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THE POSITIVITY OF THE TRANSMUTATION
OPERATORS ASSOCIATED TO THE CHEREDNIK
OPERATORS FOR THE ROOT SYSTEM BC,

KHALIFA TRIMECHE

ABSTRACT. We consider the transmutation operators Vi, ‘Vj and VkW,
YW associated respectively with the Cherednik operators and the
Heckman-Opdam theory attached to the root system BC3, called also
in [8, 9, 10] the trigonometric Dunkl intertwining operators, and their
dual. In this paper we prove that the operators Vi, V4 and VkW, thW
are positivity preserving and allows positive integral representations.
In particular we deduce that the Opdam-Cherednik and the Heckman-
Opdam kernels are positive definite.

1. INTRODUCTION

In [1] I. Cherednik introduced a family of differential-difference operators
that nowadays bear his name. These operators play a crucial role in the the-
ory of Heckman Opdam’s hypergeometric functions, which generalizes the
theory of Harish-Chandra’s spherical functions on Riemannian symmetric
spaces (see [3, 4, 6]).

To study in [9, 10] a harmonic analysis associated with the Cherednik
operators, the author has introduced in [8, 10] the transmutation operators
Vi, VkW called also the trigonometric Dunkl intertwining operators and their
dual 'V, 'V, In many situations to solve problems of this harmonic anal-
ysis we need the positivity of the operators Vi, Vi, and V)V, VY. This
property is not yet proved in the general case, it is obtained only in the one
dimensional case and for the root system of type Ay (see [2, 11]).

This paper is a contribution towards this question in the case of the
Cherednik operators attached to the root system of type BCj.

In this paper we consider the Cherednik operators 7}, 7 = 1,2 associated
with the root system of type BC5. We present definitions and properties of
the trigonometric Dunkl intertwining operator Vj and of its dual 'V} (see
[8, 9]), and we prove that they are positive integral transforms. To obtain
this result we establish first that the function Vi(ps(u,.))(z) is positive,
where py(u,y), s > 0, is the classical heat kernel on R?, and next we use the
fact that the operators Vi, and 'V}, are transposes of each other, and that
the family {ps}s>0 is an approximate of the identity.
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By using the relations between the operators Vj, 'V, and VkW,thW, we
deduce that the operators VkW, thW are also positive integral transforms.

The method used in this paper can be applied also to prove the positivity
of the transmutation operators associated to the Cherednik operators and
the Heckman-Opdam theory attached to the root system of type BCy,d > 3.
The results of this general case will be given in a forthcoming paper.

2. THE CHEREDNIK OPERATORS

We consider R? with the standard basis {ej, e2}, and inner product (.,.)
for which this basis is orthonormal. We extend this inner product to a
complex bilinear form on C2.

2.1. The root system of type B(C5 and the Cherednik operators on
R2. The root system of type BCy can be identified with the set R given by

R = {xey, teq, £2e1,£2e2} U {£e; £ ea}, (2.1)
which can also be written in the form
R ={tw;,i=1,2,...,6},
with
a1 =e1, 00 = eg,a3 = 2e1, a4 = 2e9 ,a5 = (61 —e3), a5 = (e1 +e2). (2.2)
We denote by Ry the set of positive roots.
Ry =AHa;,i=1,2,...,6}, (2.3)
and by RS the set of positive indivisible roots. For a € R, we consider
2c
W?

the reflection in the hyperplane H, C R? orthogonal to c.
The reflections r,, @ € R, generate a finite group W called the Weyl group
associated with R. In this case W is isomorphic to the hyperoctahedral
group which is generated by permutations and sign changes of the e;, 7 = 1, 2.
The multiplicity function k : R —]0,+o00| can be written in the form
k = (ki,ke,ks3) where k; and ko are the values on the roots aj, a9, and
as, ay respectively, and kg is the value on the roots as, ag.
The positive Weyl chamber denoted by a™ is given by

at ={zeR?®; YacR (az) >0} (2.5)

ro(r) =2 — (&, z)a, with @ = (2.4)

it can also be written in the form

at = {(z1,22) € R? 21> 29 > 0}. (2.6)
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Moreover, let Ay be the weight function
VeR? Az H |smh )2k, (2.7)
aER4
The Cherednik operators T}, j = 1,2, are defined for functions f of class
C! on R? by

