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Abstract

We present a detailed analytic study on the three-dimensional sphere of the most popular
candidates for C-functions, both for Dirac and scalar free massive fields. We discuss to which
extent the effective action, the Rényi entanglement entropy and the renormalized entanglement
entropy fulfill the conditions expected from C-functions. In view of the absence of a good
candidate in the case of the scalar field, we introduce a new candidate, which we call the
modified effective action, and analyze its pros and cons.
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1 Introduction
One of the main difficulties Quantum Field Theory deals with is the large number of degrees
of freedom confined to regions of very high energy scales. At each point of space there is a
quantum field that fluctuates independently. As a consequence, one encounters ultraviolet (UV)
divergences. There are ways to deal with such divergencies, and extract physically meaningful
finite results which, in general, depend on the scale, making evident that physics may be different
at different length scales that can vary from the UV to the infrared (IR); so, one still needs to
interpret the scaling process. The authors of reference [1] made use of the functional integral to
approach this problem by integrating out degrees of freedom corresponding to high momenta or
very small lengths. The result of such integration is an effective theory that involves quantum
fields with momenta smaller than a fraction of the chosen cutoff. As a consequence, all the
parameters of the theory, such as masses or coupling constants, become scale dependent and obey
differential equations that are called the renormalization group equations. The foundations of the
renormalization group can be traced back to 1953 with the work of Stueckelberg and Petermann
[2].

In order to be more specific, let us detail the process a little further. Following Kogut and
Wilson, we can describe physics at different scales by making use of effective theories in a very
intuitive way. We set up a UV cutoff Λ0 above which the quantum fluctuations of the fields
are ignored, and write down the Lagrangian of the theory, which now becomes an effective
Lagrangian. This should contain a term corresponding to the free case plus other terms specific
to the energy scale we are considering; these terms include the parameters that define the theory.
Let us now lower the energy scale so that the new cutoff energy becomes Λ1 < Λ0. In order to do
so, we integrate out those fields whose momenta fall on the range of energies [Λ1,Λ0]. This gives
rise to a new effective Lagrangian where the parameters differ from the previous ones, since the
scale has changed, but we should still be able to recover the limit of the free theory. By iterating
this process we obtain a series of effective theories with different parameters, say g0, g1, g2, ....,
that are scale dependent (see Figure 1). This is called Renormalization Group. The method
involves a flow of the parameters gi running from the UV to the IR.

As a consequence, theories along the flow are defined by effective coupling constants, resulting
from renormalizing the theory at each scale, and they form a trajectory of the RG flow (see Figure
2) that can be parametrized by t = −logµ, that grows towards the IR, where µ is the energy
scale. The renormalization group is generated by the vector field

dgi

dt
≡ µdg

i(µ)

dµ
= βi(g(µ)),

where β depends explicitly on the g’s but not on µ. The flow of the RG is, therefore, a one-
parameter motion [1] in the space of renormalized coupling constants, where beta functions
appear as velocities,

∂

∂t
= −βi(g)

∂

∂gi
.
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Figure 1: Scales along the Renormalization Group flow
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Intuitively, one can think of the RG flow as a one-way process along which degrees of freedom are
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Figure 2: Flow of the RG.

getting lost as we integrate out the configurations of the fields with higher and higher momenta.
In particular, big masses get decoupled when the distance increases as we approach the IR.
RG flows have the so-called fixed points, where the β function becomes zero,

µ
dgi

dµ
= 0.

At such points, gi = g∗ does not depend on the scale and the theory is scale invariant. This,
together with Lorentz invariance, leads to a conformal field theory (CFT) at the fixed points.

In two dimensions the well-known Zamolodchikov’s c-theorem [3] states that there exists a
function c(g) that decreases monotonically towards the IR and, at the fixed points, equals the
central charge c of the corresponding conformal theory. For conformal theories in two dimensions,
many physically meaningful quantities were shown to be proportional to c. Among them, one
can mention the trace of the energy-momentum tensor of the theory on a curved space—which
leads to the well-known trace anomaly—, the entropy density at finite temperature in flat space
and the universal part of the von Neumann entanglement entropy of an interval of length L, as
well as the universal part of the entropy of an infinite system in a thermally mixed state [4].
Zamolodchikov’s c-theorem turned out to be an important tool in the study of two-dimensional
field theories. It has been applied to statistical-mechanical models, as well as to the study of the
topology of the space of all CFTs. In view of this, extensions to higher dimensions started to
be sought for. After many attempts at generalizing the c-theorem to even-dimensional theories
[5, 6, 7], a proof for the four-dimensional case has recently emerged [8, 9]. In this case, there
exists a function with a suitable behavior under the RG flow that coincides at the conformal fixed
points with the coefficient a of the conformal anomaly. In this dimension, there are examples
where the anomaly coefficient c does not, instead, have the desired behavior [10, 11].

It seems that in even dimensions, where we have the anomaly of the trace, it is possible to
relate the C-function that runs under the RG flow to some coefficient of this anomaly. Things
are less clear in odd dimensions, where not even a conformal anomaly does exist.

If we want to find a function that describes the flow towards the IR of the RG of a theory,
we need to state what we should expect from such function. In general, there are different levels
of requirements that a physical property should satisfy in order to be considered a C-function
[12]:

1. On one side, one can think of a quantity C that counts the degrees of freedom of the CFTs
connected by a RG flow: C ≥ 0 with CIR < CUV .
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2. Moreover, one can seek for a function that interpolates monotonically between the CFT
values, thus giving a measure of the degrees of freedom for all the theories along the flow:

Ċ(g(t)) = −βi(g)
∂

∂gi
C(g(t)) ≤ 0 ,

with Ċ = 0 iff the theory is conformal.

3. Finally, one can ask for the strongest condition

Ċ(g(t)) = −Gijβi(g)βj(g) ,

with Gij a positive definite matrix, which implies the previous condition.

In this paper, we investigate theories on the three-dimensional sphere and discuss to which
extent some candidates for C-functions fulfill the requirements listed above. Always in a ζ-
regularization framework, we give fully analytical results for them in the cases of massive free
scalar and Dirac fields.

The paper is organized as follows: We start, in section 2 with the effective action for massive
free fields on S3. In the case of the Dirac field, we find that the effective action does satisfy
the two first conditions above and is, thus, a good candidate for a C-function. Regarding the
scalar field, we obtain an IR divergence, which cannot be renormalized away without breaking
unitarity or leading to a not always positive nor monotonic function, with a divergent derivative
with respect to the coupling constant at the UV fixed point. In view of this, in section 3 we
study the Rényi entanglement entropy for the same theories, using the replica trick [4]. In the
scalar case we still find an IR divergence, proportional to the volume of the codimension two
entanglement region, which is also difficult to renormalize. We do not find major improvement
in the Dirac field case either. In section 4 we discuss the so-called renormalized entanglement
entropy, which we find in the case of the scalar field far from being a good C-function, since it
also becomes negative in some ranges of the coupling constant. For the Dirac field, instead, it
fulfills all the requirements listed above. Finally we present, in section 5, a new candidate for a
C-function that we call a modified effective action. With this function we are able to fix most of
the problems found in previous candidates except that it is still unstable at the UV fixed point.

