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ON FINITE RINGS OVER WHICH ALL FREE CODES
ARE SPLITTING

YASUYUKI HIRANO

ABSTRACT. In this paper, we study the structure of finite rings over
which all free codes are splitting. In particular, we show that over the
matrix rings over finite local rings all free codes are splitting.

1. INTRODUCTION

Recently linear codes over finite rings have raised a great interest for their
role in algebraic coding theory. Firstly classical algebraic coding theory over
finite fields has been extended to algebraic coding theory over Galois rings
and finite commutative rings (see [3]). Next, algebraic coding theory over
finite noncommutative rings is studied by many authors (see the references in
[6]). In particular, Wood [8] showed that linear coding theory is particularly
well-behaved over finite Frobenius rings (see also [9]). Finite Frobenius rings
have many good properties. Over a finite Frobenius ring, every projective
module is injective, and hence all free codes are splitting. In this paper, we
assign light to only this property and we study the structure of finite rings
with this property: (1) All free codes are splitting. First we show that finite
rings which are Morita equivalent to finite commutative rings have property
(t). Next we give a necessary and sufficient condition for a free code C' over
any finite ring to be splitting. Then we give a sufficient condition for a finite
ring to have property (). Using this result, we show that matrix rings over
finite local rings have property (f). Finally we give an example of a finite
indecomposable ring with property (), but it is not quasi-Frobenius and
also is not Morita equivalent to any finite local ring.

2. PRELIMINARY RESULTS

First we give some definitions. Let n be a positive number. Following
Greferath [5], a linear (left) code C of length n over a finite ring R is a
submodule of g R"™. We call C splitting if it is a direct summand of g R"™. If
C' has a basis, then C'is said to be free. If C'= rR™ for some m(= n), then
C is called a free code of rank m.

For some notations and fundamental results on finite rings, we refer the
reader to McDonald [7].
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In this paper, we consider the structure of finite rings R over which every
free codes of length n over R is splitting for every natural number n. In
this section, we state some general results on rings over which every finitely
generated free submodule N of any finitely generated free module M is a
direct summand of M.

Proposition 2.1. The following conditions are equivalent for a ring R:
(1) Every finitely generated free submodule N of any finitely generated
free module M 1is a direct summand of M.
(2) Ewvery finitely generated projective submodule P of any finitely gener-
ated projective module Q) is a direct summand of Q.

Proof. (1) = (2). Let P be a finitely generated projective submodule of
a finitely generated projective module (). Then we find some projective
modules P’ and @’ such that P ® P’ and Q ® P’ ® Q' are free modules.
Since we assume that (1) holds, P& P’ is a direct summand of Q ® P’ & @',
that is Q@ P’ Q' = P® P’ @ X for some submodule X of Q& P'®Q’. Then,
using modular law, we have Q =QN(Q B P ¢ Q) =QN (PP & X) =
Pa(@nNPaq).

(2) = (1). This is trivial. O]

Proposition 2.2. Let R be a ring and consider the property:

(1) Every finitely generated free submodule N of any finitely generated free
module M 1is a direct summand of M.

Then there holds the following:

(1) The property (1) is Morita invariant.

(2) Let ey, -+ ,e, are central and orthogonal idempotents of a ring R
such that ey + -+ e, = 1. Then R has property (1) if and only if all rings
Req,- -+, Re, have property (1).

Proof. (1) Assume that two rings R and S are Morita equivalent via a cat-
egory equivalence F' : R-Mod — S-Mod and its inverse G : S-Mod — R-
Mod. Assume that R has property ({). Let 0 = N — M — M/N — 0
be an exact sequence with projective modules N and M. Then, by [1,
Propositions 21.4 and 21.6], 0 - G(N) — G(M) — G(M/N) — 0 be an
exact sequence with projective modules G(NV) and G(M). By hypothesis,
the exact sequence 0 — G(N) — G(M) — G(M/N) — 0 splits. Then
0 — FG(N) - FG(M) — FG(M/N) — 0 splits by [1, Propositions 21.4],
This implies that 0 - N — M — M /N — 0 splits. By Proposition 2.1, S
has property (1).

