࢛ߜ∀			

The last term in the right hand side of Eq. (47) includes the effect of the irreversible strains in the 
equilibrium equation. 

The mixed problem to be solved is to find the unknowns ࢛ and ࢿ that verify the system of Eqs. 
(46) and (47) and that verify the boundary condition ࢛ ൌ ૙ on Γ௨, for the arbitrary virtual 
displacements ࢛ߜ, which vanish on Γ௨, and arbitrary virtual strains ࢿߜ. Note that this variational 
problem is symmetric if ۲ is symmetric. 

The FE discrete form of the mixed problem is obtained by discretizing the domain in FE, so that 
Ω ൌ∪ Ω௘, and substituting the displacement ࢛ and the strain ࢿ with the FE discrete 
approximations ෝ࢛ and ࢿො defined element-wise as 

࢛ ≅ ෝ࢛ ൌ (48) ࢁ௨ࡺ

ࢿ ≅ ොࢿ ൌ (49) ࡱఌࡺ
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where ࢁ and ࡱ are vectors containing the values of the displacements and the strains at the nodes 
of the finite element mesh. ࡺ௨ and ࡺఌ are the matrices containing the interpolation functions 
adopted in the FE approximation. 

The Inf-Sup condition is not verified if equal interpolation functions ࡺ௨ and ࡺఌ are used in Eqs. 
(48)-(49). In that case, the solvability, uniqueness and stability of the solution of the system of 
equations are ensured by using a stabilization procedure to provide the necessary stability to the 
mixed discrete formulation. The stabilization procedure consists in the modification of the 
discrete variational form using the Orthogonal Subscales Method, introduced within the 
framework of the Variational Multiscale Stabilization methods and adopted herein. 

The stabilization procedure is simply to substitute the approximation of the discrete strain in Eq. 
(49) by the following stabilized discrete field 

ࢿ ≅ ොࢿ ൌ ࡱఌࡺ ൅ ߬ఌሺ࡮௨ࢁ െ ሻࡱఌࡺ ൌ ሺ1 െ ߬ఌሻࡺఌࡱ ൅ ߬ఌ࡮௨(50) ࢁ

where ߬ఌ is a stabilization parameter with value 0 ൑ ߬ఌ ൑ 1. Note that for ߬ఌ ൌ 1, the strain 
interpolation of the standard irreducible formulation is recovered: 

ࢿ ≅ ොࢿ ൌ (51) ࢁ௨࡮

where ࡮௨ is the discrete strain-displacement matrix defined as ࡮௨ ൌ  ௨ࡺ܁

The resulting algebraic system of equations reads: 

൤
െ࣎ࡹ ࣎ࡳ
்࣎ࡳ ࣎ࡷ

൨ ቂࡱ
ࢁ
ቃ ൌ ቂ૙

ࡲ
ቃ (52)

where ሾࡱ ࣎ࡹ ሿ் is the array of nodal values of strains and displacements, andࢁ ൌ ሺ1 െ ߬ఌሻࡹ, 
࣎ࡳ ൌ ሺ1 െ ߬ఌሻࡳ and ࣎ࡷ ൌ ߬ఌࡹ .ࡷ is a mass like projection matrix, ࡳ is the discrete gradient 
matrix, ࡷ is a stiffness like matrix and ࡲ is the vector of external nodal forces.  

ࡹ ൌ න ࢿࡺ
ࢹࢊࢿࡺ۲ࢀ

ࢹ
(53)

ࡳ ൌ න ࢿࡺ
࢛࡮۲ࢀ ࢹࢊ

ࢹ
(54)

ࡷ ൌ න ௨࡮௨்۲࡮ ߗ݀
ఆ

(55)

ࡲ ൌ න ࢛ࡺ
ࢹࢊ	ࢌࢀ

ࢹ
൅න ࢛ࡺ

࢚̅ࢀ ࢣࢊ
࢚ࢣ

൅ න ࢏ࢿ۲ࢀ࢛࡮ ࢹࢊ
ࢹ

 (56)

