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CONSTRUCTIVE APPROACH TO LIMIT THEOREMS FOR
RECURRENT DIFFUSIVE RANDOM WALKS ON A STRIP.

D. DOLGOPYAT AND I. GOLDSHEID

ABSTRACT. We consider recurrent diffusive random walks on a strip. We present
constructive conditions on Green functions of finite sub-domains which imply a
Central Limit Theorem with polynomial error bound, a Local Limit Theorem,
and mixing of environment viewed by the particle process. Our conditions can
be verified for a wide class of environments including independent environments,
quasiperiodic environments, and environments which are asymptotically constant
at infinity. The conditions presented deal with a fixed environment, in particular,
no stationarity conditions are imposed.

1. INTRODUCTION.

The one-dimensional random walk in random environment (RWRE) is a classical
model in probability which was first considered in [48] and [31] in 1975. Remarkably,
the behavior of the RWRE turns out to be quite different from that of the simple
random walk. Perhaps the most famous example of that is the theorem of Sinai ([46])
which states that for the nearest neighbor random walks in the i.i.d. environment
in the recurrent case the walker typically is in a O(In® n) neighborhood of the origin
after n steps.

For walks on Z with bounded jumps, it was shown that in the recurrent case the
Sinai behavior and the classical CLT are the only possible scenarios for two important
classes of environments. Namely, [6] proves this for independent environments and
[11] considers quasiperiodic Diophantine environments and proves that the CLT holds
with probability one. Recently this result from [11] was extended in [20] to RWRE
on a strip, a natural generalization of a random walk on Z with bounded jumps
which was introduced in [5]. In fact, it is shown in [20] that in both the i.i.d and
the quasiperiodic Diophantine environments the CLT holds in the recurrent case if
and only if the potential is bounded (the precise definition of the potential is given
in Section 2.4, see equation (2.22)). This is why it is natural and important to study
recurrent RWs in a bounded potential. The recurrent RWs in bounded potential are
the main object studied in this paper. However, in contrast to [20] we deal with a
fixed environment. We develop a constructive approach which relates directly the
rate of convergence of ergodic averages for some specific observables to the CLT.
For a typical realization of a random environment our results recover the previously
known results and, moreover, we obtain new information also for RWRE. Namely,
in the quasiperiodic Diophantine case, the CLT is proven in [20] only for a set of
environments of full measure, while our present methods imply that the CLT holds
for all such environments without exception.
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Our approach has several additional benefits. It allows us to

obtain explicit rate of convergence in the CLT;

establish the almost sure mixing estimates for environment seen by the par-
ticle thus extending the results of [34] and [47];

prove local limit theorems for several classes of environments;

e apply our method to non stationary environments.

Let us describe the main novel techniques of the present paper which are crucial
for our approach. The first one is the asymptotic formula for the Green function in a
large finite domain obtained in Section 4. The derivation of this formula relies on an
entirely new approach to the analysis of the martingale and the invariant measure
equations which was recently discovered in [21]. This approach is further developed in
this work and leads to new algebraic properties of the solutions to these equations.
The second key ingredient is the weak law of large numbers for the environment
viewed by the particle process. Our proof of the law of large numbers relies on the
Green function estimates and because of that is more transparent and applicable to
a much wider class of observables (the so called self-averaging observables) than the
traditional approach based on the ergodic theorem (see e.g. [7, 13]).

The layout of the paper is as follows. In Section 2 we define the model, intro-
duce some notation, and provide the necessary background for RW on a strip. In
particular we introduce RW in a bounded potential studied in [20]. In Section 3
we illustrate the main results of our paper by applying them to several important
classes of environments. The precise formulation of the main results in the general
case are given later since they are of a more technical nature. Section 4 contains
bounds for the Green function of the walks with bounded potential. In Section 5
these bounds are used to give a constructive proof of ergodicity for the environment
viewed by the particle process, giving a rate of convergence of time averages seen by
the walker to the space averages. In particular, this allows us to control the drift and
the variance of the increments of the walker on a mesoscopic scale. This allows us, in
Section 6, to obtain the Central Limit Theorem by the martingale method and gives
an estimate on the rate of convergence for several important classes of environments.
In Section 7 we consider environments which have different asymptotic behaviors at
+00 and —oo and show how the arguments of the previous section could be modified
to obtain convergence to the skew Brownian Motion type processes. In Section 8 we
use a bootstrap argument to show that the distribution of the walker’s position is
the same as for the Brownian Motion on a scale which is slightly larger than O(1).
In Section 9 a local limit theorem for hitting times is used to obtain mixing of the
environment seen by the particle. In Section 10 the results of Sections 8 and 9 are
combined to obtain the local central limit theorem for the walker’s position.

2. DEFINITION OF THE MODEL AND SOME PREPARATORY RESULTS.

2.1. Conventions and notation. The following notations and definitions are used
throughout the paper.

All vectors and matrices below will be m-dimensional where m is the width of the
strip. The dot product of vectors x and y will be denoted by zy.

1 is a column vector whose components are all equal to 1.

e; is the vector whose i-th component is 1 and all other components are 0.



CONSTRUCTIVE APPROACH TO LIMIT THEOREMS FOR RANDOM WALKS 3
For a vector z = (z;) and a matrix A = (a(i,7)) we set

||| o max |z;| which implies ||A]| = sup ||Az|| = max E la(, 7))
(2 (2
J

llz(l=1

We say that A is strictly positive (and we write A > 0), if all its matrix elements
satisfy a(i,j) > 0. A is called non-negative (and we write A > 0), if all a(7, j) are non
negative. A similar convention applies to vectors. Note that if A is a non-negative
matrix then [|Al| = ||A1]|

S denotes the strip, S = Z x {1,...,m}. Given a function h : S — R, we can define
a sequence of R™-vectors h,, with components h(n,7). Vice versa, given a sequence of
vectors h,, —0o < n < 0o, we define a function h : S — R by setting h(n, i) = h,(i),
where h,(i) is the i component of h,,.

2.2. The Model. We recall the definition of the RW on a strip from [5]. Let
L, = {(n,i) : 1 < i < m} be layer n of the strip, L, C S. In our model, the
walker is allowed to jump from a point (n,i) € L,, only to points in L,_q, or L,,, or
L,.1. To define the corresponding transition kernel consider a sequence w of triples
(P, Qn, Ry), —00 < n < 0o, of m X m non-negative matrices such that for all n € Z
the sum P, + Q,, + R, is a stochastic matrix:

(2.1) (Pn+ Qn+ Rn)1=1,

We say that the sequence w is the environment on the strip S.
The matrix elements of P, are denoted P,(, ), 1 <4i,7 < m, and similar notations
are used for @), and R,,. We now set

P,(i,7) if z=(n,i), 21 =(n+1,7),
def ) Rp(iyj) it z=(n,i), z1 = (n,j),
22) BT gui) it 2= (n) 2= (0= 1j),

0 otherwise.

Remark 2.1. The study of one-dimensional RW on Z with jumps of length < m can
be reduced to the study of the above model by mapping n € Z to (L%J SN — mL%J) €
S, where |-] denotes the integer part. We refer the reader to [5] for the formulas
for transition matrices in that case and to [6] for more comments concerning this

relationship.

For a fixed w we define a random walk £(t) = (X (¢),Y(¢)), t > 0, on S in the usual
way: for any starting point z = (n,i) € S and fixed w the law P, , for the Markov
chain £(+) is given by

def
(23) Pz (5(1) =Ly 7§(t) = zt) = Pul(z, Zl)mw(zh 2’2) Pz, Zt)-
Let =, be the set of trajectories £(-) starting at z. The just defined PP, , is a probabil-
ity measure on =,; we denote by [, . the expectation with respect to this measure.

Remark 2.2. Fix i € {1,...,m}. With a slight abuse of notation, we shall often
write P and E for IP,, ;) and E, o). We shall do that if the environment w is fixed.
Since the strip has finite width, all the results proved in the paper will be uniform
with respect to i.

Also it will often be convenient to write & for £(¢) and X; and Y; for X (¢) and
Y (t) respectively.
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Throughout the paper we suppose that the following ellipticity conditions are
satisfied: there is an £ > 0 and a positive integer number ky < oo such that for any
n € Z and any i, j € [1,m]

(24) [IRYII<1-¢& ((I—=Ra)™"P)(i,5) 2 & and (I — Ra)™'Qu)(i,j) 2 &
Note that ((I — R,)"*P,)(i,7) (respectively ((I — R,)™1Q,)(7,7)) is the probability
that the walker starting from (n,4) reaches (n + 1,j) (respectively (n — 1,7)) at the

first exit from the layer L,,.

Remark 2.3. Most of our results will be proved for environments which are not ran-
dom but rather satisfy certain properties (which will be listed in due time). We shall
show that it is possible to apply these results to certain important classes of random
environments. More precisely, denote by (€2, F, P, T) the dynamical system where 2
is the space of all sequences w = ((P,, Qn, Rn))5>_ ., of triples described above, F is
the corresponding natural o-algebra, P denotes the probability measure on (2, F),
and T is the shift operator on Q defined by T'(P,, Qn, R») = (Poi1, @Qni1, Ras1). We
shall always suppose that T preserves measure P and is ergodic. The expectation
with respect to P will be denoted by E.

To be able to apply the result obtained for deterministic environments in the
context of random environment, we shall check that the conditions we need are
satisfied by P-almost all random environments.

Remark 2.4. Apart of the probability measures P and P defined above, we shall
quite often use measures which will be denoted by P, with related expectations
denoted E, and which describe 'reference’ probabilities and expectations related to,
e. g., standard normal distribution, standard Wiener processe, well known results
concerning martingales, etc. Theorems 3.6, 3.8, Corollary 6.5, Propositions 6.6, 6.7
are examples where this notation is used. In each such case, the precise meaning of
P(-) is obvious from the context.

Denote by J the following set of triples of m x m matrices:
TJELLPQR) :P>0,Q>0,R>0 and (P+Q+ R)1=1}.

We shall use the following metric on Q = J%. For o' = {(P,,Q.,R))}, v’ =
(B, Qn, By} set

" 1P, = Bl + Qs — Qull + [[ R, — Ryl
) =2 .

(2.5) d(w',w 5

ne”l

Below, whenever we say that a function defined on 2 is continuous we mean that
it is continuous with respect to the topology induced by the metric d(-, -).

2.3. Matrices (,, A,, a, and some related quantities. We are now in a position
to recall the definitions of several objects most of which were first introduced and
studied in [5], [6] and which will play a crucial role in this work.

For a given w € (), define a sequence of m xm stochastic matrices ¢, as follows. For

an integer a let ¢, be a stochastic matrix. For n > a define matrices v, , recurrently
as follows: 1, , = 9, and

(2.6) Vna=T =Ry —Qutby_14) 'Po, n=a+1,a+2,....
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It is easy to show (see [5]) that matrices 1, , are stochastic. Now for a fixed n define

(2.7) (o= lim .

a——0o0

As shown in [5, Theorem 1] the limit (2.7) exists and is independent of the choice of
the sequence {1, }.

Next, we define probability row-vectors o, = o,(w) = (o,(w,1),...,0,(w,m))
which are associated with the matrices (,,. Let 6, be an arbitrary sequence of prob-
ability row-vectors (by which we mean that 6, > 0 and > " 7,(i) = 1). Set
(2.8) on & lim Fala. .. Cor.

a—r—00
By the standard contraction property of the product of stochastic matrices, this
limit exists and does not depend on the choice of the sequence 7, (see [25, Lemma
1]). Vectors o,, could be equivalently defined as the unique sequence of probability
vectors satisfying the infinite system of equations

(2.9) 0pn=0n-1Co_1, N E Z.

Combining (2.8) with standard contracting properties of stochastic matrices ¢ we
obtain for £ > n that

(2.10) 1Cn - Coor — (ou()1, ..., op(m)1)|| < COF™,
where 0 < 6 < 1 and C depend only on the £ from (2.4).
Define

(2.11) = Qi1 = Ry = QuGu1) ™y An=( = Ry — Q1) Qn.

Note that o, P, = Q,,+1(, and hence

(2.12) O =Qnii(I — R, —a, 1Py q)" .

Conditions (2.4) imply (see [20, Remark 2.2]) that matrices A, have the following
properties:

(2.13) |ALl] < (me)™ and A,(,j) > &

In turn, inequalities (2.13) imply the well known contracting property of the action
of matrices A,. We shall make use of the following version of this property: the limit

_ ApAn 1. Agi10a
(2.14) o= A Ay
exists and does not depend on the choice of the sequence of vectors 7, > 0, ||0,|| = 1.
Moreover, there is a 6, 0 < 8 < 1, such that
ApAn1 .. Aui1 04
[ AnAny .. Ag1a|

For the sake of completeness, we prove (2.14) and (2.15) in Appendix B.

