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PERIODIC SOLUTIONS FOR CRITICAL FRACTIONAL PROBLEMS

VINCENZO AMBROSIO

ABSTRACT. We deal with the existence of 27-periodic solutions to the following non-local critical

problem
(A0 +m2) = m®Ju = W(@)[uf2u+ fz,u) in (—m,m)
u(x + 2me;) = u(x) forallz € RY, i=1,...,N,

where s € (0,1), N > 4s, m >0, 2] = NQiVQS is the fractional critical Sobolev exponent, W (x)
is a positive continuous function, and f(z,u) is a superlinear 27-periodic (in x) continuous
function with subcritical growth.

When m > 0, the existence of a nonconstant periodic solution is obtained by applying the
Linking Theorem, after transforming the above non-local problem into a degenerate elliptic
problem in the half-cylinder (—m, 7)™ x (0, 00), with a nonlinear Neumann boundary condition,
through a suitable variant of the extension method in periodic setting. We also consider the
case m = 0 by using a careful procedure of limit. As far as we know, all these results are new.

1. INTRODUCTION

In the past years, a great attention has been devoted to the study of nonlinear elliptic equations
involving the critical Sobolev exponent. For instance, motivated by some variational problems
in geometry and physics where a lack of compactness occurs, such as the Yamabe’s problem [3],
in the celebrated paper [14], Brezis and Nirenberg considered the following critical boundary
value problem

N42
—Ayu=uN-2 + f(z,u) inQ
u=0 on 0N (1.1)
u >0 in €,

where N > 3, Q c RY is a bounded open set, and f is a lower-order perturbation of u%
Under appropriate assumptions on the nonlinearity and on the dimension of the space, they
proved the existence of a positive solution to (1.1) via Mountain Pass theorem [1].
Subsequently, many authors investigated existence and multiplicity of nontrivial solutions to
(1.1) or some variants, by using suitable variational methods; see for instance [19, 23, 31, 50, 52].
For critical problems in RY, we also cite [11, 20, 30,

In this paper, we focus our attention on the following crltlcal fractional problem with periodic
boundary conditions

[(—Az +m?)s —m?u = W (2)|u%2u+ f(z,u) in (-m,m)Y (12)
u(x 4 2me;) = u(x) forallz € RN, i=1,...,N, '

where s € (0,1), N > 4s, 2% := NQiVQS, m >0, f: RVt - R is a continuous function satisfying
suitable growth assumptions, and (e;) is the canonical basis in R,

The non-local operator (—A, + m?)® is defined through the spectral decomposition, by using
the powers of the eigenvalues of —A, + m? with periodic boundary conditions.
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2 V. AMBROSIO

Let u € CS2(RY), that is u is infinitely differentiable in RY and 2m-periodic in each variable.
We know that u can be expressed via Fourier series

1k-x

u@)= Y gy (zeRY),

kezZN (2m)=

where
1

(2)
are the Fourier coefficients of .
Then, the operator (—A, + m?)® is defined by setting

Cr —

N / u(z)e *%dx (ke zZN)
2 J(—mm)N

ik-x

(s +m?)u= " ek +m?)* . (1.3)
keZN (2m)2

This operator can be extended by density for any u belonging to the Hilbert space

€Zk~x
Hy={u= 3 oy € L(-mm)V 30 (P +m)* el < o0}
rezn  (2m)2 kezZN

endowed with the norm

ulty, = > ([P +m?)|exl.

kezZN

When m = 0, the operator in (1.3) arises in models with periodic boundary conditions; see for
instance [21, 33, 42]. We recall that in R, the study of (—A, +m?)* —m?® is motivated by the
fractional quantum mechanics; indeed, when s = %, the operator v/—A, + m?—m corresponds to
the Hamiltonian describing the motion of a free relativistic particle of mass m; see [34] for more
details. On the other hand, from a probabilistic point of view, the operator (—A, +m?)* —m?2®
has an important role in the Stochastic Process Theory, because it is the infinitesimal generator
of the so-called 2s-stable relativistic process; see [11] and references therein.
Recently, the study of fractional and non-local operators of elliptic type has achieved an enor-
mous popularity, thanks to the interesting theoretical structure of these operators, and in view
of concrete applications such as phase transitions, flames propagation, quasi-geostrophic flows,
population dynamics, American options in finance, conservation laws, crystal dislocation, mini-
mal surfaces. The interested reader may consult [24, 37] and references therein.
More in general, nonlinear equations involving fractional operators are currently actively stud-
ied. Caffarelli et al. [17] investigated the regularity of solutions for a fractional obstacle problem.
Cabré and Sola Morales [15] analyzed the existence, uniqueness, symmetry and variational prop-
erties of layer solutions for /—A,u = —G’'(u) in R, where G is a double well potential with
two absolute minima. Felmer et al. [29] dealt with the existence, regularity and asymptotic
behavior of positive solutions for a superlinear fractional Schrodinger equation in RY. Servadei
and Valdinoci [15] established, via min-max arguments, the existence of nontrivial solutions for
equations driven by a non-local integrodifferential operator with homogeneous Dirichlet bound-
ary conditions. Stinga and Volzone [19] proved the existence of noncostant least energy positive
regular solutions for a fractional semilinear Neumann problem.
Specially, the existence and the multiplicity of solutions of critical fractional elliptic problems
in bounded domains and in RY, have been widely investigated by many authors.
Firstly, we recall some fundamental results established in bounded domains. Servadei and
Valdinoci [10] (see also [36, 43, 441]) obtained the existence of nontrivial solutions for a Brezis-
Nirenberg type problem involving a non-local integrodifferential operator. Barrios et al. [10] (see
also [51]), studied the effect of lower order perturbations in the existence of positive solutions to
a critical elliptic problem with spectral Laplacian. Autuori et al. [9] investigated the existence
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and the asymptotic behavior of non-negative solutions for a class of critical stationary Kirchhoff
problems involving a critical nonlinearity.

Secondly, we mention some results for critical problems in RY. Shang et al. [17] dealt with
the existence and the multiplicity of ground states for a fractional Schrédinger equation by us-
ing the method of Nehari manifold and Ljusternik-Schnirelmann category theory; see also [(].
Dipierro et al. [25] obtained, via Lyapunov-Schmidt technique, some bifurcation results for a
fractional elliptic equation with critical exponent. Pucci and Saldi [39] established the existence
and multiplicity of nontrivial non-negative entire (weak) solutions of a critical Kirchhoff eigen-
value problem, involving a general nonlocal integro-differential operator. Teng [53] proved the
existence of ground state solutions for a nonlinear fractional Schrédinger-Poisson system in R3,
via the monotonicity trick and a global compactness Lemma.

Motivated by the interest that the mathematical community has focused on fractional prob-
lems involving the critical Sobolev exponent, the aim of this paper is to investigate the existence
of nonconstant periodic solutions for the critical nonlinear problem (1.2). We point out that,
to the best of our knowledge, there are few existence results [2, 3, 4, 5, 7] for nonlocal equa-
tions with periodic boundary conditions, and all of them involve superlinear nonlinearities with
subcritical growth. Therefore, the results that we present here, can be considered as the first
existence results regarding critical fractional problems in periodic setting.

Now, we state our main assumptions. In order to find (weak) periodic solutions to (1.2), we will
assume that the nonlinearity f : RV*! — R satisfies the following hypotheses:

(f1) f(=,t) is 2m-periodic in x € RY; that is f(z + 27e;, t) = f(x,t) for any x € RN t € R;
(f2) f is continuous in RV+1;

(f3) f(z,t) =o0(t)ast — 0 umformly in z € RY;

(f4) there exist 2 < p < 2% and C > 0 such that

[fz,t)] < O+t

for any z € RN and t € R;
(f5) there exists p > 2 such that

0 < pF(x,t) <tf(z,t)

t
for any z € RY and t € R\ {0}. Here F(x,t) = / f(x,7)dr;
_ _Jo
(f6) there exists a function f such that f(x,t) > f(t) a.e. for z € A and t > 0, where A is

some nonempty open set in [—, 7]V and the function F(t / f(7)dr satisfies
N-—2s
T } SN — s
e—0 1+ t2

Let us observe that if F'(t) = |t|P, then this condition is obviously satisfied.

