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STEENROD-CECH HOMOLOGY-COHOMOLOGY
THEORIES ASSOCIATED WITH BIVARIANT FUNCTORS

KoOHEI YOSHIDA

ABSTRACT. Let NGy denote the category of all pointed numerically
generated spaces and continuous maps preserving base-points. In [SYH],
we described a passage from bivariant functors NGg* x NGy — NGy
to generalized homology and cohomology theories. In this paper, we
construct a bivariant functor such that the associated cohomology is
the Cech cohomology and the homology is the Steenrod homology (at
least for compact metric spaces).

1. INTRODUCTION

According to [Du], a topological space X is said to be A-generated if it
has the final topology with respect to its singular simplexes. CW-complexes
are typical examples of such A-generated spaces. In [SYH], we showed that
the category of A-generated spaces is equivalent to the subcategory of the
category DIiff of diffeological spaces consisting of those special type of ob-
jects which we call numerically generated spaces. Throughout this pager,
we use term “numerically generated” instead of “A-generated”. Let NG
be the category of pointed numerically generated spaces and pointed con-
tinuous maps. In [SYH], we showed that NGg is a symmetric monoidal
closed category with respect to the smash product, and that every bilinear
enriched functor F : NG x NGy — NGy gives rise to a pair of general-
ized homology and cohomology theories, denoted by he(—, F') and h*(—, F)
respectively, such that

ho(X, F) = moF(S™F, 3% X), WYX, F) = noF (3% X, S™TF)

hold whenever k£ and n 4+ k are non-negative.

As an example, consider the bilinear enriched functor F' which assigns
to (X,Y) the mapping space from X to the topological free abelian group
AG(Y') generated by the points of Y modulo the relation * ~ 0. The Dold-
Thom theorem says that if X is a CW-complex then the groups h, (X, F)
and h"(X,F') are, respectively, isomorphic to the singular homology and
cohomology groups of X. But this is not the case for general X; there exists
a space X such that h,(X,F) (resp. h"(X, F')) is not isomorphic to the
singular homology (resp. cohomology) group of X.
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The aim of this paper is to construct a bilinear enriched functor such
that for any space X the associated cohomology groups are isomorphic to
the Cech cohomology groups of X. Interestingly, it turns out that the corre-
sponding homology groups are isomorphic to the Steenrod homology groups
for any compact metrizable space X. Thus we obtain a bibariant theory
which ties together the Cech cohomology and the Steenrod homology theo-
ries.

Let NGCj be the full subcategory of NG consisting of compact metric
spaces. For given a linear enriched functor T': NGg — NGy, let

F: NG® x NGCy — NGy
be a bifunctor which maps (X, Y’) to the space lim | mapg(Xy, olimH‘T(Ylg)).

Here A runs through coverings of X, and X is the Vietoris nerve correspond-
ing to A ([P]). The main results of the paper can be stated as follows.

Theorem 1.1. The functor F is a bilinear enriched functor.

Theorem 1.2. Let X be a compact metraizable space. Then h,(X,F) =
H3Y(X,S) is the Steenrod homology group with coefficients in the spectrum

S = {T(S%)}.

In particular, let T" be the functor which assigns to every X the topological
abelian group AG(X), and let

C: NG x NGCy — NGy
be the corresponding bifunctor.

Theorem 1.3. For any pointed space X, h™(X, C) is the Cech cohomology
group of X, and h,(X,C) is the Steenrod homology group of X if X is a
compact metralizable space.

Recall that the Steenrod homology group is related to the Cech homology
group of X by the exact sequence

0 ——lim| Hy1(X) —— H (X) —— Ha(X) —0.
According to [KKS], if X is a movable compactum then we have
fim! L 1(X$) =0,

Corollary 1.4. Let X be a movable compactum. Then h,(X,C) is the Cech
homology group of X.

and hence the following corollary follows.

The paper is organized as follows. In Section 2 we recall from [SYH] the
category NGy and the passage from bilinear enriched functors to generalized
homology and cohomology theories. We also recall the definition of Cech
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cohomology and Steenrod homology group, and Vietoris and Cech nerves;
In Section 3 we prove Theorem 1.1; Finally, in Section 4 we prove Theorems
1.2 and 1.3.

