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Abstract

A guided wave simulation method for layered composites based on the wave and finite element scheme is

presented. An approach for calculating complex displacement fields such as those generated from piezo-

electric transducers is developed. The scattering of waves from different types of defects is computed. A

rigorous energy based criteria is proposed for model order reduction. All calculations are carried out in

the frequency domain and an inverse discrete fourier transform is performed to get the time domain result.

Numerical examples of a multi-layered composite beam are performed to assess the performance and validate

the methodology. Three types of damages are simulated namely a notch, a transverse crack and an internal

delamination. The results are validated against finite element simulations and are found to be in excellent

agreement. Moreover the approach is found to be orders of magnitude faster compared to finite element

simulations.
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1. Introduction

The pursuit of better performance and cost reduction has led to an increase in use of composite materials

in aircraft structures. More than 50% of the structural components of the latest commercial jets from Airbus

and Boeing are made of composites [1, 2]. This is an achievement for the aerospace sector but it has resulted

in a new set of challenges. Chief among them are the complex failure modes and mechanisms of composites

[3]. This presents a problem for effective integrity assessment of the structure through established structural

health monitoring (SHM) techniques such as radiography [4], acoustic emission [5], ultrasonic waves [6] or

eddy current [7]. Moreover, the potential presence of sub-surface damages such as delamination require

techniques which can inspect the structures through the thickness.
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Ultrasonic guided waves have been demonstrated to be suitable for SHM in thin structures [8–10]. They

can travel long distances, require minimal equipment and are sensitive to defects which makes them a cost-

effective SHM solution for composite structures [11–14]. The guided wave propagation characteristics of

a structural waveguide contains information about the health of the structure, the presence of potential

defects and their locations. In an SHM framework, this can be used to evaluate the structure by comparing

the signal with a database of possible responses and by running a pattern recognition algorithm to detect

the presence of damage [15–20]. Creating a database of patterns experimentally is often not practical, hence

simulations are used to generate a library of baseline states. From here arises the need for fast and efficient

simulation tools. The one-dimensional wave propagation has analytical solutions available for very simple

waveguide geometries and structural discontinuities [21]. But for composite structures with complex defects

such as cracks and delaminations, the finite element (FE) method remains the state of the art in numerical

simulations. FE is highly reliable for guided wave simulations but due to the very short wavelengths in the

ultrasonic regime, a very high resolution in both spatial and temporal domains is required. Therefore the

approach quickly becomes computationally challenging.

Over the years different methodologies have been developed to overcome this issue, the foremost being

semi-analytical finite element method (SAFE) [22, 23]. It uses FE to describe wave behaviour in the thickness

direction whereas a complex exponential function is used to describe the displacement field in the direction

of wave propagation [24]. In [25], a combined analytical FE approach (CAFA) for simulation of guided

waves in isotropic structures has been developed based on the analytical models presented in [26]. CAFA

uses a global analytical solution to model wave generation, propagation, scattering, mode conversion, and

detection. It is highly efficient but unfortunately limited to isotropic structures. In order to tackle layered

structures, the approach is extended by using the SAFE method. But the SAFE method cannot be used

to model truly periodic structures and cannot be coupled with FE damage models [27]. Another recently

developed method is scaled boundary finite element method (SBFEM) used for simulating guided waves and

detecting damage in structures [28]. It has been shown to simulate guided waves efficiently and accurately

in isotropic structures with defects. The dominant feature of these approaches is a combined analytical and

numerical framework to reduce computational complexity. The wave and finite element (WFE) method

is one such methodology developed in the last decade [29]. It is used in a number of research areas like

structural identification [30], damage detection [31], multi-scale wave propagation [27] and wave steering in

composites [32]. There have been efforts recently to develop a transient simulation method based on WFE

[33, 34], but no method addressing ultrasonic guided waves exists so far.

The principal novelty introduced in this work is a WFE based approach for complete transient simu-

lation of ultrasonic guided waves in composite structures. This contains a method for simulating complex

displacement fields actuated by physical piezoelectric transducers. Also, a model order reduction strategy

is presented for selecting the modes for wave propagation depending on the energy conservation across a
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finite sized defect in the structure which results in significant reduction in computation time. The proposed

approach is capable of simulating guided wave propagation due to external excitation, scattering from com-

plex damages, reflection from boundaries and time domain response at any point in the structure. The

advantage of WFE over existing techniques is the capability of handling truly periodic structures as well as

coupling with finite element models.

The paper is organised as follows. Sec. 2 contains the theoretical components of the methodology which

includes the WFE scheme, modelling of coupling sections for arbitrary excitation, damage modelling and

coupling to the main structure to simulate defects, a mode selection strategy to reduce the computational

costs of the method and the complete transient domain signal reconstruction. Sec. 3 contains a series of

examples to demonstrate the capabilities of the approach as well as the validation of results. This is followed

by conclusions and future work recommendations in Sec. 4.

