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Abstract

A classical model in time series analysis is a stationary process superposed by one or
several deterministic sinusoidal components. Different methods are applied to estimate the
frequency (w) of those components such as Least Squares Estimation and the maximization
of the periodogram.

In many applications the assumption of a constant frequency is violated and we turn
to a time dependent frequency function (w(s)). For example in the physics literature this
is viewed as nonlinearity of the phase of a process. A way to estimate w(s) is the local
application of the above methods.

In this dissertation we study the maximum periodogram method on data segments as
an estimator of w(s) and subsequently a least squares technique for estimating the phase.
We prove consistency and asymptotic normality in the context of “infill asymptotics”, a
concept that offers a meaningful asymptotic theory in cases of local estimations. Finally,
we investigate an estimator based on a local linear approximation of the frequency function,
prove its consistency and asymptotic normality in the “infill asymptotics” sense and show
that it delivers better estimations than the ordinary periodogram. The theoretical results

are also supported by some simulations.
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Abstract (Deutsch)

Ein klassisches Model in der Zeitreihenanalyse ist ein von einer oder mehreren determi-
nistischen sinusférmigen Komponenten iiberlagerter stationérer Prozess. Zur Schatzung
der Frequenz (w) dieser Komponenten wurden verschiedene Methoden entwickelt, wie die
Maximierung des Periodograms und die Kleinste-Quadrate (KQ) Schétzung.

Bei vielen Anwendungen ist die Annahme einer konstanten Frequenz nicht erfiillt und es
muss eine zeitabhéngige Frequenzfunktion (w(s)) verwendet werden. In der Physikliteratur
zum Beispiel spricht man in diesem Fall von einer nicht linearen Phase. Eine Art, w(s) zu
schitzen, ist die lokale Anwendung der oben genannten Methoden.

In der vorliegenden Dissertation untersuchen wir die Maximum Periodogram Methode
angewandt auf Datensegmente als Schétzer von w(s) und anschliefend eine KQ Technik zur
Schétzung der Phase. Wir beweisen die Konsistenz und asymptotische Normalitit dieses
Verfahrens im Rahmen der Infill Asymptotics, einem Konzept, das eine Asymptotik fiir
lokale Schatzungen ermdglicht. Schliellich untersuchen wir einen auf einer lokalen linearen
Approximation der Frequenzfunktion basierenden Schétzer, weisen seine Konsistenz und
asymptotische Normalitdt im Rahmen der Infill Asymptotics nach und zeigen, dass er
bessere Schitzungen als das iibliche Periodogram liefert. Die theoretischen Ergebnisse

werden durch Simulationen bestatigt.
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Chapter

Introduction

In many scientific areas, such as physics, biology, finance, etc. scientists have to deal with
data being affected by phenomena that repeat themselves in time, i.e. data containing
seasonal components. We mention temperature fluctuations, the beating of a heart and
the consumption of electric energy in a house hold as examples from the above three
fields. Mathematically, we could express our intuition on what a seasonality is through

the following very general formula
Y(z) = f(x mod Tp) + Ry, z,Tp €S,

where f(-) is any function of x, Ty is the period and S is the domain of = and can be time,
space etc. From now on we assume S to be a discrete set. The term R, contains all rest
components that also affect the process but are not periodic, such as drift, noise, etc. By
considering the three examples given above we can already distinguish between two main
categories of seasonal components or periodicities: While for temperature fluctuations
and energy consumption we can assume a fixed period of time after which the periodic
component repeats itself (i.e. one day or one year), it is impossible to do so for the heart
beat. The latter depends on the state of the body and is not constant in time. Such cases
are the main focus of this study.

The easiest way to model periodic data is to use the simplest periodic function, the

sinusoid. In the case of a fixed period the above formula becomes (in discrete time)
Y(t) = yeos(wt + 6o) + Xi, tEN, (L1)

where v is the amplitude, w the frequency and ¢g the starting phase of the oscillation.
Throughout the hole study we assume that our processes are free of trend, as we can
always mean-correct the observed data. In Figure 1.1 we show a cosine oscillation around
zero with frequency w = 7/15 and amplitude v = 1 and the same oscillation with white
noise from a .47(0,1) distribution.

There are many methods for estimating w in the above model (for a review see [12]). We

mention Maximum Likelihood methods, the Maximization of the Periodogram [8, 9, 4, 13],
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Figure 1.1: Cosine oscillation (s) and cosine oscillation with noise (y).

a variation of it called the secondary analysis [11, p.413] and Least Squares Estimation

[18]. In particular, the estimate of w through the maximization of the periodogram is

w = argsup I,(A\)
A

n 2

Z Y (t) exp{—iAt}

t=1

1
= argsup —
A n

Figure 1.2 shows the raw periodogram of the time series (y) from Figure 1.1 in logarithmic
scale. The pick at the low frequencies indicates the periodicity of the data. Hannan proves
in [9] consistency and asymptotic normality of this estimate in case of a stationary noise,
indeed with asymptotic variance equal to the Cramér-Rao bound, which can be found in

[12, p.62]. He uses there the following equivalent representation of model (1.1):
Y (t) = acos(wt) + Bsin(wt) + Xz, te{l,..,n}. (1.2)

After having estimated the frequency w, the parameters o and § are also being estimated
by fitting a linear model on Y (¢) with cos(wt) and sin(®t) as independent variables. Con-
sistency and asymptotic normality of those estimates are also proved by means of the

following central limit theorem:

(n"/2(6n = @), 2(By = B), 020 — w)) = A (0,7),
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Figure 1.2: Raw periodogram of a noisy oscillation.

with asymptotic covariance matrix

1/2 0 3/4
Y=2nf(w)| O 1/2 —a/4 ;
B/4 —aj4 (o +5?)

where f(-) is the spectral density of X;. The main difference between Least Squares
Estimation and the periodogram method is the cases w = 0 and w = w. While the
maximization of the periodogram handles these cases without problems, one has to exclude
them from the frequency domain to proceed to Least Squares Estimation. Apart from this,
the two methods are asymptotically equivalent for white noise as it can be seen in [18],
where the asymptotic distribution of the estimates is as above. Under Gaussianity there
is equivalence also to Maximum Likelihood Estimation.

Some methods are proposed to make the Maximum of the Periodogram method compu-
tationally more efficient. They are based on maximizing the function only on the Fourier
frequencies 2#% for j = 1,...,n. As examples we mention the “Secondary analysis”, a
description of which can be found in [11, p.413], the zero padded Periodogram, methods
based on Fourier coefficients and techniques based on filtering (c.f. [14]). The problem
that arises by evaluating the periodogram only on the Fourier frequencies is that this does

not constitute a fine enough grid (see [15]), so that the estimates are usually not optimal
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in terms of convergence rates.

Let us consider now the case of a time varying frequency or, “equivalently” of a non
uniformly increasing phase. We use here the quotation marks because the instantaneous
frequency is naturally defined as the first derivative of some phase function ¢, and this
derivative does not have to exist. Though, this is a main assumption we do throughout
the hole study; but since the domain is discrete, this is not very restricting. Following this

natural definition of the frequency we consider the model

Y (t) = vy cos (/Ot w(s)ds + gbo) +X;, teN. (1.3)

In Figure 1.3 we have a realization of the above model for a time linear frequency function

and the frequency function itself.
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Figure 1.3: Oscillation with inhomogeneous phase increments.

Chapter 2
The periodogram is employed here segment wise to estimate the frequency locally, i.e.
by using M,, of the n observations for estimating the function w(s) at each point s € N.
The latent assumption is then that w(s) is locally smooth enough. How smooth it must

be so that the estimate is consistent is one of the subjects of Chapter 2. In the same



chapter we also prove consistency of &, and Bn in the alternative representation (1.2). All
proofs are shown in the frame of “infill asymptotics”, a concept that allows asymptotic
theory when the parameter is estimated locally. The chapter concludes with a central
limit theorem for the estimates, which in the case of the frequency estimate is derived by

evaluating the asymptotic bias caused by the non constant frequency.

Chapter 3
In order to improve the estimates provided by the ordinary periodogram method,
Katkovnik proposed the Local Polynomial Periodogram (LPP) [10], a method based on a
local polynomial approximation of the phase function. Instead of the ordinary periodogram
the function
2

~ 1
JM(tQ; A5 A1, ) = om 1 1

)

m t2 t2
Z Y(t—i—to)exp{—i ()\ot+)\12'+)\23'+...)}
t=—m ' :

is used. In this chapter we focus on the case X = (Ao, A1) which we call the modified
periodogram. Its maximization over Ao and A\; leads to estimates for w(¢y) and its deriva-
tive @'(tp). The same least squares approach as before is then used for estimating the
rest parameters. Again within the “infill asymptotics” frame we prove consistency and
asymptotic normality. The theoretical results of the two estimators in question provide
us with a straightforward comparison between them. To support these theoretical results,
at the end of the two main chapters we present some simulation studies where we employ
the two estimators described above and the very known Hilbert transform as a procedure

for phase estimation (see [16]).
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Chapter

The common periodogram

2.1 Introduction

A classical model in time series analysis is a stationary time series superposed by one or
several deterministic sinusoidal components which in the case of one component takes the
form

Y; = ycos (wt+¢0> + Xy, teN.

Different methods have been used to estimate the parameter w such as Least Squares
Estimation (cf. [18]), the maximization of the periodogram (cf. [8, 9, 4, 13, 14]), the
secondary analysis (cf. [11, p. 413]) and Maximum Likelihood methods. For an overview
and additional methods see [12].

In many applications the frequency is not constant but time varying (cf. [12, p. 21 -
25], [1]). In particular in the physics literature (cf. [17, 7]) this is viewed as the estimation
of the nonlinear phase of the process - i.e. instead of wt + ¢¢ the (possibly) nonlinear
phase ¢y := f(f w(s)ds + ¢p is estimated (in addition to the frequency curve w(s)) in the

model
t
Yt:'ycos(/ &(s)ds+¢o) +X;,, teN. (2.1)
0

where v > 0 is the amplitude of the oscillation, w(s), s > 0 the frequency function and
¢o € [0,27) the starting phase of the oscillation. X, is a stationary process. Also in
the case with a time-varying frequency and a nonlinear phase several methods have been
suggested (cf. [2, 12]) - many of them being a local variant of the existing methods. An
example of this is the maximization of the periodogram on a local data segment.

We are not aware of any rigorous theoretical results on the estimators in the case of a
time-varying frequency. In this chapter we shall do such a theoretical investigation for the
first time by deriving the asymptotic properties of the maximum periodogram method on
data segments as an estimate for W(s) and of a subsequent least squares technique for esti-

mating the phase ¢;. A key problem addressed in this chapter is to find a proper framework
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for these investigations leading to the infill asymptotic approach in Section 2.2.1. We prove
consistency and asymptotic normality for the estimates by generalizing previous results
for constant frequencies to the time varying case. In Section 2.2.2 we derive consistency of
the frequency estimator. In Section 2.2.3 we introduce the phase estimator and derive its
consistency. In Section 2.3 we discuss the mean squared error and asymptotic normality
for the estimators. Section 2.4 contains an empirical comparison of the estimator with the

Hilbert transform. The proofs are postponed to the appendix.

2.2 Frequency and phase estimation for nonlinear phases

In this section we present the estimation procedure. At the beginning we introduce the
infill asymptotics framework. We emphasize that this framework is only needed for the
asymptotic results of the following sections. The method itself does not depend on this
setup (and the rescaling used therein). This means that all methods can be easily formu-

lated also without rescaling.

2.2.1 Rescaling and infill asymptotics

Asymptotic considerations as consistency and asymptotic normality are important tools
in statistics for constructing tests, confidence intervals or to judge the quality of estimates.
However, in the above setting of model (2.1) the simple asymptotics ¢ — oo is meaningless.
From a theoretical point of view this is the same as in nonparametric regression or for non
stationary time series. As a solution in the first example the setting Y; , = m (%) +¢&¢ and in
the second example e.g. the rescaled time varying AR-model X;,, = a(%)Xt_lyn + 0(%)575
(cf. [6]) are used where the curves of interest are rescaled to the unit interval. n then
is assumed to tend to infinity leading to meaningful asymptotic results which can e.g.
be used for the construction of approximate confidence intervals. We mention that the
approach of infill asymptotics can usually not be interpreted in a physical sense.

The infill setting in the current situation is much more complicated: The naive setup
Y;n = 7y cos (f(f/n w(u) du + qbo) + X; does not make sense since the argument of the cos-
function stays bounded and the signal does not oscillate at all. The correct solution is

indicated by the substitution s = un

t t/n t/n
/ w(s)ds = n/ w(un) du =: n/ w(u) du (2.2)
0 0 0
i.e. we use the model
t/n
Yin = 7y cos (n/ w(u) du + ¢o> + Xi = Sen+ X (2.3)
0

with a fixed function w(u) : [0,1] — [0, 7).
The additional factor n in (2.3) looks a bit strange and in fact it causes many technical

problems in the derivations below (for example the remainder term in the Taylor expansion
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in Lemma 2.2 depends in a complicated way on n and is not getting small uniformly in ¢
or t/n). Despite of this we are convinced that this is the correct approach for a meaningful
asymptotics leading e.g. to approximate confidence intervals for w(ug) by using the central
limit theorem.

The process X; is assumed to be stationary. We assume that it satisfies the following

assumption:

Assumption 2.1. The observed process Y, satisfies (2.3) where the process X(t) is
strictly stationary with mean 0 and existing moments of all order and satisfies

[e.o]

> e (un, ooy up—1)| < 00,

ULyee U —1=——00
where ci(.) is the k-th order cumulant.

Throughout this study we use the above setting and derive consistency, asymptotic

normality and other results of the following estimator for w(ug) for ug € (0, 1).

2.2.2 Frequency estimation based on the local periodogram

A good estimator of a constant unknown frequency is obtained via the maximization of
the periodogram. In the present situation of a time-varying frequency we modify this
estimator by considering the maximization of the periodogram in some neighborhood of
the time point ug € (0,1): Let

my(n) 9

Z Yn(uo—i—en)—‘rs,n eXp(_i)‘S) (24)

s=—my(n)

Jr(uo, A) 1= ‘

M( 0, ) M(n)
with M(n) = my(n) + m,(n) + 1 being an increasing sequence of integers (usually the
argument n is omitted). €, with |e,| < 1/n fills the “gap” between ug and the next t/n
point, i.e. €, 1= ming ¢>ny,{t/n—uo}. It is usual, but not always necessary, that m; = m,..
We define

Wn(up) = arg sup Jar(ug, A). (2.5)
A€E[0,7]

We now state consistency of the estimator @(ug) in the frame of the above infill asymp-
totics. The proofs are put into the appendix. The basic structure of the proof is similar
to the proof of Hannan (cf. [9]) in the time-homogeneous case. In addition several prob-
lems occur due to the time varying situation and the complicated structure of the infill

asymptotics.

Theorem 2.1. Let Assumption 2.1 hold, w(u) be Lipschitz continuous with values in (0, )

and ug € (0,1). Then we have for the estimator defined in (2.5) with increasing sequences

my(n) = o(n'/?) and m,(n) = o(n'/?):

O (u0) "= w(up) a.s.
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As in the classical case of a constant frequency we can even establish consistency with
a rate. This result is needed for later proofs like the consistency of the phase estimator.

It follows from a modification of the proof of Theorem 2.1.