2. PRELIMINARIES

2.1. Homology and cohomology theories via bifunctors. Let NG be
the category of pointed numerically generated topological spaces and pointed
continuous maps. In [SYH] we showed that NGq satisfies the following
properties:
(1) It contains pointed CW-complexes;
(2) It is complete and cocomplete;
(3) Tt is monoidally closed in the sense that there is an internal hom ZY
satisfying a natural bijection homng, (X AY, Z) = homng, (X, ZY);
(4) There is a coreflector v: Topy; — NGg such that the coreflection
arrow v.X — X is a weak equivalence;
(5) The internal hom Z¥ is weakly equivalent to the space of pointed
maps from Y to Z equipped with the compact-open topology.
Throughout the paper, we write mapy (Y, Z) = ZY for any Y, Z € NGy,
A map f: X — Y between topological spaces is said to be numerically
continuous if the composite foo: A™ — Y is continuous for every singular
simplex o: A" — X. We have the following.

Proposition 2.1. ([SYH]) Let f: X — Y be a map between numerically
generated spaces. Then f is numerically continuous if and only if f is con-
tinuous.

From now on, we assume that Cq satisfies the following conditions: (i) Cq
contains all finite CW-complexes. (ii) Cg is closed under finite wedge sum.
(iii) If A C X is an inclusion of objects in Cg then its cofiber X UC A belongs
to Cp; in particular, Cg is closed under the suspension functor X — X X.

Definition 2.2. Let Cg be a full subcategory of NGg. A functor T': Co —
NGy is called enriched (or continuous) if the map

T: mapO(X7 X/) - mapO(T(X)aT(X/))v
which assigns T'(f) to every f, is a pointed continuous map.
Note that if f is constant, then so is T'(f).

Definition 2.3. An enriched functor 7" is called linear if for any pair of a
pointed space X, a sequence

T(A) - T(X)—>T(XUCA)

induced by the cofibration sequence A — X — X U CA, is a homotopy
fibration sequence.
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Example 2.4. Let AG : CWy — NG be the functor which assigns to a
pointed CW-complex (X, zg) the topological abelian group AG(X) gener-
ated by the points of X modulo the relation zg ~ 0. Then AG is a linear
enriched functor. (see [SYH))

Theorem 2.5. ([SYH, Th 6.4]) A linear enriched functor T defines a gen-
eralized homology {h,(X,T)} satisfying

B (X, T) T T(X), n>0
T I meT (2T X), n< 0.

Next we introduce the notion of a bilinear enriched functor, and describe
a passage from a bilinear enriched functor to generalized cohomology and
generalized homology theories. We assume that Cj, satisfies the same con-
ditions of Cy.

Definition 2.6. Let Cg and Cy be full subcategories of NGg. A bifunctor
F: CgP’ x Cy — NGy is a function which
(1) to each objects X € Cg and Y € Cj assigns an object F(X,Y) €
NG();
(2) to each f € mapy(X,X'), g € mapy(Y,Y”’) assigns a continuous map
F(f,g9) € mapy(F(X",Y), F(X,Y")).
F' is required to satisfy the following equalities:
(a) F(lx,ly) = 1px,y);
(b) F(f,9) = F(1x,9) o F(f,1y) = F(f,1y") o F(1x, 9);
(c) F(f'of.ly) = F(f,1y)o F(f' 1), F(lx,g9'og) = F(1x,¢) o F(lx, g).
Definition 2.7. A bifunctor F': Cg® x Cg — NGy is called enriched if the
map
F: mapO(Xa X/) X mapO(Yv Y/) — mapO(F(ley)vF(Xa Y/))a
which assigns F(f, g) to every pair (f,g), is a pointed continuous map.
Note that if either f or g is constant, then so is F(f,g).

Definition 2.8. For any pairs of pointed spaces (X, A) and (Y, B), F' is
bilinear if the sequences

(1) F(IXUCA)Y) - F(X,Y)— F(AY)

(2) F(X,B)— F(X,Y) = F(X,YUCB),
induced by the cofibration sequences A - X - X UCAand B - Y —
Y U CB, are homotopy fibration sequences.

Example 2.9. Let T : NGy — NGq be a linear enriched functor, and let
F(X,Y) = mapy(X,T(Y)) for X,Y € NGy. Then F : NG’ x NGy —
NGy is a bilinear enriched functor.
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Theorem 2.10. ([SYH, Th 7.4]) A bilinear enriched functor F defines a
generalized cohomology {h™(—, F)} and a generalized homology {h,(—, F)}

such that
n > n >
b (V. F) WOF(SO,YE n>0 WX, F) = mol' (X, S )0 n>0
moF (S, 27"Y) n <0, T_oF(X,S”) n <0,

hold for any X € Co and Y € Cj,.