Concerning the function W : RN — R, we suppose that it satisfies the following properties:
(W1) W e C'(RM,R), min N W(z) > 0 and W (zx + 2me;) = W(x) for all x € RV,

[_7777r]

(W2) W() = i Inax] W(z) and W (z) = W(0) + O(|z|?*) as |z| — 0.

e|—m,mT
We note that when s = 1, the assumption (W2) has been introduced by Escobar in [27].
Our first main result can be stated as follows.

Theorem 1.1. Let m > 0 and f : RNt — R be a function satisfying the assumptions (f1)-
(f6). Assume that W wverifies (W1)-(W2). Then there exists a nonconstant solution u € HE, to
(1.2). In particular, u belongs to CO%([—m,n|N) for some a € (0,1).
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The proof of the above theorem is obtained by applying critical point theory. As customary
in many fractional problems [16, 18, 18], to overcome the difficulty due to the presence of the
involved nonlocal operator, we study problem (1.2) by using an alternative formulation of the
operator (1.3), which consists of realizing (—A, + m?)* as an operator that maps a Dirichlet
boundary condition to a Neumann-type condition via an extension problem on the half-cylinder
(—m,m)V x (0,00) with periodic boundary conditions on d(—, )" x [0, 00).

More precisely, as proved in [2, 3], for any v € HS, one considers the problem
—div(€1725Vo) + m2¢ 2 =0 in Spp = (—, )N x (0, 00)
V{2:=0} = Vl{a, =27} on 1Sy := O(—m, )N x [0, 00)
v(z,0) = u(z) on Sy, := (—m,m)N x {0},
from where the operator (—A, + m?)* is obtained as
-l €2 ) = (A4 ) (o)
-
in weak sense and ks = 21_25u; see [18].
I'(s)
Taking into account this fact, instead of (1.2), we are led to consider the following problem
—div(£2 Vo) + m2¢e2%0 = 0 in Soyr := (—m, ™) x (0, 00)
V{z;=0} = V|{z;=2x} on 0rSoy 1= a(—ﬂ, 7T)N X [0, OO) (1.4)

% = kg[m®v + W (2)[v[* v+ f(z,0)] on 8°Say := (—m,m)N x {0},

where
ov ov
— 1-2s~%
61/1725 51_1;1’66 ag (1‘75)
is the conormal exterior derivative of v.
Then, it is clear that solutions to (1.4) can be characterized as critical points of the following
Euler-Lagrange functional

1 2s

RgM K 1 «
Tn(0) = Sl = =5 Tr() 7o p v = 52 W2 Tr) 15 = s F(x, Tr(v)) da
2 2 (=m,m) 2 L25 (—m,T) 205
S 2

defined on the space X§, which is the closure of the set of smooth and T-periodic (in x) functions
in Rﬂy +1 with respect to the norm

v]|%s = // 1725 (| Vo)? + m2%0?) dx dE.
827r

Differently from the papers [2, 3, 4, 7] dealing with subcritical problems, the main difficulty in
studying (1.4), is the lack of compactness of the embedding H?  into the space L% (—m, 7)Y (see
for instance [38]), which does not permit to verify that the Palais-Smale condition holds in all
energy range R. To overcome this difficulty, we construct a suitable periodic cut-off function
(see Lemma 4.5), and we prove that, for any fixed m > 0, the functional 7,,, has the geometric
structure required by the Linking Theorem [10], and that 7, satisfies the Palais-Smale condition
at every level ¢ < ¢*, with ¢* related to the best constant of the embedding of the fractional
Sobolev space H*(RY) into L% (RY) (see [22]). After that, we will also study the regularity of
the critical points of J,,, and we show that every solution to (1.2) is Hélder continuous.

In the second part of the paper, we focus our attention on the existence of periodic solutions to
(1.2) in the case m = 0. In order to accomplish our purpose, we first show that, for any m > 0
sufficiently small, the critical levels of the functionals 7, can be estimated from below and from
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above by two positive constants independent of m. Then, we exploit this information to pass to
the limit as m — 0 in (1.4), and we deduce the existence of a solution to the problem

{ (—=A)%u = W(z)|ul>2u+ f(z,u) in (—m,7)N

u(z + 2me;) = u(x) forallz ¢ RN, i=1,...,N. (1.5)

To prove that this solution is nonconstant, we take advantage of the lower bound for the critical
level of J,, and we borrow some ideas used in the proof of the Palais-Smale compactness
condition. More precisely, we obtain the following result.

Theorem 1.2. Under the same assumptions on f and W of Theorem 1.1, the problem (1.5)
admits a nonconstant solution u € H3, NC%*([—m,7|V), for some a € (0,1).

The paper is organized as follows. In Section 2 we collect some preliminaries which we will use
to study the problem (1.2). In Section 3 we recall that the problem (1.2) can be realized in
a local manner through the nonlinear problem (1.4). In Section 4 we show that, for any fixed
m > 0, the functional 7, satisfies the Linking hypotheses. In Section 5 we study the regularity
of solutions of problem (1.2). In the last section, we prove that we can find a nontrivial solution
o (1.5), by taking the limit as m — 0 in (1.4).

2. PRELIMINARIES

In this section we introduce some notations and facts which will be frequently used in the sequel
of paper. For more details we refer the reader to [2, 3].
We denote the upper half-space in RN by

RYT = {(z,6) e RN .2 e RN ¢ > 0}.

Let Sor = (—m,m)N x (0,00) be the half-cylinder in RY ! with basis 89S, = (—m, 7)Y x {0}
and we denote by 9182, = (—m, )N x [0, +00) its lateral boundary.

With |u|, we always denote the L"(—m, 7)N-norm of u € L"(—m,m)N

, and we set

Julyw = W (z)|u(z)["dz.

(771.771.)N

Let s € (0,1) and m > 0. Let A C RY be a domain. We denote by L2(A x Ry, &172%) the
space of all measurable functions v defined on A x Ry such that

// 172502 dx dE < .
AXR+

We say that v € H} (A x Ry, £172%) if v and its weak gradient Vv belong to L?(A x Ry, £1729).
The norm of v in H}, (A x Ry, £172%) is given by

// 7BVl + m2v?) de dé < oc.
AXR+
It is clear that H! (A x Ry, £'72%) is a Hilbert space with the inner product
// 25 (VoVz + m?vz) d d€.
AXR+
When m = 1, we set H'(A x Ry, &%) = H (A x Ry, £172%).

We denote by C52(RY) the space of functions u € C*°(R") such that u is 27-periodic in each
variable, that is

u(z 4 2me;) = u(x) forall z e RN i =1,..., N.
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Let u € C32(RY). Then we know that

xT

ezk-
u(x) = Z Cp—

+ forallz e RY,
pezy  (2m)2

where
! N / u(z)e **dx (ke ZN)
(27()? (77T77T)N

are the Fourier coefficients of u. We define the fractional Sobolev space H, as the closure of
C$2(RY) under the norm

C =

ulfs = > (k> +m?)" e
kezZN

When m =1, we set H® = Hj and |- |[gs = | - [m3. We also use the notation H* to denote the
closure of CS2(RY) with respect to the following Gagliardo semi-norm

W= [ > [k?|ex]2.
kezZN

Now, let us introduce the space of periodic function with respect to the z-component, that is
C%(Rf“) = {v € COO(]RfH) cv(z + 2me;,y) = v(x,y)

for every (z,y) € Rf“,i = 1,...,N}.

We denote by X* the completion of C%(Rf 1) with respect to the norm

IV0llZa s, ¢1-2) = / /5 €125V | da de.
27

Finally, we define the functional space X}, as the completion of C5% (Rf 1) under the H} (Sor, £172%)
norm

ol o= [ €T + ) doe
. 827r
We recall that it is possible to define a trace operator from X}, to H,.

Theorem 2.1. [2, 3] There exists a bounded linear operator Tr : X — HS, such that :
(i) Tr(v) = v|gos,, for allv e Cé’fr(Rf‘H) NXS,;
(ii) It holds
VEs|Tr(v) |ms, < ||vllxs, for every v € X3;
(iii) Tr is surjective.
We also recall the following fundamental embeddings.

