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Abstract. In the context of transient constant-roll inflation near a local maximum, we derive
the non-perturbative field redefinition that relates a Gaussian random field with the true
non-Gaussian curvature perturbation. Our analysis shows the emergence of a new critical
amplitude (,, corresponding to perturbations that prevent the inflaton from overshooting
the local maximum, thus becoming trapped in the false minimum of the potential. For
potentials with a mild curvature at the local maximum (and thus small non-Gaussianity), we
recover the known perturbative field redefinition. We apply these results to the formation
of primordial black holes, and discuss the cases for which (, is smaller or of the same order
than the critical value for collapse of spherically symmetric overdensities. In the latter case,
we present a simple potential for which the power spectrum needs an amplitude 10 times
smaller that in the Gaussian case for producing a sizeable amount of primordial black holes.
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1 Introduction

It is certainly an appealing possibility that black holes could have been formed primordially
in an early period of evolution of our Universe [1|. These primordial black holes (PBHs)
could account for the dark matter in the Universe [2] and be the seeds of the supermassive
black holes present in the center of most galaxies (for a recent review on the subject, see e.g.
[3]). If present, they could not only give an explanation for these intriguing observations, but
would shed light on the mechanism creating the primordial inhomogeneities. For example, if
inflation is the theory accounting for those initial perturbations, then the creation of PBH
would require a far from canonical realization of inflation, possibly pointing towards its
microphysical origin.

In order to confront the hypothesis of their existence with observations, we need to
understand their formation process and statistical properties. If PBHs come from large
fluctuations of the primordial density perturbations, and if those obey Gaussian statistics,
then their description is well known [4]. Gaussianity of the primordial perturbations might
seem to be supported by the fact that during canonical and slow-roll single-field inflation
departures from Gaussianities are known to be small [5]. However, most models of PBH
creation during inflation require a large peak in the power spectrum, and this amplification
necessarily demands for departures from slow-roll [6]!. Most calculations so far on the impact
on the non-Gaussianity in the computation of abundances has been performed assuming slow-
roll [9, 10], or considering arbitrary templates for the shape of the non-Gaussianity [11-15].
When calculations have been done in the transient constant-roll (CR) background, usually a
perturbative approach has been followed, focusing on the impact of the three-point function
of the curvature perturbation?[19-22]. In this case it has been shown that the curvature
mode follows the so-called local template of non-Gaussianities, which mean that the non-
Gaussian field ¢ can be written in terms of a Gaussian field ¢, through the following simple
transformation law

G C=G+ 2hug (1.1)

1A notable exception, where no amplification of the power spectrum is needed, are models where PBH are
formed from the collapse of domain walls created during inflation [7, §].

2The amplitude of non-Gaussianities in transient periods of CR is different from their amplitude in a pure
CR [16-18]. The difference between both scenarios is that in the former the curvature perturbations eventually
freeze.



In single-field models of inflation the parameter fnr, can be calculated, and it is given by
[20, 22]

!mngg(—3+w/9—1mO (1.2)

= 2 (6 + ) (13)
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where n = V”/V < 0 is the curvature of the inflaton potential at the top of the local
maximum, and €5 is the second slow roll parameter evaluated in the constant-roll period®. In
this scenario the cosmological background interpolates between the constant-roll background
and its dual graceful exit (’slow-roll’) background, described by €3¢ = —6 + €5 [20, 23-26].
The amplitude of fyr, can then be written as

faL = S e (1.4)
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Because after overshooting a local maximum the field evolves, at least during a small period
of time, in a large curvature potential, a la hill-top, €5° can naturally be O(1). This bump
could possibly set the end of inflation (because the initial velocity is exponentially small after
climbing the potential, it is still possible to get a reasonable number of e-foldings), or it could
be matched to a potential with a smaller curvature, delaying the end of inflation.

The above relation shows that fxr, can be O(1), and this turns out to be large enough
to invalidate the Gaussian assumption for all single-field models of inflation claiming to
produce PBHs. This has been shown in [20] by applying the criteria proposed in [27]. Now,
the expression (1.1) suggests that this is just the first order term of a general field redefinition,
only valid when fnp,( < 1. The large values of fyi, and ¢ that describe most models of PBH
formation suggest that this truncation is not justified. A full non perturbative description of
the non Gaussianities is then important. As we will show in the section 2 of this paper, the
complete field redefinition is

¢= —;m(l — 8¢,) (15)

with 8 = 6/5fxL. For small values of /3, the local transformation law (1.1) is recovered.

