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Gedruckt mit Unterstützung des Deutschen Akademischen Austauschdienst



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . I

Zussamenfassung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . III

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Numerical Simulation of Turbulent Spray Flames . . . . . . . . . . . . 4

1.3 Flamelet Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Research Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2. State of the Art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1 Turbulent Combustion Modeling . . . . . . . . . . . . . . . . . . . . . . 11

2.1.1 Infinitely Fast Chemistry Model . . . . . . . . . . . . . . . . . . 11

2.1.2 Eddy Break-Up and Eddy Dissipation Concept Models . . . . . 13

2.1.3 Conditional Momentum Closure Models . . . . . . . . . . . . . 14

2.1.4 Transported Probability Density Function Models . . . . . . . . 15

2.1.5 Intrinsic Low Dimensional Manifold Method . . . . . . . . . . . 16

2.2 Flamelet Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2.1 General Formulation . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.2 Gas Flamelet Models . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2.3 Spray Flamelet Model . . . . . . . . . . . . . . . . . . . . . . . 33

3. Mathematical Model and Numerical Solution Scheme . . . . . . . . 37

3.1 Governing Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1.1 Gas Phase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.1.2 Liquid Phase . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.1.3 Transformed Equations . . . . . . . . . . . . . . . . . . . . . . . 42

3.1.4 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2 Flamelet Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2.1 Transport Equation of the Scalar Dissipation Rate . . . . . . . . 46

3.2.2 Spray Flamelet Equations . . . . . . . . . . . . . . . . . . . . . 50

3.2.3 Spray Flamelet Modeling of Turbulent Reacting Flows . . . . . 54



6 Contents

3.3 Numerical Solution Scheme . . . . . . . . . . . . . . . . . . . . . . . . 56

3.3.1 Discretization Method . . . . . . . . . . . . . . . . . . . . . . . 56

3.3.2 Solution Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 58

4. Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.1 Spray Flame Structures in Physical Space . . . . . . . . . . . . . . . . 62

4.1.1 Influence of Evaporation . . . . . . . . . . . . . . . . . . . . . . 62

4.1.2 Evaluation of the Dominant Combustion Regime . . . . . . . . 76

4.1.3 Analysis of the Scalar Dissipation Rate . . . . . . . . . . . . . . 82

4.2 Spray Flame Structures in Mixture Fraction Space . . . . . . . . . . . . 86

5. Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . 93

Appendix 97

A. Nomenclature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

B. Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103



Abstract

Spray combustion under turbulent conditions occurs in many technical devices.

Therefore, the proper prediction of the characteristics of turbulent spray flames is of

vital importance for the design of new combustion technologies in view of efficiency

and pollutant reduction, where the latter requires consideration of detailed chemical

reaction mechanisms. Unfortunately, a direct inclusion of detailed chemical reactions

dramatically increases the computational cost of the numerical simulations of technical

combustion processes, and it is prohibitive in practical situations. Models based on

the assumption that turbulent flames can be seen as an ensemble of laminar stretched

flame structures, the so-called flamelet models, represent a very promising approach for

the cost effective inclusion of detailed chemical reaction mechanisms in the simulation

of turbulent spray flames.

Several flamelet models are currently available in the literature for the simulation

of pure non-premixed and pure premixed gas flames. Additionally, some two-regime

flamelet formulations have been proposed in the last years for situations where non-

premixed and premixed gas combustion coexist and interact. These models, however,

are not adequate for the simulation of turbulent spray combustion, since they do not

take into account spray evaporation, which strongly affects the flame structure. Al-

though a spray flamelet model has been proposed for the simulation of flames where

non-premixed and evaporation-dominated combustion regimes coexist, most studies of

turbulent spray flames use gas flamelet models, neglecting the effects of evaporation

on the flame structure.

In the present thesis, a common framework is developed in which the several sin-

gle and two-regime flamelet models existing in the literature can be described and

combined in order to advance the development of a comprehensive multi-regime spray

flamelet model for turbulent spray flames. For this purpose, a set of multi-regime

spray flamelet equations in terms of the mixture fraction and a reaction progress vari-

able is derived, which describes all combustion regimes appearing in spray flames. The

flamelet equations available in the literature for single and two-regime flames are re-

trieved from these multi-regime spray flamelet equations as special cases. Additionally,

exact transport equations of the mixture fraction and its scalar dissipation rate are de-

rived, which are then used to evaluate the validity of several assumptions commonly

made in the literature during their derivation, such as the use of unity Lewis number

and the negligence of spatial variations of the mean molecular weight of the mixture.

These assumptions had not yet been tested for the calculation of the scalar dissipation

rate of the mixture fraction in spray flames, and their validation is of vital importance

for the formulation of any spray flamelet model.

I
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Numerical simulations of axi-symmetric laminar mono-disperse ethanol/air coun-

terflow spray flames are carried out to analyze the influence of spray evaporation on

the flame structure. Parametric studies of the influence of the initial droplet radius and

strain rate are presented, which clearly illustrate the major importance of evaporation

in the determination of the flame structure. Additionally, the relative importance of

non-premixed and premixed combustion regimes in the previously analyzed counterflow

spray flames is studied by means of the derived multi-regime spray flamelet equations.

The results show that premixed effects can be neglected in this kind of flame with all

fuel injected in liquid phase.

Moreover, the derived transport equations of mixture fraction and its scalar dissipa-

tion rate are solved for the counterflow spray flames considered in this work considering

and without considering the assumptions of unity Lewis number and spatially uniform

mean molecular weight of the mixture. The results are compared, and it is found that

the assumption of unity Lewis number may lead to non-physical values of the scalar

dissipation rate of the mixture fraction, whereas the use of a mass-averaged diffusion

coefficient of the mixture is an acceptable approximation. Effects associated with the

spatial variation of the mean molecular weight of the mixture are found to be small at

low strain rate and negligible at high strain rates. These results confirm the validity

of the use of Fick’s diffusion law in highly strained flames.

Finally, a set of non-premixed spray flamelet equation is obtained by neglecting

premixed effects in the previously derived multi-regime spray flamelet equations. This

set of equations, which is valid in situations where non-premixed and evaporation-

dominated combustion regime coexist, is similar to the classical non-premixed gas

flamelet equations, but it contains two additional terms for the description of evapora-

tion effects. These equations are then used to evaluate the relative importance of the

effects attributable to evaporation. The results show that they are always relevant and

they should be always considered.

Keywords: spray flamelet modeling, counterflow ethanol/air flames, scalar dissi-

pation rate



Zusammenfassung

In den meisten technischen Verbrennungsprozessen wird der Brennstoff dem Brenn-

raum in flüssiger Form zugeführt. Daher ist die richtige Vorhersage der Eigenschaften

von turbulenten Sprayflammen entscheidend für die Entwicklung neuer Verbrennungs-

technologien in Hinblick auf ihre Leistungsfähigkeit und Schadstoffreduzierung, wobei

letzteres die Berücksichtigung detaillierter chemischer Reaktionsmechanismen erfordert.

Leider erhöht eine direkte Einbeziehung der detaillierten chemischen Reaktionen dras-

tisch die Rechenkosten der numerischen Simulation von technischen Verbrennungspro-

zesse und ist deshalb in praktischen Situationen nicht möglich. Flamelet-Modelle

stellen einen vielversprechenden Ansatz für die kosteneffiziente Einbeziehung detail-

lierter chemischer Reaktionsmechanismen bei der Simulation turbulenter Sprayflam-

men dar.

Derzeit existieren Flamelet-Modelle, die für die Simulation von nicht-vorgemischten

und vorgemischten Gasflammen geeignet sind. Darüber hinaus sind in den letzten

Jahren einige Zwei-Regime Flamelet Formulierungen für Situationen hergeleitet wor-

den, in denen nicht-vorgemischte und vorgemischte Gasflammen koexistieren und in-

teragieren.

Diese Modelle sind jedoch leider nicht für die Simulation der turbulenten Sprayver-

brennung geeignet, da sie keine Verdampfungseffekte berücksichtigen, die die Flam-

menstruktur stark beeinflussen. Obwohl ein Spray-Flamelet-Modell für die Simulation

von Flammen vorgeschlagen wurde, in denen nicht-vorgemischte Verbrennung und Ver-

dampfung interagieren, werden in den meisten Studien über turbulente Sprayflammen

Gas-Flamelet-Modelle verwendet. Auf diese Weise wird die Auswirkung der Verdamp-

fung auf die Flammenstruktur vernachlässigt.

In der vorliegenden Arbeit wird ein Gesamtmodell entwickelt, in dem alle ver-

schiedene Regime, in der Fachliteratur vorhandenen Flamelet-Modelle beschrieben

werden können. Ziel ist es einen Beitrag zur Entwicklung eines umfassenden Multi-

Regime Spray-Flamelet-Modells für turbulente Sprayflammen zu leisten. Zu diesem

Zweck werden Multi-Regime-Spray-Flamelet Gleichungen abgeleitet, die alle Verbren-

nungsregime in Sprayflammen beschreiben. Die in der Fachliteratur vorhandenen

Flamelet-Gleichungen für Ein- und Zwei-Regime Flammen sind indiesen Multi-Regime

Spray-Flamelet-Gleichungen als Spezialfälle erhalten.

Weiterhin werden Transportgleichungen für den Mischungsbruch und seine skalare

Dissipationsgeschwindigkeit hergeleitet. Diese Transportgleichungen werden dann ver-

wendet, um die Gültigkeit mehrerer gebrÃ¤uchlicher Annahmen zu bewerten. Dazu

zählen einer Annahme, dass die Lewis Zahl gleich eins ist und die Vernachlässigung

der räumlichen Variationen des mittleren Molekulargewichts der Mischung. Diese An-
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nahmen sind noch nicht für die Vorhersage der skalaren Dissipationsgeschwindigkeit in

Sprayflammen geprüft worden, und ihre Validierung ist von entscheidender Bedeutung

für die Formulierung eines Multi-Regime Spray-Flamelet-Modells.

Es werden numerische Simulationen von achsensymmetrischen, laminaren, monodis-

persen Ethanol/Luft Gegenstrom Spray-Flammen durchgeführt, um den Einfluss der

Verdampfung auf die Flammenstruktur zu analysieren. Parametrische Untersuchungen

des Einflusses der Größe des Anfangs-Tropfenradius und der Streckungsgeschwindigkeit

werden vorgenommen, die die große Bedeutung der Verdampfung auf die Flammen-

struktur verdeutlichen. Zusätzlich wird die relative Bedeutung der nicht-vorgemischten

und vorgemischten Verbrennungsregime in den zuvor analysierten Gegenstrom-Spray-

Flammen mit Hilfe der abgeleiteten Multi-Regime Spray-Flamelet-Gleichungen un-

tersucht. Die Ergebnisse zeigen, dass, vorgemischte Effekte in diesen Flammen ver-

nachlässigt werden können, wenn der Kraftstoff in flüssiger Phase eingespritzt wird.

Darüber hinaus werden die hergeleiteten Transportgleichungen für den Mischungs-

bruch und seine skalare Dissipationsgeschwindigkeit für die in dieser Arbeit betrach-

teten Gegenstrom-Spray-Flammen gelöst. Dies geschieht unter Berücksichtigung und

Vernachlässigung der Annahmen der Lewis Zahl gleich eins und eines konstanten mit-

tleren Molekulargewicht der Mischung. Ein Vergleich der Ergebnisse zeigt, dass die An-

nahme der Lewis Zahl gleich eins zu nicht physikalischen Ergebnissen der skalaren Dis-

sipationsgeschwindigkeit führen kann. Die Verwendung eines masse-gemitteltenen Dif-

fusionkoeffizienten der Mischung stellt hingegen eine gute Näherung dar. Die räumliche

Veränderung des mittleren Molekulargewichts der Mischung ist gering für kleine Stre-

ckungsgeschwindigkeiten und vernachlässigbar für hohe Streckungsgeschwindigkeiten.

Diese Ergebnisse bestätigen die Gültigkeit der Verwendung von Fick’s Diffusionsgesetz

in stark gestreckten Flammen.

Schließlich werden nicht-vorgemischte Spray-Flamelet-Gleichungen durch die Ver-

nachlässigung vorgemischter Effekte in den zuvor abgeleiteten Multi-Regime Spray-

Flamelet-Gleichungen hergeleitet. Diese Gleichungen sind für Situationen geeignet, in

denen nicht-vorgemischte Verbrennung und Verdampfung koexistieren. Sie enthalten

die klassischen nicht-vorgemischten Gas-Flamelet-Gleichungen als Spezialfall, wenn die

beide Terme zur Beschreibung der Verdampfung gleich Null sind.

Die Spray-Flamelet-Gleichungen werden dann verwendet, um die Bedeutung der

Verdampfung zu bewerten. Die Ergebnisse zeigen, dass diese immer relevant ist und

berücksichtigt werden muss.

Schlagworte: Spray-Flamelet-Modellierung, Gegenstrom Ethanol/Luft Flammen,

skalare Dissipationsgeschwindigkeit



1. Introduction

1.1 Background

Combustion can be found in many practical devices used for transportation, electricity

generation, domestic heating and industrial processes. Examples are, among others,

internal combustion engines, gas turbines, rockets, and industrial furnaces. Combus-

tion is currently the most important available means for transforming primary energy

into secondary usable energy. During the last decades, the main sources of primary

energy for combustion processes have been fossil fuels such as coal, oil and natural

gas. According to the International Energy Agency (IEA), the demand of these fuels

constantly increased during the last decades (see Fig. 1.1) and covered over 90% of

the total world demand of primary energy in 2012 [1] (see Fig. 1.2). Currently proven

reserves of these fuels are such that they could provide the world’s energy needs for sev-

eral decades [2, 3] and new storages are continuously discovered. Thus, the dominant

position of combustion is expected to be maintained in the foreseeable future [3].

In most technical applications, combustion occurs under turbulent conditions. Ad-

ditionally, several technical devices operate with liquid fuels, which are injected into the

combustion chamber as a spray. In 2012, liquid fuels represented over 30% of the total

Figure 1.1: World demand of primary energy in the period 1971-2012 [1]
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Figure 1.2: World primary energy supply by source in 2012 [1]

world demand of primary energy (see Fig. 1.2). This big proportion can be attributed

to their several advantages over other alternatives such as availability and considerably

higher safety and easiness of transport and storage. Thus, the study of turbulent spray

combustion is of great interest for improving currently used combustion devices and for

the development of new, less contaminant and more efficient combustion technologies.

Unfortunately, as useful as it is, combustion is always associated with the emission

of pollutants. Currently, human caused emissions of carbon dioxide are believed to be

directly linked to the global warming and other environmental issues of big concern

such as the rise in sea level and the recession of glaciers [4]. Therefore, every year

combustion technologies are required to meet stricter emission legislations, especially

regarding CO2 and NOx [2]. Thus, the final goal of combustion research is the design

of combustion systems with high efficiency and reliability and a minimum emission of

air pollutants. Numerical simulations are a very valuable tool with the potential of

playing a determinant role in the achievement of these goals [5, 6, 7, 8, 9, 10, 11].

The use of alternative fuels generated from vegetal feedstocks, commonly referred

to as biofuels, can enormously contribute to reduce the negative environmental impact

of combustion [12, 13, 14]. Currently, biofuels are considered an important means

of progress for limiting greenhouse gas emissions and improving air quality [12, 13,

14]. They are considered to be carbon neutral, since any carbon dioxide released from

their burning was previously captured from the atmosphere during the growing of the

bio-feedstock that was used for their production (see exemplarily Fig. 1.3). Moreover,

biofuels provide energetic independence, since natural bioresources are geographically

more evenly distributed than fossil fuels. For these reasons, and because they have

the potential of being sustainably produced, biofuels are currently considered a very
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Figure 1.3: Schematic representation of the production cycle of biofuels [15]

promising alternative for replacing fossil fuels [12, 13, 14].

The first developments of biofuels were based on the conversion of sugar plants

into ethanol via fermentation, and the upgrading of vegetable oils via transesterifica-

tion [16]. The seemingly easy implementation of ethanol in existing infrastructure and

its relatively low cost of production have attracted big interest on this biofuel during

the last decades [13, 16]. Currently, ethanol is the most widely used biofuel in the

world, accounting for the 90% of the total production of biofuels [17]. Compared with

gasoline, ethanol contains only a small amount of sulphur [14, 18, 19]. Thus, mixing

ethanol with gasoline helps to reduce the fuel’s sulphure content and thereby lowers

the emissions of sulphur oxides, a major component of acid rain, and a carcinogen [14].

However, its corrosivity and low energy density prevent its use as pure fuel without ma-

jor modifications in engines [20, 21]. Thus, an adequate and permanent integration of

ethanol into the world’s energy matrix requires further research and the development of

appropriate predictive tools for allowing the study of the effects of engine modifications
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on engine’s global performance and pollutant formation.

During the past years, butanol has been attracting special interest from the scien-

tific community [22]. This fuel has a very similar energy density to gasoline and a much

lower corrosivity than ethanol, which would allow its direct application in engines [23,

24, 25, 26, 27]. Historically, butanol has been mainly produced from biomass by the

Acetone, Butanol, Ethanol fermentation process (ABE), which was not economically

attractive. However, recently developed major improvements in its production pro-

cess [28] restarted the interest in butanol as a viable alternative fuel and motivated

several studies regarding its chemical and physical properties. In the last few years, sev-

eral reaction mechanisms have been developed for the different isomers of butanol [23,

29, 30, 31, 32, 33]. However, despite of this increased interest, the development of

butanol is still in a very early stage and more research in this field is warranted for the

years to come.

Additionally to ethanol and butanol, several other alternative fuels have been stud-

ied in the last years. Examples are methanol, longer chain alcohols, furan-based

molecules, and bio-derived synthetic hydrocarbons [16]. Currently, it remains an open

question which of all the available biofuels is the best candidate to replace fossil fuels in

the long term. Economical, environmental and technical aspects are all very important

factors to consider to answer this question [12, 13, 14]. The fuel of the future has to

be economically viable to produce at big scales and it has to be as similar as possible

to current fossil fuels, so that only small modifications to the existing infrastructure

have to be done for its use. Finally, probably the most important factor to be con-

sidered is the performance and the pollutant’s emissions of combustion devices when

these alternative fuels are employed. Thus, the importance of numerical simulations

of combustion becomes evident, since they can considerably contribute to answering

these questions.

1.2 Numerical Simulation of Turbulent Spray

Flames

The advantages of numerical simulations are numerous: they represent a feasible and

economic way of studying the performance of new designs of combustion devices, they

can avoid the need of carrying out very expensive experiments, they are very useful in

determining the influences of different individual parameters in combustion processes

and they can provide multi-scale information, which may not be available by other

means [5, 6, 7, 8, 9, 10, 11].

Unfortunately, combustion processes are very complex and several difficulties are

associated with numerical simulations of turbulent flames, as it has been proved by



1.2. Numerical Simulation of Turbulent Spray Flames 5

several decades of active research in this challenging field [7, 8, 9, 10, 11]. The major

complications arise from the fact that several complex phenomena take place at dif-

ferent time and length scales and interact with each other in combustion chambers.

In particular, the study of combustion includes many difficult subjects such as fluid

mechanics, thermodynamics, mass and heat transfer and chemical kinetics, which are

very complex in their own. Moreover, the use of liquid fuels introduces many addi-

tional difficulties to the numerical simulations. These complications are mainly related

with the processes of liquid atomization, droplet movement, heating and evaporation,

interphase interactions and the additional time and length scales associated with the

liquid phase [34, 35]. The interaction between all these processes results in a very big

and stiff set of partial differential equations, which is very difficult to solve.

Currently, turbulent spray combustion modeling is a very active research topic with

plenty of open issues [34, 35, 36]. The development of models for spray injection and

atomization are among the most important open issues in this field. These phenomena

are still not well understood even though they are of vital importance for the proper

simulation of turbulent spray flames [34, 35]. A common practice employed to avoid the

complications associated with the modeling of the injection and atomization processes

is the consideration of an already atomized spray, where the initial droplet distribu-

tions are obtained from experimental data. This considerably simplifies the simulation

process and reduces the computational effort required for the simulations [34, 35].

As pointed out before, most technical applications involve turbulence, which is

often referred to as the biggest unsolved problem in classical mechanics [37, 38]. The

development of turbulence models is a very complex task. For reacting flows, specific

complications appear when turbulence models are applied to the transport equations

of chemical species, since unclosed terms appear due to the non-linearities associated

with the chemical reaction source terms. Thus, turbulent combustion closure models

are required [5, 39], which is another open modeling issue of big relevance.

Moreover, the fact that detailed reaction mechanisms are required for the proper

prediction of pollutant formation introduces additional difficulties. Unfortunately, de-

tailed chemical reaction mechanisms involve a big number of species and reactions, even

for simple fuels. For this reason, their direct inclusion dramatically increases the com-

putational cost of the numerical simulations of technical combustion processes, and it is

prohibitive in practical situations. Currently, the development of adequate approaches

for a cost effective inclusion of detailed chemistry in numerical simulations represent a

very big challenge in turbulent (spray) combustion modeling [5, 39, 34, 35]. In the next

chapter, a review of the several turbulent combustion models available in the literature

is given, with special emphasis on flamelet models, which are the main topic of the

present thesis. Flamelet models are an especially promising alternative for including
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detailed chemical reaction mechanisms in the simulation of turbulent flames due to

their low computational cost and easiness of implementation. A brief introduction to

these models is given in the next section (1.3)

1.3 Flamelet Modeling

Flamelet models are a very promising approach for the inclusion of detailed chemical

reaction mechanisms in the simulation of turbulent spray flames. The main idea behind

flamelet models is that a turbulent flame can be considered as an ensemble of stretched

laminar flames (commonly referred to as flamelets) [40]. Thus, during the simulation of

a turbulent flame, species mass fractions can be obtained by averaging appropriate lam-

inar flamelet structures instead of solving the transport equations of chemical species,

which dramatically reduces the computational cost of numerical simulations [40].

The approach is further simplified by the use of a-priori generated laminar flamelet

structures, which are tabulated in a flamelet library as a function of appropriate char-

acteristic parameters. The posterior inclusion of these pre-tabulated structures in the

computation of a turbulent flame requires the consideration of a Probability Density

Function (PDF) of the characteristic parameters for taking into account turbulent fluc-

tuations [40]. The structures required for the tabulations can be generated by different

approaches. The simplest of them is the direct consideration of counterflow flames [41,

42, 43]. The second possible approach is the consideration of the so called flamelet equa-

tions, which correspond to transformations of the full transport equations of chemical

species that mathematically describe the flame structure in a one-dimensional frame-

work. During the construction of the library, the specific combustion regime of the

turbulent flame to be simulated is a major factor to take into account, since differ-

ent combustion regimes require the consideration of different flamelet structures [42,

44, 45, 46]. Therefore, different flamelet-based models can be found in the literature.

The exact form of the flamelet equations and the specific coordinate system in which

they are formulated are also chosen depending on the particular combustion regime

considered.

Thus, classical formulations of flamelet-based models adopted very strict assump-

tions regarding the different combustion regimes that may occur in turbulent flames

and either pure non-premixed [40, 47] or pure premixed [48, 49] combustion regimes

were considered. The success of these classical gas flamelet models in the simulation

of turbulent gas flames has motivated their application to the simulation of turbulent

spray flames [41, 50, 51, 52, 53]. Liquid fueled combustion, however, is known to pro-

duce premixed, non-premixed and evaporation dominated modes of burning, which can

simultaneously coexist and interact. In particular, for spray flames, evaporation may
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greatly influence the spray flamelet structure [54, 55, 56, 57, 58, 42, 59, 60]. Recent

studies [61, 62, 63, 64] in the framework of Conditional Momentum Closure (CMC)

models for turbulent spray combustion also highlighted the need for including the spray

evaporation source term into spray flame modeling. Therefore, classical flamelet for-

mulations are not appropriate for the simulation of turbulent spray flames. Recently,

several attempts have been made to extend classical mono-regime gas flamelet formu-

lations to more complex situations, where at least two combustion regimes coexist [42,

59, 45, 65, 43].

Hollmann and Gutheil [42] and Gutheil [59] have extended the classical non-premixed

gas flamelet model to spray flames, where non-premixed and evaporation-dominated

combustion regimes take place simultaneously. This formulation consistently employs

a spray flamelet library based on laminar counterflow spray flame structures, and it

has been successfully used to simulate methanol/air and ethanol/air turbulent spray

flames [42, 66, 67]. Nguyen et al. [65] derived a set of two-regime flamelet equations for

the description of gas flames, where non-premixed and premixed combustion regimes

coexist. Similarly, Knudsen and Pitsch [45, 46] have developed a set of two-regime

flamelet equations, which can simultaneously capture non-premixed and premixed com-

bustion regimes and which are used to locally determine the relative importance of each

of them in a turbulent flame. Based on the results of this evaluation, mono-regime pre-

mixed and non-premixed gas flamelet libraries are selectively weighted and applied for

the inclusion of detailed chemical reaction mechanisms [45, 46].

Despite of the progress made in the development of more complex two-regime

flamelet models, the formulation of a comprehensive model able to capture all combus-

tion regimes found in turbulent spray flames remains a very challenging task, and it is

still an open research field. Thus, the development of a common framework for combin-

ing currently available flamelet models is highly desirable for the further development

of spray flamelet models.

1.4 Research Objectives

The present work has four major objectives. The first of them is to generate a com-

mon framework for the existing two-regime flamelet models in order to advance in

the formulation of a comprehensive spray flamelet model. For this purpose, a set of

multi-regime spray flamelet equations is derived, which takes into account evaporation

effects explicitly and is suitable to describe all combustion regimes appearing in spray

flames. These equations comprise the two-regime [45, 46] and single-regime flamelet

equations [40] available in the literature.

