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ALTERNATIVE APPROACH FOR SIEGEL’S LEMMA

MAKOTO NAGATA

ABSTRACT. In this article, we present an alternative approach to show a
generalization of Siegel’s lemma which is an essential tool in Diophantine
problems. Our main statement contains the so-called analytic Siegel’s
lemma as well as the Bombieri-Vaaler lemma. Our proof avoids relying
on the ordinary geometry of numbers.

1. INTRODUCTION

Let T be a linear subspace of the n-dimensional Euclidean space R".
When T is defined over the rational number field Q or over an algebraic
number field, the original Siegel’s lemma [8] states that there exists a non-
trivial integral point in 7" whose norm is bounded. Bombieri and Vaaler
[2] established a generalization of Siegel’s lemma where they introduced the
notion of height of the linear subspace T. An analytic version of Siegel’s
lemma due to Philippon and Waldschmidt [5] is also known, where the as-
sumption does not include algebraicity, namely it is not needed that T is
defined over Q or an algebraic number field. Instead, it is only required
that the defining equation of T has coefficients which are sufficiently near
by rational numbers or algebraic numbers.

In this article, we present an alternative approach aimed to a general-
ization of Siegel’s lemma which essentially contains both the statement by
Bombieri-Vaaler and that by Philippon-Waldschmidt.

Siegel’s lemma is characterized by three keywords: vector space, linear
equation, and restriction of solutions. Our proof seems to rely on the same
objects; however, our approach is different from the original one towards
Siegel’s lemma. Indeed, we first introduce an infinite-dimensional vector
space with an inner product. Next, we consider linear equations whose
coefficients are obtained from 7', and then, we restrict our attention to so-
lutions in a sphere in the vector space.

The following simple proposition plays a crucial role in introducing an
infinite-dimensional vector space to prove a finiteness argument. Let V be
a vector space over R and let (, ) : V' x V — R be an inner product of V.
For a fixed nonzero u € V, we set S(u) :=={z €V | (x,u —x) = 0}.

Proposition 1. Let N be a positive integer and let x1,...,zny € S(u) with
(i, x;) =0 for 1 <i < j < N. Then there exists an element w € S(u) such
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that
N

(u,u) = (w,w) + Z(azz,x,)

1=1

Here the set S(u) is a sphere whose zero vector and u are the north and
south poles, respectively. We assume that the inner product ( , ) is positive
definite. In this case, even if the dimension of V' is not finite, Proposition 1
provides a finite bound.

This article is organized as follows: In section 1.1, we specify the infinite-
dimensional vector space V' and the sphere. We introduce a symbol H™
which plays the role of height. In section 1.2, we present our main result, i.e.,
Theorem 1 (our version of Siegel’s lemma) and the first application supplying
information concerning the base field of T' (Theorem 2). In section 1.3,
we deduce from our Theorem 1 both the above-mentioned analytic Siegel’s
lemma (Corollary 1) and Bombieri-Vaaler lemma (Corollary 2). In section
2.1, we introduce our basic tool to avoid using the ordinary geometry of
numbers. This section is devoted to an estimation so as to cover the role of
Minkowski’s theorem related to successive minima which was employed in
[2, 9]. In section 2.2, we collect some lemmas that we need in later sections,
and we also give a simple proof of Proposition 1. In section 3.1, we give a
proof of Theorem 1, and in section 3.2 that of Corollary 1. In section 3.3, a
proof of Theorem 2 is presented. In section 3.4, we show Corollary 2.

1.1. Settings. Let £ = {eq,...,e,} be a fixed orthonormal basis of R” and
let Z™ be the lattice group by F; Z" := Zej + - - - + Ze,,. We use the symbol

| |oo for the L*-norm on F; !;alezho = Z_Zﬂll’a'%(’n|042|. We consider the
canonical n-dimensional torus group €2 := R"/Z™ with the usual topology.
We put 7 : R” — Q as the standard projection such that Ker(m) = Z". Let
P be the Haar measure of the Hausdorff compact topological abelian group
Q with P(2) = 1, that is, the usual one induced by the Lebesgue measure.

Let V be the linear space over R of bounded measurable functions on 2:

V={X:Q—R| X is a bounded measurable function}.

In other words, X € V is a random variable on ) with the probability
measure P. We also define a natural inner product on the linear space V' to
R by

(X,Y) = /QXYdP

for X, Y e V.
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Let 1 € V be the function identically 1 on €, i.e., 1(w) =1 for all w € Q,
and let S(1) ={Y € V | (Y,1 —-Y) = 0} be the sphere.

For Y € S(1), m,n € Z>p, and a real € > 0, we put
_1-=(VY)

en—m

+ €™M,

H mry
This value will play the role of height in our results.

