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In this work we explore the connections between Newman-Penrose scalars, including the Penrose-
Rindler K-curvature, with the equation of state of asymptotically Anti-de Sitter Reissner-Nordström
black holes. After briefly reviewing the equation of state for these black holes from the point of
view of both the Extended Phase Space and the Horizon Thermodynamics approaches, a geometric
splitting is given for such an equation in terms of the non vanishing Newman-Penrose scalars which
define theK-curvature at the horizon. From this splitting, a possible thermodynamical interpretation
is developed for such scalars in the context of the black hole thermodynamics approaches initially
discussed. Afterwards, the square root of the Bel-Robinson tensor is employed to propose conditions
at the horizons in terms of pressures or energy densities, which can be understood as alternative
thermodynamical definitions of these surfaces.

I. INTRODUCTION

Among all consequences of Einstein’s General Relativ-
ity (GR), black holes (BHs) populate the imagination of
both physicists and mathematicians, with Hawking and
Penrose theorems [1, 2] exemplifying this marriage in a
superb way. In spite GR being a well-defined theory from
the mathematical point of view, there are different ap-
proaches towards it, most of them based on techniques
from differential geometry. Among these approaches,
the Newman-Penrose formalism (NP) for spin coefficients
(SC) [3, 4] enlightens GR, both from a fundamental and a
practical/computational point of view, allowing interest-
ing formal developments such as the Petrov classification
and the Goldberg-Sachs theorem. One of the mathemati-
cal objects defined within the SC formalism, the Penrose
and Rindler’s complex curvature, K (see Ref. [3], Eq.
(4.14.20).), has been scarcely used along last decades,
its main use coming from Hawking’s topology theorem
[5], together with its generalizations [6], and from the
definition of Hawking’s quasilocal energy [7–9]. In ad-
dition, Hayward rewrote [10] the laws of BH dynamics
in terms of the SC formalism, involving the K-curvature
in the description of the geometry of 2-surfaces and re-
lating it to an energy density. Recently, in order to vi-
sualize space-time curvature via the so-called frame-drag
vortexes, Thorne and coworkers have rewritten some fea-
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tures of the tidal and frame-drag fields in terms of K
[11–13].

In a different but related context, theoretical evidence
has accumulated suggesting a deep relationship between
gravitation, thermodynamics, and quantum theory [14,
15]. Recently, new perspectives [16] with respect to the
thermodynamical role of the cosmological constant in the
context of BH physics, first studied in [17, 18], led to
the realization that BH thermodynamics is a much richer
subject than previously thought. Namely, variations of
this parameter for asymptotically anti-de Sitter (AdS)
BHs, defined globally through approaches such as [19],
allow for the introduction of readily defined pressures,
volumes, phase behaviors, etc., in such settings. The
analysis of the resulting thermodynamics leads to the ex-
tended phase space (EPS) approach for BH thermody-
namics (for further details, see [20]). As a general fea-
ture, here we remark that asymptotically AdS BHs are
found to be quite analogous to Van der Waals (VdW)
fluids within this context.

Now well, to further pursue the aforementioned connec-
tions, in this work we provide a thermodynamic inter-
pretation for the K-curvature, together with other rel-
evant scalars defined in the SC framework, in terms of
the equation of state (EoS) of AdS-Reissner-Nordström
(RN) BHs. This interpretation is motivated by a geomet-
ric splitting of such equation that let us associate certain
combination of Newman-Penrose scalars to each term of
the EoS. Interestingly, we find that the EoS corresponds
intrinsically to an important theorem that related K with
the Gaussian curvature of a 2-surface, applied to the BH
horizon. The identification is performed within the EPS
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framework and then a comparison with another approach
to BH thermodynamics, the so-called Horizon Thermo-
dynamics (HT) [15], is considered. Although it is clear
that a thermodynamic interpretation for the NP scalars
could be done directly from the laws of BH dynamics,
which can be interpreted as thermodynamic under cer-
tain assumptions such as stationarity, it is not straight-
forward to assign the role of pressure to any quantity
within this context [21]. Therefore, it is necessary to in-
clude prescriptions for the identification of pressure such
as those present in EPS or HT, and this fact can be seen
as a justification for our approach. Although much of
our discussion is framed in the context od AdS-RN BH,
mainly because they are the most general static solution
for an Einstein-Maxwell system, there are some features
of our results that can be extended to other static settings
in a straightforward way, and this possibility is discussed
along the text.

After presenting the identifications in EPS and HT, we
venture to propose an additional identification for NP
scalars in terms of pressures uniquely, taking into ac-
count the preceding results and a definition of pressure
based on the square root of the Bel-Robinson (SQBR)
tensor [22]. To end, we show that the K-curvature of the
horizon can be decomposed in terms of the SQBR tensor
and the aforementioned pressures associated now with
the Maxwell and AdS sector. An equivalent proposal is
considered in terms of energy densities. We follow these
findings with a discussion of their plausibility and their
relation with previous research in the literature.

The manuscript is organized as follows. Section II briefly
summarizes both the Extended Phase Space (EPS) and
Horizon Thermodynamics (HT) approaches, from which
the EoS for an AdS-RN BH is derived. The geometric
splitting of the EoS in terms of the K-curvature, which
is one of our main findings, is discussed in Section III.
while Section IV introduces a thermodynamical condi-
tion at (or defining) the BH horizons in terms of pres-
sures associated with K by considering the SQBR ten-
sor. Afterwards, Section V is devoted to discuss our
results and possible future work, with some additional
final remarks given in Section VI. We use units where
~ = c = kB = G = 1, and our signature is (+ − −−).
Conventions regarding Riemann tensor, Einstein equa-
tions, and the definition of scalars follow those of Penrose
and Rindler [3].