Theorem 2.2. Under the assumptions of Theorem 2.1 it holds that:

M, (Gn(ug) — wlug)) =30, a.s. (2.6)

2.2.3 Phase estimation based on a local regression

We now study estimation of the phase

() to
On(ug) := n/o w(u) du+ ¢g = /0 w(s)ds + ¢o = ¢,

which is the real occurring phase at time ug = to/n (alternatively one could study estima-
tion of fouo w(u)du). In the physics literature the most usual way to estimate the phase
¢1, is through the reconstruction of the analytic representation of a real signal Y; (or Y7,

in the infill asymptotics context) using the Hilbert transform (cf. [16, 2]):
Zs(t) = Y;f,n + iH[}/If,n]y

where H|-| is the discrete time Hilbert transform operation. An immediate estimation of

the phase then is
¢r = arctan2 (H[Y; ], Vi) = arctan2 (H|[S; + Xi.p], St + Xem) (2.7)

where S, denotes the deterministic oscillating part of the process and X;, is the noise
term. This method has shown good behavior in simulations even with time-varying fre-
quencies, but only when the signal/noise ratio was relatively large. In opposite cases it
turned out to have greater MSE than the approach we describe below. Heuristically, this
is easy to see because the estimator in (2.7) depends strongly on the realizations of the
noise process at each time point.

In the following we suggest a method via a local regression based on the frequency

estimator @y, (u). We have
t/n
Y} n = 7y cos (n/ w(u)du + ¢0) + X
0

= ~cos <n /t/nw(u) du + qﬁn(uo)) + X

0

= ap(up) cos (n/

uo

t/n t/n

w(u) du) + Bn(up) sin <n/ w(u) du) + X (2.8)

uo

with

72 = (an(u0))® + (Ba(uo))®  and  ¢n(ug) = —arctan2 (Bu(uo), an(u)) . (2.9)
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Having estimated the frequency function &y, (up) in (2.5) through the maximization of
the periodogram we also want to estimate a;,(ug) and 3, (ug) and finally the phase and
amplitude of the process by using (2.9). Motivated by Hannan (cf. [9]) we do that by
locally fitting the linear model

Y:n = acos (n/

uo

t/n t/n

w(up) du) + e (2.10)

W (ug) du) + (sin (n/

uo

on our segment, i.e. for t = n(ug + €,) + s and s € {—my, ..., m;}.
We denote the local least squares-estimates by é, (uo) and 3, (ug). A formal definition
of these estimates in terms of the formula (X’X)~! XY with X being the design-matrix

is given in (A.22). For these estimates we can state

Lemma 2.1. If the assumptions of Theorem 2.1 hold then we have for the estimator

defined in (A.22):
[ 6 (1) ] ) [ (o) ] S0 s
B (uo) Fn(uo)

where my(n) and m,(n) are o(n'/?) and increasing sequences.

Furthermore we set
3= Han(o) P+ B P and dluo) = —arctan? (Bu(uo), duluo) ) . (211)
Now we have

Theorem 2.3. If the assumptions of Theorem 2.1 hold then 4 converges to v and qgn(uo) —

¢n(ug) converges to 0 almost surely.

2.3 The bias and asymptotic distributions

In this section we derive asymptotic normality and an approximate mean squared error for
the local frequency estimate. The key trick for deriving these results is to approximate the
original signal locally by one with constant frequency. Due to the complicated structure

of the infill asymptotics the corresponding proofs turn out to be very involved.

2.3.1 The local signal approximation

Suppose we write the signal Y; ,, from (2.3) as

t/n

Yin = Sin+ Xy with Si, = cos (n/ w(u) du + ¢n(u0)>. (2.12)

0

The idea is to define a ’time homogeneous’ approximation (with time-constant frequency)

at each time point ug by

?}(uo) = §t(u0) + X; with §t(u0) = cos <nw(u0) (% — uo> + <Z>n(u0)) (2.13)
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The two time series Y; y and Y;(ug) coincide at time t = ugn € Z, i.e. Yin = Yi(t/n).
In the subsequent derivations we approximate the phase difference of the two signals

by using the following Taylor-expansion.

Lemma 2.2. Suppose w(-) is twice differentiable with Lipschitz continuous second deriva-
tive. Then we have

t/n

n/ut/nw(u) du — nw(ugp) (% - uo) = n/ (w(u) — w(uo)) du

0 uo

S O I G A T C))

The proof follows with a straightforward Taylor expansion.
As a consequence of Lemma 2.2 we have for the local times ¢t = n(ug + €,) + s with
s € {-my,...,my} (see Remark A.2)

Suuorenyran =7 €05 [ (2) ! tu) + 5 (2) (o) + nwfuo) (2 +en) + gn(uo)]

+o(n(2)) +o(")

Butrasanlio) = o5 (i) (2 + ) + énla).

This expansion is the basis for further bias calculations. The untypical form (with the

while

additional factor n) is the source of many technical problems - c.f. Remark 2.5.

2.3.2 The bias and the mean squared error for the frequency estimator

The classical results on frequency estimation are results on estimating w(ug) from the series
in (2.13) (which in this context is unobserved). However, instead of (2.13) we use the series
in (2.3) which is non-homogeneous. This creates a bias which shall be investigated in the
sequel.

Due to the technical problems in our calculations we restrict ourselves from now on to
the case m, = my =: m. Furthermore we omit n from m(n), M(n) for simplicity. Beside
the periodogram of the original series as defined in (2.4)

J 2
Jar(ug, A) := ’M Z Yoo (uoten)+sm exp(—z)\s)‘
s=—m
we define the analogue for the approximate process by
~ 1 &~ , 2
I (o, A) = ’M Z Yn(uo+en)+s(uo) eXP(—Z)\S)‘ (2.14)

S=—m

with M = 2m 4 1. Then the bias of the periodogram due to non-homogeneity is

B (uo, N) := Jar(ug, \) — Jar(ug, A).
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We now investigate how this bias transfers to a bias of the estimate @, (up). As usual
the starting point of the proof of asymptotic normality is a Taylor expansion of the score

function around w(ug). We have

Jir (w0, On (o)) — Jir (w0, w(uo)) = (@n(uo) — wlug)) Jip(uo, &) (2.15)

with &, — w(uo)| < |@n(ug) — w(ug)|. Since Jpr(ug, A) is periodic in A the maximum at

Wn(up) is always a local one, i.e. J),(ug, @, (ug)) = 0 leading to

_M71/2 JJIM(UO,W(UD)) _ (# JJI\//](Umfn)) M3/2(@n(UO) - w(uo)). (2.16)

A key element in the proof then would be to show asymptotic normality of J}, (uo, w(ug)).
Since the asymptotic properties of J! " (uo, w(uo)) are well known from classical papers

(see below) we only need to show that
M™Y2Bh (ug, wlug)) = M™Y2Jh, (ug, w(ug)) — M~Y2T (ug, w(uo)) = 0,(1).
In this section we use the following assumptions:

Assumption 2.2. The observed process Yip from (2.8) satisfies Assumption 2.1. w :
[0,1] — [0, 7) with some § > 0 is twice differentiable with Lipschitz continuous second
derivative. The estimator Wy (ug) is defined by (2.5) with 0 < uy < 1 and increasing

sequences my(n) = my(n) = m with m = o(n/?).

Theorem 2.4. Suppose Assumption 2.2 holds. Then we have with wy := w(ug)

2

E (B (ug,wp)) = E[Jj/w(uo,wo) — j}w(ﬂo,&)g)} = OP(%>
and 5
var (Bl (o, wo)) = var [Ty (o, w0) = Jhy (o, 0)| = Op ("5 ).
As a consequence \
MSE (M_1/2Bf\4(uoawo)) = Op<%)

which tends to zero iff m << n'/?

Remark 2.5 (optimal MSE). We were not able to determine the optimal rate mey which

minimizes the mean squared error. To indicate the reason we refer to the Taylor expansion

(2.15) which implies
Gn (o) — w(uo) = Jyy(uo, &n) ™" Ty (uo, wo)-

In the proofs we were able to prove that #J]’\}(uo,fn) L const in case m << n'/2. On
the other hand heuristic considerations and simulations indicate that Ji;(ug,&,) << m?
for m >> n'/? leading to a smaller rate. For this reason we were not able to determine

the optimal rate.
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2.3.3 Asymptotic normality of the frequency estimator

To handle the second derivative in (2.16) we use again the approximation of Jys(ug, A) by

Jar (g, A) from the last section:
Lemma 2.3. Suppose Assumption 2.2 holds. Then we have

Y ~ op,(m?), m<< nt/2
Jna (o, &n) — Jpg(uo, €n) = (2.17)
Op(m?), otherwise

for any stochastic sequence &, with |&, —w(up)| < |@n(uo) — w(uo)].

As we mentioned before, the classical results on frequency estimation are results on
estimating w(up) from the series in (2.13) (which in this context is unobserved). In order
to prove asymptotic normality for the series in (2.3) we use the results of Hannan (cf. [9])

who treats the case of constant frequency.

Theorem 2.6. Suppose Assumption 2.2 holds. Then we have

QWf(w(uo))>

M ()32 (@ () — wlug)) 2 N(o, "=

where f(-) is the spectral density of X;.

Proof. The Taylor expansion (2.16) yields
- M2 [jzlw (w0, w(uo)) + BM(UOM(UO))} =
1 1 ~ /o
= |73 T (w0, 60) + <75 (TR0, €0) = T (o, €0) ) | M3/2(@n (o) — (o))

The assertion now follows from Theorem 2.4, Lemma 2.3 and the following classical results
for time-homogeneous signals:

. 15 D 2

(i) M2 Jhy (w0, w(uo)) 2 N (0, 3 27f (w(uo)))

" % P2

(i) 57237 (w0, 6n) = =37

(c.f. [9, Theorem 2[; [4, Theorem 2.3]).

This establishes the result. O

2.3.4 Joined asymptotic distribution of the estimates

In this section we derive asymptotic normality of é, (1) and 3, (u) defined in (A.22) as well
as their asymptotic covariance with &, (u). This should also serve as a tool for constructing
e.g. confidence intervals for the quantities 4 and ¢, (u) defined in (2.11).

The starting point of the proof is a multidimensional Taylor expansion for the first
derivatives of the square function

m

S, B,w;iug) = Z [Yn(uo-‘ren)-i-s,n — acos(ws) — ﬁSin(ws)] ’ : (2'18)

S=—m
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We set from now on €, = 0. This is done only for reducing the complexity of the proofs.
Nevertheless the results also hold if ¢, # 0, although then we should use instead the

function

m

Sonle, B, w;up) = Z (Yo (uoten)sn — @ cos(ws + wnep) — Bsin(ws + wnen)]Q

s=—m
Note that the estimating procedure in (A.22) is completely equivalent to minimizing
S, B,Wn(up); up) over o and 3. The variable w that corresponds to the frequency
of the process Y; is also treated as a random variable, although it is not estimated through
S, B,w;ug) but pre-estimated through the maximization of the periodogram as de-
scribed in previous sections. Now we have for some point sequence ¢, := (@, Bm@n)

between (G (), Bn(u0), @n(uo)) and (an(uo), Bn(uo),w(ug))

_M—1/28Sm<aa/87w;u0) :_M_l/gﬁsm(a,ﬁ,w;uo)
oo oo

Cn,0

(2.19)

2 .
o 2 P B0 (3 ) )

Oa? )
1028 (v, B, wiug) 5
1 m\t, My Wy 1/2 o
M SRR MY (o) — ()
_50?Sp(a, B, w;ug) R
2 m s My Wy 3/2 _
+ M R ~ M (w(uo) wn(uo))

where ¢,0 = [an (o), Bn (o), w(ug)] and é, = [én (uo), Bn(uo), T (uo)]. Note that the first
term on the right side of the equation is zero, as the function in question is maximized
over a and 3 after it is evaluated on &y, (up). On the other side we have

_M_l/QaSm(aaﬁ7w;u0) :_M—l/Qasm(a7ﬁaw;u0)
op op

Cn,0

(2.20)

1 8257”(0(7 /67 wj uO)
032

1 82Sm(a7 ﬂu w; UO)
0adf

2 82‘S’Tn(O‘v ﬂa ws UO)

+M- 030w

M3/ (a(uo) - wn(uo)).

Cn

In general we have to use a different ¢,, sequence for each Taylor expansion, but since no
ambiguity arises we use the same notation for avoiding unnecessary complexity.
Using (2.19) and (2.20) and combining with Theorem 2.6 we can show the following

result about the joint asymptotic distribution of our estimates:
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Theorem 2.7. Suppose Assumption 2.2 holds and furthermore m = 0(n2/5). Then the

vector

(M2 (@ (10) = n(110)), M2 (B (1t0) = (o)), M (@ (0) = (o))
1s asymptotically normally distributed with zero mean and covariance matrix

2 0 0
2rf(w(ug)) | 0 2 0

where f(-) is the spectral density of X;.

Comparing at this point the last result to the respective results in [9] and [18] one notes
that the asymptotic covariance matrix is different in two ways: én(uo), B (uo) and Gp (ug)
are asymptotically independent and the variances of the two first do not depend any more
on the true values ay, and (3,,. As it is clear in the proof of the theorem (see Appendix A)
this is due to the definition of S,,(«, 3, w;ug), which in the present is a summation from

—m to m and not from 1 to m like in the afore mentioned papers.

2.4 A simulation example

In the following we present a data simulation where the periodogram method are engaged
to estimate the frequency and then the linear model described in Section 2.2.3 as well as
the (approximated) Hilbert transform are applied to estimate the phase of the process.

The data is generated by the model:

¢
Y;n = 4cos (/ w(s)dsds) +X;, 0<s <200,
0

= (1)

where w(s) = 0.5+ 0.002s — 0.000005s% (see Figure 2.1) and X; is an AR(1) process with
parameters ¢ = 0.8 and 02 = 1. The simulation is repeated 300 times with the same
deterministic part and different realizations of X;.

First we estimate the frequency function by maximizing the periodogram using three
data segments: M = 25,31 and 41. In Figure 2.2 is shown the M SE,, := 555 Z?gol (W;(t)—
w(t))? in solid, dashed and dotted lines for M = 25,31 and 41 respectively.

The reduction of the MSE as the data window grows can be explained heuristically
as follows: the bias introduced in the segment by the signal inhomogeneity is still smaller
than the reduction of the variance.

Furthermore we apply the two afore mentioned methods on the simulated data to

estimate the phase process. In Figure 2.3 we show the mean squared error and the mean
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Figure 2.1: The frequency function.
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Figure 2.2: Frequency estimation MSE for M = 25 (solid), M = 31 (dashed) and M = 41
(dotted).
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estimation error at each time point ¢ for the two methods (solid line and cross is for the

periodogram), computed as:

300 300
1 - 1 -

= 305 j:1(¢j(t) —¢(t)) and MSEy(t) = oo j:1(¢j(t) — b))

MEE(t) :

respectively. In the case of the Hilbert transform the bias and the MSE do not seem to
vary significantly for the different segment lengths. On the contrary, the estimates via the
periodogram /linear model show greater bias and lower MSE the wider the time window
is. Moreover we observe a radical reduce of the bias toward the right end of the data.
This is due to the fact that there the frequency is almost constant and we are closer to the
homogeneous case. In all cases the periodogram/linear model method seems to dominate

the Hilbert transform in terms of MSE, while their bias is at comparable levels.
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time time

Figure 2.3: Phase estimation errors of Hilbert transform (dotted lines and circle) and Periodogram

(first approach / solid lines and cross) methods.
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A big improvement in the estimations can be achieved if in (2.10) we use @(u) for all
u € {up —my/n,...,up + my/n} instead of the constant @(up). Note that we do not have
phase estimations for 2 x (Window size) time points at the beginning and the end of the
data set. In Figure 2.4 one can see a comparison between the two different approaches

(solid line is for the old approach).
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Figure 2.4: Phase estimation errors between the two approaches through linear models. Solid line
is for the first and dotted line for the second approach.
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Chapter

The modified periodogram

3.1 Introduction and motivation
As we did in the previous chapter, we generalize the classical model in time series analysis
Y; = ycos(wt + ¢o) + X, t=1,...,n (3.1)

where X; is a noise process, into the model

t
Y; =~y cos (/ w(s)ds + <Z50> + X, t=1,..,n (3.2)
0

in order to include processes that are quasi periodic, i.e. they have time dependent fre-
quency. We denote here the frequency function by w(s) because we use later the notation
w(s) for the rescaled function (see section 3.2.2). In general wherever we use the tilde
sign it is for the same reason, if not stated otherwise. Methods that are engaged to es-
timate the frequency or the phase in the model (3.1) like Least Squares Estimation [18],
the Hilbert transform [2, 16], the maximization of the periodogram [4, 9, 13, 14] or the
“secondary analysis” [11, p. 413] are usually applied segment wise for local estimations
in model (3.2) [12]. The latent assumption in these cases is that the frequency variates
slowly in time and can be considered as almost constant within the respective segments.
Heuristically, the less this assumption is satisfied, the more we have to reduce the length
of the data segments to avoid additional bias. But with this we also reduce the efficiency
of the estimator because of the noise term.

