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1 Introduction

High-dimension, low-sample-size (HDLSS) data situations occur in many areas of modern
science such as genetic microarrays, medical imaging, text recognition, finance, chemometrics,
and so on. Suppose we have independent and d-variate two populations, II;, ¢ = 1,2, having an
unknown mean vector p; and unknown covariance matrix 3; for each 1. We have independent
and identically distributed (i.i.d.) observations, ®;i,...,&m,; from each II;. We assume
n; > 2, © =1,2. Let g be an observation vector of an individual belonging to one of the two
populations. Let N = nj + no. We assume xg and x;js are independent.

In this paper, we consider classification in the HDLSS context such as d — oo while N is
fixed. In the HDLSS context, Hall et al. [6], Marron et al. [8] and Qiao et al. [12] considered
distance weighted classifiers. Hall et al. [7], Chan and Hall [5] and Aoshima and Yata [2]
considered distance-based classifiers. In particular, Aoshima and Yata [2] gave the misclassifi-
cation rate adjusted classifier for multiclass, high-dimensional data in which misclassification
rates are no more than specified thresholds. On the other hand, Aoshima and Yata [1, 3] con-
sidered geometric classifiers based on a geometric representation of HDLSS data. Aoshima
and Yata [4] considered quadratic classifiers in general and discussed asymptotic properties
and optimality of the classifiers under high-dimension, non-sparse settings. For linear SVM
in HDLSS settings, Hall et al. [6], Chan and Hall [5] and Qiao and Zhang [13] showed that
the misclassification rates tend to zero as d — oo under certain severe conditions. Nakayama
et al. [9] investigated asymptotic properties of linear SVM for HDLSS data. They proposed



a bias-corrected linear SVM and showed that it gives preferable performances compared to
linear SVM. On the other hand, Nakayama et al. [10] investigated asymptotic properties of
SVM with the Gaussian kernel for HDLSS data.

In this paper, we consider a general framework of SVM in the HDLSS context where
d — oo while N is fixed. In Section 2, we investigate asymptotic properties of SVM in the
HDLSS. In Section 3, we give asymptotic properties of SVM for both the linear and the
Gaussian kernels.

2 A general framework of SVM

In this section, we consider a general framework of SVM.

2.1 Setup of SVM

Since HDLSS data are mostly separable by a hyperplane, we consider the hard-margin
SVM as follows:
y(x) = w’¢(z) +b, 1)

where ¢(-) is a feature map, w is a weight vector and b is an intercept term. Let us write
that (a:l,...,mN) = (:1:11,...,w1n1,m21,...,m2n2). Let t; = —1 for j=1,...,n1 and ;=1
for j =mn1 +1,...,N. By differentiating the Lagrangian formulation with respect to w and
b, we obtain the following dual form:

N
=D o=

N N
Z Z Oéjlt]tjlk T, X )
j=1 =1

N =

where k(z;,z;) = ¢(x;)T¢(x;) is a kernel function, and & = (a1,...,an)T and a;s are
Lagrange multipliers such as w = Zjvzl ajtié(x;). The optimization problem can be trans-
formed into the following: argmax L(a) subject to

(a2

N
@;j>0,j=1,...,N, and Y ajt; =0. . (2)
j=1
Let us write that
& = (&,...,an)T = argmax L(a) subject to (2).
(o2

There exist some x;s satisfying that t]y(:n]) =1 (i.e., &; # 0). Such ;s are called the support
vector. Let § = {jl&; #0, 5 =1,...,N} and Ny = #8, where #A denotes the number of
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elements in a set A. The intercept term is given by b = N;l Zjeﬁ{tj_zj’eé' Gytik(xy, )}
Then, the classifier in (1) is defined by

9(®@) =Y ajtik(w, z;) +b. 3)
jes

Finally, in SVM, one classifies & into II; if g(xo) < 0 and into IIy otherwise. See Vapnik [14]
for the details. Let e(7) denote the error rate of misclassifying an individual from II; into the
other class for i = 1,2. We claim that a classifier has consistency if

e(i) =o(1) asd—» oo fori=1,2. (4)
In this paper, we investigate the following typical kernels.