II. BLACK HOLE EQUATIONS OF STATE

To provide a self-contained context for our results, this
section is devoted to review the main ideas leading to
the concept of BH EoS using both the EPS and HT ap-
proaches. Emphasis will be given to the construction and
interpretation of the EoS for the AdS–RN BH.

A. Extended Phase Space

In the EPS approach [16, 21, 23–28], also known as Black
Hole Chemistry [20], we consider a BH spacetime with
an AdS background, where the cosmological constant,
λ, is allowed to take different values. By comparing
the asymptotically AdS spacetime with cosmological con-
stant λ with another spacetime of the same class, with
corresponding constant λ+ dλ, the first law can be writ-
ten as dM = TdS + VtdPλ + φdQ + ..., where Vt is
a thermodynamical volume [20] conjugate to the pres-
sure Pλ, which is defined as Pλ = − λ

8π . An important
consequence of this extended first law is that the mass
M is identified with the thermodynamical enthalpy H ,
i.e: H(P, S) = M [16], instead of the internal energy
U , as it can be read from the intensive and extensive
variables of the new first law. Therefore, the correspond-
ing conjugated variables are given by T =

(

∂M
∂S

)

Pλ

and

Vt =
(

∂M
∂Pλ

)

S
, respectively, as expected from the usual

thermodynamical theory.
One of the main advantages of the EPS approach is the
possibility of readily obtaining EoS for different AdS-
BHs. For instance, the EoS for the AdS-Reissner–
Nordström (AdS-RN) BH can be obtained as follows.
The AdS-RN BH, in four dimensions D = 4 and writ-
ten in conventional coordinates, is characterized by the
metric

ds2 = f(r)dt2 − f−1(r)dr2 − r2dΩ2, (1)

where dΩ2 is the usual metric for the two–sphere
and

f(r) = 1− 2M

r
+

Q2

r2
+

r2

l2
, (2)

where the cosmological constant in terms of the AdS ra-
dius, l, is given by λ = − 3

l2
. The BH horizon, r+, is

defined from grr(r+) = f(r+) = 0. From this horizon
condition, the BH mass M can be expressed in terms of
the parameters (Q, r+, l

2), as

M =
r+
2

(

1 +
Q2

r2+
+

r2+
l2

)

. (3)

As commented before, the importance of Eq. (3) lies
in the fact that it can be identified with the enthalpy,
as argued within the EPS approach. Therefore, we can
obtain both the temperature and the thermodynami-
cal volume of the AdS-RN BH by the standard expres-

sions T =
(

∂M
∂S

)

Pλ

and Vt =
(

∂M
∂Pλ

)

S
which explicitly

yield

T =
3r4+ + l2(r2+ −Q2)

4πr3+l
2

. (4)
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and, after noting that l−2 = 8πPλ/3,

Vt =
4πr3+
3

, (5)

respectively.
Having already defined the pressure Pλ, and obtained the
temperature T and the thermodynamical volume Vt, an
EoS can be constructed. In order to do this, let us define
a specific volume v = 2r+ (lp = 1). Then, Eq. (4) can
be written as a VdW EoS for the AdS–RN BH in terms
of this specific volume as [20],

Pλ =
T

v
− 1

2πv2
+

2Q2

πv4
. (6)

Let us recall that the specific volume, in the context of
usual thermodynamics, is given by v = Vt

N̄
, where N̄

should be understood as a number of particles. In fact, we
can associate a number of particles to the horizon from a
thermodynamic point of view, following in spirit the ideas
within [29–33], from which an interpretation of AdS-RN
BHs in terms of a VdW gas can be proposed.
Provided we know the thermodynamical volume is given
by Eq. (5), then the particle number N̄ should be pro-
portional to r2+. This sets the proportionality constant
as 4π/6. Even more, when demanding consistency with
v = 2r+, then the number of particles N̄ can be written
as A/6, where A is the area of the horizon, which could be
interpreted as a realization of the Holographic Principle.
Finally, with the help of N̄ and the thermodynamical vol-
ume, Vt, the EoS for the AdS–RN BH formally coincides
with that of a VdW EoS (including a second virial term),
reading

Pλ =
N̄T

Vt

− 1

2π

N̄2

V 2
t

+
2Q2

π

N̄4

V 4
t

. (7)

From this equation, it follows that a corpuscular micro-
scopical interaction model could be proposed to provide
an statistical mechanical foundation to this result. This
possibility has been recently addressed in Ref. [29], in
which both the equation of state given by Eq. (7) and the
Bekenstein-Hawking entropy of a D-dimensional AdS-
RN BH are recovered, using techniques from statistical
mechanics and employing certain heuristic gravitational
constraints.

B. Horizon thermodynamics

The origin of HT was the realization [34] that the Ein-
stein equations on the horizon of spherically symmetric
spacetimes can be interpreted in terms of the first law of
thermodynamics. This relevant observation has been ex-
tended to other cases corresponding to different gravita-
tional theories and symmetries (for a review see [15, 35]),

and also to the study of the thermodynamics of null sur-
faces [36]. The basic idea of HT is based on the identifi-
cation

