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AN (N — 1)-DIMENSIONAL CONVEX COMPACT SET
GIVES AN N-DIMENSIONAL TRAVELING FRONT IN THE
ALLEN-CAHN EQUATION*

MASAHARU TANIGUCHI'

Abstract. This paper studies traveling fronts to the Allen-Cahn equation in RN for N > 3. Let
(N —2)-dimensional smooth surfaces be the boundaries of compact sets in RV =1 and assume that all
principal curvatures are positive everywhere. We define an equivalence relation between them and
prove that there exists a traveling front associated with a given surface and that it is asymptotically
stable for given initial perturbation. The associated traveling fronts coincide up to phase transition
if and only if the given surfaces satisfy the equivalence relation.
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1. Introduction. In this paper we study the Allen-Cahn equation

ou
Z A RN
(1) 5 u+ f(u), zeRY t>0,
u(z,0) = ug, x € RV,

Here A = Zjvzl Dj; with D; = 8/8z; and D;; = (8/0z;)* for 1 < j < N. Now
N > 3is a given integer, and ug is a given bounded and uniformly continuous function
from RY to R.
The assumption on f is as follows.
(A1) f e CY—1,1] satisfies f(1) =0, f(—=1) =0, f'(1) <0, f/(-=1) <0 and

/11 f(s)ds > 0.

(A2) There exists a, € (—1,1) such that

f(s) <0 for all s € (=1, —ay),
f(s)>0 for all s € (—ax,1).

The profile equation of a one-dimensional traveling front with speed k is given by
(1.2) 9" (x) — kD' (x ) f(@ (:E)) 0, —00 <z < 00,

It is known that (1.2) has a solution ® under (Al) and (A2), and it is unique up
to translation. See [1, 2, 9, 10, 4, 3], for instance. Now (Al) gives k¥ > 0. In
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particular, one has & = v/2a, and ®(z) = —tanh(z/v/2) when 0 < a, < 1 and
flu) = =(u+1)(u+a)(u—1).

The Allen—Cahn equation by a moving coordinate system with speed ¢ toward
the zy-direction is given by

(1.3) (Dt — A —cDy)w — f(w) =0, x € RNt >0,
' w(z,0) = up(x), x € RN,

In this paper we assume ¢ > k. We denote the solution of (1.3) by w(z,t;up). The

profile equation of a traveling front in RY is given by

(1.4) (A —cDn)v— f(v) =0, x c RY.

Here we put @’ = (z1,...,2y-1) € RV "L and ¢ = (z/, zn).

For the Allen—Cahn equation, multidimensional traveling fronts have been studied
by many mathematicians. Two-dimensional V-form fronts are studied by Ninomiya
and myself [13, 14], Hamel, Monneau, and Roquejofire [6, 7], Haragus and Scheel [8],
and so on. Cylindrically symmetric traveling fronts in RY are studied by [6, 7).
Traveling fronts of pyramidal shapes and convex polyhedral shapes are studied by
[15, 16, 11, 17]. See [12] for a related work. Let a compact set in R? be given, and
assume its smooth boundary is a curve that has a positive curvature everywhere. A
traveling front associated with such a curve is studied for the Allen—Cahn equation
in R3 by [17]. Let a surface be the boundary of a convex compact set in R¥~! and
assume that all principal curvatures are positive everywhere. The purpose of this
paper is to show that there exists a traveling front in the Allen-Cahn equation in R
associated with such a surface by using a clear and concise argument. Since the Allen—
Cahn equation is one of the simplest reaction-diffusion equations, the argument in this
paper might be useful for studies on other reaction-diffusion equations or reaction-
diffusion systems that admit comparison principles.

As is seen in section 4, there exists a cylindrically symmetric traveling front
solution U that satisfies

N -2
T

(1.5) <—DM — D, —D,, — cDZ) U—f(U(r,z))=0 forr>0,zeR,

U.(0,2)=0 for z € R,
—U,(r,z) >0 forr>0,zecR,
U(0,0) = 0.
Here D,.U = 0U/dr, D,,U = 0*U/0r?, DU = 0U/0z, and D..U = 0°U/0z>. See

Lemmas 4.1 and 4.3 for detailed properties of U.
For any positive-valued function g € C?(SV~2), let

Dy ={ré|0<r<g(€),&e sV ?}

and let C, = 0D, = {g(€)¢|€& € SN=2}. Now we choose the signs of principal
curvatures of Cyy such that the principal curvatures of the boundary of SV~ are +1
in this paper. Then, if all principal curvatures of Cy are positive at every point of C,
D, is a strictly convex compact set in RV =1, Let G be given by

{gec?(s¥?)]

g > 0, all principal curvatures of Cy are positive at every point of Cy} .
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A

Speed C

F1G. 1. The graph of a level set of U.

For any g € G and a > 0, we define g; = 7,9 by
Cy, = {z e RN"\D, | dist(z,C,) = a}.