Ti) = 2 fay+ 3 MG oy prm) @), @8

( —\a,T
&Jc] e 1 — e~ (@)
with
Z k(a)(a,e;), j=1,2. (2.9)
OLGR+

These operators can also be written in the following form

T f(x) = aalf(ka {f(1)— <£Zo’q> 2} 4 ok, {f(1)—e (E;o:g):c)}
s [f(f)—_i(azo,%x) + fixz ;_]:f::f) B (lkl + k2 + k3)f(x), (2.10)
Tufte) = gty s ML TG o ME )

F@) = f(rogn)) | f@) = (o)

1 — e—f{as.x) 1 — e—f{as:x)

)] — G+ k)1 @),
(2.11)

+@{—(

2.2. The Opdam-Cherednik and the Heckman-Opdam kernels (see
3, 4, 6, 8]). We denote by G, A € C2, the eigenfunction of the operators
T;,7 = 1,2. Tt is the unique analytic function on R? which satisfies the
differential-difference system

T;Gx(z) = —i\jGr(z),j = 1,2,z € R?
{ a0 -1 (2.12)
It is called the Opdam-Cherednik kernel.
We consider the function Fy, A € (C2 defined by
VzeR? F\(z Z G (wz) (2.13)

It is called the Heckman-Opdam hypergeometric function.
The functions G and F)\ possess the following properties .

i) For all z € R? the function A\ — G(x) is entire on C2.
ii) We have

Vo eR? VAeC?[GA()| < Gy (@) (2.14)
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iii) We have
VzeR? VAeR? |Gaz)| < [W|V2 (2.15)

VzeR2 VAeR? |F\(z) < |W|V2 (2.16)

iv) For z E_Rz, we denote by ™ the only point in the orbit W.z which
lies in a*. Then we have

Ve eR:Go(z) =< [] 1+ {a,z))e »). (2.17)

aERi
(a,z)>0

v) Let p and ¢ be polynomials of degree m and n. Then there exists a
positive constant M such that for all A € C? and = € R?, we have

0 0

Ip(55)a(5)GA@)] < M+ {[])™ A+[A])" Fo(w)e™ e fmwhe) - (2.18)
vi) The function Fj satisfies the estimate
Vaeat, Fy(a)<e @ T 1+ (a,z) (2.19)
a€ERT

vii) The function Gy, A € C2, admits the following Laplace type repre-
sentation

Ve R2 Gy\(z) = (K, e "), (2.20)

where K is some distribution in £'(R?) (the space of distributions
on R? with compact support) with support in I' = conv{wz,w € W}
(the convex hull of the orbit of x under W).

viii) From (2.13), (2.20) we deduce that the function F), A € C2, possesses
the Laplace type representation

VaeR2 Fy(z) = (KW, e i), (2.21)
where KXV is the distribution given by
KV = Y Kue. (2.22)
|W| weWw

3. THE TRIGONOMETRIC DUNKL INTERTWINING OPERATORS AND ITS
DUAL

Notations. We denote by
- £(R?) the space of C>®°-functions on R2. Its topology is defined by the
semi-norms

an, () = sup [DFp(z)].

lpl<n
xEK
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where K is a compact subset of R?, n € N and

GBI

D = e = () € N2 = i o .

- D(R?) the space of C*°-functions on R? with compact support. We have
D(RQ) = Ua>0Da(R2)7

where D, (IR?) is the space of C*°-functions on R? with support in the closed
ball B(0,a) of center 0 and radius a. The topology of D,(R?) is defined by
the semi-norms

Po(¢) = sup  |D"y(x)|,n € N.

The space D(R?) is equipped with the inductive limit topology.