(2.15)

Un

— o)

Similarly, for any sequence of row-vectors I, > 0, ||l,|| = 1, define
loa_1 - ..
(2.16) l, = lim —2det@
47700 laaa,1 R 6 7%
Set

(217) )\k = HAkkaln and S\k = Hlk+1ak“.
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Then obviously

(2.18) lpr1ap = S\klk, Apvp_1 = \pUg

and for any n > k we have

(2.19) |ARAn—1 . Agvk—1|| = A Ay 10—t ..y = My s

Remark 2.5. It should be emphasized that even though [5, 6] dealt with stationary
ergodic environments, the proofs provided in [5], [6] of the existence of the limits
(2.7) and (2.14) are in fact working for all (and not just P - almost all) sequences w
satisfying (2.4).

Remark 2.6. Note that m = 1 corresponds to the random walks on Z with jumps
to the nearest neighbours. In this case p, = P,({(t +1) = n+ 1|¢(t) = n) and
¢ = 1 — pn. The above formulae now become very simple, namely ¢, = ¢, = 1,

_ _ _ g — __ 4n+41
Un—ln—l,An—)\n—p—:,ozn—)\n—;—n.

In the above considerations, matrices P, and (),, play asymmetric roles and it turns
out to be useful to ‘symmetrize’ the situation. Namely, let us introduce stochastic
matrices (, as the unique sequence of stochastic matrices satisfying the system of
equations which is symmetric to (2.6), (2.7)

(2.20) ¢, = —Ry— P 1) 'Qp —00 <n < +00.
Next we set
(2.21) A Y (I =R, — Puly) ' Pay ay = Poy(I— Ry — PuCroy) ™

All other related objects are introduced similarly.
Matrices (,,, a,,, A,,, etc have properties which are similar to those of matrices

Cn, ap, A, etc listed above. All these objects will be used below without further
explanations.

2.4. Walks in bounded potential. In the context of random walks in random
environments, the notion of potential was introduced in [46] in the case of the walks
on Z with jumps to nearest neighbors. The following extension of this definition to
the case of random walks on a strip was given in [6].

Definition. A potential is a function of n (and w) defined by

o log||A,... A1 ifn>1
(2.22) U,(w)=U, =< 0 ifn=0
—log||Ag... Apia|| ifn < —1

We say that a potential is bounded if there is a constant C'p such that
(2.23) U,| < Cp for all n.

Bounded potentials appear naturally in the study of the following two classes of
environments. First, it has been proved in [6] that the recurrence of a random walk
in an i.i.d. environment on a strip is equivalent to exactly one of two options: either
the potential is bounded or it converges, after the diffusive rescaling, to the Wiener
process. In the second case the walk exhibits the Sinai behavior ([6]). Next, in [20]
it was shown that for quasiperiodic environments with Diophantine frequencies the
potential is bounded if and only if the random walk is recurrent.
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2.5. One useful property of a bounded potential. Properties (2.23) and (2.13)
imply that there is a constant C'» > 0 such that for any vector x € R™, = > 0,
(x #0), and for any n > k

(2.24) e P|z||1 < Ay ... Az < eCP|z||1.

We shall check this statement for the case k > 1 (other cases are similar).

Note that for any k and z > 0 the second inequality in (2.13) implies (Agx)(i) >
gl|z|| for all 4,1 <14 < m, and so Agz > £||z||]1.

By (2.23), ||Ap_1...A1]| = ||Ag_1...A11]| > =P which is equivalent to saying that
there is e; such that Ax_;...A;1 > e “Pe;. But then

AkAk—l---Al]- Z €_CPA]€€Z' Z €_CP§1.
So 1 <& 'erPA,...A;1 and hence
A A < |2)|Ap. Ap 1 < E1eP ||z Ay A Ap. Al < E1%07 2|1

proving the second inequality in (2.24).
Next, by the definition of the norm (and since matrices are positive) we have that

Ap...A11 <e“P1 and hence 1> e “PA,.. A1,
Since A,...Ag1x > E||z||Ap... Aks11, we obtain
A Az > &|z||An. Apal > 677 ||z|| Ay A1 Ag. . AL > 267297 |21

which proves the first inequality in (2.24).

From now on we always suppose that the potential is bounded and we assume for
the rest of the paper that (2.24) is satisfied.

In our previous work we have shown that walks in a bounded potential satisfy the
following properties.

(I) There exists a non-constant sequence of column vectors m,, € R™ (with com-
ponents m, (7)) and a constant K such that

(2.25) [m (¢) — m ()| < K if [n' —n"| < 1,
and for all n
(2.26) m, = Bm, . +R,m, +Q,m, 1.

The construction of the sequence m,, is presented in [20, Section 7]. We recall the
probabilistic meaning of (2.26). Let m : S — R be a function on a strip and

m, € R™ be a sequence of column vectors with components m, (i) = m(n,q). If

£(t) = (X, V), t >0, is the RW defined in Subsection 2.2 then the process M (t) o

m(&) = m(X, Y;) = my,(Y;) is a martingale if and only if the vectors m,, satisfy
(2.26).

(IT) There exists a positive bounded solution p, = (pn(1), ..., pn(M)), —00 < n <
o0, to the equation

(2.27) Pn = Pn-1Pn1 4 pnBRn + pny1@nia

which also satisfies p, = ppi100m, Ppy1 = Py, -

Equation (2.27) appears in several contexts. First, for a fixed environment, it
describes the invariant measure for the walker. Second, in the case when we deal
with stationary environment the solution to (2.27) provides invariant densities for
the environment viewed from the particle process. We refer the reader to [21] for a
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comprehensive analysis of this equation on the strip. The invariant measure equation
for the stationary walks on Z with bounded jumps was studied in [10].

In accordance with conventions of §2.1 we will often write m(&;) instead of mx, (Y})
and p(&) instead of p(Xy, Y:) = px, (V).

3. APPLICATION OF RESULTS TO SOME CLASSES OF ENVIRONMENTS.

In this section we first discuss examples of important classes of environments. We
then state the results which we obtained for these environments as corollaries of our
main and more general (but also more technical) theorems proved in this paper.

3.1. Classes of environments.

Example 3.1. Quasiperiodic systems. Consider the environment given by
(P.Q, R)n = (P, Q,R)(w +nv),

where w,y € T?, T? is a d-dimensional torus, and P, Q, R : T? — R are C* functions.
v is called the rotation vector.

RWs in quasiperiodic environments received less attention than the walks discussed
in the two other examples below, the main references relevant for our work being
[1, 11, 47, 29]. However, its continuous space analogue, the quasiperiodic diffusion,
is a classical object in the PDE literature, see [28, 32] and references therein.

For quasiperiodic environment there exists a continuous function A : T¢ — R such
that A\, (w) = AMw + ny) (A, is defined in (2.17)). We say that v is Diophantine if
there are constants K, 7 such that for each k € Z¢\ 0 we have

K
(3.1) d(vk,2nZ) > W;
where d denotes the distance on the line. If 7 is Diophantine then A € C°°(T?), see
Appendix C. The recurrence condition [5] amounts to

(3.2) /ﬂ‘d In AMw)dw = 0,

where dw is normalized Lebesgue measure on the torus. It is proven in [20] that if
7 is Diophantine then for every triple (P, Q, R) the CLT holds for almost all w. We
note that the Diophantine assumption (3.1) is necessary, since [17] gives examples
showing that the CLT need not hold if (3.1) fails. In this paper we obtain additional
information in the case when (3.1) and (3.2) hold.

Example 3.2. Independent environments. Here we suppose that (P, @, R),, for
different n are independent and identically distributed.

The study of RWRE on Z goes back to [31, 46, 48]. We refer the reader to [51] for
a good overview of this subject. The papers most relevant to the present work are
also described below after the formulations of Theorems 3.6, 3.8, 3.10. The study of
the walks on the strip was initiated in [5], the main references for limit theorems in
this setting are [6, 25, 18, 20].

In particular, for independent environments it was shown in [6] that in the recur-
rent case the Sinai behavior is observed unless (P, @, R),, belong to a proper algebraic
subvariety in the space of transition matrices. The behavior of the walker on this
subvariety was investigated in [20] where it was proven that the solutions to (2.26)
and (2.27) with properties (I) and (II) exist.
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Example 3.3. Small perturbations of the simple random walk on Z. Con-

sider a random walk on Z with p, = % — Qyp, Gp = % + a, where a,, satisfy

ap| < ———, where kK > 1.
janl < In|s +1’
The condition xk > 1 is sufficient for recurrence (see e.g. [22]). However, for our
results to apply we need one more condition, namely

(3.3) v=1 where v=][] (]ﬁ) .

neL n

Condition (3.3) appears to be restrictive. However, we will show in Corollary 7.3
that it is in fact necessary for the CLT to hold.

The study of environments where the limit lirf pn exists has a long history.
NnN— o0

The limit theorems for such walks go back to [35, 50]. The setting which perhaps
is the closest to ours can be found in [42] where the Central Limit Theorem is
obtained in the transient case. Small perturbations of RWRE were studied in [23,
40, 41]. We refer the reader to [43] and references therein for a review of more recent
developments. In the present paper we show that such walks fit into the more general
framework that we consider.

3.2. The results. Next, we describe applications of the general theory developed in
this paper to the classes of environments described above. We assume throughout
this section that the ellipticity condition (2.4) holds and that the walk is recurrent.
In addition, we assume (2.24) (this assumption is only non-trivial in Example 3.2
while in Examples 3.1 and 3.3 it follows from recurrence and ellipticity).

We would like to emphasize that our results by no means are limited to Examples
3.1, 3.2, and 3.3. In fact, Theorems 3.4, 3.5, 3.6, 3.8, and 3.10 below will be obtained
as corollaries of more general results, namely, Theorems 6.1, 7.1, 6.8, 9.1, and 10.1
respectively. The statements of these general theorems are more technical and will
be given in a due course, after we introduce the necessary background.

Theorems 3.4, 3.6, 3.5, 3.8, and 3.10 below are valid for all environments in Ex-
amples 3.1 and 3.3 and for almost all environments in Example 3.2. However in that
last case we provide explicit conditions on environment (see equations (6.11), (6.12),
(6.13)) which guarantee the validity of these theorems.

Let NV be the standard normal random variable and ® be the cumulative distri-
bution function of N.

Theorem 3.4. (Functional CLT) There is a constant D > 0 such that the process
Wi(t) = X%) converges in law as N — oo to W(t)-the Brownian Motion with zero

mean and variance Dt.

In fact, we can obtain the functional CLT also for perturbations of our environ-
ments which decay at infinity sufficiently fast. Namely, consider a perturbation 3 of
P! such that

B(2,2') — P(z,2)| < H% where z = (n,j) and £ > 1.
nﬁ:

n the setting of Example 3.3 this means that we allow the environments which do not satisfy
(3.3). In fact, it follows from the explicit expression for p in terms of v (see equation (7.16)) that
in Example 3.3 p = % iffv=1.
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Let £(t) = (X(t),Y(t)) denote the walk in the perturbed environment.

Theorem 3.5. (Functional CLT for the perturbed walk) There exist constants
p and D > 0 such that the process X\(/%V) converges in law as N — oo to the skew

Brownian Motion with zero mean, variance Dt, and skewness parameter p.

The definition and basic properties of the skew Brownian Motion will be discussed
in Section 7. Here we just mention that one way to construct the skew Brownian
Motion with skewness parameter p is to take the scaling limit for the random walk
which is symmetric everywhere except the origin, and which moves to the right from
the origin with probability p and to the left with probability 1 — p (see [27]).

Theorem 3.6. (Effective CLT) There are constants D, v such that for each e there
1s a constant C. such that

P X(N>§x — O(x
(Tp=e) -

sup < CLN~(=9),

xT

DN

=

The exponent v is explicit. Namely, v = % in Examples 3.1, 3.2, and v = min (“T_l, )
in Example 3.3.

For the next two theorems we assume for Examples 3.1 and 3.2 that the random
walk is lazy in the sense that

(3.4) Rn(i,i) > &> 0.

Remark 3.7. Assumption (3.4) is made for convenience only in order to simplify
the statements. Indeed assumption (2.4) implies that the walker can reach all points
at the neighboring layer by the time it changes layers. Therefore if we define the
stopping times 7(n) by the conditions 7(0) =0, 7(n+ 1) = min(r > 7(n) : X, #
X)) then the accelerated walk £*(n) = £(7(2n)) satisfies (3.4). However the natural
objects associated with £* (such as solutions to (2.27) etc) have a more complicated
form than for £ so we prefer to impose (3.4).

