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Abstract. This paper presents a comparative study of interface capturing methods with
adaptive mesh refinement for Direct Numerical Simulation (DNS) of incompressible two-
phase flows. The numerical algorithms for fluid motion and interface capturing methods
have been previously introduced in the context of the finite-volume approach for both
mass conservative level-set methodology and coupled volume-of-fluid/level-set method for
unstructured/structured fixed meshes. The Adaptive Mesh Refinement (AMR) method
introduced in consist on a cell-based refinement technique to minimize the number of
computational cells and provide the spatial resolution required for the interface capturing
methods. The present AMR framework adapts the mesh according to a physics-based
refinement criteria defined by the movement of the interface between the fluid-phases.
Numerical experiments are presented to evaluate the methods described in this work. This
includes a study of the hydrodynamics of single bubbles rising in a quiescent viscous liquid,
including its shape, terminal velocity, and wake patterns. These results are validated
against experimental and numerical data well established in the scientific literature, as
well as a comparison of the different approaches used.

1 INTRODUCTION

Rising bubble in quiescent viscous liquid has become recently in one of the major active
research topics in multiphase science. Some computational studies have used detailed
simulations of the bubble rising physics in two and three dimensions to explore the fluid
effects and its dynamic behavior. In this context, the buoyancy-driven motion of a single
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bubble can be used as a well-studied phenomenon to compare and evaluate different
interface capturing methods and the use of adaptive mesh refinement algorithm to run
dynamic simulations and give a new insight into the utilization of this tool for hexahedral
and tetrahedral meshes.

In standard level-set (SLS) methods the interface is defined implicitly by the zero
contour of a signed distance function [1]. An advection equation governs the evolution of
this function in space and time, combined with a unique re-distancing algorithm. It is
established the advantages of this method lies on the accurate computation of interface
curvatures and normals, besides the drawback of the appearance of numerical errors that
leads to loss or gain of mass. This problem is handled with a conservative level-set (CLS)
[11, 6]. A review of the Volume of Fluid(VOF) method can be found in [3, 4]. In this
approach, the interface is represented implicitly by a color function, determined to be the
fraction of volume in each cell of one of the fluids. The interface needs to be reconstructed
using a geometric technique to advect the VOF function[12]. An advantage of VOF
method is the fact that certain algorithms can be used to advect the interface so that
the mass can be conserved, while still maintaining a sharp representation of the interface.
However, a disadvantage of the VOF method is the fact that it is hard to compute
correct curvatures from the color function because it presents a step discontinuity at the
interface. VOF/LS methods described by many authors [2, 5, 9] results as a combination
of both approaches described before, bringing a whole approach for the interface capturing
methods. In this way, the interface properties are obtained through a level-set method
while mass conservation problems are avoided by using the VOF method.

In this work, the primary motivation is to discuss the simulation of rising bubbles to
assess and compare the accuracy of interface capturing methods (CLS and VOF/LS) in-
troduced in our previous works[6, 7, 8, 9, 10]. When using those numerical approaches to
solving 2D and 3D multiphase problems, one of the disadvantages is the use of extensive
computational resources to address the interfaces of the flows involved entirely. An effi-
cient way to reduce the computational resources, computation time and still be able to
have the spatial resolution required is using an adaptive mesh refinement (AMR) method
introduced in previous work [13]. Some authors started to use AMR on multiphysics, and
multiscale problems to get robust and accurate numerical results for problems, wherein
without the use of AMR were much difficult to reach. On the literature, AMR with a
Front-Tracking (FT) method was applied to series of rising bubble simulations in the
wobbling regime [17]. Also, AMR with a hybrid LS/FT were useful to solve 2D two-phase
flows in the presence of surface tension [18].

The outline of the paper is as follows: A summary of the governing equations is given
in Section 2. Here, the coupling of the NavierStokes equations for two-phase flow is intro-
duced through the inter-phase conditions, which incorporate surface tension. Moreover,
a description of the AMR implementation is shown. The code validation and numerical
results are displayed in Section 3. The conclusions are presented in Section 4.
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2 MATHEMATICAL MODEL AND NUMERICAL METHODS

2.1 Incompressible two-phase flow

The momentum and mass conservation of two immiscible incompressible and Newto-
nian fluids are described by the Navier-Stokes equations defined a single fluid in Ω, with
a singular source term for the surface tension force at the interface Γ [6, 10, 19, 20, 22]:

∂

∂t
(ρv) +∇ · (ρvv) = −∇p+∇ · µ

(
∇v+ (∇v)T

)
+ ρg+ σκnδΓ (1)