In all the simulations shown in Sections 10 and 11, a stabilization parameter ߬ఌ ൌ 0.1 is used. 
Calculations are performed with an enhanced version of the finite element program COMET [26]. 
Pre- and post-processing are done with GID [27], developed at CIMNE (International Center for 
Numerical Methods in Engineering). Convergence of a load step increment is reached when the 
ratio between the norm of residual forces and the norm of the total external forces is lower than 
10-3 %. 
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10. Concrete beam under cyclic loading 
 

In this section, the numerical simulation of the test of a concrete beam under cyclic loading is 
presented. The beam was experimentally tested by [28], which also computed numerical 
simulations with their proposed constitutive model. Other numerical results are also reported in 
reference [29], where a non-local formulation is employed.  

The objective of this example is to assess the performance of the proposed model with 
experimental evidence. The geometry of the beam is shown in Figure 6 and the material 
parameters are given in Table 6. The isotropic Drucker-Prager model is used. The thickness of 
the beam is 0.05 m. Loads are applied via increments of vertical displacements.  

The example is solved under the plane stress hypothesis using two distinct 2D meshes: one of 
1998 quadrilateral elements of size h = 5 mm and a second one of 17,982 quadrilateral elements 
of size h = 1.66 mm. Both meshes are shown in Figure 7. 

For comparison purposes, the beam in [28] is tested under monotonic and cyclic loading. For this 
reason, the simulations completed under cyclic loading are also compared with results obtained 
under a monotonically increasing load. 

 

Figure 6. Geometry of the concrete beam under cyclic loading (mm) 

 

Young’s Modulus 44.0·109 Pa 
Poisson’s Ratio 0.2 
Tensile Strength 2.35·106 Pa 

Tensile Fracture Energy 85 J/m2 
Compressive Strength 2.35·107 Pa 

Compressive Fracture Energy 12000 J/m2 
଴ߛ
േ parameter 1.0 

௣ߛ
േ parameter 1.0 

 parameter for Irreversible Strains 0.7 ߚ

Table 6. Material parameters of the concrete beam under cyclic loading 
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Figure 7. Meshes used for the concrete beam under cyclic loading, (a) h = 5 mm and (b) h = 1.66 mm 

Figure 8 shows the maximum principal strain map of the computed beams under monotonic 
loading at the end of the simulation, for an imposed vertical displacement at the midpoint of ߜ ൌ
0.7	݉݉ for both meshes used.  

 

Figure 8. Maximum principal strain field for (a) h = 5mm and (b) h = 1.66 mm, for an imposed vertical 
displacement of δ = 0.7 mm, in the concrete beam under cyclic loading 

Figure 9 shows the force-displacement curves obtained with both meshes are compared. The 
computed results performed with both meshes are practically overlapping and are very similar to 
the experimental curves of Reference [28]. For both meshes, the results of the monotonic and the 
envelope of the cyclic simulations are overlapping. 

 

(a) 

(b) 

(a) 

(b) 
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Figure 9. Converge analysis of the (a) monotonic and (b) cyclic simulations of the concrete beam under cyclic 
loading 

 

11. Cubic metal specimen under shear cyclic loading 
 

In this section the numerical simulation of a cubic metal specimen subjected to shear cyclic 
loading is considered. The objective is to assess the performance of the isotropic and orthotropic 
proposed models under shear cyclic conditions. For comparison, computations are done with the 
Rankine and Drucker Prager failure criteria and several different shear loading situations are 
considered. 

The geometry and boundary conditions are shown in Figure 10. A cube metal of size 1 mm x 1 
mm x 1 mm is subjected to monotonic and cyclic shear loading while different levels of pre-
compression are applied A small horizontal slit of 0.1 mm has been introduced in the center of the 
cube to fix the occurrence of fracture. The material properties are given in Table 7. 

In the tests, the loading is applied via strain increments. Firstly, a pre-compressive strain is 
applied; secondly several different cycles of shear loading with increasing amplitude are executed. 
For comparison purposes, the test is performed under different values of initial compressive strain. 