Theorem 2.2. [2, 3] Let N > 2s. Then Tr(X$,) is continuously embedded in Li(—m,m)N for
any 1 < q < 2%. Moreover, Tr(X3)) is compactly embedded in LI(—m,m)N for any 1 < ¢ < 2.

3. EXTENSION PROBLEM

In this section we show that the study (1.2) is equivalent to investigate the solutions of a problem
in a half-cylinder with a nonlinear Neumann boundary condition.
More precisely, the following result holds.
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Theorem 3.1. [2, 3] Let uw € H},. Then there exists a unique v € X3, such that

—div(e2Vo) + m2 B0 =0 in Sor

U|{:):¢:O} = U|{xi:2ﬂ.} on 8L827r (31)

v(-,0) =u on 0°Sar
and

- i € 2 0.6) = k(= + ) Pue) in B (3.2)
where
_ Jex]?
H P=qu= : < 00
Z " (2m) % Z (kP2 +m?)?

s the dual of H .

Hence, for any given u € H?, we can find a unique function v = Ext(u) € X§,, which will be
called the periodic extension of u, such that
(E1) v is smooth for y > 0, 2m-periodic in = and v solves (3.1);
(E2) |lvllxs, < |lz|lxs, for any z € X3, such that Tr(z) = u;
(E3) |[vllxs, = v/Fslules,;
(E4) We have
— lim ¢ 2: (1‘ €) = ks(—Ap +m?)*u(z) in H 5.
£—0 f

Taking into account the previous results, we can reformulate nonlocal periodic problems in a
local way.

Let g € H,,° and consider the following two problems:

(A, +m?)u=g in(—m,m)V
{ u(x + 2me;) = u(z) for x € RV (3.3)
and
—div(¢2Vo) + m2250 =0 in So
Vl{a;=0} = V|{x;=T} on JrSax (3.4)
% = Kksg(x) on 9°Ss,.

Then, we can define the concept of solution to the nonlocal problem (3.3) in terms of solutions
to (3.4) as explained below.

Definition 3.1. We say that v € X, is a solution to (3.4), if for any ¢ € X, it holds
[ €3 0uvo s mes) dede = wilo, Te@)) s
827r "

where (-, ->H;LS’H§D is the duality pairing between HS, and H, 5.

Definition 3.2. We say that v € HS, is a weak solution to (3.3) if u = Tr(v) and v is a weak
solution to (3.4).

Finally, we recall the following useful result:
Theorem 3.2. [3]
||1)H§§?n — kem®|Tr(v)|3 = 0 < v(x,y) = CO(my) for some C € R. (3.5)
Here 0(¢) = ﬁ(fﬂ)sKs(ﬁ), and K, is the modified Bessel function of the second type with

order s; see [20].
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4. PERIODIC SOLUTIONS IN THE CYLINDER So,

In this section we prove the existence of a solution to (1.2). As shown in the previous section,
we know that the study of (1.2) is equivalent to investigate the existence of weak solutions to

—div(¢1725V) + m2¢17250 = 0 in Soyr := (—m, 7))V x (0,00)
V{z;=0} = V|{z;=2r} on OrSor 1= a(—ﬂ', T(')N X [0, OO) (4.1)
% = kg[m?%v + W(x)v|% 20+ f(z,v)] on Sy := (—m, 7)) x {0}.

For simplicity, let us assume ks = 1.

Then, we will look for the critical points of

L, o  m2 o 1 2
Im(v) = Slvllss, — =~ 1Tr(v)lz = oo Tr(v) 52w — F(z, Tr(v))dx
2 2 28 s7 8989,

defined for v € X§,.
More precisely, we will prove that 7, satisfies the assumptions of the Linking Theorem [40]:

Theorem 4.1. Let (X, || -||) be a real Banach space with X =Y € Z, where Y is finite dimen-
sional. Let R >1r >0 and z € Z such that ||z|| = r.
Define the following sets

M={v=y+tz:yeY,|v| <R andt > 0},
OM={v=y+tz:yeY,||v|=R,t >0 or|v|]| <R,t =0},
N={veZ:|v]|=r}
Let J € CY(X,R) be such that
b= 1,121{7‘7(@) >a = Urgg]\);[j(v).
If J satisfies the Palais-Smale condition at the level ¢, which is defined by setting

:= inf
c ;QF%%J(V(U))

where
={yeCM,X):v=1d on OM},
then c is a critical point of J.
By using the assumptions on f, it is easy to prove that J,, is well defined on X3 and

Jm € CH(X3,,R). Moreover, by using the trace inequality, we notice that the quadratic part of
Jm 18 nonnegative, that is

lol%;, —m*| Tr(v)f3 > 0. (4.2)
Let us note (see [2, 3]) that
X5, =< 6(m&) > ED{'U eXl : /0 Tr(v) dx = 0} =Y ®Z,,
0 5271'

where dimY}], < oo and Z}, is the orthogonal complement of Y} with respect to the inner
product in X3 . In order to prove that J,, verifies the Linking hypotheses, we prove the following
lemmas.

Lemma 4.1. There exist p > 0 and n > 0 such that T (v) > p forv € Zy, : ||v|lxs, = n.
Proof. Firstly we show that there exists a constant C,, > 0 such that
[0, —m*| Tr(v)[5 > Cnllvlf;, (4.3)

for any v € Z3,. Assume by contradiction that there exists a sequence (v;) C Z, such that

1
lvjliZs, — m*] Tr(v))3 < ;H%‘H?g;n-
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Let z; = v;/||vjllxs, - Then [|zj[|xs = 1, so we can assume that z; — z in X§, and Tr(z;) — Tr(2)
in L2(—m,7)N for some z € Z5, (Z3, is weakly closed).
Hence, for any j € N

1
Lo () < 5.

so we get | Tr(z;)|3 — —%5 that is | Tr(2) L

s 2= s
On the other hand
0 < |l2)l%s, —m™| Tr(2)[3

< liminf || 2|2 —m?| Tr(z)|3 =0
j—o0 m

implies that z = c8(mé&) by (3.5). But z € Z}, so ¢ = 0 and this is a contradiction because of
| Tr(2)]2 = -5 > 0. This completes the proof of (4.3).

It follows from (f3) and (f4) that for every € > 0 there exists C. > 0 such that
|F(x,t)| < et® + C.|t|P for all t € R.

By applying Sobolev inequality (see Theorem 2.2) we can see that

[ Pt < (S5lolk, + CiCeloll, ).
982x m "

This and (4.3) give

W (0 *
Tn0) 2 Culloly, ~ 5 AT -~ [ P T do

s

g 2%
> (C = =55 lleliy, — CUIvI, — ChCeloll,

for any v € Z},. Choosing ¢ sufficiently small, there exist p > 0 and n > 0 such that
Im(v) > p for all v € Z3, : |Jv][xs, = -
O

Now, we collect some preliminary lemmas which we will used later. First, we have the following
result whose proof can be obtained following [10].

Lemma 4.2. Let n be a cut-off function such that n(t) =1 for t € [0, %], n(t) =0 fort > 1,
and we consider ¢(x,£) = n <”|x:+£2>, where v > 0 is such that B = {(z,£) € Rf“ :

V ‘x‘2+§2 < 7’} C Sor. Let <Ps($,§) = W¢(%§)¢s($7f) where wa(,é) = Pgs(ag) * We,

2_2s N—2s
Pi(z,§) =C

————x=5—= S the Poisson kernel , and we (1) = —2 5.
N fape2) T ! =
Then the following estimates hold:

2s
N
(i) [s,. 172\ V . |2dadé < S2 4+ O(eN729), where S, is the best Sobolev constant of the
embedding H*(RN) C L% (RN) (see [22]).
* ﬂ
(ii) | (-, 0)[3: = S2 + O(V).
(iii)

9 K€% + O(eN %) if N > 4s
‘906('a0) 2 = 2s 2s ; —
Kie**|loge| + O(e*®) if N = 4s.

N-—-2s

(1) loul-. 0 < Ko™
2*¥—1 N—2s
(0) ol O < Ry 7.
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(vi)
(N-29)
o) Kae T ifg> 5y
|‘p€('>0)‘q = (N—2s) . N
K42 if 4 < N9
Arguing as in the proof of [19], we are able to prove that