Theorem 3.8. (Local Limit Theorem) (a) In Examples 3.1 and 3.2 there are con-
stants a, b such that uniformly for kN/\/N in a compact set for each y € {1,...,m}
we have

(3.5) lim P(E(N) = (kn,y))
P ( BIN € [ky — 5, ky + %]) p(kn,y)

1
=

(b) In Ezample 3.3 uniformly for ky/v'N in a compact set if ky and N have the
same parity then

=2

(3.6) lim PE(N) = kv)
VP (VNN € [k — 3, kv + 1)) plky)

Remark 3.9. Equation (2.27) defines p up to a multiplicative constant. So to
complete the statement of Theorem 3.8 one needs to explain how to normalize p.
This will be done in Section 4 (see equations (4.6) and (4.7)).

It will be shown in Section 6 (see equation (6.35)) that with this choice of nor-
malization, we have in Example 3.3 that ‘ lim p(k) = 1. Thus if in Theorem 3.8(b)

k|—o0
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|kn| — oo then (3.6) can be simplified to read
! P (E(N) = k)
im
VP (VNN € [ky — L, by +1])

That is in that case the Local Limit Theorem takes the same form as for the simple
random walk.

= 2.

While the Central Limit Theorem was studied for many classes of RWRE, the
Local Limit Theorem is less well understood. We note that there are two different
classes of walks where the CLT is known and so it makes sense to study the LLT:
ballistic walks are investigated in [2, 19, 38, 47] and balanced walks in [14, 47, 49].
In both cases the Local Limit Theorem takes the same form (3.5), but the meaning
of p is different: for ballistic walks p, is the expected number of visits to the site
z while for recurrent walks it is proportional to the invariant measure of the walk
restricted to a finite domain. For this reason different methods are usually employed
to study these two cases. In the present paper we adapt the method used in [19] to
study the ballistic walks to the recurrent case (our approach is a modification of the
method of [25] and is related to extraction of a binomial component approach used
in [16]). The universality of this method makes it promising in other problems where
the Local Limit Theorem can be expected.

To formulate our last result we need one more definition. In Examples 3.1 and 3.2
a bounded function h : S — R will be called self-averaging if there is a constant b
(the average of h) and a sequence dy converging to 0 as N — oo such that for each
e, K for each k with |k| < Kv/N

1 k+Sn N1/4
(3.7) 2NN > - <e
I=k—by N1/4

where h; is a vector with components h;(j) = h(l, j), pi is the vector defined in (2.27),
whose components are denoted by p;(j), and

pihy = sz(j)h(l,j)-

In Example 3.3 the walk is periodic with period 2, so (3.7) has to be replaced by

) Sy NL/4 ) Sy N/4
(3.8) N N/A Z Pr+2thiy2r — b < € and BN/ Z Pr41t2h1420 — b < e
N I=—86yN1/4 N I=—8xN1/4

The meaning of the notion of the self-averaging will be explained later (see Re-
mark 5.2).

Theorem 3.10. (Mixing of environment viewed by the particle) Ifh:S — R
is self-averaging then
: b
Jim BE(A(E(N))) = —.
where a is the same as in (3.5)

Remark 3.11. The term mixing here refers to the fact that the expectation above is
asymptotically independent of N. It follows from our proof that it is also independent
of the starting point of the walk. Therefore Theorem 3.10 shows that the environment
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seen by the walker does not remember the remote past of the walker. Results similar
to Theorem 3.10 are sometimes called renewal theorems since mixing for certain
systems allows us to recover the classical renewal theorems. We prefer the term
mizing since it appears to describe the phenomenon more precisely.

The environment viewed by the particle process is a standard tool in studying
the random walk [33, 7, 13]. For ballistic nearest neighbor random walks on Z in
independent environments the mixing of this process was obtained in [30] in the
annealed setting. The quenched result was proven in [34] for independent walks
under the additional assumption that the fluctuations are diffusive (see [19] for a
simple proof). [29, 47] prove mixing for quasiperiodic walks. The results of [30] have
been extended to walks on the strip in [45]. In this paper we obtain quenched mixing
in both independent and quasiperiodic environments. In fact, the novel feature of our
results is that they are applicable to the environments satisfying explicit estimates,
so no stationarity is required in our approach.

4. THE GREEN FUNCTION.

The main result of this section is the asymptotic expansion of the Green function
for the exit from a large interval (see Lemma 4.3). This asymptotic expansion plays
a major role in the proofs of our main results: it allows us to compute limits of
ratios of various additive functionals of our random walk using moderate deviation
estimates from Appendix A.

We begin with a preliminary fact, establishing a relation between two key quanti-
ties m,, and p,, which appear in the expansion of the Green function

Lemma 4.1. If m,, satisfies (2.26) and p,, satisfies (2.27) then there exist a constant
¢ such that for all n

pn—l—lQn-H (mn - Cnmn-&-l) =G

pnPn<mn+1 - CT:—Hmn) = —cC.

This lemma complements [21, Lemmas 4.5 and 4 .6] where other relations between
prn and m,, are described.

Proof. Let

(4.1) Up = My — CGMy 1.
Then

(4.2) Uy, = Aptiy_1.

Indeed (2.26) can be rewritten as
(4.3) (I — Rym, = Pm, 1 +Q,m, 4
Since ¢, = (I — R, — Q1) ' P, we have
P = (I = Ry — Quip-1)Gn-
Plugging this into (4.3) we get
(I —Ry)m, = — Ry — Qniu-1)GMpp1 + Qumy_q.
Subtracting Q,,(,,—1m,, from both sides we get
(I = Ry — Quip—1)my = (I — Ry — QuGu1)GaMu1 + Qn(My1 — Gpoamyy)
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Multiplying both sides by (I — R, — @,(,—1)"" and remembering that

An = (] - Rn - QnCn—l)_lQn
we obtain (4.2).
Observe that (2.11) implies that @, 14, = a,@,. Hence (4.2) gives
pn—i—lQn-i—lun = pn+1Qn+lAnun—1 = pn+1anQnun—1 = annun—l

proving the first claim of the lemma. A similar computation shows that

pnPn(anrl - Cr?—f]_mn) =c .

It remains to relate ¢ to ¢~. To this end note that

c= pn+1Qn+1(mn - Cnanrl)
= Pni1Qn1My — Pt Qui1 (I — Ry — Qulue1) ™ Pamyi
= Pnt1G@n1My — P10 Py = prp1 Qnpamy — pn Pay .
Likewise
¢ = ppPamyyy — prp1@Qnpm, = —c
finishing the proof. 0
Next, (2.24) and property (2.13) imply the following Lemma.

Lemma 4.2. Suppose that (2.4) is satisfied and the potential (2.22) is bounded.
Then:

(i) there is a bounded solution u, to u, = A,u,_1, 00 < n < oo, and such that all
entries of all vectors u, have the same sign.

(b) if a sequence of vectors Gy, satisfies i, = Apiiy—1, 00 < n < 00, and + In |Gy, | — 0
as n — —oo then u, s bounded and proportional to u,.

Proof. 1t will be convenient to use the following notation: for &k < n
Aﬁ = A,...Ag+1, with the convention A7 =1, Azfl =A,.
We make use of v, from (2.14). To construct u, for n > 0 set ug = vy and define
up, = Aluq for n > 1. Obviously, u, = A,u,_1 if n > 1.
For n < —1, set u, o DR
n <0:

1Un. Then, taking into account (2.18), we have for

Aptin—1 = Ay A A A = Mg A L0, = g

The vectors u, are strictly positive since v, > 0 for all n. Finally, since u, =
A, ... App1uy for any n > k, the inequalities (2.24) imply that e=P|jug|| < |Jun| <
eCr ||ug|| and so this solution is bounded. This completes the proof of (i).

Proof of (ii). We shall show that for any fixed n there is a ¢ such that @, = cu,.

For k < n, present u, = @ — 4y, where 4; > 0 and @; > 0 are, respectively,
the positive and the negative part of . Then ||a]| < ||| and ||a; || < |lax||. It
follows from (2.24) that [[A%@ || = O(]|@,||) = O(||ix||). This, together with (2.15)
implies ALG — | ALGE (v, + OO ) = [ ALt [0 + Ol 6*). Finaly,

Anaf = | ARG | wall ™ un + O(||al|0°)

since v, = uy,/||u,||. Similarly, Aka; = [[AR@ |||l u, + O(||ax]|0"%). But
Uy, = AFaf — ARa, we have

i = (AR | = ARy D llunll ™ 1 + O(|x]|67).
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The growth of ||u, || is sub-exponential and therefore, sending k& — —oo, we see

that ¢, % limy, oo (|AEGH|| — |AF G, |)|Jun| ™" exists and @, = c,u,. But then
Cnlly = Cp_1Apu,_1 by the definition of w4, which, together with (4.2), implies that
(¢n — cu_1)u, = 0. Hence ¢, = ¢,_1 = const. O

Returning to the main equation (2.26) for m,, we have now two possibilities.

(1) u,, = 0. In this case, (4.1) implies that for each £ > 1, m,, = (;,(pv1 - - - Gk Mk
Sending k to infinity and using contracting properties of stochastic matrices we see
that m,, = c1 for some constant c.

(2) u,, is non zero, so its entries have the same sign. Then ¢ = p, 11Q 11U, # 0.

We note that in the second case the martingale increases faster than some linear
function. Namely there are constants C', Cy such that for any n,k € Z, k > 0 and
for any i,j € {1...m} we have

k

(44) 5 — CQ < anrk(j) — mn(z) < Clk + 02.
1

Indeed, iterating (4.1) we obtain

k—1
(45) m, = Z U,nJ- + gn . Cn+k_1mn+k
r=0

where u,, = G, ... utr—1Untr. Note that by (2.24) the components of u, are uni-
formly bounded from above and bounded away from zero. Since (’s are stochastic,
we conclude that the components of w,, are uniformly bounded from above and
bounded away from zero. Since m has bounded increments we have that for each
Jg=1....m, mr = mux(j)1 + O(1). Plugging this into (4.5) and using that
Cn---Cork—11 = 1 we obtain (4.4).

In this paper we deal with the case where the martingale m is non-trivial. More-
over, for the rest of the paper (except for the Section 7) we assume that m is asymp-
totically linear and that m and p are normalized so that

(4.6) lim M _ m,
n—oo N
where M, = > m,(j) and
_ 1
(4.7) Pubn(Mp = Guiamn) = 5
Note that (4.6) and (2.25) imply that
(4.8) lim ) _

n—o0 n

uniformly in y € {1,...,m}.

Asymptotically linear martingales exist in Examples 3.1-3.3. In fact, in Section
6.4 we will establish a stronger result (6.11).

Consider the Green function

Gap((k,1); (n, 7)) = E(1)n,5|€(0) = (k,4)),

where 7, j) is the number of visits to (n,j) by the walk starting at (k,4) before it
hits the segment [a, b].
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Lemma 4.3. For z, y € (a,b)
Ga,b((ka Z)a (n7]>) = g(M’mMnaMm Mb)pTL(]) + O<1)

where
v ab) — 2(min(z,y) — a)(b — max(z,y))
g( ) y’ ) b) (b _ a) *
Proof. Let
(49) Gaal(h, 1) = 37 Gual(h,), (0, ).

A simple computation with Markov chains [18, Appendix A] shows that

Gunl(k.). (1.5) = Gua( (k1)) 2 1 01

n

so it suffices to show that

(4.10) Gan((k. 1)in) = G(Mi, My, May, Mj)pal + O(1).
We consider first the case where k = n. Let d = min(n — a, b —n). Denote n,, = 1, 1.
Let p,, o be the vector

Prab(i) =P(n, = 1|€(0) = (n, 1)).
We claim that
(4.11) Pnap = O(1/d).

Without loss of generality we may assume that d = b—n. By (4.4) there exists k such
that for any n,4, j m, x(j) > m,(i)+1. Consider our walk started from (n+k, j). Let
s be the first time this walk reaches either L, or I,. Applying the Optional Stopping
Theorem to this stopping time gives
Mok (f) = Y PG = (n,))ma(i) + Y P(& = (b,0))my(i).
=1 =1
Rewriting this identity as
(412) Y P& = (n,)[mui(f) — ma()] = D P(& = (b,0)[my(i) — myi ()]
i=1 =1
By our choice of k the LHS is at least 1 — P(& € L;) while by (4.4) the RHS is at
most 2C1d P(& € L). Thus

1 >2C1dP(¢ € L) or P(& € Ly) = O(1/d).

In other words, if the walker starts from the layer n + k then the probability that
it would not visit L, before reaching L, is O(1/d). By the same argument, if the
walker starts from the layer n — k then the probability that it would not visit L,
before reaching L, is O(1/d). Since the walker starting from L, should visit L,,_x
before reaching L, and it should visit L, before reaching L,, (4.11) follows.