Then 1, becomes a mapping in G by Lemma 5.1 in section 5. We define an equivalence
relation g; ~ g if and only if one has either gy = 7,92 or go = 7,91 for some a > 0.
Roughly speaking, we define g; ~ g» if and only if one can expand D,, with a constant
width and the expanded one equals D, or one can expand D, with a constant width
and the expanded one equals Dy, . See section 5 for the details.
The following is the main assertion in this paper.

_ THEOREM 1.1. Assumec > k. For any given g € G, there exists a unique solution
U to

N
(1.6) ( o 0 )ﬁ—f(ﬁ):o in RN,

_ g .Y
L a2 orn
i=1 ?

U(x) — min U(lz’ — g(€)€|,an)| = 0.

1.7 li
(1.7) im sup Lo

§—00 Iw\ZS

Here @ = (&', xn). Let ﬁj be the solution to (1.6)—(1.7) associated with g; € G for
7 =1,2, respectively. Then one has
(18) ﬁg(ﬁl,...,xjv,l,x]v) = ﬁl(xl,...,xN,l,xN — C)

for some ¢ € R if and only if g1 ~ g2. B
Thus each element of a quotient set G/ ~ gives an N-dimensional traveling front U
in the Allen-Cahn equation. Figure 1 shows the graph of a level set {z € RY |U(z) =
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—a, }. This paper is organized as follows. We state preliminaries in section 2 and give
a uniform estimate on pyramidal traveling fronts in section 3 with respect to the
number of lateral faces. Using this estimate, we show that pyramidal traveling fronts
converge to a cylindrically symmetric traveling front U as the number of lateral faces
goes to infinity, and we state properties of U in section 4. In section 5, we define an
equivalence relation in G. In section 6, we give a proof of Theorem 1.1. We construct
a supersolution and a subsolution by using U, prove the existence of a cylindrically
nonsymmetric traveling front U between them, and show the stability of U.

2. Preliminaries. We extend f as a function of class C*(R) with f/(s) < 0 for
|s| > 1. Setting

5= g min {~f(=1),— (1)} >0,
we choose ¢, € (0,1/4) with

—f'(s)>pB if[s+1] <26, or |s — 1| < 2§,.

Let
M = /
e If'(s)] >0,
A /CQ _ k2
M ==

and define 0, € (0,7/2) by
tan 0, = m..

Let n > 2 be a given integer and let{aj}}‘:l be a set of unit vectors in RV ~! with

a; # aj for i # j. Then a; = (a}, .. .,ajv_l) satisfies
N-1
laj|*=> (a)*=1 foralll1 <j<n.
i=1
Here we put @’ = (21,...,2y-1) € R¥ "t and z = (z/,2y) = (21,...,2n5) € RV
with |2/] = /SN a2 and |&| = /3N | 22, respectively. For 2/ € RV~1, we set
(2.1) hj(a') = m.(a;, @),
N o () — oA
h(z') = max h;(@’) =m. max (aj,z’).

Here (aj,z’) denotes the inner product of vectors a; and «’. In this paper we call
{(#',2n) € RN |zn > h(x')} a pyramid. Setting

Q;={x' € RN h(x') = hj(z')}

for j=1,...,n, we have
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We denote the boundary of €2; by 0€;. Now we put
S;={x eRY |zy = h;(x/) forx’ € Q;}

for each j, and call U7?'S; C R¥ the lateral faces of a pyramid. We put
I;={xzeR"|ay =hj(z') fora’' €}

for j=1,...,n. Then Uj_;I'; represents the set of all edges of a pyramid. For v > 0,
let

D(y) = {x| dist (cc,U?Zlfj) >}

Now we define v(x) by

1<j<n - \ ¢

st =@ (Lon 1@ = max @ (S @)

Pyramidal traveling fronts are stated as follows. For the proof see [13] for N = 2,
and see [15, 11] for N > 3.
THEOREM 2.1 (see [13, 15, 11]). Let h be given in (2.2). Let V be defined by

V(x) = lim w(x,t;v) for all x € RV,

t—o00

Then V' satisfies
(2.3) (=A —cDN)V — f(V) =0, x € RY
with

Vlij;om:g%) V(z) —u(z)| =0,

—l<ou(z)<V(iz)<l1 for all x € RY.

Here we state lemmas that we will use later.
LEMMA 2.2. Let h be given in (2.2) and let V' be as in Theorem 2.1. For any
given t = (' tx) € RN with ty > 0 and m.|t'| < ty, one has

ov . ON
(2.4) T >0 in R™Y.

Moreover, one has
—DnV > §|VV| in RN,
Proof. For any € > 0 , we have
v(x +¢et) <w(x) for all x € RY.
Then, from the definition of V', we get

V(e +et) <V(x) for all z € RY.
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By combining with the maximum principle, this gives

ov .
§<0 in RY.