Additionally, new useful identities regarding series of zeta functions, which we use to perform
our analytic calculations, are proved in the appendix A.

2 The effective action on S3

This problem was studied in [13, 14], where the validity of the so-called F -theorem was con-
jectured—the statement that the effective action F of any theory on the three-sphere at its
conformal fixed points satisfies condition 1, i.e., FUV ≥ FIR. The authors of these references
showed that F is UV-stable in the case of free scalar fields. This quantity was shown to coincide,
at the same fixed point, with the universal part of the entanglement entropy across a circle [15],
which was proven to be monotonically decreasing along any flow for unitary, relativistic theories
[16]. As noticed in [14], when one analyzes the mass flow for a free scalar or fermion theory
starting from FUV and using F on the sphere as the C-function over the whole mass range,
there is an IR divergence (also discussed in [17]), which cannot be subtracted without breaking
the unitarity of the theory or getting a not always positive function, with a divergent derivative
with respect to the “coupling constant” at the UV fixed point.

In this section we perform an analytic computation of F in the whole range of variation
of the dimensionless coupling, both for scalar and Dirac fields. In the last case, we find that
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the effective action does satisfy conditions 1 and 2, which makes it a good candidate for a C-
function. It fails to satisfy, however, the more stringent stability condition 3 at the UV fixed
point. Regarding the scalar theory, we obtain the expected IR-divergent behavior of F . As
commented in [14, 17], we find that subtracting the full divergent contribution to F would break
the unitarity of the theory near the UV. We also show that a subtraction of only the leading
divergencies gives neither a monotonic nor a positive function, and leads to a divergent derivative
with respect to the coupling constant at the UV fixed point.

2.1 Conformally coupled massive scalar field
The eigenvalues corresponding to the conformally coupled massive Laplacian on S3 are given by

λn =
n2 − 1/4

a2
+m2 , n = 1, 2, . . . ,∞ (2.1)

with degeneracies

dn = n2 . (2.2)

Thus, the corresponding zeta function is given by

ζS
3
(s) = (µa)2s

∞∑
n=1

n2

(
n2 − 1

4
+ (ma)2

)−s
, (2.3)

where µ was introduced to render the zeta function dimensionless. However, it is well-known
that ζS3

(s = 0) vanishes. So, from now on, we will disregard the pre-factor (µa)2s.
We start by considering the behavior of the effective action near the UV fixed point. Let’s

call ρ2 = 1
4 − (ma)2. For |ρ| < 1, the binomial expansion leads to

ζS
3
(s) =

∞∑
n=1

n2−2s
∞∑
j=0

Γ(−s+ 1)

j! Γ(−s+ 1− j)
(−1)jρ2jn−2j

=
∞∑
j=0

Γ(−s+ 1)

j! Γ(−s+ 1− j)
(−1)jρ2jζR(2s+ 2j − 2)

= ζR(2s− 2) +
∞∑
j=1

Γ(s+ j)

j! Γ(s)
ρ2jζR(2s+ 2j − 2) . (2.4)

The effective action for a real scalar field in this range of masses is given by

SS
3

eff = −1

2

d

ds

∣∣∣∣
s=0

ζS
3
(s) = −ζ ′R(−2)− 1

2

∞∑
j=0

ρ2j+2

j + 1
ζR(2j) . (2.5)

Using a result from reference [19], the above can be evaluated to give

SS
3

eff = −1

2

{
ρ2 ζ ′H(0, 1− ρ) + 2ρ ζ ′H(−1, 1− ρ) + ζ ′H(−2, 1− ρ) + (ρ→ −ρ)

}
, (2.6)

where we have introduced the notation (ρ→ −ρ), meaning that the same terms changing ρ by
−ρ have to be added.

In particular, at the UV fixed point, the effective action reduces to the positive value
1
8 [log(2) − 3

2π2 ζ(3)], which agrees with the result in [14]. It is well-known that the derivative
with respect to (ma)2 vanishes at this same conformal fixed point. In summary, the properties
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of the effective action at the UV fixed point are compatible with those of a C-function at the
same fixed point.

However, near the IR we do not find such good behavior. Indeed, an alternative expression
of the effective action, more suitable for studying the IR region, can be obtained by inverting
the full heat kernel; after doing so we get

ζS
3
(s) =

∞∑
n=1

n2(n2 + (ma)2 − 1

4
)−s

=

∞∑
n=0

(n2 + δ2)−s+1 − δ2
∞∑
n=1

(n2 + δ2)−s

=
1

2

{ ∞∑
n=−∞

(n2 + δ2)−s+1 − δ2
∞∑

n=−∞
(n2 + δ2)−s

}
,

where we have defined δ2 = (ma)2 − 1
4 .

After performing a Mellin transform and using the inversion formula for the Jacobi Theta
function, we obtain

ζS
3
(s) =

π
1
2 (s− 1)

2Γ(s)

[
Γ(s− 3

2)(δ2)
3
2
−s + 4

∞∑
n=1

(nπ
δ

)s− 3
2
Ks− 3

2
(2δnπ)

]

− π
1
2 δ2

2Γ(s)

[
Γ(s− 1

2)(δ2)
1
2
−s + 4

∞∑
n=1

(nπ
δ

)s− 1
2
Ks− 1

2
(2δnπ)

]
. (2.7)

The effective action then reads

SS
3

eff = −1

2

{
−π

1
2

2

[
Γ(−3

2)(δ2)
3
2 + 4

∞∑
n=1

(nπ
δ

)− 3
2
K 3

2
(2δnπ)

]

− π
1
2 δ2

2

[
Γ(−1

2)(δ2)
1
2 + 4

∞∑
n=1

(nπ
δ

)− 1
2
K 1

2
(2δnπ)

]}
. (2.8)

It is worth to point out that this result coincides with the analytic extension of the result in
equation (2.6) for ρ = iδ.