Lemma 4.3. Let v =y +tz. € Qc :={y+tze : y € Y5,,t > 0}, where z. = [p: — (p)m|0(mE)
and (<) := W f(_7r N ve(x, &) dx. Then, for any € > 0 we have

W (z)| Tr(v)|* dx

Sar
2% 1 2% 2% N(N—2s)
> W ()|t Tr(ze)|sdx + = W(z)| Tr(y)|sde — Kst®se™ N+2s .
805271- 2 805271-
Proof. Firstly, we observe that by (iv) of Lemma 4.2 we have
(Tr(e))nl3 < O Tr(pe)[f < Coe™ 2 (4.4)
which implies that
N—2s
[(Tr(pe)rloo < Cse 2. (4.5)

Recalling the following identity
ul22 4 —2;/ W(x)dx/ 7%~ 27dr, (4.6)
s (—m,m)N 0
and by using (W2), (4.4), (4.5) and (v) of Lemma 4.2, we have

W (@)(| Te(z2) [ — | Tr(i2) %) d
Sar

1
i [ [ W@ [T~ (T AT ) — (D)) (T
0 9S8

251 2
< €W (0) (I Trlpe) 31 (Trlpe)nleo + | (Tr(oe))nf3 )
< Cse 72 (4.7)
Moreover
251 2t—1
’Tr(z€)’2:—l = | Tr(pe) — (Tr(%))ﬂbg—l
251 2t—1
< G (| Tr(pe) 53—y + [(Tr(pe))ml3: 1)

N—-2s

< Cre 2 (4.8)
and
| Te(ze) 1 < | Te(e)n + [(Tr(pe))uh < Cae™ 2 (4.9)
Now, by using (4.6) again, we derive that
[Ty + t22) 52 g = 10 Tr(e) 5w — | T ()5

1
— 2! / dr W (a) [[¢ Te(z2) + 7 Te(y) B2 Te(z2) + 7 Te(y)) = 7 Te() |27 Te(y)| Tr(y)de
0 09Ss

1
=2 =1) [dr [ Wltate) To(e) + 7 Te) 3 Te(0) TeCo)da,
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for some measurable function a(z) such that 0 < a(z) < 1. Using Young’s inequality, estimates
(4.8) and (4.9) and the fact that all norms in Y} are equivalent, we deduce from the last
inequality that

23 23 23
’]Tr(y + tzf)‘Qj;,W - ‘tTr(Zs)lzg,W - | Tr(y)l%w’
1 * * *
< 09/ dr | W) [Tl T %+ 5 2 T | Ty da
0 09Ss
2:-1 2:-1
< Cro (JETe(z) 321 Tr(w) o + [t Te(zo)h | Tr(w) 2237 )
21 2:-1
< Cur (I Te(z) 53| Tr()leg w + [ Tr(z) 1 Te(w) 32 10 )

*_ N—2s * 1
< Cra(Crat®te 2 | Tr(y)|2:,w + Crat®e) + Z' Tr(y)

23
2: W
N(N—2s)

1 2% 2% N
< Sl Tre(y)lot  + Crst™e v

which completes the proof of Lemma.
Finally, we note that the above estimate gives the following inequality which we will use later

23 23 23
[ Tely + t2e) 3 gy — [T () 52y — | T3 4|

N—2s

. 1
2 | Te(y)lo: +t256N) + 41 Te(y)

< Cyp (571 2 (4.10)

Lemma 4.4. Let z. be the function defined as in Lemma 4.5. Then we have

el = Te ey < [ €72V Pdade, (4.11)
27

Proof. Firstly, we can see that

Vieze = Vape e(mf)
Og2= = [Ogp= — (Oep=)nl0(mé) + [p= — (e )ulf’ (m&)m.

Hence we get

l2e1%g, — m®| Te(z)[3 =
= //S E 72V 207 (m€) + |0¢ 0= — (Oepe )l 0% (m€) + mP|pe — (02)ul* (0 (mé))?
+2mf' (m&)0(mé) |- — (0=)n)delpe — (we)u) +m?|pe — (0e)n|*6%(m€) | dwde

—m* | Te(pe) — (Tr(e))ul*da.
8982
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Taking into account 6” + %0’ =0,0(0) =1, 6(c0) =0 and —£17250'(¢) —» ks =1 as € — 07,
we have

/3 g [m2|‘10€ = ()l (¢ (m&))? + 2m' (m&)0(mé) e — (e )n]Oelpe — (pe)u]

+mlpe = (pe)nl6%(me) | dadg —m? | Tr(ee) = (Tr(ee)nf*dx

=[] e [milee = P o) +mlp. - (ponP02me) | dude

T // €250, (|- — (o)l )mB(me) (mé) duwdé —m? [ | Tr(ps) — (Te(pe))n*de
Sox 8ar

=[] &7 [milee = P )R +mlp. - (pnPo?me) | duds
e [T = (pnlde [ e = (el (12006 mo(me (e
€120 (m) P+ €m0 (m )0 (mE)] dods = [ | Til) = (To(po))nfda
=[] @7 il = (@l )R +mlp. - (pnP6?me) ] dude

- / /S e — (o) PlE 2 m2 (8 (me))? + €2 m26% (me)] dudé = 0.

As a consequence

el = T = [ € OVl + Oee — Qe dode. (412)
27
Since

/808 |a§90€ - (85805)1'[|2dl' = /0 |a§§05|2d$ ‘|‘/ |(8§@5)H|2d$ - 2(65905)1'[/ a&@z—: dx
27

Sor Sor San
= [ loce.l? - (@epnP)da.
008y,
we can deduce that

/ /S 172502 (me)[|Vaipe|? + |0epe — (Oepe)nl?] durde
- / /3 E1-2502 () [ | Vaspel? + [10epe? — (Oepe)nl?] durde
< / 17202 (e[| Vg2 + |0ecpe 2] dirde

Sor

< // 25|V e |? + |Oepe 2] dudt = // €172V | drde, (4.13)
SQr,r 8277

where in the last inequality we have used the fact that 0 < 0(¢) < 1 [26]. Putting together (4.12)
and (4.13) we deduce that (4.11) holds.

O

Lemma 4.5. Let Q. :={y+tz. : y € Y} ,t > 0} be the set defined as in Lemma 4.3. Then we

have
N

_ N-2s %
W) "% S

S
max Jm(v) <
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Proof. Let us observe that for every v € X8 —{0}

2 2% x
Tm(tv) = 5 [0y, - m® | T@)] - STy — [ Fl@,tTi(w)da
2 m 23 * 89Sax
t* 2 2s 2 % 25
< ) [HvHX?n —m ]Tr(v)|2} - ?‘ Tr(v)32 y — —o0 as t — oo.
S
Then, we can find t. > 0 such that
Tm(tev) = sup T m(tv).
>0
We can assume that t. > 0, and since it satisfies
te (ol —m® Te)B] = T @Gy = [ Tr)f (@t Te(w))dz =0,

99So,
we obtain

N—2s
2 2s 271 "4
v||%s — m~®| Tr(v 4s
b < [H me | Tr( )‘2] A

2%
]Tr(’u)]z;,w
Let us note that the function

12 {2

: .
t 5 (ol —m® ) 3] - 5o T )5
2 2 3
is increasing in [0, A], so we can deduce that
N
s | Ivllks, —m?| Tr(v)[3 ] >
TIm(tev) < — o —/ F(x,t. Tr(v))dz.
e O T e s, | 0T

Now, fix v = y + tz. € Q. such that | Tr(v)
that

ol —m* | Te(u)l3 = lyllks, — m®| Te(y)[3 + 2[ll2lls, — m*| Te(ze) 3]
= t*fllzell%;, — m*| Tr(22) 3]

 lzelZs, — m® | Tr(z) 3

Tz

‘tTr(Zs)’%;,W-
By using (4.7), we get
W () (| Tr(ze) % = | Tr(pe)[*) dr| < CV2,

09Ss
which together with N — 2s > 2s and Lemma 4.2-(ii), yields

N—-2s

2 yaE 2 B
%§7W = (| TI'(ZE)IQ:’W)% = (| TI'(QDE)’2§’W + O(EN 28)) 5

= (W(0)SZ +O(=™) + 0(%) + OV -25)) ™

| Tr(ze)

—2s
N

N—2s 2s (N—2s)

N-2s
=W(0O0) ~¥ S, +0(E* ~ ).