Nomenclature

λ+, λ− Propagation constant

a+, a− Frequency domain amplitude vector

D,Dc,DJ Dynamic stiffness matrix of waveguide, coupling section and damaged section

fc, fcp Internal and external forces for coupling section

fJ Internal forces for damaged section

f , fp Internal and external forces for waveguide

Kc,Mc,Cc Stiffness, mass and damping matrices of coupling section

KJ,MJ,CJ Stiffness, mass and damping matrices of damaged section

K,M,C Stiffness, mass and damping matrices of waveguide

q,qc,qJ Nodal degrees of freedom of waveguide, coupling section and damaged section

R Rotation matrix

S, S̃ Complete and reduced scattering matrices of damaged section

T Transfer matrix of waveguide

ω Angular frequency

φφφf Wavemode eigenvector for f

φφφq Wavemode eigenvector for q

cg Group velocity

k Wavenumber

P,E Power and energy

S0,A0 First symmetric and antisymmetric mode
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2. Transient guided wave simulation

The complete methodology for transient simulation of ultrasonic guided waves is presented in this section.

The guided waves of interest in this work are the Lamb waves. Lamb waves are the constructive and

destructive interferences and superposition of pressure wave and shear vertical wave undergoing multiple

reflections between the traction free top and bottom surfaces of thin waveguides [35]. A typical periodic

structure with piezoelectric transducer (PZT) mounted on its surface is shown in Fig. 1. The PZT converts

the electrical signal into mechanical waves where the wave mode type depends on the frequency of excitation.

In the examples in Sec. 3, the fundamental symmetric (S0) and antisymmetric (A0) Lamb modes are used.

The approach presented here uses a divide and conquer strategy. The structure shown in Fig. 1 is divided into

three sections: (i) a coupling section for arbitrary excitations, (ii) a damaged section containing arbitrary

damage and (iii) the rest of the waveguide. The key to a fast and efficient method is to handle each of these

sections separately and combining them together in a semi-analytical way using periodic structure theory

and fundamental principles of continuity and equilibrium. The entire approach is illustrated schematically in

Fig. 2. The WFE method is used to obtain wave propagation characteristics, wavenumbers and wavemodes,

of the periodic waveguide. The externally excited amplitudes are obtained from the coupling section. The

scattering matrix is obtained from the damaged section. Hence all the information necessary for calculating

the transient response is complete. Also a rigorous energy conservation study is carried out to identify the

modes relevant for reconstructing the response after scattering, in order to reduce the dimensionality of the

overall problem.

Coupling section
for arbitrary
excitation

Damaged
section

Waves propagating
into the structure

x

y

z

Figure 1: One dimensional periodic waveguide with external excitation and damage.

2.1. Wave and finite element method

The WFE method is used to obtain the wave propagation characteristics of the waveguide. This technique

has been developed and applied in a number of domains over the last decade. Only a brief overview is
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Waveguide Coupling section Damaged section

Mode selection

Transient response
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Figure 2: Schematic of the methodology for transient simulation of guided waves.

presented here, for more details refer to [36], [37]. The first step is to model a periodic section using an FE

software. The cross-section can be of arbitrary complexity, hence making the method ideal for modelling

layered media. It is necessary for the structure to be uniform in the direction of wave propagation and to

have same number of degrees of freedom on the left (L) and right (R) hand side of the waveguide. The

finite element model of the periodic section is used to obtain the stiffness (K), mass (M) and damping (C)

matrices to set up the dynamic equilibrium as follows:[
K + iωC− ω2M

]
q = f + fp,

or D(ω)q = f + fp.
(1)

Here, q is the vector of nodal degrees of freedom internally partitioned into left and right interface

degrees of freedom. f and fp are vectors of internal and external forces having the same dimension as q.

D(ω) is the frequency dependent dynamic stiffness matrix which has blocks representing the interface and

their interaction. In case there are internal degrees of freedom present in the waveguide, they can easily be
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condensed [38],[39]. In the absence of external forces, Eq. (1) has the following form:

 DLL DLR

DRL DRR

 qL

qR

 =

 fL

fR

 , (2)

where the subscripts L and R refer to the left and right sides of the interface. According to Bloch’s theorem,

the free wave propagation in a waveguide of length lx has the propagation constant λ = e−iklx which relates

the nodal degrees of freedom on the left and right hand side by qR = λqL and fR = −λfL. An eigenvalue

problem for λ is formulated by substituting this into Eq. (2), that is,

λ

 qL

fL

 = T

 qL

fL

 , (3)

where

T =

 −D−1
LRDLL D−1

LR

−DRL + DRRD
−1
LRDLL −DRRD

−1
LR

 . (4)

T is known as the transfer matrix. The propagation constants λ are eigenvalues of T. They exist in pairs of

[λ+, λ−] for the positive and negative travelling waves, respectively. The eigenvalue problem can be poorly

conditioned leading to numerical issues. Different formulations are used to mitigate this effect as described

in [40]. The wavenumbers are calculated from the propagation constants. The eigenvectors φφφ are used as

basis functions in the frequency domain. They exist for both positive φφφ+ and negative φφφ− travelling waves.