Aside from this intrinsic non-Gaussianity, resulting from the microphysics of inflation,
large curvature perturbations are non-linearly related to the density fluctuations. This ef-
fect can be taken into account by noting that ¢ is simply related in superhorizon scales to
the so-called compaction function C(r) = dM/R with M the mass excess over the FRW
background, R the areal radius and spherical symmetry has been assumed. At superhorizon
scales this function is time independent and takes the following form?

C@):%(L—u+r&oﬁ. (1.6)

If at early times this function has an initial amplitude above a certain threshold, then a
black hole is formed [29]. This means that it is possible to find the associated threshold for
the curvature mode bypassing the need of calculating the density perturbation at all scales

3We call constant-roll whenever e < —6, thus incorporating ultra slow-roll (e2 = —6).
1At the radius where this function is maximal, r = 7y, this function is related to the average density
perturbation dm = §(r = rm) [28].



(for which a linearised relation with the curvature mode is usually assumed). This criteria
for PBH formation, and its impact in the calculation of abundances, was followed in [30].
Quantitatively, larger amplitudes of the power spectrum, by a factor ~ 2, are needed for
reaching a desired abundances of PBH in comparison with the linear theory [31-33].

In this work we will show, on the one hand, that when fxr, ~ 1 the amplitude of the
power spectrum must be smaller by a similar factor compared to the case with fnxr, = 0,
in order to attain the same abundace of PBH. On the other hand, and because of the non-
pertubative law (1.1), we will show that for large values of fni, perturbations will rather
jump into the false minimum of the potential than create spiky peaks. Black holes will still
be created, but this time through the collapse of bubbles of false vacuum [7, 8].

2 The non-perturbative field redefinition

Single-field and canonical models of inflation can experience an enhancement of the power
spectrum at small scales if the background trajectory passes through a phase of constant-
roll. Many single-field models accomplishing this with different microscopic motivations have
been put forward in the literature [34-40]. However they all belong to a very simple class of
models in which the background overshoots a local maximum. It is then enough to consider
the following expansion of the potential around this maximum, i.e.

Vi(¢)= g(¢ — ¢c)” (2.1)

where we consider 7 < 0. In order to find the non perturbative relation between the Gaussian
and the non-Gaussian field we can make use of the N formalism[41]. Here we closely follow
the analysis of ref. [22]>. The homogeneous solution in terms of the e-folding number
dN = Hdt is

H(N) = e+ c1 N 4 ¢y eV (2.2)

with a = % (—3 —+/9 — 1217) and g = % (—3 + /9 — 1277). Note that o < 0 and 8 > 0, so at
late times the solution proportional to co dominates. The constants ¢; and ¢y are functions
of the initial velocity and position, given by
1 /
C1 = ﬂ [sz’ + B (¢e — @)] ) (2.3)

o= g [d+aloe—00)] (2.4)
Without loss of generality, we can consider the inflaton field evolving from negative to positive
values, so that ¢} > 0 and ¢.—¢; > 0. The field overshoots the local maximum of the potential
if at late times it goes towards +o0o, which means that co must be positive. On the other
hand, if ¢o = 0 the field stops exactly at the local maximum and if ¢co < 0 the field bounces
back. We can now evaluate the number of e-foldings from an initial time N = 0 until the the
beginning of the slow-roll regime, which we call Ngg. The slow-roll regime is the regime in
which the growing solution dominates, and we can always choose this to happen at a value
of ¢ = 0. In this case we find

co ~ —po e PSR (2.5)

5For a pure USR, i.e., without a smooth transition to a graceful exit phase, see [16, 27].
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Figure 1. The potential introduced in eq. (4.1) (with shifted values for ¢), where we describe the
consequences of large fluctuations on top of the background trajectory. The background solution
overshoots the local maximum. Fluctuations larger than 1/8 at horizon crossing make the field
become trapped in the false minimum of the potential, while those smaller than 1/5 do not.