Let S, be the matrix with components S, (i, j) where S, (i,7) is the probability
that the walker starting from (n, i) returns to L, for the first time at (n, j) given that
it does not visit L, or I, in between. Let 7, be the stationary distribution for .S,,.
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Also let S, be the matrix with components S,,(1, j), where S, (4, 7) is the probability
that the walker starting from (n, ) returns to L, for the first time at (n,j). Thus

Sn = Qngnfl + Rn + PnC;+1'

Let m, be the stationary distribution of \5,,. Note that m, can be expressed in terms
of p, as m,(j) = ”p"T(]l). Since, by (4.11), S,, and S,, differ by conditioning on a set of

measure 1 — O (é) we have Sn =5,+0 (Cll) . Moreover we can write

gn - Qnén—l + Rn + Pn&n_-&-l

where , 1(4,j) and (;,,(i,7) are the probabilities that the walker starting from
(n —1,4) (respectively (n + 1,4)) returns to L, for the first time at (n, j) given that
it does not visit L, or L, in between. Then

- 1 - 1
(413) Cn—l = Cn—l + @ (a) ) C;-Fl - <7:+1 + @) (8) .

Due to exponential mixing of both S, and S, (which is guaranteed by condition
(2.4)) we have that
. 1 Pn 1
n=T,+0|=]|=—7+0(-]).
mmmto(5) = 2y +o(g)

P(nn =N+ Hnn > N7£(O> = (n7 Z)) = eigjmvpn,a,b'
By the first step analysis

We have

m

(4.14) Pras(i) = D Qnlis 1)p () + D Pali j)p7 ()

=1

where pE () is the probability that the walker starting from (n+1, j) does not return
to IL,, before visiting the boundary of the segment a, b. By the Optional Stopping
Theorem and (2.25)

_ Enflmn — My 1 g; My, — My ( 1 >
e (M = M) o (d2> P T I M, - M) O\

From (4.14) and (4.15) we get using (4.13) that

N ' Cn—lmn — My Cfr:—l—lmn — My i
(4.16) Prap(i) = me; (Qn M. M., + P, My — M. + 0O =)

Since €;SY = 7,(1 4+ O(6N)) for some 0 < 1, it follows that

eigyjlvpn,a,b = ﬁnpn,a,b +0 (GN) .
From (4.16), Lemma 4.1 and (4.7) we get

m ann(mn—l - gn—lmn) pnPn(anrl - C;+1mn) 1
pnl ( Mn_Ma * Mb_Mn +O

ﬁnpn,a,b =

SR T
T 20,1 \ M, - M, | M, — M, z))
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It follows that 7,p,, .7, has asymptotically exponential distribution with param-
eter 1 and hence
i | 2(My — MMy~ M,)

Casl(n,i)im) = 4 O(1) = T ZR LT,

1)+ O(1).

Next for k < n let
P.((k,i); (n,j)) = P(€ reaches L, at (n,j) before reaching L,|£(0) = (k,17)).
Then

Gay ZP ((k,2): (1, 5))Gap((n, )i 1)

2Ma MMy~ My .
= P Ry )+ O Pk

Note that
n) = ZPa((k, i); (n, 7)) = P(§ reaches L,, before reaching L, |£(0) = (k,7)).
J

Applying again the Optional Stopping Theorem to the stopping time s which is the
first time the walker reaches either IL, or IL, we we get

(M, + O(1)Pu((k,i);n) + (Mg + O(1))(1 — Pu((k,i);n)) = My + O(1).

Hence
. M — M, 1
Pa k? ; = Ol-)
(k) = = 0 (3)
This proves (4.10) for k < n. The case k > n is analyzed similarly. O

Remark 4.4. (4.12) also shows that there is a constant ¢ such that for each y €

{1,...,m}
(4.17) P(n, = 1j£(0) = (n,y)) <

This bound will be useful in Section 6.

Ul o

5. ENVIRONMENT VIEWED BY THE PARTICLE: THE LAW OF LARGE NUMBERS.

From now on we consider only those environments which, in addition to (2.24),
(4.6), (4.7), satisfy the following assumption: there exists a constant a such that

1 N-1

Examples 3.1-3.3 satisfy (5.1). In fact, in Section 6.4 we prove a stronger result
(6.12).

Let h : S — R be a bounded function and h, be a sequence of vectors with
components h, (1) = h(n, ). Let

(52) Hy =" hig(n).

In this section we establish the following result.
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Lemma 5.1. Suppose that h,, is such that

(5.3) i ’N| Z prlin =

for some constant . Then % converges in probability, as N — oo, to 2

Remark 5.2. Assumptions (5.1) and (5.3) imply that h is an extensive observable,
that is there exists the finite volume limit

st h(z)dpu(z) - E
R—too  1u(Sg) Ca

where Sg is the set of points in the strip S such that the x coordinate is between 0
and R and g is the invariant measure for our walk: for A € S

=> (2)

z€EA

We refer the reader to [37] for a discussion of the ergodic properties of extensive
observables.

A typical application of Lemma 5.1 is the following. Suppose that the environment
W= ((Pn,Qn, Rn))5_ is as in Remark 2.3 and set h, = Lpn,, Yn)EA]_ where A C
Q x {1,...,m} (this defines a function & - see Section 2.1). Then ¥ describes how
often the walker sees the environment from A. For example, one can ask how often
the drift or the variance of the walker’s increment are of a certain size. Quite often
the law of large numbers for Hy is obtained as a consequence of ergodicity of the
environment viewed by the particle process, see e.g. [7]. This approach, however,
makes it difficult to control the exceptional zero measure set in the ergodic theorem.
In this section we present a different argument which allows one to obtain explicit
sufficient conditions for the law of large numbers (namely, (5.3)).

Proof of Lemma 5.1. Let us first describe the idea of the proof. Fix ¢ > 0. We need

to show that Hy — E — 6) N is positive for large N while Hy — <E + 5) N is
a a

negative for large N with probability close to 1. To this end we divide the sum
(5.2) into blocks. Choose a small constant ¢ (the exact requirements on § will be
explained later, see the proof of (5.9) below) and let Ly = [§v/N|. We will consider
our random walk only at the moments when X (¢) visits the nodes of the lattice LyZ,
more precisely, when X moves from one node to the next. That is, define 79 = 0,
and for £ > 0 let

(5.4) Ty =min(j > 71 : X; =X

Tho1 LN or Xj = XTk71 + LN)
Tk

: : b
We would like to use the results of Section 4 to show H@g) = Z [h({(n)) - <— —€

n=1
Tk

is a submartingale and H; = Z [h({(n)) - (g + 5)} is a supermartingale with

n=1
respect to the natural filtration and then use the large deviation estimates for super-

martgales from Appendnix A. However, for a fixed §, (4.6) and (5.3) only allow us
to control the nodes of LyZ which are not too far from the origin, so an additional
cut off is required.
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Using the maximal inequality for martingales we can find a constant K such that

]P’(max ()] > KV—) ~

te[0,N] 2

Now (4.8) gives

(5.5) P (max X (¢)] > K\/_>

g
te[0,N 2

— Ly, bp =X

o, + L we have

Denoting a;, = X

Tk—1

by, m
(5'6) E<Tk - Tk_1|€7—k—1) = Z Z Gakybk (57—/6—1; (na]))

n=ar j=1
We claim that for each K we have
(57) E(Tk - Tk—1|57k71) ~ aL?\f

provided that N is large enough and |X,, .| < Kv/N.

To prove (5.7) divide the segment [ay, bi] into subsegments I; = [s;, s;4+1] of length
[0v/N] where § < 8. (4.6), Lemma 4.3, and (5.1) show that the contribution to (5.6)
of terms with n € I; is asymptotic to

onaG(0,s; — X, —Ln, Ly).
Summing over the intervals I; we obtain (5.7).
Let
(5.8) k=a1072

Ty = 7. We claim that if § is sufficiently small then

(5.9) P ( Iy > e) < e.

— -1
Indeed define a sequence 7 such that 7, = 0 and

N
~ ~ {Tk—Tk1 if ‘frk,1|§K\/N
Tk — Tk—1 =

al? otherwise.

We want to estimate P(7; > (1 4 ¢)N). To this end we apply Proposition A.1 from

Appendix A with
(Tk — T-1)
A, =TT TR=1) 4y,
g al? (1+¢)
To apply this proposition we need to check conditions (A.1) and (A.2). For the case
at hand, (A.1) follows from (5.7). To prove (A.2) we use that there exists a constant

0 < 1 such that for each K € R there is a constant Ny = Ny(K) such that if N > Ny
and |&,, | < KV/N then for all | € N

(5.10) P(r — Te_1 > 2alL3%) < 0.

Indeed similarly to (5.7) one can show that if N > Ny(K) then for each (x,y) such
that |z — (&, _,)| < Ly for each s € Z we have

E(7, — sl€(s) = (v,y)) < LlaLy.
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Combining this with the Markov inequality we see that for any stopping time s

1.1
5
Applying (5.11) with s = 7,1 we obtain (5.10) with [ = 1. (5.10) for [ > 1 follows
by induction on [ by applying (5.11) with § = 7,1 + 2a(l — 1).
Now Proposition A.1 gives

(5.11) P(ry > s+ 2L | > 5) <

P(7, > (14 )N) < eV,
Likewise

P(7, < (1 e)N) < e Ve,
Combining the last two displays with (5.8) we see that for large N

(5.12) P(%—1‘>s><§
By our choice of K (see (5.5)), for large N we have
(5.13) P(7 £ Ty) < g

Combining (5.12) and (5.13) we obtain (5.9).
Next, similarly to (5.7) we get

hL%
2

(5'14) E(HTk - H‘qu ‘5‘%71) ~

and similarly to (5.9) we get (possibly, after decreasing 0) that

H,
P(’Wk—g >€><8.

Indeed we can apply Proposition A.1 since (A.1) follows by (5.14) while (A.2) follows
from (5.10) since h is bounded so for some constant C'

|Hy, — Hy | < C(7k = Ti1)-

H —H .
Also since h is bounded, l’“—NNl <C ’% — 1‘ and so (5.12) and (5.13) give
H, —H
(5.15) P (M > Ca) <e.
N
Since ¢ is arbitrary, (5.14) and (5.15) prove the lemma. O

Remark 5.3. We note that the information on X, obtained in the proof of Lemma 5.1,
especially (5.14), will play a crucial role in the sequel. In particular, it will be used
in Section 6 to show that, under appropriate assumptions, X, /Ly is well approxi-
mated by the simple random walk. Passing to the limit as N — oo, 6y — 0 we shall
obtain the CLT for X ().
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6. THE CENTRAL LIMIT THEOREM

6.1. Sufficient conditions for the CLT. In this section, with a slight abuse of
notation, we write {n¢, Xy, and Yy for  nyj, X|ne), Y e respectively.
Denote Wi (t) = )\(/%, where t € [0, 1]. Let q,, be a column vector with components

G (i) = E (m(Es1) — m(&)* [ = (n, 1))
= >, B((n,0), (04 5,1)) (Mg (i) = ma (3))°

77€{-1,0,1},1<i’'<m

where B(-, ) are the transition probabilities (2.2) and m, (i), m(&), etc are as in
(2.26) and Remark 2.1.

Theorem 6.1. If (5.1) holds and there is a constant b such that

| v
then Wy (t) converges in law as N — oo to W(t)-the Brownian Motion with zero
mean and variance Dt, where D =2 with b as in (6.1) and a as in (5.1).

Proof. In view of (4.8) it suffices to show that

(6.2) W(t) =W
where
(6.3) W (t) = ™Ext)

VN

Let Qn = Zg;ol q(&n), where q(&,) = qx,,(Yn). By [12, Theorem 3] to prove (6.2) it
suffices to check that

Qn
6.4 = D
(6.4 W p,
but this follows from (6.1) and Lemma 5.1. O

Corollary 6.2. For uniquely ergodic environments with bounded potential the Cen-
tral Limit Theorem holds for all w.

In [20], the Central Limit Theorem was proved for almost all w for a wide class of
environments which includes the uniquely ergodic ones as a particular case. Here, for
uniquely ergodic environments, we prove that this result holds for all (rather than
almost all) w.

6.2. Expectation of the local time. Here we discuss the distribution of the local
time of the walk. Let V((k,y), N) be the number of visits to the site (k,y) by our
walk before time .

Lemma 6.3. Under the assumptions of Section 4 for each K > 0 the collection of

random variables
{V((kﬁ,y)a N)[£(0) = Z)}
VN

s uniformly integrable where the uniformity is with respect to N € N, z € S, and
(k,y) € S such that |k] < Kv/N.
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In the proof we will use the following notion. Let X and ) be non-negative
random variables. We say that ) stochastically dominates X if for each ¢t > 0
P(X >t) <P(Y >t). Clearly if Y stochastically dominates X' then E()) > E(X).