By using the distribution K, given by (2.20) we define by applying [8],
the trigonometric Dunkl intertwining operator V; on &(R?) relating to the
root system BC5 by

V€ R?, Vi(g)(2) = (Ky, g). (3.1)

The operator Vj, is the unique linear topological isomorphism from &(R?)
onto itself satisfying the transmutation relations

0

j
and the condition
Vi(9)(0) = g(0). (3-3)
The dual 'V}, of the operator V}, is defined by the following duality relation
L@y = [ i@@f@Awdz 64

with f in D(R?) and g in £(R?).
The operator 'V}, is a linear topological isomorphism from D(R?) onto
itself satisfying the transmutation relations

vy € RE Wi((T) + 8;)f)(w) = aiy_tvk<f><y>,j —12 (35)

where S; is the operator on D(R?) given by

Vo eR% Sj(h)(x) = > k(o) (o, ¢;)h(ram).

aER 4
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Remark 1. By using the distribution K given by (2.22) we have defined
and studied in [10] the trigonometric Dunkl intertwining operator V' on
E(R?)W (the space of C*™-functions on R? which are W-invariant) and we
have studied also its dual ‘¥, on D(R?)" (the space of C*-functions on
R? which are of compact support and W-invariant). We have given some
properties of these operators .

Proposition 3.1. Let s > 0. For all z,u € R?, we have

Vilps(, )(a) = [ PGy @pe (36)
where ps(u, z) is the classical heat kernel given by
Vu,z € R? pg(u,z) = /R2 e SN gihu=2) gy (3.7)
Proof. From (3.1) we have
Ve RAO\{0},u € R?, Vi(ps(u,.))(z) = (Kg,ps(u,.)). (3.8)
Thus from (3.8), for all z € R?\{0},u € R?, we have
Vie(ps (u, ) (z) = (Ku(2), /R 2 e SIMIE iru=2) gy (3.9)

As the distribution K, belongs to £'(R?), then the relation (3.9) can also
be written in the form

Vi(ps(u, ) (z) = /]R 2 eI (K, (2), e T2y el gy (3.10)
Thus from (2.20), for all z € R?\{0},u € R?, we get
Vi(ps(u, ) (x) = /R 2 e INE Gy (2)ef ™) @A (3.11)
On the other hand from (3.3), (3.7), for all u € R?, we have
Vi(ps(u,.))(0) = ps(u,0) = /R2 e SIMIP gihw) gy (3.12)
We deduce (3.6) from (3.11), (3.12) and the continuity of the function x —
Vie(ps(u,.))(x) at x = 0. O

Proposition 3.2. Let s > 0. The function Vi (ps(u,.))(z) is of class C! on
R? x R? with respect to the variables = and u, and satisfies the equations

0
Va,u € RS (Ty + > Vi(po(u,))(@) =0, j=1,2. (3.13)
J
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Proof. We obtain the results of this proposition by derivation under the
integral sign with respect to the variables x;,u;,7 = 1,2, in the relation
(3.6), and by using the relation (2.12). O

Proposition 3.3. i) Let s > 0. There exists a positive function C(s) such
that

Vs € R [Vips(u, )(@)] < C(s) T (4 [ana)e @, (3.14)

aERSr

where xt is the only point in the orbit W.a which lies in aT.
ii) Let s > 0. We have

Ve eR? lim Vi(ps(u,.))(z) =0. (3.15)
[[uf| =00
iii) Let s > 0. The function Vi(ps(u,.))(x) is bounded on R? x R? and we
have

lim  Vi(ps(u,.))(x) =0. (3.16)

(@, u) || =00

Proof. i) We deduce (3.14) from the relation (3.6), (2.14), (2.17).
ii) By using (3.6) and the fact that from (2.15) the function

A — €_S||>\H2G)\(.I‘)

is for all z € R2?, integrable with respect to the Lebesgue measure, we
deduce (3.15) from the Riemann-Lebesgue Lemma. iii) We obtain (3.16)
from (3.14), (3.15). O

4. POSITIVITY OF THE OPERATORS V}, AND 'V},

In this section we prove first that for s > 0 the function
(r,u) — Vi(ps(u,.))(z) given by (3.6) is positive on R? x R?, and next
we deduce the positivity of the operators V}, and V.