They are internally partitioned to represent displacement and forces as follows:

φφφ =

 φφφq

φφφf

 , where φφφ+ =

 φφφ+q

φφφ+f

 , φφφ− =

 φφφ−q

φφφ−f

 . (5)

2.2. Inclusion of arbitrary excitation

Piezoelectric transducers (PZT) are widely used to excite ultrasonic guided waves for SHM purposes.

PZT converts electrical signals to physical displacements in the structure which can result in multi-modal

wave propagation. Therefore the amplitudes generated in the waveguide are quite complex and need to be

specified appropriately for reliable simulations. The technique presented here is capable of handling such

complex displacement fields. Fig. 3 illustrates the steps necessary to obtain the amplitudes generated in the

structure due to external excitation. The physical signal in the time domain is transformed to the frequency

domain by using discrete fourier transform (DFT) as follows:

fcp(ωj) =

m∑
i=1

f̂cp(ti)e
−itiωj where j = 1, ...,m, (6)

Here, f̂cp is the time domain excitation signal sampled at m points and fcp is the frequency domain signal.

The subscript c refers to the coupling section and p for the PZT excitation. The discretisation in frequency
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domain influences the resolution of the final transient response and hence should be chosen carefully. The

coupling section is modelled and meshed using FE software. The stiffness (Kc), mass (Mc) and damping

(Cc) matrices are extracted from this model which are used to set up the dynamic equilibrium.[
Kc + iωCc − ω2Mc

]
qc = fc + fcp,

or Dc(ω)qc = fc + fcp.
(7)

Dc(ω) is the frequency dependent dynamic stiffness matrix and qc is the vector of nodal degrees of freedom

for the coupling section while fc and fcp are internal and external forces acting on the coupling section. It is

important to have the same degrees of freedom at the interface of the model and the waveguide. The degrees

Time domain 

( መ𝐟𝑐𝑝)

Frequency domain 

(𝐟𝑐𝑝)

Dynamic equilibrium Excited amplitudes 

(𝐚−)𝐟𝑐𝑝

DFT 𝐟𝑐𝑝

Figure 3: Schematic for obtaining amplitudes generated from external excitation.

of freedom of coupling section can be divided in 3 groups: (a) left and right hand interface degrees of freedom

(ii), (b) internal degrees of freedom without external excitation (ni), and (c) internal degrees of freedom with

external excitation (cp). Hence the degrees of freedom vector qc is internally partitioned between interface

(qii), non-interface-free (qni) and non-interface-forced (qcp). The continuity and equilibrium conditions,

shown in Eq. (8) must be satisfied at the interface between coupling section and the waveguide. This helps

in introducing the wavemodes from Sec. 2.1 in dynamic equilibrium of the coupling section [41].

qc = Rq (continuity),

fc −Rf = 0 (equilibrium).
(8)

Here, R is a rotation matrix to transform the degrees of freedom of the waveguide from their local coordinate

system to a global coordinate system assuming that the coupling section degrees of freedom are already in a

global coordinate system. The non-interface-free degrees of freedom must be condensed out of the equation

of motion. The non-interface-forced degrees of freedom can either have prescribed forces (fcp known) or

prescribed displacements (qcp known). In both cases, the prescribed quantities are factored out to the right

hand side of the equation to act as a forcing function. This lends flexibility to the approach to cater for

complex external excitations. Based on the approach presented in [41], a wave domain solution can be used

to express the forces and displacements as follows:

q = R
[
φφφ+q a

+ +φφφ−q a
−],

f = R
[
φφφ+f a

+ +φφφ−f a
−]. (9)
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Here the wavemodes become the basis function which express the frequency domain force and displacement

as a linear combination of incoming (a+) and outgoing (a−) amplitudes. Guided wave based SHM set up

has the structure completely at rest at the time of inspection. This prior knowledge is utilised to set the

incoming amplitudes to zero. The end result is Eq. (10) which is solved for outgoing amplitudes in the

structure as follows: (
D̃cRφφφ

−
q −Rφφφ−f

)
a− = fcp. (10)

Here, (̃.) represents quantities obtained after condensing out non-interface-free degrees of freedom and reor-

ganising the equation in the matrix vector form Ax = b. This is another strength of this approach whereby

Eq. (10) can be solved by any standard linear system of equations solver. This formulation also allows

for exciting specific modes in the structure. The wavemode matrix φφφq obtained in Sec. 2.1 has the form[
φφφq1 φφφq2..... φφφqn

]
where each column is a vector representing a wavemode going to a maximum of n modes.