∇ · v = 0 (2)

where ρ and µ are the density and dynamic viscosity of the fluids, g is the gravity acceler-
ation, p is the pressure, v is the velocity field, the super-index T represents the transpose
operator, δΓ is a Dirac delta function at the interface Γ, σ is the surface tension coefficient,
κ is the curvature of the interface and n denotes the unit normal vector on the interface.
Physical parameters change discontinuously across the interface:

ρ = ρ1H1 + ρ2(1−H1) µ = µ1H1 + µ2(1−H1) (3)

with ρ1, ρ2 and µ1, µ2 being the densities and viscosities of the first and second fluids,
respectively, whereas H1 is the Heaviside step function that is one at fluid 1 and zero
elsewhere[6, 10].

2.2 Conservative level set equations

In the context of conservative level set (CLS) method[11, 6, 10], a regularized indicator
function, φ, is employed as follows φ(x, t) = 0.5 (tanh (d(x, t)/2ε) + 1), where d is a signed
distance funtion, ε = 0.5h0.9 is a tunable parameter that sets the thickness of the profile,
h is the grid size[6, 10]. With this profile the interface Γ is defined by the location of
the φ = 0.5 iso-surface[6, 11], Γ = {x | φ(x, t) = 0.5}. Since the level set function is
avected by an incompressible velocity field, the following interface transport equation can
be written in conservative form:

∂φ

∂t
+∇ · φv = 0 (4)

The level set function must be reinitialized to keep the profile and thickness of the interface
constant following the next equation[6, 11]

∂φ

∂τ
+∇ · φ(1− φ)n = ∇ · ε∇φ (5)

The reader is referred to [6] for further details on the CLS method on unstructured meshes
applied to this work.
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2.3 Coupled volume-of-fluid/level-set method

In the volume-of-fluid method[3], an indicator function f is used to track the interface,

f(x, t) =

{
1 if x ∈ Ω1

0 if x ∈ Ω2
(6)

with Ω1 and Ω2 the sub-domains occupied by the fluid 1 and 2 respectively. Discretely,
the information stored at the cell ΩP is the volume-averaged indicator function, namely
the volume fraction fP =

∫
ΩP

f(x, t)dV/
∫
ΩP

dV , where V is the volume of the cell ΩP .
The advection equation for f is given by:

∂f

∂t
+ v · ∇f = 0 (7)

where v is the fluid velocity. The reader is referred to [12] for further details of the
VOF-PLIC method used in the present work. The main idea in the coupled VOF/LS
methods [2, 5] is to take the advantages of both approaches (VOF and LS). In the present
formulation, the mass losses are reduced through the application of a VOF-PLIC method,
while a fine representation of the interface curvature is preserved by utilizing the level set
method. From the geometrical data of the interface given by the VOF-PLIC method, a
signed distance function is reconstructed following a geometric algorithm[9]. Then, the
signed distance function is used to compute surface tension forces. The reader is referred
to [9] for further details on the VOF/LS method utilized in the present work.

2.4 Adaptive mesh refinement

Our computational approach uses an adaptive mesh refinement algorithm(AMR) based
on a quad/octree for 2D and 3D grids. The reader is referred to [13, 14, 15] for details
of the model and the numerical implementation for the use of this methodology to the
simulation of turbulent flow around bluff bodies, and [16] for the application of AMR of
[13] to the CLS method developed by [6]. The algorithm generates a new mesh according
to a physical criterion. The implementation of the AMR algorithm follows the next steps:

Physics-based criterion computation. It is based on the indicator function used to track
the interface. On this paper, the cells marked to refinement are the ones with an interface
value between 0 and 1. Next, a group of neighbor cells is flagged as well, to ensure a
refinement thickness surrounding the interface on both fluids direction. On the moment
of one cell of the group does not match the conditions then the subinterval of time is
stopped to continue to the next steps. Fig. 1 is an example of the bubble interface and
the cells surrounding it to a maximum level.

Creation of the newly adapted meshes. For each AMR time interval, the current mesh,
a list of global identifiers of cells, its corresponding level of refinement and, a tree data
structure that keeps track of the cells decomposition are processed to create and return
the newly mesh.
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Figure 1: Illustration of refinement process for a two-dimensional rising bubble, where four levels of
refinement has been applied.

Solution exchange. The intermediate solutions are transferred from one mesh to the
newly. For now, we use a hierarchical cell evaluation mechanism: given any cell in the
domain, it provides the value at this point and its hierarchical position on the quad/octree.
Then, an average process is performed for the coarsening, and a pass value is done for the
refinement process in the computational space.