Proof of Lemma 6.3. 1t suffices to prove the result for the walk starting from z =
(k,y) since the local time does not accumulate before the first visit to the site (k,y).

By (5.7) and the maximal inequality for martingales, there is a constant p < 1 such
that for each K there exists No(K') such that if N > Ny(K) then for any (k',y') € S
with |&'| < (K + 1)v/N, the probability that the random walk exits the segment
(k' —+/N, k' ++/N] before time N is less than p (In fact, p can be any number which
is greater than the probability that the Brownian motion with zero mean and with
variance Dt exits the interval [—1, 1] before time 1).

Let 1 be the total number of visits to (k,y) before the walk exits from the segment
(k—+/N,k++/N). By the foregoing discussion, the probability that V((k,), N) <17
is greater than 1 — p. Therefore, for large N, V((k,y), N) is stochastically dominated
by n+pV ((k,y), N). Iterating this estimate we conclude that V((k,y), N) is stochas-

G

tically dominated by V := Z 7, where G is has geometric distribution with param-
r=1

eter 1 — p and 7, are i.i.d random variables independent of G and having the same

E(n)

distribution as 7. Since E(V) = .

it suffices to show the uniform integrability of

~

n/v/'N (with respect to time and the initial position of the walk). However the fact
that {n/v/N} is uniformly integrable follows from (4.17) O

Let [,; denote the local time of the standard Brownian motion.

Theorem 6.4. Suppose that (5.1) and (6.1) hold. Let (kn,yn) € S be a sequences
such that \k/—% —x as N — o0o. Then, as N = o0
V((kn,yn),N)
Prx (yn)VN

Combining Theorem 6.4 with Lemma 6.3 we obtain

[x,l/a-

Corollary 6.5. Suppose that (kn,yn) is a sequence of points in S such that 5—% — .
Then uniformly for x in a compact set we have

. V((kn,yn), N)\ _
(65) J&EHOQE( pkN(yN> \/N ) - E([x,l/a)'

Proof of the theorem. Consider first the case kxy = 0. We use the same notation as
in the proof of Lemma 5.1. In particular we let Ly = [0v/N| for a small constant .

Fix ¢ > 0. We show that if ¢ is sufficiently small then for large N the following
estimates hold:

(6.6) max <e

u€ER

V((0> yN)v ch)
P( VN

where k is defined by (5.8), 74 is defined by (5.4) and

< U> —P (p(0,yn) lo.1/a < )

Y
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To prove (6.7) we note that by (5.9), if N is large enough, then P(|r; — N| >
eN) < e. On the other hand if |7, — N| < eN then

V0, yn), N) = V((0,yn), )| < V((0,9n), (L+)N) = V((0,yn), (1 —€)N).
By Lemma 6.3 the expectation of the RHS is less than Ceyv/N so by the Markov
inequality

Combining (5.9) and (6.8) we obtain (6.7).

To prove (6.6) let U; be the number of visits to (0,yy) during the time interval
[7;_1,7j]. Note that U; = 0 unless &(7;_1) € Ly. In case £(7j_1) € Lo, (4.17) shows
that

]P)(Uj = 0‘6(7']',1) S ]Lo) < LE
N

On the other hand, the general theory of Markov chains shows that, conditioned on
U; # 0, U; has geometric distribution with the mean G_j, 1, ((0, yN) (0,yn)) and
moreover it is independent of {(7;). By Lemma 4.3

G .o ((0,98); (0,98)) = Lnp(0, yn) (1 + 0n 00 (1))-

Now it is easy to show using, for example, Proposition A.1, that

P (’w(o,yN),T,%) - LNn(/%)p(o,yN)Q > @) S 0as N — oo

where n(k) = Card(j < k: £(;) € Ly).
Since the local time of the simple random walk converges after the diffusive rescal-
ing to a local time of the Brownian Motion ([9]), we can take § so small that
<2 €
< — < < =
max ‘P(én(k) <u)—P(lo1/a < u)’ <3
where a(k) is the number of times the simple symmetric random walk returns to

0 before time k. On the other hand, (4.6) and the Optional Stopping Theorem for

%'\”r)} converges as N — oo to the simple random walk
jEN

on Z. Hence for each & we have

maX’P di(k) < u) — P(on(k) < u)| <

martingales show that {

Wl ™

provided that N is large enough. Combining the last three displays we obtain (6.6).
This completes the proof of the Theorem in the case ky = 0. The same argument

V{((knyn),N)
shows that for each ky,yn,vly, if the walk starts from (ky,y)) then m

converges to ly1/,. Let t; be the first time the walk reaches layer Lj. Divide 0, 1]
into intervals /; of small length A and let ¢; be the center of ;. By Theorem 6.1,

the probability that tkTN € I; converges as N — oo to P(7, € I;) where T, is the
first time the standard Brownian Motion reaches . On the other hand conditioned

on % € I; we have that the distribution of W is close to the distribution of

lo,(1-)/a (the closeness means that the error goes to 0 when h — 0 and N — 00).
Therefore for each s

lim P P(l o > s)dt
Jim ( /_P(kN7yN > fT (lo,(1-1)/ )
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where f7. is the density of 7. The last integral is equal to P ([, 1/, > s) completing
the proof of Theorem 6.4. U

6.3. Rate of convergence. Here we estimate the rate of convergence in Theorem

6.1 assuming that we have a good control of error rates in (4.6), (5.1), and (6.1).
Let ®(z) denote the distribution function of a standard normal random variable.
We will use the following two results.

Proposition 6.6. (|26, Theorem 3.7]) Given constants Cy,Cy, Cs there is a constant
Cy such that the following holds. Let Z, be a martingale difference sequence such
that forn < N

(6.9) |Znl < C
and Qn = SN E(Z2|F,_1) satisfies

C3In N
(6.10) P (!QN — N| > CyVNIn? N) < ?\/1/4
Then
SNz, Cyln N
wfp (E7 <) ot < S

Proposition 6.7. Let S, Z be random variables and set
=sup|P(S <z)—®(z)], 0" =sup|P(S+Z <z)— P(x)].

Then:
(a) There ezists a constant C (independent of S and Z ), such that

0" < 20 + Ol E(Z2]9)||oe,
(b) 0*<d+P(Z#0).
Proof. Part (a) is proven in [4, Lemma 1]. To prove part (b) it suffices to observe
that by the triangle inequality |6 — §*| < sup |P(S < xz) —P(S+ Z < z)|. O
In this section, in order to bound the error rate in the CLT, we assume that there

is 31 < 1 such that for each L > N%% and each |k| < N
(6.11) My (1) —my_p(1) —2L] < CLYA,

k+L

> pjl—2La

j=k—L

(6.12) < C’Ll—51’

k+L

> pja; —2Lb

j=k—L

Recall the notation of Section 5. Define 7; as in (5.4) with Ly = N/4. Note that
(6.12), (6.13) implies that

(6.14) E(r, — 716, ) = al% (1 o) (L;fl)) ,

(6.13) <CL*
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(6.15) E ffq@wm%l ZM%<1+O<Ef»)

N=Tk—1

provided that | X (73_1)] < N.
To establish (6.14) we temporarily denote

52577@71 = (3779)7 C:X(Tk—l)_LNa d:X(Tk—1)+LN
Then Lemma 4.3 gives

E(7h = Th1lér, ) = Y Geal&in).

In view of (4.10) and (6.11)
d

Zchgn [Zancdpn

The main term equals to

+O(2m)

ngncdpnl—zgxncda+zgxncd)(pnl—a)

n=c n=c

= aL?V + 0 (LN) + Zg(m,n, C, d)(pnl - CL).

n=c
n

To estimate the last term denote Z,, = Z(pnl — a). Summation by parts gives
k=x

ngncd)(pnl—a ZIVancd)

where V is the dlfference operator, VH = H, — Hn_l. The first term in the last sum
is O (L]l\,_ﬁ 1) and the second term is bounded. Whence the last sum is O <L?V_B 1)
proving (6.14). The proof of (6.15) is similar.

Theorem 6.8. If (6.11), (6.12) and (6.13) hold then for each € > 0 there is a
constant C' = C. such that

P(\/);LNSLU>—CI)($)

1 1
v = 3 min (Z, 51)-

Proof. To establish the theorem it suffices to show that
m(én) )

P <z|-—ox

(\/ DN (@)

1 1
ng min(z—e, /81)

(6.16) sup < CN~(9)

T

where

(6.17) sup

xT

<CN™?

where
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Indeed suppose that (6.17) holds. Let

. Xy  if m(&y)| < N5
XN = )
m(£y) otherwise

where ¢ is a sufficiently small number. Then due to (6.11) there is a constant K such
that ‘XN _ m(fN)‘ < KN

(6.18) P(”\}%ijv)gx— KNW)g]P’( Xn §x>

VD

m(Ew) K u—ﬂnm)—l)

<P <z+—=<N 2 .
B <\/DN -7 VD

Combining (6.18) with (6.17) we obtain

Xy
P <z|-—-o
(Jo=e) 20
provided that € is small enough,
On the other hand, by Azuma inequality, there are constants ¢, ¢ such that

(6.20) P(Xy # Xy) = P (m(gN) > Ni) < cre=,
Combining (6.19) with (6.20) we obtain (6.16).

It remains to obtain (6.17). Let Z; = m(g(T‘j))_Ln;(f(Tj‘l)) and

. Therefore

3

<ON7°+ KN 52 < oN--

(6.19) sup

:Zq(g(n)), j*:min(j:QTj>DN), Tr =1, Q' =0Q., m'=m().

Note that Z, = £1 4+ O (N~"") due to (6.11) and

(6.21) P (DN < Q* < DN + L3 In? Ly) < g Lw
due to (5.10).
Next, we show that if R; is a large constant then for each j > 7 L2 we have

(6.22) P (|Q, —aLkj| > RLL™) < cre”

where [y = min(ﬁl,i —¢), and ¢4, ¢9, and f33 are positive constants. We will prove
that

(6.23) P (QTJ, —al%j > Ry jL?{ﬁ?) < geeeN%

the estimate of P (QTJ, —alyj < —leL?V_@) being similar.

To prove (6.23) we apply the results of Appendix A, specifically (A.11) with
A . ;;nZTn—l q(£<k)) . &LfﬁQ Rl
" L3 2 N 2

and the number of summands equal to j. Observe that (A.11) is applicable, because
(A.1) follows from (6.15) since B2 < fi, (A.2) holds by (5.10) and (A.10) holds
because [y < }l — .

Lﬁz
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(6.22) implies that

2N 5
(6.24) (J > \/_ ) <y > T ) < Ce N,
min(%\/ﬁ,j*)
Let3= Y  Z; By (6.24)
j=1
m 5
6.25 P — | < Cre” N,
(6.25) and (6.21) allow us to apply Proposition 6.6 to 3 obtaining
Cln N

Sgpm}(é <z)—d(x)| < NIE

(note that N'/® appears in the denominator since we apply the proposition with
2\/N instead of N). Using (6.25) once more we get

m* Cln N
< — < —.
P(m”) (@) = 5

Next, similarly to (6.22), one can show that there is a constant Cy such that for

(6.26) sup

xT

each j > 10{)\22 we have
(6.27) 3 (|Tj —bL%j| > RQijv—BQ) < czeealV
Combining (6.22) with (6.27) we conclude that for sufficiently large R
RsN
(6.28) I = N| > 220 ) < gpeenl®,
Ly

Letting

*

- m(gN) if |T - N| < LB2
m otherwise

we get that with probability 1

or, equivalently,

(6.29) E((m\/_m )2’\7_) ;42

Therefore combining Proposition 6.7(a) and (6.26) we obtain

P <o) -0

so the main contribution to the error comes from (6.29)

< CLyY

sup
x

(note that v = 2 <

rather than from (6.26)).
Next, (6.28) shows that

=

P # m(Ey)) < e LN
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(6.17) follows from the last two displays and Proposition 6.7(b). O

6.4. Examples. Here we show that the examples of Section 3.1 satisfy (6.11), (6.12),
and (6.13). It is convenient to denote A, = m,, —m,,_;.
We begin with quasiperiodic systems from Example 3.1.

Proposition 6.9. For quasiperiodic environments of Example 3.1 if vy is Diophantine
then (6.11), (6.12), and (6.13) hold.

Proof. 1t is proven in [20] that for quasiperiodic environments with Diophantine
frequency -~y
An = A(w+n7)7 Pn :p(w—i—n’}/)

where A, p : T? — R are continuous functions. In Appendix C of the present paper
we obtain a stronger result.