(2) This follows from Proposition 2.1. O]
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3. FINITE COMMUTATIVE RINGS

A ring R with Jacobson radical J is called a local ring if R/J is a division
ring. Since a finite division ring is a field by Wedderburn’s theorem, a finite

ring R is local if R/J is a finite field.

Lemma 3.1. Let R be a finite commutative local ring with Jacobson radical
J. Let C be a free code of rank m of rRR". Then the code C = (C +
JR")/JR" of r/;(R/J)" is a free code of rank m.

Proof. We may assume that J # 0. We identify R"/JR"™ with (R/J)" in
a natural way. Then there is a positive integer k such that J* # 0 and
JFH1 = 0. Let C = Rx1 @ - - - ® Ry, be a free code of rank m with free basis
{z1, -+ ,xp}andlet z; = z;+JR™ € (R/J)" foreachi = 1,--- ,m. Suppose
a1Z1++ -+ amTym = 0 for some a; = a;+J € R/J. Then ayz1+- -+ anz, €
JR™. Since J* # 0, we can take by, - -- ,b; € J such that b; - -- by # 0. Since

JEHL =0, by - bpajzy + - + by - bgamxm = 0. However xq,--- ,x,, are
linearly independent over R, we obtain by ---bga; = -+ = by ---bra,, = 0.
Since R is a local ring, these mean ay,--- ,a,, € J, thatisa; = a; +J =0
for alli e {1,--- ,m}. O

Theorem 3.2. Let R be a finite commutative ring. Then every free code C
of rRR"™ 1is splitting for any positive integer n.

Proof. First consider the case when R is a local ring. Let C = Rz &
-+ @® Rxy, (m < n) with free basis {z1, -+ ,zn} and let {y1,--- ,yn} be
the standard basis of gpR". By Lemma 3.1, C = Rz @ --- ® RZ,, is a
free code of rank m of Ryj; @ --- ® Ry, = (R/J)". Then we can select
Yivs Ui, from {g1, -+ ,yn} such that {Z1, -+, ZTm, Giy, " ,Yi,_,, } 18
a basis of (R/J)". Then R" = (Rxy1 +---+ Rxy) + (Ry;, +- -+ Ryi,_,,) +
JR™ = R". Since JR" is small in R", we obtain R" = (Rx1 + --- 4+ Rzy) +
(Ryi;, + -+ + Ry;,_, ) = R™. This means that R" is a homomorphic image
of (Rr1 ® -+ @ Rxy) & (Ry;, ® --- @ Ry;, ,,). Since R" is a free module
of rank n over a finite commutative local ring R, by Theorem of Jordan-
Holder ([2, Theorerm 2.5.2]), the composition length of R" is equal to that
of (Rx; @ -+ @ Rxy) ® (Ry;, © -+ ® Ry, _, ). Therefore we conclude that
R"= (Rx1®-- - ®Rx,)®(Rys, ®---® Ry, ) = C®(Ry;, ®---® Ry, ).

Next consider the case when R is a finite commutative ring. We can
easily see that R is a direct sum of finite commutative local rings. So let
R = Rey & --- ® Rey, where each Re; is a local ring. Now let C be a free
code of pR™. Then, for each i, e;C be a free Re;-submodule of rank m of a
free Re;-module e; R". Then e;R" = ¢,C & C} for some Re;-submodule C! of
e;R". Then R" = (e1C®---@e,,C)B(C18---aC)) = Ca(C1o®---aCy). O
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4. NON-COMMUTATIVE ARTINIAN RINGS

We denote the ring of n x n-matrices over a ring R by M,,(R). By Theorem
3.2 and Proposition 2.2 we have the following proposition.
Proposition 4.1. Let Ry,--- , Ri be finite commutative rings. Then, for
any positive integers ny, - -- ,ng, the ring R = M, (R1)®--- &M, (Ry) has
the following property:

(1) Every free code C of rR™ is splitting for every positive integer n.