On the other hand, in view of Lemma 4.4, we know that

22, — m®| Te(z2) 3 < / / €125\ Pl
8277

Thus, putting together (4.15), Lemma 4.2-(i), (4.17) and (4.18), we can see that

N (N—2s)

_ N-2s s
[vll%: —m| Te()]3 < W) % Su+ 0> 7 )t Tr(z)[5: -

13

(4.14)

2:. w = 1. Hence, by using Theorem 3.2, we can see

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Now, by using Lemma 4.3, | Tr(v)|2: w = 1 and (4.16), we have

N(N—2s)

2 2 1 2%
L= |Tr(v)l52 w = [t Tr(ze)l58 y + §| Tr(y)l5: w — Kyt¥e Nt

gx N(N-—2s)

* * * 1 *
> 2. (L 0) 3y — Cst™eN ™2 4 | Ty — Kathe N, (420)

which implies that ¢ is bounded.
(N—2s

* * >
We distinguish two cases. Firstly, we suppose that |Tr(y)|§i w < 2K5t% e N72s . Then by
(4.10) in Lemma 4.3, we have the following estimate

2 3 o N—2s
Ty <1 DT g+ Ko™ 5 Te(w)la + V)

which yields

: 3 N
[t Tr(2e) oz = |1 = 21 Te(y o+ Ke(e™ 2 | Tr(y)la +&™)
<1+ Kg(e 7 | Te(y)ls + V)
N(N 2s)
<1+ KoeN¥ vae (4.21)

*

where in the last inequality we used Hblder inequality, Young’s inequality with exponents 2*2%1

" . N(N-29)
and 2%, | Tr(y) gi w < 2K t% N NTE and the boundedness of ¢ to infer that

N—2s , N(V-2s) , N(V—25) y N(V=25)
ez |Tr(y )|2<C€ 3 *| Tr(y Nozw < C'e™NFzs £ Ce™ NF2s = C"e N3s

) * « (N—2s) . i X
If we assume that |Tr(y)\§i w > 2K5t25eN N2 | from the inequality (4.20), we deduce easily
that

It Tr(z:) |22 4y < 1. (4.22)

As a consequence of (4.21) and (4.22), we get

(N—2s)

ETr(z:) |28y < 1+ Koe™¥ Nozs | (4.23)
Since t. satisfies
*_ 2%
[y + toely, = m® | Te(y + t2e) | — 272 Tr(y + ) 3

_ / Tr(y+t36)f($7ﬂ(y+tsza))d
098 te

Tz =0,

we obtain
lim ||y + teel|2e — m2| Tr(y +tz€)\g] > Tim ¢252, (4.24)
e—0 m e—0

Taking into account (4.19), (4.23) and (4.24), we can infer that

N—-2s

lim 272 < W(0)~ Sk,

e—0

that is t. is bounded for any € > 0 small enough. Hence, we may assume that ¢t — g > 0 as
e — 0. If tp = 0, we have finished. Thus, we suppose that ¢y > 0.
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Now, we estimate the integral involving F'. Then, we have

/ F(x, Tr(y + tz:)) dx — / F(z,Tr(y))dx — / F(x,tTr(z:))dx
80527\— 805277 805271'

t Tr(ze) t Tr(ze)
/6°$2W [/0 fz, Tr(y) +7)dr — /0 f(z,T) d’]’] dx

< Ky [/ (¢t Tr(2)) (1 + | Tr(y) 4+ ¢ Tr(z)|P~Y) dz + / |(t Tr(ze)) (1 + |t Tr(ze)|P~Y) da
99Sar 3%Sar

< Ko [ [ (T T+ 1T+ e T P) d:c} |
O (4.25)

It is clear that the condition |Tr(y + tz)|2x = 1 implies that | Tr(y)|oo is uniformly bounded.
Arguing as in Lemma 4.3 (see formula (4.7) there), we can see that it holds

/803 (| Te(z) P = | Te(po)P) do| < Kua(| Te(we) =11 (Tr(pe)mloo + [(Tr(ie))mlp)

_ (N-2s)(p—1) N-2s p(N—2s)
N 2 g 2 4e 2z )

< Kia(e
S 0(81\1;25 )
This and (4.25) yield

/a o [P Tr(w) = Fla, Tr(y)) = F(r, 1 Tr(ze))] de| < Kis(e™7™ 1N (4.26)

Putting together (4.14), (4.19), (4.23) and (4.26), it follows that

oy N _as —2s
Tnlte(y +120)) < =W (0) 57 + 0N ) + 0("3") + 0V "5 - / Fla,t. Te(y)) da
Sar
- F(x,t.tTr(z.)) dx
Sa
_2s N —2s p(N—2s
< Sw) Y SE 1+ 0T + 0N - / Fle, t.t Tr(z.)) da.
N 603277
(4.27)
Now, we observe that
tet Tr(ze)
/ F(x,ttTr(z:)) — F(x,tt Tr(p:)) dz| < / / f(z,7)dr| dx
8o 9Sax |Jtet Tr(pe) (4.28)

N—2s

< Kua(| Te(2) 5 + | Te(2) ) = O(e 72 ).
Hence, by using (4.27), (4.28), (f6) and t. — to > 0, we get

2s

W(0) "=

N _92s —2s —
Tty +12.)) < S35 L 0T + 0N - / F(tot Tr(2.)) de
09So .

il
N

N N—-2s

o N e o N—2s
W)~ 5 5% 4 0("3 )+0(5N’7‘N2“)—/ Fl—Y 7 ),
B(0,R) (24 |x|?) =

IA
2| =

for some C' > 0 and R > 0. Since the assumption (f6) implies that

1 C N—2s

J— 2
hm N _2s / F €—M dx =0
e=0 73 B(0,R) (82 + ‘aj|2) 2
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and

N—2s
1 —= C
e—0 EN—72 B(O,R) (52 + ’CL'|2) B)

we can infer that

N

_9s N
Tnltey + ) < SW(0) "5 S,

This ends the proof of lemma.
O

To obtain the existence of a critical value of 7, we need to prove the Palais-Smale condition.

s N
This condition will be satisfied for all ¢ € R such that ¢ < %W(())*sz Sp2¢, where

ff N+1 61_28|V1}|2d$df -
S, =inf{ ot — v e CRRYTY)

(fRN v(a, 0)[2% dw) b

is the best constant of the fractional Sobolev embedding H*(RY) into L2 (RV); see [22].

N —

s N
Lemma 4.6. Let c € R be such that ¢ < ¢* := W (0)~ 252 and let (vj) C X5, be a sequence
such that
Im(vj) = ¢ and J;,(vj) = 0 as j — oo. (4.29)
Then (v;) has a strongly convergent subsequence in X, .
Proof. By using (f5), we have for j large
N

S _N-=2s N
WO FSE 41+ sl

> Ton(v3) ~ 5 T03), v3)

11 9 1
= (§ — 2—;>|Tr(vj)|2‘:7w + 2/

f(x, Tr(vy)) Tr(vy)de — / F(x,Tr(vj))dx (4.30)

80827|— 80‘527r
1 1) 2F <1 1)/
>(z—=)|Tr(vj)|w+|=—— f(z, Tr(v;)) Tr(v,)dx
(3= g) @B+ (5-) [ 7 Trw) e

Now, let us recall that W (z) > minge_r v W(z) > 0 in view of (W1).
Then, by using Holder inequality, we have the following estimate

Sew | min W(z) ,

z€[—m,m| NV

2% -2
/ | Tr(v;)Pda < |0°San| =7 | T (v;)
Sar

which together with (4.30) yields
2: 2:
| Tr(v)l3" < ea Tr(v))laz w < a1+ [lvjllss, )-