Proposition 2.11. ([SYH]) If X is a CW -complez, we have h,(X,F) =
H,(X,S) and h™(X, F) = H"(X,S), the generalized homology and cohomol-
ogy groups with coefficients in the spectrum S = {F(S°,8™) | n > 0}.

2.2. Cech cohomology and Steenrod homorogy groups. We recall
that the Cech cohomology group of X with coefficients group G is defined
to be the colimit of the singlular cohomology groups

H'(X,G) =l H"(XY,G),

where A runs through coverings of X and X f\J is the Cech nerve corresponding

to A.,l.e. v € X/g is a vertex of Xg corresponding to an open set V € A\. On
the other hand, the Steenrod homology group of a compact metric space X
is defined as follows. As X is a compact metric space, there is a sequence
{Ai}i>o0 of finite open covers of X such that \g = {X}, \; is a refinement
of A\i_1, and X is the inverse limit ILm,Xg According to [F|, the Steenrod
homology group of X with coefficients in the spectrum S is defined to be
the group

H3'(X,S) = m,holimy, (X5 AS)
where holim denotes the homotopy inverse limit. (See also [KKS] for the
definition without using subdivisions.)

2.3. Vietoris and Cech nerves. For each X € NGy, let A be an open
covering of X. According to [P], the Vietoris nerve of A is a simplicial
set in which an n-simplex is an ordered (n + 1)-tuple (xg,x1, - ,zy) of
points contained in an open set U € \. Face and degeneracy operators are
respectively given by

di(xo, - ,xn) = (0,1, s i1, Tit1, ", Tn)
and
Si(x())'rla' : xn) - ('TO):EM o Xj—1, L5y Ly Tj4-15* * 7xn)7 0 S 1 S n.

We denote the realization of the Vietoris nerve of A by X,. If X is a re-
finement of p, then there is a canonical map wﬁ : X\ — X, induced by the
identity map of X.



90 KOHEI YOSHIDA

The relation between the Vietoris and the Cech nerves is given by the
following Proposition due to Dowker.

Proposition 2.12. ([Do]) The Cech nerve X)(:J and the Vietoris nerve X
have the same homotopy type.

According to [Do], for arbitrary topological space, the Vietoris and Cech
homology groups are isomorphic and the Alexander-Spanier and Cech co-
homology groups are isomorphic.

3. PROOF OF THEOREM 1.1

Let T be a linear enriched functor. We define a bifunctor I : NGgP x NG Cy
— NGy as follows. For X € NGy and Y € NGC, we put

F(X,Y)= li_rr;)\ mapg(Xy, olimmT(YM(f)),

where A is an open covering of X and {p;}i>0 is a set of finite open covers
of Y such that pug = {Y'}, u; is a refinement of p;_1, and Y is the inverse

limit lim Y,
7 1
Given based maps f: X — X' and g : Y — Y’, we define a map
F(fa g) S mapO(F(Xla Y)7 F<X7 Y/))
as follows. Let v and v be open covering of X’ and Y’ respectively, and let
ffv={f"YU)|Uecv}and g%*y = {g~ (V) | V € v}. Then f#v and g
are open coverings of X and Y respectively. By the definition of the nerve,
there are natural maps f, : X%, = X, and g, : };%7 — (Y’)g. Hence we
have the map
- X

T(g) - T(YS S — T((v)) r#v

induced by f, and g,. Thus we can define

F(f,g) = limg holim ﬂ O RXY) = F(X,Y).

,y

Theorem 1.1. The functor F is a bilinear enriched functor.
First we prove that the sequence

F(XUCA,Z) - F(X,Z) = F(A,Z)

induced by the sequence A — X — X UCA, is a homotopy fibration se-
quence. Let A\ be an open covering of X U CA, and let Ax, A\ca and Ay
be the coverings of X, C'A and A consisting of those U € X such that U
intersects with X, C A, and A, respectively. We need the following lemma.

