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1 INTRODUCTION

Fluid-structure interaction (FSI) is classicaly modeled according a separated and local
approach. It enables to take full advantage of the numerical methods specifically designed
for each medium. However, it requires to take great care of the interface, and to exchange,
between the algorithms, the information related to boundary conditions [1]. This treat-
ment of the interface can quickly become too cumbersome in complex flow geometries, as
in the industrial case study driving this work: an inviscid compressible flow interacting
with French PWR fuel assemblies (Fig. 1a).

In such specific applications, where the solid medium exhibits a discontinuous but pe-
riodic design, an homogenized and global approach is preferred [2]. Inspired by porous
media [3, 4], multiphase flows, or Large Eddy Simulation (LES), it relies on a spatial
averaging of the balance equations, thus allowing to remove all interfaces. However, such
filtering techniques exhibit two major limitations: first, they do not deal properly with
boundary conditions, due to the non-commutativity between the filtering operator and
spatial derivatives, as detailed in [5, 6, 7] for LES; second, filtering implies loss of mi-
croscopic information, and thus requires a closure model to describe interactions between
resolved and unresolved scales.
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In order to bypass these limitations, and especially tackle the multi-scale issue of clo-
sure, the authors hereafter put forward a new formalism to homogenize the fluid and
solid media : continuous wavelet transform (CWT). Indeed, once applied to each medium
balance equations, CWT allows to robustly derive a system of filtered and homogenized
PDEs, while travelling back and forth between resolved and unresolved scales, thanks to
its ability to reconstruct a signal from its wavelet coefficients.

Microscopic scale
local equations
non-linear PDEs
2 separated media

filtering
��� ��� ���

CWT
��� ��� ���

reconstruction

Mesoscopic scale
filtered local equations + closure

non-linear PDEs
single homogenized medium

In literature, wavelets have been extensively used, for a couple decades now, in signal
processing and modal identification [8], and also for the numerical computation of PDEs
[9, 10, 11, 12, 13]. Nevertheless, to the authors’ knowledge, wavelets are in most cases
used with the ”discrete (orthogonal) wavelet transform” (DWT) formalism, and under the
assumption that the signal is known at the microscopic scale (signal processing, coarsening
of a fine grid). The reference work of [14] stands among the rare examples of the use of
CWT on linear differential equations, in order to derive algebraic equations.

In the current work, wavelets are used to derive filtered and homogenized equations on
continuum fields, in the sense of continuum mechanics. CWT is therefore more relevant
than DWT. The thorough description of the filtering process, and the numerical resolution
of the filtered equations, exceed the scope of the current work. However, it can here be
noted that CWT will be implemented in a 2D formalism, as the solid medium exhibits
a periodic design along the transverse directions only (Fig. 1a). Moreover, the authors
hereafter focus on the fluid, and consider the solid medium as a fixed and rigid body, only
acting as a boundary condition for the flow. The structure displacement and deformation
will be considered in further developments.

The following of the present article is hereafter divided into five parts. First, the
fluid physical and mathematical modeling are described, after a brief overview of the
solid medium. Second, the wavelet-based multi-scale modeling is introduced : some key
points on CWT are recalled, followed by the choice of the analyzing wavelet. Third, the
filtered equations are displayed, thus highlighting the key issues of closure and microscopic
reconstruction. Fourth, this modeling is confronted with a 2D numerical case study,
consisting in the propagation of a transverse pressure wave through rod bundles, for
which a reference solution is computed with EUROPLEXUS software. These preliminary
numerical investigations aim to bring a first light on the CWT ability to reconstruct the
force applied by the fluid on the micro-structure. Finally, the last section is dedicated to
a conclusion.
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2 Physical and mathematical modeling

2.1 Solid medium

In the industrial case study, the solid medium is composed of fuel assemblies used in a
French PWR. As shown in Fig. 1a, they exhibit a discontinuous but periodic design, with
a beam-like geometry (20 cm2×4 m). A French 900 MW PWR possesses 157 fuel assem-
blies, each composed of 264 fuel rods (5 mm radius), 5 instrumentation guide thimbles,
and 24 control rod guide thimbles. The latter bring stiffness and cohesion to the structure
thanks to 8 spacer grids (Fig. 1b) placed along the assembly. The reader can refer to [2]
for further details on the design and mechanical behavior of PWR fuel assemblies.

(a) (b)

Figure 1: PWR fuel assemblies design: fuel assembly (a) and spacer grid (b).