Ptot = T r
r, (8)

being Tµν the energy-momentum tensor of the complete
matter sector (including a possible cosmological con-
stant) evaluated at the horizon. Then, under the as-
sumption of an Euclidean (thermodynamic) volume for
the BH, the radial Einstein equation can be interpreted
as an EoS, Ptot = Ptot(T, V ) for spherically symmetric
AdS BHs [37]. Interestingly, this EoS does not depend
on the specific form of gtt = grr and the specific mat-
ter content is relevant only when interpreting the re-
sults. Even more, the authors of Ref. [37] derive the
first law of HTs for Lovelock-Lanczos theories in the form
dE = TdS−PtotdV , whereE is an energy associated with
the BH whose meaning is discussed below. In addition,
the horizon enthalpy and Gibbs energy are defined ac-
cording to the standard prescriptions G = E −TS+PV
and H = G+ TS.
In the case of AdS–RN BHs we are interested in, the
main differences between the EPS and HT approaches
are: (i) the work term φdQ which is present in the EPS
approach contributes, within HT, to the total pressure
associated to the matter fields; (ii) in HT, the BH volume
is assumed to be the Euclidean geometrical volume, being
independent on the matter sector in contrast with the
EPS approach, in which the volume is conjugate to the
pressure given by the cosmological constant and depends
on the matter content of the theory; (iii) regarding the
quantities E,H,M defined in HT, the authors of Ref.
[37] make the following proposal: M is the standard BH
mass and E is the horizon curvature energy (the energy
required to warp spacetime so that it embeds an horizon).
Interestingly, E vanishes for planar and toroidal BHs and
can be negative for hyperbolic and higher genus BHs.
From a geometric point of view, it has been noted that E
is related with the transverse geometry of the horizon [38]
and with the generalized Misner–Sharp mass (evaluated
at the horizon), M(r+), which is given by [39],

M(r+) = E + PλV. (9)

For any matter content, it has been shown [40] that
M satisfies the generalized first law [41]. Regarding
the enthalpy, for AdS–RN BHs we have that [37] M =
H +Qφ+ 2PmV , where Pm stands for the pressure cor-
responding to the matter sector. Therefore, only when
Pm = 0 we have H = M = E + PλV . Finally, we re-
call that only in vacuum and for Ptot > 0, both the EPS
and the HT approaches yield the same kind of thermo-
dynamic behaviors and phase transitions [37]. Finally,
following [37] it is easy to see that the EoS for AdS–RN
BHs is given by

Ptot =
T

2r+
− 1

8πr2+
, (10)



4

where V is given by Eq. (5) and

Ptot = Pm + Pλ, (11)

with

Pm = T r
r =

Q2

8πr4+
, (12)

is the radiation pressure exerted on the horizon due only
to the Maxwellian source terms. Finally, we note that,
although Eqs. (7) and (10) coincide, the thermodynam-
ical behavior which they describe is different, as pointed
out in [37].

III. EQUATION OF STATE AND
K-CURVATURE

In this section, a geometric interpretation for the EoS
describing an AdS–RN BH is developed. In particular, it
is shown that the mentioned EoS can be derived from the
concept ofK-curvature developed by Penrose and Rindler
[3].
Let us consider a spherically symmetric and static ge-
ometry describing a BH within GR (including a neg-
ative cosmological constant, λ) coupled with Maxwell
electrodynamics. Using the Schwarzschild ansatz we can
write

ds2 = f(r)dt2 − f(r)−1dr2 − r2dΩ2. (13)

After choosing the following null tetrad

la = (1, f, 0, 0),

na = (
1

2f
,−1

2
, 0, 0),

ma = (0, 0,
1√
2r

,
i cscθ√

2r
) (14)

with l · n = 1 and m · m̄ = −1, with the bar denoting
complex conjugation, the only non–vanishing NP sym-
bols for the static Einstein–Maxwell system are

Ψ2 = Cpqrsl
pmqm̄rns,

Φ11 = −1

2
Rabl

anb + 3Λ,

Λ =
R

24
. (15)

Specifically, for a metric given by Eq. (13) we get

Ψ2 = − 1

6r2
+

f

6r2
− f ′

6r
+

f ′′

12
,

Φ11 =
1

4r2
− f

4r2
+

f ′′

8
,

Λ =
1

12r2
− f

12r2
− f ′

6r
− f ′′

24
. (16)

At this point, a couple of comments are in order. First,

note that, after introducing the Misner-Sharp mass,
M(r), as

f(r) = 1− 2M(r)

r
, (17)

the following relation can be obtained:

M = (Φ11 −Ψ2 + Λ)r3, (18)

whose validity extends beyond our metric form (13), as
discussed below in Section V.
Second, the Komar energy,

EK = − 1

8π

∫

S2(r)

dSµν∇µξν , (19)

where dSµν denotes the surface element on S2(r) and
ξµ = (1, 0, 0, 0) is a timelike Killing vector, can be writ-
ten, as checked by explicit calculation, as

EK = −(2Λ + Ψ2)r
3. (20)

Therefore, using Eqs. (18) and (20), we obtain a relation
between the Komar energy and the Misner mass

EK = −(3Λ + Φ11)r
3 +M. (21)

Let us now consider the so-called holographic en-
ergy equipartition [15] which, for a static spacetime,
reads

EK ≡
∫

V

d3x
√
hρK =̂

1

2

∫

∂V

d2x
√
σ

l2p
Tloc, (22)

where h and σ are the induced metrics defined on V and
∂V , respectively, Tloc stands for the local Hawking tem-
perature measured by an observer at rest in this space-
time and ρK is defined as a Komar energy–density. The
symbol =̂ is used to specify that the equality is only valid
at the horizon, r = r+, and it will be used with such
meaning from now on. Following [15] we can attribute
∆N = d2x

√
σl−2

p microscopic degrees of freedom to an

area element ∆A = d2x
√
σ.

Even more, Eq. (22) can be written on the horizon, r+,
as

EK =̂
1

2
r2+f

′(r+) =
1

2
NT, (23)

where T = f ′(r+)
4π and N = A = 4πr2+.