The boundary conditions considered are the following. The base of the cube is fixed. The constant 
pre-compression is applied via a vertical displacement imposed at the top of the cube. The cyclic 

(a) 

(b) 
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shear load is applied through horizontal displacements also at the top. The vertical displacements 
of the lateral walls of the cube are prevented.  

Many similar versions of this numerical benchmark have been reported for the testing of several 
crack models, mostly under monotonic conditions, e.g. in [30, 31, 32], where phase-field models 
are considered. In reference [33] a similar version of the test is used to assess the performance of 
a fatigue model developed also within the phase-field approach. 

The example is solved assuming plane strain behavior and using a 2D structured mesh of 100 x 
100 quadrilateral elements of size h = 10-5 m. 

 

Figure 10. Geometry of the cubic metal specimen under shear cyclic loading 

 

Young’s Modulus 21.0·109 Pa 
Poisson’s Ratio 0.3 
Tensile Strength 109 Pa 

Tensile Fracture Energy 30000 J/m2 
Compressive Strength Various values are considered 

Compressive Fracture Energy 30000 J/m2 
଴ߛ
േ parameter 1.0 

௣ߛ
േ parameter 1.0 

 parameter for Irreversible Strains 0.0/0.5 ߚ

Table 7. Material parameters of the cubic metal specimen under shear cyclic loading 

 

11.1. Isotropic Drucker Prager model with varying ௖݂ ௧݂⁄  ratio 
 

The performance of the isotropic Drucker Prager model subjected to pure shear cyclic loading is 
addressed first. The simulation is done for varying ratios of compressive vs tensile strength. For 
this, the tensile strength is ௧݂ = 109 Pa, while the ratio ௖݂ ௧݂⁄  = 1, 5, 8 and 100.  

Figure 11 shows the computed crack trajectories for different ratios of compressive vs tensile 
strength under monotonic pure shear loading. It can be seen how for the case ௖݂ ௧݂⁄ ൌ 1 the crack 
trajectory is a horizontal straight line, as is typical in metals for this type of loading and purely 
deviatoric behavior. For increasing values of ௖݂ ௧݂⁄  the crack turns and tends to a trajectory at an 
angle of 45º with respect the horizontal axis for the case ௖݂ ௧݂⁄ ൌ 1, as would happen for 
cementitious materials.  
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Figure 11. Isotropic Drucker Prager model damage contours for the cubic metal specimen under monotonic 
loading with (a) ࢉࢌ ⁄࢚ࢌ ൌ ૚, (b) ࢉࢌ ⁄࢚ࢌ ൌ ૞, (c) ࢉࢌ ⁄࢚ࢌ ൌ ૡ and (d) ࢉࢌ ⁄࢚ࢌ ൌ ૚૙૙ 

 

(a) (b) 

(c) (d) 
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Figure 12. Isotropic Drucker-Prager model force-displacement curves for the different ratios of compressive 
vs tensile strength 

It is to be noted that for the reciprocal ratios ௖݂ ௧݂⁄  = 1/5, 1/8 and 1/100, with the compressive 
strength smaller than the tensile one, the exact skew symmetric crack trajectories with respect the 
ones shown in Figure 11 develop. 

In Figure 12 the force-displacement curves of the different situations are presented. It can be seen 
how the peak value of the force increases as the ௖݂ ௧݂⁄  ratio is increased, with the case ௖݂ ௧݂⁄ ൌ 1 
reaching a much lower peak value than the other cases. It can also be appreciated how the behavior 
of the material becomes more brittle as the ௖݂ ௧݂⁄  ratio increases. 

Figure 13 shows the crack trajectories for different ratios of compressive vs tensile strength under 
monotonic (left) and cyclic (right) pure shear loading. It can be seen how the cracks under cyclic 
loading have central symmetry with respect the center of the sample and that cracks are nearly 
overlapping with the respective monotonic result. The observed differences in the trajectories 
between monotonic and cyclic results are of 1 element at the most, the resolution of the mesh. 