In the case of the maximization of the periodogram (see previous chapter), asymptotic
bias is caused by the non constant frequency. To ensure good asymptotic properties,
the asymptotic segment length needs to be bounded: m(n) << n!/2. This limitation
reduces the efficiency of the estimates. In [10] Katkovnik proposes the Local Polynomial
Periodogram (LPP) by approximating the frequency (or phase) function by a polynomial.
A similar method based on the same approximation is called the Discrete Chirp Fourier

Transform [19] in the case of a time linear approximation. Indeed the same function as in

21
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[10] is used (see below), but it is maximized over a finite set of frequencies, as the proposed
method considers only frequencies and their first derivatives of the form 27wk/M, where
M is the sample size and 0 < k < M.

To motivate the afore mentioned modification, the ordinary periodogram of a time

series Y} like in (3.1)
2

I,(\) = % (3.3)

Z Y; exp{—iAt}
t=1

can be seen as some kind of “correlation” between the realization y(1),...,y(n) of ¥; and
exp{—iAt}. The A that maximizes this correlation is chosen as the estimate of the latent
frequency. In the general case we have an arbitrary frequency function w(s) and not a
constant one. It would be ideal if we knew its form up to some parameter X. In this case
we could maximize the function

2

L= (3.4)

n t
ZY}exp {2/ @(s;)\)ds}
t=1 0

with respect to A and this should provide us with an estimate of w(s). Since we don’t

know anything about this function we can instead work locally with its Taylor expansion
around some observation time point ¢y, where we want to estimate the function. First we
have with t = to + 7

exp {i/otwa(s)ds} — exp {i/otoﬁ(s)ds} exp {z’/t:OMJJ(s)ds}

The first term of the right side is constant and drops out in (3.4). We expand @(s) in the

second term:

w(s) = w(ty) + (s — to)d (o) + O(...)
which integrated gives
to+T1 1
/ B(s)ds = 13(to) + 5775 (t0) + 0. (3.5)
to
Plugging this into (3.4) we get

~ 1

3% Vi {i st + 2200

T=—my

for proper values m; and m, depending on n. This motivates the definition of the modified

periodogram:
1 — Nl
~ . 1
Jn(tO; )\Ou )\1) = m Z E/tO'i‘T exXp {’L |:T)\0 + ’7'22:| }| . (37)
T=—mmy

For estimates of further derivatives (once assumed that they exist) of the frequency func-

tion, one should include more terms of the Taylor expansion and increase the dimension
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of the function to be maximized. Heuristically this should reduce the error term O(...)
in (3.5) and lead to better estimates. Note that already this Taylor expansion implies
that the modified periodogram should be used locally, i.e. m; + m, + 1 << n. The above
described method has some similarity to local polynomial fits in nonparametric regression.

In [10] an arbitrary high order expansion is used, but here we will restrict ourselves
on the above function (3.7). Note that we use the same notation (J,,(-) or J,(-) in the
rescaled time) for the modified periodogram, as for the local periodogram in the previous
chapter. This is done on purpose to denote that also the common periodogram is a special
case of the modified one if we take only one term of the Taylor expansion above. We could
have included in the notation an index (i) implying the employed amount of Taylor terms
(e.g. j:(f)()) but we avoided to do so to reduce the complexity in the notation.

The maximization of (3.7) over A\ and A; delivers estimates for W(ty) and &' (tp). In
[10], in the case of a time linear frequency function, they are shown to be strongly consistent
with E (3(t) - &(t0)>2 = O(M~) and B (5 (to) - &’(to))Q — O(M-3), where M is the
sample size ([10], Proposition 2, Comment 2). Though, in this proposition, the following

assumptions are made, in order to allow non polynomial frequency functions:

(a) hs+1_p|w68)\ are small for all s > p
1
(b) thp is Small,
D !

where h is the segment length for the data window (going to infinity), (p—1) € N the order
of polynomial approximation used (here p—1 = 1), w(()s) the st derivative of the frequency
function at tp and L, some constant greater than zero. From the above it is obvious that
both quantities in (a) and (b) can not remain small when h approaches infinity! Thus the
assumptions can not be fulfilled and the proposition remains valid only for polynomial
frequency functions. This is a common problem in the field of local estimation if the usual
asymptotics is used and makes the use of the “infill asymptotics” concept inevitable. One

further assumption (c) in the above paper is that the quantity

1 " wh
- tr o t 70t2
@m+ 1)y 2= e"p{’ (“’0 3 >}

must be bounded for r = 0,1 and m — oo, where wy and w, are the real values of the
frequency function at ¢y and its first derivative respectively. In different cases (that are
easy to find, e.g. wp = 0 and wj, = 0.1m) the convergence of the estimates can not be
guaranteed, even for polynomial frequency functions. In this essay it turns out that in the
frame of the “infill asymptotics” the assumptions (a), (b) and (c) are not necessary (see
Section 3.4 and Lemma B.1 respectively). Finally, the results in [10] are proved for i.i.d.
gaussian noise and in this study we generalize them to the case of an arbitrary stationary
noise.

In the following we explicitly describe the use of the modified periodogram (i.e. LPP

with two parameters) as an estimator of the frequency function. In particular in Section
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3.2 we define the estimates for frequency (&w(s)), phase (¢ = fotfu(s)ds + ¢p) and am-
plitude (). In Section 3.2.2 we set up again a meaningful asymptotic concept, the infill
asymptotics, for investigating the asymptotic properties of the estimates, which is the
subject of Sections 3.3 and 3.4. Finally, in Section 3.5 we apply the periodogram and the
modified periodogram methods in a simulation. The proofs are postponed in Appendix
B, where we also define the modified Fourier transform of a stationary process and derive

its asymptotic distribution.

3.2 The estimates and nfill asymptotics

In this section we introduce the estimates for the frequency function w(s), its first derivative
and for the phase fot w(s)ds + ¢o in (3.2). Furthermore we address the inefficiency of
the normal asymptotics for our case and use the infill asymptotics concept to establish
theoretical results for the estimates. We emphasize that the latter is only a means for the

asymptotic investigation of the estimates and has no physical interpretation.

3.2.1 The frequency and phase estimates

We now define the estimator of the frequency function w(¢) in (3.2) at a time point ¢¢:

~

(Buto), Fn(to) ) = arg sup Ju(to; do, M), (3.8)
A0,A1
where @, (to) := 5 wn(t) at to and Jn(to: Ao, A1) is like in (3.7).
It is easy to see that the modified periodogram maintains the two basic properties of
the usual periodogram, namely the periodicity and the symmetry around zero. Hence its
values are repeated periodically. Just like with the normal periodogram, we don’t need to

maximize it in the hole R2. Tt is obvious that

Jn(to; Ao, )\1) = Jn(to; Ao + kom, A1 + l<6127r>

for every argument (Mg, A1) with ko, k1 integers and kg + k1 = 2K, K € Z. This means
that we can restrict ourselves in the subset (Ao, A1) € [—m, 7] X [=27, 27]. If now we take
into account the symmetry around zero this set becomes (Ao, A1) € [0, 7] x [—m, 7] which
could become even smaller if we considered cases like Jy, (to; 7, —7) = Jp(t0; 0,7), but we
do not go into further details referring to such extrema-situations.

The model (3.2) can be written for any ¢y between 1 and n and 7 =t — ¢

to to+T1
Yiy1r = Y; = 7y cos (/ w(s)ds + / w(s)ds + ¢0) + Xy
0 t

0

— G(to) cos ( /t tO+Tc~u(s)ds> + B(to) sin ( /t t0+T&(s)ds) +X, (39)

0 0
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with
G(ty) = 7 cos (/Oto (s)ds + ¢>o> and  B(to) = —ysin (/Oto (s)ds + gbo) .

Thus we see directly that

t
V2= {@(to) + {B(to)}>  and Gy = / B5(s)ds + g0 = — arctan2 (H(to), (o))
’ (3.10)
Once we expressed the process Y; from the “point of view” of a particular tg we proceed
to the estimation of v and <l~5t0 through estimating a(tg) and E(to) and plugging these into
(3.10). Motivated by Hannan [9] that uses in the time homogeneous case a representation
like in (3.9), we use, instead of the unknown w(s), the estimates (3.8) of the two first terms

of the Taylor expansion in (3.5) and fit the following linear model

¥i = attocos | T Butto) + Falt0)(s — t0)] is)

to

1 B(to)sin ( / T Btto) + Salto)s - t0)] ds) te

to

— G(to) cos (ﬁn(to) + ;T2£/n(to)> + B(to) sin <T§n(to) + ;#5’”@0)) Fe (3.11)

which leads to least squares estimates a(to) and B(ty) for a(to) and B(ty) respectively.
Finally we define

5 m \/ {E(to)}2 + {E’(to)}Q and gy, = —arctan2 <E’(t0),§(to)> (3.12)

as estimates for amplitude and phase respectively.

3.2.2 Infill asymptotics

After defining the estimates, we want to investigate their asymptotic properties and in
particular their consistency and asymptotic normality. However, in the above setting of
model (3.2) the simple asymptotics ¢ — oo is, for the reasons explained in the previous
chapter, meaningless. The solution is found again in the frame of infill asymptotics with

the rescaling of time in the unit interval. We set

/Otfu(s) ds = n/ot/n&(un) du =: n/ot/n w(u) du

i.e. we use instead of (3.2) the model

t/n
Y;n =y cos (n/ w(u) du + gbo) + X
0
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with a fixed function w(u) : [0,1] — [0,7) (see also Chapter 2). If we repeat now the steps
(3.5) and (3.6) for the rescaled frequency function w(s) we get the following definition of
the periodogram in the “infill asymptotics” frame:

2
1 my(n)

. Al o
W Z Yo(uoten)+s,m €XP {_Z <)\03 + o >} (3.13)

s=—myg(n)

In(uo; Ao, A1) ==

with M(n) = my(n) +my(n) + 1 increasing sequences of integers (if not necessary we omit
from now on the argument n). ¢, fills the “gap” between vy and the next ¢/n point, i.e.
€n 1= Mily. >y {t/n — up}. Thus, we use m; observations on the left side and m, + 1 on
the right side of ug to calculate the modified periodogram J,,(ug; A\g, A1) that corresponds
to ug (i.e. —my; < s < m,). It is usual, but not necessary, that m; = m,. The estimates
are then defined like in (3.8) by maximizing (3.13) over A\g, A;. Furthermore (3.9) takes
the form (see also (2.8))

Yn(u0+€n)+57n =

up+en+s/n uo+en+s/n
o (up) cos (n/ w(s)ds) + Bn(up) sin (n/ w(s)ds) + X (3.14)

0 0

with t = n(ug + €,) + s and

an(ug) = 7 cos <n /0“0 w(s)ds + ¢0> and [, (up) = —ysin (n /OUO w(s)ds + qbo) ,

where s takes proper values in Z and €, is as above. Note that €, is of order O(1/n) as

this “gap” is becoming smaller and smaller for n — oco. Finally, (3.11) becomes

Yn(quren)Jrs,n =
~ 1 5~ . N 1 5~
o (ug) cos (swn(uo) + 2nszw’n(uo)) + Bn(up) sin (swn(uo) + 2nsQw’n(uo)> + e,
(3.15)

which provides us with the infill asymptotics version of the least squares estimates for

an(up) and By (up) and we define

5= \/{@n(uo)}QJr{Bn(uo)}z and g = — arctan (B (uo)/Gn(uo)) . (3.16)

Note that the amplitude ~ is not affected by the infill asymptotics frame, as it is assumed

to be constant in time.

3.3 Consistency of the estimates

In this section we prove consistency of the two estimates described in Section 3.2.1 within
the frame of infill asymptotics. For the consistency of [&(u),?' (u)] at a certain 0 < ug <1
we also provide some kind of joined rate (see Theorem 3.2) that is needed for further

proofs.
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3.3.1 Consistency of the frequency function estimator

We define the frequency function estimator for a series like in (2.3):
[©n (o), @) (ug)] = arg /\su);\) In(uo; Ao, A1) (3.17)
0,11
where J,, (uo; Ao, A1) is the modified periodogram in (3.13).

Before we go on to the consistency in the infill asymptotics sense, we want to justify the
quantity n?,1/2 < p < 2/3, that appears in this theorem and refers to the length sequence
of the data segment to be used while applying the modified periodogram method. If we
suppose that the frequency function w(u),u € [0, 1], is twice differentiable in some interval

u € [ug — r,ug + 7], we can use the Taylor theorem and get:
2
w(u) = w(ug) + o' (uo)(u — up) + R(w),  with |R(u)| < M%, M<oco.  (3.18)

The phase difference between ug and some u = ug + s, |s| < r is:

d(ug) — p(u) = n/uo+sw(a:)dx

?LQ+S
_ n/ (o) + o' (ug) (z — ug) + R(x)] da.

We focus now on the remaining term (for simplicity suppose s > 0):

uo+s
n/ R(z)dx

0

uo+s
< n/ |R(x)| dx (3.19)

0

uo+s 2 3
< n / Mdr < M
o 2 2
The quantity r is exactly the width of the time window and is defined, for every n,

by the ratio my/n. This means that the above computed integral goes to zero for all
u € [ug — r,up + r] if we choose m,, ~ nP with p < 2/3. This -as it is clear from the
consistency proof- eliminates asymptotically the effect of all Taylor coefficients of the
w(u)-expansion that we do not wish to estimate, namely all derivatives greater than the
first. Note that if the frequency function is locally linear R(x) vanishes from some ng
on and we can use every p < 1. On the other hand, if we chose p < 1/2, this would
also eliminate the effect of the first derivative, and in this case we were not able to prove
consistency of @/ (ug). Thus, for applying the modified periodogram with two parameters,
1/2 < p<2/3(or1/2 < p < 1in case of polynomials of second degree) seems to be the

proper choice.

Theorem 3.1. Let Y;,, be as in (2.3), X; be stationary with zero mean and satisfying
(B.2) and w(u) : [0,1] — [0,7) be twice differentiable with finite derivatives. Then we
have for the estimates in (3.17), for every ug € [0, 1]

T}LH;O[@n(uo),@;L(uo)] = [w(uo) (mod 2),w’ (up)] a.s.

where my,m, = O(nP), 1/2 < p < 2/3 and Ay is bounded. Moreover, if the frequency
function is locally linear, the theorem holds for 1/2 < p < 1.
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3.3.2 Consistency of the phase estimator

Having estimated the frequency function in (2.3), (3.14) through the maximization of the
modified periodogram we also want to estimate oy, (ug) and 3, (up) in (3.14) and finally
the phase and amplitude of the process in (2.3). This is done as described in Section 3.2
by fitting the linear model in (3.15), with s running from —m; to m,, m;, m, = O(nP),
1/2 < p < 2/3. The estimated frequency function in a segment is the linear approximation
@ (1) = Bn(ug) + &, (up) (u — ug). Before we prove consistency of dy, (ug) and Gy, (ug), we
need the following result, which gives a first coarse rate of convergence of the frequency

function estimates. It is obtained by a modification of the proof of Theorem 3.1.