The latter inequality follows from

YV ) > cosd, = F
N = 08T = 0

where e = £(0,...,0,1) € RY. This completes the proof. 0
LEMMA 2.3. Let h be given in (2.2) and let V' be as in Theorem 2.1. Then one
can choose a constant mg > 0 that is independent of h and has

(2.5) sup |VV(x)| < mg.

zERN

Proof. Let p € (1,00) and y, satisfy
N
0<m<l——.
p

For any xo € RY, we have

IVIiwz2r By < k1 (IV e (Bos)) + If (V)| Lo (B(zos1)))

by applying the Schauder interior estimate to (2.3). Here a constant k1 > 0 depends
on ¢ and f and is independent of h. Using the Sobolev imbedding W2P(B(z;2)) C
C170(B(xp; 1)), we obtain (2.5). This completes the proof. O

LEMMA 2.4. Let h be given by (2.2), let V be as in Theorem 2.1, and let 1 < j <
N — 1. Assume

hzy,...,xj—1, 25, Tjp1,. ., &n—1) = M@, ..., 251, |25, T, -, TN—1)
for (x1,...,xn_1) € RN=L. Then one has
V(e .., %j-1,%5, Tjs1, -, n) = VX1, .. x5-1, |25, s, -, TN)
for (x1,...,2n) € RN, and
D;V(zy,22,...,2n5) >0 forz; >0, (1,...,0j—1,Tj41,...,ZN) € RN -1
D;V(z1,...,2j-1,0,zj11,2n) =0 for (xl,...,a:j_l,a:j+1,...,xN)ERNA.

Proof. Without loss of generality, we can assume j = 1. The former statement
follows from the definition of V' in Theorem 2.1 and

y($1,$2,...,$N_1) ZQ(|$1|,$2,...,ZIJN_1)

for (x1,...,xy_1) € RV 7L,
For the latter statement, we have

Dih(zy,xe,...,xny—-1) >0 for 1 > 0, (z2,...,xN_1) € RN-2
Dlh(O,xg, ce 71'N71) =0 for ((Eg, ce 71'N71) e RV-2,
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Then we get

Dly(xl,xg, . 71'N71) >0 for 1 > 0, ((Eg, . 71'N71) S RN72,

Dyw(0,20,...,xx_1) = 0 for (z2,...,2y_1) € RV 72,

Now wq(x,t) = Dyw(x, t;v) satisfies
(Dy — A — Dy — f'(w(z, t;v)) wy =0 for 1 >0, (x2,...,25) € RVt >0,
Dywi(0,,...,2x5) =0 for (z9,...,2y5) € RN 7L
wy(x,0) >0 for 21 >0, (za,...,zN) € RN-L.

Then we get

Dyw(x, t;v) >0 for 21 > 0, (z2,...,2nx) ERVN"L ¢ > 0.
Sending ¢ — oo, we obtain

D1V(£IZ) >

> for 21 >0, (22,...,7n5) € RN 7L,
DlV(07$27"'7$N) =

0
0 for (za,...,2y5) € RVNL,
This completes the proof. d

Here we write the Harnack inequality. For the proof, see [5, Corollary 9.25], for
example.

LEMMA 2.5. Assume that v € Wli’CN (RN) satisfies

(A —cDn +ho(xz))v=0 in B(xo; R),

v>0 in B(xo; R),

where &y € RY and R > 0. Here hg € L>(B(zo; R)) satisfies
max{|h0(m)| ‘a} c m} < M.
Then, for all xy € RN and all R > 0, one has
max{v(:n)|:n € m} < Kpmin {v(m)|m € m},

where a constant Kg depends only on (R, M, c, N) and is independent of .

3. A uniform estimate on pyramidal traveling fronts. In this section we
give an estimate of the widths of transition layers of pyramidal traveling fronts with
n lateral faces uniformly in n. This uniform estimate enables us to take the limit of
n — oo in section 4.

LEMMA 3.1. Let h and V be as in (2.2) and Theorem 2.1, respectively. Assume

h(xl, Ce ,{ENfl) = h(|x1|, ey |$N71|) fO’I“ ((El, R ,{ENfl) e RV-L,
Then, for any 0 € (0,04) there exists eg > 0 such that one has

inf {|VV (@)| | |f(V(@))] > 6} > 20 >0,
int {~DV () | [f(V(@)] > 5} > 20 >0

where €y depends on § and is independent of h.
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Proof. The second inequality follows from the first inequality and Lemma 2.2. It
suffices to prove the first inequality. Assume the contrary. Then there exist z; € RY,
hj, and Vj for each j € N such that we have

(3.1) (-A—eDN)V;— f(V;) =0 iRV,
Vi) > 6 lim [VVi(ay)| = 0.

Lemmas 2.2 and 2.4 give —DxV >0 and D;V > 0 for each 1 <i < N — 1. Applying
Lemma 2.5 to D;V for each 1 <i < N, we have

hm max{|VV )| | € B(w;; )}:0.