Lemma 6.10. A, p are C.

Lemma 6.10 implies (6.11), (6.12), and (6.13) with $; = 1. For example to check
(6.11) we use the fact that for Diophantine 7 there is a constant ¢ and a function u
such that

A@)1 = ¢+ u(w+7) — u(w).
It follows that
My — My—, = 2Le + u(w + Ly) — u(w — Ly).
Now (4.6) implies that ¢ = m proving (6.11). Estimates (6.12) and (6.13) are verified

similarly. 0

Since quasiperiodic environments satisfy (6.11), (6.12), and (6.13) with 8, = 1,
Theorem 6.8 holds for those environments with v = %.

Next, we consider independent environments from Example 3.2.
Proposition 6.11. (6.11) (6.12), and (6.13) hold for independent environments.

Proof. Let F, 5, be the o algebra generated by {(P, Q, R), }a<n<s- We use the following
fact from Appendix C.

Lemma 6.12. p, = p(T"w) and A, = A(T"w) where p : Q@ — R™ is Holder
continuous with respect to the metric d defined by (2.5).

By Lemma 6.12, there is ¢ < 1 such that for each [ there is F_;; measurable
random vector p) such that |p(w) — p (w)| < 6. Hence

[E(pn1|F-con-1) — E(p1)| < CF".

Now [24] tells us that for almost every w there exists Ny = Ny(w) such that for all
|k| < N for all L > N%! we have

k+L
(6.30) > pul—2La| < VLI®L.
n=k—L

This proves (6.12). Estimates (6.11) and (6.12) can be established similarly. O
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The foregoing discussion shows that (6.11) (6.12), and (6.13) hold with 8, = 3 —¢
(cf. (6.30)). Accordingly, Theorem 6.8 holds with v = £.
Finally we consider small perturbations of the simple random walk on Z from
Example 3.3.
Then the invariant measure equation (2.27) reduces to a zero flux condition (see
e.g. [22, §5.5])
PrnpPrn = Gn+1Pn+1
which gives
Pn+1 o 1- 2an
pn 142a,41
Considering first the case n > 0 we obtain
n—1
1-— 261]'
Pn = Po [H (1 T 2&j+1)] .

j=0

Therefore the limit p, = lim p,, exists and
n—o0

(6.31) pn:p+—|—0< ! >

nn—l

Likewise the limit p_ = lim p_, exists and
n—oo

nn—l

(6.32) p_n:p_—f-O( ! )

Next, recall a formula for m,, ([22]). Let A, = m,; — m,,. Then

T
Thus the limit A, = nh—>I£10 A,, exists and
n—1
(6.33) A, = Ao g(i;g) :A++O(n3_1).
Likewise the limit A_ = 711;120 A_,, exists and
H1—2a 1
(6.34) A_, =N J]JO (m) =A_+0 <n1> .

Accordingly (3.3) is equivalent to the condition Ay = A_. Hence if (3.3) holds we

can normalize {A,,} in such a way that lilil A, = 1. In this case (4.6) holds and
n— oo

(4.7) gives liril pn = 1.
n—xroo
Now (6.33), (6.34), (6.31), and (6.32) show that
1 1
(6.35) A,=140|——) and p,=14+0(—— ).
In|s1 In|s1

It follows that (6.11), (6.12) and (6.13) hold with 8; = min(x — 1, 1). Hence Theo-

—-11
rem 6.8 holds in Example 3.3 with v = min (K 5 ,g) :
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7. DIFFERENT GROWTH RATES.

7.1. Notation. In this section we consider the case where m, p, and q have different
growth rates at —oo and +o00. Thus we assume that instead of (4.6), (5.1) and (6.1)
we have

(7.1) Jim = =g lim = = s
1 0 1 N-1

(7.2) Jim nz;ﬂ prl=a, lim — 7; pnl = ay;
1 0 1 N-1

(7.3) Jim % pufln = b, lim — 2% Putin = by

We denote Dy = Z—i

Given puy, po let
ifw>0
if w <0.

S (10) = {_

B2

Given 6, and D we consider the following Markov process. Let Wp(u) be the

Brownian motion with zero mean and variance Du. Denote by u™(u) the total time

on [0,u] when W is positive and u~ (u) the total time on [0, u] when W is negative.
Given ¢ let u,(t) be the solution of

ut(uy) +

Set
W, 0.0(t) = So1(Wp(u,(t))).

Note that this process is defined using the function & with parameters 6 and 1.

Allowing more general parameters does not increase the generality since o, = 1
can always be achieved by rescaling because S, ,,,(Wp(u,(-))) has the same law as
W, w2

In the case where

(5 -

the process W, ¢ p is referred to as the skew Brownian Motion with parameter p. We
will thus abbreviate W(l;p)2 1y , 8 By p. Note that p in (7.4) is given by
P o
1
7.5 = —.
(75) P

We refer the reader to [36] for description of various equivalent definitions of the

skew Brownian Motion as well as its numerous applications. Of these definitions,
the most relevant for us is the following one [27]: B,1(t) is the scaling limit of %

where X is the random walk on Z which moves to the left and to the right with
probability 1/2 everywhere except the origin; at the origin X moves to the right with
probability p and to the left with probability 1 — p.
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7.2. Functional CLT.

Theorem 7.1. Wy (t) = % converges in law as N — oo to W, 9 p where

I
y = &’ gt D= ol
Dy H+ T
Proof. The proof of Theorem 7.1 is very similar to the proof of Theorem 6.1 so we
just sketch the argument. As in Theorem 6.1 it suffices to show that Wy defined
by (6.3) converges to Wp+(u,(t)). We may assume without loss of generality that
D~ < D" and so v < 1. If this is not the case we could consider the reflected walk
(—=X(N),Y(N)). Let £(u) = (X (u),Y (u)) be the following lazy walk. If X > 0 then
its transition probability coincides with 9. If X < 0 then, with probability 1 — , f
stays at its present location and with probability ~ it moves according to B. There
is a natural coupling between ¢ and & such that &(u) = &(t(u)). Let u(t) be the
left inverse to t(u). It is clear from the law of large numbers for sums of geometric
random variables that with probability 1

t
lim =
t=oo ut(u(t)) +u (u(t))/y
where vt (u) and u™(u) are occupation times of positive and negative semi-axis. It
therefore suffices to show that

(76) WN = WD+

where Wy (u) = % and Wp+ is the Brownian Motion with zero drift and vari-

ance D*u. Note that m(£(u)) is a martingale with quadratic variation S>*_ q(£(n))

where
~ x,y ifx>0
a(z,y) = seg)
vq(z,y) ifz<0.

According to [12] it suffices to show that

Coae)
(7.7) Ty =D
The proof of (7.7) is the same as the proof of Lemma 5.1. The key step is to show
that if Ly is the same as in the lemma, |z| < Kv/N and 7 is the exit time from

[x — Ly, x + Ly] by € then we have that for each y € {1...m}

(7.8) DM%w%WmﬂeDme=Mzﬁg§$fg;ﬁw»

To fix the ideas, suppose that [z — Ly, z + Ly] C (—00,0) then

B aEm)E0) = ()
i Py =775 G160 = @.9)

Note that £y satisfies (2.26), (2.27) with




32 D. DOLGOPYAT AND I. GOLDSHEID

The computations in Section 5, in particular, (5.6) and (5.14), applied to ¢, show
that the second factor in the RHS of (7.9) is asymptotic to D_ so that

Dy(x,y) =D~ = D*
as claimed. Once (7.8) is established the proof of (7.7) proceeds as in Section 5. [

7.3. Small perturbations of the environment. Consider an environment on S
satisfying conditions (4.6), (5.1), and (6.1). Let 3 be defined by (2.2). Consider a
perturbation B of B such that

‘;ﬁ(z’ Z,) - sp(z, Z/)| <

m +1Wherez:(n,j)and/@>1.
nH

Let 8,, B, be sequences such that
_ 5n+1 5\ BnJrl

(7.10) An

ﬁn’ " 671

The following result is proven in Appendix C.

Lemma 7.2. (a) The following estimates hold
C C C

711 n - _n S T ., 40 ln - l_n S ) n - _n S )
(1) =Gl < gy M= Bll S o M=ol < oy
_ C _ C .= C
712) A, — Al < ———— A=Al < ——— A = Ml < .
(r.12) | IS i =Rl S g e =l S ey

(b) The following limits exist

_ . Bn _ . En
(7.13) Pe= lp 5o =m 7

(c) The perturbed walk satisfies (7.1), (7.2) and (7.3) with

pe =B, ax=a/Br, bi=0bs
where a and b are the limits of (5.1) and (6.1) respectively for the unperturbed walk.

For random walks on Z the lemma follows easily from the explicit expressions for
the objects involved. Namely

dn B+ 1
7.14 Ay =—=\, = , and A, =0, pn= ,
Ty Pn B " Bt
(see [20, Section 5]). The case of the strip is more complicated and will be considered
in Appendix C.

Combining Theorem 7.1 with Lemma 7.2 we obtain the following result.

Corollary 7.3. Let £(t) = (X(1),Y(t)) denote the walk in the perturbed environ-
ment .

dn = ﬁn-ﬁ-lﬁn

X(tN)
VN
where D is the limiting vartance of the walk in the unperturbed environment and

By
By + 6

ijvD

(7.15) p=
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Remark 7.4. Note that (7.10) does not define f3,, and 3, uniquely. Namely, if we
replace 3, by ¢, and B, by ¢, for any constants ¢, ¢ then (7.10) remains valid.
In this case [+ get replaced by gﬁi but expression of p does not depend on the
arbitrariness involved in the choice of ¢ and ¢.

For random walks on Z using the explicit expression for A, in terms of p, and g,
(see (7.14)) we obtain

o0

(7.16) p= Y Where v= H (qnpn)'

v+1 Dnln

n=—oo

8. SEMILOCAL LIMIT THEOREM

We say that Xy satisfies the semilocal limit theorem at the scale Ly with
1 <« Ly < VN if there exists a constant 8 > 0 such that for each interval I of
length Ly, for each (z,y) with |z| < N
Ly”
81)  P(Xy—x € I|€(0) = (z,y)) = P (x/DNN € 1) +o ),
VN
where N is the standard normal random variable and D is a positive number (in our

case D comes from Theorem 6.1).
Clearly if for each (z,y) with || < N we have

P(UE < ofe0 - ) -2

then X satisfies the semilocal limit theorem at the scale N7 for each v > % —v. The
next lemma allows us to decrease the scale in the semilocal limit theorem.

sup < N7

z

Lemma 8.1. Let €,e1 < €2 be small positive constants. If N is sufficiently large and
for each N such that N° < N < N, for each (z,y) such that |z| < N(1 + &), for
each interval I of length L = N7 where

<1 d 1+ >
v<g and ylg+7)|>¢€

we have

(8.2) IP’(XN—xEHf(O):(x,y)):P(VDNN€]>+(’)(%)

then (8.1) holds for all (x,y) with |z| < (14 &,)N and Ly = N@t).
Applying this lemma several times we obtain the following

Corollary 8.2. Suppose that there exits v < % such that for each € there are con-
stants €1,€9, Ny such that the conditions of Lemma 8.1 are satisfied for N > Nj.
Then, for arbitrarily small v > 0, X satisfies the semilocal limit theorem at scale
N7.

Proof of Lemma 8.1. Throughout this proof we fix (z,y) and let P denote the distri-
bution of £ under the condition that £(0) = (z,y).
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Let s = % + 7. Note that s < 1. Consider an interval I of length N7°. Let N; =
N — N?, Ny = N?. Divide Z into intervals I, of size N7. Let Z be the center of I and
x, be the centers of I,. Call p feasible if

|z, — 2| < NY2* and |7 —z,| < Ny/#PE
By the Azuma inequality, if p is not feasible, then
P(Xy, € I, Xy €1I) < exp(—N§).
Accordingly
83) PxyeD= Y P(Xy €L)P(XyellXy €l)+0 (e—N§e> .
p—feasible
By (8.2) each individual term in this sum is
N7 2 N7# 2 1
—(zp—2)?/(2DNy) —(z—p)?/(2DN) (y=3)(1+s)—Bs
N taapraony N amnpraon o (wo-bus-a)
27TDN1 27TDN2

Since p is feasible we can replace

e~ (@p—2)?/(2DN1) —(z—2)%/(2DNy)

by e

with an error of order O(N~¢). Accordingly the main contribution to (8.3) comes
from

N7 (z—z) /(2DN1)Z
\/27TDN1 \/27rD

N7s _ © 1 Y N7
7(1,,1) /(2DN1) 7(x7z) /(2D)
= — ¢ e dz + @
V21 DN, U_OO 27D (\/NQ)]

m 1

where the first equality is obtained by replacing the Riemann sum with step A =

—(f—xp)2/(2DN2)

aEE

with the Riemann integral with mistake O(h). The result follows.