Theorem 3.2. Under the assumptions of Theorem 3.1 and for the estimates of the same

theorem we have that

~/ o
lim sup |(@n(ug) — w(ug))t + @ t) = & (uo)t2 =0, a.s. (3.20)
n—00 | <t<m 2n

with m = O(nP), 1/2 <p <2/3 or1/2 <p <1 in the case of a locally (around ug) linear

frequency function w(u).

We can now state for the estimates of v, (ug) and 3, (ug) in (3.14), as they are described

at the beginning of this section, the following lemma (consistency):

Lemma 3.1. If assumptions of Theorem 3.1 hold then we have for the estimator derived
by the linear model in (3.11) with

R up+s/n+en
o =n [ [Bl00) + & () — )] du, —mi <5 < m,
uo

where my, m, = O(nP), p like in Theorem 3.2, ©(ug), ' (up) are as in (3.17) and €, as in
(3.14):

[%(uw _[anwo)]m@o
ﬁn(UO) ﬁ”(uO)

If we use now the representation (2.3) of the process we can state the following theorem

Theorem 3.3. Let assumptions of Theorem 3.1 hold. For every continuity point uy € [0, 1]
for the same increasing sequences my(n) and m,(n), n € N of integers defined in Lemma

3.1 we have for the estimates:

§ = Han(o)? + (uwo) P and  Gu(uo) = — arctan2 (fu(uo), (o) )

¥y = a.s.

and

~

On(uo) — dn(ug) — 0 a.s.
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3.4 Mean squared error and asymptotic normality

In the present section we investigate the asymptotic Mean Squared Error of the frequency
estimate depending on the segment length m(n). This is made approximating the original
signal by one with time linear frequency function and then evaluating the bias that results
due to this approximation. The latter leads to an asymptotic normality theorem for the

frequency function estimates.

3.4.1 The signal approximation

In order to prove asymptotic normality and determine the asymptotic MSE we define a
signal approximation to the original one (compare also Chapter 2). The idea is again to
prove the desired results for the approximation and then show that the bias terms caused

by it converge to zero. We have (from now on we set m; = m, = m):

Yn(uo+en)+s,n(u0) = Sn('ungen)Jrs,n(uO) + Xn(uo+en)+s (321)

with

2

W'(ug) (s + ney,
Sn(uo—l—en)—i-s,n 1=y cos [W(UO)S 4 ( 0) ( )

2 n

+ W(uo)nfn + ¢u0:|

and finally the modified periodogram of the approximation

2
. 1 & , Ay s?
(g, A) = M. Z Yn(uo—i-én)—i-s,n(uO) exp {_Z <)\05 + 2171) }‘ (3.22)

where M,, = 2m,, + 1. Note that Jys (up, \) cannot be calculated from the original data.

Now we can prove two lemmas on which the proof of the asymptotic normality is based.

Lemma 3.2. Let X (t) be stationary and satisfy (B.2). Furthermore let Jys(ug, \) and
Yo(uo-ten)+s.n(U0) be like in (3.22, 8.21) with my = O(nP), 1/2 < p < 2/3. Then

0 n/M,

2
with ¥ = ( 2m 31 fxx (o) 0 )

2
0 QW%fX)((W())

. ( o i )M”UQVJM(“O?W(“OW'(%)) 2. N»(0,%)

where fxx(\) is the spectral density of X;.

Note that the result of the theorem would hold for all 1/2 < p < 1 if ¢, = 0. This is
because the term exp{iw(se, } in (B.25) would be equal to unity.
The next lemma refers to the second derivative of the modified periodogram. Note that

it holds not only for the signal approximation:
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Lemma 3.3. Let X(t) be stationary and satisfy (B.2). Furthermore let m, = O(nP),
1/2 < p<2/3. If

lim sup ‘(so,n — wlug))t + Mz@ =0. (3.23)

n—001<t<m 2n
then
9?2 J . 2
2 I (uo; Moy 1,n) _7
A5 Y Ao=Eo,n 24
2 2
. _2 2 O T (uo; Eo.mys A 1 A2
7 2 J M\U0, SO, 1 = _ L
nh—>n<;lo M, M2 92 (w03 €o,ns A1) AM=t1n 5031 a.s
n 9?2 .
m OO JM (U(), )\0’ >\1) )\O:€O,n 0
AM=€1n

Note again that:

(i) for time linear frequency functions (i.e. if we use the signal approximation in (3.22)
instead of the real signal) the terms O <%§) disappear from all equations in the proof
(ii) the terms w(se, vanish if we consider again estimating the frequency function only on
observation points.

Under those two conditions the results of Lemma 3.3 hold for 1/2 < p < 1.

Now we are ready to state the central limit theorem for the approximation (3.21).

Theorem 3.4. Under the assumptions of Theorem 3.1 and (B.2) and if w(u) is linear in

time, then we have for the estimates

(@o,n:Dp.) = arg sup Jag, (uo; Ao, A1)
Ao,A1

with My, ~ [nP|, 1/2 <p<2/3:

1 0 Do —
M3/? f? w? 2, N3(0,%)
0 My/n & — Wo
with 5 — [ ZAxx() )
0 360-27127‘21 xx(wo) |

The result of the previous theorem holds for 1/2 < p < 1 under the condition (ii) after

Lemma 3.3.

3.4.2 MSE and asymptotic normality of the frequency estimate

Using the results from Section 2.3.1 we have

Sn(uo+en)+sm =Y COS (a +c+ d) + O(n(%f)) + O(‘S‘ + 1) (3.24)
|s| + 1)

S’n(uﬁen)ﬁ,n =y cos (a +c+ d) + O(
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with
n/s\2 ,
a:= 5(5) w'(ug), c:=wlug)s, d:= @y, + w(ug)ne,.
We have the results on estimating w(ug) and w’(up) from the series in (3.21), which is an

approximation of the series in (2.3). This creates a bias in the modified periodogram:

Bar(uo, Mo, M) = Jar (w0, Moy M) — Jar(uo, Ao, A1)-

where
1 & ) A s2 2
T (0, Ao, A1) = ‘M Z Yn(uo+en)+8,n exp {_l <)\OS + 2n>} ‘
s=—my
and

1 - . . Ap 82 2
T (o, Ao, Ar) = ‘M Z Yn(uo+en)+8(u0) exp {_l <)\08 + 21n>} ’

s=—my
with M = m, +my + 1 (we restrict ourselves to the case m, = my =: m).

In the following we derive the asymptotic MSE and eventually the central limit the-
orem for (W, (ug) — w(ug)) and (@), (ug) — w'(up)). For this we will use the results on the
approximation signal (3.21) evaluating the bias in the estimations that would be caused

if we used the latter instead of the original signal.

MSE for (0n(up) — w(ug)):

Here all derivatives are with respect to Ag. The starting point for both the derivation of

the MSE and the asymptotic normality is the following Taylor expansion (derived from
(B.37) and (B.38))

1 9Jnm(uo; Ao, wp) 1 9% T (uo; Ao, €1.n)

M2 Ao | M2 N2

wo &o,n

+o(1) | M32(@g — wo).

(3.25)

The following lemma refers to the bias caused to the first derivative due to the signal
approximation. When this bias goes to zero the first derivative of the periodogram of the

original signal will have the same asymptotic behavior as its approximation.

Lemma 3.4. Under the assumptions of Theorem 3.1 we have for n'/? < m < n?/3

m?
) =0 (5)

Remark 3.5. The MSE (MféBj\/[(uo,wo,wé)) tends to 0 if m << n*7, leading to a
central limit theorem for M‘1/2J]’w (uo,wo,wé) via the c.l.t. for M‘l/Qj]’w(uo,wo,wé).

1 8BM(U(),)\0,Q)6)
M1/2 do

MSE(

MSE for (@, (uo) — ' (uo))
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Now the derivatives are with respect to A;. The starting point is the following Taylor

expansion (compare to (B.38))

M5/2

n? 82.Jpr(uo; Eons A1) (@h — wp)
- 0 0/

M* o2

_ n 3JM(’LL0;(4}0,)\1)
M3/2 o\

Sl,n
(3.26)

Lemma 3.5. Under the assumptions of Theorem 3.1 we have for n'/? < m < n?/3

. O m7
Ao=wo | — nd )
A1=w])

Remark 3.6. The MSE (%M_I/QBM(UO,Q}[),W())) tends to 0 if m << n*7, leading to a
central limit theorem for %M‘l/sz\/[ (ug, wo,w}) via the c.lt. for %M‘lﬂj]’w(uo, wo, W) -

n 1 9Ba(ug, Mo, A1)
M M2 o\

MSE(

Asymptotic normality

We can now state

Theorem 3.7. Under the assumptions of Theorem 3.1 we have for the estimates

(@n(uo), @y, (uo)) = arg ASUE I, (uo; Ao, A1)
0,N1

with My, ~ [nP|, 1/2 <p<4/7:

with 5 — [ ZAxx() )
0 360 - 2723 fx x (wo)

3.4.3 Joined asymptotic distribution of the estimates

In this section we derive asymptotic normality of @, (u) and B, (u) of Lemma 3.1, as well
as their asymptotic covariance with &, (u) and @/, (u). This should also serve as a tool for
constructing e.g. confidence intervals for 4 and ggn(u) defined in Theorem 3.3.

The starting point of the proof is a multidimensional Taylor expansion for the first

derivatives of the square function

. " A 2 , A2\
Sm(aa B, Aoy A1 uO) = Z Yn(uo—i-en)—l-s,n —acos | Aot + ?g — Bsin | Aot + ?g

—m

We set from now on €, = 0. This is done only for reducing the complexity of the proofs.
Nevertheless the results also hold if ¢, # 0, although then ¢ should be replaced by t +
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ne, in the above function. Note that the estimating procedure in (B.15) is completely
equivalent to minimizing the function S,,(c,3,@n(ug), @, (ug);up) over o and 3. The
variables A\g and \; that refer to the frequency function of the process Y; are also treated
as random variables, although they are not estimated through S, (a, 3, Ao, A1;ug) but
pre-estimated through the maximization of the modified periodogram as described in
previous sections. Now we have for some point sequence &, := (&, B, @o,n, @W1,n) between
En,0 = (n(10), Bn(u0), B (o), &, (u0)) and ¢y 1= (an(u0), Bn(uo), w(uo),w’ (o))

M—I/Qasm(a7ﬁ6720a)\l;u0) _ 1/285 (Oé 6870)(‘()7)\17’”/0) (328)
Cn,0 Cn
028, a, B, Ao, A1;u R
4 g EEm B0 M) A2 (4 () — g (o))

0adf

2a S (CY ﬁv)‘07>\17u0)

+M Dadhg

(
M- 1025 (a, B, Aoy A1 uo) Ml/Q(An(uo) _ 5n(u0)>
(

3825’m(a757 A07)\1;’“0) M5/2 (

~/ o
DON @ (uo) “’”(“0))

+nM™

Cn

Note that the first term on the right side of the equation is zero, as the function in question
is maximized over o and  AFTER it is evaluated on @y, (up) and &/, (ug). On the other

side we have

M71/28~§(m(a7ﬂ7)\0a)\1§u0) _ 1/255 (o, B, Ao, A1 uo)
oB B

_1 028 (v, B, Ao, A1 uo)
032

+M

0adp

(
+M‘182 m(e B, A0, A uo) Ml/Q(An(UO)_an(UO)>
(

+ M- 28 S (Oé /B’)\07)\17u0)
0B

3825’m(a7ﬂa )\0,)\1;’&0) M5/2 (

+nM 950N,

In general we have to use a different ¢, sequence for each Taylor expansion, but since no
ambiguity arises we use the same notation for avoiding unnecessary complexity.
Using (3.28) and (3.29) and combining with Theorem 3.7 we can show the following

result about the joint asymptotic distribution of our estimates:
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Theorem 3.8. Suppose Assumptions of Theorem 8.7 hold and furthermore m = 0(n4/7).
Then the vector

~ 2
M2 (a0 (00) = ). ) = o). M@ (u) = ), (@) — () )

18 asymptotically normally distributed with zero mean and covariance matriz

2+60% 26024 0 —720%

26098 94.60% 0 720%
27Tf(w(u0)) 7 v K
0 0 %;* 0

—720% 720% 0 3602

where f(-) is the spectral density of X;.

We remind once more that -like all other asymptotic results- the asymptotic distri-
bution of the estimates is derived within the infill asymptotics frame. Thus, any use of
them, such as constructing confidence intervals, should be done taking into account this
fact. Nevertheless, the result for &, (up) can be used in the usual manner, as it is asymp-
totically independent from the other estimates and its variance involves only m(n) and

not n itself.

3.5 A simulation

In the following we present a simulation study that consists of two parts. In the first
we compare the modified periodogram frequency estimates to the ones from the ordinary
periodogram. In the second we aim to test the performance of the modified periodogram

method in the presence of a high noise component.

3.5.1 Comparison between ordinary and modified periodograms

We simulate data from three different models:

Y, =~ cos <0.8 t) + X, (3.30)
02

Y; = ycos (0.2t + % t2> + X (3.31)
02 0001

Y; = 7y cos <0.3t + 020 T 0 0;) t3> + X (3.32)

Model (3.30) is denoted by “constant”, (3.31) by “linear” and (3.31) by “quadratic”
because of their corresponding frequency functions. X; is in all cases an AR-process with
parameters o = 0.8 and o2 = 1. Note that the variance of the process X; is ag( =1/0.36.
For all three models we simulate data for three different amplitudes (v = 2.5, 3 and 4) and
three different data segments (2m+1 = 41, 61 and 81). For each of these 27 combinations
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we get 300 realizations. tg is always the middle of each segment. The maximization of the
modified periodogram and of the ordinary periodogram is done by evaluating them on a
two dimensional grid on the space (Ao, A1) € [0, 7] x[—7/20, 7/20] and on a one dimensional
grid on the space A € [0, w]. The maximization of \; is restricted on a smaller area than its
actual domain [—m, 7| only for making the procedure computationally faster. Figure 3.5
shows the evaluation of the modified periodogram function around its maximum-argument
in one of the realizations of model (3.31).

Tables 3.1 and 3.2 show the mean squared error of the estimates &(ty) and &'(tg) for
the modified periodogram and the periodogram methods. For &'(ty) in Table (3.1) the
displayed values are the actual values multiplied by 10000. The real values of the frequency
function and its derivative at tg are seen in the last column.

It can be seen that for constant frequency the ordinary periodogram method is better.
This is clear since it is targeted for this case. Similarly, in the linear case the modified
periodogram method is the better one. In the quadratic case the modified periodogram is
better since it gives the better fit. We are convinced that this will hold the same for most
other non constant frequencies, at least when they can be approximated by linear functions.
To address this limitation we present in Table 3.3 the estimation MSE of the modified
periodogram in a simulation using the frequency function w(t) = 0.3¢ + % 2 — % 3.
Just by increasing (in absolute value) the quadratic coefficient of the frequency function
by 0.0001 we see a significant reduction of the efficiency of the estimator. In the most
extreme case (n = 81) the ordinary periodogram presents better results, which you can
see in Table 3.4.