Proposition 4.1. i) The Weyl chambers attached to the root system of type
BC5 are the following

+ 2./ . _
{ a’ —{fo (g, ) >0,i=1,2,....6} (4.1)
a- =-—a
af ={r €R%{a;,z) >0,i=1,2,34,6; (a5, r) <0} A9
ay =-—af (4.2)

ii) We denote by Cy,Co, the Weyl chambers a*,a] , and by C3, Cy, the Weyl

chambers a~,a; . Then we have

R?=|JC,. (4.3)
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where Cy is the closure of Cy.

Proof. We determine the Weyl chambers corresponding to the six roots of
R, and next by applying the relations

20&1 = Qa3
2000 =
a1 — g = O
o1 + a2 = og.

we obtain the Weyl chambers (4.1), (4,2) and the others are empty. O

Proposition 4.2. i) For all s > 0,z,u € R?, the function Vi(ps(u,.))(x) is
real. ii) Let s > 0. The function Vi, (ps(u,.))(x) is strictly positive on the set

Y = {(z,u) € R* xR%*z = 0,u € R?}. (4.4)
Proof. i) From (2.12) we deduce that
Vo eR? VAeR?Gy(z) = G_y(2).

We obtain the result from (3.6) by change of variables and by using the
previous relation. ii) By using the fact that

VAeR?GA0) =1,
we deduce from (3.6), (3.3), (3.7) that
v u € R?, Vi(ps(u,.))(0) = ps(u,0) > 0.

Thus for all s > 0, the function Vi (ps(u,.))(z) is strictly positive on the set
Y. [

Proposition 4.3. We consider for s > 0, the function Us(x,u) defined by
V (z,u) € R? x R?, Uy(z,u) = Vi(ps(u,.))(z). (4.5)
Then for some a € Ry and (z,u) € R? x R?, we have

Us(raz,u) — Us(x,u) = — (&, z)(VUs(x,u), )
+5((a, 2))?af DU, (€, u)a,

with some & on the line segment between x and ryx.

(4.6)

Proof. We obtain (4.6) from the relation (2.4) and Taylor’s formula. O

Theorem 4.4. For all s > 0, we have

V (z,u) € R? x R?, Vi(ps(u,.))(x) > 0. (4.7)
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Proof. The proof is made up in two steps.

In the first step we obtain some results concerning the positivity of the
function Uy (z,u) given by (4.5) on each of the sets Cy x R ¢ = 1,2, 3,4,
where C} is the closure of the Weyl chamber Cy given by Proposition 4.1 ii).

In the second step we use the fact that R? x R? = (Uj_,Cy) x R? and the
result of the first step to deduce the positivity of the function Us(x,u) on
R? x R2.
1st Step

We consider the set Yy, £ = 1,2, 3,4, defined by

Y, = {(z,u) € R? xR?; z € Cyp,u € R?}.

We denote by
Vf(x,u) = Us(z,u)ly,(z,u),

where ly, is the characteristic function of the set Y,. From Proposition 4.2
i) the function V!(x,u) is strictly positive on the set Y.

We shall prove that the function V(x,u) is positive on the set Y;\Y. If
not we suppose by using Proposition 4.2 i) and Proposition 3.3 iii) that it
attains a strictly negative absolute minimum at (zf,uf) € Y,\Y i.e.

Vit uf) = inf Vi(z,u) <O0. (4.8)
(z,u)€Yy

There are two possibilities : the point (z¢,u¢) is in the open subset (Y7\Y)?
of Yy\Y or in the set

YY) = {(z,u) € R* x R? ;2 € 0Cy,u € R?*}, (4.9)

where OC} is the border of the Weyl chamber Cy.
We suppose that (zf,u’) € (Y,\Y)?. As the point (zf,u’) is an absolute
minimum then we have

2t uty = LVt uty =0, j=1.2 (4.10)
833]- ;

By using the fact that
VaeRy, (el ul) ¢ s,
and by applying the relations (4.5), (3.13), (2.10), (2.11), we get