2.2 Fluid

Under nominal operating conditions, the (liquid) water flow interacting with PWR fuel
assemblies is almost vertical, incompressible and very turbulent, with a Reynolds number
around 105, at around 300 degrees Celsius and 155 bar. For this study, a fast transient
compressible flow is considered, with the following modeling framework:

• monophasic compressible flow;

• inviscid fluid;
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• kinetic turbulent energy, gravity effects and superficial tension are negligible com-
pared to pressure gradients;

• conduction heat transfer is negligible;

• barotropic state law;

2.3 Local equations

The water flow is thus driven by the following Euler compressible equations:

∂tρ+ div (ρv) = 0 in Ωf ,

∂t (ρv) + div (ρv ⊗ v) = −∇ p in Ωf ,

∂t (ρe) + div ((ρe+ p) v) = 0 in Ωf ,

(1)

which translate respectively the conservation of mass, momentum and energy.
This system of conservation laws is closed by a barotropic state law:

p = pref + c2 (ρ− ρref ) , (2)

where ρref and pref are respectively a reference density and pressure, and c =
√

∂ρp the
sound velocity in the fluid.

As for the boundary conditions, the assumption of inviscid fluid here implies:

v ·n = 0 on ∂Ωf , (3)

where n is the outward unit normal vector on the boundary ∂Ωf .
Given an initial data, the mathematical problem is thus well-posed. The fluid physical

and mathematical modeling being stated, the following section can now introduce the
multi-scale and homogenized modeling.

3 A multi-scale and homogenized modeling: from spatial averaging to CWT

Considering the lack of smoothness of some of the fields present in (1) (the pressure
gradient and divergence operators are only defined in a distributional sense), a plain
volume averaging of the equations is not mathematically robust. Moreover, a classical
convolution product, as used in LES, does not enable to connect resolved and unresolved
scales, and to reconstruct the force applied on the micro-structure. Continuous wavelet
transform (CWT), conversely, fulfill these requirements.

In the following subsections, some key points on CWT are first recalled. The choice of
the analysing wavelet is then motivated.
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3.1 Continuous wavelet transform : definition and properties

Wavelets were first introduced as a tool for time-frequency analysis, in a 1D formalism.
From an analyzing wavelet Ψ, classicaly defined as an oscillating function with a well-
localized time-support, and a band-pass behavior

(
ωΨ,∆ωΨ

)
in the Fourier domain, two

parameters enable to build a familiy of translated (u ∈ R) and dilated (s > 0) wavelets:

Ψs,u(t) =
1
√
s
Ψ

(
t− u

s

)
(4)

The resulting wavelet family (Ψs)s>0 also exhibits a band-pass behavior. The interested
reader can refer to [8, 15] for further details on wavelets and time-frequency analysis.
Hereafter, wavelets are used as a spatial filtering tool. The above definition (4) is then
generalized by adding one (respectively two) angular parameter(s) θ (resp. θ/ϕ) in 2D
(resp. in 3D). In the following, d = 2.

Definition: continuous wavelet transform (2D) Assume Ψ ∈ L1
(
Rd

)
∩ L2

(
Rd

)
,

with real or complex values, and satisfying a zero average condition:

∫

Rd

Ψ (x) dx = 0. (5)

The continuous wavelet transform of a finite-energy signal f ∈ L2
(
Rd

)
is defined as:

for all positions u ∈ Rd, scales s > 0, and angle θ ∈ [0, 2π[:

W[f ](s, u, θ) =
1

√
s
d

∫

Rd

f(x)Ψ

((
Rθ

)
−1 x− u

s

)
∗

dx (in 2D), (6)

where:

• W[f ](s, u, θ) is the wavelet coefficient;

• Ψ is the analyzing wavelet, and Ψ∗ its complex conjugate;

• Rθ =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)

(e1,e2)
is the 2D rotation matrix with respect to the

(
O, e1 ∧ e2

)

axis, where
(
e1, e2

)
is the orthonormal cartesian basis of R2;

If d = 1, the θ variable and the rotation matrix Rθ are omitted.

Thus, CWT can either be seen as a scalar or convolution product, between a signal
and a wavelet family. But more importantly, CWT allows to reconstruct a signal at the
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microscopic scale from its wavelet coefficients, assuming the analyzing wavelet satisfies
the following admissibility condition (where F denotes the Fourier transform):

CΨ =

∫

R2

|F [Ψ] (k)|2

�k�
2 dk < +∞ (in 2D). (7)

For further details on this property, the reader can refer to the reference book of [15].
Let us now detail the choice of the analyzing wavelet.