The second objective of this work is the verification of the spray flamelet model of
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Hollmann and Gutheil’s [42]. Specifically, it is evaluated if it is adequate to assume that

only non-premixed and evaporation effects coexist in counterflow spray flames when

all fuel is injected in liquid phase. For this purpose, terms associated with premixed

effects are neglected in the derived multi-regime spray flamelet equations. By doing

this, a two-regime formulation taking into account non-premixed and evaporation ef-

fects is obtained, which provides the theoretical fundamentals for the spray flamelet

model of Hollmann and Gutheil [42] and will be referred as the non-premixed spray

flamelet equations. The different terms in these equations are then evaluated for lam-

inar ethanol/air spray flames in the counterflow configuration and the total budget of

the terms balancing the chemical source in the flamelet equations is compared with

the terms balancing it in the transport equation of chemical species in physical space

for testing their equivalence, which implies that the influence of premixed effects can

be neglected in the studied flames.

The third objective of this work is the evaluation of several assumptions made in

the literature during the derivation of transport equations for the mixture fraction and

its scalar dissipation rate. These two variables are of vital importance for the imple-

mentation of flamelet models, since they are widely used as characteristic parameters

for the tabulation of the laminar flamelet structures. In particular, the validity of the

use of Fick’s diffusion law and the associated negligence of spatial variations in the

mean molecular weight of the mixture, as well as the use of the assumption of unity

Lewis number and the consideration of a mass averaged species diffusion coefficient are

evaluated. For this sake, exact formulations of transport equations for mixture fraction

and its scalar dissipation rate are derived and solved using the different assumptions

commonly made in the literature. The results are compared with values of the mixture

fraction and its scalar dissipation rate directly obtained by their definition in order to

evaluate the validity of the assumptions introduced.

Finally, the non-premixed spray flamelet equations are also employed for the eval-

uation of the relative importance of evaporation on the spray flamelet structure. This

evaluation represents the fourth objective of this work.

The outline of this dissertation is as follows. In chapter 2, a review of the state of

the art in turbulent combustion modeling with emphasis on flamelet modeling is given.

The governing equations, the derivation of the transport equations of mixture fraction

and its scalar dissipation rate and of the multi-regime spray flamelet equations, as well

as the numerical scheme employed in this work are presented in chapter 3. Chapter 4

presents results and discussions. Finally, conclusions and perspectives of future work

are given in chapter 5.



2. State of the Art

In this chapter, a review of the state of the art in turbulent combustion modeling with

emphasis on flamelet modeling is given. In turbulent spray flames, several complex

phenomena take place simultaneously and interact with each other. These interactions

are very strong and cannot be neglected. Especially important are the turbulence/-

chemistry interactions, which are the main differentiating feature of turbulent reacting

flows when compared with turbulent non-reacting flows. Different approaches can be

used for the description of the turbulent flow field. In terms of the level of details

employed, simulations of turbulent reacting flows can be categorized in three differ-

ent groups. The most detailed approach consists in the resolution of all spatial and

temporal scales of turbulence by considering the full instantaneous equations for mass,

momentum, species mass fraction and energy conservation without employing turbu-

lence models. This approach is called Direct Numerical Simulation (DNS) and it is

commonly associated with a very high computational cost, which makes it prohibitive

in practical situations [37, 39]. A less detailed approach is Large Eddy Simulations

(LES) [37, 39], where only large turbulent scales are directly solved and small scales

are modeled. By doing this, the computational cost of the simulations is reduced.

However, LES are still computationally expensive and applications to real engineering

problems are still in a very early stage [39]. Finally, the most inexpensive approach

for the description of turbulent (reacting) flows are Reynolds Averaged Navier Stokes

(RANS) methods [37, 39]. In this method, the governing equations for mass, momen-

tum, species mass fractions and energy conservation are time averaged. In constant

density flows, the averaging process consists in splitting any quantity φ into [5, 39]

φ = φ+ φ′, (2.1)

where φ is the mean value of φ and φ′ is a fluctuating component. In the case of

combustion, however, the fluid is compressible and a mass weighted average (called

Favre average) is normally preferred [68, 39]. The Favre-average value of the variable

φ is calculated as [5, 39]

φ̃ =
ρφ

ρ
. (2.2)
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Thus, the instantaneous quantities can be split into a Favre-averaged mean value and

a fluctuation as [39, 68]

φ = φ̃+ φ′′, (2.3)

where, by definition

φ̃′′ =
ρφ′′

ρ
= 0. (2.4)

Although the consideration of averaged quantities instead of instantaneous ones con-

siderably reduces the computational cost of the simulations of turbulent reacting flows,

this practice leads to the rise of probably the biggest problem found in turbulence/-

chemistry interactions modeling, namely the averaging of the chemical reaction rates

appearing in the species transport equations. Since reaction rates are highly non-linear,

the average reaction rate cannot be easily expressed as a function of Favre averaged

scalars. The most direct approach for solving this problem is to expand the reaction

rates as a function of species mass fractions and temperature. For example, considering

global chemistry, the mean reaction rate of the fuel can be written as [5, 39]

ω̇F = − A ρ T̃ b ỸF ỸO exp

(
−TA

T̃

)
×

[
1 +

Ỹ ′′F Y
′′
O

ỸF ỸO
+ (P1 +Q1)

(
Ỹ ′′F T

′′

ỸF T̃
+
Ỹ ′′OT

′′

ỸOT̃

)
+ ...

]
, (2.5)

where Pn and Qn are determined as

Pn =
n∑
k=1

(−1)n−k
(n− 1)!

(n− k)![(k − 1)!]2k

(
TA

T̃

k)
(2.6)

and

Qn =
b(b+ 1)...(b+ n− 1)

n!
, (2.7)

respectively. This approach leads to several difficulties. First, several unclosed terms

appear in Eq. (2.5), which require modeling through algebraic expressions or addi-

tional transport equations. Moreover, the non-linearities associated with the problem

prevents the negligence of high order terms, since this practice can lead to consider-

ably big errors. Finally, Eq. (2.5) is only valid for a reaction mechanism consisting of

a single irreversible chemical reaction. Expressions for the mean reaction rates using

more realistic chemical reaction mechanisms are even more complex. Thus, this direct

approach is very impractical and its application is very difficult and limited [68, 39].

Several other approaches have been developed for the consideration of chemical

reaction mechanisms in the simulation of turbulent flames. In the remainder of this

chapter, a revision of the state of the art in turbulent combustion modeling with special

emphasis on flamelet modeling is given. In particular, the main turbulent combustion

models different than the flamelet model will be summarized in section 2.1 and the

several flamelet models available in the literature are reviewed in section 2.2.
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2.1 Turbulent Combustion Modeling

Several approaches different to flamelet models exist in the literature for the consid-

eration of chemical reactions in the simulation of turbulent (spray) flames. The main

available methods are summarized in the present section. A more detailed descrip-

tion, as well as additional methods, can be found in the review paper of Veynante and

Vervisch [5].

2.1.1 Infinitely Fast Chemistry Model

One of the first models proposed for the simulation of non-premixed combustion is the

consideration of two streams of fuel and oxidizer, which mix and react in an infinitely

fast single step chemical reaction [5, 39]

F + sO→ (1 + s)P, (2.8)

where F, O and P denote fuel, oxidant and products, respectively, and s is the stoi-

chiometric coefficient. For this situation, the transport equations of fuel mass fraction,

oxygen mass fraction and temperature can be written as [5, 39]

∂YF

∂t
+
∂(ρuiYF)

∂xi
=

∂

∂xi

(
DF

∂YF

∂xi

)
+ ω̇F, (2.9)

∂YO

∂t
+
∂(ρuiYO)

∂xi
=

∂

∂xi

(
DO

∂YO

∂xi

)
+ ω̇O, (2.10)

and
∂T

∂t
+
∂(ρuiT )

∂xi
=

∂

∂xi

(
λ

Cp

∂T

∂xi

)
+

(
Q

Cp

)
ω̇F (2.11)

respectively. In Eqs. (2.9-2.11), ui is the gas velocity, ρ is the gas density and DF and

DO are the diffusion coefficients of fuel and oxidizer into the mixture. ω̇k denotes the

chemical mass source term of species k, Q is the amount of heat released by combustion,

λ is the heat conductivity of the mixture and Cp refers to the specific heat capacity of

the mixture. Assuming the same diffusion coefficient for fuel, oxidant and temperature,

DF = DO = λ
Cp

= D, different combinations of Eqs. (2.9-2.11) can be performed, which

yields transport equations for the following variables [5, 39]

Z1 = sYF − YO; Z2 =
CpT

Q
+ YF ; Z3 =

sCpT

Q
+ YO. (2.12)

All these transport equations have the same common form [5, 39]

∂ (ρZj)

∂t
+
∂ (ρuiZj)

∂xi
=

∂

∂xi

(
D
∂Zj
∂xi

)
, (2.13)
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but are subject to different boundary conditions, which can be summarized as [5, 39]

Fuel side : Z1 = sYF,−∞; Z2 = CpT−∞
Q

+ YF,−∞; Z3 = sCpT−∞
Q

; (2.14)

Air side : Z1 = −YO,∞; Z2 = CpT∞
Q

; Z3 = sCpT∞
Q

+ YO,∞. (2.15)

Normalizing Zj by their respective values at the fuel and oxidizer streams as [5, 39]

ξj =
Zj − Zj,O
Zj,F − Zj,O

, (2.16)

the transport equations of Zj can be rewritten as [5, 39]

∂ (ρξj)

∂t
+
∂ (ρuiξj)

∂xi
=

∂

∂xi

(
D
∂ξj
∂xi

)
. (2.17)

This normalization process is very useful, since the resulting transport equations of ξj

have the same boundary conditions, ξ = 1 and ξ = 0, at the fuel and oxidizer stream,

respectively, which means that the same solution is obtained from each of them and,

therefore, only a single transport equation for ξ has to be considered. ξ is commonly

referred as the mixture fraction, since it indicates the local state of the mixture between

fuel and oxidizer. A further advantage of considering normalized quantities is that the

species mass fractions and temperature can be related to the single mixture fraction ξ

and the injection conditions at the fuel and oxidizer streams by means of Eqs (2.12).

This is done by observing that, since the chemistry is assumed to be infinitely fast,

reactants cannot coexist and they immediately react when they enter in contact in an

infinitely thin reaction zone. Thus, the flame is composed of regions with either excess

of fuel (where YO = 0) or excess of oxidant (where YF = 0), which are separated by

the flame front. Thus, the normalized formulations of Eqs. (2.12), yields the following

expression for the calculation of YF, YO and T at the side with excess of fuel [5, 39]

YF(ξ) = YF,−∞

[
ξ − ξst
1− ξst

]
, (2.18)

YO(ξ) = 0, (2.19)

T (ξ) = ξT−∞ + (1− ξ)T∞ +
QYF,−∞
Cp

ξst
(1− ξ)

(1− ξst)
, (2.20)

and the following corresponding relations for the region of the flame with excess of

air [5, 39]

YF(ξ) = 0, (2.21)

YO(ξ) = YO,−∞

[
1− ξ

ξst

]
, (2.22)

T (ξ) = ξT−∞ + (1− ξ)T∞ +
QYF,−∞
Cp

ξ. (2.23)
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These relations can be later included in the simulation of non-premixed turbulent

flames by [5, 39]

ỸF =

∫ 1

0

YF(ξ)P̃ (ξ)dξ, (2.24)

ỸO =

∫ 1

0

YO(ξ)P̃ (ξ)dξ, (2.25)

and

T̃ =

∫ 1

0

T (ξ)P̃ (ξ)dξ, (2.26)

where P̃ (ξ) is the Favre probability density function of ξ.

2.1.2 Eddy Break-Up and Eddy Dissipation Concept Models

The Eddy Break-Up (EBU) model has been proposed as a computationally inexpen-

sive alternative for calculating the Favre-averaged chemical reaction mass source in

premixed gas flames [69]. This approach is based on a phenomenological analysis of

turbulent combustion, assuming high Reynolds and Damköhler numbers, Re and Da,

respectively. In the EBU model, the turbulence is assumed to be homogeneous and

isotropic, and the chemical reaction rate of the fuel is expressed as a function of local

flow properties such as the turbulent kinetic energy and its rate of dissipation [69, 5]

˜̇ωF = −CEBUρ
ε

k

√
Ỹ ′′2F , (2.27)

where Y ′′F is the fuel mass fraction fluctuation and CEBU denotes a model constant. k is

the kinetic energy and ε its dissipation rate. The reaction rate can be also formulated

in terms of a reaction progress variable, C, as [5]

˜̇ωC = −CEBUρ
ε

k

√
C̃ ′′2, (2.28)

where the fuel mass fraction fluctuations are replaced by the progress variable fluctu-

ations, C ′′. The Favre average values of Ỹ ′′2F and C̃ ′′2 have to be modeled, which is

normally done by means of transport equations. Unfortunately, the use of Eq. (2.28)

leads to some inconsistencies, since the value of ∂ ˜̇ωC
∂C̃

= ∞ when C̃ = 0 and C̃ = 1,

which is not realistic. For this reason, a different expression is commonly preferred [69,

5]
˜̇ωC = −CEBUρ

ε

k
C̃(1− C̃), (2.29)

or, in terms of the fuel mass fraction [69, 5]

˜̇ωF = −CEBUρ
ε

k

ỸF

YF,−∞
(1− ỸF

YF,−∞
). (2.30)
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The EBU model leads to reasonably predictions and it is very easy to implement in

CFD codes. However, the quality of the predictions strongly depends on the turbulence

model considered, due to the use of the turbulence time scale.

The Eddy Dissipation Concept (EDC), is a direct extension of the EBU model to

non-premixed flames [70]. In this model, the kinematic viscosity is employed addition-

ally to the turbulent energy and its dissipation. The fuel burning rate is calculated

according to [70, 5]

˜̇ωF = αρ
ε

k
min

(
ỸF ,

ỸO

s
, β

ỸP

(1 + s)

)
, (2.31)

where α and β are adjustable parameters. Unfortunately, the EDC model is also

strongly affected by the choice of the turbulence model. Additionally, the EBU and

EDV models are only valid for one-step chemistry, whereas the proper prediction of pol-

lutant formation during the operation of combustion devices requires the consideration

of detailed chemical reaction mechanisms.

2.1.3 Conditional Momentum Closure Models

Conditional Moment Closure (CMC) models have also been proposed for the inclusion

of detailed chemistry in the simulation of turbulent flames [71]. The main idea behind

this approach is that the fluctuations of temperature and compositions can be linked to

the fluctuations of one or two characteristic variables. Then, the transport equations

for species mass fractions and enthalpy can be reformulated in terms of conditional

averages, which are the averages of all these scalars having the same value of the key

variables. For this, a conditional PDF is employed. The typical formulation of the

CMC equations is [71]

∂Qα

∂t
+ 〈ui | η〉

∂Qα

∂xi
= 〈N | η〉∂

2Qα

∂η2
+ 〈Wα | η〉

− 1

ρηP̃ (η)

∂ρηP̃ (η)〈u′′i Y ′′α | η〉
∂xi

,

where Qα is the average mass fraction of chemical species α conditional to the mixture

fraction, ρη is the gas density conditional to mixture fraction, η is the sample space

variable for the mixture fraction, P̃ (η) is the density-weighted mixture fraction prob-

ability density function, ui is the gas velocity, Y ′′α are the fluctuations of species mass

fractions, N is the scalar dissipation rate of the mixture fraction, Wα is the source

term of chemical species due to chemical reactions and ”〈|〉” denotes conditional av-

erage. Equation (2.32) is unclosed and its use requires closure models for 〈ui | η〉,
〈N | η〉, 〈u′′i Y ′′α | η〉 and 〈Wα | η〉, for which several different models are available in the

literature [6, 71].
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CMC models have been widely used for the simulation of several turbulent flames

with big success. Specially important is the capability of predicting auto-ignition

and other unsteady effects impossible to capture employing one-step chemical reac-

tion mechanisms. Currently, formulations for turbulent spray flames are available in

the literature [61, 62, 63]. A rigorous derivation of the CMC equations for spray flames

is given by Mortensen and Bilger [61]

∂Qα

∂t
+ 〈ui | η〉

∂Qα

∂xi
= 〈N | η〉∂

2Qα

∂η2
+ 〈Wα | η〉

− 1

〈θ〉ρηP̃ (η)

∂〈θ〉ρηP̃ (η)〈u′′i Y ′′α | η〉
∂xi

+

[
Q1,α −Qα − (1− η)

∂Qα

∂η

]
〈Π | η〉
〈θ〉

(2.32)

− 1

〈θ〉ρηP̃ (η)

∂(1− η)ρηP̃ (η)〈Y ′′α Π′′ | η〉
∂η

,

where Π denotes mass evaporation rate, Q1,α is the mass fraction of species α in the

liquid droplets and 〈θ〉 is the gas volume fraction. Compared with the CMC equations

for gas flames, Eqs. (2.32), new unclosed terms appear in the formulation for spray

flames. These new unclosed terms are 〈Π | η〉 and 〈Y ′′α Π′′ | η〉, and closure models have

been proposed for them recently [62, 63].

Despite having a low computational cost when compared with DNS and transported

PDF methods, CMC models are still expensive when compared with flamelet models.

A review of CMC methods has been published by Klimenko and Bilger [71].

2.1.4 Transported Probability Density Function Models

Transported probability density function methods represent a very convenient alter-

native for determining the chemical structure in turbulent reacting flows considering

detailed chemical reaction mechanisms and it appears to be a powerful approach for

the modeling of a wide range of combustion processes including local extinction, re-

ignition and pollutant formation [72, 73]. These methods consist in the derivation of a

transport equation for the joint PDF of the variables of interests and in its numerical

resolution [72, 73]. The description starts with the description of a gas mass den-

sity function F (Ψ; x, t), which is defined in terms of the one-point, one-time Eulerian

fine-grained joint scalar PDF f ∗(Ψ; x, t)

f ∗(Ψ; x, t) = δ(Φ(x, t)−Ψ) ≡
Nα∏
α=1

δ(Φα(x, t)−Ψα), (2.33)

F (Φ; x, t) = ρ(Ψ)〈f ∗(Ψ; x, t)〉, (2.34)
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where δ is the Dirac delta function, Φ is the vector of the characteristic gas variables,

and Ψ corresponds to the corresponding sample space. The general form of the trans-

port equation of F (Ψ; x, t), including the interphase exchange effects can be written

as [72, 73]

∂F

∂t
+
∂(〈ui|Ψ〉F )

∂xi
−

〈
Sv

ρ

∣∣∣∣∣Ψ
〉
F = −

Nα∑
α=1

∂

∂Ψα

(〈
dΦα

dt

∣∣∣∣∣Ψ
〉
F

)
, (2.35)

where ui is the convection flow velocity. Sv is the spray evaporation effect on gas mass,

and ρ the density. ”〈|〉” represents the conditional expectations and Nα is the num-

ber of characteristic gas variables Φα. Velocity-composition joint PDFs are commonly

considered when reacting flows are under study, this method, however, is not limited

to this particular choice and transport equations can be derived for several other vari-

ables such as enthalpy, velocities, mixture fraction, progress variable, etc. Typically,

transported PDF methods are employed for the calculation of the probability density

function of the mixture fraction, which is then used in other models for the determi-

nation of the flame structure. PDF methods are very attractive, since the chemical

source term appears in closed form in the transport equation, and, therefore, no model

is needed for it and it can be treated in an exact way. Another attractive feature is that

PDF methods are general and not specifically designed for strict combustion regimes.

Thus, the same model can be employed for the simulation of different combustion situ-

ations. However, closure models are required for some terms. Different closure models

are currently available in the literature. Very comprehensive reviews have been given

by Pope [72] and Haworth [73].

Although PDF methods are perceived to be very accurate, they still have a very

high computational cost. More details about PDF methods can be found in [72, 73].

2.1.5 Intrinsic Low Dimensional Manifold Method

A different approach, employed for gas flames, is the reduction of the size of the chem-

ical reaction mechanism to be employed. Advanced reduction techniques are based on

the observation that a typical combustion system contains many different time scales.

In general, time scales associated with fluid mechanical processes cover a smaller range

of the spectrum than chemical time scales. Thus, there are chemical processes much

faster than any physical process and that can be decoupled by assuming them to be

in local equilibrium [74]. This leads to a reduction of the stiffness of the system of

equations to be solved and thus, to a lower computational cost of the entire simula-

tion. The Intrinsic Low Dimensional Manifold (ILDM) method, for instance, identifies

the fast processes using an analysis of the eigenvalues of the governing equations [75,
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76]. The chemical species with a short characteristic time are assumed to be in lo-

cal equilibrium and the chemical species with long characteristic chemical times are

employed as control parameters for the construction of low-dimensional tabulations of

chemical structures [75, 76]. The major problem of ILDM is that poor predictions are

obtained in low temperature regions, which require very high dimensional manifolds

for their proper characterization, since only slow processes take place there. To over-

come this problem, ILDM treats these regions by using linear interpolations between

a non-burning solution and the last available low-dimensional manifold. Although this

improves the performance of the method, it has been shown that simple interpolation

is not an appropriate approach [48]. Gicquel et al. proposed an extension of ILDM

for overcoming these deficiencies [48]. In the so called Flame Prolongation of ILDM

(FPI), ILDM manifolds are used for high temperatures regions and one-dimensional

premixed laminar flame structures are employed for low temperatures regions, instead

of a simple linear prolongation [48]. More recently, a different extension of ILDM for

low temperature regions has been proposed [77].

2.2 Flamelet Models

Flamelet models are a very promising approach for including detailed chemical reaction

mechanisms in the simulation of turbulent flames. They are based on the assumption

that a turbulent flame can be seen as an ensemble of very thin stretched laminar

flames, which can be a-priori generated and tabulated as a function of appropriate

characteristic parameters [40]. These thin stretched flames are commonly referred as

flamelets and their tabulations as flamelet libraries. This idea was proposed in 1970

in the field of chemical engineering [78] and in 1972 in the field of combustion [79]

and it implies that it is not necessary to directly solve the chemical structure during

the simulation of a turbulent flame, but instead of this, a-priori tabulated flamelet

structures can be included in the computations by means of a probability density

function to account for turbulent fluctuations. By doing this, the number of equations

to be solved and the computational cost of the simulations are dramatically reduced.

Crucial points for the successful implementation of flamelet models are the selection

of appropriate laminar structures for the construction of the flamelet library and the

consideration of proper parameters for their unique characterization [44, 80, 45, 46].

Typically, laminar counterflow flame structures are considered the basic structure com-

posing complex turbulent flames. This choice has been made based on experimental

results showing that these structures are very similar to the ones formed in turbulent

mixing layers [40]. Figure 2.1 shows a schematic representation of a counterflow flame,

where fuel droplets carried by air are injected from the left side of the configuration
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and directed against an air stream injected from the right side of the configuration.

In Fig. 2.1, the generated gas stagnation plane is easily recognized. The counterflow

configuration has several advantages, such as the steadiness of the flow, a well-defined

flow field, and the ease to vary boundary conditions such as strain rate, temperatures,

and composition of the feed streams [54, 56, 82, 83]. This is particularly important in

the frame of flamelet models, since the generation of a library requires the considera-

tion of structures under different levels of stretch, which is characterized by the strain

rate, a, defined as

a = [1 + α]
∂u

∂y
, (2.36)

with u denoting the flow axial velocity and y the axial coordinate. α is a constant with a

value of 0 for planar counterflow flames and unity for axi-symmetric counterflow flames.

Evidently, this value is not unique and it changes along the flame structure. Typically,

its value at one of the injection points or at the stagnation plane is considered. During

the selection of the boundary and initial conditions for the computations of the laminar

flamelets is of vital importance to ensure that they match the specific conditions of the

turbulent flame of interest. Specially relevant is that the flamelet structures must

correspond to the combustion regime of the turbulent flame to be simulated, since

it has been shown that non-premixed, premixed and evaporation dominated flames

strongly differ in terms of structure and characteristic parameters required for their

unique characterization. For this reason is that different flamelet models exist, which

are especially formulated for different combustion regimes.

Figure 2.1: Schematic representation of a counterflow flame [81].
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Several flamelet models are available for gas combustion, which have been suc-

cessfully applied to the simulation of non-premixed [40, 47] or premixed turbulent

flames [48, 49]. However, strict assumptions regarding the combustion regime that can

take place in a turbulent flame are made during the formulation of these models and

therefore, they are only valid in the specific combustion regime for which they were de-

veloped. Bradley and coworkers have reported simulations of non-premixed turbulent

flames by means of look-up tables based on premixed flamelet structures [84, 85, 86]

and several authors have reported simulations of non-premixed turbulent spray flames

by means of libraries based on non-premixed gas flamelets [50, 51, 52, 53]. However, a

systematic test of the accuracy of such attempts has shown that, in general, they lead

to poor predictions, which confirms that different combustion regime require differ-

ent flamelet libraries [41, 44]. This is particularly important when real technical spray

flames are considered, in which pure combustion regimes rarely take place and typically

non-premixed, premixed and evaporation-dominated combustion regimes may coexist

and interact. Thus, single-regime gas flamelet models are not appropriate for the sim-

ulation of turbulent spray flames, since they do not take into account their inherent

multi-regime nature. Unfortunately, the formulation of a multi-regime flamelet model

able to describe all combustion modes present in turbulent spray flames is a very chal-

lenging task. Therefore, no such comprehensible model is currently available. However,

some attempts have been recently made to extend classical mono-regime gas flamelet

formulations to more complex situations, where at least two combustion regime coex-

ist, specifically, for partially premixed gas flames [45, 65, 46] and non-premixed spray

flames [42, 59].

The selection of the characteristic parameters is also made according to the partic-

ular combustion regime under consideration. For example, since non-premixed flames

are mixing controlled, a variable indicating the local state of the mixture between fuel

and oxidizer is introduced for this kind of flames, which is commonly referred as the

mixture fraction, ξ. This variable and its scalar dissipation rate, χξ = 2D
(
∂ξ
∂xi

)2

, are

employed for the characterization of non-premixed gas flames [40]. For premixed gas

flames, on the other hand, the use of the mixture fraction is not appropriate, since

its value is constant in perfectly premixed flames. For this reason, a different variable

indicating the local state of advancement of the chemical reactions is employed. This

variable, commonly denoted as the reaction progress variable, C, and its scalar dissipa-

tion rate χC = 2D
(
∂C
∂xi

)2

are normally employed for the characterization of premixed

gas flamelets. The scalar dissipation rates, either of the mixture fraction or of the

progress variables can be interpreted as indicators of the local stretch acting on the

flame [40]. For non-premixed spray flames, it has been found that the use of the mix-

ture fraction and its scalar dissipation rate are not enough and that three additional
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parameters are required (initial droplet radius, droplet size and equivalence ratio) [42].