In Figure 14 it can be seen how the force-displacement curves of the monotonic and cyclic 
simulations are overlapping in all the situations. It can also be seen how the stiffness is properly 
and completely recovered upon load reversal.  
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Figure 13. Isotropic Drucker-Prager model damage contours for the cubic metal specimen under monotonic 
(left) and cyclic (right) loading with (a) ࢉࢌ ⁄࢚ࢌ ൌ ૞, (b) ࢉࢌ ⁄࢚ࢌ ൌ ૡ and (c) ࢉࢌ ⁄࢚ࢌ ൌ ૚૙૙ 

 

(a) 

(b) 

(c) 
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Figure 14. Isotropic Drucker Prager model force-displacement curves for the cubic metal specimen under 
monotonic and cyclic loading with (a) ࢉࢌ ⁄࢚ࢌ ൌ ૞, (b) ࢉࢌ ⁄࢚ࢌ ൌ ૡ and (c) ࢉࢌ ⁄࢚ࢌ ൌ ૚૙૙ 

 

 

 

 

(a)

(b) 

(c) 
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11.2. Isotropic vs Orthotropic Rankine model 
 

The comparison of the isotropic and orthotropic Rankine models subjected to pure shear is now 
assessed. For the sake of clarity, ௖݂ ௧݂⁄ ൌ ∞, and only tensile damage is considered. Figure 15 
shows the crack trajectories for isotropic and orthotropic Rankine under monotonic (left) and 
cyclic (right) pure shear loading, demonstrating that crack trajectories are neatly different for 
isotropic and orthotropic damage. The force-displacement curves are depicted in Figure 16. It is 
remarkable that isotropic models may soften completely under shear loading, while orthotropic 
models fully retain their stiffness in the undamaged directions. Results are again overlapping in 
monotonic and cyclic loadings situations. The stiffness is properly recovered when cracks close 
and re-open.  

 

  

Figure 15. Rankine model damage contours of the (a) isotropic and (b) orthotropic version for the cubic metal 
specimen under monotonic (left) and cyclic (right) loading 

 

 

(a)

(b) 



 

31 
 

 

 

Figure 16. (a) Isotropic and (b) orthotropic Rankine model force-displacement curves for the cubic metal 
specimen under monotonic and cyclic loading 

 

11.3. Effect of the pre-compression in the cyclic behavior 
 

In this section, the performance of the model is assessed in situations in which the cubic metal 
specimen is first subjected to a level of pre-compression before the cycles of shear load of 
increasing amplitude are applied. The results obtained under three different values of pre-
compressive strain, noted as ߝ௖, are compared: 

 Pure shear cyclic loading test without compression, ߝ௖ ൌ 0 
 Low compression, ߝ௖ ൌ 2.0 ൉ 10ିଷ 
 High compression, ߝ௖ ൌ 4.0 ൉ 10ିଷ 

The isotropic Rankine model is used, with ௖݂ ௧݂⁄ ൌ ∞. Therefore, only tensile damage is 
considered.  

 

(a)

(b)
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Figure 17. Isotropic Rankine model damage contours with (a) no compression, (b) low compression and         
(c) high compression for the cubic metal specimen under monotonic (left) and cyclic (right) loading 

 

(a)

(b)

(c)
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Figure 18. Isotropic Rankine model force-displacement curves with different pre-compression levels under 
monotonic loading in the cubic metal specimen 

 

 

Figure 19. Isotropic Rankine model force-displacement curves for the cubic metal specimen under monotonic 
and cyclic loading in the (a) low compression and (b) high compression case 

 

(a)

(b)
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Figure 17 shows the crack trajectories obtained with different levels of pre-compression under 
monotonic (left) and cyclic (right) loading. It can be seen how the crack trajectories vary in 
function of the pre-compression applied to the cubic specimen. The in-between angle formed by 
the cracks increases with the pre-compression. 

Figure 18 depicts the force-displacement curves under monotonic loading of the three cases 
considered. It can be seen how the peak load of the specimen increases when the pre-compression 
is increased.  

In Figure 19, the monotonic and cyclic force-displacement curves are compared in the low and 
high pre-compression cases. It can be observed that stiffness is duly recovered when cracks close 
and reopen. 