Sending j — oo in (3.1) and using lim;_, [AV;(x;)| = 0, we get lim;_,oo f(Vj(z;)) =
0, which contradicts | f(Vj(x;))| > . This completes the proof. O

Now define
u) = [1 f(s)ds

and define u, € (—ay, 1) by F(u.) = 0. We choose u; € (—1,u,) arbitrarily and set
Kk by

2Kk = —F(ul) > 0.
We define u,, € (—1,u1) by —F(u,) =  and have
—1 < ux <up <uy <1

PROPOSITION 3.2. Let V satisfy (1.4), (2.4), and V(2',£o00) = F1 for all &’ €
RN=L. Let uy € (—1,u.) be chosen arbitrarily. Then one has

KN =Y —F(uy))

1nf{|DNV |2 ‘ V —ul} Z QCBKEZ

>0,

where a positive constant £ is given by (3.7) and K, is a positive constant in Lemma 2.5.
Both ¢ and K, are independent of h.
Proof. Multiplying (2.3) by DyV and using

(DNV)AV = div (DyV)VV) — %DN (IVV]?),
we find
(3.2) —div (DyV)VV) + %DN (IVV[?) = ¢(DnV)? = f(V)DNV = 0.

Let x;, € RV~1 be arbitrarily chosen. Defining

={(',an) eERN ||2' —a{| <, u.<V(z',zn)<ui},
={(@,an) eRY ||2/ —z(| < ¢, V(2 ,an)=wu1},

={(@,an) eRY ||2/ —z(| < ¢, V(2 ,2n) =uc},
={@" xn)

o xy) ERY ||@' —af| =0, u. <V(a',zy) <ui},
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we have 9Q = ' UT,, UTy. Let v = *(vq,...,vy) denote the unit outward normal
vector on 0f2. Putting

Fitw) = [ f(s)ds
w1
and integrating both sides of (3.2) over €2, we obtain

(3.3) /BQ (—(DNV)(VV, V) + %|VV|21/N = Fl(V)z/N> ds = c/Q(DNV)stc.

Using

we have
1 1
_(DNV)(VV7V)+§|VV|2VN:_§|VV|DNV on ]-—‘1'

Combining this equality and F;(u;) = 0, we obtain

1
(3.4) / <—(DNV)(VV, v)+ §|VV|21/N — Fl(V)VN) ds
IS
1
= (——|VV|DNV> ds > 0.
I 2
Using

\YA%
- T,
1 %4 |VV| on

we get
1 9 1
—(DNV)(VV,v) + §|VV| UN = §|VV|DNV <0 on'y.

Lemma 2.2 gives

o

minvy > —.
r

K

o

Using Fi(us) = Kk, we have

/Fl(V)l/NdSZKJ/ Z/Nd82@|FK|.
. T, ¢

Here |T';| is the measure of T's. Recall that the measure of
BNV (0;0) = {z' e RN 7! | |2/| < £}

is given by Vy_16N "1, where Viy_1 is the volume of the unit ball in RN =1, Then we
get

T > Yy N1
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and

/ Fl(V)I/N ds > @VNflﬂNil.
r &

Now we obtain
1 k
(3.5) / <—(DNV)(VV, v) + 5|VV|2VN — Fl(V)uN) ds < —;VN,lgN—l'

Using vy = 0 on T'¢, we get
1
/ <—(DNV)(VV, I/) + §|VV|21/N — F1 (V)VN) ds = / (—(DNV)(VV, I/)) ds.
Ff Ff

Applying Lemma 2.3, we find

/F (=D V)(VV, 1)) ds

< my / (—DnV)ds.
¢

Now we continue the calculation as

/ (—DNV) ds = / (ur — uy) da’,
I BN =1)(0;0)

where
oBN=V(0;0) = {o' e RN 7! | [2/| = ¢} .

Recall that the measure of GB(N’l)(O;E) is given by An_20N "2, where An_o is the
surface area of the unit ball in RN 1. Then we have

/ (u1 — uy) dz’
OBN=1)(0;¢)

where we used 0 < u; — u, < 2. Thus we obtain

< 24NN 72

(3.6) < 2moAn 20N 72,

(=DNV)(VV,v) + 1|VV|2Z/N —F(Vvy | ds
T 2

Using (3.3), (3.4), (3.5), and (3.6), we obtain
1 kk N-1 N—2
5(—DNV)|VV| ds > ?VN,1£ —2moAn_o/f .
Iy

We define /¢ as

_4mocAn_2

Note that £ is independent of h. Then we find

1 kr N—-1
—(— ‘/ §7‘/ > .
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Applying Lemma 2.2, we get

kQ
IDNV|?ds > %VN_leN—l.
I'y

Using Lemma 2.5, we find
KE|F1|n%iln|DNV|2 > KC—IZZVN_MN*.
Let ¢ be defined by
Iy = {(@ 1(x)) | |&' — xf| < €}
Now Lemma 2.2 gives
[Vipr| < ms.