{k(IiQ%E§5_3>+2@<T?Z%Eﬁ§_%)

+k3[(m - %) n (m - %)] }Vf(xé,ug) —0. (411)
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{’ﬁ(m - %) +2k2<m - %)

|~ (== — 3) + (T — )| PGS =0, (41

Using the fact that from (4.8) the function V¢(2*, u) is different from zero
and that k3 > 0, the equations (4.11), (4.12) can also be written in the form

k 2k
k;Xﬁ k2X3+X5+X6_0 (4.13)
k 2k
k; X5+ k; X{—xt+ xt =0, (4.14)
with
1 _<ai7xz>

Then the Xf,i = 1,2, ...6, are solutions of the system of linear equations (.S)
on R* :

BLX)+22X3+ X5+ X =0
(5)4 s 1+ b 3+ A5+ XAg 5 (4.16)
EXQ + 2EX4 — X5+ Xg =0.
On the other hand from (4.15) we obtain
e _
e—laat) Z XL ) (4.17)
X{+1’
We consider the function f defined on R\{—1} by
_y—1
we have
fly) <0 yel—1,1], (4.18)
0< fly) <1leye€El, +oo, (4.19)
fly) >1 & ye€]—oo0,—1]. (4.20)
From the relation (4.17), we have
e~teir) = £(X1), i=1,2,..,6. (4.21)

As the first member of (4.21) is strictly positive, then from (4.18) the
Xf,i = 1,2,...,6, are not in the interval | — 1,1]. They are in the interval
] — 00, —1[U]1, +00[. We consider two cases .

1st Case
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(1) If 2t € Cp, l = 1.
From the relation (4.1) we have (a;,x%) > 0 for i = 1,3,5,6. Then
by using (4.21), (4.19) we obtain

X! €)1, +oof, i=1,3,5,6. (4.22)

By applying (4.22) we get

@X1++2@X3+X5+X6 > ﬁ-|-2@-|-2 > 0.
ks ks ks = ks

Thus from (4.13) we obtain an absurdity, and then the X i =
1,2,...,6, are not solutions of the system (S) given by (4.16).

(2) If 2t € Cp l = 2.
The same proof as for the previous case shows that we obtain also
an absurdity, and then the Xf,i =1,2,...,6, are not solutions of the
system (.5) given by (4.16).

2nd Case

(1) If 2t € Cp, 0 = 3.
From the relation (4.2) we have (a;,z) > 0,i = 2,4,6 and
(a5, ) < 0. Then by using (4.21), (4.19), (4.20), we obtain

X! €)1, +ool,i =2,4,6, and Xi €] — oo, —1]. (4.23)
By applying (4.23) we get
k k
Mgt pokexr xo xes B ok ooy,
ks ks ks ks

Thus from (4.14) we obtain an absurdity, and then the X/i =
1,2,...,6, are not solutions of the system (S) given by (4.16).
(2) If 2* € Oy, £ = 4.
The same proof as for the previous case shows that we obtain
also an absurdity, and then the Xf, 1,2,...,6, are not solutions of the
system (.5) given by (4. 16).

From the first and second cases we deduce that our supposition that the
function V¢(zf,ut) attains a strictly negative absolute minimum at (¢, u")
in (Y,\Y)" is absurd. Then the point (zf,u%) does not belong to (Y;\Y)?,
and it is in the set YEO.
2nd Step

From Proposition 4.2 ii) the function Ug(x,u) is strictly positive on the
set Y.
We shall prove that the function U,(x,u) is positive on the set R? x R?\Y.
If not we suppose by using Proposition 4.2.i) and Proposition 3.3 iii) that it
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attains a strictly negative absolute minimum at (xg,up) € R* x R2\Y.
From the first step and the relation (4.3), the point (x,up) is in the set

Vi = L4JY£,
/=1
with V) given by (4.9). We have
Y= {(z,u) eR*xR*;Va € Ry, (a,z) = 0,u € R?*},
then