Amplitude

2.5 3 4 Real values

O(to)  @'(to)" | Do) D' (to)* | @(to) @'(to)* || w(to) w'(to)
n=41 | 0.1148 3.2734 | 0.0628 1.4001 | 0.0121 0.4503 || 0.80 0.000

constant n =61 | 0.0703 0.5974 | 0.0206 0.1347 | 0.0019 0.0070 || 0.80 0.000
n=281 | 0.0176 0.0558 | 0.0038 0.0119 | ~0.000 0.0008 || 0.80 0.000

n =41 | 0.0708 5.6435 | 0.0457 3.5175 | 0.0110 0.8303 || 0.60 0.020

linear n==61| 0.0744 0.9343 | 0.0256 0.2296 | 0.0038 0.0432 || 0.80 0.020
n =281 | 0.0607 0.3767 | 0.0084 0.0404 | ~0.000 0.0009 || 1.00 0.020

n=41 | 0.0826 4.7787 | 0.0474 2.2585 | 0.0097 0.5669 || 0.66 0.016

quadratic n =61 | 0.0833 0.6544 | 0.0213 0.1239 | 0.0043 0.0265 || 0.81 0.014
n =281 | 0.0568 0.1496 | 0.0120 0.0278 | 0.0010 0.0007 || 0.94 0.012

* Displayed values are the actual values multiplied by 10000.

Table 3.1: Simulation MSE of &(tg) and &' (tg) for the modified periodogram.

To make more clear why this happens, in Figure 3.1 we have a visualization of the two
different quadratic frequency functions used in the above simulations. While in the first
simulation (solid line) the frequency can be well approximated by a linear function, in the

second simulation (dashed line) the approximation is good enough only up to some time
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Amplitude
2.5 3 4 Real values
@(to) @(to) @(to) w(to) w'(to)
n =41 0.0759 0.0295 0.0022 0.80 0.000
constant n =61 0.0312 0.0043 ~0.000 0.80 0.000
n =81 0.0126 ~0.000 ~0.000 0.80 0.000
n =41 0.1311 0.1147 0.0773 0.60 0.020
linear n =61 0.3419 0.3015 0.2288 0.80 0.020
n =81 0.6618 0.6250 0.4928 1.00 0.020
n =41 0.1581 0.1211 0.0692 0.66 0.016
quadratic n =61 0.3192 0.2583 0.1472 0.81 0.014
n =281 0.4965 0.3795 0.2153 0.94 0.012

Table 3.2: Simulation MSE of &(tg) obtained by maximizing the ordinary periodogram.

Amplitude
2.5 3 4 Real values
O(to)  @'(t)” | B(to)  @'(to)" | B(to)  @'(to)" || w(to) w'(to)
n=41 | 0.0787 4.7263 | 0.0540 3.0715 | 0.0164 0.8481 0.62 0.012
quadratic* n =261 | 0.0880 0.8772 0.0277 0.2994 0.0057 0.0201 0.72 0.008
n=281 | 0.1286 0.6553 0.0533 0.3059 0.0126  0.0559 0.78 0.004

* Displayed values are the actual values multiplied by 10000.

Table 3.3: Simulation MSE of &(tp) and &'(tg) for the modified periodogram (2).

Amplitude
2.5 3 4 Real values
B(to) &(to) B(to) w(to) w'(to)
n =41 0.1073 0.0672 0.0215 0.62 0.012
quadratic* n =61 0.1667 0.0973 0.0313 0.72 0.008
n =81 0.0983 0.0367 0.0025 0.78 0.004

Table 3.4: Simulation MSE of &(¢g) obtained by maximizing the ordinary periodogram (2).
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point around ¢ = 50. Hence the estimation results in Table 3.3 are good for n = 41 and
n = 61, but not for n = 81. For the latter case, a constant approximation seems to be the

more proper choice.

1.2

Simulation 1

1.0

frequency
0.8

0 20 40 60 80

Time

Figure 3.1: Quadratic frequency functions.

3.5.2 Performance of the modified periodogram in very noisy oscillations

In this section we aim to demonstrate the performance of the modified periodogram esti-
mates in the presence of greater noise, in particular for the case where the noise variance
is equal to the amplitude of the oscillation (02 = v = 1). We simulate 100 time series of
length 2m + 1 = 201 from the model

.004
Y; = cos <0.1t+020t2> + Xy, 0 <t <200,

where X; is white Gaussian noise with variance o2 = 1. In Figure 3.2 you can see one
of the realizations of the above model, as well as the periodic component of the process
(smooth line).

We apply the modified periodogram method on the hole segment for estimating the
frequency function at to = 100 (w(tp) = 0.5) and its derivative (w'(to) = 0.004). The MSE
for the first was 3.37 x 1076 and for the second 5.8 x 1072, Figure 3.3 shows the histograms
of the estimated values, which, as expected, are approximating the normal distribution.

Furthermore, we proceed to Least Squares Estimation to estimate a(ty) = 0.15425 and
B(to) = 0.98803 in the alternative representation of the signal like in (3.9). The MSE of
the estimations were 0.0295 and 0.0110 respectively. Note here the greater variance for
a(to) and compare to the result of Theorem 3.8 where its theoretical asymptotic variance
is proportional to Ez(to) and vice versa. You can find the corresponding histograms for

these estimations in Figure 3.4. Again the estimates seem to be normally distributed.
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Figure 3.2: Noisy oscillation with “1 to 1”7 amplitude/noise ratio.

200

Finally, in Table 3.5 we present the empirical covariance matrix of the four estimates

calculated by their 100 estimated values. Compare here the estimated variance of 5(160)

(2.86 x 10~%) with its theoretical asymptotic variance from Theorem 3.8 which was for the
setting of this simulation var(@(ty)) = 2402/M3y% = 2.96 x 10~6. This is an indication
that the theoretical result for a(to) holds not only in the frame of infill asymptotics and

can be used in the common way for constructing e.g. confidence intervals.

al(to) B(to) G(to) & (to)
alty) | 261x1072| 7.97x1074| 3.64x 1075 | —8.66 x 1075
B(to) 797x107% | 1.11x1072 | =5.56 x 1075 | 5.14 x 107
& (o) 3.64x 1076 | =556 x 107° | 2.86x 1076 | 1.12x 1078
&(to) | —8.66 x 1076 | 514x 1077 | 1.12x10°8| 4.51x 107°

Table 3.5: Empirical covariance matrix of the estimates.
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Figure 3.3: Histogram of estimated values for @(ty) and @'(tg).
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Figure 3.4: Histogram of estimated values for a(to) and B(to).
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Chapter

Concluding remarks

Non parametric estimation of frequency in discretely observed noisy oscillations is widely
reported in the literature due to its various applications. Most existing methods up to
date deal with this problem assuming a - at least locally - constant frequency. In the
introductory Chapter of the thesis we referred to some of these methods emphasizing on

the maximizer of the periodogram.

As a result of the constancy assumption, estimates -and in particular the periodogram
maximizer- are potentially affected by a systematic error induced by a possibly varying
frequency. In this essay we have attempted to deal with this problem in two ways: first, we
investigated the properties of the ordinary periodogram as an estimator of the instanta-
neous frequency, in order to find out to what extend this is justified. Second, we proposed
a novel method based on a modification of the periodogram to reduce the bias caused by

the (possible) non homogeneity of the frequency.

In particular, in Chapter 2 we determined an asymptotic upper bound for the segment
length, under which the ordinary periodogram estimate is consistent and asymptotically
normally distributed. This was achieved by evaluating the bias caused by the non con-
stant frequency. Furthermore, using an equivalent representation of the basic model, we
expressed its phase and amplitude as functions of the coefficients of the cosine and sine
in this alternative representation, which we estimated through the least squares tech-
nique. For these two quantities we also proved consistency and asymptotic normality.
We concluded with some simulations comparing this estimating procedure to the Hilbert
transform as a phase estimator.

In Chapter 3 we investigated the local polynomial periodogram with two parameters,
which we called the modified periodogram and whose maximization leads to an alternative
estimation for the instantaneous frequency, as well as for its first derivative, given that
this exists. Again using the equivalent representation of the signal we constructed esti-
mates for the phase and amplitude. Like in the previous chapter we proved consistency

and asymptotic normality for the estimates, which leaded to a straightforward theoreti-
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42 CHAPTER 4. CONCLUDING REMARKS

cal comparison between the two periodogram based methods. The modified periodogram
turned out to have better convergence rates due to the greater segment length (asymptot-
ically) that can be used without it being affected by the frequency inhomogeneity. The
theoretical results were also supported in a simulation, in which the two afore mentioned
methods were applied.

All the proofs of the theorems are in the frame of infill asymptotics and they were
postponed to the Appendix. There, we also define the modified Fourier transform of a
stationary process (see Appendix B) and prove its asymptotic normality, which is then

used in further proofs of theorems of Chapter 3.



Appendix

Proofs of Chapter 2

A.1 Auxiliary results

Before proving consistency of our estimators we present two lemmas needed for this pur-

pose:

Lemma A.1. Under Assumption 2.1

1
A}iinoo sgl\p ’Md](\j;)(uo, )\)‘ =0, a.s.

m
where d](\/’;)(uo,)\) =M Z s* X, exp(—is))
s=—m
This is a standard result in time series analysis and can be found e.g. in [3, Theorem
4.5.4.]. Hannan (cf. [9]) also proves the same result under slightly different assumptions.

Furthermore we have

Lemma A.2. Ifw(u) : [0,1] — [0, 7] is Lipschitz continuous at ug, €, < 1/n and m;, m, =

o(n'/?) then:
1 —exp { + m/

Us

lim max
n—00 m;<s<my

[w(u) — w(ug)] du}‘ =0

0

with us :== ug + €, + s/n.
Proof. We have with some constant K uniformly in s

Us Us K L 41 )
R e I T e
U

uo

n

Thus the lemma is established. O

For our proofs we also need some classical results on the discrete Fourier transform.

We briefly summarize these results and adapt them to the situation of the present essay.

43
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Lemma A.3 (The discrete Fourier transform). Suppose (Xt) 18 a Stationary process

teZ
with mean zero, EX? < oo and continuous spectral density. Let

1 . m |
e w0, = 2% ep(=idm) Y 8" Xofugren)+s exp(—iks) (A1)
M-1
S m\Fk |
= — (M a M) Xn(uo+en)+s,m exp (_ Z)\S)

Then Ed](\];)(uo, A) =0 and
var(Re d](\];)(uo, A)) = Op(M);
var (Im dﬁlj)(uo,)\)) = O0p(M);
(k) (k) _
cov(Redy,” (uo, N), Imdy;’ (ug, ) = Op(log M).

Proof. The result is standard in time series analysis. It follows e.g. with straightforward
calculations from [5, Theorem la]. Note that (z —m/M )k plays the role of a tapering

function. O

Remark A.1. We also need an upper bound for the (related) function

HP(\) = %exp(—i)\m) Y " exp(—iXs) (A-2)
s=—m
s mak
= 2 (M— M) exp(—i)\s).

Let Lyr(X) be the periodic extension of

. M,  N<1/M )
U L M <p < '

By using partial summation (cf. [5, (6)]) we obtain
H, (V)] < KLy (). (A.4)

In particular we obtain for X\ # 0 ]H]\(f)()\)\ < K/IA.

A.2 Proofs of theorems

A.2.1 Consistency of the frequency and phase estimator

Proof of Theorem 2.1.
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Let Y; ,, be as in (2.3), (2.8). We have with ug := ug + €, + s/n (for simplicity we omit

up from o, (up) and By, (up))

1 & :
M Z Yn(u0+6n)+s,n exp{—z)\s}
s=—my

1 <& Us Us
:M Z |:Oén cos <n/ w(u) du) + B sin <TL/ w(u) d’LL> + Xn(u0+€n)+s:| eXp{_i)\S}
—my uo u

0

= I exp z'n/sw(u)du + exp —in/sw(u)du exp{—iAs}
oM o e

- % i [exp {m /uu w(u) du} — exp {—m /uu w(u) duH exp{—iAs}

s=—my 0 0

1 = 4
+M Z Xn(uo—l—en)—‘rsexp{_ZAS}

s=—my

in /Us [w(u) — w(ug)] du} exp{is(w(ug) — \)} (A.5)

\

exp{ =in [ o(0 = w(u)] duf expis(-wfuo) - N} (4.6)

exp {in [ fotu) = wtun)] du f exp(isteotun) - ) (A7)
{

+ g N e d in / " () - w(uo) du}exp{z's<—w<uo>—A>} (A-8)

M .
1 ‘
+ i Z Xo(uoten)+s EXP{—iAs} (A.9)
S=—my

where B, := exp{ine,w(uo)} and B, := exp{—ine,w(ug)}. Furthermore

My

(A5) = B:{;\Z[S:m exp{is(w(uo) — A)} (A.10)
_ B;{;—]\Z Sz_::n exp{is(w(ug) — \)} <1 — exp {m [J:S [w(u) — w(uo)] du}) .

The term 17 > exp{is(w(up) — A)} converges to zero if A # w(up), indeed uniformly for all
A A —w(ug)| > 0 for any § > 0. On the other hand, if A = w(ug) it converges to unity
(one can easily check the validity of these two statements by writing the expression as
+ S (exp{i(w(uo) — A)})* and finding the limit of the series for m — o). For the second
term in (A.10) we have

Us

B;“;—]\Z Z exp{is(w(ug) — \)} <1 — exp {zn/u lw(t) — w(uo)] du}> ‘ (A.11)

0
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Us

< 2M 2’1_@@ {m [w(u) — w(up)] du}‘

which converges to zero because of Lemma (A.2). Altogether we obtain

ta, B, X = w(up)
lim (A.5) ~ (A.12)
e 0. A #w(w)

*uniformly for all X : |\ — w(ug)| > § for any § > 0.

By following exactly the same steps we obtain

_%iﬁnB:> A= W(UO)
lim (A.7) ~ (A.13)
e 0, A # w(up)*

*uniformly for all A : |\ — w(ug)| > d for any 6 > 0 and

lim (A.6) = lim (A.8) =0 (A.14)

n—oo n—oo

uniformly for all A € [0,7]. Combining Lemma (A.1) with (A.12), (A.13) and (A.14) we

receive:

(an +67), A= w(uo)
’ A 7é W(Uo)

lim JM(UQ, /\) =

n—oo

a.s. (A.15)

(@) N

Note that a2 4+ 32 = 4?2 is the amplitude of the periodic component, namely a constant.
Furthermore, the second row of the right side of (A.15) holds uniformly for all A : |\ —
w(up)| > ¢ for any ¢ > 0.