To state our results, we need a few notations. For a real ¢ with 0 < € <
1/2, A(e) = {x € R" | |x| < €/2} denotes the e-cube. For p € R", let
XP € V be the characteristic function of the image of 7 of the p-translation
of A(e), that is,

1 ifwen(A(e) +p)
P — ’
Xow) = { 0 otherwise

where A(e) + p={a+p|ac A(e)}. Let Z(¢) ={a+b |ac A(2),b €
Z",b # 0}.

1.2. Results. Theorems 1 and 2 stated below are our main results. We note
that they are analytic, that is, we do not assume that the linear subspace T’
is defined over an algebraic number field.

Theorem 1. Let [, m, n be integers with 1 < [ < m < n, and let € be
a real number with 0 < € < 1/2. Let T be a linear subspace of R™ with
m = dimg T. Suppose that Y € S(1) satisfies (XP,Y) =0 for allp € T,
where Y may depend on €. Then the following hold:
(i) There exist | points z1(€),...,z;(€) in R™ with
: z
D “log|zi(€)]oe < —log H™"(Y) + Cimpn
i=1
such that z;(e) € TN Z(e) fori=1,...,1, where Cjp,p is a constant inde-
pendent of €, T, Y, and z1(€), ..., z(€).
(i) Consider the case l =m. Let €] > €2 > €3 > ...\, 0 be a decreasing
sequence converging to 0 with e; < 1/2, and let & be the set of all m-tuples

(zi(€k))i=1,...m n (i);
S = {(z1(ex),. - zZm(ex)) | k=1,2,...} CR™™.
Assume that

limsup inf {H™™(Y) | (XP,Y)=0 for allp €T}
e—+0 YeS(1)

is finite. Then there exists an accumulating point ({;)i=1,...m of & such that
C1,...,Cm are linearly independent over R.
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Theorem 2. Let T be a linear subspace of R™ with m = dimg T for 1 <
m < n. Then the following are equivalent.

(I) limsup inf {H™"(Y) | (XP.Y)=0 forallpeT} < oo
e—+0 Y€ES(1)
(1) T is defined over Q.

As mentioned in the Introduction, if we call “ (XPY) =0forallpe T”
a system of linear equations whose coefficients are obtained from 7', we can
say that Y € V is a solution of this system. Then we restrict our attention
to solutions in the sphere S(1). This is our approach for Siegel’s lemma.

Remark 1. For only Part (i) of Theorem 1, one can choose the constant as

llogn ifl=1,2,
1) Crom = I—1)i(l+3 .
(1) L, llogn-i—( I+ )log(l—l) ifl=3,...,m.

However in order to validate Part (ii), we need another constant Cj ,, ,,, de-
noted by C’ in our proof below, which is slightly larger than (1) for technical
reasons.

1.3. Siegel’s lemma and the geometry of numbers. The geometry of
numbers, namely, the ordinary geometry of numbers (e.g., the Euclidean
geometry of numbers and the adelic geometry of numbers, which utilize the
volume of convex bodies), is an essential tool for the height type in [2, 9].
The height of a linear subspace defined over an algebraic number field is the
volume of a certain convex body, and this fact allows the best use of the
geometry of numbers. Philippon and Waldschmidt [5] used the pigeonhole
principle; however, it is not difficult to imagine that their analytic type
can be also proved by means of the geometry of numbers. For the relation
between Siegel’s lemma and the geometry of numbers, one can refer to [6].
There is no doubt that the geometry of numbers is an important principle
underlying Siegel’s lemma.

In this article, we introduce a tool (Lemma 1 below) instead of the ordi-
nary geometry of numbers. No volume appears, that is, Lemma 1 requires
only discrete conditions. Our proof of Theorem 1 relies on this tool. Fur-
thermore Theorem 1, a hybrid of the analytic and the height type, leads
to both types as the following Corollaries 1 and 2. Our approach needs
the Lebesgue measure; however, our proof avoids relying on the ordinary
geometry of numbers.

Now let (1, ) be the standard inner product on R".

Corollary 1. (see [5]) Let m and n be integers with 1 < m < n and

let ay,...,a,_m € R™ be linearly independent over R with absolute values

M = max |aj|e. Then for a given real ¢g > 0, there exists a nontrivial
m

i=1,....,n—
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lattice point z € 7™ with

n—m

M
log |2|oo < log — 4+ C}
€0
such that |(a;,z)| < € fori=1,...,n—m. Here C1 = (nlogn)/m -+ ((m +
1)log 2)/m.

Corollary 2. ([2] see also [9])  With the same hypotheses as in Corollary
1, assume that ay,...,a,_ ., € Z"™ CR™. Let

To={xe€Q" | (a;,x)=0 for i=1,...,n—m}.

Suppose that the rank of Top NZ" over Z is m. Then there exist m linearly
mdependent lattice points z1,...,2Z,, € Z™ with

m

Zlog 2|00 < log H (1) + Co.

i=1
Here H(Tg) is the height of the linear subspace Ty and the constant Cy is
independent of the height and z1,. .., Z,.