In the IR limit ma→∞, the effective action in (2.8) asymptotes at

− π

6
(δ2)

3
2 , (2.9)

which is divergent. Such behavior shows clearly in Figure 3.
As it is, the whole divergence cannot be subtracted through an adequate renormalization

procedure, since it would lead to an imaginary contribution at the UV fixed point, therefore
breaking unitarity. One could, instead, subtract only the dominant divergence (−π

6 [(ma)3 −
3
8(ma)]). As pointed in [18], this would amount to adding a cosmological constant counterterm
plus an Einstein-Hilbert counterterm. However, doing so would lead to a not always positive nor
monotonic function (see Figure 4), with a divergent derivative with respect to the dimensionless
coupling (ma)2 at the UV fixed point. So, it is clear that, although the effective action on the
sphere fulfills all the required properties at the UV fixed point, the IR divergence rules it out
as candidate for a C-function. In the next subsection, we show that the situation is entirely
different in the case of the Dirac field.
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Figure 3: Effective action for a real scalar
field on S3 as a function of ma

Figure 4: Effective action for a real scalar
field on S3 as a function of ma, where the
leading IR divergence has been subtracted

2.2 Massive Dirac field
In order to study the behavior of the effective action for the Dirac field on the three-sphere under
the mass RG flow, we start from the eigenvalues of the massive Dirac operator, which are

λ±n = ±i
(n+ 3

2)

a
+m, n = 0, 1, . . . ,∞ (2.10)

with degeneracies

dn = (n+ 1)(n+ 2) , (2.11)

and build the corresponding zeta function,

ζS
3
(s) = (µa)s

{
e−i

π
2
s
∞∑
n=0

n(n+ 1)

(
n+

1

2
− ima

)−s
+ ei

π
2
s
∞∑
n=0

n(n+ 1)

(
n+

1

2
+ ima

)−s}

= (µa)s

{
ei
π
2
s

[
ζH

(
s− 2,

1

2
+ ima

)
− 2ima ζH

(
s− 1,

1

2
+ ima

)

−
(

1

4
+ (ma)2

)
ζH

(
s,

1

2
+ ima

)]
+ e−i

π
2
s [(ma→ −ma)]

}
. (2.12)

It is easy to check that, as in the scalar case, this ζ function vanishes at s = 0. Therefore,
the effective action is given by the real expression

SS
3

eff =
d

ds

∣∣∣∣
s=0

ζS
3
(s)

= − π

12
ma
[
3 + 4(ma)2

]
+

{
ζ ′H

(
−2,

1

2
+ ima

)
− 2ima ζ ′H

(
−1,

1

2
+ ima

)

−
[

1

4
+ (ma)2

]
ζ ′H

(
0,

1

2
+ ima

)
+ (ma→ −ma)

}
. (2.13)

Notice that the first term comes from the spectral asymmetry when one selects, as we do
here, the decoupling convention for the phase of the determinant [20]. Thus, it vanishes at
ma = 0. Such contribution was initially ignored, for instance, in [14]. The value of the effective
action at the UV fixed point is log(2)

4 + 3
8π2 ζR(3), which is positive. However, its derivative with

7



respect to ma, which is the dimensionless coupling constant for this theory, fails to vanish at
the same point, where it is given by −π

4 due, precisely, to the contribution of the asymmetry.
Indeed, it is easy to see that

d

d(ma)
SS

3

eff = π

[
1

4
+ (ma)2

]
[tanh(πma)− 1] . (2.14)

So, as a function of ma, the effective action is decreasing. Moreover, one can check, by using
the asymptotic expansions for the derivatives of the Hurwitz zeta functions in reference [21], that
it vanishes in the IR limit, which would not be the case if the contribution from the spectral
asymmetry had been ignored or the opposite phase convention had been chosen. In that case,
as noted in [14], some subtraction would be needed.

The behavior of the effective action for a Dirac field on S3 is shown in Figure 5.

Figure 5: Effective action for a Dirac field on S3 as a function of ma

3 Rényi entanglement entropy
Since the effective action on S3 coincides at the UV fixed point with minus the Rényi entan-
glement entropy it is natural to check whether this last function behaves as expected from a
C-function. In this section we study, using the expression that follows from the replica trick,
its behavior under the flow of the renormalization group, again for free massive real scalars and
fermions.

The Rényi entanglement entropy for multiple (q) coverings of S3 is given by

S = lim
q→1

Sq = lim
q→1

(
qSS

3

eff − S
qS3

eff

1− q

)
, (3.1)

where Sq is the Rényi entropy of order q and SS3

eff is the effective action for a conformally coupled
field on S3, while SqS

3

eff is the effective action for the field on the q-covering of the same manifold.

3.1 Massive scalar field
The eigenvalues and degeneracies of the massless conformal Laplacian in three dimensions for
multiple (q) coverings of S3 were given in reference [22]. In the massive case, they are

λn =
n2 − 1/4

a2
+m2 , (3.2)
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with degeneracies

dn =

{
n2, for n = 1, 2, ...,∞
k(k + 1), for n = k + p

q k = 1, 2, ...,∞ , p = 1, 2, ..., q − 1
. (3.3)

Thus, the corresponding zeta function is given by

ζqS
3
(s) = (aµ)2s

{ ∞∑
n=1

n2

(
n2 − 1

4
+ (ma)2

)−s

+
∞∑
k=1

q−1∑
p=1

k(k + 1)

((
k +

p

q

)2

− 1

4
+ (ma)2

)−s}
= ζ1(s) + ζ2(s) . (3.4)

We begin by studying the behavior of the entanglement entropy near the UV through a
detailed evaluation of the relevant effective action for small values of ma. By doing so, we
determine, by analytical continuation to continuous values of q, the relation between the entan-
glement entropy and the effective action on the sphere. From such relation, we verify that such
entropy does, indeed, coincide with minus the effective action on S3 in the UV limit, as stated
by the F -theorem and proved, through a different approach, in [23]. Moreover, we also show
that the UV fixed point is not stable, i.e., d

d(ma)2
S|ma=0 6= 0, as in [25]. Finally, by making use

of an adequate analytic continuation to the whole range of ma, we analyze the behavior of the
entanglement entropy in the IR limit and reproduce its divergent behavior at the IR fixed point.

The first term in equation (3.4) (ζ1) gives a contribution to the effective action which coincides
with the result in (2.6)

Seff,1 = −1

2

{
ρ2 ζ ′H(0, 1− ρ) + 2ρ ζ ′H(−1, 1− ρ) + ζ ′H(−2, 1− ρ) + (ρ→ −ρ)

}
. (3.5)

Then, we only need to evaluate the ζ2 term, which gives the contribution coming from
noninteger eigenvalues.

As in the previous section, we first consider the behavior near the UV fixed point, (ma)2 < 1
4 .