Any single mode can be excited by obtaining its vector from the wavemode matrix, scaling it by the desired

magnitude and then using it as prescribed displacement in the formulation. Similarly any combination of

these modes can also be used by simply adding them together to simulate multi-modal wave propagation.

2.3. Inclusion of arbitrary damage

The discourse presented in this section closely follows [36] for the derivation of scattering matrix for joints

of finite dimensions. When a propagating wave is incident on a discontinuity in a structure, it gives rise

to reflected and transmitted waves. This is illustrated in Fig. 4. The joint (J) containing discontinuity is

modelled in FE software from which the stiffness (KJ), mass (MJ) and damping (CJ) matrices are obtained

to establish the dynamic equilibrium as follows:[
KJ + iωCJ − ω2MJ

]
qJ = fJ,

or DJ(ω)qJ = fJ.
(11)

Here, qJ and fJ are vectors of nodal degrees of freedom and internal force vectors of the region containing the

defect while DJ(ω) is the frequency dependent dynamic stiffness matrix. The interface degrees of freedom

between the waveguides and the joint must be compatible to apply continuity and equilibrium conditions

in the same way as shown in Eq. (8). It is important to state here that the waveguides surrounding the

region of defect can be different from each other and may support different numbers of wavemodes. The

formulation described here will still be able to obtain the amplitudes travelling into the structure as a result

of scattering.

Once again the displacement and force vectors are expressed as a linear combination of wave amplitudes

using Eq. (9). Substituting in Eq. (11) and condensing all non-interface degrees of freedom results in a

relation for the scattering matrix S of a particular defect in the form of the ratios of incoming and outgoing
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Incident wave

Reflected wave Transmitted wave

Waveguide WaveguideScatterer

Figure 4: Scattering of waves from the defect.

amplitudes as follows:

S = −
[
Rφφφ−f − D̃JRφφφ

−
q

]−1 [
Rφφφ+f − D̃JRφφφ

+
q

]
. (12)

Here, D̃J is the condensed dynamic stiffness matrix of the joint. The scattering matrix for a damaged region

connected on two sides by waveguides has the following structure:

S =

 S11 S12

S21 S22

 . (13)

Here, S11 is the matrix of reflection coefficients for waves incident from waveguide 1 and reflected back, S21

is the matrix of transmission coefficients for waves incident from waveguide 1 and transmitted to waveguide

2 and so on. Apart from reflection and transmission, these matrices contain mode conversion information

as well. Hence, they form the basis of the mode selection strategy presented in Sec. 2.4 for time domain

reconstruction. Only reflection is possible for waves incident on a boundary. Reflection from boundaries can

also result in mode conversion of incident guided waves [42]. Hence it is important to obtain the reflection

matrix for each boundary present in the structure.

2.4. Power and energy flow considerations

The total energy flow and time averaged power associated with wave propagation in a structure provides

important insight in the properties of wavemodes such as group velocity and the fundamental principle

of energy conservation. The time averaged total energy of a wavemode j is the sum of kinetic (Ek) and

potential (Ep) energies [43]. The relations in terms of the wave basis are shown below:

Ek,j = −1

4
ω2Re

{
φφφHq,jMφφφq,j

}
,

Ep,j =
1

4
Re
{
φφφHq,jKφφφq,j

}
.

(14)

Here, (.)H denotes a Hermitian conjugate and φφφq,j is the wavemode vector of nodal degrees of freedom for

wavemode j. For an element length ∆ in the propagation direction, the total time averaged energy per unit

length is given as follows:

Ēj =
Ek,j + Ep,j

∆
. (15)
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The time averaged power (P ) associated with a propagating wave j is obtained as follows:

Pj =
ω

2
Im
{
φφφHf,jφφφq,j

}
. (16)

The group velocity cg for a guided wave is an important quantity. It is the speed at which energy propagates

in a particular wave. It has a number of implications for setting up a guided wave simulation such as the

maximum element size in wave propagation direction and the maximum time step increment allowed. The

knowledge of cg as a function of frequency for a wavemode helps in fixing these parameters a priori with

sufficient degree of confidence. It is obtained from the ratio of power and energy as follows:

cg,j =
Pj

Ēj
. (17)

Here, cg,j denotes the group velocity of wavemode j. It is important to note that cg only makes sense for

a propagating wave as evanescent modes do not transfer any energy. In a multi-modal system where mode

conversion also takes place, the power flow for a wave j is equal to 1
2Pj |aj |2 as given by [44]. Here aj is the

amplitude of wave j. Considering a scattering matrix for a scatterer connected on both sides by a waveguide

as shown in Fig. 5, the scattering matrix can be segregated for the two waveguides as shown in Eq. (13).

