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1 Introduction

Let A be a (not necessarily associative) algebra over a field K. We call A
zeropotent if 2 = 0 for all z € A. A zeropotent algebra A is anti-commutative,
that is, zy = —yx for all z,y € A. The converse is true if the characteristic of
A is not equal to 2.

In this note we discuss the classification problem of zeropotent algebras of
dimension 3. In particular, we give a complete classification over an algebraically
closed field of characteristic not equal to 2. We determine the isomorphism
classes of algebras by determining the equivalence classes of structure matrices
of algebras.

Let A be a zeropotent algebra over K of dimension 3 with a linear base

{61,62,63}. Because A is zeropotent, e% = e% = e% =0, e1eg = —egeq, €163 =
—eze1 and eses = —ezes. Write
e2e3 = apie; +ajzez + aizes
ese; = azi€ + azzes + azzes (1)
eiex = agie] + azzez + asses

with a4 ,d12, 413, 421, d23, A23, d31, A3, a3 € K. With the matrix

ay; a2 a3
A= a2 ax a3 (2)

*This is a digest version of Kobayashi et al. [1].



we can rewrite (1) as

€2€3 €1
€3€1 =A €9
€1€2 €3

We call (2) the structure matriz of the algebra A. We use the same A both
for the matrix and for the algebra.

2 Matrix equation for isomorphism

Let A’ be another zeropotent algebra on a base {€/, 5, e5} given by

! ! / / / /
€263 € ay; Qg a3
/o Y ! . r / / 1
ese] | = A e,y | with A" = | ah ab ajs|. (3)
/AN / / / /
€163 €3 az; Az Aazs

Let ® : A — A’ be an isomorphism given by a transformation matrix

11 T12 X113
X =221 w22 23|,
Z31 T32 T33

that is,
P(er) €
Dler) | =X | €
D(es) €3
Since @ is an isomorphism, we have
@(62)@(63) @(6263) @(61) 6’1
D(eg)Per) | = | Pleger) | = A | Ple) | = AX | €, |- (4)
@(61)‘1’(62) @(6162) (I)(BJ) eé
The left side of (4) is
P(e2)P(e3) ehe; €
D(es)P(er) | =Y |ehel | =YA ||, (5)
B(er)P(e2) el e eh

where Y is the cofactor matrix of X. Because Y = |X|'X !, by (4) and (5) we

get

1
RY

Theorem 2.1. A and A’ are isomorphic if and only if there is a nonsingular

matriz X (transformation matriz) satisfying (6). If K is algebraically closed,
we can choose X as | X| = 1.

A’ X AX. (6)

Cororally 2.2. If A and A’ are isomorphic, then
(i) rank A = rank A’, and
(i1) A is symmetric if and only if A" is symmetric.
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3 Jacobi elements

By Corollary 2.2, the rank and symmetry are invariants under isomorphism of
algebras. Another important invariant is the Jacobi element jac(A) of A, which
is defined, with respect to the base {e1,eq,e3}, by

jac(A) = e1(eze3) + ea(eser) + es(ereq).

Proposition 3.1. (i) If A is symmelric, then jac(A) = 0.
(i) If A is a Lie algebra if and only if jac(A) = 0.
(iii) When rank(A) = 3, A is a Lie algebra if and only if A is symmetric.

For algebras A and A’ with structure matrices in (2) and (3) respectively,
let
jac(A) = arey + azes + azes and jac(A') = ale] + alel, + ajes.
Then, we have
Proposition 3.2 (Invariance of Jacobi elements). If A and A" are isomorphic
with a transformation matriz X, then

(a1,a2,a3)X = IX‘(all,aévag)'

4 Classification

We give a classification result over the complex number field K = C. Let
H={z€C| —7n/2 <arg(z) <m/2}
be the half plane.

Theorem 4.1. Up to isomorphism, zeropotent algebras of dimension 8 over C
are classified into 10 families

Ag, Ay, Ag, Ag, {As(a)}acn, As, As, {A7(a) }aen, As, Ag

defined by

0 0 O 0 0O 0 0 1 0 1 0 0 00

00o0|,(oo0o0},[oo0o0],[-1 00}, (01 al,

0 0 0 0 0 1 0 0 1 0 0 O 0 0 1
0 0 1 1 1 a O 1 2 2 1 3 3
0 001,010,012,013
1 0 1 0 0 1 0 0 1 0 0 1

respectwely. Among them, symmetric algebras are
A, A1, A4(0), A7(0)
and asymmetric Lie algebras are
Az, A3, {A4(a) }ae(r\(0}-

This classification is valid even over an arbitrary algebraically closed field of
characteristic not equal to 2.
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5 Transformation

Let us take a quick look at a part of the ways how general matrices are trans-
formed to the forms listed in Theorem 4.1.
Let A be a matrix of rank 3 given in (2), and let

C11
0 0
detA
C12 ass
X=| == = 0o 1. 7
VC11 detA C11 ( )
C13 —ag2

Ve detA  (Jazzenn  (/as3

where ¢;; is the (i, j)-cofactor of A, for example, ¢11 = azzass — aszass. Then,
we have

1 a b
XAX = Ala,b,c)= |0 1 ¢,
0 0 1
where
Clz = Ca1 . (23012 + a13¢11 +aszCiy 23 — d32

- Vv ass detA’ B VvV a33C11 detA ¢ Vv C11

Thus, A is isomorphic to an algebra with upper-triangular structure matrix by
the transformation matrix X in (7).
Next, with the matrix

0 h 4
b d d? db
y=| _2 x—aa =1, (8)
h hd d
ac—=b (ac—b)d> —ac a
h hd d
where b = Va2 + b2 — abc and d = Va2 + b2 + ¢2 — abc, we have

1 d 0

Y A(a,b,c)Y = A(d,0,0)= [0 1 0

0 0 1

Hence, A(a,b,c) is isomorphic to the algebra A7(d) in Theorem 4.1 with the
transformation matrix Y in (8), if h # 0 and d # 0. Consequently, an algebra
of rank 3 is isomorphic to A7(d) in a generic case.
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