In the zero mass case [23], there is no multiplicative anomaly in this problem and it can easily
be shown that this is also true in the range of ρ we are considering. This allows us to obtain the
effective action from an equivalent ζ2 that we call ζ̃2,

ζ̃2 =
∞∑
k=1

q−1∑
p=1

k(k + 1)

((
k +

p

q

)
− ρ
)−s

+
∞∑
k=1

q−1∑
p=1

k(k + 1)

((
k +

p

q

)
+ ρ

)−s
. (3.6)

After using the binomial expansion, it reads

ζ̃2(s) = 2
∞∑
k=1

q−1∑
p=1

∞∑
j=0

k(k + 1)

(
k +

p

q

)−s−2j Γ(−s+ 1)

(2j)! Γ(−s+ 1− 2j)
ρ2j

= 2

q−1∑
p=1

∞∑
j=0

Γ(−s+ 1)

(2j)! Γ(−s+ 1− 2j)
ρ2j

[
ζH(s+ 2j − 2, 1 +

p

q
)

+

(
1− 2p

q

)
ζH(s+ 2j − 1, 1 +

p

q
)− p

q

(
1− p

q

)
ζH(s+ 2j, 1 +

p

q
)

]
. (3.7)
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Its contribution to the effective action is thus given by

Seff,2 = −1

2

d

ds

∣∣∣∣
s=0

ζ̃2(s)

= −
q−1∑
p=1

[
ζ ′H(−2, 1 +

p

q
) +

(
1− 2p

q

)
ζ ′H(−1, 1 +

p

q
)− p

q

(
1− p

q

)
ζ ′H(0, 1 +

p

q
)

+
ρ2

2

(
1− 2p

q

)(
1− ψ(1 +

p

q
)

)
+

∞∑
j=1

ρ2j

2j
ζH(2j − 2, 1 +

p

q
) (3.8)

− p

q

(
1− p

q

) ∞∑
j=1

ρ2j

2j
ζH(2j, 1 +

p

q
) +

(
1− 2p

q

) ∞∑
j=1

ρ2j+2

2j + 2
ζH(2j + 1, 1 +

p

q
)

 .
Now, using a result from [19], we get

Seff,2 = −
q−1∑
p=1

{
1

2
ζ ′H(−2, 1 +

p

q
− ρ) +

[
1

2

(
1− 2p

q

)
+ ρ

]
ζ ′H(−1, 1 +

p

q
− ρ)

+

[
ρ2

2
− 1

2

p

q

(
1− p

q

)
+
ρ

2

(
1− 2p

q

)]
ζ ′H(0, 1 +

p

q
− ρ)] + (ρ→ −ρ)

}
. (3.9)

One can check that, in the UV limit (ρ = 1
2), the sum of Seff,1 and Seff,2 reduces to the result

in equation (3.12) of reference [22].
Now, from the definition of the entanglement entropy (equation (3.1)), and using (3.4) along

with the relation between the effective action and its corresponding zeta function, we find

S = −SS3

eff − lim
q→1

Seff,2

1− q
. (3.10)

As already said, we obtain S by performing an analytic extension of the last term in this
equation to continuous values of q. In order to do this, we make use of several results listed in
Appendix A. Equation (3.9) leads us to

lim
q→1

−Seff,2

1− q
= lim

q→1

1

1− q

q−1∑
p=1

{
1

2

[
ζ ′H(−2, 1 +

p

q
− ρ) + ζ ′H(−2, 1 +

p

q
+ ρ)

]
+

[
1

2

(
1− 2p

q

)
+ ρ

]
ζ ′H(−1, 1 +

p

q
− ρ) +

[
1

2

(
1− 2p

q

)
− ρ
]
ζ ′H(−1, 1 +

p

q
+ ρ)

+

[
ρ2

2
− 1

2

p

q

(
1− p

q

)
+
ρ

2

(
1− 2p

q

)]
ζ ′H(0, 1 +

p

q
− ρ)

+

[
ρ2

2
− 1

2

p

q

(
1− p

q

)
− ρ

2

(
1− 2p

q

)]
ζ ′H(0, 1 +

p

q
+ ρ)

}
= lim

q→1

1

1− q
(A(q, ρ) +B(q, ρ) + C(q, ρ)) . (3.11)

By using the multiplication formula reproduced in (A.1), the sum A(q, ρ) can be rewritten
as

A(q, ρ) =
d

ds

∣∣∣∣
s=−2

1

2
[qsζH(s, q(1− ρ)) + qsζH(s, q(1 + ρ))− ζH(s, 1− ρ)− ζH(s, 1 + ρ)] .

10



Now, it is easy to see that the expression between square brackets in the equation above vanishes
for all s and for all ρ at q = 1. Thus

lim
q→1

A(q, ρ)

1− q
= −1

2

d

ds

∣∣∣∣
s=−2

d

dq

∣∣∣∣
q=1

[qsζH(s, q(1− ρ)) + qsζH(s, q(1 + ρ))

− ζH(s, 1− ρ)− ζH(s, 1 + ρ)]

= −1

2

[
ζH(−2, 1− ρ)− 2ζ ′H(−2, 1− ρ) + ζH(−2, 1 + ρ)− 2ζ ′H(−2, 1 + ρ)

−(1− ρ)ζH(−1, 1− ρ) + 2(1− ρ)ζ ′H(−1, 1− ρ)

− (1 + ρ)ζH(−1, 1 + ρ) + 2(1 + ρ)ζ ′H(−1, 1 + ρ)
]
, (3.12)

where we have used (A.3) to obtain the last equality.
We now extend B(q, ρ); we start by writing the finite sum as the difference of two infinite

series,

B(q, ρ) =
d

ds

∣∣∣∣
s=−1

q−1∑
p=1

[(
1

2
− p

q
+ ρ

)
ζH(s, 1 +

p

q
− ρ) +

(
1

2
− p

q
− ρ
)
ζH(s, 1 +

p

q
+ ρ)

]

=
d

ds

∣∣∣∣
s=−1


∞∑
p=1

(
1

2
− p

q
+ ρ

)
ζH(s, 1 +

p

q
− ρ)

−
∞∑
p=q

(
1

2
− p

q
+ ρ

)
ζH(s, 1 +

p

q
− ρ) + (ρ→ −ρ)

}
,

and change indices to obtain

B(q, ρ) =
d

ds

∣∣∣∣
s=−1


∞∑
p=1

(
1

2
− p

q
+ ρ

)
ζH(s, 1 +

p

q
− ρ)

−
∞∑
p=1

(
1

2
− p

q
+

1− q
q

+ ρ

)
ζH(s, 1 +

p

q
− 1− q

q
− ρ) + (ρ→ −ρ)

 .