More specific definitions of all these variables will be given in the remainder of this

thesis, as they are required.

Flamelet models are valid for situations where chemical reactions are very fast

compared with flow effects. In turbulent flames, this relation is characterized by the

Damköhler number, which is defined as

Da = tt/tc, (2.37)

where tt and tc are the characteristic turbulent and chemical times, respectively. Thus,

flamelet models are valid for high Damköhler numbers, which is fulfilled in most techni-

cal applications. A more detailed explanation of the situations under which the flamelet

assumption is valid can be found in the work of Borghi [87] for premixed flames, and

in its extension for non-premixed flames presented by Peters [88].

In the next subsection, the general formulation of flamelet models is given. Specific

classical flamelet formulations and equations for gas non-premixed and gas premixed

turbulent flames are reviewed in subsection 2.2.2.1 and 2.2.2.2, respectively. Two-

regime flamelet models for partially premixed and spray flames are presented in the

subsection 2.2.2.3 and 2.2.3.

2.2.1 General Formulation

When S characteristic parameters (Ξ1,...,Ξs,...,ΞS) are employed for the characteriza-

tion of the flamelet structures (for example, the mixture fraction, a reaction progress

variable, etc.), each scalar φ defining the flame structure (such as species mass frac-

tions, temperature, etc) can be expressed and tabulated in a flamelet library as [40,

47, 48, 49]

φ = f(Ξ1, ...,Ξs, ...,ΞS). (2.38)

During the simulation of a turbulent flame, these structures can be averaged employing

the joint probability density function of all characteristic parameters. For instance, for

the determination of the Favre-averaged mean value of a scalar φ, φ̃, the flamelet

structures can be weighted as [40, 47, 48, 49]

φ̃ =

∫ Ξ1,Max

Ξ1,Min

...

∫ ΞS,Max

ΞS,Min

φ (Ξ1, ...,Ξs, ...,ΞM) P̃ (Ξ1, ...,Ξs, ...,ΞS) dΞ1... dΞS, (2.39)

where, P̃ (Ξ1, ...,Ξs, ...,ΞS) is a Favre joint probability density function.

Although the specific details regarding the considered laminar structures and char-

acteristic parameters differ from model to model, the general strategy followed in their

implementation is very similar for all the formulations existing and consists in the

following steps [40, 47, 48, 49]
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• A-priori generation and tabulation of laminar flamelet structures following Eq. (2.38).

• Determination of a joint PDF, P̃ (Ξ1, ...,Ξs, ...,ΞS), in the entire domain during

the simulation of a turbulent flame

• Calculation of the average value of the scalars, φ̃, by means of Eq. (2.39).

For the generation of the required flamelet structures, two different approaches

can be used, namely the consideration of counterflow flame structures [41, 42, 43] or

the use of the so called flamelet equations, which describe the flame structure in a

one-dimensional framework [40]. The exact form of the flamelet equations and the

specific coordinate system in which they are formulated are also chosen depending on

the particular combustion regime considered. These topics are discussed in more detail

in the next subsections.

For the final inclusion of the flamelet library into the simulation of turbulent flames,

the joint PDF of the characteristic parameters employed is needed. In general, two

different possible approaches for determining this PDF exist, namely transported PDF

methods and presumed PDF methods. In transported PDF methods, a transport

equation of the joint PDF is solved [72, 73]. By doing this, the shape of the PDF can

be determined in the entire domain for each instant of time. Transported methods have

proved to be very accurate [72, 73]. Unfortunately, the computational cost associated

with them is very high. In presumed PDF methods, on the other hand, the shape of the

joint PDF is presumed. Further simplifications are introduced by assuming statistical

independence of the characteristic parameters, which allows the decomposition of any

joint PDF, P̃ (Ξ1, ...,Ξs, ...,ΞS), into a product of single variable PDFs

P̃ (Ξ1, ...,Ξs, ...,ΞS) =
S∏
n=1

P̃ (Ξs). (2.40)

This transforms the problem of finding a joint PDF into a much simpler one consisting

in finding single variable PDFs. For this, means for determining the mean value of

the characteristic parameters are required, which can be done by solving appropriate

transport equations. Currently, big confidence exists in the accuracy of transport

equations of mixture fraction and reaction progress variables, but transport equations

of their scalar dissipation rate are not as well established. This could be attributed to

the complexity of these equations, which, when averaged for inclusion in the simulation

of turbulent flames, present several unclosed terms requiring modeling. Thus, although

transport equations for the scalar dissipation rate have been derived and applied before

for premixed [89, 90, 91, 92], non-premixed [93, 94] and spray flames [95], they have

not been formally tested and evaluated for use in laminar spray flames. This evaluation

is required, since several assumptions are adopted for their derivation.
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In the next subsections, a review of the main different flamelet models found in

the literature is given. Specifically, the classical formulations for pure non-premixed

gas flames and pure premixed gas flames are presented in section 2.2.2.1 and 2.2.2.2,

respectively. The formulations existing for partially premixed and spray combustion

are reviewed in sections 2.2.2.3 and 2.2.3.

2.2.2 Gas Flamelet Models

In this subsection, flamelet models available for non-premixed and premixed gas com-

bustion are reviewed in subsections 2.2.2.1 and 2.2.2.2, respectively. Additionally, par-

tially premixed gas flamelet models are reviewed in subsection 2.2.2.3. These partially

premixed gas flamelet models are appropriate for situations where non-premixed and

premixed combustion regimes coexist and interact.

2.2.2.1 Non-premixed Gas Flamelet Models

The first complete formulation of a flamelet model was presented for non-premixed gas

flames [40]. Peters used the fact that in non-premixed flames the flamelet structure

varies with the local mixture state, which is characterized by the mixture fraction, to

introduce a coordinate system based on this variable, where all scalar variables can be

expressed as

Yk = fk (ξ, τ) . (2.41)

Thus, each scalar Yk is considered a function of the mixture fraction and the trans-

formed time τ [40]. Moreover, it is considered that combustion takes place in a very

thin layer, i.e. flamelet, in the vicinity of the surface of stoichiometric mixture fraction,

ξst [40],

ξ(xi, t) = ξst, (2.42)

and the structure of the flamelets is taken to vary only in a direction normal to this

surface [40]. Thus, the transport equations of chemical species are transformed from

physical space and time t, (x1, x2, x3, t), into a new system of coordinates in the

mixture fraction space and transformed time τ , (ξ, τ) [40]. Under the assumption

of unity Lewis number and adopting Fick’s diffusion law, the non-premixed flamelet

equations yield [40]

ρ
∂Yk
∂τ

= ρ
χξ
2

∂2Yk
∂ξ2

+ ω̇k, (2.43)

where Yk is the mass fraction of species k, ρ is the gas density, τ is time and ω̇k is

the mass source of species k associated with chemical reactions. Note that although

Eq. (2.43) mathematically describes the flamelet structure in a one-dimensional way,
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three dimensional flames are actually described, since the iso-mixture fraction surfaces

are three-dimensional in physical space.

In Eq. (2.43), the scalar dissipation rate, χξ, defined as

χξ = 2D

(
∂ξ

∂xi

)2

, (2.44)

is the only term containing information from the physical space and it comprises all

the flow information. The scalar dissipation rate of the mixture fraction is a very

important quantity in non-premixed flamelet models, which can be interpreted as the

inverse of the characteristic diffusion time [40]

td =
1

χξ
. (2.45)

In a burning flamelet, an increase in the local value of the scalar dissipation rate leads

to a local reduction of the residence time, which can lead to local extinction or even to

the complete extinction of the flame [40]. Thus, the scalar dissipation rate at extinction

can be seen as a measurement of the stability of flames [40].

Equation (2.43) has been successfully applied in several numerical simulations.

However, the negligence of differential diffusion effects can lead to inappropriate pre-

dictions under some conditions. Differential diffusion effects can be included in the

generation of the flamelet libraries by employing counterflow flame structures directly

instead of considering Eq. (2.43). Another alternative has been proposed by Pitsch

and Peters [47], who presented an extension of Eq. (2.43), which considers differential

diffusion. After applying the transformation rules proposed by Peters [40], the non-

premixed flamelet equations considering differential diffusion and non-constant mean

molecular weight of the mixture can be written as [47]

ρ
∂Yk
∂τ

=
ρχξ
2

Leξ
Lek

∂2Yk
∂ξ2

+ ω̇k +
ρχξ
2

Leξ
Lek

Yk

M

∂2M

∂ξ2

+

[(
Leξ
Lek
− 1

)(
∂(ρχξ)

∂ξ
+ ρχξLeξ

Cp

λ

∂

∂ξ

(
λ

CpLeξ

))]
∂YK
∂ξ

(2.46)

+

[
Leξ
Lek

(
∂

∂ξ

(
ρχξ

Yk

M

)
+ ρχξLeξ

Cp

λ

∂

∂ξ

(
λ

CpLeξ

Yk

M

))]
∂M

∂ξ

+
1

4

[
2ρχξ

Yk

M

∂

∂ξ

(
Leξ
Lek

)]
∂M

∂ξ
+

1

4

[
2ρχξ

∂

∂ξ

(
Leξ
Lek

)]
∂YK
∂ξ

,

where the Lewis number of species k, Lek is defined as

Lek =
λ

DkρCp

, (2.47)

where λ is the thermal conductivity of the mixture, Dk the diffusion coefficient of

species k and Cp is the specific heat capacity of the mixture at constant pressure.
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Compared with Eq. (2.43), Eq. (2.46) contains additional terms taking into account

the spatial changes in the mean molecular weight, M . Under the assumption of unity

Lewis number for the mixture fraction, a constant but not unity Lewis number for

chemical species and constant molecular weight of the mixture, Eq. (2.46) can be

rewritten as [47]

ρ
∂Yk
∂τ
− ρχξ

2Lek

∂2Yk
∂ξ2

− ω̇k +
1

4

(
1− 1

Lek

)
∂(ρχξ)

∂ξ

∂Yk
∂ξ

= 0. (2.48)

Here, the only difference in comparison with the original formulation of Peters is the

convection term describing the flux of species k in the mixture fraction space. It

has been shown for laminar counterflow gas flames, that although the extra terms

contained in Eq. (2.48) are not always dominant, they can be important under some

situations [47]. It is important to note that Eq. (2.43) can be recovered from Eq. (2.48)

if the Lewis number of all chemical species is taken to be unity.

In order to solve Eq. (2.43) or Eq. (2.48), the profile of the scalar dissipation rate

as a function of the mixture fraction is required. In general two different approaches

exist for this. In the steady flamelet models, an analytical expression for χξ(ξ) is de-

rived under some assumptions and used then to close the system of equations, which is

solved neglecting unsteady effects. These simplifications allow for solving the flamelet

equations and tabulating the results in a step anterior to the simulation of the turbu-

lent flame. In the unsteady approach on the other hand, unsteady terms are retained

and the scalar dissipation rate profile is directly obtained from the computation of a

turbulent flame. In this approach, the flamelet equations are solved in-situ and interac-

tively in parallel with the turbulent flame computations. A more detailed explanation

of both approaches is given below.

In the steady flamelet model, the steady form of Eq. (2.43) is solved for the gener-

ation of the required flamelet structures. The boundary conditions are fixed excepting

the strain rate, which is constantly increased until extinction is reached [40]. This

procedure requires an a-priori knowledge of χξ as a function of ξ. For gas flames, an

analytical expression can be obtained by assuming that flamelets in turbulent diffusion

flames behave in the same way as a one-dimensional laminar mixing layer [40]. The

scalar dissipation rate in the counterflow configuration as a function of the mixture

fraction can then be estimated as [40]

χξ(ξ) = 4asξ
2
[
erfc−1(2ξ)

]2
, (2.49)

where as is the stagnation-plane strain rate and erfc−1 is the inverse of the comple-

mentary error function. In this formulation, the only parameter that is varied for the

generation of the different flamelet structures is as. Note that for as = 0, χξ = 0 in

the entire domain, which corresponds to the equilibrium limit, i.e. no diffusion takes
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place since the chemistry is infinitely fast compared with the characteristic diffusion

time, td. By increasing the value of the parameter as, different structures are obtained

till the quenching scalar dissipation rate, χξ,q, is reached. At this point, the flame is

extinguished and a cold solution is obtained [40].

The flamelet structures generated by means of Eq. (2.43) are tabulated as a function

of ξ and χξ, and they are later included in the simulation of turbulent flames by

means of Eq. (2.39), which requires an appropriate joint PDF of these characteristic

parameters, P̃ (ξ, χξ). Under the assumption of statistical independence, this PDF can

be decomposed into a product of two single variables PDFs as (see Eq. (2.40))

P̃ (ξ, χξ) = P̃ (ξ)P̃ (χξ). (2.50)

The mixture fraction is commonly assumed to follow a β distribution [96] of the

form

P̃ (ξ) =
Γ(a+ b)

Γ(a)Γ(b)
ξa−1 (1− ξ)b−1 , (2.51)

where Γ corresponds to the gamma function and the parameters a and b are determined

as [96]

a = ξ̃

[
ξ̃(1− ξ̃)
ξ̃′′2

− 1

]
, (2.52)

and [96]

b = (1− ξ̃)

[
ξ̃(1− ξ̃)
ξ̃′′2

− 1

]
, (2.53)

respectively, where the mean value of the mixture fraction, ξ̃, and its fluctuations, ξ̃′′2

are obtained by means of appropriate transport equations [39, 68, 74].

The scalar dissipation rate of the mixture fraction is commonly assumed to follow

a log-normal distribution of the form [40]

P̃ (χ) =
1

σχ
√

2π
exp

[
− 1

2σ2
(lnχ− µ)2

]
, (2.54)

where the parameters µ and σ are related to the first and second moment of χ. In

principle, two-equation models of turbulence provide the mean value of the scalar

dissipation rate, either by algebraically relating it to the scalar fluctuations and the

turbulent time scale, or by means of a derived transport equation for χ̃, which requires

closure modeling [89, 90, 91, 92, 93, 94, 95].

In terms of the k̃-ε̃ turbulence model, for example, χ̃ is commonly expressed as [97]

χ̃ = cχε̃/k̃ξ̃′′2, (2.55)

where cχ is a model constant, ε̃ is the mean dissipation rate of turbulent kinetic en-

ergy and k̃ is the mean turbulent kinetic energy. A transport equation of the scalar
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dissipation rate of the mixture fraction in non-premixed gas flames has been proposed

by Cha et al. [93]. In the derivation of this equation, however, a constant diffusion

coefficient and a constant density were considered, which is generally not valid in tur-

bulent reacting flows. Additionally, Fick’s diffusion law is employed. The validity of

these assumptions has not yet been tested. Cha et al. [93] have focused on the use of

the derived equation in a doubly-conditional moment closure approach. In this con-

text, it becomes difficult to evaluate the accuracy of the equation and the validity of

the assumptions involved in its derivation, since errors are also introduced through

other models. Therefore, an evaluation of the equations in a simplified environment is

desirable, which is one of the objectives of the present work.

A variation of the non-premixed steady flamelet model of Peters [40] is the Flamelet

Progress Variable approach (FPV), which has been proposed by Pierce and Moin [98].

This non-premixed flamelet approach consists in a modification of the parameters em-

ployed for the characterization and tabulation of the flamelet structures generated by

means of Eq. (2.43). Thus, in the FPV model, a reaction progress variable, C, is em-

ployed instead of the scalar dissipation rate of the mixture fraction χξ [98]. It has been

reported in the literature, that this small modification leads to major improvements

in the prediction of unsteady dynamical effects [98]. The reason why formulations em-

ploying χξ do not perform well under these conditions is that the flamelets employed for

the tabulations of steady flamelet models are always stable flamelets [98]. In general,

multiple solutions exist for certain values of the scalar dissipation rate and any state

between the fully burning and the extinguished state in the steady flamelet models

will be projected onto one of them [40, 68, 99]. The use of a reaction progress vari-

able instead of the scalar dissipation rate allows the inclusion of more chemical details,

which leads to a better performance of the model in unsteady situations [98]. Thus,

adopting the FVP flamelet model, the deficiencies of the steady flamelet models can be

overcome in a very simple way. Other extensions of the non-premixed flamelet model

have been proposed for taking into account heat losses due to radiation [100, 80].

Unsteady flamelet models, on the other hand, are an alternative approach for sit-

uations where unsteady effects are expected to be important. In general, unsteady

effects are small only in regions where the flame structure is stable and therefore, their

negligence leads to inaccurate predictions of phenomena such as local flame extinc-

tion, reignition and slow processes such as NOx formation. Unsteady effects can be

included in the simulation of turbulent non-premixed flames employing the so-called

unsteady-flamelet model [101]. This approach was proposed by Pitsch et al. [102] and

implemented by Pitsch and Steiner [103] in Large Eddy Simulations (LES) of a piloted

jet diffusion flame. Here, the transient terms in the flamelet equations are taken into

account. This allows to consider the strong decay of the scalar dissipation rate that
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takes place downstream in the flow field [101, 102, 103]. Unsteady effects are important

when slow physical and chemical processes are to be considered. This is particularly

true when characteristic diffusion times of the flow are smaller than the time required

by the flow for reaching local steady conditions.

The implementation of the unsteady flamelet model in the simulation of turbulent

flames is normally performed in an interactive way. First, the turbulent flame under

consideration is simulated employing a steady flamelet library and the results for the

flow field are then employed for the calculation of the mean stoichiometric scalar dis-

sipation rate, χ̃ξ,st. In order to derive an expression for the determination of χ̃ξ,st, it is

useful to reconsider the analytical function employed for the calculation of the scalar

dissipation rate χξ in steady flamelet models (Eq. (2.49)). Evaluating Eq. (2.49) for

the stoichiometric value of the mixture fraction, ξst, and solving for as

as =
ξ2
st

[
erfc−1(2ξst)

]2
4χξ,st

, (2.56)

is obtained. Inserting Eq. (2.56) in Eq. (2.49), we obtain

χξ(ξ) = χξ,st
ξ2
[
erfc−1(2ξ)

]2
ξ2
st

[
erfc−1(2ξst)

]2 . (2.57)

Thus, Eq. (2.57) can be expressed as a product of χξ,st and a function of the mixture

fraction Φ(ξ) as [102, 101]

χξ(ξ) = χξ,st Φ(ξ), (2.58)

where

Φ(ξ) =
ξ2
[
erfc−1(2ξ)

]2
ξ2
st

[
erfc−1(2ξst)

]2 . (2.59)

Since both χξ,st and Φ(ξ) are fluctuating quantities, the mean value of χξ(ξ) can be

obtained by averaging over both variables. After assuming statistical independence and

reaccommodating terms, the mean value of the scalar dissipation rate can be expressed

as [102, 101]

χ̃ξ(ξ) =

∫ 1

0

Φ(ξ) P̃ (ξ) dξ

∫ ∞
0

χξ,st P̃ (χξ,st) dχξ,st, (2.60)

where the second term at the right hand side is the mean scalar dissipation rate at

stoichiometric conditions, χ̃ξ,st =
∫∞

0
χξ,st P̃ (χξ,st) dχξ,st. It has been suggested to

equate the right-hand side of Eq. (2.60) to the algebraic expression commonly employed

in turbulent flame for the calculation of χ̃ξ(ξ) in terms of the mean turbulent kinetic

energy and the mean dissipation rate of turbulent kinetic energy (Eq. (2.55), which,

after solving for the unconditional scalar dissipation rate at stoichiometric conditions,

leads [102, 101]

χ̃ξ,st =
cχε̃/k̃ξ̃′′2∫ 1

0
Φ(ξ) P̃ (ξ) dξ

. (2.61)
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This mean stoichiometric scalar dissipation rate is employed to calculate its volume

average, which is introduced in Eq.(2.43) for its resolution as a function of mixture

fraction and time [101]. The latter is estimated by means of the following expres-

sion [101]

τ(z) =

∫ z

0

1

v(zd, r)
dzd, (2.62)

where r is the radial coordinate, z and v are the axial coordinate and velocity respec-

tively. The unsteady flamelet model has been shown to lead to good predictions for

temperature and OH and NO concentrations in the numerical simulation of nitrogen

diluted H2/air jet diffusion flames [101, 103]. However, its application leads to an

increase in the computational cost of the simulations.

2.2.2.2 Premixed Gas Flamelet Models

The big success of non-premixed flamelet models in the simulation of turbulent flames

motivated the development of equivalent approaches for premixed flames [49, 104].

However, as pointed out before, in premixed flamelet models the use of the mixture

fraction as a coordinate to describe the flame structure is not a good choice, since

its value remains constant over the entire domain for perfectly premixed flames. The

Flamelet Generated Method (FGM) has been proposed as an appropriate flamelet

model for premixed flames [105]. In this method, instead of iso-mixture fraction sur-

faces, curves perpendicular to iso-surfaces of a certain species mass fraction Yk are

considered, which are parameterized by their arc length, s. The evolution of all species

mass fractions Yk can then be described by one-dimensional transport equations in a

space characterized by the parameter s as

m
∂Yk
∂s
− ∂

∂s

(
λ

LekCp

∂Yk
∂s

)
= ω̇+

k − ω̇
−
k + Pk(s, t), (2.63)

where m is taken to be a constant mass-flow rate, ω̇+
k and ω̇−k are the chemical rate of

production and consumption of species k respectively and Pk is a perturbation term. In

this equation, effects associated with convection and diffusion phenomena in s direction

are accounted by the terms at the left hand side of the equation. Multi-dimensional

and unsteady effects, on the other hand, are all contained in the perturbation term

Pk(s, t), which includes flame stretch, variations of the mass-flow rate along the curve,

and curvature effects [105]. Typically, perturbations are arbitrarily assumed to be small

and Pk(s, t) is neglected. In this simplified situation, the premixed flamelet equations

are solved treating the system as a freely propagating premixed flame [105]. For this,
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the following boundary conditions are imposed [105]

s = −∞ : Yk = Yu,k; h = hu; (2.64)

s = ∞ :
∂Yk
∂s

= 0;
∂h

∂s
= 0; (2.65)

with k = 1...N , and where Yu,k and hu are prescribed initial conditions. The mass-

burning rate m is an eigenvalue of the system.

The final equilibrium state reached by the premixed flamelets is clearly determined

by the imposed unburnt conditions, (Yu,k, hu) [105]. The generation of the flamelet

structures to be tabulated is performed employing different set of initial conditions,

which are selected in such a way that the enthalpy and the element mass fractions are

kept constant. This causes all flamelets to end up in the same chemical equilibrium and

therefore a single controlling variable is enough for the parametrization of the resulting

structures. Commonly, a reaction progress variable, C, is employed, which is defined

as a linear combination of some major species such as CO2 and CO.

In more complex situations, where Pk(s, t) cannot be ignored, the flamelet library

has to be extended by including additional control parameters. The exact quantity and

the specific control variables required depend on the particular case under investigation.

Of course, the computational cost of this approach increases by increasing the number

of control parameters and therefore the use of a reduced quantity of them is normally

preferred. Perturbations are included by considering different values of the initial

enthalpy, which leads to different final equilibrium situations [105].

Other formulations including stretch effects are also available in the literature,

where an additional variable representing the flame stretch is considered [86, 106]. In

these approaches, premixed counterflow flame structures are employed for the tabula-

tions instead of freely propagating flames. Kolla and Swaminathan [107, 108] proposed

the use of a scalar dissipation rate of the progress variable for the characterization of

the flame stretch, which is defined as

χC = 2D

(
∂C

∂xi

)2

, (2.66)

similarly to the scalar dissipation rate of the mixture fraction defined for non-premixed

flamelet models. Although premixed flamelet models have been notoriously improved

during the last years, they are typically not considered to be as well developed as

non-premixed flamelet models are [107, 108]

Different approaches can be found in the literature for the estimation of the PDF

of the progress variable. It has been proposed the use of a β distribution following

the approach explained in the previous subsection for the mixture fraction. For this,

the mean value of the mixture fraction, ξ̃, and its fluctuations, ξ̃′′2 are replaced by
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corresponding values for the progress variable, C̃ and C̃ ′′2 in Eq. (2.51). Thus, consid-

ering a β distribution of the progress variable, its probability density function can be

expressed as [107, 108]

P̃ (C) =
Γ(a+ b)

Γ(a)Γ(b)
Ca−1 (1− C)b−1 , (2.67)

where Γ corresponds to the gamma function and the parameters a and b are determined

as

a = C̃

[
C̃(1− C̃)

C̃ ′′2
− 1

]
, (2.68)

and

b = (1− C̃)

[
C̃(1− C̃)

C̃ ′′2
− 1

]
, (2.69)

respectively. The mean value of the progress variable, C̃, and its fluctuations, C̃ ′′2 are

obtained by means of appropriate transport equations. Since the progress variable is

not a conserved scalar, an unclosed chemical source term, ˜̇ωC , appears in its transport

equation [107, 108]. This problem is commonly solved including the chemical source

term of the progress variable into the laminar flamelet libraries following Eq. (2.38)

and averaging them later by means of Eq. (2.39) in the same way as is done for the

species mass fractions [107, 108]. An alternative approach for the determination of the

PDF of the progress variable consists in the use of a Dirac delta function, δ, with a

peak at the mean value, C̃.

The scalar dissipation rate of the progress variable is commonly assumed to follow

a log-normal distribution of the form [107, 108]

P̃ (C) =
1

σC
√

2π
exp

[
− 1

2σ2
(lnC − µ)2

]
, (2.70)

where the parameters µ and σ are related to the first and second moment of χ. During

the last decades, transport equations for the scalar dissipation rate of the reaction

progress variable or the mixture fraction have been derived for premixed flames [89,

90, 91, 92]. However, as pointed out before, these transport equations involve several

assumptions that have not yet been systematically tested [109].