Now we prove the desired convergence by contradiction. Let’s suppose that this is not
the case. This means, there were some € > 0 for which the set [0; 7]\ (w(ug) — €; w(ug) +¢€)
would contain infinitely many elements of the sequence &y, (ugp). Consequently there were
some limit point X' # w(ug) (because @, (up) is bounded) and a subsequence converging
to this very limit point. Along this subsequence Jys(ug, @, (up)) would converge to zero
(because the convergence to zero of Jys(ug,wn(up)) is uniform for |A — w(ug)| > ¢ for
any 0 > 0). But we have Jys(ug,@n(uo)) > Ja(uo,w(uo)), as Wn(up) is the value that
maximizes the function every time and Jys(ug, w(up)) converges to something greater than

zero and thus we have a contradiction. O

Proof of Theorem 2.2.
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We have with X (s) := X;,(ugen)+s a0d S(8) = Sp(ugten)+s.n

It (o, On(uo)) — Jar(uo, w(ug)) =
‘M 1 Z S zswn uo

‘M IZX 1swnuo

(A.16)

‘M 12 §(s)eietuo)
)MIZX iswlio)
+2Re| (M, 1ZX eisont)) (g 125 et (A18)
o ) (S sa)] am

where Re denotes the real part of the complex numbers. (A.17), (A.18) and (A.19) go to

zero because of Lemma (A.1). If now we did the same as in (A.10) we could see that each

(A.17)

one of the first two terms of (A.16) has a part that also goes to zero because of Lemma

A.2. If we decompose these two terms we finally have

I (w0, @n(uo)) — Jar(uo, w(ug)) = (A.20)

= ’Mrfl Z[an cos(sw(up)) + Bn sin(sw(uo))]eisan(uo) 2

2
+ 0p(1)

_ ’Mnfl Z[an cos(sw(ug)) + B sin(sw(ug))]e« o)

_ i(ai ) {‘MHA ZeiS(w(UO)*@n(uo))r _ 1} +0p(L).
~——— s

72 /4

This difference has to be non negative as Wy, (ug) maximizes the function Jps(ug, A). The

first term on the right side is negative and as the positive 0,(1) goes to zero it must also

converge to zero. Thus ‘M,; s s eis(w(uo)—wn(uo)) ’ goes to unity. We show that this can
only happen if M, (@, (ug) — w,(up)) converges to zero. Let us suppose that this is not the
case. Then there must be an increasing subsequence (n') C N for which either the limit is
some ¢ with 0 < |¢| < oo or we have divergence. We suppose for simplicity that the sum
is from 0 to M, as the proof is essentially the same with the summation being from —my

to m,. In the case of divergence we have for §,, = &y, (ug) — wn(ug)

M.,

n

_ ‘ o+ 1 Z 6255 ’ M, + 1) Z eis(sn, 2

SZMg,n/+1

‘ My +1)” 26”5' (A.21)

where Mg, is the greatest integer for which ]4( Mg 0101 ] + ]4( ’+1)5n’)| = &,

0,

with the angles being considered always between [—m, 7]. e M0 ig namely the last

vector before we “enter” the unity circle for the last time at each n/. This means that



48 APPENDIX A. PROOFS OF CHAPTER 2

11— Mo 10w | < |1 — ¢8| because 6, goes to zero. Now we have

M

i i(M,, 1+1)8,
-1 86,/ 1 |1 —er on n | n—o00
(W1 ‘ M +1)7 |1 — ein| — 0
s=0 iy
<1
On the other hand
M M._,
n . n ) M ,_ M , .
(Mn’ + 1)—1 Z ezsén/ < (Mn’ + 1)—1 Z |ezsén/| _ W n—00 0.
S:ngn/-‘rl 5ZMg,n’+1 n' +

Thus (A.21) vanishes which is a contradiction. Now if M,/d,s converges to some limit ¢

we have
M, M, )
’(Mn/ + 1)t Z €% ’(Mn/ +1)7! Z[cos(sdn/) + i sin(sdy,)]
s=0 s=0
8,1 —0 ¢ ¢ 2 2 4
e ‘c_l[/ cos(u)du+ i [ sin(u) du]‘ = —[l —cos(c)] = - sinQ% <1, forc#0.
0 0 C C
Thus the convergence of M, (&, (up) — wn(ug)) to zero is established. O
Proof of Lemma 2.1.
The design matrix of the local regression in (2.10) is
X = (cob(ﬁb(uo)) sin(¢gu0)))s:,m£,_..7mT
with ¢su0 =n f Y % (u) du where ug := ug + €, + s/n. Thus the least squares estimate

(X'X)"1X'Y is equal to

Gn(uo) | _ 1 5, sin?(34") = Y, cos(") sin(@4")) |
Bu(ug) | |X'X] > cos(A{ )sm(qﬁ(uo)) >, cos?(4{"))
> cos(¢")) (o (uo) cos( (10)) 4 B, (up) sin(68")) + Xs) ]
% o) (uo) (o) , (A.22)
> sin(¢s") (an(uo) cos(ds™’) + Buluo) sin(ps™) + Xs) |
where | X' X| = [Z sin ( )} [Z cos? (uo) } [ 5 cos( s1n( (uo))]Q and ¢\ =
n [ w(u)du is the real phase function. We have (suppose for simplicity €, = 0, as the

approach is exactly the same if this is not the case)

cos(plt0)) = 1 { gilswots(@o—wo)] o —ilswo +S@OWO)1}

2

= % { iswo [14 O (s(@wo —wo))] + g0 14 O (s(wg — wo))]}

= cos(swp) + O (s(@g — wo))
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which because of Theorem 2.2 gives
Z cos?(plH0)) = ZCOSQ(SWO) + o(M). (A.23)
S
By using exactly the same arguments we can write

> sin®(g{")) =) " sin®(swo) + o(M). (A.24)

and

> " sin(¢{")) cos(¢{")) = o(M). (A.25)

On the other hand, because w(u) is Lipschitz continuous, we have

up+s/n up+s/n s/n g2
n/ lw(u) — w(ug)|du < Ln/ |lu — ug|du = Ln/ lv|dv = O <>
u 0 n

0 uo

for some constant L and thus

COS(¢(UO)) — 1 {einfu0+$/n w(u)du 4 efin f;ooﬁ-s/n w(u)du}

o ) peof2)
oo 0 (%)

which combined with the previous gives

i cos(p{H0)) cos(p{t0)) = Z cos?(swg) + 0p(M), (A.26)

because of Theorem 2.2 and the fact that m;,m, = o(nl/ 2). Using exactly the same

arguments we obtain

myr

Z sin(¢("0)) sin(p{H0) Zsm (swo) + 0p(M), (A.27)

S=—my

ZT: cos(¢(0)) sin(p(#0)) = 0, (M), (A.28)
i sin(¢{"0)) cos(4(40)) = 0,(M), (A.29)

s=—my
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while Lemma (A.1) yields

my my

Z sin(¢(0)) X, = 0,(M) = Z cos(pl)) X, (A.30)

s=—my s=—my

Using (A.23), (A.24), (A.25), (A.26), (A.27), (A.28), (A.29), (A.30) we can express (A.22)

as follows:

[egnmo)]: 1 lzssin%swuowop(m 0p(M) ]
Buluo) | 1X'X] 0p(M) 34 cos?(swaq) + 0p(M)

y [ an(uo) D4 c0s? (Swy, ) + 0p(M) 7 (A.31)

Bn(uo) >, sin2(squ) + op(M)

where

| X' X| = [ZsinQ(squ)} [Zcos%swm)} + 0p(M?).

It is now easy to see that (A.31) “converges” to [ay(ug), Bn(uo)]’ since oy, (ug) and 3, (ug)

are bounded and thus we have the desired result and the lemma is established. O

Proof of Theorem 2.3.

The assertion of the theorem follows immediately from Lemma 2.1. O

A.2.2 The bias and asymptotic normality

The main tool of this chapter is a Taylor expansion of the phase of the non stationary

signal based on Lemma 2.2.
Remark A.2. As a consequence of Lemma 2.2 we have
Stn
3 ) S 2L ) 0o ()
+nw(uo) (% - Uo) + ¢n(uo)]

—ug = 2 + €, with \en|§%

and in local time with s :=t — n(ug + €y, i.e. =2

1

n

Sn(u0+en)+s,n
n

= cos [5 (% + en>2w/(u0) + %(% + €n>

3w”(u0) + O(n(% + en>4>

+ nw(up) <% + 6n> + (bn(uO)} :

We now remove the €, - terms. Since

s s s s s s
‘n(ﬁ €n + ei) + n((g)%n + - ei + ei) + n((ﬁ):&en + (5)26721 + - ei + ei)
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we obtain

Sn(u0+en)+s,n

= e [5(5) Wi+ G () e £ 0(n (7)) w0 (M)
+ nw(up) (% + 6n> + ¢n(u0)]

The mean value-theorem now yields

Sn(u0+en)+s,n

n S$\3

= cos [5 (%>2w’(u0) + %(5) W (ug) + w(ug)s + ¢n(uo) + w(uo)nen}

+o(n(2)) +o(*)

zycos(a—l—b—l—c—l—d)+0(n<%>4> +0(

|s] +1>

- (A.32)

with

a:=2 <i>2wl(uo), b= <E>3w”(u0), c:=w(ug)s, d:=on(ug)+w(ug)ne,.

2\n 6 \n
(A.33)
Furthermore we have
~ s
Sn(uo+en)+sm(U0) =7 cos (nw(uo) (ﬁ + en> + an(uo)) = cos (c+d). (A.34)
In our calculations below we also use the lower order expansion
3 1
So(uoten)+sm =V COS (a +c+ d) + O(n(%) ) + O(|S|:L_ ) (A.35)
Proof of Theorem 2.4.
We have ("cc’ means 'complex conjugate’)
1 .
Jur (w0, wo) = —i (M Z 8 Yy (uoten)+s,m exp(—zwos)) (A.36)
s=—my

'
X (M Z Yn(uo—l—en)-&-tm eXp(zwot)) 4 cc.

t=—my

In order to estimate the difference J},(ug,wo) — jfw(uo,wg) we need to replace in

both summands the terms Y,y 1e,)4s,n DY }N/n(u()+€n)+s(uo). We use the formula
yiye — x1x2 = (y1 — x1)@2 + 21(y2 — 22) + (Y1 — 21) (Y2 — 22), (A.37)
that is we have

Ty (o, w(ug)) — J7, (uo, w(ug)) = —i [(z) X (1) + (1) x (#i) + (i) x (i13)| +cc  (A.38)
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with (cf. (A.32) - (A.35))

m

1 .
- M Z s (Yn(uo+en)+s,n - Yn(uo+en)+s(u0)) exp (_ ZW(UO>3)

S=—m

1 & .
M Z S n (uo+en)+s,m — Sn(ug—l—en)—&—s,n(U'O)) €xXp (_ ZW(UO)S)
s=—m

- % :Zni:ms [ cos (a+ b+ ¢+ d) — cos (c + d) +O<‘ |4) +O<‘S‘;r )} exp{—ic}
_ ﬁ ﬁ:m s [exp{i(a+b+c+d)} —exp{i(c + d)}] exp{—ic} (A.39)
n ﬁ Sim s [exp{—i(a+b+c+d)} — exp{—i(c + d)}] exp{—ic} (A.40)
“o() o() i
(i2) := _zﬂi:m Vou(uo-ten) +5(0) exp (= iw(uo)s)
(i) = o mm YVatun reny o = Vot vy +4(00)) €xp (o(u0)s)
= A}Sim | cos (a+ ¢+ d) = cos (¢ + d) +O<| |3> +0( |; 1)} exp{ic}
0 :fjm [exp{—i(a-+ ¢+ d)} - exp{—i(c + d)}] explic) (A12)
- S_mm [expli(a+c+d)} — expfi(c + d)}] explic) (A.43)
ORI i

(iv) = % Z f’n(uﬁen)ﬂ(uo) exp (iw(uo)s).

S=—m

We now construct upper bounds for these terms. The complexity with the following
proof is that at different stages different techniques for deriving the upper bounds are
needed. This is also the reason why we refrain from using Taylor-expansions (say for the

cos-function) throughout the whole proof.

(i) We start with the term (A.39). We have

[exp{i(a+ b+ c+d)} — exp{i(c+ d)}] exp{—ic}
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= [exp{i(a+b)} — 1] exp{id}
= [cos(a + b) — 1] exp{id} + isin(a + b) exp{id}.
Since the sum in (A.39) is symmetric we use
[cos(a+ b) — 1] —[cos(a — b) — 1]
= (cosacosb —sinasinb) — (cosacosb + sinasinb)

= —2sina sinb

and
sin(a + b) — sin(a — b) = (sina cosb + cosa sinb) — (sina cosb — cosa sinb)
=2 cosa sinb
and obtain
(A.39) = — % SZ:; s sina sinb exp{id} + i % SZ:; s cosa sinb exp{id}
= z% Szl s sinb exp{ia} exp{id}
it i s sin{n<s)3w"(u )} e {z n(s>2w’(u )} exp{id}
=1 — — | — X b X .
M 2 6 \n 0y SPU G W p P
Since
P25 s {2 ()} e (i 2(2) )
M = 6\n P
m 3 2 2 3
:iA’Z;S sin{(%) /12} exp{i (%) m} with k1 = ;n—nw', Ko = %w"
1 2
= 1’72771/0 x sin (333@) exp (z x2/£1) dr + O (n;> .

The first term is equal to

K1

PpAL sin (ygﬂﬁ) exp(iy)dy with substitution y = x%k;
ym [ 3/2 . . 3/2
=iy sin (y /<;3> exp(iy)dy with k3 = ka/K]
K1 0

K

K1
01 +1 3/ y'/?k3 cos (y3/2/£3) exp(iy) dy}
0

-1 [ — 1 sin (y3/2 113) exp(iy) 5

4,‘{1

K1
= Z—m sin kg exp(i k1) + O(m/O y'%k3 dy)

K1 K1

o(%) - of)

93
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2

we obtain (A4.39) = O(™-).
We now derive an upper bound for the term (A.40). With M = 2m + 1 let

2

hy(z) ==z [exp{ - ixzéw—n w/(uo)} - 1}.

By using partial summation (cf. Dahlhaus, 1983), (6)) we obtain with Lj; defined as in
(A.3) (Var(hys) denotes the variation of the function hpy)

|(A.40)| = ‘ﬁ Z s [exp{—i(a+c+ d)} — exp{—i(c+ d)}] exp{—ic}‘

S=—m

= )% exp{—id} Z hM(%) exp{—i2w(up) s}‘

S=—m

< (Var(aag) + |hae(57)] ) Lar@(uo))

< (L, , M@+ [ G|

o
[2w(uo)|

2 m2

M 1
A2 ] gy =2
_8’271 W (uo) |2w(up)| n
for w(up) # 0. With the term O(’g—;) from (A.41) this leads in total to the upper bound

2
‘(z)‘zO(n:l), for m < n'/2.

(ii) We obtain with wp = w(ug) and d](;) (ug, A) and H]\(f)()\) as in (A.1) and (A.2)

m

1 ~ .
5 D 5 Vatugren) (o) exp(—iwos) =

S=—m

+ exp(iwom) d,;’ (uo,wo)

=7
2

(1)

exp{id} H](\})(O) + = exp{—id} exp(iwgm) H](\})(Z,ug) + exp(iwom) d,,; (ug, wo)

= O(1) + exp(iwom) dy} (uo, wo)-

(iii) Since
2

cosle—%+0(x4) and sinz =z + O(|z|*)
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we have with a = (%)
(A.42) = ﬁ Z [exp{—i(a+ c+ d)} — exp{—i(c+ d)}] exp{ic}
= ﬁ s;m ([cosa —1] —isin a) exp{—id}
LS o™ i Ly a—io(™ id
_W;a + (F>—Z W;a—z (n3>>exp{—z}

I
S

<m—) if m? < n.
n
To derive an upper bound for (A.43) we set

hy(z) == [exp {ZIZJQW;LU (u 0)} - 1].

with M = 2m + 1. As above we obtain

Z [exp{i(a +c+d)} —expli(c+ d)}] exp{ic}}

_ |exlid) exp{id} Z ha(57) exp{i 20(uo) s} = 0, (™)

n

yA43|—\2M

for w(up) # 0. With (A.44) this leads in total to the upper bound

2
’(mz)} =0, (m) , for m < n'/2,

1 m
Z Yn (uo+en)+t(U0) €xp(iwot)

—m

m
= Z Sn(uoten)+t (up) + X (uo+€n)+t) exp(iwot)

w12 g

exp{ id} + —— exp{id} exp(—iwom) H](\g)(—Zwo)

2M
+ exp(—iwom) i d](\g) (o, —wo)
0 . 1 . 1
=3 exp{—id} + O(%) + exp(—iwom) i d]&) (up, —wop).
Since Ed\” (u, \) = Ed\” (u, \) = 0 for all u and A we now obtain
E(Bj(uo, \)) = E( — [(i) % (iv) + (i4) x (idi) + (i) x (m)] + cc)

2
:Op(m> for m < n?

n
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and with Lemma A.3 (note that (i) and (iii) are deterministic)
var (Bj(ug, \)) = Var<—i [(i) % (iv) + (i) x (m‘)} + cc)

5
:Op(m> for m < n?.

n?
O
Proof of Lemma 2.3.
We have
Jir(uo,&n) = (A.45)
{]\14 % 5 Yn(uoten)+s,m eXp(—ifnS)} X {]\14 i 8 Y (uo+en)+s,n exp(z'fns)}
s=—my s=—my