Then we have
Iy :/ VTN Rds < SVn s
BOV-1)(0;6) k

and thus
2
Cre2 . o o KK N

Recalling the definition of x and the fact that x}, € RV ! is arbitrary, we complete
the proof of Proposition 3.2. O

4. Cylindrically symmetric traveling fronts. Let N be the set of positive
integers and and let N = NU {0}. For m € N with m > 2, we define J as

J={jeN|o<j<2m -1} if N =3,
J={(1,--jn-2) ENV2[0<j; <2 (1<i<N-3),0< jy o <27 —1}

if N > 4. For each j = (j1,...,jn—2) € J, we define

<27Tj1)
cos | 5
. for N = 3,

and

‘om
2 for N > 4.
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Let h(™ be as in (2.2) associated with {a; |4 € J} and let V(™) be as in Theorem 2.1
for (™). Since h(™) is symmetric with respect to a plane (z',a;) = 0, V™ (. xy)
is symmetric with respect to the same plane for any fixed zy € R by the definition
of V™) in Theorem 2.1. We choose (,, € R by V™ (0 ...,0,¢y) = 0 and define

Us(x',xy) = lim y(m) (', 2n + Cm) in C?

m— 0o loc

(RY).

Since V™) (x' xn + () satisfies Lemma 3.1 and Proposition 3.2, U (x', 2x) also
satisfies Lemma 3.1 and Proposition 3.2. Now U is a function of (Jz'|,zn). We
denote |#'| and xy by r and =z, respectively, and we write U (@', zn) by U(r, 2).
Now we have (1.5) in section 1.

The property of U is as follows.

LEMMA 4.1. For any given s = (81, 82) with s2 > 0 and my|s1| < s2, one has

_8_U>0 forallr >0, z € R.
Os

Moreover, one has
D,.U(r,z) >0 forallr >0, z € R.
For any 6 € (0,04), there exists eg > 0 such that one has

inf {—D.U(r, 2) | |f(U(r,2)| >6} > % > 0.

For any uy € (—1,u4), one has

k3N =Y (—F(uy))
203K 2

inf {|D.U(r,2)]* | U(r,2z) =u1} > >0,

where £ and K, are as in Proposition 3.2.

Proof. The inequalities in this lemma follow from the definition of U, Lemmas 2.2,
2.4, and 3.1, and Proposition 3.2. O

Defining ¢(r) by U(r, ¢(r)) = 0, we obtain

0<¢'(r) <m. for all r > 0.

Then we have

i1 limp_oo sup {|U(r,2) + 1| | 2 — ¢(r) > R} =0,
(41) limp o0 sup {|U(r,z) — 1| |z — ¢(r) < =R} =0,
and thus

(4.2) Aim sup {|D.U(r,2)| | [z = ¢(r)| =2 R} =0

by applying the Schauder estimate to (2.3).
First we show the following lemma.
LEMMA 4.2. One has

. / .
Jm ¢ (r) = m.
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Proof. Tt suffices to prove liminf, o ¢'(r) = m,. Assume the contrary. Then
there exists (s;);eny with
0< 5 <Sg< <8 <+ — +00,
sup ¢'(si) < M.
K2

Assume, in addition, that there exists {3;}ieny with lim; 8; = 400 and 0 < 26; < s;
for all 7 € N such that we have

0< max ¢ <m' <m, for alli € N
[si,8:4+20:]

or

0< max ¢ <m' <m, foralli € N
[si—2Bi,si]

for m’ € (0,m,). Then we set

Ulr,z) = lim U(r + s; + B, 2 + ¢(s; + 5i)) for (r,z) € R?
71— 00

or

U(r,z) = .lim U(r+s; — Bi,z+ ¢(si — Bi)) for (r,2) € R?

respectively. Then we have

(_D'rr - Dzz - CDZ)U(T, Z) = f(U(Tv Z)) fOI’ (’f’, Z) € R27
U(0,0) =0,
DnU(r,2) <0 for (r,z) € R%.

Defining ¢(r) by U(r, ¢(r)) = 0, we have ¢(0) = 0 and, with some m’ € (0,m..),
0< ¢ (r) <m' < ms for all r € R.

Let v, be the two-dimensional front V-form associated with nx = m/|z| in The-
orem 2.1 for N = 2. Then we have

Ul(r,z) < ve(r,z — A) + 0y,

by taking A > 0 large enough. If ¢ > 0 is large enough, v, (7, z2— 0. (1 —ePt)) + 6,65
is a supersolution. Taking the sides of

U(r,2) < vi(r,z — X — 00, (1 — e P)) + 5*€_Bt‘t20
as initial values of
wy = (Dyr + Dy2)w + fw) (r,z) € R?, t >0,
we obtain
(4.3) Ulr,z—ct) < uvi(r,z — A=t — 06, (1 — e P)) 4 6,677
for (r,z) € R? and t > 0, where
d=k\/1+(m)? <ec

Sending t — 400, we have a contradiction from (4.3) and U(0,0) = 0.
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Thus we can choose b, > 0 that is independent of ¢ such that we have

lim ¢'(&;) = m.