In the AdS-RN case, by taking the trace of Einstein equa-
tions we get

Λ = − 1

2l2
. (24)

Therefore, Eq. (21) can be written as

EK = M−
(

Φ11 −
3

2l2

)

r3. (25)
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Thus, if the pressure Pλ is identified with 3
8πl2 , which

is the essential assumption of the EPS formalism briefly
summarized in the previous section, and after considering
that EK =̂ 1

2NT = 2TS, where S is the entropy of the
BH, Eq. (25) can be written as

M =̂ 2T S − 3(ω + Pλ)V, (26)

where ω is, for the moment, a pressure contribution de-
fined as

ω = −Φ11

4π
, (27)

and V =
4πr3+

3 is the areal volume, which corresponds,
in the EPS approach, to the thermodynamic volume for
AdS–RN BHs, as previously stated.
Up to this point, some comments are in order. First,
note that the standard Smarr relation for AdS-RN BHs
is recovered. In the uncharged case we get

Ψ2 =̂ −M

r3+
,

Φ11 = 0,

Λ = − 1

2l2
,

M =̂ M − r3+
2l2

,

M =̂ 2TS − 2PV. (28)

Second, in the charged (Maxwell) case we have

Ψ2 =̂
Q2 −Mr+

r4+
,

Φ11 =̂
Q2

2r4+
,

Λ = − 1

2l2
,

M =̂ M − Q2

2r+
− 1

2l2
r3+,

M =̂ 2TS + φQ− 2PV, (29)

where φ is taken to be the electric potential at the hori-
zon. And third, Eq. (26) can be written as the VdW
EoS given by Eq. (6) or Eq. (7).
Now, we will connect the previous EoS with the geomet-
ric quantities used in the SC formalism, which is one of
our main results. Penrose and Rindler [3] introduce the
(complex) K-curvature of any spacelike two–surface in
spacetime:

K = −σλ−Ψ2 − ρ̃µ+Φ11 + Λ, (30)

where σ = mamb∇bla, λ = m̄am̄b∇bna, ρ̃ = mam̄b∇bla
and µ = m̄amb∇bna, are spin coefficients related to the
expansion and shear of the null congruences with tangent
vectors la and na. Even more, they show [3] that

K + K̄ = kg, (31)

where kg is the Gaussian curvature of the considered
two–surface and K̄ is the complex conjugate of K. For
an AdS–RN BH horizon (generated by a shear– and
expansion–free null congruence, where ρ̃ = 0 = σ = λ),
Eq. (31) reads

kg
2

+ Ψ2 − Φ11 − Λ =
f

2r2
=̂ 0, (32)

where the first equality is provided by explicit compu-
tation and proves that theorem (31) is, when evaluated
at a horizon, equivalent to the vanishing of the metric
function f . Once the corresponding values for the NP
scalars for the AdS–RN solution are computed, we write
the mass as a function of the temperature using Eqs. (3)
and (4), obtaining

M = 2
r3+
l2

+ r+ − 2πr2+T. (33)

Then, introducing Eq. (33) in Eq. (31) we obtain Eq.
(7), which we remind the reader is given by

Pλ =
N̄T

V
− 1

2π

N̄2

V 2
+

2Q2

π

N̄4

V 4
. (34)

In this equation of state, the following identification can
be performed

− 3

4π
Λ = Pλ,

− 1

4π
(Ψ2 + 2Λ) =

N̄T

V
,

1

4π
K =

1

4π

1

2
kg =

1

2π

N̄2

V 2
,

1

4π
Φ11 =

2Q2

π

N̄4

V 4
, (35)

which can be taken as the geometric splitting of the EoS
for AdS–RN BHs in the EPS setting. It is important
to note that this identification is not unique, but it de-
pends on the thermodynamical framework in which one
is working. For example, in the HT approach we have
that the pressure is defined in terms of T r

r, as reviewed
above; in this context, the corresponding identification is
given by

− 1

4π
(Φ11 + 3Λ) = Ptot,

− 1

4π
(Ψ2 + 2Λ) =

N̄T

V
,

1

4π
K =

1

4π

1

2
kg =

1

2π

N̄2

V 2
. (36)

The main difference, as discussed in [37], lies in the fact
that the HT pressure includes contributions from all mat-
ter sources; thus, we can not split NP scalars as associ-
ated to the cosmological constant and the radiation pres-
sure from a thermodynamic point of view. In addition,
we must remark that the independence of the thermo-
dynamic description with respect to the explicit matter
sources that characterizes HT is recovered in these latter
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results; therefore, the extension of these identifications
to situations with additional sources such as scalar fields
is straightforward.
Summarizing, the proposed identifications let us con-
clude that the equation of state given by Eq. (7) is noth-
ing but the theorem expressed by Eq. (31) linking the
K–curvature with the Gaussian curvature of the horizon
of an AdS-RN BH. Specifically for the EPS case, the NP
scalars are involved in the following way: Λ corresponds
to the pressure, the Komar density corresponds to the
kinetic term of the ideal gas, the complex curvature K
corresponds to the VdW “interaction term” and Φ11 cor-
responds to the second virial term which describes the
Maxwellian radiation pressure exerted on the horizon.
In the case of HT, there is no second virial term since it
has to be regarded as part of the thermodynamical pres-
sure. This fact leads to striking differences between the
two approaches with respect to the phase behavior and
the interpretation of the results, that are analogous to
the results of [37]. In addition to these points, the corre-
spondence that we obtained permits, in principle, to see
how the geometric information encoded in the NP scalars
“emerges” from statistical mechanical models such as the
one proposed in Ref. [29]. The corresponding devel-
opment for the interaction term was already discussed
in detail in that reference and for the Komar energy in
[30].