We can now determine how a change in the initial conditions changes the number of e-foldings

to reach ¢ = 0. We find
0¢2 _ _q ., ,BNlgmo | (2.6)
C2

Note that there is no constraint on the amplitude of dco with respect to co. On a flat slicing

at N = Nggr = const, d¢sg = dcaeP VSR, From (2.2 we also have that ¢y = QS’SRe*BNSR/ﬁ, SO

dea dPsr
— =p0—. (2.7)
€2 SR
This mean that the Gaussian variable (; = —d¢sr/¢Pgg is related to the real non-Gaussian
perturbation { = §N as
1 _
4= (1 e BC) . (2.8)

By inverting this relation we find eq. (1.5). As we have already anticipated, this identifica-
tion has several interesting features. Curvature perturbations are not well determined when
the Gaussian variable has amplitudes larger than 1/8. Physically these are perturbations
that prevent the system of overshooting the local maximum. Given a background co, any
perturbation dco such that dcy < —co will make co < 0, preventing the field from overshoot-
ing the local maximum. From (2.7) this corresponds to the case (; > 1/5. We depict these
two regimes in figure 1, where we show the fate of fluctuations larger than 1/3, that make
the field become trapped in the false minimum, and fluctuations smaller than 1/ for which
the trajectory of the field towards to global minimum is not altered. Regions that stay in
the false minimum will form bubbles of false vacuum, and the fate of those is eventually
to create black holes. Depending on their initial size, they might be standard black holes
coming from the ordinary collapse of the bubble at subhorizon scales, or become black holes
with an inflating internal region, that is, with a baby universe in their interior [7, 8].



We end this section with two comments. First of all, the amplitude of 5 can be written
in terms of second slow-roll parameter €5 at the graceful exit phase. It holds that

p= (-3+ - 12)) (2.9)

€
= = 2.1

Finally let us note that peaks of (, are transformed into peaks of (. Therefore we can
perfectly count the number of peaks in the Gaussian variable to count the peaks in the non
Gaussian one.

3 The typical high peak profile

The computation of the threshold for collapse as well as the abundances of peaks are usually
calculated using the mean profile of a peak as a representative realisation of their full distri-
bution. The mean profile of a peak with amplitude u, averaged over all the possible values
for curvatures at the peak, is given by a integral of the form

Fr) = / CP(¢[peak)dC (3.1)

where P((|peak) is the conditional probability of ¢ given that the field has certain amplitude
u at the position of the peak r = 0. If the probability distribution function is Gaussian and
if the peak is large, in the sense that the amplitude p is much larger than the variance o,
i.e, v = u/op > 1, then the mean profile of the peak is simply given by

F(r) = wmp(r) , (3.2)
where 1 (r) is the correlation function ¢ (r) = (F(r)F(0)), given by
1 [ dksin(kr)
Y(r) = ag/k e (3.3)

and Py is the power spectrum of the fluctuations. The variance of the shape is given by

(AF? W L (yp, RAVPO\ RV 5 (¢ RIVPY\T y?
o 1-77 —72)(7w+ 3 ) 3 72<7’ 3 ) 7
(3.4)
where v = 07 /(0200), Rs = V/301/02, with ¢, the n-moments of the distribution [4]. The
mean profile coming from the non-Gaussian distribution found in the previous section is not
well defined, since the integral (3.1) diverges when ¢ — 1/3. This is not an impediment
for analyzing how do most profiles look like. Most of the realisations will have a Gaussian
shape in between F 4+ AF, and so we only need to see how these shapes are deformed by
the presence of non-Gaussianity. The deformation of the Gaussian shapes will depend on the
amplitude of the profile, but we only want to focus on profiles that could possibly collapse to
form BH. Here the identification between ((r) and the compaction function C(r) is helpful
since the initial values of C'(r) leading to gravitational collapse are very well constrained. It
holds that [42, 43]°

0.21 < Cyn(rm) < 1/3 (3.5)

5The dependence of the threshold on the shape of the initial density contrast has been extensively studied
(see e.g. [45]), as well as its impact on the abundances of PBH [46]. For an exploration of these dependences
on the local shape of non-gaussianity, see [47].



where 7y, is the radius at which C'(r) is maximum. The bound above can then be easily
translated into a bound on the amplitudes of ¢ at the peak, once a profile for { is given.
This allows one to make reasonable predictions for the abundance of PBH even in the case
in which there is no known exact value for the thresholds to collapse’, as was for example
done in [20]. On the other hand, a comparison of the possible values for collapse evaluated
at the center of the profile leads to unbounded uncertainties.