Remark 2. Part (i) of Theorem 1 holds even for the trivial solution ¥ = 0
(identically 0). It leads to Corollary 1. Note that the analytic Siegel’s
lemma in [5] was considered over the complex number field. If € tends to 1,
Corollary 1 immediately gives the original Siegel’s lemma (see [8] and [1]).
In this case, it is known that C is improved as ((n —m)logn)/m in [1]. Our
estimation of the error term Cj ,, ,, in Theorem 1 is not sharp, and therefore
neither C nor Cs is. It is important to note that Bombieri and Vaaler [2]
obtained Cy = 0. They also obtained the height type for the case of general
algebraic number fields.

Some readers may be concerned that there are different versions of the
definition of (the ordinary) height depending on the norm chosen at the
Archimedean places. However this affects only the constant term Cy. We
use the usual L2-norm at the Archimedean places. See [2], [6] and [7] for
the definition of height. In this article, we follow Schmidt in Ch. 3 of [7];
essentially, it is the same as that given as in [2].

2. PRELIMINARIES

2.1. Alternative tool and its estimation. Here we introduce our tool
instead of the ordinary geometry of numbers.

Let G be an abelian group and let ) be a subset of G. We call ) sym-
metric if ¢ € @ implies that —o € ). For a nonempty subset H of G, we
write H — H = {0 — ¢’ | 0,0’ € H}. For a given real number ~, inevitably
greater than 1, we will consider a subset ) of G satisfying the following:
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(Condition A)
For arbitrary finite subset H of G, if #H > ~ then (H — H) N Q # {0}.

Here #H denotes the cardinality of H. We always assume that 0 € Q).
The following Lemma 1 is our alternative tool. Only discrete conditions
appear.

Lemma 1. Let [ and m be integers with 1 <1 < m. Suppose that a sym-
metric subset QQ of the abelian group G = Z™ satisfies Condition A with a
given real vv. Then there exist | elements p1,...,p; € Q which are linearly
mdependent over Z such that

l
l
S log piloe < — (logy + C(1)).

X m
i=1

where |ploo 1= max la;| for p=(a1,...,am) € Z™ and C(l) is a constant
i=1,...,m

dependent only on l. More precisely, C(1) = C(2) =0 and C(I) = ((I —
1) +3)log(l—1))/2 forl > 3.

To show Lemma 1 we use the following;:

Lemma 2. Let | be an integer with | > 2. Let ri,...,r;, d2,...,0; be real
numbers with 0 < ry <rg < -+ <1 and with 0 < §; < 1 fori=2,...,1.
Suppose that a real | x I matric B = (a;;); j=1,..; satisfies |a;;| = r; for

1=1,...,1 and

|ai

< TZ'(SJ' ZfZ <7,
r if i > 7.
l
If > 6i(i — 1)HD2 < 1, then det B # 0.
1=2

Proof of Lemma 2. We write By, = (ai ;)i j=1,..m for m =1,...,1. Let D;
be the (,1)-cofactor of B = By, that is, the submatrix obtained by deleting
the i-th row and the [-th column of B. By the assumptions, the absolute
values of elements in the k-th column do not exceed rp. By Hadamard’s
inequality we have

|det D1’ <VI—=1ry---VI—1r_1 = (l - 1)(1_1)/27"1 T q.
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The cofactor expansion of det B; gives that

-1

| det Bl| = |rpdetB;_1 + Z(—l)lﬂai,l det D;
=1
-1
> ry|det Biy| — iy |det Dy
=1

-1
> |det Bl_1| r; — 51([ - 1)(l_1)/27'1 Tl Zri'
i=1
Now for ¢ = 2,...,[, put
i1
i =0i(i — DEVENT I b = (det By| (rq - 1) T
€ (1—1) ggm’ |det By[ (ry -« - 73)

Then b; > b;_1 — ¢;. Similarly, b; > b;_1 —¢; for + = 2,...,1l. Consequently,
if [ > 3, we obtain

M-

Il
w

by >b1—€2>2bo—€g_1—€=>-=>by— > ¢.

(]

[\]

Since €y — (527“1/7’2 and since T’1T2b2 = |det B2| Z r1ro — 52’/‘1 = 7'17’2(1 — 62),
it follows that

l
bl Z 1—262'
1=2

for | = 2,3,.... The assumption r; < r;11 implies Z;;ll rifri < i— 1

Therefore we have ¢; < §;(i — 1)(~1/2(; — 1) and
l
bi>1—> §(i —1)0t/2,
=2

This proves the lemma. [

Proof of Lemma 1. For ¢ = 1,...,m, we denote m; : R™ — R by the
standard projections, i.e., for @ = (a1,...,qap,) € R™, m(a) = «;. Let Z™
be the canonical full-rank lattice group in R™.