Notice that the expression between curly brackets in the previous equation vanishes at q = 1 for
all s and for all ρ. So

lim
q→1

B(q, ρ)

1− q
= − d

ds

∣∣∣∣
s=−1

d

dq

∣∣∣∣
q=1


∞∑
p=1

(
1

2
− p

q
+ ρ

)
ζH(s, 1 +

p

q
− ρ)

−
∞∑
p=1

(
1

2
− p

q
+

1− q
q

+ ρ

)
ζH(s, 1 +

p

q
− 1− q

q
− ρ) + (ρ→ −ρ)


= − d

ds

∣∣∣∣
s=−1


∞∑
p=0

ζH(s, 2 + p− ρ)

+ s

∞∑
p=0

(
ρ− 1

2
− p
)
ζH(s, 2 + p− ρ) + (ρ→ −ρ)

 ,
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where we have used (A.2) to obtain the last expression. Now, making use of (A.5) and (A.6),
we finally get

lim
q→1

B(q, ρ)

1− q
= −

{
3

2
ζ ′H (−2, 1− ρ)− (2− ρ) ζ ′H(−1, 1− ρ)

+
1

2
(1− ρ2) ζ ′H(0, 1− ρ)− 1

2
ζH(−2, 1− ρ)

+ζH(−1, 1− ρ)− 1

2
(1− ρ2) ζH(0, 1− ρ) + (ρ→ −ρ)

}
. (3.13)

In order to extend C(q, ρ), we rewrite it as

C(q, ρ) =
1

2

d

ds

∣∣∣∣
s=0


q−1∑
p=1

[(
p

q
− 1

2
− ρ
)2

− 1

4

]
ζH

(
s, 1 +

p

q
− ρ
)

+ (ρ→ −ρ)

 .

As done earlier, we write this expression as a difference of two series,

C(q, ρ) =
1

2

d

ds

∣∣∣∣
s=0


∞∑
p=1

[(
p

q
− 1

2
− ρ
)2

− 1

4

]
ζH

(
s, 1 +

p

q
− ρ
)

−
∞∑
p=1

[(
p

q
+
q − 1

q
− 1

2
− ρ
)2

− 1

4

]
ζH

(
s, 1 +

p

q
+
q − 1

q
− ρ
)

+ (ρ→ −ρ)

 .

Again, the expression between curly brackets vanishes at q = 1 for all s and for all ρ. Following
close steps to the ones that lead us to (3.12) and (3.13), and using (A.3) together with (A.5),
(A.6) and (A.7), we obtain

lim
q→1

C(q, ρ)

1− q
= −1

2

{
− ζ ′H(−2, 1− ρ) + 2 ζ ′H(−1, 1− ρ)− (1− ρ2) ζ ′H(0, 1− ρ)

+
1

3
ζH(−2, 1− ρ)− ζH(−1, 1− ρ) +

2

3
ζH(0, 1− ρ)

+
1

3
ρ (1− ρ2) Ψ(1− ρ) + (ρ→ −ρ)

}
. (3.14)

Now, putting (3.12), (3.13) and (3.14) in (3.10), we finally obtain the relation between the
entanglement entropy and the effective action on S3

S = −SS3

eff +
1

6
πρ(ρ2 − 1) cot(πρ) . (3.15)

From this last equation, the UV limit (ma→ 0 or, equivalently ρ→ 1
2 ) can be trivially taken

lim
ma→0

S = − SS3

eff

∣∣∣
ma=0

.

Now, we show that the UV fixed point is not stable, a point that was raised in reference [24]
and explicitly proved in [25]. In order to do that, we compute the derivative of S with respect
to ρ at ρ = 1

2 , which is, up to a sign, the derivative with respect to (ma)2 at ma = 0. As it is

12



well known, the derivative of SS3

eff vanishes at this point [22]. From equation (3.15), it is easy to
see that

d

d(ma)2
S

∣∣∣∣
ma=0

= −π
2

16
, (3.16)

in agreement with [25].
Let us now turn to the study of the entanglement entropy near the IR fixed point. To

this end, one should notice that even though equation (3.15) was obtained near the UV limit
(for (ma)2 < 1

4), it can be analytically extended to the interval (ma)2 ≥ 1
4 . This extension,

performed by making the substitution ρ→ iδ (with δ =
√

(ma)2 − 1/4 ) in this equation, gives
the result

S = −SS3

eff −
1

6
πδ(δ2 + 1) coth(πδ) , (3.17)

and coincides with the result one would obtain by Mellin transforming the zeta function and
inverting the heat kernel, as we have already done for the effective action on S3.

Taking into account equations (3.17) and (2.9), we see that the entanglement entropy behaves,
in the IR limit, as −π

6 (δ2)
1
2 . As discussed in [25], such divergence was to be expected from the

asymptotic expansion of the relevant heat kernel. As mentioned in the same reference, in a QFT
context one should subtract this divergence, since infinitely massive modes should decouple [26].
As in the case of the effective action, subtracting the whole divergence would spoil unitarity,
while subtracting only the leading divergence (π6 ma) to −S gives a not-always-positive nor
monotonic function, with a derivative with respect to (ma)2 divergent as (ma)−1 at the UV
fixed point. The behavior of minus the IR divergent entanglement entropy for a real scalar field
as a function of ma is shown in Figure 6, while the subtracted function appears in Figure 7.

Figure 6: Minus the entanglement entropy
for a real scalar field as a function of ma

Figure 7: Minus the entanglement entropy
for a real scalar field where the leading IR
divergence has been subtracted

3.2 Massive Dirac field
The eigenvalues and degeneracies corresponding to the relevant first order operator in three
dimensions, for multiple (q) coverings of S3 can be retrieved from the ones in reference [22]. In
the massive case, they are

λ±n = ±i
(n+ 1 + p

q + 1
2q )

a
+m, n = 0, 1, . . . ,∞ p = 0, 1, . . . , q − 1 (3.18)
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with corresponding degeneracies

dn = (n+ 1)(n+ 2) . (3.19)

The zeta function is, then, given by

ζqS
3
(s) = (aµ)s


∞∑
k=0

q−1∑
p=0

k(k + 1)

[
i

(
k +

p

q
+

1

2q

)
+ma

]−s

+

∞∑
k=0

q−1∑
p=0

k(k + 1)

[
−i
(
k +

p

q
+

1

2q

)
+ma

]−s . (3.20)

After summing and subtracting the needed terms to the degeneracy, this can be cast in the
form

ζqS
3
(s) = (aµ)s

{
ei
π
2
s
q−1∑
p=0

[
ζH

(
s− 2,

p

q
+

1

2q
+ ima

)
+

(
1− 2

(
p

q
+

1

2q
+ ima

))
ζH

(
s− 1,

p

q
+

1

2q
+ ima

)
−
(
p

q
+

1

2q
+ ima

)(
1−

(
p

q
+

1

2q
+ ima

))
ζH

(
s,
p

q
+

1

2q
+ ima

)]