However the following example shows that a non-commutative finite ring
need not have property (7).

Example 1. Let K be a finite field and consider the subring R = <

OOON

of the ring ( g g )of 2x2 matrices over K. Since the left ideal

0 0
0 K 9. . : .
of R® R = R~ is isomorphic to rR, and hence C is a free code.

K
K
K
0
- : . K 0
of R is isomorphic to the left ideal ( >, the code C = < )

0 K

K\ . Ik
g o | issmallin

However C' is not a direct summand of R?, because (

rR.

Next we give a necessary and sufficient condition for a free code C over a
finite ring to be splitting.

Theorem 4.2. Let R be a finite ring and let C be a free code of RR™. Then
the following are equivalent:

(1) C is splitting.

(2) C = (C+ JR")/JR" is a free code of py;(R/J)" and the rank of C
equals the rank of C.

Proof. (1) = (2). This is clear.

(2) = (1). Assume the rank of C' is m. Since R/J is a finite semisimple
ring, (R/J)" = (C+JR"™)/JR"® L for some code L of (R/J)". Clearly L is
a free code of rank n — m. Hence there exist z1,--- ,z,_,, € rR" such that
{Z1, -+ ,Tpn—m} is a free basis of L over R/J. Then R" = C + (Rz1 +--- +
Rz, ) + JR™. By Nakayama’s lemma, we obtain R” = C' + (Rxy + - -+ +
Rxy_p,). Since C'is of rank m over R, there is an isomorphism f : gR™ — C.
Also there is an epimorphism g : gR"*™™ — Rx1+-- -+ Rx,_p,. Since pR" =
rR™ @® rR" ™, we can define an epimorphism ¢ : gR" — C + (Rx1 + -+
Rxy_m) = rR"by ¢ = fon gR™ and ¢ = gon gR" ™. Since rpR" is a finite
set, the epimorphism ¢ is an isomorphism. Therefore Rx1 + - -+ + Rz, is
a free R-module of rank n —m and R" = C & (Rx1 + -+ - + RTp—m). O



ON FINITE RINGS OVER WHICH ALL FREE CODES ARE SPLITTING 137

In the proof of Theorem 4.2, we used that fact that pR" is a finite set.
But we can also use the following easy lemma.

Lemma 4.3. Let R be a ring and let M be a left R-module of finite com-
position length. Consider an R-endomorphism f of M. Then the following
are equivalent:

(1) f is an epimorphism.

(2) f is a monomorphism.

(3) f is an isomorphism.

Using the lemma above, we can generalize Theorem 4.2 to left artinian
rings.

Theorem 4.4. Let R be a left artinian ring and let N be a finitely generated
free submodule of a finitely generated free module M. Then the following are
equivalent:

(1) N is a direct summand of M.

(2) N = (N + JM)/JM is a free R/J-module and the rank of N over
R/J equals the rank of N over R.

A left principal indecomposable module of a ring R is a left submodule of
rR that is a direct summand of R and is an indecomposable module. Now
we state a sufficient condition for a left artinian ring to have the property
that every finitely generated free submodule NV of any finitely generated free
module M is a direct summand of M.

Theorem 4.5. Let R be a left artinian ring with non-zero Jacobson radical J
of nilpotency index k+1. Assume that for every left principal indecomposable
module L, J*L # 0. Then every finitely generated free submodule N of any
finitely generated free module M is a direct summand of M.

Proof. Since R is a left artinian ring, by [2, Proposition 2.5.6] N is a direct
sum of indecomposable modules, say N = L& ---@® L,. Since N = R™ for
some positive integer m, by Theorem of Krull-Schmidt ([2, Theorem 2.5.11])
each L; is isomorphic some indecomposable direct summand of rR.