2.2.2.3 Partially Premixed Gas Flamelet Models

As already pointed out, pure combustion regimes are rare in real flames and typically

different combustion regime can coexist and interact in practical flames. In cases

where gas non-premixed and gas premixed combustion regimes are found coexisting and

interacting, the flame is referred as a partially premixed gas flame. In this situation,
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single-regime gas flamelet models are not appropriate. Therefore, partially premixed

flamelet models have been developed in recent years [45, 65, 46]. These approaches

are based on a combination of premixed and non-premixed single-regime gas flamelet

models, which are selectively applied depending on the local dominant combustion

regime. Thus, partially premixed flamelet gas flamelet models are composed of two

main steps

• Determination of the locally dominant combustion regime.

• Local application of the appropriate single-regime flamelet model.

For the determination of the locally dominant combustion regime, the use of a flame

index has been proposed [110]. Different flame index have been proposed in the litera-

ture. For instance, Yamashita et al. suggested the use of the following expression [110]

α =
∇YF · ∇YO
|∇YF · ∇YO|

. (2.71)

The index α can take values of -1 or 1 and it is expected to be positive in locally

premixed regions and negative in local non-premixed combustion regimes. The validity

of this flame index has been tested by Fiorina et al. [44], who showed that Eq. (2.71)

fails in certain regimes of counterflow partially premixed flames. Particularly in those

where the gradients of fuel and oxidizer are aligned, but combustion remains diffusion-

controlled. For overcoming this problem, a new formulation of the flame index has

been proposed [44]. Although the modified index performs better in the counterflow

flames analyzed by Fiorina et al. [44], it remains unclear whether the proposed index

is adequate for realistic three dimensional flames [45]. Additionally, the use of the

gradient of fuel concentration limits the range of application of this kind of index,

since in real combustion situations fuels are rapidly dissociated and they typically do

not reach the combustion zone [45].

An alternative flame index for partially premixed gas flames has been proposed

by Knudsen and Pitsch [45, 46], which employs a two-regime flamelet equation to

determine the local relative importance of non-premixed and premixed combustion

regimes. In this formulation, the mixture fraction is employed for the characterization

of non-premixed like effects and a Reaction Progress Parameter (RPP), Λ, is employed

for the characterization of premixed like effects. Since any two-regime flamelet equation

has to reduce to the classical formulation of Peters [40] in the limit of pure non-premixed

combustion, the RPP selected as second coordinate has to be statistically independent

of the mixture fraction. For ensuring the fulfillment of this requirement, Knudsen and

Pitsch [45] used the indexing method proposed by Ihme et al. [99]. In this method,

non-premixed flamelet structures are characterized by an index and the value of the
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index is treated as a variable. Knudsen und Pitsch defined the flame index Λ as [45]

Λ = C(ξst, Tξst). (2.72)

Since the temperature at the point of stoichiometric mixture, Tξst , is unique within

a given non-premixed steady flamelet, Λ is statistically independent of the mixture

fraction and it is constant within a non-premixed flamelet. Additionally, since Tξst
constantly decreases when the strain rate at the stagnation plane is increased, the index

Λ can characterize non-premixed gas flamelets uniquely. Thus, following Peters [40],

the transport equations of chemical species can be transformed from physical space and

time t, (x1, x2, x3, t), into a system of coordinates composed of the mixture fraction,

the reaction progress parameter, and a transformed time τ , (ξ, Λ, τ), which yields [45]

ρ
∂Yk
∂τ

=
ρχξ
2

∂2Yk
∂2ξ

+ ω̇k −
∂Yk
∂Λ

(
ρ
∂Λ

∂t
+ ρuj

∂Λ

∂xj
− ∂

∂xj

[
ρD

∂Λ

∂xj

])
(2.73)

+
ρχΛ

2

∂2Yk
∂Λ2

+ ρχξ,Λ
∂2Yk
∂ξ∂Λ

,

where the scalar dissipation rate of the reaction progress parameter and the crossed

scalar dissipation rate are defined as [45]

χΛ = 2D

(
∂Λ

∂xi

)2

, (2.74)

and

χξ,Λ = 2D
∂ξ

∂xi

∂Λ

∂xi
, (2.75)

respectively. Evaluating Eq. (2.73) for the progress variable C, neglecting unsteady

effects and assuming χξ,Λ = 0, the following equation is obtained [45]

∂C

∂Λ

(
ρuj

∂Λ

∂xj
− ∂

∂xj

[
ρD

∂Λ

∂xj

])
− ρχΛ

2

∂2C

∂Λ2︸ ︷︷ ︸
Premixed

− ρχξ
2

∂2C

∂2ξ︸ ︷︷ ︸
Non−premixed

= ω̇C . (2.76)

Based on Eq. (2.76), Knudsen and Pitsch [45] defined the flame index Θ as

Θ =

∂C
∂Λ

(
ρuj

∂Λ
∂xj
− ∂

∂xj

[
ρD ∂Λ

∂xj

])
− ρχΛ

2
∂2C
∂Λ2

−ρχξ
2

∂2C
∂2ξ

, (2.77)

which is a comparison of the budget of the terms associated with each combustion

regime that balance the chemical source. Unfortunately, the implementation of Eq. (2.77)

in the computation of turbulent flames is a very challenging task [45, 46]. Major dif-

ficulties are related to the fact that no transport equation is available for Λ and to

the evaluation of gradients of Λ in physical space and gradients of the C in the Λ
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coordinate [45, 46]. Additionally, the definition of Λ employed in the work of Knudsen

and Pitsch [45] is only valid for gas flames and it remains not clear how it could be ex-

tended to spray flames [109]. An analysis of limitations and capabilities of multi-regime

flamelet models for gas flames has been given by Knudsen and Pitsch [46].

A different set of two-regime flamelet equations has been proposed by Nguyen et

al. [65], who derived a set of two-dimensional flamelet equations for the description of

partially premixed gas flames, where non-premixed and premixed combustion regimes

coexist. This equation is very similar to Eq. (2.76) in many respects. The formulation

employs the mixture fraction for the characterization of non-premixed effects and a

reaction progress variable, defined as a linear combination of mass fraction of major

products including CO2, H2O and CO, for the characterization of premixed effects [65].

Unfortunately, the use of this definition of progress variable requires to neglect its

statistical dependence on mixture fraction in order to obtain the classical non-premixed

gas flamelet equations [40] when pure non-premixed gas flames are considered. Several

attempts have been made in order to define a reaction progress variable independent

of mixture fraction [111, 112, 99], but, in general, this is not an easy task. Several

other sets of flamelet equations in two coordinates have been proposed. A flamelet

formulation employing two mixture fractions has been proposed by Hasse et al. [51],

which has been extended for the simulation of direct-injection Diesel engines in the

context of the so called representative interactive flamelet (RIF) model [52]. Domingo

et al. [113] proposed a two-dimensional flamelet equation using the mixture fraction

and a measure of the progress of reaction to relate contributions of self-ignition and

flame propagation in a vitiated-air lifted flame. Pitsch et al. have derived a set of two-

dimensional equations employing the mixture fraction and the scalar dissipation rate

at stoichiometric conditions for the characterization of local extinction and reignition

phenomena [94].

2.2.3 Spray Flamelet Model

Single-regime gas flamelet models are not adequate for the simulation of turbulent spray

flames, since spray flame structures are strongly affected by evaporation effects [54, 56,

59, 42, 57, 55, 58, 60]. The influence of evaporation cannot be captured by gas flamelet

structures and therefore spray flamelet structures have to be considered [42, 60]. Holl-

mann and Gutheil [42] and Gutheil [59] have extended the classical non-premixed

gas flamelet model to spray flames, where non-premixed and evaporation-controlled

combustion take place simultaneously. This formulation consistently employs a spray

flamelet library based on laminar counterflow spray flame structures. However, it is

found that the structure of spray flamelets is not only determined by the mixture

fraction, ξ, and its scalar dissipation rate (associated with the strain rate), χξ, as in
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counterflowing laminar gas diffusion flames [40], but they also depend on the initial

droplet size, r0, the initial droplet velocity, v0, and the equivalence ratio on the spray

side of the configuration, E [81, 82, 59, 42], which is defined as the ratio of the to-

tal mass of liquid fuel injected at the left side of the configuration and the fuel mass

required for stoichiometric combustion at the specific conditions under consideration.

The inclusion of these additional parameters is required in order to characterize laminar

spray flamelets. In the spray flamelet model proposed by Hollmann and Gutheil [42],

the laminar spray flame structure is computed in physical space [42], and the mass

fractions of relevant species are then transformed into mixture fraction space for their

inclusion in the turbulent spray code [66, 67]. This procedure is also followed recently

by Franzelli et al. [43], although considering gas flamelet structures. The laminar

flamelet structures are finally included in the simulations of turbulent flames by means

of a joint PDF of the characteristic parameters as [42]

φ̃ =

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ 1

0

φ P̃ (ξ, χ, E,R0, v0) dξ dχ dE dR0 dv0. (2.78)

This approach has been successfully applied to the numerical simulation of turbulent

methanol/air [42, 66] and ethanol/air [67] spray flames. However, this model includes

a high-dimensional flamelet library of the order five for the mixture fraction, its scalar

dissipation rate, the equivalence ratio, and the initial droplet size and velocity.

Statistical independence of the parameters is assumed and a dirac delta function

is adopted for the initial droplet radius, initial droplet velocity and the equivalence

ratio [42]. For the mixture fraction, it has been shown that the use of a two-parameter

beta distribution, normally employed in non-premixed gas flames, is not appropri-

ate [114, 115] and the following modified β distribution employing four parameters has

been proposed as a better approximation [114]

P̃ (ξ) =
Γ(a+ b)

Γ(a)Γ(b)
(ξmax − ξmin)1−a−b (ξ − ξmin)a−1 (ξmax − ξ)b−1 , (2.79)

where the shape parameters are calculated as

a =

(
ξ̃ − ξmin

)
(ξmax − ξmin)


(
ξ̃ − ξmin

)(
ξmax − ξ̃

)
ξ̃′′2

− 1

 , (2.80)

and

b =

(
ξmax − ξ̃

)
(ξmax − ξmin)


(
ξ̃ − ξmin

)(
ξmax − ξ̃

)
ξ̃′′2

− 1

 , (2.81)

respectively. For the determination of the values of ξmax and ξmin it has been proposed

to assume that the PDF lies in a symmetric domain around the mean value of the
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mixture fraction of 2n times the standard deviation as

ξmin = ξ̃ − n 2

√
ξ̃′′2, (2.82)

and

ξmax = ξ̃ + n
2

√
ξ̃′′2, (2.83)

where n ∈ Z+. However, this assumption would mean that a = b, which would lead to

an always symmetric probability density function. Luo et al. [115] proposed to adopt

ξmin = 0 and ξmax = ξ̃ + 2
2

√
ξ̃′′2, which can be generalized as

ξmin = 0, (2.84)

and

ξmax = ξ̃ + n
2

√
ξ̃′′2. (2.85)

In the next chapter, the mathematical model and the numerical solution scheme

employed in the present dissertation are presented.





3. Mathematical Model and Numerical

Solution Scheme

In this chapter, the mathematical model and the numerical scheme used for its solution

are presented. The general governing equations for the gas and liquid phase are summa-

rized in subsections 3.1.1 and 3.1.2, respectively, where a Eulerian-Lagrangian approach

is considered to describe the spray flow. For the numerical simulations, the variables

are non-dimensionalized, and the two-dimensional gas phase equations are then trans-

formed into one-dimensional equations through a similarity transformation [81, 82, 59].

This transformation is presented in subsection 3.1.3.

In section 3.2, a multi-regime spray flamelet model to describe all combustion

regimes found in spray flames is derived. The derivation consist of two parts. First,

transport equations of mixture fraction and its scalar dissipation rate are derived in

subsection 3.2.1, which are then transformed by means of the similarity transforma-

tion presented in subsection 3.1.3 for their posterior solution. Additionally, a set of

multi-regime spray flamelet equations is derived in subsection 3.2.2.

Finally, the discretization scheme used in this work, as well as the solution algorithm

employed are presented in section 3.3

3.1 Governing Equations

3.1.1 Gas Phase

The conservation equations of mass, momentum, mass fractions of chemical species,

and energy are written as
∂ρ

∂t
+
∂(ρui)

∂xi
= Sv (3.1)

ρ
∂uj
∂t

+ ρui
∂uj
∂xi

= − ∂p

∂xj
− ∂τij
∂xi
− ujSv + Sm,j (3.2)

ρ
∂Yk
∂t

+ ρui
∂Yk
∂xi

=
∂Vk,i
∂xi

+ ω̇k + (δFk − Yk)Sv (3.3)
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ρCp
∂T

∂t
+ ρuiCp

∂T

∂xi
= −

N∑
k=1

hkω̇k +
∂p

∂t
+ ui

∂p

∂xi
− τij

∂ui
∂xj

+
∂

∂xi

(
λ
∂T

∂xi

)

− ∂T

∂xi

N∑
k=1

Cp,kVk,i − Sv
∫ T

T0

Cp,FdT + Se, (3.4)

where the Einstein summation convention is used. In the above equations, ρ is the gas

density, ui is the gas velocity in i direction, Yk denotes the mass fraction of species k

and p is the static pressure. Sv, Sm, Se are sources of mass, momentum and energy,

respectively, accounting for the exchange between the gas and liquid phases. δ is the

Kronecker symbol and the subscript F denotes fuel. The viscous tensor τij is defined

by

τij = −µ
(
∂ui
∂xj

+
∂uj
∂xi

)
+

2

3
µ
∂uk
∂xk

δij (3.5)

neglecting the bulk viscosity. µ, λ and Cp denote the viscosity, heat conductivity and

heat capacity at constant pressure of the mixture and are calculated as

µ =
1

2

[
N∑
k=1

Xkµk +
1∑N

k=1
Xk
µk

]
, (3.6)

λ =
1

2

[
N∑
k=1

Xkλk +
1∑N

k=1
Xk
λk

]
, (3.7)

and

Cp =
N∑
k=1

Cp,kYk, (3.8)

respectively. Here, N is the total number of chemical species in the system. In

Eqs. (3.6) and (3.7), Xk is the molar fraction of species k. The corresponding values of

viscosity and heat conductivity of the individual species k, µk, λk are determined by

means of temperature dependent polynomia as [116]

ln(µk) =
4∑

n=1

aµ,k ,n (ln (T ))n−1 (3.9)

and

ln(λk) =
4∑

n=1

aλ,k ,n (ln (T ))n−1, (3.10)

respectively, where the coefficients aµ,k,n and aλ,k,n are given in tabulated form [116].

Similarly, the heat capacity at constant pressure of species k at constant pressure, Cp,k,

and the enthalpy of species k, hk, are determined by means of the NASA polynomial

tabulations [117] as

Cp,k = R

5∑
n=1

aCp,k,nT
n−1, (3.11)
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and
hk
RT

=
5∑

n=1

ahk,nT
n−1 +

ahk,6
T

, (3.12)

where the coefficients aCp,k,n and ahk,n can be obtained of available databases [117]. In

Eqs. (3.11) and (3.12), different coefficients are employed for two different ranges of

temperatures, namely 300 to 1000 K and 1000 to 4000 K.

In Eq. (3.4), Vi,k is the diffusion velocity of species k in i-direction, which is ap-

proximated by the Hirschfelder-Curtiss diffusion law as [74, 39]

Vi,k = −ρDk
Yk
Xk

∂Xk

∂xi
− DT

T

∂T

∂xi
, (3.13)

where DT is the thermal diffusion coefficient, which is considered for the light species H

and H2 and Dk is the diffusion coefficient of species k in the mixture and it is calculated

as

Dk =
1− Yk∑N
j 6=k

Xk
Dkj

, (3.14)

where the specific diffusion coefficients of species k in species i are also obtained from

the polynomial of Kee et al. [116] as

ln(Dkj ) =
4∑

n=1

aD ,k ,n (ln (T ))n−1. (3.15)

By using the product law, Eq. (3.13) can be rewritten as

Vk,i = − ∂

∂xi

(
ρDk

∂Yk
∂xi

)
− ∂

∂xi

(
ρ
DkYk

M

∂M

∂xi

)
− DT

T

∂T

∂xi
, (3.16)

where M is the mean molecular weight of the mixture. If the contribution of the last

two terms on the right hand side are neglected, Eq. (3.16) reduces to Fick’s diffusion

law

Vk,i = − ∂

∂xi

(
ρDk

∂Yk
∂xi

)
. (3.17)

A detailed chemical reaction mechanism consisting of N species and M reactions

of the form
N∑
k=1

ν ′kjAk =
N∑
k=1

ν ′′kjAk, (3.18)

with j = 1...M , is considered here. In Eq. (3.18), Ak represents the symbol for species

k and ν ′kj and ν ′′kj are the molar stoichiometric coefficients of species k in reaction j,

respectively. Based on this reaction mechanism, the specific chemical reaction rate of

species k appearing in Eq. (3.3), ω̇k, is calculated as [74, 39]

ω̇k =
M∑
j=1

ω̇k,j, (3.19)
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where ω̇k,j represents the individual contributions made by each reaction j to the net

reaction rate of species k. The values of ω̇k,j can be calculated as [74, 39]

ω̇k,j = Mkνk,jKj

N∏
n=1

C
ν′kj
k , (3.20)

where Mk and Ck are the molecular weight and the concentration of species k, respec-

tively, νk,j = ν ′′k,j − ν ′k,j, and the rate of reaction j, Kj, is given by

Kj = AjT
βjexp

(
− Ej

RT

)
, (3.21)

where Ej is the activation energy and Aj and βj are constants. In the present work,

a detailed chemical reaction mechanism consisting of 38 species and 337 reactions is

employed [118].

The formulation of the spray flamelet equations requires the definition of the mix-

ture fraction. In general, the definition of the mixture fraction based on a chemical

element, A, yields

ξA =
ZA − ZA,min

ZA,max − ZA,min

, (3.22)

where ZA is the mass fraction of element A, which can be expressed as

ZA =
N∑
k=1

(
akAMA

Mk

)
Yk, (3.23)

where akA denotes the number of moles of element A in species k, and MA denotes

the molecular weight of element A. In combustion processes including hydrocarbons or

alcohols, most often the mixture fraction definition is based on the chemical element

C, because this formulation fulfills the requirements of monotonicity and boundedness

of the mixture fraction between zero and unity [119]. In the remainder of the present

thesis, the mixture fraction is based in carbon and simply noted as ξ.

In the next subsection, the governing equations for the liquid phase are presented.

3.1.2 Liquid Phase

The spray is assumed to be dilute and consisting of spherically symmetric droplets, and

a Lagrangian approach is used to describe droplet evaporation, heating, and motion.

Even though the present study concerns the injection of mono-disperse sprays, the oc-

currence of droplet reversal and droplet oscillation may lead to local poly-dispersity [82,

83, 59]. The droplet motion of a droplet size group, k, can be expressed as

mk
dvk
dt

= πR2
k

1

2
ρl (u− vk) | u− vk | CD,k +mkg, (3.24)
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where k = 1, . . . , K, and K denotes the total number of different groups of droplets.

CD,k is the drag coefficient, vk and u denote the droplet and gas velocity, respectively,

Rk is the instantaneous droplet radius, and mk = 4
3
πR3

kρl denotes the mass of a droplet

with radius Rk, and ρl denotes the liquid density. Droplet evaporation is described by

Abramzon and Sirignano’s convective droplet evaporation model [120]

ṁk =
dmk

dt
= 2πRkρf,kDf,k S̃hk ln(1 +BM,k), (3.25)

where ṁk is the droplet mass vaporization rate of a droplet in size group k, and the

subscript f refers to properties in the film around the droplets. Film properties are

computed using the 1/3 rule [121]. The modified Sherwood number S̃hk accounts for

convective droplet evaporation [120]. The Spalding transfer number, BM,k for each

droplet size group, k, is BM,k = (YF s,k − YF )/(1− YF s,k), where YF is the mass fraction

of the fuel vapor in the bulk of gas surrounding the droplet. YFs,k denotes the fuel

mass fraction at the droplet surface, which is given by

YFs,k =
MFXF s,k

MFXF s,k + (1−XF s,k)M s

. (3.26)

M s is the mean molecular weight of the gas surrounding the droplet surface, and the

fuel mole fraction at the surface of the droplets XF s,k is

XFs,k = pv/p, (3.27)

where pv is the vapor pressure at the droplet surface which is calculated employing the

Clausius-Clapeyron equation [122]

pv = p0 exp

(
−C1

Ts
+ C2

)
, (3.28)

where C1 = 4827.53 K and C2 = 13.553 are used for ethanol [122], and p0 is the

atmospheric pressure. Droplet heating is described through the conduction limit model

∂Tl,k
∂t

= αl
1

r2

∂

∂r

(
r2∂Tl,k

∂r

)
. (3.29)

Here, Tl,k is the temperature of the liquid, and r denotes the radial coordinate of

the droplet. Since the spray is assumed to be dilute, droplet–droplet interaction is

neglected and the equation for the droplet number density, nk, of each droplet size

group, k yields
∂nk
∂t

+
∂ (nk vi,k)

∂xi
= Sn,k, (3.30)

where, vi,k denotes the droplet velocity of size group k in i-direction. Sn,k is a source

term to describe the change in droplet number density if a droplet reverses or oscillates.
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In this situation, droplets are transferred from one droplet size group into a different

one at the same position leading to local poly-dispersity of the spray [82]. This is

done in order to avoid that new information overwrites previously calculated data.

Thus, the spray source terms for mass, momentum and energy in every grid point,

cf. Eqs. (3.1)-(3.4), yield

Sv =
K∑
k=1

nkṁk, (3.31)

Sm =
K∑
k=1

[
−nkmk

dvk
dt

+ nkṁkvk

]
, (3.32)

and

Se =
K∑
k=1

[
−nk [q̇k + ṁkLV (Tl,k)] + nkṁk

∫ Ts,k

T0

Cp,FdT

]
, (3.33)

where q̇k = ṁk [Cp,F (T − Ts,k)/BT,k − LV (Tl,k)] is the energy transferred to the droplet.

BT,k denotes the Spalding heat transfer number, and LV (T ) is the temperature depen-

dent latent heat of vaporization.

3.1.3 Transformed Equations

The conservation equations for mass, momentum, energy, and mass fractions of chem-

ical species are simplified by the adopting the boundary layer assumption and by con-

sidering a low Mach number, M (defined as the ratio of the local gas velocity and the

sound speed). Additionally, the gas phase equations, as well as the liquid equations for

droplet heating, vaporization and motion are non-dimensionalized using appropriate

reference values [81, 82]. Then, the following similarity transformation is used for the

two-dimensional gas equations [82]:

η =

∫ y

0

ρ dy and f =

∫ η

0

u

x
dη. (3.34)

Here, x and y are radial and axial physical coordinates, respectively, and u and v are

the corresponding gas velocities. Using Eq. (3.34), the following set of transformed

equations is obtained where the boundary layer approximation is applied [82]:

v = −1/ρ ([α + 1]f + fv) with fv = −
∫ η

0

1/ρ Sv dη (3.35)

d

dη

(
ρµ
df ′

dη

)
+ ([α + 1]f + fv) f

′′ = (f ′)2 − 1

ρ
− Sm
ρx

(3.36)

d

dη

(
λρ
dθ

dη

)
+ cP ([α + 1]f + fv)

dθ

dη
= ρ

K∑
k=1

VkηCpk
dθ

dη
+

1

ρ

K∑
k=1

hkẇk −
1

ρ
Se (3.37)
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− d

dη
(ρVkη) + ([α + 1]f + fv)

dYk
dη

= −1

ρ
ẇk − (δFk − Yk)

1

ρ
Sv, (3.38)

where θ is the non-dimensional temperature. In the above equations α equals zero for

the planar counterflow configuration and unity for the present axisymmetric counter-

flow configuration.

This set of equations for the gas phase is completed by the liquid phase equations

and the chemical reaction rates ẇk for species k.

The liquid phase equations are transformed using

ζ = r/R(t); ζs = R(t)/R0; τ =
1

t?l

∫ t

0

dz

ζs
; (3.39)

where z is a dummy variable and ? denotes reference values [81]. R0 is the initial

droplet radius, Tl and Ml are liquid temperature and liquid mass, respectively.

The transformed equations are written for each droplet size group omitting the

indices to identify them for a better transparency of the equations, which yield [82, 59]

dζs
dτ

= −1/9 c1ρfDf S̃h ln (1 +BM) (3.40)

∂θl
∂τ
− ζ

ζs

dζs
dτ

∂θl
∂ζ

=
1

ζsζ2

∂

∂ζ

(
ζ2∂θl
∂ζ

)
(3.41)

∂2xl
∂τ 2
− 1

ζs

(
dζs
dτ
− c1µ

)
dxl
dτ

= c1c2µ
df

dη
xl + c2

2ζ
2
s gx (3.42)

∂2ηl
∂τ 2

+ ρ
dρ−1

dτ

dηl
dτ
− 1

ζs

(
dζs
dτ
− c1µ

)
dηl
dτ

= c1c2µ(−([α + 1]f + fv)) + ρc2
2ζ

2
s gη. (3.43)

In the above equations, c1 = 6π(M?/M?
l )(L?l /L

?)(t?l /t
?) and c2 = t?l /t

?.

Mass and energy transfer numbers BM and BT , respectively, as well as the modified

Sherwood number S̃h are formulated as derived by Abramzon and Sirignano [120]. This

formulation includes non-equal mass and energy transfer numbers as well as a Reynolds

number correction to account for the slip.

Droplet number density, n, and source terms, Sv, Sm, Se, of the gas equations are

given by

n = n0s0η
′
l0ρ / (sη′lρ0); with s = xl/ul0 (3.44)

Sv
ρ

= −M
?
l

M?

t?

t?l

n

ρ
3 ζs

dζs
dτ

(3.45)

−Sm
ρx

=
M?

l

M?