VaeR:, (a,zg) =0.
We shall prove in the following that the point (zg,ug) is not in the set Y.
As the point (xg,up) is a strictly negative absolute minimum, then we have
the following relations

Us(zo,ug) = (x’u)ierﬁéxw Us(z,u) <0, (4.24)

and

0 0
a—xlUS(.TQ,UO) - 8—u1U5(Z’0,’LL0) =0. (425)

We write the relations (4.5), (3.13), (2.10) for x, up, and we get

{Us(x,up) — Us(ro,x,up)}

0 0
—Ug(x,ug) + %Us(sc,uo) + k1

0x1 o o 1 1 — e—{a1,z)
—|—2]€2{ s(xﬂi()_)e—_@g’:)gwﬂo)}
Us(l',UQ) - US(TOA5$au0) U5($,UO) - US(TCMG'T)U/O)
+k3[ 1 — e (05.2) + 1 — e—{a6.m) }
1
= (5761 + ko —|—]€3)US(SC,UO). (4.26)

Then by passing to the limit in (4.26), when («a, x), for all & € R4, goes to
{(a, z9) = 0, and by using Proposition 4.3 and the relation (4.25), we obtain

1
(5751 + ko + k3)Us(xo,u9) = 0.

As k; > 0,7 =1,2,3, then

Us(aj'o, uo) = 0. (4.27)
Thus (4.24) and (4.27) imply a contradiction, and the point (xg,ug) is not
in the set Y°.
Then the function Ug(z,u) is positive on the set R? x R?\Y. We deduce the

relation (4.7) from this result and the fact that the function Vi (ps(u,.))(x)
is positive on the set Y. [
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Theorem 4.5. For all positive functions f in D(R?), we have
vy € R%Vi(f)(y) > 0. (4.28)
Proof. From the relations (3.4), (3.7), for all s > 0 and y € R? we have

/ th(f)(x)ps(y,x)dl':/ f(Z)Vk(pS(y)))(z)Ak(z)dz
R2 R?

But from Theorem 4.4, the second member of this relation is positive. Then

/R? th(f)(x)ps(y,x)dx = th(f) x Es(y) >0,

with E the classical Gauss kernel given by
VueR? Ey(u) = / e s girugy
R2

and * the classical convolution product on R?.
Thus

Vel(F)(y) = lim Vi (f) * Euly) > 0.

s—0

OJ

Theorem 4.6. There exists a o-algebra m in R? which contains all Borel
sets in R?, and for each y € R?, there exists a unique positive measure Vy
on m such that for every f in D(R2 ), we have

"Wi(f / f(x)dvy(z (4.29)
The measure v, satisfies
vy (K) < 400, for every compact K C R (4.30)

Proof. We deduce the results of this theorem from the relation (4.28) and
Theorem 2.14 p. 42 of [5]. O

Theorem 4.7. For all g in £(R?), positive, we have
vz eR?, Vi(g)(z)>0. (4.31)

Proof. From the relation (3.4), for all f in D(R?) positive and g in £(R?)
positive, we have

/ Vi(9)() £ (2) Ap()dax = / Vi) ()9 (y)dy.
R2

R2
By applying Theorem 4.5 to the second member, we deduce that

[, @)1 (e) Au(a)da =0,
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Thus
/R F(@)Vilg) (@) A (w)de = (Tv; g)a,., f) = 0, (4.32)

where Ty, (54, is the distribution of D’(R?) (the space of distributions on
R?) given by the function Vj(g)Ax. From (4.32) and Theorem V of [7] p
29, this distribution is the positive measure of density Vi (g).Ax with respect
to the Lebesgue measure on R%2. Then by using the relation (2.7) and the
continuity of the function Vi(g) on R?, we obtain (4.31). O

Theorem 4.8. There exists a o-algebra m in R? which contains all Borel
sets in R2, and for each x € R2, there exists a unique positive measure [i,
on m with support in B(0, ||x||) the closed ball of center 0 and radius ||z||,
such that for every g in £(R?), we have

Vi(g)(z) = /R L 9(W)dpa(y)- (4.33)

Proof. From (3.1), (4.31) we have
Vi(9)(z) = (Kz,9) =0, (4.34)

with K, in £ (R?) such that supp K, C B(0, ||z]|).
Then from (4.34) and Theorem V of [7] p. 29, the distribution K, is a
positive measure on m denoted by p, with support in B(0, ||z||). O]

Corollary 4.9. There ezists a o-algebra m in R? which contains all Borel
sets in R?.