The energy conservation principle states that for an incident wave j having reflected waves i and transmitted

wave k the power scattering coefficients are calculated as follows:

R = [Rij ] =

[
|rij |2

Pi

P j

]
, and T = [Tkj ] =

[
|tkj |2

Pk

P j

]
. (18)

The sum of power scattering coefficients is equal to unity in the absence of damping, that is,∑
i

Rij +
∑
k

Tkj = 1 for each wavemode j. (19)

The power scattering coefficients for each wavemode indicate the energy they are carrying when a wave

is scattered from a defect or boundary in a structure. This forms the basis of the model order reduction

strategy. It is proposed that in the time domain reconstruction step only the modes carrying energy should

be retained. This will reduce the problem size as it is shown in Sec. 3, where one or two main modes carry

energy in the structure and will be sufficient for computing the complete transient response.

2.5. Transient response reconstruction

In order to obtain the complete time history at some arbitrary point in the structure, it is necessary to

acquire all the amplitudes arriving at that point. Fig. 5 illustrates a wave propagation example with the

structure divided into waveguides, scatterer and coupling section. The goal is to obtain the response at the

observation point for a desired time window. Each wave reaching the observation point has its own time of

flight which is introduced as a phase change in frequency domain by multiplying the amplitude by e−ik(ω)x

where x is the distance the wave has travelled and k(ω) is the frequency dependent wavenumbers for that
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Figure 5: Wave propagation due to external excitation.

wave. The resulting amplitudes are still in frequency domain and they represent the wave motion of the

entire cross-section. Assuming n waves passing through the point of observation in a given time window,

the jth amplitude is projected over the individual degrees of freedom by means of the basis functions as

follows:

qj = a+j φφφ
+
q,j + a−j φφφ

−
q,j . (20)

Considering the illustration shown in Fig. 5, the first wave to reach the observation point will be the

incident wave generated from the external excitation. After that, scattering will take place and the reflected

amplitudes will also reach the observation point. These scattered amplitudes are calculated as follows:

ãS = S̃ · ãI , (21)

Here, (̃.) represent the quantities obtained by performing the model order reduction presented in Sec. 2.4.

The subscripts I and S refer to the incident and scattered amplitudes. The total response is obtained by

summing up all the individual amplitudes reaching the observation point as shown below, that is,

q = q1 + q2 + .....+ qn, (22)

where nodal displacements q of the waveguide are a function of frequency ω. The final step is to perform

an inverse DFT to obtain the time dependent displacement vector q̂, that is,

q̂(tj) =
1

m

m∑
i=1

q(ωi)e
−iωitj where j = 1, ...,m, (23)

where m is the sampling frequency used in Sec. 2.2 to go from the time domain to the frequency domain.

3. Numerical Examples

In this section, numerical examples are presented of a multi-layered composite beam with different types

of damages. The results are compared with full FE simulations performed in Abaqus and WFE simulations
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done in MATLAB. The method presented in Sec. 2 is capable of handling the material damping but it is

ignored in the following examples for simplicity. The layup under consideration is a 6 layered carbon fibre

beam with [02/902/02] stacking sequence. A single carbon fibre layer has a density of 1560 kg/m3 and the

stiffness matrix as shown in Eq. (24) which is obtained from [25], that is,

C =



143.8 6.2 6.2 0 0 0

6.2 13.3 6.5 0 0 0

6.2 6.5 13.3 0 0 0

0 0 0 3.6 0 0

0 0 0 0 5.7 0

0 0 0 0 0 5.7


GPa. (24)

The forced excitation in all the subsequent examples will be a Hanning windowed sinusoid. This excita-

tion function ensures minimum dispersion around a central frequency due to the narrow bandwidth of the

signal. The time domain forcing function for FE simulations is shown in Fig. 6a and its frequency domain

transform is shown in Fig. 6b. The signal has a central excitation frequency of 100 kHz. The amplitude

for the S0 mode is kept higher than the A0 mode. This results in observable out-of-plane amplitudes due to

the Poisson effect from S0 excitation. Naturally, it would be better to keep more cycles to ensure minimum

spread in the frequency domain. However, that increases the length of the signal in the time domain which

needs to be kept to a reasonable time limit to ensure that the incident and reflected signals are separately

identifiable in post processing.

(a) Time domain (b) Frequency domain

Figure 6: Excitation signal used for S0 (- -) and A0 modes (–) respectively.

A multi-layered carbon fibre composite beam with length l, width w and height h is shown in Fig. 7.
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The excitation is applied at one end of the beam and the response is observed at two different locations,

one before and one after the damage. In each case, a thorough study of the wave propagation velocities

and respective wavelengths will be carried out to ensure that the results are mesh independent and the FE

simulation is not performed with an overly fine mesh. This would result in a fair comparison between FE

and WFE results. All simulations in this section are performed on the same computer with a 7th Generation

Inter Core i3-7100U 2.50 GHz processor and 8 GB RAM.