(
t?

t?l

)2
n

ρs

[
ζs
d2s

dτ 2
+ 2

dζs
dτ

ds

dτ
− 3

t?l
t?
f ′s ζs

dζs
dτ

]
(3.46)

−Se
ρ

=
cPf
c̄P

M?
l

M?

t?

t?l

n

ρ
ṁ

(
θ − T ?l

T ?
θls

)
1 +BT

BT

, (3.47)
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where summation over the individual droplet size groups is required to include these

source terms, cf. Eqs. (3.31), (3.32), and (3.33).

This closed system of strongly coupled equations is solved numerically [81, 82]

to obtain structures of laminar spray flames in the counterflow configuration. These

structures are later used for performing studies of the influence of evaporation on the

flame structure and for the evaluation of the multi-regime spray flamelet model to be

derived in the next section.

3.1.4 Boundary Conditions

In this section, the boundary conditions for the governing equations for the gas and

liquid phase are specified. In the cartesian coordinate system, the gas governing equa-

tions, Eqs. (3.1-3.4), are subject to the boundary conditions

y = −∞ : v = v−∞; Yk = Yk−∞; T = T−∞; (3.48)

y = +∞ : v = v+∞; Yk = Yk+∞; T = T+∞, (3.49)

where −∞ and ∞ denote spray and gas side of the counterflow configuration, respec-

tively. In the present thesis, the value of the velocity at the left side of the configuration

is fixed to 0.44 m/s, the species mass fraction at both streams, Yk, are fixed to the

corresponding values for pure air and a injection temperature of 300 K is considered

at both sides of the configuration in all cases under study. Since a counterflow config-

uration is considered here, the outer flow is a potential flow and the velocity field can

be described by

v−∞ = a−∞y u−∞ = a−∞x; (3.50)

v+∞ = a+∞y u+∞ = a+∞x. (3.51)

After the non-dimensionalization of the governing equations, and the application of the

similarity transformation introduced in subsection 3.1.3, the boundary conditions have

to be transformed accordingly. The boundary values of Yk remain the same, since they

are non-dimensional quantities, whereas the boundary values for the stream function,

f , and its derivative, f ′, can be easily derived from the boundary conditions specified

by Eq. (3.49), the definition of f (Eq. (3.34)), and the equation for the axial gas velocity

in similarity space (Eq. (3.35)). For f ′, it becomes evident from Eq. (3.34) that

f ′ =
u

x
=

ax

a−∞x
=

a

a−∞
. (3.52)

Thus, at the left side of the configuration, f ′ = 1. For the determination of the value

of f ′ at the right side of the configuration, the contribution of the incoming droplets

to the dynamic pressure is neglected and, after equating the static pressure at the
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stagnation plane for the potential field at both sides of the configuration, the following

relation is obtained [81]

a+∞ =

√
ρ−∞
ρ+∞

a−∞, (3.53)

which can be introduced into Eq. (3.52) to obtain the boundary condition for f ′ at the

right side of the counterflow configuration

f ′ =

√
ρ−∞
ρ+∞

a−∞
a−∞

=

√
ρ−∞
ρ+∞

, (3.54)

Since the gas temperature, T , is normalized by the injection temperature, which is the

same at both sides of the configuration, the non-dimensional gas temperature, θ, has

a value of unity at both boundaries. Thus, finally, the set of governing equations for

the gas phase is subject of the boundary conditions

η = −∞ : f = f−∞; f ′ = 1; Yk = Yk−∞; θ = 1; (3.55)

η = +∞ : f = f+∞; f ′ =

√
ρ−∞
ρ+∞

; Yk = Yk+∞; θ = 1. (3.56)

For the liquid phase, the following boundary conditions are considered for the mo-

tion (Eq. (3.24))

xk(0) = xk0; vk(0) = vk0, (3.57)

and the energy equation (Eq. (3.29))

Tl(r, 0) = Tl0;
∂Tl
∂r
|r=0= 0;

∂Tl
∂r
|r=R(t)=

q̇

4πR2αlρlCpl
, (3.58)

respectively. In the present thesis, the droplet initial velocity and temperature are fixed

to the values of the corresponding variables in the gas phase. Thus, the initial droplet

velocity is 0.44 m/s for all cases and the initial droplet temperature is 300 K. The

initial droplet position is the left side of the counterflow configuration. The boundary

conditions presented in Eqs. (3.57) and (3.58) also have to be written in the framework

of the similarity transformation presented in subsection 3.1.3. After this is made, the

boundary conditions for the liquid phase are

ηl(0) = ηl0; η′0(0) = η′l0, (3.59)

and

ζs(0) = 1;
∂θl
∂ζ
|ζ=0= 0;

∂θl
∂ζ
|ζ=1=

q̇

3ζs
, (3.60)

with

q̇ = ṁ

[
cPf
cPl

(
T ?

T ?l
θ − θls

)
/BT − Lv

]
. (3.61)

In the next section, a multi-regime spray flamelet model is presented.
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3.2 Flamelet Model

In this section, an exact transport equation of the scalar dissipation rate and a set

of multi-regime spray flamelet equations are derived (subsections 3.2.1 and 3.2.2, re-

spectively). Moreover, a set of non-premixed spray flamelet equations, which propor-

tionates the fundamentals for the non-premixed spray flamelet model of Hollmann and

Gutheil [42, 59] is introduced. The derivations presented in this section have been pub-

lished in [60, 109, 123]. Additionally, the meaning of the flamelet model presented in

this section, as well as the approach to be used for its implementation in the simulation

of turbulent spray flames is discussed in subsection 3.2.3.

3.2.1 Transport Equation of the Scalar Dissipation Rate

In this subsection, a transport equation for the scalar dissipation rate of the mixture

fraction, χξ, is derived. For this purpose, an exact transport equation for the mix-

ture fraction is needed, which is first derived. Multiplication of the species transport

equation (Eq. (3.3)) with aCkMC/Mk and summation over k = 1, . . . , N yields

ρ
∂ξ

∂t
+ ρui

∂ξ

∂xi
=

∂

∂xi

(
MF

aCF
ρ

N∑
k=1

aCk
Mk

Dk
∂Yk
∂xi

)
(3.62)

+
∂

∂xi

(
ρMF

aCFM

N∑
k=1

aCk
Mk

DkYk
∂M

∂xi

)
+ Sv(1− ξ),

where Hirschfelder-Curtiss diffusion (Eq. (3.13)) and the definition of the mixture frac-

tion, Eq. (3.22) have been employed. Equation (3.62) represents an exact transport

equation for ξ. Using the assumption of equal molecular diffusion coefficient for all

chemical species, Dk = D, Eq. (3.62) can be rewritten as

ρ
∂ξ

∂t
+ ρui

∂ξ

∂xi
=

∂

∂xi

(
ρD

∂ξ

∂xi

)
+

∂

∂xi

(
ρD

ξ

M

∂M

∂xi

)
+ Sv(1− ξ). (3.63)

If Eq. (3.63) is to be equivalent to Eq. (3.62), the first and second terms of the r.h.s.

of these equations have to be equal, which leads to an expression for the appropriate

diffusion coefficient that ensures the fulfillment of this condition. This coefficient will

be referred as the equivalent diffusion coefficient, De, which is calculated as

De =
MF

(∑N
k=1

aCk
Mk
Dk

∂Yk
∂xi

+ 1
M

∑N
k=1

aCk
Mk
DkYk

∂M
∂xi

)
aCF

(
∂ξ
∂xi

+ ξ

M
∂M
∂xi

) . (3.64)
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Application of the operator ∂ξ
∂xj

∂
∂xj

to each term in Eq. (3.63) results in

∂ξ

∂xj

∂

∂xj

(
ρ
∂ξ

∂t

)
︸ ︷︷ ︸

I

+
∂ξ

∂xj

∂

∂xj

(
ρui

∂ξ

∂xi

)
︸ ︷︷ ︸

II

=
∂ξ

∂xj

∂

∂xj

(
∂

∂xi

[
ρD

∂ξ

∂xi

])
︸ ︷︷ ︸

III

+
∂ξ

∂xj

∂

∂xj

(
∂

∂xi

[
ρD

ξ

M

∂M

∂xi

])
︸ ︷︷ ︸

IV

+
∂ξ

∂xj

∂

∂xj
(Sv(1− ξ))︸ ︷︷ ︸
V

, (3.65)

where term V describes the effects of evaporation, and terms I, II, III and IV may be

simplified as follows. Term I is rearranged using the product law to yield

I =
ρ

4D

∂χξ
∂t

+
ρχξ
4

∂

∂t

(
1

D

)
+
∂ξ

∂t

(
∂ξ

∂xi

∂ρ

∂xi

)
. (3.66)

Similarly, term II in Eq. (3.65) is rearranged as

II =
ρui
4D

∂χξ
∂xi

+
χξρui

4

∂

∂xi

(
1

D

)
+ ρ

∂ξ

∂xi

∂ξ

∂xj

∂uj
∂xi

+
∂ξ

∂xi

∂ξ

∂xj
ui
∂ρ

∂xj
. (3.67)

The third term, III, is expressed as

III =
ρ

4

∂2χξ
∂x2

i

+
ρD

4

∂χξ
∂xi

∂

∂xi

(
1

D

)
+
ρD

4

∂

∂xi

(
χξ

∂

∂xi

[
1

D

])
− ρD

(
∂2ξ

∂xi∂xj

)2

+
∂2ξ

∂x2
i

∂ξ

∂xj

∂ (ρD)

∂xj
+
∂ξ

∂xi

∂

∂xi

(
∂ξ

∂xj

∂(ρD)

∂xj

)
, (3.68)

and term IV is written as

IV =
ρ

4M

∂M

∂xi

∂χξ
∂xi

+
ρDχξ

4M

∂M

∂xi

∂

∂xi

(
1

D

)
+
ρD

M

∂ξ

∂xi

∂ξ

∂xj

∂2M

∂xi∂xj
+
∂M

∂xi

∂ξ

∂xi

∂ξ

∂xj

∂

∂xj

(
ρD

M

)
+
χξ
2D

∂

∂xi

(
ρD

M

∂M

∂xi

)
+ ξ

∂ξ

∂xi

∂

∂xi

[
∂

∂xj

(
ρD

M

∂M

∂xj

)]
. (3.69)

Insertion of Eqs. (3.66)–(3.69) into Eq. (3.65), after rearranging terms, yields

∂χξ
∂t

+ ui
∂χξ
∂xi

= D
∂2χξ
∂x2

i

+ Sχξ,g + Sχξ,v + Sχξ,M . (3.70)

The terms Sχξ,g and Sχξ,v appearing in Eq. (3.70) account for sources stemming from the

gas and the liquid phase, respectively, and the last term, Sχξ,M accounts for variations

of the mean molecular weight of the gas mixture. They yield

Sχξ,g = −4D
∂ξ

∂xi

∂ξ

∂xj

∂uj
∂xi
− 4D2

(
∂2ξ

∂xi∂xj

)2

−Dχξui
∂

∂xi

(
1

D

)
− 4D

ρ

∂ξ

∂xi

∂ξ

∂xj
ui
∂ρ

∂xj

+ 2D2∂χξ
∂xi

∂

∂xi

(
1

D

)
+

4D

ρ

∂2ξ

∂x2
i

∂ξ

∂xj

∂ (ρD)

∂xj
+

4D

ρ

∂ξ

∂xi

∂

∂xi

(
∂ξ

∂xj

∂ (ρD)

∂xj

)
(3.71)

−Dχξ
∂

∂t

(
1

D

)
− 4D

ρ

∂ξ

∂t

∂ξ

∂xj

∂ρ

∂xj
+ χξD

2 ∂
2

∂x2
i

(
1

D

)
,
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Sχξ,v =
4D

ρ

∂ξ

∂xj

∂

∂xj
[Sv(1− ξ)] , (3.72)

and

Sχξ,M =
D

M

∂M

∂xi

∂χξ
∂xi

+
4Dξ

ρ

∂ξ

∂xi

∂

∂xi

[
∂

∂xj

(
ρD

M

∂M

∂xj

)]
+
D2χξ

M

∂M

∂xi

∂

∂xi

(
1

D

)
(3.73)

+
4D2

M

∂ξ

∂xi

∂ξ

∂xj

∂2M

∂xi∂xj
+

4D

ρ

∂M

∂xi

∂ξ

∂xi

∂ξ

∂xj

∂

∂xj

(
ρD

M

)
+

2χξ
ρ

∂

∂xi

(
ρD

M

∂M

∂xi

)
.

For simplicity, in the remainder of this paper, the scalar dissipation rate of the mixture

fraction, χξ will be noted as χ.

Equations (3.63) and (3.70) have to be transformed by means of the similarity

transformation presented in the previous section for their inclusion in the code used in

the present work. The transformed equations yield

ρ2v
dξ

dη
= ρ3D

d2ξ

dη2
+ ρ

dξ

dη

d (ρ2D)

dη
+
ρ3D

M

dM

dη

dξ

dη
(3.74)

+
ξρ3D

M

d2M

dη2
+ ξρ

dM

dη

d

dη

(
ρ2D

M

)
+ Sv (1− ξ) ,

and

ρv
dχ

dη
= Dρ2d

2χ

dη2
+ ρD

dχ

dη

dρ

dη
+ Sχ,g,η + Sχ,v,η + Sχ,M,η, (3.75)

respectively, with

Sχ,g,η = −4Dρ3

(
dξ

dη

)2
dv

dη
− 4D2ρ2 d

2ξ

dη2
− 4D2ρ

dξ

dη

dρ

dη

−Dχvρ d
dη

(
1

D

)
− 4Dρ2v

dρ

dη

(
dξ

dη

)2

+ 2D2ρ2dχ

dη

d

dη

(
1

D

)
(3.76)

+ 4Dρ3 dξ

dη

d (ρD)

dη

d2ξ

dη2
+ 4Dρ2

(
dξ

dη

)2
d (ρD)

dη

dρ

dη
+ 4Dρ3

(
dξ

dη

)2
d2 (ρD)

dη2

+ 4Dρ2

(
dξ

dη

)2
d (ρD)

dη

dρ

dη
+ 4Dρ3 dξ

dη

d (ρD)

dη

d2ξ

dη2
+ 4Dρ2

(
dξ

dη

)2
d (ρD)

dη

dρ

dη

+ χD2ρ2 d
2

dη2

(
1

D

)
+ χD2ρ

d

dη

(
1

D

)
dρ

dη
,

Sχ,v,η = 4Dρ
dξ

dη

d

dη
(Sv [1− ξ]) , (3.77)
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and

Sχ,M,η =
Dρ2

M

dM

dη

dχ

dη
+ 4Dξρ

dξ

dη

d

dη

(
ρ3D

M

d2M

dη2

)
+ 4Dξρ2 dξ

dη

dM

dη

d2

dη2

(
ρ2D

M

)
+ 4Dξρ

dM

dη

dρ

dη

d

dη

(
ρ2D

M

)
+ 4Dξρ2 dξ

dη

d

dη

(
ρ2D

M

d2M

dη2

)
(3.78)

+
D2χρ2

M

dM

dη

d

dη

(
1

D

)
+

4D2ρ4

M

(
dξ

dη

)2
d2M

dη2
+

4D2ρ3

M

dM

dη

dρ

dη

+ 4Dρ3dM

dη

(
dξ

dη

)2
d

dη

(
ρD

M

)
+

2χρ2D

M

d2M

dη2
+ 2χ

dM

dη

d

dη

(
ρ2D

M

)
.

If a spatially uniform molecular weight of the mixture is assumed (equivalent to

the adoption of Fick’s diffusion law), the terms including ∂M/∂xi vanish, and the

transport equations of ξ and χ reduce to

ρ2v
dξ

dη
= ρ3D

d2ξ

dη2
+ ρ

dξ

dη

d (ρ2D)

dη
+ Sv (1− ξ) , (3.79)

and

ρv
dχ

dη
= Dρ2d

2χ

dη2
+ ρD

dχ

dη

dρ

dη
+ Sχ,g,η + Sχ,v,η, (3.80)

respectively. In the results’ section, the following evaluation is made.

• All species transport equations (Eqs. (3.3)) are solved and the results are em-

ployed to calculate the value of the mixture fraction and its scalar dissipation

rate by definition. The results obtained are denoted as ξe and χe, where the

subscript e refers to ”exact”.

• The full transport equations of the mixture fraction and its scalar dissipation

rate (Eqs. (3.74) and (3.75)) are solved. For this purpose, the diffusion coeffi-

cient, D, must be determined, which is done through the use of a mass averaged

diffusion coefficient of the mixture, i.e. D =
∑N

k=1 YkDk. The results are denoted

as ξD,M and χD,M .

• The simplified transport equations of the mixture fraction and its scalar dis-

sipation rate, which do not consider spatial variations of the mean molecular

weight are solved (Eqs. (3.79) and (3.80)). The diffusion coefficient, D is de-

termined either through use of the average diffusion coefficient of the mixture,

i.e. D =
∑N

k=1 YkDk, or with the assumption of Lewis number of unity, lead-

ing to D = λ/(ρCp). The results are denoted by ξD and χD, and ξLe and χLe,

respectively.

The boundary conditions considered are ξ = χ = 0 at both side of the configuration.

The different values of ξ and χ obtained are finally compared in order to evaluate the



50 3. Mathematical Model and Numerical Solution Scheme

effect of the different assumptions involved. Additionally, the value of De is compared

with the ones obtained by means of the average diffusion coefficient of the mixture and

with the assumption of Lewis number of unity in order to determine which of them is

the most appropriate approximation. The results of these evaluations can be employed

for the simplification of the transport equation of the scalar dissipation rate, which

would simplify its implementation in the simulation of turbulent spray flames.

3.2.2 Spray Flamelet Equations

In this subsection, the derivation of a set of multi-regime spray flamelet equations to

describe all combustion regimes found in spray flames, and which provides a common

framework for several flamelet formulations existing in the literature [42, 60, 45, 65], is

presented. This set of equations is then used for the derivation of a set of non-premixed

spray flamelet equations, which provides the fundamentals for the non-premixed spray

flamelet model of Hollmann and Gutheil [42, 59]. The starting point of the derivation

is the transport equation of the mass fraction of chemical species, Yk, cf. Eq. (3.3).

Thermal diffusion is neglected in the present derivation, since it is only relevant for

light species, H and H2. Following the derivation of Nguyen et al. [65] for gas flames, it

is assumed that a set of P independent variables ζp, and a time-like variable, τ , exist,

which constitute a proper coordinate system in which the evolution of any species

mass fraction can be described. With the introduction of these P + 1 variables, a

change of coordinates of Eq. (3.3) from the physical space (x1, x2, x3) into the new set

of coordinates (ζ1, .., ζp, .., ζP , τ) is performed. The use of the transformation rules

∂

∂t
=

∂

∂τ
+
∂ζp
∂t

∂

∂ζp
and

∂

∂xi
=
∂ζp
∂xi

∂

∂ζp
, (3.81)

in the transport equations of mass fractions of chemical species, Eqs. (3.3), results

in [109]

ρ
∂Yk
∂τ

= −∂Yk
∂ζp

(
ρ
∂ζp
∂t

+ ρui
∂ζp
∂xi
− ∂

∂xi

[
ρDk

∂ζp
∂xi

])
+ ρDk

∂ζp
∂xi

∂ζl
∂xi

∂2Yk
∂ζp∂ζl

(3.82)

+ ρ
DkYk

M

∂ζp
∂xi

∂ζl
∂xi

∂2M

∂ζp∂ζl
+
∂M

∂ζp

∂ζl
∂xi

∂

∂ζl

(
ρ
DkYk

M

∂ζp
∂xi

)
+ Sv (δFk − Yk) + ω̇k.

However, the consideration of P + 1 variables is not possible in practical cases, and a

simplified set must be selected if Eq. (3.82) is to be evaluated. Equation (3.82) must

reduce to the non-premixed flamelet equations [40] in the non-premixed limit, so that

the mixture fraction must be chosen as one of the independent variables. Moreover, at

least a second coordinate is required in order to characterize the premixed limit [65,

45, 46].
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The definition of an adequate second variable for the description of the premixed

combustion regime represents a major difficulty, since any variable employed has to be

statistically independent of the mixture fraction. Typically, pure premixed combustion

is characterized by a reaction progress variable defined as a combination of species mass

fractions of major species such as CO2 and H2O. However, this definition statistically

depends on the mixture fraction and it is therefore not adequate for the present case.

This can be better seen in the case of pure non-premixed gas flame structures, which

can be described by the non-premixed gas flamelet equations of Peters [40]. When

such a flame is considered, the value of the second variable has to be constant, because

it is known that non-premixed flamelet structures can be described using the mixture

fraction as single coordinate. However, the progress variable defined as a combination

of species mass fractions changes along a non-premixed flame and it is therefore not an

adequate choice. Because of these difficulties associated with the definition of an ade-

quate progress variable, no exact definition is used in the present work, and a general

derivation is performed. Thus, it is assumed that a progress variable Λ exists, which is

statistically independent of the mixture fraction ξ. Using ξ and Λ as independent vari-

ables and neglecting effects in other directions, the following formulation of Eq. (3.82)

is obtained [109]

ρ
∂Yk
∂τ

= − ∂Yk
∂ξ

(
ρ
∂ξ

∂t
+ ρui

∂ξ

∂xi
− ∂

∂xi

[
ρDk

∂ξ

∂xi

])
︸ ︷︷ ︸

Terms in ξ direction

+
∂ξ

∂xi

∂M

∂ξ

∂

∂ξ

(
ρDkYk

M

∂ξ

∂xi

)
+
ρχξ
2

(
∂2Yk
∂ξ2

+
Yk

M

∂2M

∂ξ2

)
︸ ︷︷ ︸

Terms in ξ direction

− ∂Yk
∂Λ

(
ρ
∂Λ

∂t
+ ρui

∂Λ

∂xi
− ∂

∂xi

[
ρDk

∂Λ

∂xi

])
︸ ︷︷ ︸

Terms in Λ direction

(3.83)

+
∂Λ

∂xi

∂M

∂Λ

∂

∂Λ

(
ρDkYk

M

∂Λ

∂xi

)
+
ρχΛ

2

(
∂2Yk
∂Λ2

+
Yk

M

∂2M

∂Λ2

)
︸ ︷︷ ︸

Terms in Λ direction

+ ρχξΛ

(
∂2Yk
∂ξ∂Λ

+
Yk

2M

∂2M

∂ξ∂Λ

)
+
∂M

∂ξ

∂Λ

∂xi

∂

∂Λ

(
ρDkYk

M

∂ξ

∂xi

)
︸ ︷︷ ︸

Crossed terms

+ +
∂M

∂Λ

∂ξ

∂xi

∂

∂ξ

(
ρDkYk

M

∂Λ

∂xi

)
︸ ︷︷ ︸

Crossed terms

+ ω̇k + Sv (δFk − Yk) ,

where χξ = 2D( ∂ξ
∂xi

)2, χΛ = 2D( ∂Λ
∂xi

)2 and χξΛ = 2D ∂ξ
∂xi

∂Λ
∂xi

are the scalar dissipation

rates of mixture fraction, progress variable and the crossed scalar dissipation rate,

respectively. Equation (3.83) describes all combustion regimes found in spray flames.
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Note that, provided an adequate definition of Λ is formulated, these equations may be

used to define a variable similar to the flame index proposed by Knudsen and Pitsch [45,

46] (see Eq. (2.77)) and to determine the locally dominant combustion regime in spray

flames. In fact, the new formulation comprises the flamelet equations proposed by

Knudsen and Pitsch [45, 46] for partially premixed gas flames, if the same definition

of Λ [45, 46] employed by these authors is considered. Since the gas flamelet equations

of Knudsen and Pitsch [45, 46] reduce to the classical formulation of Peters [40] when

only non-premixed effects are considered, Eqs. (3.83) also comprise the non-premixed

gas flamelet equations [40].

Even though no adequate definition of Λ is currently available for spray flames,

Eqs. (3.83) can be indirectly used to evaluate the relative importance of different com-

bustion regimes under various conditions. In particular, changes across Λ are negligible

in flames where only non-premixed and evaporation effects are relevant and thus, in

those situations, the flame structure can be describe by means of the mixture fraction

ξ as sole independent variable. Thus, Eq. (3.83) may be rewritten to yield

ρ
∂Yk
∂τ

+
∂Yk
∂ξ

(
ρ
∂ξ

∂t
+ ρui

∂ξ

∂xi
− ∂

∂xi

[
ρDk

∂ξ

∂xi

])
− ∂ξ

∂xi

∂M

∂ξ

∂

∂ξ

(
ρDkYk

M

∂ξ

∂xi

)
− ρχξ

2

(
∂2Yk
∂ξ2

+
Yk

M

∂2M

∂ξ2

)
= ω̇k + Sv (δFk − Yk) . (3.84)

A comparison of the steady forms of Eqs. (3.84) and the transport equations of the

mass fractions of chemical species, Eqs. (3.3), shows that [109],

ΩP = ΩM (3.85)

must be satisfied if no premixed effects exist, where [109]

ΩP = −ρui
∂Yk
∂xi

+
∂

∂xi

(
ρDk

∂Yk
∂xi

)
+

∂

∂xi

(
ρDkYk

M

∂M

∂xi

)
(3.86)

and

ΩM =
ρχξ
2

(
∂2Yk
∂ξ2

+
Yk

M

∂2M

∂ξ2

)
+
∂ξ

∂xi

∂M

∂ξ

∂

∂ξ

(
ρDkYk

M

∂ξ

∂xi

)
− ∂Yk

∂ξ

(
ρ
∂ξ

∂t
+ ρui

∂ξ

∂xi
− ∂

∂xi

[
ρDk

∂ξ

∂xi

])
. (3.87)

Equations (3.86) and (3.87) present the terms balancing the chemical source in the

physical and mixture fraction space, respectively. Hollmann and Gutheil [42] neglected

premixed-like effects in laminar spray flames if all fuel is injected in liquid form, and

this assumption will be confirmed in the results’ section by means of the evaluation

and comparison of ΩP and ΩM for different situations.
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Neglecting gradients of M and assuming equal diffusion coefficients for all species,

Eq. (3.84) can be rewritten as [60]

ρ
∂Yk
∂τ

= ρ
χξ
2

∂2Yk
∂ξ2︸ ︷︷ ︸

Dissipation

+ω̇k + Sv (ξ − 1)
∂Yk
∂ξ︸ ︷︷ ︸

Mixing/Evaporation

+Sv (δFk − Yk)︸ ︷︷ ︸
Evaporation

, (3.88)

where the transport equation of the mixture fraction, Eq. (3.63, has been employed.