IV. PRESSURE/ENERGY DENSITY
CONDITIONS AT THE HORIZON

From the set of non-vanishing NP scalars for our static
spherically symmetric case, {Λ,Ψ2,Φ11}, and their com-
bination in terms of K, we have identified Λ and Φ11

with pressure terms, the first corresponding to the cos-
mological pressure and the second one to the Maxwellian
radiation pressure exerted on the horizon. In addition,
we established that these identifications are not unique
but depend on the thermodynamic framework in which
the BH are described. Our purpose in this Section is to
take this idea further and provide another framework in
which pressure-like interpretations are considered for the
whole set of NP scalars, with the consequence that it is
possible to define the event horizon in terms of a sum
of these pressures. By virtue of the respective equations
of state for each element, such a sum can also be under-
stood as a condition on the total energy density, which
is interesting and deserves to be discussed.

Let us now motivate our subsequent discussion by fixing
our attention in the second equality of Eq. (32), which,
remembering that this equation is equivalent to the van-
ishing of the metric function at the horizon, reads

1

2r2+
− M

r3+
+

Q2

2r4+
+

1

2l2
= 0, (37)

or
(

3

4π

1

2r2+

)

−
(

M

V

)

+3

(

1

4π

Q2

2r4+

)

+

(

3

8πl2

)

= 0. (38)

Notice that, since we are working with units such that
4πǫ0 = 1, the third term of Eq. (38) represents the radi-
ation pressure exerted on the horizon, which constitutes
the matter contribution, Pm, relevant for this case under
the HT approach, as previously stated. That is,

Pm =
1

4π

Q2

2r4+
. (39)

If we naively define an energy density, ρM , as M/V , then
Eq. (38) reads

(

3

4π

1

2r2+

)

− ρM + 3Pm + Pλ = 0, (40)

or

− (ρM + ρλ) + 3(Pm + Pσ) = 0, (41)

where the energy density associated with the cosmolog-
ical constant, ρλ = −Pλ has been introduced in or-
der to facilitate the interpretation of Eq. (41) and we
have introduced a horizon curvature pressure on the hori-
zon:

Pσ =
kg
8π

. (42)

This pressure was defined originally in [37] for general
horizons and can be associated to their curvature since
its sign depends on the sign of the 2-curvature of such
surfaces, and also because it vanishes for planar hori-
zons. It is useful to note, given the upcoming discussion,
that a local equation of state can be constructed for this
pressure by considering its relation with the horizon cur-

vature energy mentioned above. Namely, we can define a
horizon curvature energy density for this energy, which
is given by E = r+

2 , as

ρσ ≡ E

Vt

=
3

4π

1

2r2+
, (43)

with Vt the Euclidean volume considered in HT. From
this expression, explicit calculation leads to the follow-
ing equation of state for the horizon curvature vari-
ables

Pσ =
1

3
ρσ. (44)

At this point, one could be tempted to read Eq. (41) as
some kind of thermodynamical condition on the horizon
but, in order to do that, an object defining “a pressure
related toM” has to be introduced. In fact, this is largely
artificial since both M and Q contribute to the Riemann
curvature. In this line of thought, what makes more sense
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is to split the Riemann curvature as usual in its traceless
and matter parts using the Weyl and Ricci curvatures.
Following this argument, here we will see that Eq. (41)
and, therefore, Eq. (30), can be written in terms of the
gravitational energy-momentum by using the SQBR ten-
sor [22].
For a generic spacetime, the Bel-Robinson tensor is de-
fined as [42–44]

Tabcd = CaecfC
e f
b d + ∗Caecf

∗C e f
b d , (45)

where Caecf corresponds to the Weyl tensor and ∗ de-
notes the Hodge dual in four dimensions. The BR ten-
sor is completely symmetric, traceless and covariantly
conserved in vacuum. Given a generic timelike congru-
ence, ua, a super–energy density can be defined as W =
Tabcdu

aubucud. Even more, as the BR tensor has dimen-
sions of [L]−4, a properly defined square root could ac-
count for a possible definition of the energy–momentum
tensor for free gravitational fields [22]. The SQBR tensor,
tab, is a symmetric, two–index tensor which is solution of
[45]

Tabcd = t(abtcd) −
1

2
t ee t(abgcd) +

1

24

(

tef t
ef +

1

2
(t ee )

2

)

g(abgcd). (46)

In fact, tab +Hgab, where H is an arbitrary function, is
also a solution of Eq. (46).

Exploiting that the solutions we are interested in are clas-
sified within the Petrov-D type, then tab can be written
as [22]

tab = 2 c |Ψ2|
(

l(anb) +m(am̄b)

)

+Hgab, (47)

where c is an arbitrary constant introduced in order to
compare with different possible conventions as in Ref.
[46]. Different choices for the arbitrary function H have
appeared in the literature, basically depending on the
vanishing of the covariant divergence of tab, ua∇bt

ab. On
one hand, the form of H consistent with covariant con-
servation has been considered in Refs. [47, 48] and, on
the other hand, H = 0 has been chosen in Ref. [46] in
order to secure a traceless tab and, therefore, a massless
carrier of the gravitational field.

A fluid–like interpretation of the SQBR tensor can be
specified once a timelike congruence ua, with uaua = 1,
has been chosen. Such congruence is interpreted as a
family of observers carrying a four–velocity ua. If the
associated orthogonal projector is hab = gab − uaub, any
tensor (in particular the SQBR tensor) can be decom-
posed as

tab = µguaub − 2q(aub) + Pghab + πab. (48)

For the SQBR tensor, µg, qa, Pg and πab can be taken to
be the energy density, heat flux, isotropic and anisotropic
pressures, respectively, associated to gravitation and
measured by the observer ua. Note that these identi-
fications are strongly linked with the identification of the
SQBR tensor as the object that describes the energy and
momentum of gravitation.