(I) The linear kernel:  k(xz;, ;) = m}"mj/; and

(IT) The Gaussian kernel:  k(x;, x;) = exp(—|lz; — ;|*/7),

where (> 0) is a scale parameter.

2.2 Asymptotic properties of SVM
First, we assume the following assumption as d — oo:
(A-i) k(m1j,@157) = B1+op(A) forall 1 <j<j <ng;
k(z1j,z15) = B2+ op(A) for all 1 < j < ny;
k(o), x25) = B3+ op(A) forall 1 <j < j < mny;
k(xa;,x25) = B+ op(A) forall 1 <j <mng; and
k(x1j,225) = Bs + op(A) forall 1 <j <mnq, 1 <j <ngy;
k(xo, ;) = B2i—1 +op(A) when xg € II; for all 1 < j < n; and i = 1,2;
k(xzo,zyj) = Bs + op(A) when xo € I; for all 1 < j < ny and 4’ # 3.

Here, B, is a variable (which may depend on d) for [ = 1,...,5 and A = B + 33 — 285,
where A >0, fo — 1 > 0 and 84 — 3 > 0.

We note that A is a distance between the two populations. For example, A = ||u; —p5||?> when
k(-, ) is the linear kernel. See Section 3.1 for the details. Let 171 = 2 —/f81 and 1y = Bs—F3. We
note that 371, a; = Zj\’:nl 419 (= oy, say) under (2). Then, from Section 2 of Nakayama
et al. [11], we have the following lemma.

Lemma 1 ([11]). Under (2) and (A-i), it holds that as d — oo

A g Ip 2 i
L(a) = 20, — 5042 ~3 (771 Z ajz- + 2 Z a]z) + op(Aa?).
j=1 j=ni+1



We can claim that

1 2 L a?
m&*{—g(mzaﬁm > %)}=—7*(711/"1+772/n2)
=1 J=n1+1
when a1 = -+ = an, = ax/n1 and an,41 = -+ = ay = ox/ng under (2). Let A, =

A + n1/n1 + n2/n2. We consider the following condition:

/1 .
| f— =1,2.
im inf = > 0 fori=1, (5)

—00

Then, in a way similar to Section 2 of Nakayama et al. [9], from Lemma 1 it holds that

max L(o) =~ (. - 2PV 4 opayy 4 2220 ©)

under (2), (5) and (A-i), so that a, &~ 2/A,. Then, from (6), we have the following result.
Proposition 1 ([11]). Let § = m/n1 —n2/ne. Assume (A-i) and (5). It holds that as d — oo

" 2 '
&= gl +op()} forallj=1,...,n1; and

£ 2 .
G; = m{l—i—()p(l)} forallj=mny+1,...,N.

Furthermore, it holds that as d — oo
A .
g(xo) = x ((—1)’ + % + 0p(1)> when xg € II; fori=1,2.

Now, we consider the following condition:

(C-i) limsup— <1
d—o0
For the misclassification rates, from Section 2 of Nakayama et al. [11], we have the following
results.
Theorem 1 ([11]). Under (A-i) and (C-i), SVM (8) holds consistency (4).
Corollary 1 ([11]). Under (A-i), SVM (8) holds the following properties:

e(l)=1+0(1) and e(2)=0(1) asd— co (7)
5
if hmg.}fA and
e(l)=o0(1) and e(2)=1+4+0(1) asd— o (8)

0
if limsup — < —1.
d—o0 A
For linear SVM, Nakayama et al. [9] showed consistency (4) and the results in Corollary
1. From Corollary 1, if |§| is larger than A, SVM would give a bad performance. Nakayama,
et al. [11] proposed a robust SVM in HDLSS settings.
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3 Asymptotic properties of SVM with kernel functions (I) or
(IT)

We assume that limsupy_,o ||11|%/d < oo and tr(%;)/d € (0,00) as d — oo for i = 1,2.
Here, for a function, f(-), “f(d) € (0,00) as d — oo” implies liminfy o, f(d) > 0 and
lim supy_, ., f(d) < co. Similar to Aoshima and Yata [2], we assume the following assumption
for II;s as necessary:

(A-ii) Let 245, j = 1,...,n4, be ii.d. random p;-vectors having E(z;;) = 0 and Var(z;;) =
I, for each i (= 1,2) and some p;. Let 2, = (21, - . ., 2ip,j) | whose components satisfy

that limsupy_, o E(zfrj) < oo for all 7 and

E(2%25;) = E(22))E(z%;) =1 and  E(2irjzisjitj i) = 0

for all r # s,t,u. Then, the observations, x;;s, from each II; (¢ = 1,2) are given by
xij =Tizij+p;, j=1,...,n4 where I'; is a d x p; matrix such that F,-I‘;r =3

Note that zj.js are i.i.d. as the standard normal distribution when the II;s are Gaussian
and T'; = HiA}/ 2, where A; = diag(\i1),---,Ai(g)) is a diagonal matrix of eigenvalues,
Ai1) =+ = Aygy = 0, and H; is an orthogonal matrix of the corresponding eigenvectors.
Thus, (A-ii) naturally holds when the II;s are Gaussian.

3.1 Linear kernel function (I)

We consider linear SVM (LSVM), that is, the classifier (3) having kernel function (I). We

set B1 = lll? B2 = llall® +tr(Z1), Bz = [lm2ll, Ba = [lpall® + tr(X2) and B5 = pl py, so
that

A= lpy = pal? (= Ay, say) and m; = tr(E;) (= myr), say) fori=1,2.

We note that LSVM is invariant to linear transformations on the data set. Thus, in Section
3.1, we assume py = 0 without loss of generality, so that 3 = B5 = 0, B4 = ny) and
Ay = |[p]%. In addition, we assume the following condition as d — oo:

tr(Ef) B
= =
Al

Then, from Section 3 of Nakayama et al. [11], we have the following lemma.

(C-ii)

o(1) for i =1, 2.

Lemma 2 ([11]). Assume (A-ii) and (C-ii). Then, the assumption (A-i) is met for kernel
function (I).

By combining Lemma 2 with Theorem 1 and Corollary 1, we have the following results.
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Corollary 2. For LSVM, one can claim that

. 1ol O
(4) holds if limsup A <1; (7) holds if hgn inf —~ >1; and
—00

d—oo A A

\ 5
(8) holds if limsup ~9 < —1
dsoo A1)

under (A-ii) and (C-11), where 5(1) = N1y /m — N1y /e

Nakayama et al. [9] provided a bias correction of linear SVM (BC-LSVM). They com-
pared BC-LSVM with LSVM both in numerical simulations and actual data analyses. They
concluded that BC-LSVM gives adequate performances for HDLSS settings even when n;s
are quite unbalanced.

3.2 Gaussian kernel function (IT)

We consider Gaussian kernel SVM (GSVM), that is, the classifier (3) with kernel function
(I). We set 81 = exp{—2tr(21)/7} (= Bur), say), Bz = exp{—2tr(X2)/7} (= Bsr), say),
B2 = Pa =1, and B5 = exp[—{tr(21) + tr(X2) + A1y }/7] (= Bsrr), say), so that

A =Byq1) + Bsar — 2Bsry (= Aqry, say) and
m =1 —exp (—2tr(%:)/7) (= nirr), say) fori=1,2.
We note that A(;y) > 0 when p; # py or tr(31) # tr(X2). Let tr(Emin) = mini— 2 tr(3%;)
and 9 = exp{—2tr(Xmin)/7}. We assume the following condition as d — oo:
2
tr(52) + Ay {tx(ZD) }
min{ 7287, J%, 7}

Then, from Section 3 of Nakayama et al. [11], we have the following lemma.

(C-iii)

=o(1) fori=1,2.

Lemma 3 ([11]). Assume (A-ii) and (C-iii). Then, the assumption (A-i) is met for kernel
function (II).

By combining Lemma 3 with Theorem 1 and Corollary 1, we have the following results.

Corollary 3. For GSVM, one can claim that

1) 0
(4) holds if limsup m <1; (7) holds if liminf )
dsoo Aurn d—oo A(ry)

>1;, and

)
(8) holds if limsupﬂ < -1
d—oo  A(II)

under (A-ii) and (C-iii), where 11y = M(rry/m — Ma(rry/na-
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Nakayama et al. [11] provided a bias correction of GSVM (BC-GSVM). They compared
BC-GSVM with GSVM both in numerical simulations and actual data analyses. They also
discussed the choice of ~.
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