1 , 1 ,
- { Z s? Yn(qurEn)JrS,n exp(—zfns)} x {M Z Yn(uo+en)+8,n eXp(anS)} +cc

S=—my S=—My

with [&, — w(ug)| < |On(up) — w(up)|. Now we use again the formula (A.37) to estimate

the difference Jy,(uo,&n) — j]’(/[(uo, &n). We have

T (w0, €n) = Tir(uo, &) = [(I) x (IVA) + (IL) x (ITH) + (1) x (IT1)]
— [(IQ) X (IVQ) + (IIQ) X (IIIQ) -+ (IQ) X (IIIQ)] + cc, (A46)

with:
1 & ~ ,
(Il) P = M S (Yn(quren)Jrs,n - Yn(u0+en)+s(u0)) €xp (_ ans)
= (4)
1 & - ,
+ M Z S (Yn(uo—l—en)—l—s,n - Yn(u0+en)+s(u0)) exp (* ZW(UO)S)'

- lexp{—i[¢, —w(up)]s} — 1], (A.47)

I - =
(IIl) = M Z SYn(uo-‘ren)-i-s(uO) exXp (_ i£n5)>

S=—m

(I11) is the complex conjugate of (I1) and (IV7) the complex conjugate of (I1;). On the

other side:
1 & ~ ,
(IQ) = M Z 32 (Yn(uo—i—en)—i—s,n - Yn(uo+en)+s(u0)) €xp (_ Zgns)
1 & ~ ,
= M Z 5? (Yn(uo-i—sn)—i—s,n - Yn(uo+en)+s(u0)) exp (_ ZW(UO)S)

S

—m
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T % _Z s* (Yn(uoten)+sm — ?n(uo+en)+s(uO)) exp (— iw(ug)s)-
- lexp {—=i[¢n — w(uo)]s} — 1],
= 35 2 #eoslarvrerd) —eosera) + o 55) + o L) exptie)
+ % _Z 57 (Yn(u0+€n)+s,n - ?n(u0+en)+5(u(])) exp (— iW(uo)s)-
- [exp {—i[&n — w(uo)]s} — 1],
=5 2 o [eonlarbrerd) —eos(c+d)] expi-ic) (A48)
mS m>
+o(ig) o) (A.49)

- [exp {—i[&, — w(uo)]s} — 1], (A.50)
(exactly as with (7))

(D)=~ Z 5 Vafup sy +(10) €D (— i)

1 «— .
(IIIZ) M Z (Yn(u0+en)+s,n - Yn(u0+en)+s(u0)) exp (Zéns)

= % i [ cos (a+c+d) —cos(c+d) + O<|S|3> + O( s+ 1)} exp{i&,s}
(IV) : = % i Yo (uoten)+s(Uo) €xp (zfns).

We now construct upper bounds for these terms.

(I1) We have for the term (A.47):

1 )
‘M Z § (Yn(uo+en)+s,n - Yn(u0+en)+s(u0)) exXp (_ ZW(UO)S)'

S=—m

[exp {-ilén — w(uo))s} — 1] |

< Il’lSaX |eXp {_Z[é_n - W(UO)]S} - 1| Z |Yn(u0+en)+s,n - ?n(uo—ﬁ-en)-‘rs(uo) ‘7

S=—m

which is op(m) for m << n'/? (as maxg |exp {~i[¢, — w(ug)]s} — 1| goes in this case to
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zero because of Theorem 2.2) and O(m) for otherwise. Altogether we obtain

) {op(m), m << nl/?
1) =

Op(m), otherwise

(I1;) We obtain with wy = w(up):

1 & o ,
‘(Ill)’ = ‘M Z SYn(quren)Jrs(uO) exp(—zﬁns)

S=—m

m

1 ~ )
M Z S (Sn(uo+en)+s(u0) + Xn(quren)Jrs) exp(—zfns)

S=—m

m

= > s 2| expfile+ d)} + exp{—i(c + d)}] exp{—itus}

S=—m

m

1 .
M Z SXn(u0+en)+s exp(—iAs)

S=—m

-+ sup
A
= % exp{id} H](Vl[) (wo —&n) + % exp{—id} exp(iwym) H](\})(—wo — &)

+ sup

Z 8 X (ugten)+s €XP(—iAs)

S=—m

= O(m) + O(1) + 0y(m) = Oy (m),

where the last line holds because of (A.4) and Lemma A.1.
(I2) We have with (A.33)

(A.48) = 32 [ cos (a+b+c+d) —cos (c+ d)} exp{—ic}

- #[ofZ) o) o
Yeofi)-o(x)

— Y(ugten)+s(t0)) exp (— iw(uo)s) - [exp {~i[&n — w(uo)]s} — 1]

S

EP
:\3 ng INgE

=0

while for the term (A.50) it holds:

1 m
M Z 52 (Yn(uo—l-en)—l—s,n

S=—m

< mL?*X \exp {_i[gn - W(UO)]S} - 1| Z |S| ’Yn(quren)Jrs,n - ?n(u0+en)+s(u0)‘ = O(m2)7

S=—m

1/2 " Altogether we obtain

o(m?), m << n'/?
(I2) = { :

O(m?), otherwise

for m << n
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(II3) We obtain exactly as with (I1): |[(I12)| = Op(m?).
(I1I5) We have with a = O(%) and the mean value theorem

)= 3, 3% oty o) o] <o),

S=—m

Ell

(IV3) We have

m

% Z cos(...) exp{—i&,s}| +

S=—m

= 0(1) + 0,(1).

M Z Xn(u0+en)+sexp{_i£n8}

S=—m

[(IV2)] <

Putting all these together we obtain

., ~, op(m?), m << nl/?

JM(UO) fn) - JM(“O) f’n) -
Op(m?), otherwise

Thus the theorem is established. O

Proof of Theorem 2.7.

By making similar considerations like in Remark A.2 we can see that

2
Youg+s,n = an(ug) cos (w(ug)s) + Bn(uo) sin (w(up)s) + O <n> (A.51)

We now start evaluating the terms in (2.19) and (2.20). Using (A.51) we have (for sim-

plicity in the notation we omit ug and we set wg := w(uyp))

0Sm(a, B,w;u 9 .
p 2Ol D) | 2 STy cos(os) — asinfus)] cos(ens)
2
Cn’o —m

(A.52)

/2
= Z Xnug+s,n cos(wos) + O .
M2 g n

Then we have

1 825’m(a7 ﬂv w; UU

M-
0a?

Zcos OnS) Zcos wos + (Wn, —wo)s]  (A.53)

= % Z[COSQ(M()S) + Oy (m )]
=1+ o(m 1)+ 0p(m~1/%)

because of Theorem 2.6. Furthermore

1 aQSm(aa 67 ws UU)

90083 = M™") " cos(@ps) sin(@ns) =0 (A.54)

Cn -m

M-
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because sin(—x) = —sin(x) and cos(—x) = cos(z) for all x € R. Finally, making similar

considerations and using Lemma 2.1 we see that

2 m
m y [0, W3 2 ~ _ ~ . B ) ~
M—2 8 S gcrlgww U/O) :W Z S[Ynu0+87n — Qlp, COS(wnS) — /371, S]n(wns)] Sln(wns)
(A.55)
- % Z 5[ sin(@ns) — B cos(Wns)] cos(@ns)
=0p(1)

for m = o(n?/®). Thus, using (A.52), (A.53), (A.54), (A.55) and (2.19) and for m = o(n?/%)

we see that

. 2
M2 (an(uo) - an(ug)) =——7 Z Xnug+s,n cos(wos) + op(1). (A.56)
2 —m
Completely analogously we can show
R 9 _
MY2 (B (w0) = Buw0) ) = =~ D X sin(wos) + 0p(1). (A.57)
2 —m

Following Hannan ([9, p. 518]), we can analogously show that

M=Y270 (ug, wo) = (A.58)
1 « 1 &
ﬁnW Z $Xnug-tsn cos(wos) — anW X nug+s,n sin(wos) + op(1).
—m —m
The difference between this last equation and the result of Hannan is due to the different
summation, which in Hannan is from 1 to M. Summing from —m to m makes some
terms vanish. The assertion of the theorem now follows using (A.56), (A.57), (A.58),
Theorem 2.4, Lemma 2.3 and the result in [3, Theorem 4.4.2.]. O



Appendix

Proots of Chapter 3

B.1 The modified Fourier transform

We introduce here the modified Fourier transform of a stationary time series as:

d¢™ (P() = |3 ha(t/mn) Xa(t) exp{~iP(t)} (B.1)
= [d((lm")(P(-))] fora=1,...,r, t=1,...my,

where m,, is an increasing integer function of n (where not needed we omit n from the
notation), X, is the a’® component of a stationary r vector-valued series, P(t) = Aot + %tQ
with A\g € [0,7] and A; in a bounded space A; C R and h,(u) a taper function with

ha(u) = u* for 0 < u < 1 and some natural k and vanishes for |u| > 1. Now we can prove

Theorem B.1. Corresponds to Theorem 4.4.2 in [3].

Let X(t), t =0,=%1, ... be an r vector-valued stationary time series satisfying

Z Z |Cay..ap (U1, ooy up—1)| < 00 (B.2)

Uk—1

with
Cay..ap (U1, oy up—1) = cum{ Xy, (t + u1), ..., Xo, (t + ug—1), X, (t) }. (B.3)

Let Pj(t) = )\( g4 2 1 t2 for 0 <t < m, wheren € N, m,, = O(nP), 1/2 < p < 2/3.
Suppose [/\(() ), )\(J)] # [)\ék),)\gk)] €0,m) xR for1 <j<k<J. Let dgm")(PC)) be like in
(B.1). Then the mfl/ng( )(P (), i=1,...,J are asymptotically independent complex
variates with asymptotic distribution N (0, 27?[ »(0 )fab()\o )]), where

Hap(\) = / R (OB (1) exp{—iAtydt,  B™(t) := hi(t/m)

far(N) = 2m) 1) " exp{—idu}eap(u).

Moreover, if X(t) has zero mean the above also holds for 1/2 < p < 1.

61
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In order to prove the theorem we proceed with a sequence of lemmas partly following
the lemmas and theorems in [3, p.402-405] adapted to our case, i.e. using the modified
Fourier transform instead of the usual one. The proofs involve a category of functions
hq(u) that are bounded, of bounded variation and vanish for |u| > 1. For our purposes
we only need a subset of it, namely hq(u) = u" gy <1y, for some n € N. In the proofs
of Brillinger appears some integer 7. For us this 7" is a function of n (i.e. m,) with

my, = O(nP), for 1/2 < p < 1. The index n though is mainly omitted for convenience.

Lemma B.1. Let \; #0. For \g # 0 (mod 27 ) we have

m tk 2 2
Zkexp{ ()\ot+/\0 t—i—)q)}:O(m)
—~m n

uniformly for all s : |s| < sq for some so € N with k € {1,2,...} and \g € R. Moreover,

for arbitrary Ao we have
1 o= tk - S 12
lim — g — i | Aot + Ao—t+ A — =0.
im exp{z<0+ 0 + 1n))} 0

Proof. Suppose \g # 0. Let hy,(z) := 2* exp{ 2m? /\1}. By using partial summation
(cf. [5, (6)]) we get

ﬁéﬁex{¢OJ+Xst+Aﬁ)}
t:lmk p 0 0 1
w () e i (o 202 o)

1
< h, (D)) ——— < C
< (j;lfg! (@] + [ )|)A0+A05 <

< (Var(hun) + (1)) L (o + 202)

2
m
-\

n

1
Ao + 5\0%

for some constant C'. Thus the expression in question is O(’%), as 5\0% goes to zero
uniformly for all s in question.

Now suppose A\g = 0 and A\ # 0.

1 o= tk t2
ZkeXP{ <A0$t+)\1>}|
mtilm n

2
< ;gtk {i)\lz} +
m k
%Z ;kexp{z)q}“ exp{z)\g t}—l)‘
t=1

where the second term goes to zero uniformly for all s : |s| < so for any sy € N as
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maxg ¢ ‘ (exp {’ij\()%t} — 1) ‘ goes to zero. The square of the first term is

1 O th 2]
Zkexp{ikl} =
mtzlm n

3 e ()] ¢ [£55 fom (v5)]

In the following we discuss the behavior of the first term of the right side, as the behavior

of the second one is essentially the same. We have:

tk t2
- Ay —
- cos< 1 > <
t Lk 2 k 2 k 2
/ x—kcos <)\1x> dxr + sup x—kcos <)\1x> — inf m—k cos (Al:E)
t—1 m n ze[t—1,1 m n zE€[t—1,t] M n
which, if we sum on both sides, gives:
1 o= tF x? 1 (™ gk z?
E;WCOS <)\1n) S ‘m ) WCOS <)\1n> dzx
1 m k 2 k 2
— E sup x—k CoS <)\1x> — inf x—k cos <)\1$>
m =1 |zelt-11 m n z€[t—1,¢,] ™M n
z? =
<— — cos <)\1) dx| +
n
1 2 1 A, A
S /0 ¥ cos <)\1> dx +m2[2nt—]+0( 1
t=1
The second term of the last equation is O(m/n). The integral of the first term is for £k = 0
m x? T 21 m
il - /" 12 i DA 1/2
/0 cos()\ln>d:r— 2)\171 C i =0(n"'%)
where C'(u) is the Fresnel integral (bounded uniformly for all w € R). For k > 1 we have
m 2 m o k—1 2\ 7/
/ 2" cos <)\1> dz| = / ne [sin (Alxﬂ dx
0 0 2)\1 n
nak—1 z2\1" Mok —1)xk2 z?
inA\— — ——————sin |\ — | d
() [ )

nmFl ok —1) [™ ,
< o d = k-1
< o + N /0 x r=0(mm""")

With that the lemma is established. O

+

sup
t—1 Tx' €[t—1,1]

Next we have
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Lemma B.2. Corresponds to Lemma P4.1 in [3]
If h((zm) = ho(t/m) for a=1,...,r, then

th) (t+u1) A (t+ 1) AT () exp{—iP(t)} — HEa (P())
k1
<K ful
1

for any uj, j=1,....k —1 and some finite K with

k
Ha (P() =3 [H g <t>] exp{~iP(t)}

t 1

with ay,...,ax = 1,....,7 and P(t) = )\ot—l—%tQ for Xo # 0 and \y € R. This holds uniformly
for all such P(t).

Proof. Because of the definition of Hé:n)ak (P(-)) and the fact that |exp{—iP(t)}| = 1 the

expression in question is

< YRS+ ) - hGY (- umn) = RGP (@) - hGY (O1RGY (1))

for some finite L. Suppose for convenience u, > 0. (The other cases are handled similarly.)

The expression is now

<LY NS R+ v+1) = hIM(E +v)|
=1 t w
k—1ua—1 k—1
<M |variation of h,| < KZ ||
1

for some finite M and K. O
Next we have
Lemma B.3. Corresponds to Lemma P4.2 in [3]

cumulant{d(m) (Pi(4)), .. ,dgk )(Pk( N} =

Z Z HM , (PUC) 4+ Pooi () + Pa()) %

u1=—=S Up_1=—3S

X exp{—i(P1 (U1) + -+ Pkfl(uk—l))}cal...ak (ul, e uk,l) +€m
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: (9
where JDj(t):/\(()])t+%t2,]:’j(t) P;(t )+2)\ “t forj=1,...,k—1,8=2(m—1) and

Jem| S Ky oD (lual 4 4 Jura])ay o (wr, ooy w1

for some finite K.