In the frame adapted to the principal null directions
(the comoving frame), and choosing H = 0, these
thermodynamic quantities read [46]

µg = c |Ψ2|,
Pg = − c

3
|Ψ2|,

qa = 0,

πab =
2 c

3
(xaxb + yayb − 2zazb) (49)

where the triad {xa, yb, zc} is a set of orthonormal basis
vectors (see [46] for details). Interestingly, the EoS

Pg = −1

3
µg (50)

is also valid for type N spacetimes, being invariant under
general Lorentz transformations [46]. On the contrary, if
ua∇bt

ab = 0 is taken as the main constraint of the SQBR
tensor, then H ∼ −Ψ2 and Pg = 0 [47].
Let us now fix our attention in the first equality of Eq.
(32), which reads

kg
2

+ Ψ2 − Φ11 − Λ = 0. (51)

If we choose H = 0, and consider that Ψ2 is negative for
well behaved AdS-RN BHs, then Eq. (51) can be written
as

−
(

3

4πc
µg + ρλ

)

+ 3(Pσ − Pm) = 0. (52)

or

Pλ − 3(Pm − Pσ − 3

4πc
Pg) = 0, (53)

which can be interpreted as a pressure constraint that
defines the horizon. Note that the combination of signs
which appears in Eq. (53) is determined by those of Eq.
(30). Finally, we note that Eq. (53) clearly shows that
the curvature pressure at (or defining the) horizons can
be decomposed on matter (including cosmological) and
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gravitational components.

We would like to stress again that Eq. (53) is
completely equivalent to Eq. (32), which can be used to
define the horizon. Then, r = r+ is a horizon for the
AdS-RN BH when

∑

i=g,m,λ,σ

αiPi(r+) = 0, (54)

where the corresponding pressures have been defined
above and αi are the respective numerical factors. It
is important to note that, by virtue of the EoS for the
different components, it is possible to obtain a energy
density version of (53) which has an interesting form.
Namely:

3

4πc
µg + ρλ − ρσ + ρm = 0. (55)

As discussed above, c is introduced as a dimensionless nu-
merical constant whose introduction is motivated mainly
by the comparison between conventions; however, we see
that its effects are non-trivial in these equations. Specif-
ically, if we define a (local) total energy density for the
horizon as ρnet = ρm + ρλ + ρσ + µg, it follows from (55)
that

ρnet = 2ρσ +

(

1− 3

4πc

)

µg = |Ψ2|
(

c− 3

4π

)

. (56)

Thus, it is evident that c has an important effect in the
value of the total energy density. As an example, we can
consider the case c = 3

4π , where Eqs. (52), (53), and (55)
take the form,

− (µg + ρλ) + 3(Pσ − Pm) = 0, (57)

Pλ − 3(Pm − Pσ − Pg) = 0, (58)

and

µg + ρλ + ρm = ρσ. (59)

This equation states, under the suppositions described,
that the horizon could be defined as a spherical surface
whose horizon energy density equals the remaining en-
ergy content, including gravitation. At this point, it is
important to consider whether additional conditions ex-
ist which could lead us to expect some value for µg, since
this condition amounts to a physical argument to choose
a value for c. This is an interesting point that requires
further research. Nevertheless, we must remark that our
findings show that, in any case, an horizon can be de-
fined through a thermodynamical condition on the total
energy in terms of the energies of the different elements
that compose the system, this statement being also valid
for the pressure condition (53). In particular, for this
condition, our result certainly can not be interpreted a
priori as an equilibrium condition, as evident from the

coefficients in the pressure equation; instead, these co-
efficients are more general and could be associated to a
condition on decoupled substances in contact.

In a broader sense, we can conclude that there is another
way to define horizons, from a thermodynamical point
of view, in addition to the usual considerations about
the Einstein equations as either realizations of the first
law (HT) or EoS, and the interpretation of geometrical
charges as thermodynamical potentials such as enthalpy
(EPS); namely, as surfaces where energy densities or pres-
sures of the constituents must satisfy a specific condition.
It is expected that this rationale extends in static spher-
ically symmetric metrics beyond our AdS-RN setting, by
identifying the appropriate pressure and energy density
terms for the additional sources in the context of hairy
black holes, for example. From our point of view, micro-
scopical models could be introduced to provide an sta-
tistical foundation for these conditions in the context of
emergent gravity, although we consider that the absence
of a temperature term leaves a greater range of possibil-
ities open for these models than in the other approaches
to BH thermodynamics, which is an issue when trying to
restrict the microscopic models from which gravitation
could emerge.

V. DISCUSSION

In this section we make some remarks with respect to
the obtained results and discuss the different connec-
tions with previous work in the literature. In particu-
lar, we will focus in two aspects: the relation of our EoS
in terms of NP scalars with the general laws of BH dy-
namics first laid out by Hayward in the language of SC
[10]. Finally, we give some remarks with respect to the
thermodynamic identifications we found, the differences
between different approaches such as HT and EPS, and
give some conclusions.

First of all, it is necessary to discuss our results in the
context of previous work by Hayward [10]. As we pointed
out before, this work states the laws of BH dynamics
in terms of SC. These laws have an essentially geomet-
ric character, so it is interesting to remark the similari-
ties and differences with BH thermodynamics in terms of
EoS, beyond the lack of prescriptions for the identifica-
tion of pressures in such geometric setting that we men-
tioned above. Hayward’s work is based on the study of
the evolution of spacetime along null congruences; in fact,
in previous work [49], Hayward also constructs the so-
called dual-null dynamics of the gravitational field along
this guideline. For our purposes, we summarize here some
results of these works that we consider relevant for our
discussion. In equation (18) we associated the Misner-
Sharp mass to a certain combination of NP scalars; in
fact, this relation is a particular case of the Equation
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(21) of [10], which states that

M =
1

2π

√

A

16π

∫

S

∗K + ρ̃µ− σλ + ττ ′

χχ̄
, (60)

where M is to be understood, in this context, as
the double-null Hamiltonian which reduces to Misner-
Sharp mass in the spherically symmetric case, and τ =
manb∇bla, τ