2.5 Numerical methods

The governing equations have been discretized using a finite-volume(FV) approach on a
collocated unstructured grid arrangement according to [6], which automatically adapts to
the AMR framework. Convective terms are discretized using TVD Superbee flux limiter
scheme [6, 10], unless otherwise stated. Moreover, central difference scheme (CD) is
also available for discretization. Diffusive terms are discretized employing CD scheme[6].
Surface tension force is taken into account using a continuos surface model[20], formulated
for unstructured meshes by [6, 10]. A fractional step projection method is used for solving
the pressure-velocity coupling [21, 10]:

ρv∗ − ρnvn

∆t
= Cn +Dn + ρg+ σκ∇h(φ) vn+1 = v∗ − ∆t

ρ
∇h(p

n+1) (8)

where, C = −∇h · (ρvv), D = ∇h · (µ(∇hv) + (∇hv)
T ), (∇hv)

T is calculated by the
least-squares method[6]. Combining the incompressible constraint with corrector step in
Eq. 8, a Poisson equation for the pressure field is obtained, which is solved by means of
a preconditioned conjugated gradient method:

∇h ·
(
1

ρ
∇h(p

n+1)

)
=

1

∆t
∇h · (v∗) (9)

Further technical details, verifications and validations of the numerical code in the
framework of both CLS and VOF/LS methods have been reported in [6, 7, 8, 9, 10]. The
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numerical algorithms explained in this work are implemented in a parallel C++/MPI
code called TermoFluids.

3 NUMERICAL EXPERIMENTS

Test cases are presented to validate the present numerical methods in the context
of single buoyancy driven motion bubbles. In the next sections, the verification and
validation of the proposed AMR algorithm with CLS and VOF/LS are shown, in the
context of 2D and 3D single bubbles. The dimensionless numbers controlling the rising
of a quiescent bubble flows are the Eötvös number (Eo), Reynolds number (Re), Morton
number (M) and the ratios of physical properties (density ratio ηρ and viscosity ratio ηµ)
defined as following

Eo =
gd2∆ρ

σ
M =

gµ4
1∆ρ

ρ21σ
3

Re =
ρ1UTd

µ1

ηρ =
ρ1
ρ2

ηµ =
µ1

µ2

(10)

where the subindex 1 refers to the continuous fluid phase, the subindex 2 refers to the
lighter fluid in the bubble, the subindex d refers to the dispersed phase.

UT =
∫
Ω2

vyφdV/
∫
Ω2

dV is the terminal velocity of the bubble, ∆ρ = ρ1 − ρ2 specifies
the density difference between the fluid phases. Furthermore, in order to get a quantitative
measure of bubble shape, the sphericity is defined as ζ = πd2/

∫
Ω
||∇f ||dV .

3.1 Two-dimensional rising bubble

Solutions are obtained on a computational domain of [-db,db];[0,4db], where the initial
cylindrical bubble of diameter db = 5.0 is located at x=0, y=db (See Fig. 2). The
boundary conditions at the top and bottom are non-slip conditions, and on the vertical
walls, a free-slip boundary condition is applied. The fluid parameters are: Eo = 10,
Re = 35, ρ1/ρ2 = 10, µ1/µ2 = 10, where the subscript 1 is used for the continuous fluid
phase, Ω1, while the subscript 2 is assigned to the lighter fluid in the bubble, Ω2.

Figure 2: Illustration of the computational domain (left)Bubble initial position (right)computational
base grid-number of control volumes 7k.

Present simulations are performed using AMR to ensure grid resolution on the interface
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between fluids. Following the numerical studies carried out by [6], a minimum grid size
was fixed on the interface with three levels of refinement for VOF/LS(hmin = db/240) and
three/four levels of refinement for CLS(hmin = db/240 and hmin = db/480), to maximize
the resolution of the bubble and reduce the overall number of control volumes for this
case(total number of control volumes for three levels of refinement 9.3k aprox. and for
four levels of refinement 37k aprox.). More refinement was achieved for CLS method
because the interface is more wide compared to VOF/LS that has an interface thickness
of one cell. The predicted bubble shapes on different times, defined as t∗ = tg1/2d−1/2,
with its AMR mesh are shown in Fig. 3.

CLS V OF/LS

Figure 3: Example of a two dimensional rising bubble with CLS and VOF/LS at t∗ = 4.20. Bubble
shape with its computational grid.