Equation (3.88) presents the flamelet equation for laminar non-premixed spray

flames [60, 123]. The first three terms are identical to the flamelet equation for gas

flames, Eq. (2.43), whereas the last two terms containing the spray evaporation mass

source term, Sv, are new, and they represent the effect of evaporation on the flamelet

structure. When no evaporation takes place, Sv = 0 and Eq. (3.88) reduces to the non-

premixed flamelet equations of Peters (see Eq. (2.43)). Thus, it can be concluded that

the flamelet formulation for spray flames does not only depend on the mixture fraction

and its scalar dissipation rate, but additionally on the spray evaporation source term,

Sv.

The derivation of the flamelet equations, Eqs. (3.88), includes two major assump-

tions, which are usually also made in gas combustion. The first one is the assumption

of non-varying mean molecular weight, M̄ , and the second is the assumption of Le = 1,

which is employed for the consideration of a unique diffusion coefficient for all species,

Dk = D = ρ
λCp

. The validity of these approximations may be studied by comparing

terms considering or neglecting relevant contributions. If the second term on the r.h.s.

of the definition of the Hirschfelder-Curtiss diffusion law, Eq. (3.16), including M̄ [60]

ΥM,k =
∂

∂xi

(
ρ
DkYk
M̄

∂M̄

∂xi

)
, (3.89)

is small, then

Υx,k ≈ Υξ,k, (3.90)

must be satisfied, where

Υx,k = −ρ∂Yk
∂t
− ρui

∂Yk
∂xi

+
∂

∂xi

(
ρDk

∂Yk
∂xi

)
+

∂

∂xi

(
ρ
DkYk
M̄

∂M̄

∂xi

)
, (3.91)

is the contribution in physical space, and

Υξ,k = −ρ∂Yk
∂τ

+ ρDk

(
∂ξ

∂xi

)2
∂2Yk
∂ξ2

(3.92)

−
(
ρ
∂ξ

∂t
+ ρui

∂ξ

∂xi
− ∂

∂xi

[
ρDk

∂ξ

∂xi

])
∂Yk
∂ξ
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describes the corresponding term in mixture fraction space, where the variation of M̄

is neglected. The validity of Eq. (3.90) will be evaluated in the next section.

The diffusion term in the brackets in the second term on the l.h.s. of Eq. (3.84) can

be expressed as [60]

∂

∂xi

(
ρDk

∂ξ

∂xi

)
=

∂

∂xi

(
ρD

∂ξ

∂xi

)
+

∂

∂xi

(
ρ(Dk −D)

∂ξ

∂xi

)
. (3.93)

If Le = 1 is assumed for all chemical species, Dk = D, and the last term on the

r.h.s. of Eq. (3.93) may be neglected and

Ψξ,k = −
(
ρ
∂ξ

∂t
+ ρui

∂ξ

∂xi
− ∂

∂xi

(
ρDk

∂ξ

∂xi

))
∂Yk
∂ξ

(3.94)

can be approximated as

Ψk,Le=1 = Sv(ξ − 1)
∂Yk
∂ξ

, (3.95)

see Eq. (3.84), which implies that the following relation is satisfied

Ψξ,k ≈ Ψk,Le=1. (3.96)

In the next chapter, the validity of Eq. (3.96) will be evaluated.

3.2.3 Spray Flamelet Modeling of Turbulent Reacting Flows

The flamelet model presented in the previous subsections has several implications for

the simulation of turbulent spray flames. Provided an adequate definition of Λ is

formulated for spray flames, the multi-regime spray flamelet equations (Eqs. (3.83))

can be used to define a flame index to locally distinguish the dominant combustion

regime in turbulent spray flames, similarly to the flame index proposed by Knudsen

and Pitsch [45]. This flame index could then be used for the local selection of the

adequate flamelet model that should be applied in each flame region.

Since the non-premixed spray flamelet model [42, 59] has been successfully applied

to the simulation of several turbulent non-premixed spray flames [42, 66, 67], a multi-

regime spray flamelet model could be formulated as a combination of the model of

Hollmann and Gutheil [42, 59] and a premixed gas flamelet model. Such a formulation

would allow for the description of premixed, non-premixed and evaporation-controlled

combustion regimes. The formulation of a flame index appropriate for these multi-

regime flamelet model can be obtained by evaluating Eqs. (3.83) for a reaction progress

variable, C, defined as a lineal combination of mass fractions of major species and

comparing the budget of the terms in the Λ coordinate with the total budget of the

terms balancing the chemical source term of the progress variable, ω̇C . For example,
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assuming the crossed scalar dissipation rate to be zero and an uniform mean molecular

weight of the mixture, a flame index for spray flames, Θs, can be defined as

Θs =
Θpre

Θtotal

, (3.97)

where

Θpre =

∣∣∣∣∂C∂Λ

(
ρuj

∂Λ

∂xj
− ∂

∂xj

[
ρD

∂Λ

∂xj

])
− ρχΛ

2

∂2C

∂Λ2

∣∣∣∣ (3.98)

and

Θtotal =

∣∣∣∣∂C∂Λ

(
ρuj

∂Λ

∂xj
− ∂

∂xj

[
ρD

∂Λ

∂xj

])
− ρχΛ

2

∂2C

∂Λ2

∣∣∣∣ (3.99)

+

∣∣∣∣−ρχξ2

∂2C

∂ξ2
+ Sv

[
C + (1− ξ) ∂C

∂ξ

]∣∣∣∣
are the absolute values of the sum of the terms associated with premixed effects in

Eq. (3.83) and the sum of the absolute values of the different terms balancing the

chemical source, respectively. In Eq. (3.97) the use of absolute values is required to

keep the value of the index Θs between zero and one. Thus, Θs can be used to locally

distinguish the dominant combustion regime, where Θs = 0 indicates a locally non-

premixed spray flame and Θs = 1 a locally perfectly premixed flame. Based on this

evaluation, the appropriate flamelet model can be used for the computation of the

Favre-averaged mean value of the variables of interest (for example the mass fraction

of chemical species). For zones where 0 < Θs < 1, values of φ̃ obtained by the use of

premixed and non-premixed spray flamelet models can be weighted by

φ̃ = Θs φ̃pre + (1−Θs) φ̃spray, (3.100)

where φ̃pre and φ̃spray are the Favre-averaged values of the variable φ using the premixed

flamelet model and the non-premixed spray flamelet model respectively.

Additionally, Eq. (3.88) suggests that spray flamelet structures can be characterized

by the use of the mixture fraction, its scalar dissipation rate and the evaporation rate.

This is consistent with the findings of Hollmann and Gutheil [42], who found that the

initial droplet radius, r0, the initial droplet velocity v0 and the initial equivalence ratio

at the spray side of the configuration where required additional to the mixture fraction

and its scalar dissipation rate. These three parameters are of vital importance on the

definition of the spray evaporation mass rate Sv, and, therefore, the use of Sv instead

of r0,v0 and E should be equivalent. Thus, these results suggest that the non-premixed

spray flamelet formulation of Hollmann and Gutheil [42] given as

φ̃ =

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ ∞
0

∫ 1

0

φ P̃ (ξ, χ, E,R0, v0) dξ dχ dE dR0 dv0, (3.101)
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may be replaced by the formulation

φ̃ =

∫ ∞
−∞

∫ ∞
0

∫ 1

0

φ P̃ (ξ, χ, Sv) dξ dχ dSv. (3.102)

The use of Eq. (3.102) has the advantage of reducing the dimensionality of the

probability density function required for the implementation of the spray flamelet model

(from five variables to three). However, the equivalence ratio, initial droplet size and

velocity might be more straight forward parameters to be determined a priori for the

computations of the flamelet library. The major difference between both formulations

is that the former formulation requires consideration of input parameters into the

laminar flame computation, whereas the evaporation rate in the new formulation is a

result from the laminar flame simulation.

A second problem that arise with the newly proposed spray flamelet model (Eq. (3.102))

is the need of the determination of a means for calculating the joint PDF of the char-

acteristic parameters, P̃ (ξ, χ, Sv). As a first approach, the procedure described in the

previous studies [42, 66, 67] may be followed. This includes the assumption of sta-

tistical independence of the three dependent variables of the PDF, and the use of a

(generalized) β function [42, 114] for the mixture fraction and a log normal distri-

bution [40, 42] for the scalar dissipation rate with a constant value of the variance,

σ2
χ = 2 [40]. The PDF of the mass evaporation rate, Sv, is still unclear, but a diract

delta function at the mean value of the evaporation rate, S̃v could be employed.

In the next section, the numerical solution scheme employed in the present disser-

tation is presented.

3.3 Numerical Solution Scheme

3.3.1 Discretization Method

The ordinary differential equations introduced in the previous sections can be expressed

in the following general form

A
d2φ

dη2
+B

dφ

dη
+ Cφ = D, (3.103)

where A, B and C are constants. Eq. (3.103) can be transformed into a set of discrete

algebraic equations by means of a discretization scheme [124]. In the present work,

a cental finite difference scheme is employed, which can be derived by considering an

expansion in Taylor series of the value of φ in a point η in the vicinity of a point η0.
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This expansion yields [124]

φ(η) =
∞∑
n=0

1

n!

dnφ(η0)

dηn
(η − η0)n (3.104)

= φ(η0) +
dφ(η0)

dη
(η − η0) +H,

where H represents higher order terms. Defining a grid over the one-dimensional

domain determined by the η-coordinate presented in the previous section, three con-

secutive points can be expressed as, ηi−1, ηi and ηi+1. After H is neglected, Eq. (3.104)

can be evaluated for the points ηi+1 = ηi+∆ηi and ηi−1 = ηi−∆ηi−1, which yields [124]

φ(ηi+1)− φ(ηi) =
dφ(ηi)

dη
(ηi + ∆ηi − ηi) (3.105)

=
dφ(ηi)

dη
∆ηi,

and

φ(ηi−1)− φ(ηi) =
dφ(ηi)

dη
(η −∆ηi−1 − ηi) (3.106)

= −dφ(ηi)

dη
∆ηi−1

respectively. Substracting Eq. (3.106) from Eq. (3.105) yields [124]

φ(ηi+1)− φ(ηi−1) =
dφ(ηi)

dη
∆ηi+1 +

dφ(ηi)

dη
∆ηi−1, (3.107)

which can be rewritten as

dφ(ηi)

dη
=
φ(ηi+1)− φ(ηi−1)

∆ηi+1 + ∆ηi−1

. (3.108)

In this work, an equidistant grid is employed, which implies [124]

∆ηi+1 = ∆ηi−1 = ∆η. (3.109)

Thus, Eq. (3.108) can be simplified as [124]

dφ(ηi)

dη
=
φ(ηi+1)− φ(ηi−1)

2∆η
. (3.110)

An expression for the second derivative of φ(ηi) can be obtained from Eq. (3.110) by

considering [124]

φ(ηi) =
dφ(ηi)

dη
, (3.111)
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with a step of ∆η/2. This yields [124]

d2φ(ηi)

dη2
=

dφ(ηi+ ∆η
2 )

dη
− dφ(ηi−∆η

2 )
dη

∆η

=

φ(ηi+∆η)−φ(ηi)
∆η

−
[
φ(ηi)−φ(ηi−∆η)

∆η

]
∆η

(3.112)

=
φ(ηi + ∆η) + φ(ηi −∆η)− 2φ(ηi)

∆η2
.

The discretization scheme specified by Eqs. (3.110) and (3.112) is the central finite

difference scheme [124], which is employed in the present thesis.

3.3.2 Solution Algorithm

After the governing differential equations have been discretized, a set of algebraic

equations is obtained, which can be written as follow [125]

φ1 = d1

a2φ1 +b2φ2 +c2φ3 = d2

a3φ2 +b3φ3 +c3φ4 = d3

. . . = .

. . . = .

. . . = .

aR−1φR−2 +bR−1φR−1 +cR−1φR = dR−1

φR = dR

where R is the total number of grid points and φ1 and φR are boundary conditions.

Tridiagonal systems of this kind can be solved by means of the Thomas algorithm,

which is also known as the Tri-Diagonal Matrix Algorithm (TDMA). For this purpose,

each equation is first expressed in the following general way [125]

ajφj−1 + bjφj + cjφj+1 = dj, (3.113)

with j = 2, ..., R − 1. Considering the particular equation corresponding to j = 2 we

have [125]

φ2 =
d2 − a2φ1

b2

− c2

b2

φ3. (3.114)

Defining the variables A2 and B2 as [125]

A2 =
d2 − a2φ1

b2

(3.115)

and

B2 =
c2

b2

(3.116)
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respectively, Eq. (3.114) can be rewritten as [125]

φ2 = A2 −B2φ3. (3.117)

For j = 3 we can write

φ3 =
d3 − a3φ2

b3

− c3

b3

φ4. (3.118)

Replacing Eq. (3.114) in Eq. (3.118), and making use of Eqs. (3.115) and (3.116)

yields [125]

φ3 =
d3 − a3 [A2 −B2φ3]

b3

− c3

b3

φ4 (3.119)

=
d3 − a3A2

b3

+
a3B2φ3

b3

− c3

b3

φ4,

which can be solved for φ3 as [125]

φ3 =
d3 − a3A2

b3 + a3B2

− c3

b3 + a3B2

φ4. (3.120)

Repeating the process employed to obtain Eq. (3.120), it is straightforward to show

that the following expression can be obtained for φ4 [125]

φ4 =
d4 − a4A3

b4 + a4B3

− c4

b4 + a4B3

φ5. (3.121)

Thus, for j = 3, ..., R− 1, variables Aj and Bj can be defined as [125]

Aj =
dj − ajAj−1

bj + ajBj−1

(3.122)

and

Bj =
cj

bj + ajBj−1

, (3.123)

respectively and the general equation corresponding to φj can be written as [125]

φj = Aj −Bjφj+1. (3.124)

Since the coefficients Aj and Bj are known for all j. The system of equations can

be solved backwards, starting from the boundary condition φR [125].

The governing equations are finally solved as follows. At the beginning of each

simulation, a grid is defined in the η space and initial estimations for the value of

each variable in every node are adopted. Typically, these initial estimations are taken

from previous computations, when they are available. In the following step, governing

equations for motion, evaporation and energy of the liquid phase are solved using a

Lagrangian approach and the results are employed for calculating the source terms
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of mass, momentum and energy required for the gas phase computations (Eqs. (3.31)-

(3.33). After this, the governing gas phase equations for momentum, energy and species

mass fractions are solved. Due to the non-linear nature of the equations, unknowns

appear in the coefficients calculated in the TDMA, which means that an iterative

approach has to be applied. In general, 100 iterations are performed for the gas phase

before convergence is checked by means of the following criterion∑R−1
i=2

(
f t+∆t
i − f ti

)
f t1

< emax, (3.125)

where emax is the maximum acceptable error imposed by the user. For the computations

presented in this thesis, an error of 10−5 was commonly enough. In Eq. (3.125), f ti
is the value of the stream function f in the grid point i for the previous iteration,

f t+∆t
i the corresponding value of for the current iteration and f t1 is the value of the

boundary condition imposed on f . In case converge is not yet reached, a new iteration

of the entire algorithm is started, employing the results of the latest iteration as initial

approximations. If convergence is reached, the code is stopped. Depending on the

initial values used and the particular conditions to be simulated, the entire process can

take between 100 and 500 iterations to converge.

After convergence has been reached, the transport equations of mixture fraction and

its scalar dissipation rate are solved. The Thomas algorithm is also employed for these

variables. First, the equation for ξ, Eq. (3.74), is solved and the results are employed

for calculating the source term appearing in Eq. (3.75) The convergence criterion used

here is similar to Eq. (3.125), but employing values of ξ and χ at the current and

previous iterations instead of the stream function.

In the next chapter, numerical simulations of laminar mono-disperse ethanol/aur

counterflow spray flames are presented and discussed.
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This chapter presents numerical results for laminar mono-disperse ethanol/air coun-

terflow spray flames, where a Eulerian/Lagragnian formulation is employed for the

description of the spray flow. The numerical setup employed has been already shown

in Fig. 2.1. The ethanol spray with carrier gas air is injected from the left side of the

configuration and directed against an opposed air flow.

It is important to note that, although the gas flow field considered here is steady, the

Lagragnian description of the droplets is unsteady. Therefore, in the present chapter,

evaporation profiles are very oft discussed in terms of time, even when the gas flow

field is steady.

In all cases considered in this chapter, both air streams, as well as the liquid fuel,

are at atmospheric temperature (300 K). Moreover, the initial droplet velocity always

matches the gas velocity at the left side of the configuration, which has a fixed value

of 0.44 m/s. On the other hand, the values of the equivalence ratio and strain rate

at the spray side of the configuration, as well as the initial droplet radii are different

for different cases considered. The specific boundary and initial conditions taken into

account in each case studied are explained in the respective sections and subsections

when required.

The results presented in this chapter can be roughly classified in the following three

categories

• Evaluation of the importance of evaporation effects on the flame structure.

• Evaluation of the importance of premixed and non-premixed combustion regimes.

• Evaluation of the validity of assumptions made during the derivation of the trans-

port equations of mixture fraction and its scalar dissipation rate.

The chapter is divided in two sections, which present results in physical and mixture

fraction spaces (sections 4.1 and 4.2, respectively).

In subsection 4.1.1, the key role of evaporation is emphasized. Counterflow spray

flame structures with different initial and boundary conditions are analyzed. A para-

metric study of the effects of changing the initial droplet radius and strain rate at the

spray side of the configurations is carried out and the effects of evaporation on the

definition of the outer flame structure are analyzed and discussed.
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In subsection 4.1.2, the non-premixed spray flamelet equations (Eq. (3.84)) are em-

ployed to evaluate the relative importance of non-premixed and premixed combustion

regimes in counterflow spray flames. This is done in order to determine whether a

formulation considering non-premixed and evaporation effects only [42] is enough for

describing the flame structure in counterflow spray flames or if the inclusion of premixed

effects is required.

The evaluation of the different assumptions made during the derivation of the trans-

port equation of the scalar dissipation rate is carried out in subsection 4.1.3.

Finally, in section 4.2 the effects of evaporation on spray flamelet structures in

mixture fraction space is performed. These structures are obtained from projecting

the counterflow flame structures into the mixture fraction space [60].

4.1 Spray Flame Structures in Physical Space

In this section, laminar spray counterflow structures are presented and discussed. In

subsection 4.1.1, the effects of evaporation on the flame structure is emphasized at low

and high strain rate situations. In subsection 4.1.2, the dominant combustion regime

in the counterflow flames under consideration is evaluated. The objective of this eval-

uation is the validation of the non-premixed spray flamelet model [42], which assumes

premixed effects are negligible in these flames. Finally, the assumptions adopted during

the derivation of the transport equations of mixture fraction and its scalar dissipation

rate for spray flames are evaluated in subsection 4.1.3.

4.1.1 Influence of Evaporation

In this subsection, the effects of evaporation on the flame structure are studied in

physical space. In general, flame structures strongly depend on strain. In spray flames,

this relation is even more important, since the strain rate imposed does not only affect

the gas flow field, but also how and where the fuel droplets are evaporated [54, 56, 59,

42, 57, 55, 58, 60].

Figure 4.1 exemplarily shows the velocity profiles of the gas and liquid phases, vg

and vd, the gas temperature, Tg, and the normalized droplet radius R/R0, for the basic

standard situation considered in the next subsections. A strain rate of 55/s on the

spray side of the configuration, an initial droplet radius of 25 µm and an equivalence

ratio of unity at the left side of the configuration are considered. At this low strain rate

situation, the liquid droplets, injected from the left side of the configuration, penetrate

into the flame front and evaporate before they reach the gas stagnation plane, located

at an axial position x = 0 mm. Two reaction zones are generated, which are separated
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by a low temperature region generated by the energy transfer from the gas phase to the

liquid phase required for the droplets evaporation. Flames structures are highly sensible

to variations of the gas temperature, since this strongly affects chemical reactions. This

situation is a clear example of the influence of evaporation on the flame structure. It is

also clear from Fig. 4.1 that changes in the initial and boundary conditions will move

the evaporation region and, therefore, modify the outer flame structure. Thus, strain

rate, the initial droplet radius and droplet velocity and the initial equivalence ratio are

very important parameters. In the remainder of this section, a more complete analysis

of the influence of evaporation on the flame structure and of the effects of changing

strain rate and the initial droplet radius is performed.

4.1.1.1 Low Strain Rate

In the present subsection, the influence of evaporation on the outer flame structure of

laminar ethanol/air spray flames at low strain rates is analyzed. Figure 4.2a and 4.2b

give a survey of the different cases that are presented and discussed. Figure 4.2a dis-

plays the gas temperature profiles (lines without symbols) and the normalized droplet

radius (lines with symbols) for different initial droplet radii between 5 and 50 µm, and

Fig. 4.2b shows corresponding profiles for initial droplet radii between 50 and 125 µm.

For an initial droplet radius of 5 µm, the droplets enter the hot temperature region of
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the gas, and they quickly evaporate in an zone extending over 2 mm, providing the fuel

vapor for chemical reactions to take place over a wide region of 14 mm (see Fig. 4.2a).

The maximum flame temperature is 2.215 K, and the reaction zone is mainly located

at the left side of the configuration. A progressive increase of the initial droplet radius

retards the evaporation of the droplets, since a longer time is needed for their heating.

This leads to a progressive displacement of the evaporation zone to the right side of the

configuration, and a decrease of the width of the reaction zone until a minimum value

is reached for an initial radius of around R0 = 50 µm, situation for which the droplets

slightly cross the gas stagnation plane. After this, any further increment of the initial

droplet radius leads to an enhancement of the penetration of the droplets into the

gas side of the configuration. This allows the droplets to evaporate in regions where

no fuel could be found before, extending the reaction zone to these regions. At high

initial droplet sizes, the droplets deeply penetrate into the gas side of the configuration

and the droplets are decelerated by the opposed air flow till the droplet movement is

reversed, generating a polydisperse spray flame. For sufficiently high initial droplet

radius, the droplet can cross back the gas stagnation plane, penetrating again into

the left side of the configuration. This can lead to droplet oscillation around the gas

stagnation plane, see Fig. 4.2b. This phenomenon is not new and it has been studied

in more detail in [54, 59, 82, 83].

For droplet radii higher than 125 µm, it appears that the droplet oscillation becomes

so large, that the zone of evaporation is wider than the reaction zone, and the droplets

reside outside of the reaction zone on the gas side of the configuration. This leads to a

flame instability in such a way that the spray evaporation cannot be achieved any more

through the heat release of the chemical reactions, which eventually break down due

to energy consumption of the evaporation process. The flame with largest droplet size

that could be obtained has an initial droplet radius of 128 µm. This extinction process

is novel in the sense that the spray flame does not extinguish due to increased gas

strain rate, but to increased need of energy from the gas phase for spray evaporation.

The strain that leads to extinction in this situation is imposed by the droplet motion

through droplet drag. This interesting mechanism requires more study in future and

it has not been identified in the literature so far.

Figure 4.3 shows the maximum gas and spray sided reaction zone temperatures as

a function of the initial droplet radius. Two reaction zones develop at about 15 µm.

For this initial droplet radius, the spray completely evaporates at an axial position

near to -4 mm (see Fig. 4.2), where the local minimum in the gas temperature profile

resides. At an initial radius of 25 µm, the two peaks attain about the same flame

temperature, see Fig. 4.3. Between an initial droplet radius of 25 and 100 µm, the

spray sided flame is hotter than the gas side flame, see Fig. 4.3. This situation occurs
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Figure 4.2: Gas temperature and normalized droplet radius for: (a) initial droplet radii

from 5 to 50 µm and (b) from 50 to 125 µm, a = 55/s [123]
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because of the progressive displacement of the evaporation zone to the right side of the

configuration and it is reversed at higher initial droplet sizes (beyond 100 µm), since

the penetration of the reversed droplets into the spray side is enhanced. This re-entry
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Figure 4.4: Outer ethanol/air flame structure, a = 55/s, E = 1, (a) R0 = 5 µm;

(b) R0 = 25 µm; (c) R0 = 50 µm and (d) R0 = 100 µm [123]

of the droplets enhances combustion, and therefore, the flame temperatures increase

again after a local minimum is reached. The latter increase is typical for spray flames

with droplet reversal [59, 83]. For radii higher than 125 µm, the double reaction zone

disappears, and a single reaction zone is found again. This single reaction zone is a

spray flame and evaporation occurs over its entire extension.

Figure 4.4 shows the outer flame structure for four selected cases. These cases

correspond to initial droplet radii of R0 = 5 µm, R0 = 25 µm, R0 = 50 µm and R0 =

100 µm. In the next paragraphs, a detailed study of these selected spray flames is

presented.

Considering the profiles of the chemical species shown in Fig. 4.4, typical features of
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Figure 4.5: Profile of evaporation rate and chemical reaction rate, a = 55/s, E = 1,

(a) R0 = 5 µm; (b) R0 = 25 µm; (c) R0 = 50 µm and (d) R0 = 100 µm [123]

gas phase chemistry such as formation of CO prior to CO2 are observed. The principal

profiles of H2O and CO2 follow the shape of gas temperature whereas the profile of

CO attains a maximum value in the area of local minimum of the gas temperature for

high initial droplet sizes. Figure 4.5 shows both the mass evaporation rate, Sv, and the

specific reaction rates, ω̇k of oxygen and ethanol vapor. For R0 = 5 µm (Figure 4.5a),

spray evaporation occurs very fast as the spray enters the reaction zone, here a peak

of the mass evaporation rate, Sv, is found. At this location, the absolute value of the

specific chemical reaction rate of the ethanol vapor is higher than the evaporation rate

of liquid ethanol (see Fig. 4.5a), indicating that molecular diffusion is important in

this zone as also can be seen from the profile of the fuel vapor. Diffusion is caused by
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the accumulation of vapor fuel outside of the chemical reaction zone (see the fuel mass

fraction profile in Fig. 4.4a). The specific reaction rate of oxygen is also displayed, and

its absolute value is about double the value of fuel vapor which is associated with the

stoichiometry of ethanol/air combustion.