3.2 Analyzing wavelet

In literature, two major wavelet families are available: complex analytic and directional
wavelets, versus real isotropic wavelets. In this work, the latter are better suited to
”observe” pressure waves propagating in different directions simultaneously. The mexican
hat (Fig. 2) has thus kept our attention. Its definition is recalled below (8) :

∀k ∈ R2, F [Ψ](k) = 4σ3
√
2π �k�

2
e−

σ2
‖k‖2

2 (in 2D). (8)
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Figure 2: 1D (a) and 2D (b, σ = 1) mexican hat Fourier transforms.

This wavelet exhibits a band-pass behavior in the Fourier domain, with a low selectivity.
Besides, it satisfies the admissibility condition (7), with

CΨ = 32π2σ2 (in 2D). (9)

The mexican hat thus allows to tackle the closure issue, as detailed in the following
section.
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4 Filtered equations: closure and microscopic reconstruction

The wavelet-based multi-scale modeling here introduced leads to the following filtered
equations on (W[ρ],W [ρv] ,W [ρe]) (here in 3D for the sake of generality):

consider T > 0, for all t ∈ [0, T [, s > 0, and u ∈ R3:

∂tW[ρ](s, u, t) + div (W [ρv]) (s, u, t) = 0,

∂tW [ρv] (s, u, t) + div (W [ρv ⊗ v]) (s, u, t) = −∇W[p](s, u, t) + �FS→F (s, u, t),
∂tW[ρe](s, u, t) + div (W [(ρe+ p)v]) (s, u, t) = 0,

(10)

where

�FS→F (s, u, t) = −

∫

∂Ωf

Ψ̃s

∗

(u− σ)p(σ, t)n(σ) dσ (11)

is a body force per unit of volume, now defined accross the whole space R3. In (11), the

notation Ψ̃s(x) refers to
1

√

s
dΨ(−x). As one can notice, this filtered body force exhibits the

microscopic pressure on the fluid-structure interfaces. Thanks to the CWT formalism,
it is now possible to link this unresolved pressure to its resolved counterpart, i.e. the
wavelet coefficients W[p](s, · , · ), and then to the density wavelet coefficients. Indeed,
the filtering of the state law results in:

∀t ∈ [0, T [, s > 0, u ∈ R3, W[p](s, u, t) = c2W[ρ](s, u, t). (12)

Nevertheless, such a solution to the closure issue exhibits two limitations. First, for
the microscopic reconstruction to be exact, all wavelet coefficients, for all scales s > 0, are
required. The key issue is thus to assess whether or not a limited number of resolved scales
can provide a satisfactory approximation of the microscopic field. Second, this need of
possibly numerous scales to assess the filtered body force (11) uncover an interdependence
between the different scales: when solving the filtered equations for a specific scale si, one
shall thus need the information related to other scales sj. This fact will impact the design
of the numerical methods for the filtered equations (10).

In academic cases, where the solution can be computed at the microscopic scale, criteria
can be introduced in order to make an ”optimal” choice between the precision of the
reconstruction, and the computation cost. In the following, a mechanical criterion is put
forward, based on the force applied by the fluid on the micro-structure:
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FF→S(t) =

∫

∂Ωs

p(σ, t)n(σ) dσ, (13)

(
FF→S

)
Ns

(t) =

∫

∂Ωs

pNs
(σ, t)n(σ) dσ, (14)

where (14) is an approximation obtained by partially reconstructing the microscopic
pressure field p with Ns scales on the range [s1, sNs

].
To bring a first light on the CWT ability to recover the microscopic information with

a limited number of resolved scales, the above criterion is applied on a 2D numerical case
study, where the microscopic pressure field is computed with a validated code.

5 Numerical tests

This case study consists in a 2D transverse pressure wave propagating through a peri-
odic solid medium, composed of 10× 10 rods, as described in Fig. 3 and Tab. 1:

Figure 3: Geometry and initial loading : 10 bar (yellow) and 1 bar (blue).