These results are to be compared with the curves of Figure 16a where no pre-compression is 
applied. It can be seen that the monotonic and cyclic curves no longer overlap when pre-
compression is applied. This is caused by the development and accumulation of “sealing” strains 
when the cracks close or reopen. This causes a loss of symmetry in the force-displacement curves. 
The slight loss of symmetry caused by the “sealing” strains can also be observed in Figure 17 in 
the two cracks that develop in the body. 

 

11.4. Effect of the irreversible strains 
 

In this section, the effect of irreversible strains is included in the simulations. To this end, 
compressive damage is also considered in the isotropic Rankine model and a ratio ௖݂ ௧݂⁄ ൌ 3 is 
used. The parameter β = 0.5 is used for irreversible strains. The same three loading cases with 
different pre-compression levels from the previous section are examined. 

Figure 20 shows the crack trajectories obtained with different levels of pre-compression under 
monotonic (left) and cyclic (right) loading with the development of irreversible strains. The crack 
trajectories deviate in function of the level of pre-compression initially applied to the specimen. 
The results differ very slightly from those in Figure 17.  

In Figure 21 the monotonic and cyclic force-displacement curves are depicted. It can be seen how 
in the cyclic results the development of irreversible strains under compression causes a noticeable 
loss of symmetry and the corresponding deviation with respect the monotonic computations. 
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Figure 20. Isotropic Rankine model damage contours of the with irreversible strains (β=0.5) with (a) no 
compression, (b) low compression and (c) high compression for the cubic metal specimen under monotonic 

(left) and cyclic (right) loading 

 

 

 

 

 

(a)

(b)

(c)
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Figure 21. Isotropic Rankine model with irreversible strains (β=0.5) force-displacement curves for the cubic 
metal specimen under monotonic and cyclic loading in the (a) no compression, (b) low compression and (c) 

high compression case 
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12. Conclusions 
 

In this work, a novel multi-crack model with full closing, reopening and sliding capabilities is 
proposed. The crack model is assembled from different features, some typical from classical 
orthogonal crack models, some others from up-to-date damage-based models, and some novel 
components. These are purposefully added to model micro-crack closure-reopening effects with 
significant sliding (MCRS). Two versions of the model, isotropic and orthotropic, are proposed, 
both provided with MCRS capabilities. 

The model is used in conjunction with a mixed ε/u finite element formulation which provides 
enhanced accuracy and mesh-independent results in cracking problems. 

Numerical benchmarks are used to demonstrate the performance of the model in Mode I, Mode 
II and Mixed Mode I and II cyclic loading situations.  

It is observed that: 

 The proposed damage constitutive models are fit for the numerical simulation of cracks 
in quasi-brittle materials with MCRS effects under cyclic loading situations.  

 The phenomena of tensile and compressive damage, stiffness recovery and irreversible 
strains are properly reproduced. 

 The model, used together with the mixed FE formulation is able to reproduce the behavior 
observed in experimental tests as well as to emulate complex crack patterns with MCRS 
effects.  

 Results obtained are free from the spurious mesh bias and stress-locking typical of 
standard FEs. 

 In mode I (traction) and in pure shear situations, monotonic and cyclic results obtained 
with the models are perfectly overlapping in terms of cracks trajectories and force-
displacement curves. 

 With pre-loading, monotonic and cyclic results are not overlapping, as irreversible strains 
develop and accumulate. This effect is very evident in force-displacement curves. 

 Distinct results are obtained for different damage models. Hence, different damage 
criteria produce different crack trajectories and force-displacement curves.  

 Likewise, isotropic and orthotropic versions of the same damage criterion also show very 
different results. 

From these, it is concluded that the proposed isotropic and orthotropic constitutive damage 
models with memory, used in conjunction with the mixed finite element formulation, are capable 
of computing mode I, mode II and mixed mode I and II cracking problems taking into 
consideration MCRS effects and correctly computing stiffness recovery under cyclic loadings 
with shear sliding. 
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