1—00

for some &; € [s; — by, $; + bi]. Then we have

lim <—g—U) ‘ =0,
el S0/ (&i,0(61))

So

where

(SIS

Now we have

(—Drr - ¥DT —D,, —cD,— f'(U(r, z))) < 8U) =0,

(4.4) ~Oso

= >0
8807

for r > 0, z € R. Then the Harnack inequality (Lemma 2.5) gives

( 8U> ) ( 8U)
max —— | < Kg, min —,
B((&,6(€)):R.) \ 080 B((&.¢(&)):R.) \ 080

where

Using (si, ¢(s:)) € B((&, #(&i)); R+), we get

lim | — 8—U
1—00 880

Since the gradient of U does not vanish at (s;, &(s;)) by Lemma 4.1, we obtain
lim; 0 @' (8;) = M., which gives a contradiction. This completes the proof. d
Now we prove the following property of U.
LEMMA 4.3. One has

=0.
(si,9(s1))

lim U(s+r,¢(s)+2)=® <%(2 - m*r)> in C% (R?).

S§—00
Moreover, for every n > 0 one has

Ulr+mn,z+m.n) <U(r, 2) forallr >0, z e R,
lim sup (U(r,z) =U(r +n,z+m.n)) =0.

R—o0 (r,z)€[R,00) XR
Proof. Using (4.4), Lemma 2.5, and
(s,0(s))

lim <—8—U

§—00 880
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we obtain
oUu
lim sup <——> =0
5% B((s,6(s))iR) \ 950

for every R > 0. From this equality and (1.5) we see that U converges to a unique
one-dimensional traveling front to the direction (—m., 1) with speed k, that is,

lim  sup
57 r|+z|<R

Ul 5,80) +2) = (£ = mn) )| =0

for every R > 0. This shows the first equality of the lemma. The inequality in the
lemma follows from Lemma 4.1. Combining this inequality, the first equality, and
Lemma 4.1, we obtain the final equality. This completes the proof. O

5. Surfaces in RV ~! with positive principal curvatures. Let g € C2(SV~2)
satisfy g(€) > 0 for all £ € SV=2. We set

Cy = {g(e)€|€ € SN2},
Dy ={rg|0<r<g(€),e € SN2},

and have C; = 9D, C RNV~ For some neighborhood of g(£)¢ € C, with & € SN2
we write C, as (y, ¥ (y)) with ¥(y°) = 0 and V¢ (y°) = 0, where y = (y1,...,yn—2).
Here we put g(€)¢ = (y°,¢(y?)) with y° € RV -2,

Let v(y) be the unit normal vector of Cy at (y,%(y)) pointing from D, to

RN=1\D,. We have
1 —w@))
v(iy) = ——— ,
W= rmer
where
Vip(y) = "(D1(y), .., D29 (y))-
The eigenvalues x1(y°), ..., ky_2(y°) of the Hessian matrix

~D*P(y°) = = (D (y")) 1 <; s s

are the principal curvatures of C, at (y°,¢(y")). We take the basis of RV ! as the
eigenvectors of the Hessian matrix. Using this principal coordinate system, we have

~D*y(y°) = diag (k1(y°), ..., iv-2(y"))
and

D;vi(y°) = ki(y°)di; 1<i,j<N-2.
We define G by

{geC®(sV?)|
g > 0, all principal curvatures of Cy are positive at every point of Cy}.

For any g € G and a > 0, we define g; = 7,9 by
Cy, = {z e RN"\D, | dist(z,C,) = a}.

See Figure 2.
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X,

F1G. 2. The graphs of Cy and Cly, .

Then we have the following lemma.
LEMMA 5.1. For any a > 0, 7, is a mapping in G. Moreover, one has

(5.1) T (Tag) = Totag

foranya>0,b>0 and g € G.
Proof. First, we show 7,9 € G for a > 0 and g € G. In a neighborhood of

g(&)¢ = (¥°,v(y?)), we have

= L N2
5 (ki (¥°) =€) (g —¥3)* < —¥(y) < 3 (15 (") + ) (w; —¥))*,
j=1 j=1
where y° =%(1?,...,4%_,) and € is any number with
0 < 2e <min{r1(y%),...,kn_2(y")}.
By putting
Kmin = min {ﬁl(yo)a sy FJN—2(1/O)} )
Rmax = Max {ﬁl(yo)a C) 5N72(y0)} )
we have

1
5 (“min - 5) |y - yo

| 2
2

1
< —yY(y) < ) (Kmax +€) |y - y0|2

when y belongs to a neighborhood of y°.
Let rg and Ry be the radii of the inscribed ball and the circumscribed ball of Cj,

at g(€)¢ = (y°,¢(y)), respectively. Then we have

(Kmax + 5)71 S To S RO S (ﬁmin - 8)71 .
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Next let 7, and Ry be the radii of the inscribed ball and the circumscribed ball of Cy,
at (y°,(y°) + av(y®)), respectively. Then we have

ro+a<r <R <Ry+a

and thus

a+ (Fmax +€) 7' <11 <Ry <at (Kmin—€) .