On the other hand, by applying (f5) and (4.30), we can see that

/ F(x, Tr(v))de < u‘l/ S, Tr(vg)) Tr(vy)de < e3(1 4 [Jvjlxs, )-
605271— 808271’
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Summing up, we have
2 2%
o1, = 2T(0y) + m*| Telop) B+ o Teo)EE gy +2 [ PlaTo(uy))do
S 27
2
< ca+es(1+[Jvjllxs,) % +cs(1 + [lvjllxg, ),

that is (v;); is bounded in X7, .
By Theorem 2.2, we can extract a subsequence, which we denote again by v;, such that

v; = vin X,

Tr(v)) — Tr(v) in LY(—m,m)" for ¢ € [1,2) (4.31)
Tr(v;) = Tr(v) a.e. in (—7r,7r)N.
Moreover, by using (4.31) and (f2)-(f4), we can see that
/ F(z,Tr(vj))dx — F(z, Tr(v))dz, (4.32)
9Sar S2r
/{908 f(z, Tr(v;))(Tr(vj) — Tr(v))dz — 0 (4.33)
and ’
/8 T TH)(To(ey) = Te())dz = 0 (4.34)
as j — o0. ’

Hence, for ever € X8, we obtain that, as j — oo
y m

// 51—23(ijv¢ + m2vjd>) dxd€ — m2 Tr(“j) Tr(¢) dx
Sor

8982

— W ()| Tr(v;)|% 2 Tr(v;) Tr(p) d:v—/aos f(x, Tr(v;)) Tr(¢)dx

OSar
— / E172(VuV ¢ + m?ve) dedé — m? Tr(v) Tr(¢) dz
Sor Sar
- W (z)| Tr(v)|%~2 Tr(v) Tr(p) dz — / f(z, Tr(v)) Tr(¢)dz. (4.35)
80827r 80827l'

Since J;,(v;) — 0, we deduce that (7, (v), ¢) = 0, for every ¢ € X3,. Choosing ¢ = v, we have

0 = [[oll, —m®| Tr(v)[3 — | Tr(v)l3:  — o f (2, Tr(v)) Tr(v)da (4.36)
27

and, by using (f5), we get

1 1 * 1 1
TIm(v) > (f - —) ] Tr(v)];i wtls—— / f(z, Tr(v)) Tr(v)dx > 0. (4.37)
2% > 2 1) Joos,,
By using Brezis-Lieb Lemma [13], we can see that
lojlls, = llv; = vliZs, + lvlls, +o(1) (4.38)
and
2% 2 2t
Te(w) B gy = | Tr(0) = Ty + | Tr@)E y + o(1). (439)

Thus, by using (4.32), (4.38), (4.39) and the fact that Tr(v;) — Tr(v) in L?(—m, 7)Y, we have

1 1 x
Tn(05) = Tn(0) + |5 ll0 = vllfs, = 5| Tr(vg) = Tr()]53 g | + 0(1). (4.40)
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Since Tr(v;) — Tr(v) in L% (-, 7)Y, we can see

W (@)(| T (o)) 72 Te(vy) — | Tre(o) 72 Te(0))(Tr(vy) — Tr(v)) de

008y,
= [ W@ TP — [ Tr(o) =2 Te(ey) Tr(e)) dr -+ of1)
= [ W@ T~ Tr@)%) de + o(1)
99Ss
= [ W) Tr(v) - Te(w)|* de + (1),
99So,

where we used (4.39) in the last equality. This, (4.33) and (4.34) yields
0 = (T (vj),vj = v)
= (T (vj) = T (v), 05 = v)

=/ BNV = Vol + m (v = 0) dadg = | W (a)| Tr(vy) = Tr(v)[* dz + o(1),
SQﬂ- 308271'
that is .
lvj = vliZ;, = [ Tr(v) = Tr(v)[52 yy + o(1). (4.41)
Taking into account J,,(v) > 0 and (4.40) we infer that
1 1 o
Sl — g, — 5 Tr(o) — Te()E 1y = Tnt3) — Tm(0) + 0(1)
S
and by using (4.41) and ¢ < %W(O)*NQSQS SN2 e find
1 1 —2s
(5 = 5 ) llos = vl +0(1) < T(wy) +0(1) = ¢ < W (0) " 58/, (4.43)
2 2 f N
Since % — QL = 4> we get for all j > jo
loj —vlE:. < W(O) "7 50/, (4.44)
Now, recalling (see [32]) that for any £ > 0 there exists C; > 0 such that
’u‘izg (—m,m)N < (S;l =+ €)|(—A)%U’%z(_ﬂ7ﬂ_)z\1 + Cg\u|%2(_7r77r)N Yu € an, (445)
and by using Theorem 2.1, (4.41) and (4.31) (strong convergence in L?(—m, 7)), we have
23
lvy = vli%s, = [ Te(vy) = Tr(v)l52 g + 0(1)
2% .
<W(0)S, 2 [Tr(vj — v)]* (4.46)
2*

_Zs 2%
< W(0)S % oy — vl% .
Therefore, if |[v; — v||% — [ > 0, then from (4.44) and (4.46) we deduce that

N—2s N

N _9s N
W) "5 82 >1>W(0) = S,

that is a contradiction. Therefore, we can deduce that v; — v strongly in X3 .

O

Lemma 4.7. Let M, := {y +tz. : y € Y5, |ly + tze||xs, < R,t > 0}. Then, there exists R > p
sufficiently large such that supgy;. Jm = 0.
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Proof. Let v =y + tz. € OM.. If t = 0, it follows directly by (3.5) and by the assumption (f5)
that 7, <0 on Y;,. Let R = ||y + tz||xs, with ¢ > 0. By using (f4) and (f5), we can see that
for all 6 > 0 there exists Cs > 0 such that

F(x,t) > —0t* + Cs|t|” for all t € R,
with 8 € (2,2%). This gives

o P Tt = <5 Te(0) + ¢ Te(z0ff + ColT) + £ To(z0)

On the other hand, by using Hélder inequality and Jensen’s inequality, we can see that

* 25
| Tr(y) + £ Tr(ze) 52 > Ca(| Te(y) + ¢ Te(z) )

1™
N"m*

= C1(| Te(y)[3 + %] Te(z:)[3) (4.47)

and

| Tr(y) + ¢ Tr(z2)|5 = Cal| Tr(y) +t Tr(z)[3) 2

B
2.,

= O(| Tr(y) 2 + 2 Tr(2) 2)

(4.48)

Then, (4.47) and (4.48) yield

m25

1 1 2%
Im(y +tze) < 5”3/ +tzellks, — 7| Tr(y) +t Tr(z)[3 - §| Tr(y) +t Tr(ze) |55
S

+ 0] Tr(y) + Te(22)[3 — Cs[T(y) + ¢ Tr(z.)|5
12 m?s &)
< C Il — T B| - ST+ 2T )

S

N
N‘m*

B
+8(| Te(y) 3 + % Tr(22)[3) — CsCo(| Te(y)13 + 17 Tr(2e)[3) 2

t2 * *
< S llzl%, + 06 Tr(ze) 5 — Ct™ | Tr(ze) |y — CoCat?| Tr(=2) 5
2*
+0] Te(y)|3 — Cs| Te(y)]5 — CsCal Tr(y)]5-
In view of (4.11), we know that

N
l22]%s, — m®| Tr(ze)[3 < 82 + O(N>)
so we deduce that
||ZE||§§sm < Cs +m?| Tr(z.)|3 < Cs +m*Cs. (4.49)
Therefore, we get
Ty + tz2) <t2(Cs +m? + )| Tr(z)[3 — Cat® | Tr(z2) 5" — C5sCat?| Tr(z2)[5
2*
+ 0] Te(y)[3 — Cs| Te(y) 5" — CsCa| Tr(y)l5. (4.50)
Taking into account ||y + tz:||% = m?*| Tr(y)|3 + t3||2c||% and (4.49), we can infer that when
|y + tze|lxs, — oo then t — oo or | Tr(y)|2 — oo, and this together with (4.50) yields
TIm(y +tze) = —o0 as ||y + tzellx;, — oo
([

Putting together Lemma 4.1, Lemma 4.5, Lemma 4.6 and Lemma 4.7, we can see that the

assumptions of Theorem 4.1 are satisfied. Therefore, for all m > 0 there exists v, € X{, such
N

oy N
that Jpn(vm) = ¢m and J);, (vm) = 0. In particular, we know that 0 < ¢, < FW(0)~ = S2
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5. HOLDER CONTINUITY OF SOLUTIONS OF (1.2)

In this section we show that any solution of (1.2) is a Holder continuous function.