+e−i
π
2
s
q−1∑
p=0

[(ma→ −ma)]

}
. (3.21)

As done in the previous cases, and for the same reason (it is easy to check that ζqS3
(0) = 0),

we will, from now on, ignore the pre-factor (aµ)s. So, the effective action is given by

SqS
3

eff = − πma

12q

[
1 + (2 + 4(ma)2)q2

]
+

q−1∑
p=0

[
ζ ′H

(
−2,

p

q
+

1

2q
+ ima

)
+ (ma→ −ma)

]

+

q−1∑
p=0

[(
1− 2

(
p

q
+

1

2q
+ ima

))
ζ ′H

(
−1,

p

q
+

1

2q
+ ima

)
+ (ma→ −ma)

]

−
q−1∑
p=0

[(
1−

(
p

q
+

1

2q
+ ima

))(
p

q
+

1

2q
+ ima

)
ζ ′H

(
0,
p

q
+

1

2q
+ ima

)

+ (ma→ −ma)

]
. (3.22)

From the previous expression, it is easy to see that SqS
3

eff reduces (as it should) to SS3

eff , where
SS

3

eff is given in equation (2.13) for q = 1. As a consequence, the Rényi entanglement entropy,
defined in equation (3.1), will have its first contribution coming from SqS

3

eff . To complete the
evaluation, one must calculate the derivative of (3.22) at q = 1. We do this for the first term,
which has its origin in the spectral asymmetry. It contributes to the entanglement entropy with

S1 = −πma
12

[
1 + 4(ma)2

]
. (3.23)
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As for the remaining contributions to the Rényi entropy, it is convenient to evaluate, first, the
derivative with respect to q at q = 1 of the corresponding terms in zeta function (3.21) and, after
that, perform the s-derivative and take its value at s = 0. Proceeding this way, the contribution
of the first term between square brackets in equation (3.22) is easily obtained by first using the
summation formula reproduced in (A.1) and then performing the derivatives with respect to q
and s, making use of the result in (A.2). After doing so, we determine its contribution to the
Rényi entropy, which is

S2 =

[
ζH

(
−2,

1

2
+ ima

)
− 2ζ ′H

(
−2,

1

2
+ ima

)
− imaζH

(
−1,

1

2
+ ima

)
+ 2imaζ ′H

(
−1,

1

2
+ ima

)]
+ (ma→ −ma) . (3.24)

The two remaining sums in (3.22) are a bit more cumbersome to evaluate. Take for instance

ζ3(s) =


q−1∑
p=0

[
1− 2

(
p

q
+

1

2q
+ ima

)]
ζH

(
s− 1,

p

q
+

1

2q
+ ima

)+ (ma→ −ma)

=

{(
1− 1

q
− 2ima

)
ζH

(
s− 1,

1

2q
+ ima

)

+

∞∑
p=1

[
1− 2

(
p

q
+

1

2q
+ ima

)]
ζH

(
s− 1,

p

q
+

1

2q
+ ima

)

−
∞∑
p=q

[
1− 2

(
p

q
+

1

2q
+ ima

)]
ζH

(
s− 1,

p

q
+

1

2q
+ ima

)}
+ (ma→ −ma)

=

{(
1− 1

q
− 2ima

)
ζH

(
s− 1,

1

2q
+ ima

)

+

∞∑
p=1

[
1− 2

(
p

q
+

1

2q
+ ima

)]
ζH

(
s− 1,

p

q
+

1

2q
+ ima

)

−
∞∑
p=0

[
1− 2

(
p

q
+

1

2q
+ ima

)
− 2

]
ζH

(
s− 1,

p

q
+

1

2q
+ ima+ 1

)}
+ (ma→ −ma) .

From this expression, after shifting the index in the last sum, the derivative with respect to
q can be performed, and evaluated at q = 1 to obtain

d

dq

∣∣∣∣
q=1

ζ3(s) = 2

{
1

2
ζH

(
s− 1,

1

2
+ ima

)
− (s− 1)ima

2
ζH

(
s,

1

2
+ ima

)

+

∞∑
p=0

ζH

(
s− 1, p+

3

2
+ ima

)

−(s− 1)

∞∑
p=0

(2p+ 2 + 2ima)ζH

(
s, p+

3

2
+ ima

)}
+ (ma→ −ma) .

At this point, the sums over p can be calculated by using our results (A.5) and (A.6). Finally, the
s derivative at s = 0 can be computed. After doing so we get for the corresponding contribution
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to the Rényi entanglement entropy

S3 =

{
3ζ ′H

(
−2,

1

2
+ ima

)
− 2

(
1

2
+ ima

)
ζ ′H

(
−1,

1

2
+ ima

)
− ζH

(
−2,

1

2
+ ima

)
−
(

1

2
+ ima

)2

ζ ′H

(
0,

1

2
+ ima

)
+

(
1

2
+ ima

)2

ζH

(
0,

1

2
+ ima

)
+ ζ ′H

(
−1,

1

2
+ ima

)
+ ima

[
ζ ′H

(
0,

1

2
+ ima

)
− ζH

(
0,

1

2
+ ima

)]}
+ (ma→ −ma) . (3.25)

The contribution from the third sum in (3.22) can be obtained in the same manner, this time
using, also, our result (A.7). This gives

S4 =
1

24

{
8ζH

(
−2,

1

2
+ ima

)
− 8ζH

(
0,

1

2
+ ima

)
− 24ima ζ ′H

(
0,

1

2
+ ima

)
−24ζ ′H

(
−2,

1

2
+ ima

)
+
[
6 + 24ima− 24(ma)2

]
ζ ′H

(
0,

1

2
+ ima

)
−
[
8i(ma)3 + 2ima

]
ψ

(
1

2
+ ima

)}
+ (ma→ −ma) , (3.26)

where ψ(x) is the Polygamma function.
The sum of −SS3

eff and the contributions (3.23) to (3.26) gives an analytic expression for the
entanglement entropy, as defined in equation (3.1), which is

S = −SS3

eff +
πma

12

[
1 + 4(ma)2

]
[tanh (πma)− 1] , (3.27)

where SS3

eff is given by equation (2.13). As expected, minus the entanglement entropy coincides
with the effective action on the round sphere at the UV fixed point. Moreover, it vanishes in
the IR limit. It is always positive and decreases to zero under the flow of the RG. It fails to be
stable in the UV, where its derivative with respect to ma equals −π

6 . Such behavior is shown in
Figure 8.