Observation
point 1

Observation
point 2

Damaged
section

l

w

h

x1

x2

Figure 7: Carbon fibre composite beam with damage.

3.1. Waveguide modelling

Important considerations for modelling the waveguide are presented in this section. The waveguide is

the representative section of the structure from which the wavenumbers and wavemodes are extracted as

presented in Sec. 2.1. The group velocity of the desired modes directly influence the element length of the

waveguide mesh and minimum time step size for the FE, that is,

λ =
2π

k(ω)
, ∆ ≤ λ

10
, ∆t <

∆

cg(ω)
, (25)

where λ is the wavelength, ∆ is the element length in propagation direction and ∆t is the time step for the

explicit FE simulation. For all subsequent examples the waveguide is modelled with C3D8 brick elements

from the standard Abaqus element library [45]. This is a general purpose solid continuum element with

8 nodes and 3 degrees of freedom at each node. The cross-section is discretrised with 6 elements through

the thickness and 4 elements across the width. It is necessary to have at least 6 elements in the thickness

direction as these elements are prone to shear locking which leads to incorrect results for the out-of-plane

A0 mode. For a central excitation frequency of 100 kHz, ∆ is chosen to be 0.2mm. The material properties

are taken from Eq. (24). This discretisation results in 210 degrees of freedom for the waveguide with 105

positive and 105 negative modes. Most of these modes are evanescent in nature. They are important for
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energy conservation in the event of scattering from a defect. The two main propagating modes which will

be used in the following sections are shown in Fig. 8a. They are the fundamental symmetric (S0) and

antisymmetric (A0) Lamb modes.

(a) Dispersion curves (b) Group velocity

Figure 8: Dispersion curves and group velocity for S0 (- -) and A0 modes (–) for a 6 layer [02/902/02] carbon fibre beam.

3.2. Multi-modal wave propagation

In this section a trivial case of Fig. 7 will be simulated where the beam is undamaged. The goal is to

demonstrate the ability of WFE method to simulate multi-modal wave propagation in composite structures.

The beam has the following dimensions: l = 0.55m, w = 2mm, h = 4mm. Only one observation point is

selected at x1 = 0.25m, such that the different modes can be identified. A combined boundary condition of

in-plane and out-of-plane displacement is applied on the left face in Fig. 7 to excite the S0 and A0 modes

simultaneously. In the absence of damage, scattering does not take place and waves simply propagate

through the beam. The result is shown in Fig. 9 where two different wavemodes are visible. The results

from FE and WFE method are found to be well in agreement with each other.

3.3. Composite beam with damage

In this section three different types of damage will be considered, namely a notch, a crack and a delam-

ination as illustrated in Fig. 10. The material properties and the layup will be the same as in Section 3.2

for all of the cases. Also the same excitation functions will be used. The problem set up is as shown in

Fig. 7 where the damaged section is modified for each case. First a scattering matrix is calculated and an

energy conservation study is carried out. The modes resulting in the largest reflected amplitude are used for

identifying that damage and only the modes carrying energy are retained for response reconstruction. This
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Figure 9: Out-of-plane displacement of a corner node at the observation point. The time domain response comparison between

FE (–) and WFE (- -).

model order reduction strategy leads to a significant decrease in memory consumption and computation

time in comparison to FE simulations. It also demonstrates the capability of the WFE approach to simulate

complex damage scenarios in one-dimensional composite structures.

dw
dl

dh

(a) Notch.

dw

dh

(b) Crack.

dw

dl

(c) Delamination.

Figure 10: Types of damages simulated.

3.3.1. Notch damage

Firstly, an example with a rectangular notch in the centre of the damaged section is considered. The

beam has the following dimensions: l = 1m, w = 2mm, h = 4mm with a damaged section at xs = 0.5m and

the two observation points at x1 = 0.2m and x2 = 0.7m. The dimensions of the notch are dw = 1.2mm,

dl = 1mm and dh = 4mm. Such a discontinuity in the structure will lead to scattering of any propagating

wave. Since it is possible to detect this hole by means of either the S0 or A0 wave, a study of the scattering

coefficients is carried out to select the best mode for identification.

The reflection and transmission coefficients for the S0 and A0 modes around the central frequency of
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(a) Reflection coefficient (b) Transmission coefficient

Figure 11: Scattering coefficients for a rectangular hole for S0 to S0 (- -) and A0 to A0 (–).