′ = m̄alb∇bna are spin-coefficients related
to the twist of the null congruences, and vanish for the
spherically symmetric spacetime that we are considering.
S is a compact 2-surface with area A and area form ∗1,
where the Hogde dual is understood for forms defined on
S. χ is fixed from the normalization of the spin basis, in
this case χχ̄ = lana = 1. After replacing the definition
of the K-curvature, it is found that

M =
1

2π

√

A

16π

∫

S

∗−Ψ2 +Φ11 + Λ+ ττ ′

χχ̄
. (61)

When we consider S to be a constant radius 2-surface in
a spherically symmetric spacetime, Equation (18) is re-
covered. Thus, upon identification of the NP scalars with
pressures we have the corresponding expression (61) that
applies to general spacetimes. It remains to be seen if a
thermodynamical interpretation can be provided for τ
and τ ′ in stationary spacetimes, which we consider nec-
essary for the analysis of rotating spacetimes within our
approach.
More connections can be identified between our results
and the approach of [10]. In fact, one could ask whether
thermodynamical approaches such as EPS or HT can be
reconstructed in the language of SC and dual-null dynam-
ics. This is indeed the case for HT. As reviewed above,
this framework is constructed from the radial Einstein
equation in a spherically symmetric spacetime, therefore
it is to be expected that one of the equations describ-
ing the evolution of SC can equivalently fulfill such role.
This equation is the cross-focusing equation, Eq. (17) of
[10]:

þ
′ρ̃− ð

′τ = ρ̃µ+ σλ− τ τ̄ −Ψ2 − 2Λ, (62)

where þ′ can be understood as a scaling-invariant ver-
sion of the directional derivative along the null vector na

1, whereas ð′ is the corresponding object for one of the
spacelike directions on the sphere, m̄a (see [3] for more
details). In the case of a horizon in a spherically symmet-
ric spacetime, the vanishing of the spin coefficients men-
tioned above implies that this equation reduces to

þ
′ρ̃ =̂ −Ψ2 − 2Λ. (63)

Hayward [10] argues that the trapping gravity, which in
the dynamical BH laws is analogous to the temperature,

1 In fact, for this symmetry it coincides with such directional

derivative

is defined in terms of þ′ρ̃; furthermore, explicit calcula-
tion for the metric (13) shows that this object is equal to
f ′(r+)/2r+ on the horizon, and then proportional to the
BH temperature. From this fact, Eq. (63) can be taken
as the starting point for HT by considering the definition
of K, Eq. (30), evaluated at the horizon:

K =̂ −Ψ2 +Φ11 + Λ. (64)

This equation, together with (63), implies that

þ
′ρ̃ =̂K − Φ11 − 3Λ. (65)

The contributions associated to the HT EoS can be rec-
ognized in this equation. By Penrose’s theorem (31), we
know that K = kg/2; in addition, as explained in [37],
internal energy in HT is proportional to the curvature
of the horizon, kg, so we have that the K term in this
equation provides the internal energy term of the inte-
grated first law in HT. Furthermore, we identified be-
fore, in Eq. (36), that −(Φ11 + 3Λ) is the pressure for
AdS-RN BH within the HT approach according to the
cosmological constant and radiation pressures; therefore,
we obtain that this identification for the pressure in terms
of Φ11 and Λ applies to any spherically symmetric BH.
Interestingly, this definition provides a connection with
energy conditions in this context since Φ11 + 3Λ ≥ 0 is
one consequence of the dominant energy condition, so we
have that the HT pressure in a spacetime that obeys this
energy condition must be negative. This identification
provides a way to cast BH dynamical laws in thermo-
dynamical terms; for example, Hayward topology theo-
rem [10] implies, in these terms, that a BH with negative
pressure, necessarily must have positive curvature energy
(equivalent to kg > 0). Since many results in [10] are
a consequence of the dominant energy condition, ther-
modynamical statements for HT pressure in spherically
symmetric spacetimes can be readily obtained.
Although we found interesting connections between Hay-
ward’s BH dynamical laws and the BH EoS in terms of
NP scalars, it is important to note that there are differ-
ences; in particular, regarding the laws with an explicit
dynamical component. For example, Hayward’s first law,
Eq. (10) of [10], establishes that the area form of the hori-
zon, ∗1, changes proportionally to the square root of the
NP symbol Φ00, which is zero for the type-D spacetimes
we are considering. The character of this law is funda-
mentally different from the first law of BH thermody-
namics in the HT and EPS approaches; in the first case,
the variation of area (entropy) is connected to virtual

displacements of the horizon, whereas in the second one,
we compare asymptotically AdS solutions with slightly
different parameters, as mentioned before. In fact, this
difference has been pointed out before and its importance
lies in that horizon area and entropy are not connected in
dynamical spacetimes in a straightforward way. In spite
of this issue, it is remarkable that the dynamical first law
can give us lessons that are relevant for the BH thermo-
dynamic approaches we are using. Namely, that different
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Petrov type-D spherically symmetric static spacetimes
can not be connected dynamically through states of the
same type, we must have a non vanishing Φ00 to be able
to generate evolution from one to the other; this require-
ment is to be expected since qualitatively we can imagine
that the feeding of a BH with matter to increase its area
implies both a flux of energy-momentum for the feeding
process and the emission of gravitational waves produced
while the BH reaches it final state. This reasoning gives
us an idea of the high level of idealization required to
describe BH processes in terms of quasistatic trajectories
in a space of states and, in addition, is important in the
context of approaches to thermodynamic equilibrium for
BHs.