Figure 8: Minus the entanglement entropy for the Dirac field as a function of ma

4 Renormalized entanglement entropy
Motivated by the proposals made in references [16, 28] we analyze, in this section, the behavior
of the so-called renormalized entanglement entropy, in order to determine whether it can be
considered a good candidate for a C-function in three dimensions. Its definition is

Sren = ma
dS

d(ma)
− S , (4.1)

16



where S is the entanglement entropy studied in the previous section. In this section, we show
that this is an ideal C-function for free Dirac fields, while it is far from being so in the case of a
real scalar field. We start by analyzing the encouraging case of the Dirac field.

4.1 Massive Dirac field
Making use of the explicit results in equations (2.13) and (3.27), a quite direct calculation leads
to

ma
dS

d(ma)
=
πma

6
[1− tanh (πma)] +

π (ma)2

12

[
1 + 4(ma)2

]
cosh2 (πma)

. (4.2)

Thus,

Sren = SS
3

eff +
πma

12

[
3 + 4(ma)2

]
[1− tanh (πma)] +

π (ma)2

12

[
1 + 4(ma)2

]
cosh2 (πma)

. (4.3)

Now, it is easy to verify that this function is, indeed, a monotonic positive function, vanishing
in the IR limit and stable, i.e., with a vanishing derivative with respect to ma at the UV fixed
point. Moreover, its value at this fixed point coincides with the value of the effective action on
S3, as expected [16]. It is depicted in Figure 9.

Figure 9: Renormalized entanglement entropy for the Dirac field as a function of ma

4.2 Massive scalar field
Things are entirely different when it comes to the free massive scalar field. Starting from the
expressions valid for (ma)2 < 1

4 , the renormalized entanglement entropy can be written as

Sren = −S +
(ma)2

ρ

(
π

6
cot (π ρ) +

π2

6
(ρ3 − ρ) csc2 (πρ)

)
, (4.4)

where as before ρ =
√

1/4− (ma)2 , and S is the entanglement entropy given in equation (3.15).
This expression can be analytically continued to the whole range of ma and coincides with

the expression obtained directly from equation 3.17.
It is obvious that, at ma = 0, its value coincides with the value of the effective action on S3.

It is also true that this definition of the renormalized entanglement entropy does eliminate the
IR divergence. However, as we can see in Figure 10, this gives a function which goes through
negative values under the flow of the renormalization group and, therefore, it is clearly ruled out
as a measure of degrees of freedom.
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Figure 10: Renormalized entanglement entropy for the real scalar field as a function of ma

A more “natural” definition would be, in the scalar case, a function we call the modified
renormalized entanglement entropy,

S̃ren = ρ
dS

dρ
− S . (4.5)

This definition would lead to

S̃ren = SS
3

eff −
π2

6
(ρ4 − ρ2) csc2 (πρ)− π

6
ρ3 cot (π ρ) , (4.6)

for (ma)2 < 1
4 , and to its evident analytical extension for (ma)2 > 1

4 . The behavior of this
function with ma is shown in Figure 11.

Figure 11: Modified renormalized entanglement entropy for the real scalar field as a function of ma

While being always positive and decreasing under the flow of the renormalization group, this
new function is not stable at the massless fixed point. In fact, the value of its derivative at this
point is −5π2

48 . Moreover, the value of the function itself at the UV fixed point (ρ = 1
2) differs

from the value of the effective action at the same point by π2

32 . As a consequence, no F -theorem
guarantees its positive character at this fixed point for other conformal theories.

5 A new candidate
Let us summarize what we have up to this point: we have performed a fully analytic study on
the three-sphere of the main candidates for C-functions, as applied to free massive scalar and
Dirac fields. While all of them are, indeed, good candidates for C-functions in the case of the
Dirac field, none of them is so in the scalar case. In fact, our analytic calculations show that,
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• The effective action on S3, while satisfying requirement 1, being monotonically decreasing
(though not UV stable) and vanishing in the IR limit for Dirac fields, presents, in the scalar
case, an IR divergence which cannot be renormalized without breaking unitarity or getting
a not-everywhere positive nor monotonic function, with a divergence in the derivative with
respect to the coupling constant at the UV fixed point.

• The Rényi entanglement entropy, computed via the replica trick has, for Dirac fields, the
same characteristics as the effective action on the sphere, which would also make it a
candidate for a C-function, since it satisfies the requirements 1 and 2. Unfortunately, as
noted before [25], an IR divergence due to the conical singularity appears in the scalar
case. While being milder than in the previous case, this divergence is equally difficult to
renormalize.

• Finally, the renormalized entanglement entropy satisfies, in the Dirac case, all the require-
ments demanded from a C-function, including the stability at the UV fixed point. However,
when evaluated for the scalar field, one finds a function that, while satisfying CUV > CIR
and vanishing in the IR limit, not only is non-monotonic, but it also becomes negative for
part of its evolution under the RG flow. A more satisfactory modified renormalized Rényi
entanglement entropy can be defined. However, this function, in addition to being unstable
at the UV fixed point, fails to coincide with the effective action at the same point. So, no
F -theorem would guarantee its positive character at such fixed point for other theories.

In this section, we present a new candidate for a C-function for free theories on S3, which
we call modified F -function.

5.1 Massive Dirac field
As already mentioned, in the case of the Dirac field, when the decoupling phase of the deter-
minant is chosen, the effective action does not need an IR renormalization. Still, it is clearly
unstable at the UV fixed point. In fact, its derivative with respect to ma differs from zero
at ma = 0. The same is true for minus the entanglement entropy in equation (3.27). From
equations (2.14) and (3.27), it is easy to check that, in this case, −S = Seff − 1

3ma
d

d(ma)Seff .
Motivated by this remark, we define a modified effective action,

F̃D = Seff −
1

3
ma

d

d(ma)
Seff = Seff +

π

3
ma

[
1

4
+ (ma)2

]
[1− tanh(πma)] . (5.1)

Taking into account that, for this theory, the coupling constant is gD = ma, one has

F̃D = Seff −
ω

d
gD

dSeff

d(gD)
, (5.2)

where ω = 1 is the order of the Dirac operator and d = 3 is the dimension of the manifold S3.

5.2 Massive scalar field
For the scalar theory, things are more complicated than in the Dirac case. Among all the
possibilities that we have already explored, there is not a single function nonnegative, monotonic,
vanishing at the IR limit and coinciding, at the UV point, with the F -function. The analog of
equation (5.2) is, in this case:

F̃S = Seff −
1

3
δ

d

d(δ)
Seff = Seff +

π

6
δ3 coth(πδ) , (5.3)
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where, as before, δ2 = (ma)2 − 1
4 . This can also be written as

F̃S = Seff −
ω

d
gS

dSeff

d(gS)
, (5.4)

where we have taken gS = (ma)2 − 1
4 , which is the naturally appearing dimensionless coupling

constant, as can be seen by comparing the IR divergence of the effective action on S3 with the
corresponding one on R3, which equals (ma)3. Moreover, ω = 2 is the order of the relevant,
Laplacian-type operator and, again, d = 3 is the dimension of the manifold.