Let usset L; = (Ly+JM)/JM C M/JM. We claim that L; is a simple R-
module for alli € {1,--- ,n}. If L; = 0 for some 7, then L; C JM, and hence
J*L; ¢ J*TIM = 0. This contradicts our assumption. Therefore L; # 0
for all i € {1,---,n}. There is an isomorphism L; = (L; + JM)/JM =
L;/(L;ynJM). Since JL; C L;NJM and since L;/JL; is a simple R-module
by [1, Proposition 27.10], we conclude that L; is a simple R-module for all
ief{l,--,nb.

Next we claim that Ly + - - -+ L, is a direct sum. Assume @ + - - + @, =
0 € M/JM, where a; € L; and a; = a; + JM for each i = 1,--- ,n. Then
ar+---+a, € JM and so J"“(al—l—---—i-an) = 0. Since L1 +---+ L, is a
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direct sum, we obtain J*a; = 0 for each i = 1,--- ,n. By our assumption,
J¥L; # 0 and L; /JL; is simple, we conclude that a; € JL; C JM for each
i=1,---,n. Hence a; = --- = a, = 0. This proves our claim.

Hence N = Ly & - -+ & Ly, is isomorphic to g/;(R/J)™. Thus the rank of

N over R/J and the rank of N over R are same m. Therefore by Theorem
4.4 N is a direct summand of M. [J

Remark. If R be a left artinian ring (or more generally, if R is a semiperfect
ring), then there are finitely many left principal indecomposable modules
Ly, ---,L,, such that every finitely generated indecomposable projective
left R-module is isomorphic to one and only one of Li,---,L,, (see [,
Proposition 27.10]). Hence we need only check the condition of Theorem
4.5 holds for Ly, , Lyy,.

We can easily see that local rings satisfy the condition in Theorem 4.5.
Hence we have the following corollary.

Corollary 4.6. Let R be a finite local ring. FEvery free code C of rR" is
splitting for any positive integer n.

By Corollry 4.6 and Proposition 2.2 we obtain the following theorem.

Theorem 4.7. Let Ry,--- , Ry be finite local rings. Then, for any positive
integers ny,- -+ ,ng, the ring R = My, (R1) ®---®M,, (Rk) has the following
property:

(t) Every free code C' of rR™ is splitting for any positive integer n.

Finally we give an example of a finite indecomposable ring with property
(1), but it is not quasi-Frobenius and also is not Morita equivalent to any
finite local ring.

Example 2. Let K be a finite field and 1etA:{<g 2) la e K, be
K & K}.
Consider the following subring of My(A):
a 010 b
R_{ 8 CCL 2 8 | a,d € K, b,CGK@K}. Then we see J(R) =
0 0(0 d
0 O‘O b
0 0[]0 O
{ 0 ¢cl0 0 baCGK@K}aHdR/J(R)’iKEBK.Wecanalsosee
0 0[]0 O

J(R)? = 0, and hence J(R) is nilpotent of index 2. Consider the idempotent
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1 0/0 O
0 110 O ) ) )
e = L Then L1 = Re is an indecomposable left ideal of R
0 0 ‘ 0 0
0 0/]0 O
: 0 0/]0 O )
and the socle of L1 is S] = 0 10 0 |ce K@K ;. We can easily
0 0 ‘ 0 0
see that JL; = S7 # 0. If we set Ly = R(1 — ¢e), then Ls is also an inde-
0 0|0 b
) ) 0 0|0 O
composable left ideal of R. The socle of Ly is Sy = 0 0l0 o | b€
0 0 ‘ 0 0

K @& K ; and we can see that JLs = So # 0. By Theorem 4.5, every free

code C of rR™ is splitting for every positive integer n. Clearly S and Ss
are not simple. Hence R is not quasi-Frobenius (cf. [4, Theorem 9.3.7]).
Also R is not Morita equivalent to any finite local ring.
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