(a) Incident S0 wave (b) Incident A0 wave

Figure 12: Energy conservation for a beam with rectangular hole for incident S0 and A0 modes with reflection coefficients (-

-), transmission coefficients (–) and the total sum (-*).

excitation of 100 kHz are almost the same as can be seen in Figs. 11a and 11b. This makes them both

suitable candidates for identifying this damage. The power scattering coefficients for both modes are plotted

in Figs. 12a and 12b. All other modes are suppressed here as only the S0 and A0 modes carry energy. This

also means that mode conversion does not occur due to this discontinuity in the structure. This permits the

use of only the respective reflection and transmission coefficients for reconstructing response at the point of

observation. Since neither of the modes seem to have an advantage over the other, the S0 mode is arbitrarily
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selected. This leads to a spatial discretisation less finer than the one required for A0 mode as it has a lower

wavenumber around 100 kHz, see Fig. 8a. The S0 mode has a significantly high velocity, see Fig. 8b and

hence requires a fine temporal discretisation with a stable time step ∆t of 1 × 10−8s. The simulation in

Abaqus is done using C3D8R reduced integration elements with a total of 80000 elements. A time window of

230µs is simulated. The FE simulation takes 2239s. The simulation using WFE approach is carried out using

the same periodic section as in Sec. 3.2. Scattering matrix of the hole is calculated and stored in memory

which can be reused for different spatial configurations. The total time taken for generating response at the

two observation points is 0.1922s. The comparison of the results from FE and WFE approach is shown in

Figs. 13 and 14.

(a) In-plane (b) Out-of-plane

Figure 13: Time domain comparison between FE (–) and WFE (- -) at a node located at observation point 1 for a beam with

a notch damage.

The plots show the in-plane and out-of-plane displacements at the points of observation normalised to

the absolute maximum of the displacement at the excitation point. The reflected amplitudes from the notch

are observable in Fig. 13a. It is crucial to capture these reflected amplitudes accurately to develop an

identification strategy. The transmission coefficients around the excitation frequency are slightly below 1 as

shown in Fig. 11b. Therefore the wave amplitude is reduced on crossing the notch as shown in Fig. 14a.

3.3.2. Crack

Following the strategy presented in the previous section, the transient response of a composite beam

with a crack damage will be simulated in this section. The beam has the same dimensions as in Sec. 3.3.1

while the crack is located at xs = 0.4m. The observation points are located at x1 = 0.16m and x2 = 0.55m.

The crack is modelled by node duplication. The dimensions of the crack are dw = 0.2mm and dh = 0.05
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(a) In-plane (b) Out-of-plane

Figure 14: Time domain comparison between FE (–) and WFE (- -) at a node located at observation point 2 for a beam with

a notch damage.

mm. The crack is located in the top most zero degree layer as shown in Fig. 10.

The comparison of the scattering coefficients is performed to select the appropriate mode for detecting

the crack. The coefficients are plotted in Figs. 15a and 15b. The reflection coefficients for A0 to A0 are

slightly higher than S0 to S0 but are still of the same order of magnitude. The transmission coefficients also

show similar values for both the modes. Looking at Figs. 16a and 16b, it is observed that modes other than

S0 to S0 and A0 to A0 are also carrying energy. In case of an incident S0 mode, these are the mode converted

reflection and transmission to A0 mode and vice versa for the incident A0 mode. Their coefficients have

significant amplitudes as can be seen in Figs. 15a and 15b. Since both modes result in similar amplitudes,

the S0 mode is arbitrarily selected. This leads to a considerably shorter time window for the simulation as

S0 wave propagates faster than the A0 wave. Note that the power scattering coefficients sum up to one.

For convenience, only the reflection coefficients are shown in Figs. 16a and 16b. These are two orders of

magnitudes smaller than the transmission coefficients and would hardly be visible plotting all coefficients

simultaneously.

The mesh in the thickness direction is refined to capture the mode converted A0 wave accurately. The FE

simulation is carried out using 120000 C3D8R elements. The time taken for the simulation is 3139 seconds.

Model complexity in WFE approach is reduced by retaining only the S0 to S0 reflection and transmission and

S0 to A0 reflection and transmission. Once the modes, basis functions and scattering coefficients are loaded

into the memory, the reconstruction takes 0.3654 seconds. Similarly as before, it is possible to simulate

multiple damage configurations without incurring any time penalty for loading the data. The results from

FE and WFE are shown in Figs. 17 and 18 for the in-plane and out-of-plane displacements. Fig. 17a shows
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(a) Reflection coefficient (b) Transmission coefficient

Figure 15: Scattering coefficients for a crack in a beam. S0 to S0 (- -), S0 to A0 (· · · ), A0 to A0 (–) and A0 to S0 (-·-).

(a) Incident S0 wave (b) Incident A0 wave

Figure 16: Energy carrying modes for a beam with a crack with S0 to S0 and A0 to A0 reflection coefficients (- -), S0 to A0

and A0 to S0 reflection (-·-) and transmission coefficients (· · · ). S0 to S0 and A0 to A0 transmission coefficients are not plotted

as they are two orders of magnitude larger.

three distinctly identifiable reflections at observation point 1, two for the S0 mode and one for the A0 mode.