(1) For each x € R?, there exists a unique positive measure ,uXV on m
with support in B(0,||z||) such that for every g in ER*)W, we have

W @) = [ ot ), (4.3
where
He |W| D e (4.36)
weW

(2) For each y € R?, there exists a unique positive measure v
such that for every f in DRV, we have

AL / f@)dvy”

Z Vay- (4.37)

w
Yy onm

where

wEW
The measure v}’ satisﬁes
VZV(K) < 400, for every compact K C R?. (4.38)
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Corollary 4.10. We have the following i) The Opdam-Cherednik and the
Heckman-Opdam kernels G (x) and Fy(x), A € C2, possess the Laplace type
integral representations

Ga(z) = / e M dp,(y), Vo eR? (4.39)
R2
Fy(x) :/ e WV(y), vz e R (4.40)
R2
ii) We have
VzeR? VAeR?:Gi(z) > 0. (4.41)
VzeR:LVAeER? Fj(z)>0. (4.42)

iii) For all x € R?, the function A — Gx(x) and A\ — F\(z) are positive
definite on R2.

Remark 2. We have studied in [12] the absolute continuity with respect to

the Lebesgue measure of the measures p, vy, ulv VZV .

Acknowledgments

The author is grateful to the referee for careful reading and useful remarks.

REFERENCES

[1] I. Cherednik, A unification of Knizhnik-Zamslodchnikov equations and Dunkl operators
via affine Hecke algebras, Invent. Math., 106 (1990), 411-432.

[2] L. Gallardo and K. Trimeche, Positivity of the Jacobi-Cherednik intertwining operator
and its dual, Adv. Pure Appl. Math., 1 (2010), 163-194.

[3] G. J. Heckman and E. M. Opdam, Root systems and hypergeometric functions, 1.
Compos. Math., 64 (1987), 329-352.

[4] E. M. Opdam, Harmonic analysis for certain representations of graded Hecke algebras,
Acta Math., 175 (1995), 75-121.

[5] W. Rudin, Real and complex analysis., Second Edition, McGraw-Hill, 1974.

[6] B. Schapira, Contribution to the hypergeometric function theory of Heckman and
Opdam : sharp estimates, Schwartz spaces, heat kernel, Geom. Funct. Anal., 18 (2008),
222-250.

[7] L. Schwartz, Théorie des distributions., Hermann, Paris, 1966.

[8] K. Trimeche, The trigonometric Dunkl intertwining operator and its dual associated
with the Cherednik operators and the Heckman-Opdam theory, Adv. Pure Appl. Math.,
1 (2010), 293-323.

[9] K. Trimeche, Harmonic analysis associated with the Cherednik operators and the
Heckman-Opdam theory, Adv. Pure Appl. Math., 2 (2011), 23—46.

[10] K. Trimeche, The harmonic analysis associated to the Heckman-Opdam theory and
applications to a root system of type BCyq, Preprint. Faculty of Sciences of Tunis (2015).

[11] K. Trimeche, The positivity of the transmutation operators associated with the
Cherednik operators attached to the root system of type A2, Adv. Pure Appl. Math.,
6, no. 2 (2015), 125-134.



198 KHALIFA TRIMECHE

[12] K. Trimeche, Absolute continuity of the representing measures of the transmutation
operators attached to the root system of type BC2, To appear in Math. J. Okayama
Univ.

KHALIFA TRIMECHE
DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE OF TUNIS
UNIVERSITY TUNIS EL-MANAR

CaMPUS, 2092 TUNISIA

e-mail address: khlifa.trimeche@fst.rnu.tn

(Received July 22, 2014)
(Accepted February 12, 2015)