Lemma 3.1. We have a homotopy equivalence

(XUCA)S ~X{ UuC(AS)).
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Proof. By the definition of the Cceh nerve, we have (X U C’A)g = XSX U
(CA)ECA. Since

x{ u(EAS,, =X UAS, xTU(CAf

Aca Aca?

and since (C’A)SCA ~ %, we have

x{ U (A, ~X$ uC(AS).
Hence we have (X UCA)) ~ Xf{jx U C(AQA). O
By Proposition 2.12 and Lemma 3.1, the sequence
Ay, — Xo, = (X UCA),
is a homotopy cofibration sequence. Hence the sequence
(X UCA)N, Z] = [Xog, Z] = [Ax,, Z]

is an exact sequence for any A. Since the nerves of the form Ax (resp. \a)
are cofinal in the set of nerves of X (resp. A), we conclude that the sequence

F(XUCA,Z) - F(X,Z) = F(A,Z)

is a homotopy fibration sequence. ] ] )
Now we show that the sequence F(Z,A) — F(Z,X) — F(Z,X UCA) is
a homotopy fibration sequence. By the linearity of T', the sequence

T(AS,) = T(X$,) = T((X UCA)Y)
is a homotopy fibration sequence. Since the fibre T (AgA) is homeomorphic
to the inverse limit
lim(x — T((X UCA))  T(XS))).
we have
m(* — holim T'((X UC’A)?) < holim T(X§J )
A 3 AX X
~ Jim holim_(+ — T((X UCA)Y) « T(XC,)
~ holim Jim(+ — T'((X U CA)) + T(XY))
=~ holim T (ASA).
This implies that the sequence
Qolim/\AT(AgA) — olim)\XT(XSX) — olimAT((X UCAY)

is a homotopy fibration sequence, hence so is F(Z, A) — F(Z, X) — F(Z, XU
CA).
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Next we prove the continuity of F. Let F(X,Y) = mapy (X, Qolimu‘T(YE)),
so that we have F(X,Y) = lig)\F(X)\, Y). We need the following lemma.

Lemma 3.2. The functor F is an enriched bifunctor.

Proof. Let Fy(Y) = olimM'T(YE) and Fy(X, Z) = mapy(X, Z), so that we
have F(X,Y) = F5(X, F1(Y)). Clearly F» is continuous.
Let GG1 be the functor which maps Y to Qoli u YC Since T is enriched, F}

is continuous if so is G. It suffices to show that the map G : map,(Y,Y”) x
Qoh YC — holim (Y’ ) VR adjoint to G, is continuous for any Y and Y.

leen an open coverlng Aof Y, let p% be the natural map Qolim/\(Y’ )S —

mapg,(A”™, (Y’ )S) Then G is continuous if so is the composite
P} o G+ mapy(Y,Y') x holim ¥, — mapy (A", (Y')S)

for every A € Cov(Y”’) and every n. Here we may assume by [SYH, Proposi-
tion 4.3] that mapg(A”™, (Y’ ) ¢ ) is equ1pped with the compact open topology
Let (g, ) € mapy(Y,Y”) k& , and let Wiy C mapy(A™, (Y')$) be
an open neighborhood of p} (G} (g, )) where K is a compact set of A™ and
U is an open set of (Y’)g.

Let us choose simplices o of Yﬁ)\ with vertices g~ 1(U(0, k)), where U(0, k) €
A for 0 <k <dimo. Let

O(o) = ﬂogkgdima Ulo, k) CY'.

Let us choose a point ¥, € Ny<r<dqime 9 (U(0,k)), then g(y,) € O(o). Let
W1 be the intersection of all Wy;O(a)'
There is an integer [ such that

> Ty > gt A

where 7 is a closed covering {V|V € i}t of Y. Thus for any U € py, there
is an open set Vy € g X such that U c ¢g~!(Vyy). Since Y is a compact set,
U is compact. Let W3 be the intersection of Wy Vi and let W = W N Ws.

Since p; > g7 A, we have
PA(G1(g, @) = (g)« (T i) )oppy,
: ) ¢ .y C
where (gy )+ and (7" #)\) are induced by g) : Yg#A — (Y)Y and W;‘j@\ Y, =
Y% ,» respectively. Let

I _ n \—1
W= )™ (Wi, 16010
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Then W x W' is a neighborhood of (g, a) in map,(Y,Y”) Qoh Y, To

see that p) o G/ is continuous at (g, «), we need only show that W X W’ is
contained in (py o G4)~1(U). Suppose (h,3) belongs to W x W’. Since W

is contained in W7, we have

Yo € h"1(0(0)) C No<k<dimo = (U(o, k).

This means that the vertices h=(U(c, k)) € h*\, 0 < k < dim o, determine
simplices o’ of Y}, each corresponding to each o C Yj). Thus we have an
isomorphism

YhM—>YM,

W= (U(o,k)) = g~ (U 0, k)).