For R0 = 25 µm, the spray penetrates deep into the reaction zone and two peaks

in the profile of the spray evaporation source term are found. In the situation under

consideration, the oxygen chemical reaction rate presents two peak values. One of them

occurs near the first peak of spray evaporation (from left to right), whereas the second

one is placed at the air side of the flame, and it does not coincide with the the local

extremum of fuel consumption. This second peak corresponds to a diffusion flame on

the gas side of the counterflow configuration, see Fig. 4.5b.

For a spray with R0 = 50 µm, Fig. 4.5c, it is observed that evaporation is delayed

and the evaporation rate at the entrance of the spray into the chemical reaction zone is

considerably reduced compared with the corresponding profiles for R0 = 5 µm and

R0 = 25 µm. A first droplet reversal is found after the droplets crossed the gas

stagnation plane. At the position of droplet reversal, droplets move very slowly and

the residence time of the droplet is extended and a peak in the evaporation rate is

generated, which is much higher than the one found for R0 = 25 µm. This occurs

because for R0 = 25 µm the droplets start to evaporate earlier, reducing the liquid fuel

mass available for evaporation at the position of low droplet velocity and high residence

time. Figure 4.5c shows how evaporation is concentrated in the reversal position for

R0 = 50 µm, whereas its distribution is much more uniform for R0 = 25 µm.

For an initial droplet radius of 100 µm, the high initial momentum associated with

the increased droplet size leads to droplets oscillation [81, 82]. For this case, several

droplet reversal points are found, which are associated with peaks of the profile of

the evaporation rate. Moreover, an additional peak of Sv is found at the stagnation

plane (see Fig 4.5d).

Figure 4.6 shows the influence of the evaporation on the scalar dissipation rate

profile for the four cases considered here. In laminar gas diffusion flames, the profile of

the scalar dissipation rate, χ, attains only one maximum value, which is located at the

gas stagnation plane. In spray flames, however, the evaporation dominates the profile

of the scalar dissipation rate as discussed for methanol/air spray flames [42]. For small

droplet sizes (R0 = 5 µm, and R0 = 25 µm), the droplets do not reach the stagnation

plane, and the typical peak value of the scalar dissipation rate at the gas stagnation

plane is maintained, since evaporation does not affect this region of the flame [59].

However, in the zone where evaporation takes place, the scalar dissipation rate profile

strongly differs from the one that is characteristic for gas flames. In general, the

evaporation mass source generates different local mixture states leading to considerably
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Figure 4.6: Profile of scalar dissipation rate, a = 55/s, E = 1, (a) R0 = 5 µm;

(b) R0 = 25 µm; (c) R0 = 50 µm and (d) R0 = 100 µm [123]

different values of the gradient of the mixture fraction, where high local values of the

scalar dissipation rate are generated. For R0 = 5 µm, see Fig. 4.6a, a peak in the profile

of the scalar dissipation rate, additional to the one located at the stagnation plane,

is found in the spray zone, whereas for R0 = 25 µm, two extra peaks of the scalar

dissipation rate are found in this area (see Fig. 4.6b). When the droplet penetration

increases and the droplets cross the stagnation plane, the peak located at the stagnation

plane disappear and a new peak of the scalar dissipation rate is generated at the gas

side of the configuration, which coincides with the location of the droplet reversal

position [42]. For R0 = 100 µm, several droplet reversals occur. The first droplet

reversal, generates a peak value at the right side of the configuration, which is very
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similar to the one found for the case with R0 = 50 µm. The second reversal point,

located at the left side of the configuration coincides with the position of the second

peak of the scalar dissipation rate (see Fig. 4.6d). However, the next reversal points do

not affect the profile of the scalar dissipation rate. This can be explained by the fact

that the further oscillation of the droplets around the gas stagnation plane generates an

evaporation profile relatively uniform. This produces a very small gradient of mixture

fraction, which leads to a low value of its scalar dissipation rate. The importance

of the maximum local values of the evaporation rate generated at the positions of

droplet reversal and the associated local maximum of the scalar dissipation rate will be

discussed in more detail in the next section. Figure 4.6 shows that the local maximum

values of the scalar dissipation rate decrease when the initial droplet radius is increased.

This is related to the uniformer profile of mixture fraction observed for cases with large

initial droplets.

In the next section, spray flame structures at high strain rates are analyzed. Flame

extinction usually occurs with the increase of the gas strain rate, and this strongly

affects the flame structure as well as the evaporation effect on the spray flame charac-

teristics discussed so far.

4.1.1.2 High Strain Rate

In this subsection, laminar spray flame structures at different strain rates, from 55/s up

to extinction, are presented. Four different initial droplet radius are analyzed, 5 µm,

25 µm, 50 µm and 100 µm.

Figure 4.7 shows the maximum flame temperature versus gas strain rate on the

spray side of the counterflow configuration for the different initial droplet sizes under

consideration. Non filled symbols show the maximum flame temperatures on the spray

side and filled symbols corresponding values on the air side of the configuration, and

the lines are drawn for a better visibility of similar conditions. A similar study has

been performed in the literature [83], although for conditions different to those studied

in the present thesis.

The hottest flame occurs for the smallest initial droplet radius of 5 µm. For low

strain, one single reaction zone exists, see Fig. 4.4a, and for strain rates higher than

300/s, a double flame develops where the spray sided flame is always considerably

colder than the gas flame on the gas side of the configuration, see Fig. 4.8a. This is

due to the evaporation, which takes place at the left side of the configuration over a

reduced region of only few millimeters, considerably reducing the gas temperature. At

a strain rate of 800/s, extinction occurs for both reaction zones.

For an initial droplet radius of 25 µm, two reaction zones exist at low strain,

c.f. Fig. 4.4b, where the gas sided flame is somewhat colder than the flame on the spray



4.1. Spray Flame Structures in Physical Space 71

side, which is a consequence of the deep penetration of the spray into the reaction zone.

The small difference in the gas temperature at both sides of the configuration is due to

the fact that, under these conditions, evaporation takes place in a long region of 8 mm

and therefore the energy sink is not concentrated but widely distributed, which leads

to a small gas temperature reduction. When the strain rate is increased over 600/s, the

reaction zones merge to yield a single one as shown in Fig. 4.7. The flame temperature

increases between a strain rate of 600/s and about 1,000/s due to droplet oscillation,

and beyond 1,000/s it decreases because of reduced residence time. Extinction of the

single reaction zone occurs at 1,035/s. Figure 4.7 shows that the spray flames with an

initial droplet radius of 25 µm are most stable compared to the other conditions stud-

ied. The spray flames with initial droplet radius of 50 µm behave similar to the 25 µm

situation except that the extinction strain rate is much lower (310/s). Figure 4.7 shows

that the maximum flame temperature for R0 = 100 µm increases with higher strain

rate until extinction is reached at a strain rate of 85/s. This behaviour, which differs

from the extinction process of the other flames studied in this section, has been already

identified in the literature for other flames [82]. The gas sided flame is somewhat colder

than the spray sided flame, which is typical for sprays with large initial droplet radius,

which deeply penetrate into the gas sided chemical reaction zone. In summary, it can
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Figure 4.8: Outer ethanol/air flame structure, E = 1, (a) R0 = 5 µm, a = 800/s;

(b) R0 = 25 µm, a = 1035/s; (c) R0 = 50 µm, a = 310/s and

(d) R0 = 100 µm, a = 85/s [123]

be seen that the structure of spray flames in the counterflow configuration is greatly

dominated by the spray process. In particular, the penetration depth of the spray into

the spray sided and the gas sided reactions zones plays a major critical role: the spray

penetration depth and possible oscillation determine if the spray or the gas sided flames

are hotter and if there are one or two reaction zones in a flame [56, 82].

The outer spray flame structure at extinction for the four different initial droplet

radii discussed in this subsection is shown in Fig. 4.8. Figure 4.9 shows the correspond-

ing profiles of evaporation rate and chemical reaction rates, and Fig. 4.10 displays evap-

oration rates and the scalar dissipation rate. For R0 = 5 µm, a local minimum value
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Figure 4.9: Profile of evaporation rate and chemical reaction rate, E = 1, (a) R0 = 5 µm,

a = 800/s; (b) R0 = 25 µm, a = 1035/s; (c) R0 = 50 µm, a = 310/s and

(d) R0 = 100 µm, a = 85/s [123]

of the temperature profile is located in the center of the reaction zone, which is similar

to the situation for intermediate droplet radii at low strain, c.f. Fig. 4.4b and 4.4c.

However, in the low strain results, all fuel vapor is consumed at the left edge of the

reaction zone, which differ from the present high strain rate results, where considerable

amount of fuel is present. This occurs because chemical reactions are retarded in this

region due to the reduced gas temperature, which is also visible in the profile of CO2,

where the first local maximum is much smaller than the second one close to the air

side of the configuration, where gas temperature is higher. This retardation is also

reflected in the profile of CO, which attains a local maximum where the dip in the gas
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Figure 4.10: Profile of scalar dissipation rate, E = 1, (a) R0 = 5 µm, a = 800/s;

(b) R0 = 25 µm, a = 1035/s; (c) R0 = 50 µm, a = 310/s and

(d) R0 = 100 µm, a = 85/s [123]

temperature profile occurs, and here, CO attains higher values than CO2. As the initial

droplet size is increased, spray oscillation occurs and broadens the spray flame, and a

single reaction zone is visible, which moves towards the gas side of the configuration.

Figure 4.9 shows the profiles of the chemical reaction rate of the fuel vapor and

oxygen, and the evaporation rate for the four cases under consideration. For R0 =

5 µm, the chemical reaction rate of fuel overweights the evaporation at the left edge

of the reaction zone (see Fig. 4.9a). This occurs because of the peak of ethanol vapor

observed outside of the reaction zone (see Fig. 4.8a). This fuel vapor diffuses into the

chemical reaction zone and feeds the flame. In the center of the reaction zone, this
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diffusion is not present and therefore the chemical reaction rate of fuel balances the

evaporation rate. For R0 = 25 µm, droplet oscillation is found, which generates an

extension of the evaporation rate over the entire reaction zone (see Fig. 4.9b). The fuel

vapor mass peak located at the left edge of the reaction zone is considerably reduced,

due to the delay in the evaporation rate generated by the increased droplet size, which

increases the time required for droplet heating and evaporation. For this reason, the

fuel diffusion into the main reaction zone is very low compared with the previous

situation considered. This can be also observed in the profile of chemical reaction

and evaporation rate (see Fig. 4.9b), which show how these two terms balance. This

means that all fuel reacting in this flames comes from the local evaporation alone. A

second peak of the fuel mass fraction is located at the gas side of the configuration,

at the location of the reversal point, see Fig. 4.8b. This peak appears due to the

peak of evaporation at this location, which is related with the low droplet velocity at

this point. The profile of the reaction rate of oxygen presents two peak values, which

coincide with the peak values of the evaporation rate. This occurs because in these

regions fuel is feeded in high quantities by evaporation. The radicals coming from the

decomposition of the fuel react with oxygen near to the peaks of evaporation. For R0 =

50 µm and R0 = 100 µm the profiles of chemical reaction rates and evaporation are

qualitatively similar to the ones observed for R0 = 25 µm. It is observed, however, that

the width of the reaction zone increases when the initial droplet size is increased. This

is associated with the increase of the oscillation of the spray, which is attributable to

the higher momentum and the already explained delay in evaporation associated with

the increased droplet size.

Figure 4.10 shows the scalar dissipation rate profile and the profile of the product

Svug for the four different initial droplet radii studied. For R0 = 5 µm two local maxima

are found in the profile of the scalar dissipation rate of the mixture fraction. These

peaks are located at the left and right side of the configuration, respectively. Under

these conditions, the droplets do not reach the stagnation plane, and therefore, the gas

sided peak of the scalar dissipation rate is found at the gas stagnation plane, which is

typical for gas phase combustion. For bigger initial droplet radii, the scalar dissipation

rate presents two peak values, which are associated with the first and second droplet

reversal points. It is observed that the local maxima of the profile of the product of the

gas velocity, ug, and the evaporation rate, Sv, coincides with the local maxima of the

scalar dissipation rate, χ, which does no longer coincide with the stagnation plane as in

gaseous counterflow flames. As already explained, this situation was studied earlier for

methanol/air spray flames [42]. The present simulations for the fuel ethanol confirm

this finding.

In the next section, the multi-regime spray flamelet equations are employed to



76 4. Results and Discussion

evaluate the contribution of premixed effects to the definition of the flame structure in

laminar counterflow spray flames.

4.1.2 Evaluation of the Dominant Combustion Regime

In this section, the derived multi-regime spray flamelet equations are employed to

evaluate whether premixed-like effects are negligible in counterflow spray flames, where

the fuel is completely injected in liquid phase. The goal of this evaluation is to confirm

that the spray flamelet model of Hollmann and Gutheil [42, 59] is appropriate for this

kind of flames.
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Figure 4.11: Outer ethanol/air flame structure, (a) R0 = 25 µm, a = 55/s, E = 1;

(b) R0 = 25 µm, a = 950/s, E = 1; (c) R0 = 100 µm, a = 55/s, E = 1

and (d) R0 = 25 µm, a = 55/s, E = 3 [109]
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Four different combinations of spray-sided strain rates, a, equivalence ratio, E, and

initial droplet radius, R0, are considered for this evaluation. In particular, the situation

at a = 55/s, E = 1, and R0 = 25 µm presented in the previous section is taken as

reference condition, and then one of the parameters is modified to study their influence

on the spray flame structure.

Figure 4.11a shows the outer spray flame structure for the reference conditions,

whereas Fig. 4.11b shows the corresponding outer spray flame structure when the

strain rate is increased to 950/s, which is close to extinction occurring at 1.035/s [60].

Figure 4.11c shows the outer flame structure for an increased initial droplet radius of

120 µm. This condition is close to extinction, which occurs for R0 =128 µm [123]. As

already explained before, this extinction process occurs due to the increased droplet

evaporation, leading to flame extinction not due to flame strain but due to reduced

flame temperatures caused by enhanced spray evaporation. Finally, Fig. 4.11d shows

the corresponding structure for the reference case and an increase of the equivalence

ratio to E = 3.

The reference flame has been already discussed in the previous section and will not

be discussed here again. In the situation with the increased strain rate (Fig. 4.11b), the

two reaction zones observed for low strain rate merge [83, 59], and a single reaction zone

is found. This situation is very similar to the extinction situation already discussed

in the previous section (see Fig. 4.8b), where the droplets cross the stagnation plane,

and they are then decelerated by the opposed air stream, leading to droplet oscillation

around the stagnation plane, generating local poly-dispersity of the spray [59, 60, 82,

83].

In the situation with increased initial droplet radius (Fig. 4.11c), the very large

droplets cause slow evaporation due to the retarded droplet heating [126], and the

droplets penetrate the spray flame and exit the reaction zone towards the gas side of

the configuration, so that reversal in the colder flame region on the gas side of the

configuration occurs, leading to droplet oscillation. Since this case is very similar to

the situation with a initial droplet radius of 100 µm explained in the previous section,

no detailed analysis of its outer flame structure is given here.

Finally, in the situation with increased equivalence ratio (Fig. 4.11d), all droplets

evaporate before reaching the stagnation plane, and a mono-disperse spray prevails

throughout the computational domain. Similarly to the reference case, two reaction

zones are found for the fuel-rich case under consideration. However, due to the in-

creased equivalence ratio, which implies a higher amount of mass to be evaporated,

the energy required for droplet evaporation is much higher than in the reference case

and therefore, the minimum temperature between the reaction zones is much lower

reaching a value of 1.063 K, which may be compared to 1752 K for the reference case.
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Figure 4.12: Profiles of ΩP and ΩM for (a) C2H5OH (b) O2 (c) CO2 and (d) H2O, for

the reference case, cf. Fig. 4.11a [109]

In the remainder of this subsection, a comparison of the terms ΩP and ΩM , defined

by Eqs. (3.86) and (3.87), is presented for representative chemical species. For each

of the four conditions considered in this section, the chemical species ethanol, oxygen,

and the two reaction products, CO2 and H2O, are investigated. Figures 4.12-4.15

show the evaluation of ΩP and ΩM , cf. Eqs. (3.86) and (3.87), for the relevant species.

Additionally, profiles of evaporation rate, Sv and of the specific chemical reaction rate,

ω̇k are presented as reference. For the present spray flames with pure air on either side of

the configuration, the mixture fraction varies from zero to a maximum value, and then it

falls to zero again at the air side of the configuration. At the location of the maximum

value of the mixture fraction ∂ξ/∂y = 0, and the one-dimensional transformation
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Figure 4.13: Profiles of ΩP and ΩM for (a) C2H5OH (b) O2 (c) CO2 and (d) H2O, for

a = 950, cf. Fig. 4.11b [109]

breaks down. However, this occurs only in a single point of the computational domain

and therefore, it is not relevant for the global performance of the flamelet equations

evaluated in this paper.

Figure 4.12a displays the profiles of ω̇k, Sv, ΩP , and ΩM for ethanol at the reference

conditions (a = 55/s, E = 1 and R0 = 25 µm). The profiles of both the evaporation

rate and the specific reaction rate attain relatively high absolute values over the entire

range of the spray flame, where both evaporation and combustion occur simultaneously.

Since ethanol is an evaporating species, the chemical source term is mainly balanced by

the evaporation term, and only a small contribution of the transformed terms is found.

However, the terms ΩP and ΩM balance, which means that a one-dimensional flamelet
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Figure 4.14: Profiles of ΩP and ΩM for (a) C2H5OH (b) O2 (c) CO2 and (d) H2O, for

R0 = 100 µm, cf. Fig. 4.11c [109]

transformation based on the mixture fraction performs very well and thus, premixed-

like effects are not relevant for the profiles of ethanol vapor under these conditions.

Figure 4.12b shows corresponding profiles of ΩP and ΩM for O2. Oxygen is not

an evaporating species, so that convective and diffusive effects play the important

role in balancing the chemical source term ω̇k, cf. Eq. (3.84), replacing the role of

the evaporation rate for the fuel vapor. The figure shows that the transformed terms

in mixture fraction space are equivalent to those in physical space over the entire

computational domain. The corresponding profiles for CO2 and H2O are shown in

Figs. 4.12c and 4.12d, respectively. A comparison of these profiles with those of oxygen

reveals that the terms are largely the same as for oxygen, except for that they are



4.1. Spray Flame Structures in Physical Space 81

Axial Position [mm]

T
g
/2

0
0

0
[K

],
ξ

[­
]

ω
,

Ω
P
,

Ω
M
,
S

v
[k

g
/(

m
3
s
)]

­10 ­8 ­6 ­4 ­2 0 2 4
0

0.2

0.4

0.6

0.8

1

1.2

­40

­20

0

20

40

ξΩ
P

Ω
M

T
g

ω

S
v

Axial Position [mm]

T
g
/2

0
0

0
[K

],
ξ

[­
]

ω
,

Ω
P
,

Ω
M
,
S

v
[k

g
/(

m
3
s
)]

­10 ­8 ­6 ­4 ­2 0 2 4
0

0.2

0.4

0.6

0.8

1

1.2

­60

­40

­20

0

20

40

60

ξ

Ω
P

Ω
M T

g

ω

S
v

(a) (b)

Axial Position [mm]

T
g
/2

0
0

0
[K

],
ξ

[­
]

ω
,

Ω
P
,

Ω
M
,
S

v
[k

g
/(

m
3
s
)]

­10 ­8 ­6 ­4 ­2 0 2 4
0

0.2

0.4

0.6

0.8

1

1.2

­60

­40

­20

0

20

40

60

ξ

Ω
P

Ω
M

T
g

ω
S

v

Axial Position [mm]

T
g
/2

0
0

0
[K

],
ξ

[­
]

ω
,

Ω
P
,

Ω
M
,
S

v
[k

g
/(

m
3
s
)]

­10 ­8 ­6 ­4 ­2 0 2 4
0

0.2

0.4

0.6

0.8

1

1.2

­40

­20

0

20

40

60

ξ
Ω

P

Ω
M

T
g

ω
S

v

(c) (d)

Figure 4.15: Profiles of ΩP and ΩM for (a) C2H5OH (b) O2 (c) CO2 and (d) H2O, for

E = 3, cf. Fig. 4.11d [109]

negative since CO2 and H2O are reaction products, whereas O2 is a reactant.

Figure 4.13 displays the evaluation of ΩP and ΩM for the high strain rate situation

(Fig. 4.11b). The results are qualitatively the same as for the reference situation, which

shows that the one-dimensional description of counterflow spray flames is also valid at

high strain rate prior to extinction. The corresponding profiles of ΩP and ΩM for the

situation with increased initial droplet size are displayed in Fig. 4.14. It is found that

under these conditions, the terms ΩP and ΩM are also equivalent.

Finally, Fig. 4.15 shows the corresponding evaluation for a situation with an in-

creased equivalence ratio of 3. At this condition, two pronounced reaction zones are

found, separated by a region of low temperature caused by droplet evaporation. Al-
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though this structure seems very similar to the one for the reference case, big qualita-

tively differences exist in the region of reduced temperature where a high accumulation

of fuel vapor is observed. This accumulation is caused by the retardation of chemical

reactions due to the low gas temperature due to evaporation. The results obtained for

this condition also show the equivalence between ΩP and ΩM .

In summary, it is found that evaporation-dominated combustion regimes in mono-

disperse ethanol/air counterflow spray flames can, in general, be properly described by

a set of one-dimensional non-premixed spray flamelet equations in the mixture fraction

space. This finding formally confirms the validity of the use of counterflow diffusion

spray flames as the basic flamelet structure composing turbulent spray flames when

non-premixed and evaporation controlled combustion regime coexist and validates the

assumption of small premixed effects adopted by Hollmann and Gutheil [42]

4.1.3 Analysis of the Scalar Dissipation Rate

In this subsection, the evaluation of the different assumptions commonly employed in

the literature for the derivation of transport equations of mixture fraction and its scalar

dissipation rate is carried out for the counterflow spray flames presented in Figs. 4.11a

and 4.11b. The assumptions investigated are the consideration of unity Lewis number,

which allows the use of D = λ/(ρCp) for the calculation of the diffusion coefficient of

the mixture, and the assumption of spatial uniformity of the mean molecular weight

of the mixture, which implies ∂M
∂xi

= 0 and allows great simplifications of the transport

equation of the scalar dissipation rate. The evaluation is carried out as follows

• All species transport equations (Eqs. (3.3)) are solved and the results are em-

ployed to calculate the value of the mixture fraction and its scalar dissipation

rate by definition. The results obtained are denoted as ξe and χe, and they are

the reference values for the present evaluation.

• The transport equations of the mixture fraction and its scalar dissipation rate

are simplified by neglecting spatial variations of the mean molecular weight

(Eqs. (3.79) and (3.80)), and they are solved. The equations are solved twice,

using different approximations for the evaluation of the diffusion coefficient, D.

First, the diffusion coefficient is determined through use of the average diffusion

coefficient of the mixture, i.e. D =
∑N

k=1 YkDk, and the results are denoted by ξD

and χD. Then, the assumption of Lewis number of unity is adopted, which leads

to D = λ/(ρCp). The results obtained are denoted as ξLe and χLe, respectively.

A comparison of these results with the reference values ξe and χe, is presented in

Fig. 4.16.
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• The value of De (see Eq.( 3.64)), which is the diffusion coefficient that ensures

the exactness of employing an unique diffusion coefficient for all diffusion species,

is calculated in the entire domain. The results are compared with the values

obtained by using D = λ/(ρCp) and D =
∑N

k=1 YkDk, in order to determine which

of these approximations is a better choice. These comparisons are presented in

Figs. 4.17a and 4.17b, for low and high strain rate, respectively.

• Finally, the full transport equations of the mixture fraction and its scalar dis-

sipation rate are solved, which include spatial variations of the mean molecular

weight, M ((Eqs. (3.74) and (3.75)). For this case, a mass averaged diffusion

coefficient of the mixture, i.e. D =
∑N

k=1 YkDk, is employed. The results are de-

noted as ξD,M and χD,M and they are compared with the results obtained when

the same diffusion coefficient is employed, but gradients of the mean molecular

weight of the mixture are neglected (ξD and χD). Additionally, a comparison

with the reference values ξe and χe is performed. The results are displayed in

Figs. 4.17c and d.

Figures 4.16a and 4.16 b show profiles of the exact and transported mixture fraction,

ξ, and scalar dissipation rate, χ, for a = 55/s. As explained above, the transported

values shown in these figures are obtained by means of simplified transport equa-

tions (Eqs. (3.74) and (3.75)), which do not consider spatial variations of the mean

molecular weight of the mixture. In Fig. 4.16a, Le = 1, i.e. D = ρ/(λCp) is used,

and in 4.16b, the mean average diffusion coefficient, D, of the mixture is employed. A

comparison of the profiles of the mixture fraction shows that the differences between

transported and exact values is negligible if the average diffusion coefficient is used, but

the assumption of Le = 1 results in somewhat higher values for the transported ξ. A

comparison of the profiles of the scalar dissipation rates, reveals that the differences be-

tween transported and exact values are bigger when compared to the ones obtained for

the mixture fraction. This can be attributed to the fact that the gradient of the mixture

fraction is involved in the definition of the scalar dissipation rate, leading to a higher

sensitivity of the scalar dissipation rate to the errors introduced by the approximations

done in the diffusion coefficient. Use of the assumption of Le = 1 results in some-

what lower values of χ. Considering the results presented in Figs. 4.16a and 4.16b,

it can be stated that for low strain the mass averaged diffusion coefficient performs

better than the diffusion coefficient obtained employing the assumption of unity Lewis

number. This is especially true for the profile of the scalar dissipation rate, since the

assumption of unity Lewis number tends to under-predict the peak value of the scalar

dissipation rate located at the right hand side of the counterflow configuration.