Let RZ, be the set of non-negative real coordinates vectors. For a vector
B € RZ,, we write

CB)={acZ™|0<m(a) <m(B) for i=1,...,m}.
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Then #C(B) = [[2,(|m(B)] +1) > [[;~, mi(B), where |m;(B)] denotes the
integer not exceed m;(B8). Moreover, for a, b € C(B) and for i = 1,...,m,
we have |m;(a — b)| < m;(B) since 0 — m;(B) < mi(a—b) < m;(B8) — 0.

Now let B be in RZ, with i (BM) =A™ for i = 1,...,m. We first
consider C(B(). Since #C(BM) > [, m:(BY) = ~, there exist a, b €
C(BY) ¢ G = Z™ with 0 # a— b € Q by the assumptions. That is, the
set D1 :={p € Q\ {0} | |mi(p)| < m(BNV) =~Y™ for i=1,...,m} is not
empty. We choose an element in D; such that the value of | | is minimum,
and we denote it by p1. Set 71 = |p1]co. Since it isin Dy, 1 <ry < 71/7”. We
can assume, by exchanging coordinates of R™ if necessary, that |71 (p1)| = r1.
Furthermore we can assume that 71 (p1) = r1 since @ is symmetric. We thus
conclude that Lemma 1 holds for | =1 with C(1) = 0.

For [ = 2,..., m, we now consider real numbers do, ..., d; satisfying
l .
(2) 0<§ <---<dy<1 and Z(S,L(Z —)HD/2
i=2

Here let B be in RT, with m(B?) = 76, and with m(B?) =
(v/(r102))/ =D for i = 2,...,m. We next consider C'(8?)). Again, since
#C(B) > [, 7:(BP) = ~, there exist a, b € C(B?)) with 0 #a —b €

Q. That is Dy :== {p € Q\ {0} | |m(p)| < m(BP) for i =1,...,m}
is not empty. We choose an element in Dy such that the value of | |

is minimum, and we denote it by ps. Set 19 = |p2|oo. If 7o < 71, then
ro < 71/7” by r < 'yl/m. It follows that po € D;. This contradicts the
minimality of |p1|ec. Therefore 11 < 7r9. Here we have 70 = |p2]oc <

max(r10z, (7/(r102))/™=1). By r; < 75 and by & < 1, it follows that
110y < 1. Thus 79 < (v/(r102))Y ™=V that is,

527“17’727%_1 <.

Since @ is symmetric, we can assume, by exchanging coordinates of R™
except the first index if necessary, that |m1(p2)| < r1d2, m2(p2) = ro and that
|mi(p2)| < rg fori=3,...,m.

Now we consider the case of [ = 2. For any 0 < d5 < 1, the rank of the
matrix formed from p; and ps is 2 by Lemma 2; hence they are linearly
independent over R.

Since the values of r1 and ry are discrete on d9, one sees that there exist
p1 and po such that rlr’zn_l < 7 in the case of Jo = 1 — § for sufficiently
small positive § > 0.

By (log i +1logre) 4+ (m —2)log ro < log~y and by logr +logry < 2log o,
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it follows that (1 + mTﬁ)(log r1 + logre) < log~. That is

2
logry +logre < —log .
m

This shows that Lemma 1 holds for | = 2 with C(2) = 0.

We now proceed by induction. For a natural number k£ with 3 < k& < [,
we define ,B(k_l) € Rgbo by Wl(ﬂ(k_l)) = r10_1, Wg(ﬂ(k_l)) = 190k_1, .-,
Wk—z(ﬁ(k_l)) = rp—20k—1 and by

T (ﬂ(k—l)) = (v/(ryrg - - kaz(S',j:f))l/(m_(k_z))

fori =k —1,...,m. We now assume the following (1-1)—(1-iii):

(1-1) the set Dy_1 := {p € Q\{0} | |mi(p)| < m(B*~V) for i =1,...,m}
is not empty.

(1-ii) we can choose an element in Dj_; such that the value of | - | is
minimum, and we denote it by pr_1. Set 7x_1 = |pr—1]co. Then rr_1 =
wk_l(p(k_l)) and r; <719 <--- <7r,_1 hold.

(1-iii) the inequality 5,’;:37"17“2 e rk_gr?_il(kiz) < 7~ holds.

One sees that these three assumptions hold for £ = 3. Note that the last
inequality is equivalent to

(3) ri_1 < T (B*D).