X-dimension Y -dimension rods radius Nb. of rods rods position
0.55 m 0.15 m 5.10−3 m 10× 10 [20.25 cm, 35.25 cm]

Table 1: Dimensions

The fluid barotropic state law and the structure behavior, here assumed homogeneous,
isotropic, and linear elastic, are detailed in Tab. 2-3:
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Reference density Reference pressure Sound velocity
ρref = 1000 kg.m−3 pref = 105 Pa c = 1300 m.s−1

Table 2: Fluid parameters

Young modulus Poisson coefficient
E = 210 GPa ν = 0.3

Table 3: Rods parameters

The simulation of this case study is conducted with EUROPLEXUS software, a fast-
transient dynamics code for fluids and structures. 3-noded triangle finite elements are
used for the solid medium, while a cell-centered finite volume scheme is used for the fluid.
The time discretization relies on an Euler explicit scheme. The resulting pressure field
(Fig. 4) will be the reference for the mechanical criterion.

Figure 4: Pressure field (Pa) - time = 1.6× 10−4 s.

Considering the micro-structure geometry and the reference pressure field (Fig. 4),
wavelengths around 10−3 m, 10−4 m, and smaller (because of the rods boundaries) are
expected to convey a significant part of the pressure field information.

The following figure (Fig. 5) shows the evolution of the force ratio (in the hori-
zontal direction) with the number of computed scales Ns, and for standard deviations
σ ∈ {10−2, 10−1, 1}. Two scale ranges are considered: sσ ∈ [10−5, 5.10−4] and sσ ∈

[10−5, 10−3]. Moreover, the scale discretization δs is uniform. As can be expected, it ap-
pears that the larger range provides a better precision: the relative error indeed decreases
from around 8% to 2%. Moreover, it can be noticed that, beyond the value Ns = 10,
the number of computed scales does not have a significant impact on the reconstruction.
However, a decrease to Ns = 5 scales has a visible influence, especially on the range
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sσ ∈ [10−5, 10−3]. Finally, a decrease in the standard deviation σ does not impact the
reconstruction. This confirms that σ has a very weak impact on the wavelet selectivity.
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Figure 5: Force ratio - σ ∈ {10−2, 10−1, 1} - time = 8.10−5 s.

Thus, the mechanical criterion leads to the conclusion that Ns = 10 computed scales,
on the range sσ ∈ [10−5, 10−3], allow to recover the force applied on the micro-structure
with a relative error of 2%. The corresponding wavelength range is detailed in Tab. 4:

Wavelength range
σ = 10−2 and s ∈ [10−3, 10−1]

λmin ≈ 2.45× 10−5 m λmax ≈ 6.55× 10−3 m

Table 4: Relevant wavelength range with respect to the mechanical criterion.

This range is consistant with the a priori estimation. In order to reduce this range,
and especially increase λmin, which will drive the mesh size for the filtered equations, one
should get rid of the smallest scales in the range sσ ∈ [10−5, 10−3]. However, this would
inevitably damage the precision of the reconstruction. For the sake of completeness, the
following figure (Fig. 6) displays a zoom on the original and reconstructed pressure fields,
with σ = 10−2, s ∈ [10−3, 10−1] and Ns = 10 computed scales.

6 Conclusion

A new homogenization formalism, based on continuous wavelet transform, was here
promoted, in the context of a fast transient FSI between an inviscid compressible flow
and a periodic solid medium. It allowed to robustly derive filtered and homogenized equa-
tions, and to connect resolved and unresolved scales without relying on any model. First
promising results were highlighted for a 2D transverse pressure wave propagating through
10 × 10 rods, where the mexican hat wavelet showed its ability to reconstruct the force
applied by the fluid on the micro-structure, with a limited number of computed scales.

In further developments, the focus shall be put on the derivation process of the filtered
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(a)

(b)

Figure 6: Original (a) and reconstructed (b) pressure (Pa) - sσ ∈ [10−5, 10−3] - Ns = 10.

equations, and their numerical resolution. Moreover, both the deformation and displace-
ment of the structure shall be taken into account in the local equations.

Finally, in a will to broaden the context of the present article, this multi-scale mod-
eling can be linked to the wide and transverse topics of reduced order modeling and
sparse representation of information. This work could indeed be extended to numerous
physics and engineering branches, such as multiphase and turbulent flows, porous media,
or heterogeneous materials for instance. However, this modeling can only be relevant if
the fields of interest exhibit well-localized spectrum. Otherwise, the computation cost
required for the resolution of the filtered equations, and the microscopic reconstruction,
could be equivalent to direct numerical simulation.
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