Figures 4.16c and 4.16d show corresponding profiles of ξ and χ at high strain,

a = 950/s. Although the results are qualitatively similar to those obtained for the
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Figure 4.16: Profiles of ξe, ξLe, χe and χLe using (a) D = ρ/(λCp); (b) averaged diffusion

coefficient D, for a = 55/s and (c) D = ρ/(λCp) and (d) averaged diffusion

coefficient D, for a = 950/s. [109]

low strain rate situation, the assumption of unity Lewis number leads to unphysical

results for the scalar dissipation rate χ, predicting a negative value near to the axial

position x = 0 mm (see Eq. (4.16c)). These results clearly show the inadequacy of the

assumption of unity Lewis number in this situation.

Figures 4.17a and 4.17b show profiles of the mass averaged diffusion coefficient,

DMA, the diffusion coefficient obtained employing the assumption of unity Lewis num-

ber, DLe=1, and the diffusion coefficient that ensures the validity of employing an unique

diffusion coefficient for all chemical species, De, which is calculated using Eq. (3.64).

Both, low and high strain rate situations are considered. The profiles of De show a



4.1. Spray Flame Structures in Physical Space 85

Axial Position [mm]

D
[m

m
2
/s

]

(d
ξ

/d
x
)2

[1
/m

m
2
]

­8 ­6 ­4 ­2 0 2 4 6

100

200

300

400

500

600

700

800

0

1000

2000

3000

4000

5000

6000

7000D
Le=1

D
MA

D
e

(d(ξ
e
)/dx)

2

Axial Position [mm]

D
[m

m
2
/s

]

(d
ξ

/d
x
)2

[1
/m

m
2
]

­1.5 ­1 ­0.5 0 0.5 1 1.5 2 2.5

100

200

300

400

500

600

700

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14
D

Le=1

D
MA

D
e

(d(ξ
e
)/dx)

2

(a) (b)

Axial Position [mm]

T
g
/2

0
0

0
[K

],
R

/R
0

[­
],

ξ
[­

]

χ
[1

/s
]

­8 ­6 ­4 ­2 0 2 4 6

0.2

0.4

0.6

0.8

1

1.2

0

1

2

3

4

5

6

7

8
T

g

R/R
0

ξ
e

ξ
D

ξ
D,M

χ
e

χ
D

χ
D,M

Axial Position [mm]

T
g
/2

0
0

0
[K

],
R

/R
0

[­
],

ξ
[­

]

χ
[1

/s
]

­1.5 ­1 ­0.5 0 0.5 1 1.5 2 2.5

0.2

0.4

0.6

0.8

1

0

10

20

30

40

50

60

T
g

R/R
0

ξ
e

ξ
D

ξ
D,M

χ
e

χ
D

χ
D,M

(c) (d)

Figure 4.17: Diffusion coefficients of the mixture for (a) a = 55/s; (b) a = 950/s and

profiles of ξD, ξD,M , χD and χD,M for (c) a = 55/s; (d) a = 950/s [109]

singularity in the point where the gradient of the mixture fraction equals zero, which is

related with its definition (the gradient of the mixture fraction appears in the denom-

inator of Eq. (3.64)). It is clear that the use of a mass averaged diffusion coefficient is

better than the assumption of unity Lewis number, although none of them perfectly

matches the value of De.

Profiles of the transported values of ξ and χ obtained by means of the full transport

equations of mixture fraction, ξD,M , and its scalar dissipation rate, χD,M (Eqs. (3.74)

and (3.75)), are shown in Figs. 4.17c and 4.17d for low and high strain rates, respec-

tively. These results are compared with transported values obtained employing the

simplified equations for mixture fraction and the scalar dissipation rate, which neglect
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gradients of the mean molecular weight (ξD and χD, which are obtained by means of

Eqs. (3.79) and (3.80), respectively). As explained at the beginning of this subsection,

a mass averaged diffusion coefficient is employed for the computations presented in

these figures. Additionally, the exact values, ξe and χe are displayed for comparisons.

For the low strain rate situation (see Fig. 4.17c), only small differences between

the three different formulations are found for the mixture fraction, which suggests that

terms associated with ∂M
∂x

are not important for the profiles of mixture fraction. Thus,

Eq. (3.79) is an excellent means for determining the value of the mixture fraction [109].

However, the comparison of the profiles of the scalar dissipation rate reveals bigger

differences than those observed for the mixture fraction. As already explained, this

can be attributed to the fact that gradients of mixture fraction are involved in the

definition of χ, leading to a higher sensitivity of its profile to the errors introduced

by means of the approximation of the diffusion coefficient. Although the inclusion of

effects associated with spatial variations of the mean molecular weight slightly improves

the prediction of χ, both formulations, with and without terms containing ∂M
∂xi

, do not

properly predict the peak values of χ.

Figure 4.17d shows corresponding profiles of ξ and χ for a strain rate of 950/s. It

can be seen that at this high strain rate, the results obtained by means of the transport

equations with and without considering gradients of the mean molecular weight of the

mixture are identical, which implies that terms including ∂M
∂xi

are negligibly small and

that the consideration of Fick’s diffusion law at high strain rate situations is justified.

However, considerable differences between exact and transported values of the mixture

fraction and its scalar dissipation rate are found. From the results obtained, it can be

concluded that these differences are due to the inadequacy of the diffusion coefficient

selected for χ and not to the use of Fick’s diffusion law.

In summary, it can be concluded that gradients of the mean molecular weight can

be neglected for high strain rate situations, which is normally fulfilled in technical

applications. Additionally, efforts should be made for developing an alternative for

the determination of the diffusion coefficient of the mixture, since it is found that the

currently used approximations are not always adequate. In particular, the assumption

of unity Lewis number can lead to unphysical results.

4.2 Spray Flame Structures in Mixture Fraction

Space

In this section, the influence of evaporation on the flame structure of spray flames

is investigated in mixture fraction space. For this, the relative importance of the

different terms of the non-premixed spray flamelet equations derived in the previous
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Figure 4.18: Profiles of salar dissipation rate and evaporation rate for conditions of

(a) Fig. 4.11a; and (b) Fig. 4.11b; (c) Profile of Υ and (d) Ψ, for conditions

of Fig. 4.11a [60]

chapter, c.f. Eqs. (3.88), is evaluated for counterflow spray flame structures. Here, the

same low (55/s) and high (950/s) strain rate situations studied in subsection 4.1.3 are

considered.

Figures 4.18a and b show profiles of temperature, evaporation rate and scalar dis-

sipation rate for the low and the high strain rate situations, respectively. The profiles

for a = 55/s have been already presented in the previous section (see Fig. 4.6) and

they are shown here only to facilitate the understanding of the present discussion. For

a complete analysis of these profiles, the reader is referred to subsection 4.1.1.1.

In the high-strain situation (see Fig. 4.18b), the evaporation rate peaks at the loca-
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tions of droplet reversal, where the residence time of the droplets increases. associated

with the low droplet velocity generated at these locations, and evaporation is therefore

enhanced.

Before the spray flamelet equations are evaluated, the assumptions of Lewis number

of unity and non-variable mean molecular weight are reconsidered. These assumptions

have been already evaluated in the context of the transport equations of mixture frac-

tion and its scalar dissipation rate in the previous section. However, their influence on

spray flame structures in mixture fraction space has not yet been tested. Due to the

non-monotonicity of mixture fraction with space, see Figs. 4.18a and 4.18b, the flame

structure has to be divided in two. For the present analysis, the local maximum of

the mixture fraction is used to separate the figures. Therefore, the results shown for

the spray side of the configuration exhibit an increasing scale of the mixture fraction,

whereas the gas-sided structures display a decrease of mixture fraction on the abscissa.

This procedure has already been employed in the literature [42, 59].

Figure 4.18c shows profiles of Υx,k, Υξ,k and ΥM,k (see Eqs. (3.92), (3.91) and (3.89))

for CO2 at low strain rate. CO2 is selected as a representative species because of its high

concentration, which increases ΥM,k. Υx,k and Υξ,k match very well, which confirms

the validity of Eq. (3.90), which implies that the gradient of the mean molecular weight

of the mixture can also be neglected in the non-premixed spray flamelet equations .

Figure 4.18d shows the profiles of Ψξ,k and Ψk,Le=1 for CO2 at low strain rate. Very good

agreement is found, confirming that Ψk,Le=1 is an excellent approximation of Ψξ,k for

the chemical system under consideration, and Le = 1 will be assumed in the remainder

of the section.

In order to investigate the influence of spray evaporation on the flame structure, the

different terms in the non-premixed spray flamelet equations (Eq. (3.88)) are evaluated

for different species. Figures 4.19a and 4.19b show the contribution of the dissipation,

mixing/evaporation and evaporation terms to the flamelet equation of ethanol vapor

for the low strain situation, where the left side shows the spray side and the right side

the gas side of the configuration. On the spray side of the configuration, see Fig. 4.19a,

the dominating term is found to be the pure evaporation term. The dissipation term is

relevant at the left side of the evaporation zone. As already explained in the previous

section, at the left edge of the reaction zone, a peak of the fuel concentration is found,

which generated diffusion into the reaction zone. At higher values of the mixture

fraction, the evaporation term dominates the flamelet equation of ethanol. In this

region, the mixing/evaporation term plays a minor role, since the gradient of the vapor

mass fraction becomes very small in this region (see Eq. (3.88)).

Figure 4.19b displays the same profiles for the gas side of the configuration. The

droplet completely evaporated at elevated values of the mixture fraction, which leads
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Figure 4.19: Contributions for C2H5OH, (a) spray side, a =55/s; (b) gas side, a =55/s;

(c) spray side, a =950/s and (d) gas side, a =950/s [60]

to a dominance of the evaporation term just before evaporation is completed. Since

there is hardly any evaporated fuel left, all contributions are about zero on the gas

side of the configuration. Corresponding profiles at high strain rates are shown in

Fig. 4.19c and 4.19d. For this condition, the dissipation term becomes relevant at the

first position of droplet reversal, see Fig. 4.19d, but the pure evaporation term strongly

dominates the structure. Droplet oscillation changes the relevance of contributions on

the gas side of the flame structures as seen in Fig. 4.19d, where the evaporation shows

significant influence on the flamelet equation of the mass fraction of fuel vapor, whereas

the dissipation and mixing/evaporation terms play a minor role.

In summary, it can be stated that the flamelet equation for the fuel vapor is dom-
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Figure 4.20: Contributions for O2, (a) spray side, a =55/s; (b) gas side, a =55/s;

(c) spray side, a =950/s and (d) gas side, a =950/s [60]

inated by the evaporation term of the flamelet equation, and this explains why ap-

proaches neglecting spray evaporation are not suitable to represent the flamelet struc-

ture of laminar spray flames with gas flamelet models, and the spray evaporation must

be taken into account in spray flamelet computations of turbulent spray flames.

Figures 4.20a and 4.20b show the low strain results for the flamelet equation of O2

and the corresponding results for the high strain condition are displayed in Figs. 4.20c

and 4.20d. In both situations, the mixing/evaporation term dominates the flamelet

equation on the spray side of the configuration (left part of the figures), and the dissi-

pation term also shows a considerable contribution. The pure evaporation term is not

relevant here, because oxygen is not an evaporating component. Even though this is
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the case, it can be seen, that the effect of evaporation on the spray flamelet equation

for the mass fraction of oxygen may not be neglected, since it has a pronounced influ-

ence through the combined mixing/evaporation term. For the low strain situation (see

Figs. 4.20a and 4.20b), the droplets do not cross the stagnation plane, and dissipation

determines the flamelet equation of oxygen on the gas side of the configuration. Note

that when no evaporation is present, Sv = 0 and the non-premixed spray flamelet

equation (Eq. 3.88) reduces to the gas flamelet equation of Peters [40]. For increased

strain, the droplets cross the stagnation plane, and the mixing/evaporation term again

dominates the flamelet equation at both side of the configuration with considerable

contribution also of dissipation. Corresponding profiles for the flamelet equation of

Mixture Fraction [­]

T
g
/2

0
0

0
[K

],
R

/R
0

[­
]

C
o

n
tr

ib
u

ti
o

n
[k

g
/(

m
3
s
)]

0.05 0.1 0.15
0

0.2

0.4

0.6

0.8

1

1.2

­20

­15

­10

­5

0

5

10

Dissipation

Mixing/Evaporation

Evaporation

T
g

R/R
0

Mixture Fraction [-]

T
g
/2

0
0

0
[K

],
R

/R
0

[-
]

C
o

n
tr

ib
u

ti
o

n
[k

g
/(

m
3
s
)]

0.050.10.15
0

0.2

0.4

0.6

0.8

1

1.2

-20

-15

-10

-5

0

5

10

Dissipation

Mixing/Evaporation
T

g

R/R
0

Evaporation

(a) (b)

Mixture Fraction [-]

T g/2
00

0
[K

],
R

/R
0

[-]

Co
nt

rib
ut

io
n

[k
g/

(m
3 s)

]

0.05 0.10

0.2

0.4

0.6

0.8

1

-300

-200

-100

0

100

200

Dissipation

Mixing/Evaporation

Evaporation

Tg
R/R0

Mixture Fraction [­]

T
g
/2

0
0

0
[K

],
R

/R
0

[­
]

C
o

n
tr

ib
u

ti
o

n
[k

g
/(

m
3
s
)]

00.020.040.060.080.10.12
0

0.2

0.4

0.6

0.8

1

­300

­200

­100

0

100

200

Dissipation

Mixing/Evaporation

Evaporation

T
g

R/R
0

(c) (d)

Figure 4.21: Contributions for CO2, (a) spray side, a =55/s; (b) gas side, a =55/s;

(c) spray side, a =950/s and (d) gas side, a =950/s [60]
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CO2, are shown in Fig. 4.21. Since CO2 is produced whereas O2 is consumed and both

are non-evaporating components, the contributions of the different terms are similar,

however, their sign is opposite.

In summary, it is concluded that for the evaporating species, the evaporation term

in the flamelet equation is dominating wherever spray evaporation takes place. The

flamelet equation of oxygen and carbon dioxide are dominated by the contribution

of combined mixing/evaporation, whereas the contributions have opposite signs since

oxygen is consumed and carbon dioxide is produced. For low strain rate where the

droplets do not cross the stagnation plane, the non-premixed gas flamelet equations [40]

are recovered on the gas side of the configuration. This supports the formulation

proposed by Gutheil [59], which uses pure gas flamelet formulations for the gas side of

spray flames, where all the liquid has evaporated.

The present results show that terms attributable to spray processes are important,

and they must be considered whenever spray flames are considered. The non-premixed

spray flamelet equations derived in the present thesis are an appropriate extension of

the classical flamelet formulation for gas flames to spray flames and they provide the

fundamentals for the spray flamelet model of Hollmann and Gutheil [42, 59].



5. Summary and Conclusions

The objective of the present thesis is to advance in the formulation of a compre-

hensive flamelet model for the inclusion of detailed chemical reaction mechanisms in

the simulation of turbulent spray flames. Due to the inherent multi-regime nature

of spray flames, the final multi-regime spray flamelet model has to take into account

non-premixed, premixed and evaporation-dominated combustion regimes.

Laminar mono-disperse axi-symmetric ethanol/air counterflow spray flames are

studied by means of numerical simulations to emphasize the importance of evaporation

effects in the definition of spray flame structures. Parametric studies of the influence

of the initial droplet radius and strain rate are carried out, which clearly illustrate the

influence of evaporation on the flame structure. Typical effects of evaporation, such as

the reduction of the local gas temperatures in flame regions with strong evaporation

and droplet reversal and oscillations, are observed, which have been widely documented

in the literature [54, 55, 56, 57, 58, 42, 59, 60]. A novel extinction mechanism is iden-

tified, which takes place due to the increased need of energy from the gas phase for

spray evaporation (in contrast to the typical extinction mechanism due to high strain

rates). This extinction phenomenon occurs due to the increased initial droplet size,

which forces the evaporation front to move outside of the chemical reaction zone. Since

the droplets momentum (with fixed injection velocity), the time required for the evap-

oration of the droplets and, therefore the droplets penetration increase with increased

droplet size, a displacement of the main evaporation zone to the right edge of the flame

takes place. In this region, spray evaporation cannot be achieved any more through

the heat release of the chemical reactions, which eventually break down due to energy

consumption of the evaporation process. This extinction mechanism has not been iden-

tified in the literature so far and it requires more investigation, which will be carried

out in the future.

Exact transport equations for the mixture fraction and its scalar dissipation rate

are derived considering the Hirschfelder-Curtiss diffusion law. Compared with the

commonly used formulations employing Fick’s diffusion law, the present formulations

explicitly take into account terms associated with spatial changes of the mean molec-

ular weight of the mixtures, which are commonly neglected. For the simplification of

the derived transport equations, an unique diffusion coefficient is adopted for all chem-

ical species. A comparison of the exact and the approximated formulations allows for



94 5. Summary and Conclusions

the derivation of an expression for determining the value that the diffusion coefficient

assumed for all chemical species has to adopt in order to ensure the exact equivalence

between both formulations. This value is compared with values of the diffusion co-

efficient obtained by means of the assumption of unity Lewis number and by mass

averaging the diffusion coefficients of the individual chemical species existing in the

mixture. The results show that, although perfect agreement is never obtained, the use

of a mass averaged diffusion coefficient is a better assumption than the use of unity

Lewis number. Additionally, the transport equations of the mixture fraction and its

scalar dissipation rate are solved employing either the mass averaged diffusion coeffi-

cient or the diffusion coefficient obtained from the assumption of unity Lewis number.

The results show that, for high strain rate situations, the assumption of unity Lewis

number can lead to unphysical results.

The importance of terms associated with spatial variations of the mean molecu-

lar weight of the mixture is evaluated by means of the derived transport equations

of mixture fraction and its scalar dissipation rate, which are solved either considering

these terms or without considering them. Only small differences between the obtained

mixture fraction profiles are found. These results show that the use of Fick’s diffusion

law is appropriate for the transport equation of the mixture fraction at low and high

strain rate situations. However, for the scalar dissipation rate profiles, the differences

are more pronounced and, especially at low strain rate situations, the consideration of

the Hirschfelder-Curtiss approximation is found to be more appropriate than the use

of Fick’s diffusion law. The amplification of the small differences found for mixture

fraction profiles when scalar dissipation profiles are considered are explained by the

definition of the scalar dissipation rate, which involves squared gradients of mixture

fraction. Although Fick’s diffusion law may not be appropriate for calculating scalar

dissipation rate profiles at low strain rate, it was found that for high strain rate situa-

tions, this approximation leads to excellent results. Under these conditions, differences

between calculated and exact values of the scalar dissipation rate of the mixture frac-

tion are not due to the negligence of effects associate with spatial variations of the

mean molecular weight of the mixture, but to the inadequacy of the selected diffu-

sion coefficient of the mixture. Thus, it is concluded that Fick’s diffusion law is a

good approximation for high strain rate situations. More research is required for the

formulation of an alternative definition of the diffusion coefficient of the mixture.

A set of multi-regime spray flamelet equations for the description of premixed,

non-premixed and evaporation-dominated combustion is derived. This set of equa-

tions comprises the flamelet equations for partially premixed gas flames derived by

Knudsen and Pitsch [45, 46] and the classical non-premixed gas flamelet equations of

Peters [40]. Thus, the derived multi-regime spray flamelet equations provide a common
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framework for the description and combination of several flamelet models available in

the literature.

The new multi-regime spray flamelet equations are evaluated for counterflow spray

flames under representative conditions. In particular, a situation with a strain rate of

55/s, an initial droplet radius, r0 = 25 µm, an unity equivalence ratio at the left side of

the configuration, E = 1, and an initial gas and droplet velocity, vg = vd = 0.44 m/s is

taken as a base case. Different situations are generated starting from this base case by

the modification of either the strain rate, the initial droplet radius or the equivalence

ratio. Thus, profiles with an increased strain rate of 950/s, an increased droplet radius

of 120 µm and an increased equivalence ratio of 3 are studied. The results show that

premixed effects in those flames are very small, which confirms the assumption made

by Hollmann and Gutheil [42] in the derivation of the non-premixed spray flamelet

model [42, 59].

The multi-regime spray flamelet equations are simplified by neglecting terms associ-

ated with premixed effects. Additionally, unity Lewis numbers for all chemical species

are assumed. The resulting non-premixed spray flamelet equations in the mixture

fraction space provide the fundamentals for the non-premixed spray flamelet model of

Hollmann and Gutheil [42] and the base for a new formulation of the spray-flamelet

model, which requires the consideration of only three characteristic parameters (mix-

ture fraction, its scalar dissipation rate and the evaporation rate), instead of the five

parameters required by the previous formulation of Hollmann and Gutheil [42] (mix-

ture fraction, its scalar dissipation rate, the initial droplet radius and velocity and the

equivalence ration at the spray side of the configuration). Although these results are

very promising, more work is required for the determination of a possible shape of

this new three-variate probability density function, as well as for the development of

techniques and procedures for the elaboration of an appropriate flamelet library. Spe-

cially important is the question about how to consider the entire spectrum of possible

combinations of the characteristic parameters.

Finally, the non-premixed spray flamelet equations are employed for the evaluation

of the relative importance of effects attributable to evaporation on the flamelet struc-

tures. For this purpose, the spray flamelet equations for the evaporating fuel ethanol,

for oxygen, and for carbon dioxide are analyzed in mixture fraction space. The results

show that the contributions of the new terms dominate the spray flamelet equations for

all species investigated, where the evaporation term is most important for the evaporat-

ing species ethanol, and the combined mixing/evaporation term for oxygen and carbon

dioxide in regions where the spray resides. These results show that evaporation effects

are important and they cannot be neglected as it is commonly done in the literature.

In summary, the present thesis emphasizes the importance of the evaporation in the
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definition of the flame structure of spray flames and it presents and validates a set of

multi-regime spray flamelet equations, which provides a framework for the development

of a comprehensive multi-regime spray flamelet model for turbulent spray flames, as

well as the fundamentals for the non-premixed spray flamelet model of Hollmann and

Gutheil [42].

This work represents a major step in the development of a comprehensive multi-

regime spray flamelet model for the simulation of turbulent spray flames. The devel-

opment of such a model is of major importance, since it would allow for the proper

prediction of pollutant formation of this widely used kind of combustion, having in

this way a great impact in the development of new, more efficient and less contaminant

combustion technologies.

Despite of the major progress made, the complete development of a comprehen-

sive multi-regime spray flamelet model for the simulation of realistic turbulent spray

flames requires the solution of several open issues, which have not been solved in the

present work. Among these open questions are the definition of an appropriate reaction

progress variable for spray flames, the formulation of a joint probability density func-

tion for the mixture fraction, its scalar dissipation rate and the mass evaporation rate

and the definition of a flame index for the appropriate identification of the locally dom-

inant combustion regime in turbulent spray flames, which would allow for the selective

application of non-premixed, premixed or spray flamelet models to the simulation of

complex practical flames. Solving these open issues would allow the development of a

comprehensive multi-regime spray flamelet model, and it will therefore be the focus of

future research.
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Symbol Description Unit

Ak Symbol of chemical species k

a Strain rate s−1

BM Spalding mass transfer number

BT Spalding heat transfer number

Ck Concentration of species k mol m−3

Cp Specific heat capacity of the mixture J kg−1 K−1

Cp,k Specific heat capacity of species k J kg−1 K−1

Da Damköhler number

Dk Diffusion coefficient of species k into the mixture m2 s−1

Dki Diffusion coefficient of species k into species i m2 s−1

f Stream function

h Enthalpy of the mixture J kg−1

hk Enthalpy of species k J kg−1

K Total number of droplet size groups

Le Lewis number

M Total number of chemical reactions

Mk Molecular weight of species k kg mol−1

M Mean molecular weight of the mixture kg mol−1

m Droplet mass kg

ṁk Droplet mass vaporization rate in size group k kg s−1

N Total number of chemical species

P Total number of variables for flamelet transformation

p Static pressure Pa

p Static pressure Pa

R Universal gas constant J mol−1 K−1

Re Reynolds number

Sh Sherwood number

Se Energy source term J m−3 s−1

Sm Momentum source term kg m−2 s−2

Sv Mass evaporation source term kg m−3 s−1

T Temperature K

t time s

u velocity m s−1

Vk,i Diffusion velocity of species k in i direction m s−1

x Radial coordinate m

Xk Mol fraction of species k

y Axial coordinate m

Yk Mass fraction of chemical species k
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Greek letter Description Unit

η Similarity coordinate

Λ Reaction progress variable

λ Gas conductivity of the mixture J m−1 K−1 s−1

λk Gas conductivity of species k J m−1 K−1 s−1

δ Kronecker Symbol

χ Scalar dissipation rate s−1

µ Gas viscosity kg m−1 s−1

ν ′kj Stoichiometric coefficient of species k

ρ Gas density kg m−3

Θ Gas flame index

Θs Spray flame index

θ Non-dimensional temperature

τ Transformed time s

ω̇k Specific chemical reaction rate of species k kg m−3 s−1

Ξ General characteristic variable

ξ Mixture fraction
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Subscript Description

∞− Boundary condition at the left side of the counterflow

∞+ Boundary condition at the right side of the counterflow

F Fuel

f Film around the droplets

g Gas phase

l Liquid phase

O Oxygen

0 Initial condition
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[29] S. Sarathy, M. Thomson, C. Togbé, P. Dagaut, F. Halter, and C. Mounaim-

Rousselle. “An experimental and kinetic modeling study of n-butanol combus-

tion”. Combustion and Flame 156(4) (2009), pp. 852–864.
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