It is evident that this new candidate coincides with F at the UV fixed point. It is also clear
that it satisfies the decoupling condition in the IR. Moreover, it can be shown to be a positive
monotonic function, vanishing in the IR limit. Its behavior as a function ofma appears in Figure
12.

As in the Dirac case, it fails to be UV-stable, as it can be seen in Figure 13.

Figure 12: Modified F -function for the
free scalar field as a function of ma

Figure 13: Modified F -function for the
free scalar field as a function of (ma)2

6 Conclusions
In a previous paper [29] we analyzed a C-function proposal for theories on other three-dimensional
manifolds, i.e., lens spaces. Such functions are built from a topological term in the high-
temperature expansion of the entropy. Further work on this subject is in progress.

Here, we have presented a detailed analytic study on the three-sphere of some popular can-
didates for C-functions, both for scalar and Dirac free massive theories. In the Dirac case, all
these functions (effective action, Rényi entanglement entropy and renormalized entanglement
entropy) can be considered good C-functions, once the decoupling phase has been selected in
the evaluation of the Dirac determinant. Among them, the renormalized entanglement entropy
is particularly interesting since it is the only UV-stable one. On the contrary, due to the presence
of IR divergencies, neither the effective action nor the entanglement entropy can be considered
C-functions for the scalar theory once their IR divergencies have been subtracted. As we have
also shown, the so-called renormalized entanglement entropy isn’t a good candidate either, since
it fails to be always positive. A variant of this last one, which we have called the modified
renormalized entanglement entropy, is also not satisfactory, since it fails to coincide with F at
the UV fixed point.

In view of these negative results, we introduced a new proposal, which we call modified
F -function, defined by subtracting from the effective action the quotient of the order of the
operator and the dimension of the manifold times its logarithmic derivative with respect to the
relevant dimensionless coupling constant. This new function is, for the very simple theories
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considered here, always positive, monotonously decreasing towards the IR, where it vanishes,
and coincides at the UV fixed point with the effective action or F -function. It only fails to satisfy
the UV-stability condition 3. This is more than what any of the other candidates can claim,
since none of them is satisfactory both for free scalar and Dirac fields. Still, it is not clear for us
to which extent its definition, in terms of the logarithmic derivative with respect to a “natural
coupling constant”, can be extended to interacting theories on S3 or even to noninteracting ones
on higher-dimensional odd spheres. Additionally, some new results concerning the evaluation of
series of zeta functions, which were needed along our calculations are included in the appendix.
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A Some useful identities involving Hurwitz’ zeta func-
tions
We begin this appendix by listing two well-known results involving Hurwitz’ zeta functions. The
first one is the so-called multiplication formula,

q−1∑
p=0

ζH(s,
p

q
+ z) = qsζH(s, qz) , q ∈ N . (A.1)

Also well-known are

d

dx
ζH(s, x) = −sζH(s+ 1, x) , (A.2)

d

ds

d

dx
ζH(s, x) = −ζH(s+ 1, x)− sζ ′H(s+ 1, x) , (A.3)

and

ζH(s, x+ 1) = ζH(s, x)− x−s . (A.4)

Now, another known result (see, for instance, reference [19]) is

∞∑
p=0

ζH(s, p+ x) = ζH(s− 1, x− 1)− (x− 1)ζH(s, x− 1) . (A.5)

In what follows, we derive other useful formulas. We start with

∞∑
p=0

p ζH(s, p+ x) =
1

2
[ζH(s− 2, x− 1)− (x− 1)ζH(s− 1, x− 1)]

− x

2
[ζH(s− 1, x− 1)− (x− 1)ζH(s, x− 1)] . (A.6)

21



To obtain the previous expression, we have used the Mellin transform to write the zeta
function

∞∑
p=0

p ζH(s, p+ x) =

∞∑
p=0

p

∞∑
n=0

1

Γ(s)

∫ ∞
0

dt ts−1e−(n+p+x)t

=
1

Γ(s)

∞∑
p=0

∫ ∞
0

dt ts−1 e−xt

1− e−t

(
− d

dt
(e−pt)

)

=
1

Γ(s)

∫ ∞
0

dt ts−1 e−xt

1− e−t

(
− d

dt

(
1

1− e−t

))
=

1

2

1

Γ(s)

∫ ∞
0

dt ts−1e−xt

(
− d

dt

(
1

1− e−t

)2
)

=
1

2

(s− 1)

Γ(s)

∫ ∞
0

dt ts−2 e−xt

(1− e−t)2
− 1

2

1

Γ(s)

∫ ∞
0

dt ts−1 x e−xt

(1− e−t)2
,

where we have integrated by parts and used the fact that for <(s) > 3 the integrated term
vanishes. Once again, we write 1

(1−e−t)2 = −et ddt
(

1
1−e−t

)
and perform the corresponding inte-

grations by parts to obtain
∞∑
p=0

p ζH(s, p+ x) =
1

2Γ(s− 1)

[
(s− 2)

∫ ∞
0

dt t(s−2)−1 e
−(x−1)t

1− e−t

−(x− 1)

∫ ∞
0

dt t(s−1)−1 e
−(x−1)t

1− e−t

]

− x

2Γ(s)

[
(s− 1)

∫ ∞
0

dt t(s−1)−1 e
−(x−1)t

1− e−t
− (x− 1)

∫ ∞
0

dt ts−1 e
−(x−1)t

1− e−t

]
=

1

2
[ζH(s− 2, x− 1)− (x− 1)ζH(s− 1, x− 1)]

− x

2
[ζH(s− 1, x− 1)− (x− 1)ζH(s, x− 1)]

Along the same steps, it is easy to show that
∞∑
p=0

p2ζH(s, p+ x) =
1

2
[ζH(s− 2, x− 1)− (x− 1)ζH(s− 1, x− 1)]

− x

2
[ζH(s− 1, x− 1)− (x− 1)ζH(s, x− 1)]

+
2

3

{
1

2
[ζH(s− 3, x− 1)− (x− 1)ζH(s− 2, x− 1)]

− x

2
[ζH(s− 2, x− 1)− (x− 1)ζH(s− 1, x− 1)]

}
− 2

3
(x+ 1)

{
1

2
[ζH(s− 2, x− 1)− (x− 1)ζH(s− 1, x− 1)]

− x

2
[ζH(s− 1, x− 1)− (x− 1)ζH(s, x− 1)]

}
. (A.7)
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