Moreover since W is contained in Ws, we have i > h¥ .
Since the commutative diagram

V  a V
Y =Y — %

ol A

C
Yh#A

is commutative, we have the equation

px © G (h, B)(K) = hamy 4 (B)(K) = gamy s, (B)(K)

Since g)m #A(ﬁ)(K) is continued in U, so is p} o G (h, B)(K).
Thus p} o G is continuous for all A € Cov(Y”’), and hence so is
G} mapy(Y,Y’) x holim MYC — holim j(Y’)i.

OJ

We are now ready to prove Theorem 1.1. For given pointed spaces X,
Y and a covering p of X, let i, denote the natural map F(X,,Y) —
lig F(X,,Y). To prove the theorem, it suffices to show that the map

w

F o (1 x iy): mapy(X,X') x F(X},Y) — mapy(X,X’) x lim (X4, Y)
lim F(X,,Y
— 1, (X, Y)

which maps (f, @) to s, (F(fx, 1y)(e)), is continuous for every covering A

of X.
Let

Ry: X, X') = li X, X
A+ mapy (X, X') ﬂumapo( s X3)
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be the map which assigns to f : X — X' the image of mapy(X, X’), f\ €
mapg (X 1y, X)) in ligu mapg(X,, X)), and let @) be the map

li X, X, F(X,\,Y lim F(X,,Y
gﬂmaPO( o )\)X ( A )%HM ( W >7

[fa Oé] = iftb\fk cCx = ifﬁA(F(f)\a 1y)(06))
Since we have I o (I1xiy) = Qxro(Ryx1), we need only show the continuity
of @ and Ry. Since Q) is induced by the maps mapy(X,, X{)x F(X{,Y) —
F(X,,Y), Q) is continuous.
To see that Ry is continuous, let Wi ; be a neighborhood of fy in

mapg (X ), X} ), where K7 is a compact subset of X1y and U is an open
subset of X}. Since K/ is compact, there is a finite subcomplex S/ of X FEA

such that Kf < S¥. Let T,L-f, 0 < i < m, be simplexes of S/. By taking
a suitable subdivision of Xy, we may assume that there is a simplicial

neighborhood NTf of each T%f, 1 < i < m, such that Kl c st c UZ'NTf C

K.
Let {z}} be the set of vertices of Tz-f and let W be the intersection of all
W{%}aU(T_f)/ where U(Tif), is an open set of X} containing the set {f(z%)}.

Then W is a neighborhood of f. We need only show that Ry)(W) C
ifex(Wgr ). Suppose that g belongs to W. Since {z}.} is contained in
g U (rf)/) for any ¢, a simplex 77 spanned by the vertices is contained in
Xyt Let S9 be the finite subcomplex of X s consists of simplexes 7. By
the construction, S/ and S9 are isomorphic. Moreover there is a compact

subset K9 of X s\ such that K9 and K I are homeomorphic. On the other
hand, since g({z}}) C Uy, sy there is a simplex of X! having g)(77) and

(Tf)/ as its faces. This means that gx(7) C fa(U;N_s). Thus we have

7 7
gA(K9) = Uiga(1]) C fa(UiN_ ).
Let f*AN g%\ be an open covering

{FO)ng™ (V) [ UV €A}

of X. We regard Xy, and Xjs, as a subcomplex of Xgiygey. Since
aa| X Fiangta 1S contiguous to X fiangtas We have a homotopy equivalence
I X piangia = [l X angea- By the homotopy extension property of
9A|Xfﬁ)\mgﬁ)\ : XfMﬁgﬁ)\ — X;\ and f) : Xfﬁ)\ — XS\, g)\|Xfﬁ)\ﬂgﬂ>\ extends to
map G : Xy, — XJ.

. # # # #
We have the relation G ~ ﬂ;ﬁi‘mg e I X ptrngin = 71'5,1;\\09 AgA ~

gr, where ~ is the relation of the direct limit. Moreover by G(K/) C



STEENROD-CECH HOMOLOGY-COHOMOLOGY THEORIES 95

fA(UiN_r) C U, we have [g)\] = [G] € ipyx(Wr ). Hence Ry is continuous,

. ~ /
and sois F'.

4. PROOFS OF THEOREMS 1.2 AND 1.3

To prove Theorems 1.2 and 1.3, we need several lemmas.

Lemma 4.1. There exists a sequence \} < Ay < --- < A, < --- of open
coverings of S™ such that :

(1) For each open covering p of S™, there is an m € N such that A}, is
a refinement of :
(2) For any m, SY is homotopy equivalent to S™.