Now the principal curvatures (%), ;. y_, of Cg, at (y°,9(y") + av(y?)) satisfy
Nl !
(a+(f<:min—s) ) <kj < (a+(f<:max+a) )
for 1 <j < N —2. Sending € — 0, we obtain

Rmin ~ Rmax .
0 —m <R, < —== 1<5<N-—-2).
1+a"$min =f = 1+a/€max ( =)= )

This shows that 7, is a mapping in G.
Next we prove (5.1). It suffices to prove that

v(y’) = (?)

is orthogonal to the tangent space of Cy, at (y°, ¥ (y°) 4+ av(y)). Now Cy, is param-

cterized by
(vlo) * T (1)

when y belongs to a neighborhood of y°. Let {t(j)}lngN,g be the tangent vectors
of Cy, at (y°,¥(y°) + av(y”)). We have

) — (Dj:;%yOQ N m (—DjVOw(yO))

N-—-2
—a (L IVOOP) Y Dby’ D) (_vf(y0)>

() (2.

Here e; € RV~2 has 1 for the jth element and 0 for other elements. Then we find
(t,v(y°)) =0 for 1 < j < N — 2. This completes the proof of Lemma 5.1. O

Now we define an equivalence relation g1 ~ go for g1, g2 € G. We define g ~ go if
and only if one has either g1 = 7,92 or go = 7,91 for some a > 0. We will show that
G/ ~ gives a traveling front of (1.1) in section 6.

6. A traveling front associated with a surface Cy. In this section we give
a proof to Theorem 1.1 in section 1, as follows.

Proof of Theorem 1.1. We construct a weak subsolution and a weak supersolution
and show the existence of U between them. Let U be a cylindrically symmetric
traveling front solution to (1.5). We define a weak supersolution V(z) as

Vi@) = min U’ —g(@)¢lan)  for (@,ay) € RY.
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Xy

FiG. 3. A circumscribed ball of Cy.

Let {r;(€)}1<j<n—2 denote the principal curvatures of C, at g(&)¢ for € € SN2, By
the assumption, we have

: ‘ N-2
s & >0 for all £ € SV 2.

We choose 1 > 0 large enough such that we have

1

>  max max ———
1 1<j<N-2¢esN-2 k(&)

and D, is included in the closure of a circumscribed ball of C;, at g(€)¢& with radius n
for every &€ € SN2 See Figure 3. Let v(€) be the unit normal vector of Cy at g(€)¢&
pointing from Dy to RV"1\D,, for £ € SN=2. A set {(g(€)¢€,0)|& € SN2} lies in a
cone

(@, 2n) € RY [2n +man > mufa’ — g(&)& + v (&)}
for all &; € SV=2. Then, from Lemma 4.1, we have

U2’ = 9(60)6 + mo(€n)l aox +man) < _min U2’ = 9()El. o)

for all (z',xx) € RN, ¢ € SN2 and & € SN~2. Thus we get

max U(|lz' — g(§1)é1 +nv (&)l on +man) < min U(lz' - g(§)&, 2n)
€1€5N -2 geSN-2

for all (z/,zx) € RY. Now we define a weak subsolution V() as

(6.1) V(a',xy) = (ax U (2" = g(&)& + nu(€)l,an +muy) for all (2, 2x) € RV
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and have

V(z',zn) <V(z,zN) for all (z/,zn) € RV,
Taking p > 0 large enough, we find
(6.2) U(lz'l,on +p) < V(' an) < V(' an) <U(l2'|,on — p)
for all (z/,zx) € RY. From Lemma 4.3 we have

lim  sup  (U(|lz’' = g(§)§l,2n) = U(lz’ = g(§)§ + v (€)], 2y +man)) =0

R— o0 ‘m’|ZR,INER
for each ¢ € SNV=2. Using this fact and (6.2), we obtain

(6.3) lim sup  (V(z',zn) — V(2 zn)) = 0.

R=00 g/ 4|z | >R

Using wy(x, t; V) > 0 for t > 0, we define U as

U(z) = lim w(x,t;V) for all z € RY.

t—o0

Combining this convergence and (6.3), we get

(6.4) lim sup |w(z,t;V) - U(x)| = 0.

£00 RN
Then U satisfies (1.6) with
V(z) <U(x) <V(z) forallxeRY.
Then we have
65)  U(|2'|,an +p) <U@,zy) <U(@'|,ax —p)  forall (z/,zy) € RV,
From the definition of U we get

oU N
(6.6) —§>0 in RY.