Now we define B ¢ RZ, by T (B*) = ri6p, m(B®) = rody, ...,
Wk_l(ﬁ(k)) = r,_10% and by m(ﬂ(k)) = (v/(rirg--- rk_léllz_l))l/(m_(k_l)) for
i =k,...,m. We consider the set C(8%)). Since #C(B®) > [, m:(B")
= 1, there exist a, b € C(8®) with 0 # a — b € Q. That is, the set
Dy :={p € Q\ {0} | |m(p)| < m(B®) for i =1,...,m} is not empty.
We choose an element in Dy such that the value of | - | is minimum,
and we denote it by pg, set 7 = [pr|oo- We now show that rp_1 < 7.
Assume the negation: r, < ry_1. By px € Dy, we have |m;(pr)| < i <
ri0p—1 = m(B*Y) for i = 1,...,k — 2. Noting the assumption (3) we
have |mp_1(pr)| < ™ < Tho1 < mp_1(BFV) for i = k — 1. Moreover
one sees that |m;(pg)| < 7% < 1p1 < mp_1(BFY) = 7;(B*~1) holds for
1 =k,k+1,...,m. That is, pr € Di_1, which contradicts the minimality
of |pr_1|co. Therefore rp_1 <71, ie, rg <rog < -+ <rp_1 < 1%

We can assume, by changing the k,..., m-th coordinates of R™ if nec-
essary, that rp = m(pr). Since i = |prloo < max(r1dk, 720k, - ., Tk_10k,
(v/(r1rg - rp_16E )Y/ m=(=1)) "the conditions r1 < 1y < --- < 7y, and
Op < -+ < 09 < 1 give that rp < (7/(7"17“2---rk_lélljfl))l/(m’(k’l)), ie.,

k—1 m—(k—1)
Op T1T2cTR_1Ty <7.
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By induction on k, we obtain r; <17y < .- <11 <1 and

(4) o triry - "Tl—lrlm_(l_l) <7.
Lemma 2 and the condition (2) show that the matrix formed from pq,...,p;
has the full rank, hence pq,...,p; are linearly independent over R. Note

that Zé:l logr; <llogr;. Again by (4) and since

!
(I —1)log o +Zlogn + (m —1)logr <log~,

i=1

we have
m—1\ <
[—1)logd;+ 1+ ——— logr; < log~y.
[
i=1
Therefore
l
l

(5) D> logri < — (logy + (I — 1) log(1/é1))

1=1

holds. Recall that the condition (2) about ds,...,d;. So for any sufficient
small positive § > 0, the inequality (5) holds in the case of

l -1
§=0_1="=0y= (Z(Z _ 1)(i+1)/2> _s

1=2

Furthermore, since the left-hand side in the inequality (5) is discrete on ¢,
one sees that the estimation in Lemma 1

[ l
l .
logr; < — (1 1 —1)1 ;— 1)t)/2
E ogrnl<og7+( )OgE (i—1)

holds for sufficiently small § > 0. Finally, we have S2\_,(i — 1)+1/2 <
(1—-1)-(1—1)HD/2 = (1—1)t+3)/2 gince the value (i —1)+1/2 is increasing
on ¢t =2,3,.... Therefore we conclude that Lemma 1 holds for [ =3,...,m

with C(1). O]

2.2. Some lemmas. We now give a proof of Proposition 1 as Lemma 3
below in a slightly generalized form. By abuse of notation, we use the same
letters employed in the preceding sections. Let V and K be abelian groups
and let (, ) : V xV — K be a bilinear mapping as Z-modules. We will use
the symbols 4+, — and 0 in the usual sense. For a fixed nonzero u € V', we
put S(u) ={z eV | (z,u—2z) = (u—=z,z) =0}.
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Lemma 3. Let N be a positive integer and let x1,...,xNn be in S(u) with
(xi,x;) =0 fori,j=1,...,N,i# j. Then there exists an element w € S(u)

such that
N

(u,u) = (w,w) + Z(xhxl>
i=1

Proof. For x € V| we abbreviate (r,z) to (z). Put w = u — Zf\il x;. We
claim that w € S(u) and that (u) = (w) + Zfil(%) Since (z;,z;) = 0 for
i # j, we have

N N N N

(w,u —w) = (u,ZxQ — (Z:cz,z;r;j) = Z(u — x;, x;) = 0.

i=1 =1 j=1 i=1
Similarly, (v — w,w) = 0. Thus w € S(u). Since (x;) = (u,x;) for i =
1,..., N and since 0 = (w,u — w),

N N N
(w) = (w,u) = (=Y wiyu) = (u) = > (w,u) = (u) = Y ().
=1 =1 =1

OJ

The following Lemma 4 is a simple corollary of Proposition 1 for such our
situation. We follow here the notation of Theorem 1. For p € R", we write
We(p) ={Y € V| (XP,Y) = 0}. For a finite index set I = {1,2,..., N}
we consider {p; }ier which is a finite subset of R™. We denote (X, X) briefly
by (X) for X e V.

Lemma 4. Suppose that
1—{Y)
I>_—_\ 7/
> X
forY € S(1) N (ye; We(pi). Then there exist i,j € I with i # j such that
(XP1 XD £0. Here X0 € V is defined by
X0(w) = { 1 if wen(A(e)),

0 otherwise.