9. ENVIRONMENT VIEWED BY THE PARTICLE: MIXING.

9.1. General result. Here we provide sufficient conditions for mixing of the envi-
ronment viewed by the particle process. Namely we assume that there is a sequence
dn converging to 0 as N — oo, such that for each ¢, K there exists Ny such that for
N > N, for each k with |k| < KvVN

1 k+5NN1/4

j=k—06NN1/4
We consider functions h : S — R satisfying (3.7).
Theorem 9.1. If (3.7), (3.4) and (9.1) hold then E(h(£(N))) = ¥ as N — ooc.

Proof. If (3.7), and (9.1) hold then the argument of Section 5 shows that for each
g,0, K there exists Ny such that for N > N; and for each (k,y) € S such that
k| < K+v/N we have

6V/N-1
02 Pl|lo= 2 el - 2| = e |60 = (hp) | < S

VN a 7]l
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That is, the conclusion of Lemma 5.1 holds uniformly for initial conditions (k,y)
satisfying |k| < Kv/N.

Given a trajectory £ we denote by é the accelerated trajectory which skips all steps
where ¢ stays at the same place. That is, £(n) = £(t(n)) where t(0) = 0 and for n > 0,
t(n) = min(t > t(n — 1) : £(t) # &(t(n — 1))). We denote by s(n) = t(n + 1) — t(n)
the time the walker spends at &(n).

A path is a finite set of points W = {z,21...%} such that z; # z;4; for j =
0,...,0 — 1. The number [ = [(W) is called the length of the path. A path is called
admzsszble if there is an accelerated trajectory f such that f (n) =z, for 0 < n <

[(W). Given an admissible path W and a trajectory & following this path let 7(W, ) =
t(1(W)) be the number of steps it takes £ to traverse this path. Let T'(W) be the
expectation of 7(W, ) conditioned on the event that W is the beginning part of £.
Observe that

-1
(9.3) rW,6) =3 s(n)

n=0
where, for a fixed W, s(n) are independent random variables having geometric dis-
tributions with parameter 1 — B(£(n), £(n)).

Let S(N) be the set of (admissible) paths such that (W) > & but T(W~) < &
where W~ is the path obtained by removing the last edge from W. Given W € S(N),
0,7 let

Aw,sj = {g LW = £([0,1(W))) and (W, €) € g +3jVN, g +0(j + 1)\/N) } :

By the Central Limit Theorem for 7(W,§), (see (9.3)), given € > 0 we can find R
such that

(Wg)—— >R\/—} <e.

Accordingly

EREN)) = | 3 3 PlAwss) E(hEN)|Awss) | +¢

WeS(N) i<k

where £ < (sup |h|)e.
We claim that

(9.4) > Y Plaws,) E(hEN)Aws,) 2| < 3¢

WeS(N) |jI<R/§

provided that ¢ is small enough. Indeed

(9.5) E(h(f( ]AW5]> Z]E( ( (ﬁ—a(ﬁ )\/NH)) \5(0):6(W))

xP (T(W, £) = g +0(j+ VN —1| Aw,a,j)



36 D. DOLGOPYAT AND I. GOLDSHEID

where e(W) = (z(W), y(WW)) is the endpoint of W. By the Local Limit Theorem for
the sum (9.3) ([44, 16])

(9.6) ‘IP’ (T(W, &)= 46+ )VN 1] AW,(;,j> - WIN' < T

uniformly in { < §v/N provided that ¢ is small enough. This allows us to replace
E((E(N)) Aws; ) by

1 5vVN
—_— E(h(&(b ,
5\/Nl§:; ( NJl |5 ))
where
N .

To control this sum we consider two cases.
(I) The terms where |z(W)] is large can be controlled as follows. By Theorem 6.1

55V N

; f SO Y 3 PAws P (£ (bws) = V)| 0) = ()

WEeS(N) ljISR/é |o(W)|>Kv/N =1

KvVN €
_IP’(I£<N)\> 5 )SHhHw

provided that K is sufficiently large and N > Ny(K).
(I1) On the other hand if |z(W)| < Kv/N then in view of (9.2)

1 5VN b
SN 2 E (n (€ Gy [£0) = e(W)) = 2| <&

provided that N is large enough.
Combining the estimates for the cases (I) and (II) above with (9.6) we obtain (9.4).
Since ¢ is arbitrary Theorem 9.1 follows. 0

9.2. Examples. Examples presented in Section 3.1 also satisfy (3.7) and (9.1).

In fact, in Example 3.1 we can replace quasiperiodic environments by more general
environments generated by uniquely ergodic transformation (we refer the reader to
[15, §1.8] (for background on uniquely ergodic transformations). That is, let 7" be
a uniquely ergodic transformation of a compact metric space €2, (P,Q, R),(w) =

(P, Q,R)(T"w) and h,(w) = H(T"w).
Proposition 9.2. If (P, Q,R) and H are continuous then (3.7) and (9.1) hold.

Proof. By Section 6 and Appendix A of [20], p, = p(T"w), where p : X — R™
is continuous. Therefore (3.7) and (9.1) follow from the fact that the convergence

in ergodic theorem for uniquely ergodic systems is uniform with respect to w ([15,
Theorem 1.8.2]). O

In the case of independent environments we suppose that h, = H(P,, Qn, R,)
where H is a bounded continuous function.

Proposition 9.3. (3.7) and (9.1) hold for independent environments.
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Proof. The proof of (9.1) is very similar to the proof of Proposition 6.11 so it can
be left to the reader. The proof of (3.7) in case H is a local function (that is there
exists R such that H(w) depends only on (P, @Qn, R,), with |n| < R) is also similar
to Proposition 6.11. To prove (3.7) for general continuos function, it suffices to
approximate it by a local function with error less than £/2. 0

Propositions 9.2 and 9.3 complete the proof of Theorem 3.10 for Examples 3.1
and 3.2. To prove Theorem 3.10 for Example 3.3 we need to take into account that
the walk is not allowed to remain at the same site at two consecutive moments of
time. Because of that, we consider £ at odd and at even times separately and note
that (3.8) implies (3.7) for both odd and even sublattices.

10. LocAL LiMIT THEOREM
Theorem 10.1. If (6.11), (6.12), and (6.13) hold then for each sequence (ky,yn)
such that ky /v/N is bounded we have
P(&(N) = (k 1
P ( WN € [ky — 5 kn + %D p(kn,yn)

where a and b are the constants from (6.12) and (6.13) respectively.

Proof. We use the same notation as in Section 9. In particular we choose a small
constant €5 and let § be as in the proof of Theorem 9.1. We have

(10.2)  P(E(N) = (kyyn)) ZZPAW(;]( N) = (v, )l Awss; )

where the sum is over all admissible paths w.

Given R denote by Si(N) the set of paths in S(N) whose endpoint e(W) =
(z(W),y(W)) satisfies |z(W)| < RV'N. Pick R > 1 and divide the sum (10.2) into
three parts.

(I) If W € Sg(NV) and |j]| < N°¢ then (9.6) allows us to replace

IP’(§(N) = (k’N, yN>|AW,6,j)
by

1 SVN
oV N 121 P(ﬁ(bzv,j,l) = (kn,yn)I§(0) = e(W))'

where by o = 5 —6(j + 1)VN, by,jy = byjo +1 (see (9.7)). Divide Z into segments
I, of length Ly = N5 Let l;;p be the center of I,,. We split the above sum as

IR SN P(E(l) = (e, yn)€(0) = (B, §))
> D PBlelbwgo) = (R 9)IE0) = (1)) TN

Denote N = §*/2N*/*_ By Corollary 6.5 if |ky — k,| < RV'N and k € I, then

SN PEWD) = (o, yn)€0) = (R, 7)) By iy/my1a)
5\/N N Py .yn

N E([(kN—fcf)/N),l/a)p
N kn,yn

(10.3)
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where the last step uses that |ky — /;p] < VN.
On the other hand Corollary 8.2 and Theorem 6.8 show that

_ Il ovom() (_(:U(W) . 7@2)

Y P(Ebwgo) = (-, 7)IEO) = e(W))

“ VDN DN
ye{l,mp,m}
~ Ln(1+ ons(1)) (z(W) — kn)?
(10.4) = DN exp | — DN

Whﬁre D]}f = 2D(%) appears in the above expression since by ;o = % +0 (N(1/2)+5) )
ext, 1

(10.5) lky — k| = RVN
then

SVNPE() = (ky, yn)E(0) = (k. 5))
VN

P (5 visits (ky,yn) before time §v/N|£(0) = (/;,gj)) X
E(Card(l < VN : £(1) = (kn, yn))I€(0) = (b, yn))-
The first factor is O (e‘c(kN —k)?/IN 2]) by the Azuma inequality and the second factor
is O(N) by Lemma 6.3, so in case (10.5) we have

VN — — (7 7. \2
a7y 2 PEQ) = (woum)IE0) = (R9) % . (_c(k’N_—k:p) )

(10.6)

<

VN N?
Hence (see (10.4))

SN B(E) = (kn, yw)|E0) = (. 5))

Y. PElbngo) = (R, 7)IE0) = e(W))

kelp OV N
gef{l,..., m}
CLN C(kN - I:Ip)Q
10.8 < — exp| —————=—""—1.
(108) SNVN P ( N2

Next, we perform the summation over p. Equations (10.3), (10.4), (10.8) show that
in case (I)
1 VN
—= > P((nji1) = (kn, 0) =e(W
S/ 2o PE0Na) = (ke unIE0) = ()

. Ln(14 0n o0 s00(1)) E([wN—g)/N),l/a)pk exp (— (z(W) — kn)*
|kp—kn|<RVN ymDN N o by
p RN
1 p (W) — ky)?
(10.9) = \/7TD—N kNaﬂN €xXp [_HI))—NN)} (1 + ON~>OO,R*>OO<1))

where the last step relies on the fact that

/ [x,tdl’ =t.
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(IT) W & Si(N) and [j] < N€. In this case the same argument as in the proof of
(10.7) shows that

1 WNP o i <
SVN lZl <§( N) = (kn,yn)[€(0) = e(W)> <

~—

R
VN’
where e(R) — 0 as R — oo.

(ITT) |j| > N°®. Due to moderate deviation estimate for sums of independent ran-
dom variables applied to the sum (9.3).

Pl U Awsy | < Ce™™.

W j>N¢

Thus the main contribution to (10.2) comes from case (I). Performing the summation
over W € Si(N) and j € [N, N¥] and using (10.9) and the CLT for z(W) we
obtain (10.1). O

Theorem 10.1 implies Theorem 3.8(a). To prove Theorem 3.8(b) we need to con-
sider {(2N) and £(2N + 1) separately (see the discussion at the end of Section 9)
and note that in Example 3.3 D = 1 since, due to equation (6.35), £ is a small
perturbation of the simple random walk away from the origin.

APPENDIX A. A ROUGH BOUND ON LARGE AND MODERATE DEVIATIONS.

Proposition A.1. Let {F,}, n > 0, be a filtration and B, be a sequence of F,-
measurable random wvariables such that By = 0 and A, = B, — B,_1 satisfies for
n < N the following estimates:

(A.1) E(A,|F,_1) < —¢  where > N~Y/2
and for some positive constants ¢, K
(A.2) E(ed4|F, 1) < K.

Then there is a constant ¢ = ¢(c, K) > 0 such that

o—eVeN ife > N-1/3

P(By >0) < _
(B 2 )_{Ne_CEQN ife < N7U/3,

Remark A.2. The first case (¢ > N~'/3) is sufficient for all the applications given
in this paper except that one would get worse constants in Section 6.3.

Proof. Suppose first that ¢ > N=1/3. Let s = \/C;Tv for a sufficiently small constant

c1 (see (A.3) and (A.7) below for the precise conditions on ¢1.) Set A = veN and
define

Ap=Aplaen, Bo=> Ay, ¢, =E <€53"> :
k=1
Then

¢k =E <68Bk_1E <€8Ak|fk_1>> .
Note that sAk < sA = ¢; and so we can choose ¢; so small that

(A.3) e Bk <1+ sA;, + (sA)?,
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and so
(A4) E (BSAkLFk,l) < 14+ sE (Ak|Fk71> + 82E (Aﬂfk,l) .
In view of (A.2)
(AE)) E(A2|J—"]€_1) S E(A2|fk_1) S Const
and since A = veN > N?/3 we have that for large N
~ 2¢e
(A.6) E(AdFi) < -2
2
Note that s __a < ¢y can be made as small as we wish by choosing ¢; small.