Lemma 5.1. Let v € X5, be a weak solution to (1./). Then Tr(v) € CO¥¥([—x,7|N), for some
ac (0,1).

Proof. Since v is a critical point for [J,,, we know that
/ 1725 (Vo + mPon) dedé
827r

(5.1)
= /303 [m? Tr(v) + W ()| Tr(v)[* 2 Tr(v) + f(z, Tr(v))] Tr(n) do

for all n € X3,.
Let w = vvff € X, where vg = min{|v|, K}, K > 1 and 8 > 0. Taking n = w in (5.1), we
deduce that

// 172502 (IVo? + m?0? dmd§+// 2861725020 Vo dude

_/ (m?® Tr(v)? + W ()| Tr(v) %) Tr(vg) Bd:c—i—/ f(z, Tr(v)) Tr(v) Tr(vg)? de,
8ar 8ar (52)

where D = {(z,§) € Sar : |v(z,§)| < K}.
It is easy to see that

/ [ (o) P g

(5.3)
:/ gl—%uﬁfvvmxdu// (28 + %) 2037 | Vvl *dx de.
827.- DK
Then, putting together (5.2) and (5.3) we get
oo %,
_ / 12519 (002 + m2o?02) dede
827r
/ 72502V p)2 + m?y dxd§+// 25 1+6)§1 25028 | V| dade
. (5.4)

<cg // 172028V o? + m2o?)dade + // 286" 25028 | Vo) 2dad
¢ / (m? Tr(v)? + W ()| Tr(o)|%) Te(o)?® + £z, Te(v)) Tr(v) Tr(vg ) da,
98y
where cg =1+ g
By assumptions on f and W, we deduce that
(2 Te(v)? + W ()] Tr(0)|2) Te(vre)?® + f(z, Te(v)) Te(v) Tr(oxe)?
< (14| Tr(v)>72) Tr(v)? Tr(vg)? 4 co| Tr(v)[P~2 Tr(v)? Tr(vi ) on 8°Say.

Now, we prove that
| Tr(v)[% 72 + | Tr(v)|P"2 < 1+ h on 8°Say,
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or some —,m)". Firs we observe tha
f h e LN/?(—x, )N, Firstly, b that

| Te(0) P2 = xg (<] Te@)P ™ + Xq 1oy »13] Tr(w) [P~
<1+ XqTr()=13] Tr()[P~? on 9°Sar.

If (p —2)N < 4s then

N —
/ X{\Tr(v)\>1}\Tr(v)\z(P 2)d1‘§/
9Sor 205

X{| Tr(v)[>1}] TI"(U)\de < o0,
27
while if 4s < (p — 2)N we have that (p — 2)2 € [2,25].
Let us note that | Tr(v)[%72 € L%(—W, 7). Therefore, there exist a constant C' and a function
h e LN/25(—x, )N, h > 0 and independent of K and $, such that

(m? + | Tr(v)\2372) Tr(v)? Tr(v)?? + f(x, Tr(v)) Tr(v) Tr(vK)Q'B

5.5
< (C + h)w? Tr(vg)?® on 8°Sor. (5:5)

Taking into account (5.4) and (5.5) we have
ool < s [ (€4 WP To(on) P,
" 882

and by the Monotone Convergence Theorem (vk is increasing with respect to K) we have as
K — o0

ol 1y, < Ces [ TP Vda ey [ WP (50
" Sgﬂ 19} 827r
Fix M >0 and let Ay ={h < M} and Ay ={h > M}.
Then
[ AT@P e < MY TP 4+ )] T P 6:1)
0°S2r ’

2s
where (M) = (/ hN/25d:z:) Y 0 as M — co. Taking into account (5.6) and (5.7), we get
A

2
ol? s, < cale+ M) Te()[ "3 + cae(M)]| Te(v) |7+ 3. (5-8)
By using Theorem 2.1 we know that

1 Tr(0) |73, < OF 10|, - (5.9)

m

Then, choosing M large so that £(M)csC3. < 3, and by using (5.8) and (5.9) we obtain

[ Te(0) "3, < 2C3; e+ M) Te (o) 3. (5.10)
Then we can start a bootstrap argument: since Tr(v) € L% (—m, )N we can apply (5.10) with
(B1+1)2N _2N?
B1+1= % to deduce that Tr(v) € L N2 (—m,m)N = L0292 (—x, 7)N. Applying (5.10)
ank

again, after k iterations, we find Tr(v) € L®-29% (—7, )™ and so Tr(v) € Li(—n, 7)Y for all
q € [2,00). Then we can apply Proposition 3.5 in [25] to deduce that Tr(v) € C%¥([—x, 7|V),
for some a € (0,1).

(]



22 V. AMBROSIO

6. PERIODIC SOLUTIONS FOR m = 0

This last section is devoted to the proof of Theorem 1.2. Firstly, we show that it is possible to
estimate the critical levels from below and from above independently of m.

Fix mgp € (0,1), and let us assume that 0 < m < mg. Then we aim to prove that there exist
01,09 > 0 independent of m, such that

o1 < jm(vm) < o2 (61)

for all 0 < m < myg. Firstly, we note that by using Proposition 2.1 in [12] and Theorem 2.1, we
can see that for all z € Z3,

| Te(2)[3: < Cu[Tr(2)]> = C Y [k[*[ex]® < Culzlfyy, < Cullzll%s,
kezZN

where ¢, are the Fourier coefficients of Tr(z), and C\ is independent of m. Then, by using Hélder
inequality we can see that for all fixed ¢ € [1,2}], there exists Cy; = C(q, N, s) > 0 independent
of m, such that

| Tr(z)lq < Cllzlixs,
for all z € Z3,. Let us note that when ¢ = 2, it results Cy = 1. Therefore, by using (f3) and
(f4), we have for all v € Z$,

m

1 2s W (0
vl — 2T - T

2*

s

Tm(v)

v

| Tr(v)[3: — e] Te(v)[3 — Cc| Tr(v)

1 m2S 2%
> (5= - =) vl — Chlloll, — CoCclloll,

Choosing ¢ sufficiently small, there exist 1 > 0 and 1 > 0 such that
Im(v) > o1 for all v € Z3, : ||v]|xs, = 7.

Now, we can observe that, for any v = y + tz. € 0M,, we can replace the estimate (4.49) and
(4.50) in Lemma 4.7 by
e l1%s, < Cs +mig?| Te(z) 3, (6.2)

and

2 2s 2 2% 2% B B

Im(y + tze) < t°(C5 +mg” + 6)[ Tr(z) [z — Ot Tr(ze)[3" — CsCat”| Tr(ze);

2*
+ 0| Tr(y)[5 — Cs| Te(y)]5* — C5Ca| Tr(y)]3, (6.3)
respectively. We also note that all constants appearing in (6.3) are independent of m.
Since ||y + tzc|% = m?| Tr(y)|3 + || zc||%. and by using (6.2), we can infer that
TIm(y +tz:) = —o0 as ||y + tze|xs, — oo.

a5 N
In view of Lemma 4.5 and Lemma 4.6, we can find 0 < o2 < %W(O)_sz SZ° such that

TIm(m) = ¢m < o9, for all m € (0,mg). By using T (vm) < o2, T, (vm) = 0 and (f5), we can
deduce that

f(z, Tr(vy,)) Tr(vy,)dz — /808 F(z, Tr(vy,))dz

)
) Te(wm) 2y + <; - ;) /a o, T e
)
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Therefore | Tr(vp,)|q is bounded for all g € [1,2}]. In particular, by using (f2)-(f4), we have

2 *
o, = 27m (o) + 02| (o) + 2| TeCom) g +2 [ Pl To(om)d
s o 9YSar
2 *
< 201+ | Te(m) 3 + o o)y + Col )3 + Co| Te(w) < G+ Ci,
s

for all m € (0,mg). This means that (vp,)m, is bounded in X¢,. In particular, we can see that

Co+Cu > omliZs, > [V0nllas, cien (6.4
and
Cs+Cy = lomlE, = | Te(om)l, > [Tr(om)]. (6.5)
Now, we prove that for any § > 0, the following inequality holds true
2-2s 52
10l Z 2y ¢ (0,50, 61-20) < T Tr(v)[3 + %Haﬁvﬂé(s%,glﬂs) (6.6)

for any v € X8 . Fix § > 0 and let v € C%O(RJXH) be such that |[v[|xs < co. For any z € [0,T]V
and £ € [0, 9], we have