For the power spectrum of the curvature perturbations, that determines the correla-
tion function ¢, we consider the following: from CMB scales up to scales where the power
spectrum grows we take a constant with amplitude Ag ~ 107?. We model the growth of the
power spectrum with a scale dependence k*. As argued in [44], this is the maximum possible
growth of the power spectrum. Most models actually saturate this bound during large part
of their growth. The decay of the power spectrum after the peak on the other hand can
be related to the amplitude of the non-Gaussianity [20]. The power spectrum can then be

modelled as
Ap for k < kg

4
P(k) = { Po (kﬁ) for ko < k < ky (3.6)
Po (%)_" for k > ky |

where Py is the amplitude at the peak of the power spectrum. The spectral index at scales

smaller than &, n, is given by
no~—3++/9—12ny. (3.7)

By comparing (3.7) with the expression for 3, we see that both are related through
n
~ — 3.8
f=3 (3:8)

The abundance of peaks diverges when the power spectra decays slower than k3, since they
depend on the second momenta oy [4]. Thus, in order to make finite predictions we need to
use a window function, which can be done by considering the coarse grained power spectrum
P(k, keut) given by

Pk,re) — W(k,r)P(k) . (3.9)

The choice of the window function might lead to uncertainties [48], although small [49]. For
simplicity, and because we concentrate on the dependence of the non-Gaussianity on the
abundances, we choose the top-hat window function in momentum space. We typically need
Ag < Py in order to have a significant abundance of PBH, so we can neglect the power at
scales larger than kg. That is, we finally consider a power spectrum given by

0 for k < kg
4
Pk, kews) = { P (%) . for ko <k < ky (3.10)
0, for k >k .

where we choose the coarse graining scale k., to be the scale of the peak of the power
spectrum k;,, since at this scale the abundace of PBH will be larger. The correlation function

"By reasonable we mean that it only translates into a small uncertainty in the amplitude of the primordial
power spectrum in order to reach a certain abundance. Of course, a small variation of the threshold value
keeping the amplitude of the power spectrum fixed results in exponentially large uncertainties.



determining the shape of the peak is then simply given by

hg(r) =~ ﬁ [—2 + (2 - k§r2) cos (kpr) + 2kprsin (kpr)} (3.11)
P

where we have further assumed that ko < kp.

In figure 2 we show how the Gaussian set of profiles is transformed by the presence of
non-Gaussianity. The non-Gaussian set of profiles is found by applying the transformation
law (1.5) to all Gaussian profiles ranging in the interval F, £ AF,, with F, and AF} given
by (3.2) and (3.4) respectively. We take a fiducial value of 8 = 1.35 (corresponding to
fn = 1.25), and vary the amplitude of the profile such that the compaction function lies
in the critical range (3.5). We also take® v = 5. Interestingly, the dispersion of the profiles
that could possibly collapse is systematically smaller for the non-Gaussian case. The reason
is twofold. First, the radius ry, is smaller for the non-Gaussian case (and close to the center
of the profile the dispersion is smaller). Secondly and most importantly, large value of the
compaction function are attained for smaller values of u, and thus, if we keep v = u/o fixed
(since it is the most important parameter controlling the abundances), the dispersion o will
be smaller. From here we deduce that while it is not possible to define a mean profile, it is
certainly possible to define a typical profile, given in this case by the median profile of the
distribution, which will be simply

Frg = ;m (1—-BFy) . (3.12)

In the next section we anayse the implications of such profile in the formation and abundances
of PBHs.

4 Implications for PBH

The implications of the non-Gaussianity in the abundance of PBH will depend on whether the
critical value for spherical collapse ((.) is smaller or of the same order than the critical value
for staying in the false minimum of the potential ({,). In the following we will separately
discuss both cases.

4.1 Perturbative limit (. < (,

We first consider the perturbative limit, for which the critical value for collapse ((.) is smaller
than amplitude to end in the false minimum ((.). We take 8 = 1.25, and the same critical
value for the compaction function for both the Gaussian and non-Gaussian profiles, since the
normalized profiles do not vary substantially with respect to each other for such values of j3.
We take the threshold to be Cy, = 0.255 since the profiles are similar to those already studied
in the literature, and for which the threshold has been determined [46]. For the Gaussian case
this amplitude of the compaction function is attained for g = 0.54. In the non-Gaussian case,
this threshold is attained for g = 0.44. In order to keep the value of v constant, the power
spectrum needs an amplitude ~ 1.5 smaller in the non-Gaussian case. For this amplitude
of 3, this is an effect of a similar order than the one coming from the non-linear relation
between ¢ and J,,, but acts in the opposite direction. In the next section, we will see that
this effect can be largely enhanced when the theory enters in the non-perturbative regime.

8Larger values of v will have smaller dispersion in their profiles and so in this sense we are consider the
largest possible dispersion.
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Figure 2. top) The mean and 1-0 contours of the Gaussian profiles and how they transform under
non Gaussianity (8 = 1.35). For the non-Gaussian profiles these corresponds to the median and the
16% and 84% quartiles. We vary the amplitude p so that profiles span all possible values for the
compaction function that could in principle form PBHs, limits given by eq. (3.5). We keep v = 5
fixed. bottom) Compaction functions in the critical range for the Gaussian and non Gaussian case
(corresponding to the profiles shown above).