€s  Ve3N

Hence (A.4), (A.5) and (A.6) show that we can choose ¢; so small that

(A7) E (esAk\Fk,l) <1- 5—25
Accordingly

B(e?)<(1-3)
Thus for large N ?
(A.8) P(By > 0) < e N4,

Next for each n

Hence
(A.9) P(By # By) < NmaxP(A, > A) < Ne~e4

where the last inequality follows by (A.2). Combining (A.8) with (A.9) and using

that esN = ¢;veN, A = veN we obtain the required estimate in case e < N~1/3,

Inln N
N

since the result is trivial (and useless) if €N < Inln N because the RHS is greater

[Inln N
than 1. The argument in the case where n]r\; < e < N7Y3 is the same as in
1/3

Next consider the case where ¢ < N'/3. We can also assume that & >

the case where e > N7'/° except that the parameters are chosen differently. Namely,
we let s = c;e where ¢; is appropriately small and A = Ne2. With this choice of
parameters both sA = ¢;Ne? and 2 = ¢ still can be made as small as needed.
Accordingly we still have

P(BN Z O) S e—saN/4 +N€—CA
giving the required bound. U

Remark A.3. We will often use the following consequence of Proposition A.1: for
any 0 there are positive constants Cy,Cy and &9 such that if (A.1) and (A.2) hold
and

(A.10) e> Nz
then
(A.11) P(By > 0) < Cye 2N,
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APPENDIX B. CONTRACTION PROPERTIES OF PRODUCTS OF POSITIVE
MATRICES.

The proof of relations (2.14), (2.15) follows from very general and well known
contracting properties of positive matrices which we now recall.

Let As be the set of positive m x m matrices such that for any A = (A(4,j)) € As
one has min, j A(Z, k)/A(j, k) > 6, where § > 0 does not depend on A. Let R}
be the cone of non-negative vectors in R™ and R’ ; its sub-cone of positive column
vectors with min, j z;/x; > 6. Then AR C R’fﬁ for any A € As. Indeed, for any
vector x > 0 (x # 0) we have

(Aw)s _ Sopy AG Ry o AG,k)
(Az); 25 AG K)ae — kA F)

Next denote by C? the set of rays generated by vectors from R’ 5. Also, we introduce

(B.1) > 4.

the convention that C° is the set of rays generated by vectors from R If x,y € C°
are two rays generated by vectors z,y € R”'; then the Hilbert’s projective distance
between them is defined by
t(x,y) = maxIn Lills,
bJ ZjYi
The set C? equipped with this metric is a compact metric space. The action of a
matrix A € Ay on C° is naturally defined by its action on R} and for x € C° we write
Ax for the image of x under the action of A. (B.1) shows that in fact AC® C C°.
We need the following version of a (stronger) result from [3, Chapter XVI, Theorem
3]: for all A € As and all x,y € C°
1—-9
(B.2) t(Ax, Ay) < cr(x,y), where ¢ = ——.
1+0
We are now in a position to prove (2.14) and (2.15) from Section 2.3. To this end,
note first that (2.13) implies that A4, € As with § = mé&>.

Next, for a < n, the sets C, def A,...A,C° form a decreasing sequence, C, D C,_1,
of compact subsets of C® and therefore Na<n Ca # 0. Due to (B.2), for any two rays
X,y € C? the projective distance between their images in C, decays exponentially as
a — —00:

(B.3) t(Ay. Agx, AnlALy) < CTR(x,Y).

(There is no loss of generality in assuming that x,y € C?® since A,C° C C°.)
Therefore there is a unique ray v, = (),,, C, and v, in (2.14) is the unit vector

corresponding to v, which proves (2.14). It remains to note that at a small scale the

standard distance between unit vectors (as in (2.15)) is equivalent to the distance

between rays generated by these vectors which means that (B.3) is equivalent to
(2.15).

APPENDIX C. REGULARITY OF p AND A.

Here we discuss the regularity of p and A which plays a key role in our analysis.
To this end we recall the formulas for these expressions obtained in [20].

Let € be a compact metric space and T' :  — € be a continuous map. (This
meaning for the letter 7" is reserved for Appendix C only.)
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Throughout this section we assume that (P, Q, R),(w) = (P, Q,R)(T"w) where
(P, Q,R) are continuous functions such that (2.1) and (2.4) are satisfied. Define

(W) =GW), Aw)=A(w), alw)=aw), o(w)=00w)

(G-1) v(w) =vo(w), lw)=1Ihw) Mw)=w), Aw)=(w)
then
©2) G =CT"w), A,=AT"w), a,=a(T"w), o,(w)=0c(T"w),

Up = 0(T"W), 1 =1(T "), A =ANT"w), A\ = ANT"w).
It is proven in [20] that RWRE in bounded potential enjoy the property that

T B(Tw)
(©3) M) =) )

for continuous functions 3, 3. Moreover, the functions ¢(-), v(-), I(-) are continuous
in w. The continuity of all other functions is implied by the continuity of (, v, and .
It is proven in [20] that

pn(w) = p(T"w) and A, (w) = A(T"w)

W) =

where

(C.4) p(w) = ¢ g(‘j) and  A(w) = B(Tw)o(w)v(w) + B(Tw) — B(w)
and

(C.5) B(w) = Zﬁ(TkJrlw) [Co - - Chm1vk — (opvr)1] .

Proof of Lemma 6.10. We claim that functions [, 8, 8, o, v and ¢ are C*°. The smooth-
ness of ¢ and v is proven in [20, Lemma 12.1], and the smoothness of /3 is proven
in [20, equation (12.2)]. The smoothness of o and [ can be established similar to
v and the smoothness of 3 is similar to 3. (C.4) now shows that p is C™ and

moreover that the first term in the formula for A is C°°. It remains to show that
B(w) := B(w) — B(w + 7) is C*. From (C.5) it follows that

Bw) = Bw +7)(w) — (o@)ow)1] + D Blw+ (k+ 1)) Aw(w)

k=0
where
Ap(w) = [C(w) = 1J¢(w +7) .. C(w + (b = D)y)v(w + k).
In view of the foregoing discussion it remains to show that for each r there exist
constants C, > 0 and 6, < 1 such that

(C.6) | Axl|er < CL0%.
Denote
Vw) =Cw+(k—=1=107)... (w+ (k= 1)y)v(w + k),

Uk, . | \Uk,z ’ ’

Wt = 775 Mg =M.
|| o1
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We have

(@) = [€(w) — Nonpor (@) = [((w) — T exp (Z n) W)

=0
k—1

= [((w) — I]exp (Z 77k,l> (W k-1 (w) — 1]

1=0
where the last equality holds since ((w) is a stochastic matrix. Using this represen-
tation we can deduce (C.6) from the following inequalities.

(C.7) |wiy — 1o < C0L,

k—1
exp (Z m,;)
=0

(C.8) lwaller < C16.
k—1

Z Nk,

=0 cr cr
We note that, by the definition of 7, (C.8) follows from (C.7), so it suffices to

show the latter inequality. We shall use the following fact.

Indeed (C.8) shows that < C, and so < éT.

Lemma C.1. Let ®;(z,u) be a family of contractions of a manifold X depending
on a parameter u from an open set D C RY. That is, we assume that there exist
constants K > 0 and 60 < 1 such that

(C.9) 1D, @[] <0
and for some r > 2
|®;]|cr(xxp) < K.

Assume also that there exists a common fixed point for all values of the parameter,
that 1s, there exists p € X such that for all w € D

(C.10) ®(p,u) = p.
Then there are constants K > 0,6 < 1 such that
(C.11) @10 @100 Pif[rixypy < K#@'.

To prove (C.7) we apply Lemma C.1 where X is a neighborhood of 1 in (m — 1)-
dimensional projective space and ®;(w,w) = ((w—(I—1)v)w. To verify the conditions
of the lemma we note that ( contracts the Hilbert metric on the positive cone and
that ¢(-)1 = 1 since (s are stochastic matrices. (See Appendix B for the definition of
the Hilbert’s metric and the related contraction properties of positive matrices.) This
completes the proof of Lemma 6.10 modulo the proof of Lemma C.1 given below. [

Proof of Lemma C.1. Since the iterations of ® converge to p exponentially fast, we
may assume that we start in a small neighborhood of p. By passing to local coordi-
nates we may further assume that X is a bounded domain in R? for some gq.

We prove (C.11) by induction on 7. For r = 0 the estimate follows by contraction
mapping principle. Let us now consider » = 1. Denoting

2= (Pjo--0P)(x), A =Dy(Po---0P)x, By =D, (Po--0dy)x
we get
(012) Al = qu)l($l,1)Al,1, Bl = qu)l(q:l,l)Bl,l + DU(I)[<I‘[)
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Now the required bound for A; follows directly from (C.9). To estimate B; we iterate
the corresponding recurrence to get

Bi=Y D.®...D,0;1D,®;(x 1)
j<l
To estimate the above sum we note that the terms with j < [/2 are exponetially
small due to (C.9) while the terms with j > [/2 are exponentially small since (C.10)
implies that D,®;(p,u) = 0 and so D,®;(x;_;) = O(#7). This proves the claim for
r = 1 and completes the base of induction.

To perform the inductive step we assume that the Lemma holds for r — 1. In view
of the foregoing discussion to prove the result for r we need to estimate C"~! norm
of

(Dyp(®yo---0Pq),Dy(Pro---0dy)).

In view of (C.12) this reduces to studying the iterations of maps

®;(z, A, B,u) = (®;(x), (D,®;)A, (D,®;)B + D, ;).
Since <i>j are contractions having common fixed point (p,0,0) the required estimate
is true by inductive assumption. 0J

Proof of Lemma 6.12. We claim that functions [, (3, ,0,v and B are Holder contin-
uous with respect to the metric d. In fact, the Holder continuity of A and v is proven
in [20, Appendix A]. The proof of Hélder continuity of M1, and o is very similar.
Next the Holder continuity of 5 and $ follows from the Holder continuity of A and
A, relation (C.3) and the Livsic Theorem [39]. To prove the Holder continuity of B
we note that the second factor in the sum (C.5) is exponentially small due to (2.10).
Therefore the required statement is a consequence of Proposition C.2 below. U

Proposition C.2. Given positive constants a,cy and co there exists a constant
b =b(a,ci,cs) such that if (X,d) is a metric space and

H(z) = Hy(x)

where
[Hilloo < Ke™ " [|Hy||gox) < Ke®*

for some constant K. Then H € C*(X).
Proof. For each n we have the following estimate
can c2

1oy Ke b= K [ud“(:ﬂ, g+
k=n

e —1 l1—e@

—cin

|H(z) — H(y)| < [i Kd*(z, y)e*

Choosing n so that e"d*(x,y) and e~“" are of the same order we obtain the claim.
O

The proof of Lemma 7.2 relies on the following fact

Proposition C.3. Let @/ (x) and ®”(x) be two families of contractions of a bounded

metric space X. That is, assume that there are constants K > 0 and 60 < 1 such that
diam(X) < K, and for alln € N

d(®,(w1), Py, (22)) < Od(w1, 22),  d(P) (1), Py, (22)) < Od(21, 22).
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If there are constants C, o such that for each x € X and for alln € N

A (1), D) < =

s
then there is a constant C such that for alln € N

C
dy = d(®] ... 0 ("), P! ... D (2")) < —
n:‘i
C il con—i
Proof. Tterating the estimate d,, < 6d,,_; + — we obtain d,, < 0" "d; + g
nw J"
7=1
Since d; < K the result follows. O

Proof of Lemma 7.2. (7.11) follows from Proposition C.3 since the map relating ¢,
to (,—1 is a contraction in the total variation distance (see [18, Appendix D]) while
the maps relating v, to v,_1 and [,, to [,,_; are contractions in the Hilbert metric.
(7.12) follows from (7.11) and the explicit formulas relating A,,, \,, and \, to Cny Un

and [,,. Next
_ 1 -
LR | (ﬁ)
571 Bl j=1 )\j
Since the above series converges due to (7.12) we obtain that 5, = lirf Bu exists.
n—-+0oo n
The existence of f_ = lim & and By = lim & are similar.

n——00 [y, n—=+oo
Next the existence of 4, ay and b4 follows from the existence of the above limits

in view of the formulae
cl,

(013) Pn = =, An = Bno'nvn + Bn+1 - Bn

n

with
By => Bt [Cn-- - Cemrvr — (oxvi)1].
k=n

proven in [20].
It remains to show that

(C.14) B, =pf" and [ =p_.
In view of (4.7)

PnPo(my g — ¢ my,) = P P (W41 — E;-s-llﬁn)'
However due to (C.13) the ratio of the RHS to the LHS for n — Zo00 equals to
g—i(l + 0n—100(1)) proving (C.14). O
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