In the case of the relation of the EPS approach and the
NP symbols, we must remark that the generalization of
our identification to other spacetimes is not straightfor-
ward. In contrast with HT, where the universality of the
construction allows for a definition of thermodynamics
irrespective of the concrete form of the metric, the EPS
formulation of BH thermodynamics depends strongly on
the matter sources. This can be seen as a trade-off for
a richer phase structure than the one present in the HT
case. For example, in our study of AdS-RN BHs we asso-
ciated the EPS pressure, defined in terms of the cosmo-
logical constant, to the Λ scalar, which is proportional
to the Ricci scalar; however, in other situations could
be contributions to this scalar which are not associated
with the cosmological constant, as in the case of massive
electrodynamics. Thus, the connection of EPS thermo-
dynamical quantities to NP scalars proceeds on a case by
case basis. In a broader setting, it is interesting to note
that the character of the thermodynamical descriptions
is very different in our case and in EPS. We study the
behavior of certain scalars at the horizon, obtaining that
local geometrical relations can be interpreted as thermo-
dynamical relations measured by certain observers, which
put us closer to the spirit of HT, and even Hayward’s
work [10]; on the other hand, EPS considers laws for the
whole spacetime since, as reviewed before, it compares
solutions with slight differences in their parameters. The
horizon relations enter in this context as a change of vari-
able from M to r+, but this should not make us to lose
sight of the structure of the approach. Thus, to map this
structure in terms of NP symbols, defined locally, is not
easy in general terms, even as the explicit EoS can be
readily connected. These issues are far more important
when devising applications, since the possible interpreta-
tions of the results depend on them.

One last aspect we would like to discuss is the freedom
in the choice of thermodynamic variables that our results
suggest. Summarizing, we have seen that there are dif-
ferent ways to assign a thermodynamical role to the ge-
ometric objects that we are interested in, the NP scalars
and K; namely, the equations (35) and (36), together
with the associations with pressures and energy densities
based on the SQBR tensor, Eq. (49).

With these connections in mind, one could ask if there

are some additional criteria that could help to filter out
some alternatives. Naturally, this is the case. One crite-
rion is given by the same reasoning that led historically
from the analogies in BH physics to the recognition of
the true thermodynamical nature of BH: the existence
of processes, such as Hawking radiation, that implement
physically the thermodynamic roles that we assign to ge-
ometric quantities. For example, in our construction of
gravitational pressures via the SQBR tensor it is inter-
esting to study what do mean the identifications that we
performed for pressure and energy density of the gravi-
tational field in terms of Ψ2. One important issue with
the usual thermodynamical reasoning is that the backre-
action of the metric to Hawking radiation is neglected,
perhaps the emitted particles have an associated pressure
that is related with our definition, although this is only
a conjecture that must be studied in depth. In any case,
proposals that describe physically the mechanisms un-
derlying pressures and/or energy densities could be valu-
able; however, the physical implementation of these ideas
is framed in the problem of the interpretation of propos-
als for the energy of the gravitational field, such as the
SQBR tensor, and as such, it remains an open problem
where consensus has not been reached yet.
Another criterion that could help to obtain insights for
the identification of the NP scalars in terms of thermo-
dynamic variables could be the relation with approaches
that consider gravity as an emergent phenomena. For
example, in the EPS approach we can consider a con-
nection of the asymptotically AdS gravitational system
with a field theory via the AdS/CFT correspondence;
in this context, thermodynamical variables such as the
pressure Pλ have a connection with quantities of the the-
ory. In the particular case of the pressure, it has been
argued that this variable corresponds to the number of
flavors in the CFT, and that thermodynamical processes
where pressure varies can be mapped to renormalization
group transformations in the CFT [50]. Another possi-
bility could be a corpuscular model such as the proposal
in [29]. We must recognize that we do not know yet
what model could provide a microscopical basis for grav-
ity, but, in general, if the underlying theory is able to
describe processes with a thermodynamic equivalent in
the spacetime under study, then it constitutes an use-
ful guideline for a true identification. However, there is
still much work to be done in this context to obtain an
answer.

VI. FINAL REMARKS

In this work we have investigated the connections be-
tween Newman-Penrose scalars for spherically symmet-
ric spacetimes and the equations of state for asymptot-
ically Anti-de Sitter Reissner-Nordström black holes in
the context of Horizon Thermodynamics and Extended
Phase Space approaches to black hole thermodynamics.
In particular, we have shown that the Penrose-Rindler
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K–curvature corresponds to the generalized Misner mass
density associated with the areal volume of the horizon
for the studied spacetime, and concluded that this is a
particular case of the relation between Newman-Penrose
scalars and spin-coefficients with the dual-null Hamil-
tonian introduced by Hayward [10]. Also, a geometric
splitting is proposed for the equations of state of Horizon
Thermodynamics and Extended Phase Space in terms of
the non-vanishing Newman-Penrose scalars which define
the K-curvature at the horizon. This result provides pre-
scriptions for the identification of pressures among the
Newman-Penrose scalars, which is not straightforward
in a purely geometric approach. Finally, we arrived to
conditions for the pressures or energy densities at (or
defining) the horizon, that have been derived by intro-
ducing the square root of the Bel-Robinson tensor and a
gravitational pressure related to it; such conditions can
be thought as thermodynamic definitions of the horizons
for the kind of black holes here considered. We also dis-
cussed the relation between these results and previous
works in this field, identifying directions for future work
and open important questions.
Our results allow for a description of black hole ther-

modynamics in terms of Newman-Penrose scalars, which
can be readily linked with previous findings such as the
dynamical laws for black holes [10], and therefore can
be useful to provide robust interpretations for thermo-
dynamic developments in the context of Horizon Ther-
modynamics and Extended Phase Space approaches. In
addition, our horizon definitions in terms of pressures and
energy densities are interesting since they can be thought
of as emergent relations, which allow for a broader set of
possibilities regarding models that seek to provide a mi-
croscopical foundation for gravity.
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