4.2 Non-perturbative limit (. ~ (,

Now we consider the non perturbative limit for which (. ~ (.. For this, larger values of 3
should be attained, larger than in current models in the literature. We propose a simple
model where this is realised. We consider the Starobinsky potential [50] with a small bump
given by a Gaussian function, i.e.

V(9) = Vi (1- e—m¢)2 (14 A=/ )] (4.1)

In figure 3 we show the power spectrum as well as the evolution of the second slow-roll
parameter €5, which determines the amplitude of 5. The predicted value for €5 at the graceful
exit period is €§° = 12, and so” 8 = 6. In figure 4 we show the profile as well as the compaction
function as a function of the amplitude pu. We see that for values of p very close to the non
perturbative critical value 1/, in this particular case p = 0.999/4, the compaction function
is still below the lowest of the standard critical threshold for the compaction function, namely

9As can be seen in the figure, the actual value is slightly larger. This means that fxr, will correspondingly
be slightly larger. Note that the fact that there is a large evolution of e after the transition does not affect
the amplitude of fni, at scales corresponding to the transition, where the peak of the power spectrum is, since
perturbations freeze when e; = €5° [20].
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Figure 3. left) Power spectrum for the model given by the potential (4.1), together with the following
parameters: {A = 1.80325 x 1073, ¢g = 3.7,0% = 9 x 1075}. right) Evolution of the second slow roll
parameter ez as a function of time (measured in e-foldings N). The dashed line corresponds to e
coming from the solution (2.2) [20]. We see that it describes well the transition from the CR to the
graceful exit phase.
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Figure 4. The variation of the median profile and median compaction function in the non-Gaussian
case, with 5 = 6. While the amplitude is very close to the non-perturbative bound 1/5 (1 = 0.999/3),
the maximum of the compaction function is still lower than the lowest possible threshold for collapse,
Cin = 0.21.

Cin = 0.21. Note that if we choose amplitudes p even closer to the threshold 1/3, lets say
w = c/f with ¢ > 0.999, the compaction function will eventually rise above its threshold
for collapse. However, the contribution of these fluctuations to the total abundance of PBH
will correspond to the integration of the probability density function in a very narrow range
of the gaussian variable, that is from ¢/ to 1/8, where in this case 0.999 < ¢ < 1. On
the other hand, the contributions from fluctuations that jump into the false minimum comes
from fluctuations in the range 1/ to oo, which will then dominate the production of PBH.

Finally let us note that because the inflaton field traverses the bump in ~ 2 e-foldings,
the distance of the CMB scales to the end of inflation is only shifted by 2-efoldings with
respect to the original model without the bump. This means that this modification of the
original potential will not alter its consistency with CMB data.

We conclude that now the theory will produce BHs when the amplitude of ¢ ~ 1/8 ~
0.17, as opposed to the Gaussian case in which (. ~ 0.54. This difference corresponds to a



factor 10 in the amplitude of the power spectrum!’. Larger factors might be attained with a
larger curvature at the local maxima, but the fine tuning in the potential keeps increasing.

5 Conclusions

In this paper we have calculated the amplitude and shape of non-Gaussianities in models
of inflation where the field overshoots a local maximum. These models have gained much
attention since they might create enough PBH to account for the dark matter in the Universe.
The impact of non-Gaussianities on the abundance of PBH has so far only been estimated, in
transient constant-roll backgrounds, through a perturbative determination of its amplitude
and shape, more precisely, via the computation of the three-point function. Here we have
shown that via the d NV formalism is possible to find a non-linear relation between a Gaussian
random field (, with the true curvature mode ¢, given by eq. (1.5). This relation incorporates
the fact that large perturbations will be trapped in the false minimum, signaling the presence
of a second critical amplitude (. = 1/8. It also reduces to the standard local template of
non-Gaussianities in the small perturbation regime. We have computed the effect of such law
in the case in which (, is smaller or of the same order than the usual critical value for collapse
of a large inhomogeneity. In the latter case, black holes will be created through the collapse
of bubbles of false vacuum, rather than the usually considered collapse of a large overdensity.
We have constructed a simple model in which this is the case, and for which amplitudes of
the power spectrum 10 times smaller are needed in comparison with the Gaussian estimate
in order to have a significant PBH abundance.
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