For the sake of comparison, the benchmark quantities are defined as follows:

vc =

∫
Ω2

v · eydV∫
Ω2

dV
, yc =

∫
Ω2

x · eydV∫
Ω2

dV
, ζ =

πd2b∫
Ω
||∇f(x, t)||dV

. (11)

where vc is the rise velocity, ey is a unit vector parallel to the y − axis, yc is the bubble
centroid, ζ is the bubble circularity which takes the value 1 for a perfect circular bubble
and values less than unity as the bubble is deformed.

Fig. 4 shows the position of the bubble, terminal Reynolds number, and circularity as
a function of time. Our results compare well with the data published by [23, 24]. Both
approaches show a correct representation of the dimple ellipsoidal bubble. Where the
bubble being initially circular has a horizontal change, then the interfacial curvature gets
smaller and, finally, tends to a certain limit value. This bubble deformation develops a
slight dimple at the bottom but, at later times, eventually reaches a more stable ellipsoidal
shape.
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Figure 4: Two dimensional rising bubble results compared against[23]. (left top)Rise velocity (right
top)Circularity (bottom)Bubble centroid

3.2 Three-dimensional buoyant bubbles

While the dynamics of a 2D single bubble is important for understanding the phys-
ical process of a rising bubble according to the dimensionless numbers, yet more useful
information can be extracted from the analysis of a fully 3D single bubble. Experimental
studies and correlations are usually invoked for the estimation of some macroscopic char-
acteristics of the rising bubble. Rising bubble in ellipsoidal shape regime in an initially
quiescent liquid is explored. The computational domain are [0,8db];[0,16db];[0,8db], where
the initial bubble of diameter db = 2.5 is located at x=0, y=3db as it is shown in Fig. 5.

Figure 5: Illustration of the computational domain (left)Bubble initial position (right)computational
base grid-number of control volumes 524k.

The fluid parameters are: Eo = 116, Mo = 41.1, ρ1/ρ2 = 100, µ1/µ2 = 100, No-
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[25] [8] [9] Present AMR-CLS Present AMR-VOF/LS
Number of cells 2.30E6 2.92E6 8.25E5 7.75E5
Re 7.16 6.94 7.02 6.79 6.76

Table 1: Present Re computations compared against experimental results from [25] and numerical results
from [8, 9].

slip boundary condition is used at the top/bottom boundaries, and free-slip boundary
condition is used at the lateral side of the domain. The mesh configurations follow an
AMR strategy for 3D hexahedral elements. Following the numerical studies presented
by [9], a minimum grid size was fixed on the interface (hmin = db/64), to maximize the
resolution of the bubble and reduce the overall number of control volumes for this case
(total number of control volumes 825k aprox.).

CLS V OF/LS

Figure 6: Example of a three dimensional rising bubble with CLS and VOF/LS at t∗ = 6.2. Bubble
shape with its computational grid.

A sequence of shapes for different times is presented in Fig. 6. Bubble start to rise due
to buoyancy and starts to stretch tending to form a dimple at the bottom. This is produced
due to the bubble tries to achieve a skirted shape but, finally reaches a dimple ellipsoidal
shape, where it remains. The numerical prediction for terminal Reynolds number is
compared with the numerical results reported by [8, 9] (See Table 1). A close agreement
between CLS and VOF/LS results are obtained. Furthermore, CLS shows better mass
conservation compared to VOF/LS (See Fig. 7). Here, the instantaneous mass is evaluated
and compared with the initial mass, then the mass conservation error is calculated by
Mr = [M(t)−M(0)]/M(0) with M(t) =

∫
Ω
fdV .
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Figure 7: Three dimensional rising bubble results. (left top)Rise velocity (right top)Sphericity (bot-
tom)Mass conservation error

4 CONCLUSIONS

- In this work, a comparative of CLS and VOF/LS for the simulation of incompressible
two-phase flows using AMR technique was presented. Both methods were coupled
with the Navier-Stokes equations discretized in a finite-volume scheme.

- The combination of the interface capturing methods and AMR technique results
in an efficient algorithm that allows simulating complex two-phase flows with a
reduction of computational resources in comparison with those used for fixed meshes.

- Present results are in good agreement with numerical and experimental results from
the literature. As future work, this methodology will be extended to AMR for
tetrahedral meshes, as well as, interfacial flows with heat and mass trasfer, phase
change and variable surface tension[10].

5 ACKNOWLEDGMENTS

This work has been financially supported by theMinisterio de Economı́a y Competitivi-
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