Proof. Assume that (XP, X27) = 0 for any i # j. Bqualities (XP') =
P(m(A(e))) = (XP" 1) gives XP' € S(1). Since (XP")Y) =0 for any i € I,
Proposition 1 now shows that there exists Z € S(1) such that
(1) =(2) + (Y) + ) _(XP).
el
By (1) = 1, (XP*) = P(r(A(e))) = (X?) and by (Z) > 0, we have 1 — (V) >
#1I x (X?), a contradiction. O

€
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Lemma 5. For p,q € R", if (X2 X&) #0, then p —q € Z™ + A(2¢).

Proof. By the definition of { , ) and the assumption (XP, X¢) # 0, we have
m(A(e) + p) Nw(A(e) + q) # . Then there exist a,B8 € A(e) such that
m(a+p) =7(B+q), that is , (¢ + p) — (B + q) € Ker(m) = Z". Therefore

p—q€Z"+ A(2e). O
Lemma 6. Consider two orthonormal bases of R™, E := {e1,...,e,} and
F:={f,...,f,}. Forai,...,an,01,...,0n €R, let
= E u F
!z;aiei\oo = i£§§n|ai!, ‘zﬁifi‘m = ifllﬁffnwil-
1= 1=

Then for arbitrary x € R™, the inequality |x|Z < \/n|x|L, holds.

Proof. The proof is standard, left to the reader. [

3. PROOFS

3.1. Proof of Theorem 1. Part (i): According to the preceding section,
we fix an orthonormal basis £ = {ej,...,e,} and an inner product ( , ).
Let T be an m-dimensional linear subspace of R” in Theorem 1. Now let
F ={fy,...,f,} be another orthonormal basis of R with (, ) such that

m
T:{Zazfz | Oél,...,OémQR}.
1=1

Let B = {x € R" | (x,x) < ne?} denote the ball centered at the origin
with radius \/ne. Then B contains the cube A(2¢). We now consider a
subgroup of T',

m
G .= {Z (Ii\/ﬁﬁfi | aiy,...,0m € Z}
i=1
Let H C G be a finite subset of G. For any H, Y in Theorem 1 satisfies

Y eS)n (] We(p).
pEH

Here we set

Q=GN (Z"+ A(2¢)) and v = {1_67§Y>J + 1

Replacing I in Lemma 4 by H, there exist p, q € H with p # q such that
(XP, X3) #£ 0 for any H C G with #H > v since (X?) = ¢". Lemma 5
thus implies that p —q € @ \ {0}. Furthermore we find that p — q & A(2¢).
Because any r € G with r # 0 satisfies (r,r) > ne?, we have r ¢ B, i.e.,
r ¢ A(2¢). It is clear that @ is symmetric and that 0 € @. Thus @, which is
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a subset of GG, satisfies Condition A with v. Now we consider an isomorphism

¢:G=Z™ by > ai/net; — (a1,...,an). For p=>"" a;\/nef; with

aiy. .., am € Z, write |¢(p)|L, = max;—1__; |a;| =@ R. Then |p|L, = Ry/ne

and |p|Z < neR by Lemma 6. Lemma 1 shows that there exist py,...,p; €
(Q C G such that they are linearly independent over R and such that

l h I

> loglo(pi)ll < —

1=1

(logy +C(1)),
that is,

l
[

Zlog pi)E < — (logy+ C(l)) + llog € + llog n.

i=1
Here py,...,p; are in GN(Z" + A(2¢)) C TN(Z"™ + A(2¢)) and they are not
in A(2¢). Since

yer < t+er,
en—m

we obtain Part (i) of Theorem 1 with

l
Clmn = —C(l) + llogn,
m
where C(I) is in Lemma 1. This completes the proof of Part (i).

Remark 3. Let 71,...,7; be as in the proof of Lemma 2. Then r; = |¢(p;)|L,
i.e., riv/ne = |p;|L holds.

Part (ii): By the assumptions, there exists a constant C', independent of
¢, satisfying the following: there exists Y € S(1) (which depends on ¢€) with
H™™Y) < C with (XPY) = 0 for all p € T for arbitrary small e > 0.
Now suppose that ¢ in our proof of Lemma 1 is fixed. Here § is a sufficiently
small positive real number depending on only [, m,n (and independent of
€). Replacing C(l) by “a constant depending on [ and 6”, one can check
that Lemma 1 is still true. Thus Part (i) holds with a constant depending
on ¢ instead of (1). From the condition of Part (ii), we then have the
following: for any e, 0 < e < 1/2, there exist m linearly independent points

z1(€),...,2zm(e) € R™ with

m
(6) Y log|zi(€)|oo < log(C +€™) + C’

i=1
such that z;(e) € TN Z(e) for i = 1,...,m. Here C’ depends on m,n,d and
is independent of e. Moreover we can choose C’ such that C' — Ciy, . in
(1) as § — 0.