Here t is as in Lemma 2.2. From (6.3) we get (1.7). If g1 # g2, we find

Up(x1,. .. xn_1,2n) Z Ur(21, ..., en—1, 28 — )

for any ¢ € R. B

Finally, we show the uniqueness. First, assume that we have another U; satisfying
(1.6) and (1.7) for the same g. For any ¢ € (0,0.), we take A > 0 large enough and
have

U oy + A — 0 < Uy (2, zy) < U, zx — \) + 6.
Then we get

Uz, en+ +0d(1—e 1)) —be Pt < Uy (2!, an) < U(x', zy—A—0d(1—ePt))40e 7",
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Now, from Lemma 4.1 and (6.5), U(z’, 2y F 00(1 — e=P*)) & e =5 become a super-
solution and a subsolution, respectively, if o > 0 is large enough. Sending ¢ — oo, we
find
Uz oy + A+ 00) < Uy (a',zy) < U, zn — A — o),
that is,
Uz’ zn) < Uy(x',zny — A —00) < Uz, xn — 2\ — 200).
Now we put V(2',zx) = Uy (2, 5 — X — 0) and have
Uz zn) <V(x',zy) < U, zy — 2X — 206).
Thus we can define
A= inf{)\ >0|V(e,zy) < Uz, oy — )\)} .
Then we have A > 0 and

Uz',zn) < V(e zy) < U, zx — A).

If A =0, we have U = Uy using U(z/, zy) = Uy (@', 2nx — A — 06) and (1.7). Assume
A > 0 and get a contradiction. Then the strong maximum principle gives

Uz zn) < V(e an) < Uz, oy — A).
Using (4.1), (6.5), and the Schauder estimate, we have
}%ij?)o sup{|DN(7(:B’,xN)| ‘ lzn — o(x)] > R} =0.
Taking R > 0 large enough, we get
2% sup{|DN[7(m/,a:N)| ‘ ey — (@) > R — A — 1} <1
Using Lemma 4.3, we take h € (0,1/(20)) small enough and find
V(d' on) <U(x',ony — A+2ho) i oy — p(a')| > R— A — 1.
If ey — ¢p(a’)] > R — A — 1, we have
Uz, oy — A+ 2ho) — V(x',zy) > Uz, an — A+ 2ho) — Uz, zy — A)
= 2ho /11 DnU(x',xn — A + 2ho) d6 > —h.
Combining the two inequalities stated above, we find
V(e an) <U(x',zn — A+ 2ho) + h for all (', zx) € RV,
which yields

V(z',zn) <U(x', 2y — A+ 2ho — ho(1 — e Pt)) + he ",
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Sending ¢t — oo, we get
V(e an) <U(x',on — A+ ho).

This contradicts the definition of A. This gives A = 0 and the uniqueness of U.
Finally, if g1 ~ g2, the definition of U gives (1.8). This completes the proof of
Theorem 1.1. d B

Now we state the stability of U as follows.

COROLLARY 6.1 (stability). Let V. and U be as in (6.1) and Theorem 1.1, re-
spectively. Let a bounded and uniformly continuous function ug satisfy

lim sup |ug(x) — U(z)| =0,

V(z) <up(x) <1 for all x € RY.
Then one has

lim sup |w(x,t;up) — ﬁ(w)| =0.

t—o00 zeRN

Proof. For a > 0, we introduce

vi(a’,ay) = i, U(le" — mag(€)&], 2n — m.a)

and have

lim sup |vi(x) — V(x)| =0, lim sup |vi(x) — U(xz)| =0

by using Lemma 4.3. Let § € (0,0,) be given arbitrarily. Using Lemma 4.1, we take
a > 0 large enough such that we get

(67) U(lwl_g(£)$+77u($)|a $N+m*77)—5 < Uo(iB) < U(|$/—Ta9($)£|7$N—m*Q)+5

for all (', zy) € RY and & € SV ~2. Then we have

U2’ — g€)€ + m(E)l, 2 + man + 08(1 — =) — 5P
<w(z, t;ug) < U(|x' — 109(€)E|,xn — mua — ad(1 — e_m)) + de P,

Sending t — oo, we get

(Loax U(j2" = g(§) +nw (€], 2 +man + 00)

< liminf w(x, t; ug) < limsup w(x, t;ug)
t—o0 t—o00
< i U " — a ) - *W 5
< i, Ulle’ ~ 7ag(€)€l, 2 — m.a— o0)
for all (x/,xy) € RY. Taking the left-hand side and the right-hand side as initial
values of (1.3), we find

ﬁ(:c’,a:N + 00) < liminf w(x, t;up) < limsup w(x, t;ug) < ﬁ(m’,xN —09)
t—o0 t— 00
from Theorem 1.1. Since we can choose § arbitrarily small, we complete the
proof. |
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