Proof. We prove by induction on n. For n = 1, we define an open covering
AL of St as follows. For any i with 0 < i < 4m, we put

U(i,m) = {(0080, sinf) | {i=3)r <0< M}

8m 8m

Let AL = {U(i,m)| 0 <i < 4m}. Then the set AL is an open covering of !
and is a refinement of A} ;. Clearly (Sl)g1 is homeomorphic to S, hence
S)l\%n is homotopy equivalent to S'. Moreover for any open covering u of S,

there exists an m such that Al is a refinement of . Hence the lemma is true
for n = 1. Assume now that the lemma is true for 1 <k <n—1. Let X' be
the open covering N1 x Al of §"~! x S! and let A", be the open covering
of S™ induced by the natural map p : S"~! x §1 — §7=1 x gl/gn=1y g1,
Since S 1 is a homotopy equivalence of S !, we have

S;\z?n ~ (Sn_l X Sl/Sn_l Vv Sl))\ (SAn 1 X S/l\m)/(SAﬂ 1 v S)\m) ~ Sn

Thus the sequence AT < Ay < --- < A}, < --- satisfies the required condi-
tions. L]

Lemma 4.2. h,(X,F) _WnQoh T(XY) forn > 0.

Proof. By Lemma 4.1, we have an isomorphism

ling S, holim T(X)] S", polim T(X,
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Thus we have
ho(X,F) = mF(S", X)
J— ] n ] C
= moling, map,(SY, ohmHT(XM )

12

lim (S, map,(SY, ({limuT(XE)]
hg)\[Sf\l, olimMZIj(XE)]

~ n : C

=~ [S ,QohmuT(%(ﬂ)]

T olimHT(XE).

1%

112

O]

Now we are ready to prove Theorem 1.2. Let X be a compact metric
space and let S = {T(S*) | £ > 0}. Since X is a compact metric space,
there is a sequence {u;};>0 of finite open covers of X with po = X and p;

refining ;1 such that X = lglng holds. Let us denote XEZ, = XfJ and

X, = X; if there is no possibility of confusion. According to [F], there is a
short exact sequence

0—> @;HW(X@ S) —= HH(X,S) —— @iHn(XP, S) —=0

7

where H,(X,S) is the homology group of X with coefficients in the spectrum
S. (This is a special case of the Milnor exact sequence [MI].) On the other
hand, by [BK], we have the following.

Lemma 4.3. ([BK]) There is a natural short exact sequence
0—— ILI% 7Tn_|_1T(XZC) — Ty, olimiT(Xi) — lim. WnT(XZC) — 0.
By Proposition 2.11, we have a diagram

(4.1)
0 —=lim! H,41(XC,S) —— H3/(X,S) ——lim_ H,(XC,S) —=0

: |

0~ lim! 41 (T(XE)) — my (holim T(XE)) — lim_ m, (T(XE)) — 0.

IR

Hence it suffices to construct a natural homomorphism
H#'(X,S) — mn(holim T(XC))
7

making the diagram (4.1) commutative.
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Since T is continuous, the identity map X A S* — X A S* induces a
continuous map i’ : X AT(S*) — T(X A S*). Hence we have the composite
homomorphism

HY(X,S)

mpholim; (XS AS)

lim 7,4 (holim (X£ A T(S%))
livy, . (holim, T(X " A 5*))
T ( olimiT(XiC))

R I~ 1R

in which I = hﬂki’ ];“ is induced by the homomorphisms
i’ 7Tn+k(gohmi(XiC AT(S*)) = i ohmiT(X,L-C A SF)).

Clearly resulting the homomorphism H5!(X,S) — m,( olimZ_T(XlC )) makes

the diagram (4.1) commutative. Thus h,(X,F) is isomorphic to the Steen-
rod homology group coefficients in the spectrum S.

Finally, to prove Theorem 1.3 it suffices to show that h™(X,C) is isomor-
phic to the Cech cohomology group of X.

By Lemma 4.1, we have a homotopy commutative diagram

..;Ag(gn) Ag(gn);...

© )

e > AG(S&LQH) = AG(S;‘%) ...

Hence we have AG(S™) ~ wiAG(ng)-

Thus we have

A(X,C) = mC(X,S™) V

iy, mapy (X3, holim AG(5)5)
57, Tim mapy (X, AG(5")]
@A[SO, map (X, AG(S™)]
@A[SO A Xy, AG(S™)]
lig/\[XA,AG(S”)].

11111

Hence A" (X, C) is isomorphic to the Cech cohomology group of X.
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