We now consider the set & in Theorem 1, & = {(z1(ex), ..., Zm(er)) | k =

1,2,...} CR™™ where zi(€g),...,2Zn(€x) are linearly independent points
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in T'N Z(ex) in (6). Note that they are not in A(2¢;) and that & is
bounded in R™ ™. Thus there exists an accumulating point {¢1,...,{m}
of &. Since each (; is in T'N Z(e) for infinitely many e, — +0, it must be
in TN (Z"\ {0}). We now show that (1,...,{, are linearly independent
over R. We look back on our proof of Part (i). In the later part of the
proof, for any € > 0 let us now consider Dy = |det((ag iv/n€)ki=1,.. m)| =
| det((ak,i)k,i=1,...m)|(v/ne)™ formed by m linearly independent elements in
Q, pr(€) == pr == > i~  agiv/nef; for k =1,...,m where aj; depends on e.
From the proofs of Lemma 1 and Lemma 2, one can see that

|det((ak,i)k,i:1,‘..,m)| > 1 — Z 6@(2 . 1)(i+1)/2’
1=2

Tl...rm

where 71,...,7r,, are in our proof of Lemma 1. Let Dy be the right-hand
side of the last inequality. Suppose that 0 in the proof of Lemma 2 is a
sufficiently small positive constant depending only on I, m,n. Then Do does
not vanish, and it is independent of €. From the proof of Lemma 2, each
pr(€) = pr = > it agi/nef; for k =1,...,m in the proof of Part (i) satisfies
that |py|L = r4+/ne by Remark 3. We thus obtain

Dy 2 |pilee - PmlseD2 > |p1l% - Ipml o (v/R) 7" Do > (1-2€)™ (v/n) 7" Dy

by Lemma 6 and by |pi|Z > 1 — 2e. Hence D; is bigger than a positive
constant independent of € when ¢ is sufficiently small. This shows that
the determinant formed by (1,...,(,, is not 0 and that they are linearly
independent over R. Therefore T" has m linearly independent (1, ...,(m €
7" and we conclude that T is defined over Q. The proof is complete. [J

3.2. Proof of Corollary 1. First note that the following inequality holds:

let €, aq,...,a, be real numbers with a; > 1 for 2 =1,...,n. Then
n n
(7) Z log(a; +€) < nlog(l+e¢€)+ Z log a;
i=1 i=1

because a; + € < a;(1 + €).

Proof of Corollary 1. Let T', M and ¢y be as in Corollary 1 and let € in
Theorem 1 be given by g = nMe. To deduce Corollary 1 from Part (i), take
the trivial solution, Y = 0, which is in S(1). Then Part (i) of Theorem 1
says that there exist [ linearly independent z,...,z; € TN(Z" \ {0} + Z(¢))

such that
l

[
Z log |2 |00 < — log (€™ + €™) + Clamn.-

i=1
For any j = 1,...,l and for z;, there exist b; € Z" \ {0} and d; € A(2¢)
such that z; = b; +d;. By z; € T, we have (a;,z;) =0fori=1,...,n—m.
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Then |(a;,bj)| = |(ai,z;) — (a;,d;)| = |(a;,d;)| < nMe = ey . Moreover

we see that 1 < |bjloc = |2j — dj|oc < |Zj]oc + |djloc < |Zj]oc + €, namely
1 — € < |zj|oo. Then the inequality (7) gives

l
2] € 2]
1 <!l 14+ — lo
ZOg(l—e—i_l—e ©8 +1 € +Z T ¢

That is,

! l
€
g log (|zj|oc +€) < llog (1 + 1—_6) + E log | oo

j=1 =1
Thus

l l
> loglbjle < ) log(lzjle +¢)
j=1 j=1

l
< —log (em—n + Em) + [ log (1 + 1 ‘ > + Cl,m,n'
— €

m

Again, by € = ¢y/(nM) < 1 and by m < n, (7)
log(1 + €") + log €™~ ™. Since n > 2 and since M >
for eg < 1. Therefore we obtain

gives log(e™™™ + €") <
1 one sees that € < 1/2

M I(n- l
ZN%MM_K__Jbg0+ﬁ%#ﬁmm+(a+0bw+amw

The case of [ = 1 completes the proof. [

3.3. Proof of Theorem 2. The definition of height of a linear subspace
and detailed discussions can be found in [2] and [7]. We follow Schmidt |7,
Ch. 3].

Let T be a linear subspace of R™ defined over Q with dimg 7" = m. Then
there exist g1,...,8m € Z™ such that

m
TAZ={> bigi|b,... by € L}.
Throughout this section, we write
m
32{2@;&' |0< B <lfori=1,...,m}
i=1

for a fundamental domain of the lattice group TNZ"™. According to Schmidt
[7, Theorem 1], the height of TN Q™ equals the volume of § in our proof of
Lemma 7 below; H(T N Q™) = p1(F). We denote it briefly by H(Tp).