3
v(x, &) = v(x,0) +/ Ogv(z, t)dt.
0
By using (a + b)? < 2a% + 2b? for all a,b > 0 we obtain
) ) 3 2
o, OF < 2lelm,0) +2( [ 0ol o))
0

and applying the Holder inequality we deduce

lo(z, €)[2 < 2[|U($ 0)2 + ( Et1_25|8 o(a t)|2dt)§2s} (6.7)
) > ) 0 13 ) 25 |’ .
Multiplying both members of (6.7) by £'72% we get
1-2s 2 1-2s 2 S 1o SPANS
& u(e, ) < 2|6 o, 0)2 + (| #210ev(w,t)Pdt) . (6.8)
0 2s
Integrating (6.8) over (—m, 7)Y x (0,8) we have
9 52_28 9 52 9
10122 (v 0 1-20) = T 100 Oi2 v + 51060 1255 1-22)- (6.9)

By density we get the desired result.
Then, by Theorem 2.2, we can extract a subsequence, which we denote again by v,,, and a
function v satisfying v € L2 (Sar, £172%), Vv € L?(Sar, £172%), such that as m — 0 we have

loc
: 2 1-2
Um — v 1 Lloc(827r7§ 8)7

Vv, = Vv in L2(827rv§1_2s)7

. N (6.10)
Tr(vy,) — Tr(v) in LY(—n,m)" for q € [1,27),
Tr(vy,) — Tr(v) a.e. in (—m, 7))V,
At this point, we prove that v is a weak solution to
—div(¢'725Vo) = 0 in Sor
V|{2i=0} = V{z;=T} on 0rSar (6.11)

5 = W(2)[v|%> 20+ f(z,v) on 8°Syr.
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We know that v, satisfies

EK/ €172 (Vo Vi + mPvpn) du dé
o (6.12)
= /305 [ Tr(vpm) + W ()] Te(vm) |22 Tr (o) + f (@, Te(vm))] Te(n) da

for every n € X3,. Now, fix ¢ € CS?F(R{XH) such that Vi € L?(Sar, £172%), and we introduce
1 € C*([0,00)) defined as follows
p=1 ifo<e<i1
0<yp<1 if1<E<2 (6.13)
=0 ife> 2.

We set Ygr(€) := w(%) for R > 1. Then choosing n = pyr € X8 in (6.12) and taking the limit
as m — 0 we have

/is 12V (o) dadé = PV(xMTY@0P3‘2TY@04—f@aTY@0ﬂfﬁ1¢>dx-(614)

9Ss,
By passing to the limit in (6.14) as R — oo, we deduce that v verifies

// é-lfQvav(p dzds = [W(l‘” TI"(U)|2§72 Tr(v) + f(x, TI‘(?}))} TI'(QO) dx
Son OSar

for any ¢ € C2(RYH!) such that Vi € L?(Sar, £172%), so by density for all ¢ € X°.
Finally we show that v is not identically zero. Let us denote by Jy the Euler-Lagrange
functional associated to (6.11), that is

1 1 o
Jo(v) = 5[IVo? 2y = o5 | TH(V) 53y — F(z,Tr(v))dz
2 L2 (8277’61 2 ) 25 25 7W 80827\—

for all v € X*. Now, we proceed as in the proof of Lemma 4.6. By using (6.10) and (f2)-(f4),
we can see that

/ F(z, Tr(vy,))dz — F(z, Tr(v))dz, (6.15)
9982 %82
/ £, T (o)) (T () — Tr(0))dez — 0, (6.16)
89S
and
/ flx, Tr(v))(Tr(vp) — Tr(v))dz — 0 (6.17)
Sar
as m — 0. Since (Jj(v),v) = 0, we have
0= Vel faqs, g2 = I T = [ S Tr(w) Te(v)da

and by using (f5) we get

1 1 * 1 1
Jo(v) > (f - —*> | Tr(v)@i w+ < - ) / f(z, Tr(v)) Tr(v)dx > 0. (6.18)
2 2 s 2 u) Joos,,
By Brezis-Lieb Lemma [13], we can note that as m — 0
V0o, 1) = 190 = 0)Fa(s 20y + V0B, oy F o) (619)

and

| Tr(vm)

2 2% 2%
58w dz = [Tr(vm) — Tr(v) |55y + [ Tr(v) ]38 y + o(1). (6.20)
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Thus, by using (6.15), (6.19), (6.20) and the fact that Tr(v,,) — Tr(v) in L?(—n, 7)Y, we have

1 1
jO(Um) = jO('U) + |:2||V(Um - U)H%Q(527\_7£1—25) - 27*’ TI'('Um) TI'( )

S

S| o). (6.21)

Since Tr(vy,) — Tr(v) in L% (—m,7)N, we can see
/603 W () (| Tr(vm)|? 72 Tr(vpm) — | Tr(v)]? 72 Tr(v)) (Tr(vy,) — Tr(v)) dz

— [ W@ Tr(on)* — [ Tr(on) 2 Tr(vm) Te(v)) da + o(1)

09Ss

= W (@) (| Tr(vm)|* — | Tr(v)[*) dz + o(1)
09Sa,

= W (2)| Tr(vm) — Tr(v)|% da + o(1).
09Sa,

This, (6.16), (6.17) and (Jy(v),vm —v) = 0 (we recall that {Vv,,} and {Tr(v,,)} are bounded
in L%(Sax, £172%) and L% (—m, 7)Y respectively, so v, — v can be used as test function) yield

0= <~76(Um) U — V)
= (Jo(vm) = To(v), vm — v)
/ 75|V (v, — ) |* dad€ — W (z)| Tr(vy,) — Tr(v)|% dz + o(1),
Sor 808277
that is
2*
IV~ 0) sy 12y = | Tevm) — T[Z g+ 0(1). (6:22)

Taking into account Jy(v) > 0, Tr(v,,) — Tr(v) as m — 0, and (6.21), we can infer that as

m — 0

1 1 2
iuv(”m - ”)H%?(Sz,r,glf%) - ?‘ Tr(vm) — Tr(v)[3:
S

W
= Jo(vm) = Jo(v) 4 o(1)
< jO(Um) + 0(1)

< jm(vm) + 0(1)

S _ N
<02 +o(1) < LW (0)

and by using (6.22) and 5 — —* = &, we obtain for m sufficiently small

HV(Um - U)||%2(S2m§1—2s) < W(O)_ 2s

Now, from the property (E2) of the extension and the trace inequality with m = 0 (in this case
one has to replace X3, by X° and Hf, by H® in Theorem 2.1), we note that for any u € X, it
holds

5 G2, (6.23)

T = [(~A)F T2y < [VullZags,, e, (624
(=m,m) ( )
Therefore, thanks to (6.22), (4.46) and (6.24), we have

”V(’Um - U)HL?(SQW,EF%) = | Tr(vm) - (U)@Z,W + 0(1)

N
“‘m*

<W(0)S, 2 [Tr(vy,) — Tr(v)]%

o*

- 2*
S W(O)S* 2 HV(Um U)HLS2(827”£1725)'
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Then, in view of (6.23), we can deduce that ||V (vm — v)||12(s,, e1-25) — 0 as m — 0. Moreover,
by (6.22), we get | Tr(vy,) — Tr(v)|2: — 0 as m — 0.

Hence, putting together J,,(vy,) > o1 > 0, (J),(vm), vm) = 0 and the growth assumptions on
f, we can see that

L
o1 < Tn(0m) = 5 (Tu(0m), V)

Um) —
(55 ) 1T+ [, 540 Tl Tolon) = Flo o0 | o

2%
< c] Tr(vm)b% + c2| Tr(vpn)[5 + 3] Tr(vm) >

and taking the limit as m — 0 in this inequality (now we know that Tr(v,) — Tr(v) in
Li(—m,m)N for any q € [2,2%]), we deduce that Tr(v) is not identically zero. Moreover, by using
the weak formulation of (1.5), (f5) and (IW1), we can infer that Tr(v) cannot be constant.
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