The out-of-plane displacement in Fig. 17b show the distinction between the two modes clearly with the

A0 mode having significantly larger amplitude. The same case occurs for observation point 2 where the

transmitted wave has both the S0 and the A0 wave. The results are found to be in good agreement.
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(a) In-plane (b) Out-of-plane

Figure 17: Time domain comparison between FE (–) and WFE (- -) at a node located at observation point 1 for a beam with

a crack damage.

(a) In-plane (b) Out-of-plane

Figure 18: Time domain comparison between FE (–) and WFE (- -) at a node located at observation point 2 for a beam with

a crack damage.

3.3.3. Delamination

In this section a delamination is simulated in a composite beam. The delamination is introduced between

the second and the third layer from the top. The dimensions of the delamination are dl = 2mm and

dw = 2mm. It is modelled by node duplication between two layers. The length of the beam is l = 0.6m

while the centre of delamination is at xs = 0.2998m. The observation points 1 and 2 are located at
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x1 = 0.15m and x2 = 0.45m.

Once again the mode selection study is performed by obtaining the scattering coefficients for the de-

lamination. The results are shown in Figs. 19a and 19b. An order of magnitude difference between the

reflection coefficients for S0 to S0 and A0 to A0 is observed. This is consistent with what is mentioned in the

literature, that is, delamination is easier to detect with A0 waves [46]. There is also mode conversion taking

place giving significant amplitudes for S0 to A0 and A0 to S0 modes. Both these facts are also supported by

Figs. 20a and 20b which show the main modes carrying energy. Hence, the A0 mode is selected to detect

delamination. A0 to A0 reflection and transmission coefficients and A0 to S0 reflection and transmission

coefficients are retained in the reduced model. Note that the power scattering coefficients sum up to one;

for convenience, only the reflection coefficients are shown in Figs. 20a and 20b. These are two orders of

magnitudes smaller than the transmission coefficients and would hardly be visible plotting all coefficients

simultaneously.

(a) Reflection coefficient (b) Transmission coefficient

Figure 19: Scattering coefficients for a delamination in a composite beam. S0 to S0 (- -), S0 to A0 (· · · ), A0 to A0 (–) and A0

to S0 (-·-).

The mesh for the FE simulation contains 72000 C3D8R elements. The simulated time window is 300µs

because of the lower group velocity of A0 mode. The time taken for the simulation is 2465s. After loading

necessary data into the memory, the reconstruction takes 0.2192s. The results from FE and WFE approach

are shown in Figs. 21 and 22 for the in-plane and out-of-plane displacements respectively. Fig. 21a shows

three different reflections from damage. The mode converted S0 waves are faster, so they reach the observa-

tion point 1 first. Their amplitude is much smaller compared to the reflected A0 wave which arrives later.

The amplitude of the reflected S0 wave is so small that it results in negligible out-of-plane displacements

in Fig. 21b. The same holds for observation point 2 where only two waves are observed in the simulated
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(a) Incident S0 wave (b) Incident A0 wave

Figure 20: Energy carrying modes for a beam with a delamination with S0 to S0 and A0 to A0 reflection coefficients (- -), S0

to A0 and A0 to S0 reflection (-·-) and transmission coefficients (· · · ). S0 to S0 and A0 to A0 transmission coefficients are not

plotted as they are an order of magnitude larger.

time window, a mode converted S0 wave and a A0 wave. The results are once again found to be in good

agreement with each other.

(a) In-plane (b) Out-of-plane

Figure 21: Time domain comparison between FE (–) and WFE (- -) at a node located at observation point 1 for a composite

beam with a delamination damage.
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(a) In-plane (b) Out-of-plane

Figure 22: Time domain comparison between FE (–) and WFE (- -) at a node located at observation point 2 for a composite

beam with a delamination damage.

4. Conclusions

An approach for transient simulations of ultrasonic guided waves in layered composite structures is

presented. A number of different scenarios of wave propagation and damage types are modelled and validated

to support the claims made. The main conclusions of the work are as follows:

� An approach for applying complex displacement fields which are representative of physical excitation

from piezoelectric transducers is developed in the scope of guided wave excitation in structures.

� An approach for modelling any shape or type of damage is integrated in the methodology to model

actual physical damage scenarios.

� A robust model order reduction strategy has been developed to select only those modes which con-

tribute towards the final transient response in the structure.

� An excellent agreement is observed between the WFE approach and full FE simulations.

� Orders of magnitude reduction in computational time and memory consumption is observed comparing

WFE to FE simulations. It should be noted that this reduction will be even more pronounced when

the approach is programmed in an optimal solver.

Considering the strengths of this approach it can be used to train surrogate models for generating a

comprehensive library of results for multiple damage scenarios. This may become part of a probabilistic

SHM framework for damage detection and identification. A natural next step is to extend this work to
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two dimensional composite structures where performing full FE simulations for multiple scenarios no longer

remains practical due to large computational times.
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