Let €, A(e), m and P be as in above.
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Lemma 7. Let T be a linear subspace of R" with dimgrT = m. Suppose
that T is defined over Q. That is, there exist ay,...,a,_p, € Z" such that

T={xeR"| (aj,x)=0 fori=1,...,n—m}.
Then the inequality

P | #(A(e) +p) | < Dpome" ™H(Tp)
peT

holds. Here Dy, is the volume of the (n —m)-dimensional ball with radius
Vn/2: Dy =7=™/2 (/0 /2)" ™ T ((n —m +2)/2).

Proof. Let F = {f1,...,f,} be the orthonormal basis of R™ in our proof
of Theorem 1. Let T be the orthogonal complement of T. For z =
Yo, asf; € R™, we define the natural projections, ¢; : R" — T by ¢1(z) =
S aifi and ¢g : R™ — T1 by ¢o(z) = o — ¢1(z). Moreover we de-
note the natural inclusions 7' < R™ by ¢;, and T+ < R" by 1. For
x €T,y € T, we write x @y = 11(x) + 12(y) € R®. Moreover we set
AxB={x®y|x€cA yeB}for ACT, BCT".

Let E = {ei,...,e,} be the orthonormal basis of R™ in the preceding
section. Then A(e) = {x € R” | |x|Z, < ¢/2}. Let By = {x € R" | (x,X) <
n(e/2)?} be the ball centered the origin with radius \/ne/2 in R™. Then
A(e) C Bp. Since ¢1(a+ p) = ¢1(a) + ¢1(p) = ¢1(a) + p € T and since
p2(a+ p) = ¢2(a) € ¢p2(A(e)) C ¢po(Bp) for a € A(e), p € T, we have
a+p=¢i(a)+p+ ¢2(a) € T x ¢p2(By). Thus we have

LJ A(e) +p C T x ¢2(Bo).
peT

Next, for any subset D of T, we show that 7(T x D) C 7(F x D). Note
that

T:{Y+Zbigi |y €3, b1,..., b € Z}.
i=1
Then (y + >0 bigi) @ d = uly + 3270, bigi) + t2(d) = u(y) + t2(d) +
S bigi for d € D. Since w(>°1"; bigi) = 0 we have n((y + >_ivq bigi) ®
d) € 7(§ x D). Therefore we obtain

T U A(e) +p | C (T x p2(By)).

peT

Let u be the Lebesgue measure on R™. In general, the inequality P(7(5)) <
p(S) holds for any measurable set S of R™. Then P(n(F x ¢2(Bo))) <

(S x ¢p2(Bo)) = pi(F) X pe(p2(By)) where p; is the Lebesgue measure
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on R™ via T ~ R"™ by > a;f; — (aq,..., ), and ps is the Lebesgue
measure on R”™™ via T+ ~ R*™"™ by > i1 @ifi = (g1, an).

We now write g; = Z;rL:1CVz‘,jfj for i = 1,...,m. Then ui1(§) =
| det(c ;)i j=1,..m| and this equals H(Tg), the height of T" (see [7, Ch. 3]).
Since ¢2(By) is the ball centered the origin with radius \/ne/2 in T+ ~
R™™ ™ 119(p2(Bo)) = Dypp—n€™ ™. This completes the proof.

O

Here we give our proof of Theorem 2. It also shows that we can take C' =

H(Tg)Dy—pm where C is the constant in our proof of Part (ii) of Theorem
1. Here H (1) is the height of 7" and D,,_, is in Lemma 7. This is why we
say that H{"™(Y) plays a role of height.
Proof of Theorem 2. We only need to show that (II) implies (I). We show
here that there exists a constant C' in our proof of Part (ii) of Theorem 1.
The set [, 7(A(€) +p) is open. Let D be the complement of it. Let Y be
the indicator random variable of the measurable set D. That is, for w € €,
Y(w)=1ifwe D, Y(w) =0 if not. By definition, we have (Y,1) = (Y,Y).
Then Y € S(1). One can see that XP(w)Y (w) =0 for w € Q and for p € T'.
Thus (XP,Y) = 0. Under the condition (IT), we have

(V)=PD)=1-P | |J7(A() +p) | 21— Dp_me" ™H(Tg)
peT
by Lemma 7. Let C' = D,,_,,H(Tg). It follows that there exists ¥ € S(1)
(which depends on ¢€) with H¢""(Y) < C with (XP,Y) =0 for all p € T for
arbitrary small € > 0. Il

3.4. Proof of Corollary 2. Let T" be in Corollary 2. Then Theorem 2
shows that we can use the accumulating point (¢;)i=1,..m of © in Theorem
1. Let ¢ — +0 in our proof of Part (ii). Since one can choose ¢ in the
proof of Part (ii) to be arbitrary small (but 6 must be independent of ¢),
one can check that the following holds by Theorem 1 and by (6): there exist
m linearly independent points 1,...,{,n € TN (Z™\ {0}) with

m
Z log ’Cl‘oo < log(Dn—mH(TQ)) + Cm,mm-

i=1
Since Dy,—p, and Chyy ., in (1) are independent of H(Tg), the last inequality
shows Corollary 2. [
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