Proof. The cumulant has the form

Z Z h{ m) (t1) - hgll) (tr) exp {—i Z Pj(tj)} Cay.ap, (t1 = ey ooy tee1 — )

1

S k—1
Z exp{—iZPj(Uj)}cal__,ak(ul,...,uk_l)x
=5 1
k ~
x> Mt ug) B (4 up_r) BT ( )exp{—iZPj(t)}
t

1

with Py (t) = Pi(t). The last equality results after changing the summation variables:
t=1tg, uj=t; —tfor j=1,..,k —1. Using Lemma B.2 this equals

s s
oo > Ha1 o (PLC) + -+ Proa () + Pa()) x

(251 S Uk —1=—

x exp{—i(P1(u1) + - + Pr—1(uk—1)) YCay..ap (U1, .oy Uk—1) + €m

where ¢, has the indicated bound for some overall finite K, as Lemma B.2 holds uniformly

for all parabolic functions P(t). O

Lemma B.4. Corresponds to Lemma P4.3 in [3].

Under the condition (B.2), €y, = o(m) as m — oo.

Proof.

m ™ em| < KZ Zm (Jur] + - + |ug—1])|cay .ay, (w1, o ug—1)|-
Now for any fixed u1, ..., ux_1 : m~ (Jug|+---+|ug_1]|) — 0 as m — oo. Because of (B.2)
we may now use the dominated convergence theorem to have the desired result. O

Now we can prove Theorem B.1:
We have

mp—1

m ™ 2EdI (Pi()) = m™Y? Y ha(t/m) exp{—iP;(t)}EX(t)
t=0
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which is either zero or goes to zero because of Lemma B.1. Then we have
coo{m™2d (P;()),m™ 2™ (Pe()} = m™ eum{d{™ (P;()). dy™ (Pe())
S
=m™t Y HGV(Pi() = Pul)) exp{—iP;(u)}eap () + o(1)
u=-—=5

where the last equation holds because of Lemmas B.3 and B.4. This tends to zero if

()\(()j),)\gj)) # (/\é ),)\(k)) because of (B.2), Lemma B.1 and the dominated convergence
theorem. If ()\(()]), )\(lj)) = ()\((] ), /\gk)) it equals

S
m! _ZS (Po () exp{=iP;(u)}eas(w) + o(1)
[n? |
VONT O HGY (Pos()) exp{—iPi(u) beap(u)+
u=—|n?|

w7t 3" HG (Poy() exp{—iPi(u)beap(u) + o(1)
u|>[n? ]
—-S<u<lsS

(4)
with Py ;(t) := %ut, for some positive p such that p + p < 1. The second term goes to
zero as n — oo because of (B.2). The summary of the first term is equal to

P m NG NG
Z Z h[(lm)(t)hl()m)(t)exp —#ut exp{ —1i )\éj)u—i-#uQ Cap(1)

u=—|nf| t=—m

[nﬁ ] m

IR0 exp{—i)\(()j)u}cab(u)+

u=— Lnﬁj t=—m

n?] m . ()
Z Z him )exp {—i)\((]j)u} (exp {—i)\l(UQ + ut)} - 1) Cap().
u——\_ t—fm n

() _
The term exp {—i)‘};(iﬂ + ut)} goes to unity as n — oo uniformly for all —[nP| < u <
[n?] and —m < t < m. Thus the second term is o(m) because of (B.2), the fact that
,(lm) (t) is bounded and due to the theorem of the dominated convergence. Altogether we
have for the case ()\(()J), )\gj)) = ()\((]k), )\gk)):

cov{m=12d0™ (P()), m~Y2d{™ (P())}

[n?] m ‘
- Y wty hgm>(t)h§m)(t)exp{—Mgﬂu}cab(u)+o(1)
u=—|n?] t=—m
[n7)

= m_lH((l;)n) (0) Z exp {—z’)\(()j)u} cap(u) + o(1)

u=—[n7]
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Thus the second cumulant behaves in the manner required by the theorem. Finally it

follows directly from Lemma B.3 that
lim my,*Zeum{d{ (Pi()), ... dg (Pi(-)} = 0

9 Ya
n—oo k

for k > 3 as Hy,. q,(.) is O(m).
Putting the above results together, we see that the cumulants of the variates at issue,
and the conjugates of those variates, tend to the cumulants of a normal distribution with

the parameters indicated. Thus the theorem is established. ]

B.2 Proofs of theorems

B.2.1 Consistency of the frequency estimator

Proof of Theorem 3.1
In order to prove Theorem 3.1 we need two lemmas, one referring to the stochastic and
the other to the deterministic part of (2.3).

Lemma B.5. Under the assumptions of Theorem B.1 and if EX; =0

T 4k
. _ t : AL g2
lim sup [r* E r—kXteZ()‘OHnt) =0, a.s.
1

n—oo )\0 7)\1

for all k € N and for m = O(nP) where 1/2 < p <1 and A1 is bounded.

Proof. We split the r summands into groups of K, members, so that K, = o(n'~P) and
K, goes to infinity. Then, for m, = K;'r and R, = r — |m, | K,, we have:

T4k
t ; A1 42
sup T_IZ—kXteZ(AOH' n ) (B.4)
T
Ao,A1 t=1
1 Ry tk I_m”J ]Kn AL o
— s — Z T ¥ eitost3s?) Z Z *Xt+Rn it 2Le2)
Ao A1 | MnBon |20 T j=1 t=1+
(]_I)Kn
Ry Lk
1 t ; A1 2
< sup Z—szel(’\OHns) +
A0,\1 mp Ky, =0 r
NS 1 tr i(ot+2142)
sup |my, ZKn ZjXﬁRne "
/\Oa)\l i t r
L th A1 42 1 L
—1 1 Aot t)
< it 3 ) L S
Ao, 1 MnBin s=0

where we set Xg = 0. The second term of the right side of (B.4) converges to zero. To
show that we write (note that R, < m, + K,):

Ry Ry,
my KUY X = Mt K 1 > IX- (B.5)
" " mpK, m,+ K, —
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Because n~! Y7 | X;| converges to E|X;| < oo we have:
n
Ve>0 InpeN: nt Z | X:| < E|X¢| + € (as.), Vn > nj.
1

Then it holds that:

dng e N K>n6, Vn > ng
1 mn+Kn

mn—i—K Z| t|< +K Z |Xt><E|Xt|+6, Vn > nyg.

Combining this, (B.5) and the fact that % goes to zero we have the desired result.
Now, we can write for all j € {1,..., [mp]},t € {(j — 1)K, +1,...,jK,}:

Mo Al(t—gK +jK,)?
n n
A A A
= LUK+ TNt = K+ 20t~ KK,
)\1

= (Kn)" + Da(j,1),

where D, (j,t) = 2%(t—an)an+%(t—an)2 is o(1) uniformly for all j € {1, ..., [m, |},
te{(j—-1)K,+1,..,7K,} because \; is bounded, K,, is o(n'™P), m = K 'r, t — j K, is
of the same order with K,, and 1/2 < p < 1. For t' :=t + (j — 1) K,, we can write the first
term on the right side of (B.4) as:

Lmn ] k
_ _ t ; 2142
sup ! 3 S 0060 o
A0,A1 j= P
[ JKn i N
= sup |m,,' Z K'Y DXy, @Rt SO )
A0, 1 : =14 G-1)K 7"
=1 Z sup |G- 1) Kn+2L2K2) 1 g, €00t DR()
—1 Aosh1
Lmnj K, t/k . . -
=m,,* Z sup Kt Z —XvyR, |€ [ i(ot) 4 pi(Aot) (ean(Lt) _ 1)]
A0sA1 rk
Jj=1 ’ t=1
Lmn | Kn 1k
<m,* Z sup K, ! kXt’Jar i(Aot)
j=1 20M t=1
Lan . -
+my,! Z sup K, ! +R, €0 (ean(Ji) - 1)
j=1 Ao
[mn ] Kn

<m, 12 supK
jl)‘07)‘1

t/k .
Y Xvir,e
t=1 r




B.2. PROOFS OF THEOREMS 69

L]
+m; Z sup K, IZ]Xt/JrR | e Pnlt)
j=1 A0,A1,
J?t/
Lmnj Kn 1k
<mp' Y sup KUY Xy, el
j=1 roA t=1
+ sup [P0 1| KNS TS X,
A0sAT, 1 t=1
it 7=
Lmnj K’n t/k
<m;* Z sup K, kXt’+Rn iGot)| 4 sup () ’ 1§:|Xt (B.7)
j=1 A0A1 —1 /\07>\17
it

The second one of these two terms goes to zero, as D, (j,t) goes to zero uniformly for all

j.t; Ao, A1 and 1 37, | X¢| converges to E|X;| < co. For the first term we have the following:

4k Kn 1. k
-1K, +t :
supK Z Xt/+Rn iQot)| = supK Z G ) k” +1] Xt/+RneZ()‘°t)
Ao = Ao t—1 "
K,
2 = 1)K ;
< sup K1 j{:lizggiggzd,)QL+Rn€uAm)_+
Ao =1 "
MG — 1) K] .
SupK 1= 1 [(J ) ] Xtuare’L()\ot)
The last term is
K K
< k‘SUPK D] < g =K z | Xv 4R, |
T
t=1

which goes to zero as E|X;| < co and K, = o(n'™P), r = O(nP) with p > 1/2. Thus the

dominating term in (B.7) is

L]

DNK, |k A
- Z sup K, ! WX)&/JFRHQ’()N)
Ao — T
J=1 t=1
[mn]
<m,! Z sup K ZXt’-i-Rn Aot) |
i=1
Now let us for ¢ > 1 consider the function
K
K _ )
gz( )<X) =sup K 1 ZX(i_l)K_,_teZ()‘Ot) - RE L R.

Ao

t=1

g(X) is measurable and because X; is ergodic we know from the ergodic theory that

s (k) (K) K—o00
1 — S(X)=Eg (X)) — 0
ﬁﬁm;%() g (X) :
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where the last limit equation is a standard result in time series analysis (e.g.[3, p.98]).
With that the lemma is established. O

Note that for p < 1/2 the term %tQ goes to zero uniformly for all ¢ in question. Thus
it is easy to prove that the lemma also holds for this case, but this is not needed for our

purposes below.

Lemma B.6. If 3 is bounded and m, = O(nP) with 1/2 < p < 1, then

lim =0

1™ 5
; 2
§ :ez(at+5t )
m
t=1

uniformly for all |a| + |5| > 9§, for every 6 >0 (for |a| mod 27 ).

Proof. We split the m summands into groups of K, members, so that K,, = o(n'!~P) and

K., goes to infinity. Then, for m,, = K, 'm we have:

1 UL B2
- Zez(atJrnt )
m t=1
. [772m | §Kn y PnKn ,
I i(at+22) i(as+£s%)
ST SR IR v
J=1 t=(j—1)Kn+1 s=|n | Knt1
1 L] iKn B2 1 Tenn B 2
< |= i(at+242)| L ’ i(as+25s%)
S D DD DI o2
J=1 t=(—-1)Kn+1 s=|mn|Kn+1
772 ] JKn
1 - B2 K
< - z(atJrEt ) n
S oo +—,
j=1 t=(j—1)Kn+1

with K, /m being o(n'!~?P) and therefor converging to zero. Now, we can write for all
jed{l, ., mpl}te{(j-1)K,+1,...,jK,}:

&tQ — A1

n

where D, (j,t) = 2%(75—an)an+%@—an)2 is o(1) uniformly for all j € {1, ..., |/, ]},
te{(j—1)K,+1,..,jK,} because \; is bounded, K,, is o(n'~?), m = O(n?), t — jK,
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is of the same order with K,, and 1/2 < p < 1. Then

I.an JKn

i(a 72 7l
Z Z t+2¢2) —

M = (—1)Kn+1

Z i(at+2 52 K24+ Dn(4,t))
t

||'M El

L]
. - B ;2712
< - 61(0!(3—1)Kn+g] K?) Z i(at+Dn(5,t"))
Jj=1 =1
Lﬁan Kn
= 33 [0 o0 (o) 1ﬂ|
j=1 t=1
L7 ] [7n]
< oty K zewt e YK 12 P 1]
j=1
Ky
< K71 | L max |eiPn(Git) _q ,
- " tz_; jit

where ' = t+ (j — 1) K,,. The second vanishes as n grows (see definition of D,,(j,t) above),
while the first one converges to zero uniformly for all || > d, (mod 27), for every d, > 0.

Altogether we have:

m

1 3 pilot+242)
m

t=1

converges to zero uniformly for all (B.9)

|a] > 4 (mod 27), for every 6, > 0.

On the other hand, we can express the square of the same norm as follows:

m 2

1
- Zel at+
m

t=1

= |— t+ —t — t+ —t
!m tE 1 cos(a " p ; 1 sin(o -

In the following we discuss the behavior of the first term of the right side, while the

behavior of the second one is essentially the same. We have:

cos(at + é752)
n
! B o B o : B o
< cos(ax + =z%)dx + sup cos(axr+ —z°) — inf cos(ax + —x°),
t—1 n zelt—1,t] n z€[t—1,t] n

which, if we sum on both sides, gives:

% Z cos(at + gtz) < (B.10)
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1 [ B o
< — [ cos(ax + —x%)dz
m Jo n
1 m
+ — Z sup cos(ax + éx2) — inf cos(az + éxQ)
m =] |zet—14] n z€[t—1,t] n
1 m m
< = / cos (o + éxz)dx + sup oz + éq:Q —ax’ — ﬁxﬂ
Lo " t=1 T,z €ft—11] n n
1 m 1 m
< — / cos(ax + éxz)dx + = Z [|a| + 2@75 _ w]
mJo n m = n n

1 m
= / cos(ax + émQ)d:U + |a| + o(nP™1)
m Jo n

because | cos(z) — cos(y)| < |z — y| for all z,y € R. The integral on the right side of the

last equation equals to (because cos(—x) = cos(z) we can always assume that § > 0):

1/ cos(aa:—i—éxz)dx (B.11)
m Jo n

1 n [« a?n an + 203z [ a®n an + 262\ 1™
=—> /= |cos| — | C| —=—— ) +sin S )
VB m '\ 2 43 V20nm 43 V26nm ) |,
where C'(z) and S(z) are the Fresnel-C and Fresnel-S integrals, bounded for all z € R.
This means that the above integral goes uniformly to zero for all |3| > ¢, for every 63 > 0.
Putting together (B.10) and (B.11) we have for this second evaluation that:

(ot B
For every eg there is ng with ettt < la| + € (B.12)

for all n > ng and all 8 : |3 > dg, for every dg > 0.

The combination of (B.9) and (B.12) establishes the lemma if we choose some 6, <
min{e, 0}, 63 = d — 0, and eg = e — 0, with €, § being the quantities involved in the desired

convergence of the lemma. O

Now we can prove the consistency theorem. We maximize the function in (3.17) divided

by m, as this does not affect the maximizing arguments. We have:

2

m! ni/é YielCot+ 2, ) (B.13)
t=—m,/2
m/2 2
= 7t 3D [al) cos (610 () + B sin (610 () + X (1)] Q0|
t=—m/2
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where

up+en+t/n
op0(t) = n/ w(z)dz (B.14)

W' (u ne2
= tw(ug) + tZQ(nO) + nepw(ug) + T"w’(ug)

up+en+t/n
+ entw’(ug) + n/ R(z)dx,

uo

=Ry (¢)

where R(z) is defined in (3.18). Note that R (t) vanishes for n — oo uniformly for all
te{-m/2:m/2}, p < 2/3 because of (3.19) and the fact that ¢, < 1/n. In the case of a

Aot+35112) goes

locally linear w(w) it is from some ng on zero. The quantity m='>", X (t)el

to zero uniformly, for all Ay € [0,7] and A; bounded, according to Lemma B.5. In the
. A

following we describe the asymptotic behavior of m=1 3", cos (¢%0(¢)) !Nt 301%) | as this

. A
of m™1 3", sin (¢U0(t)) !Nt 31%) ig exactly the same. We have:

1 m/2 R
L g i(Aot+5Lt?)
— 3T cos (g () el
t=—m/2
1 m/2 \
= 5 Z [e9n° (1) 4 g=n (t)]e"()‘ouriﬁ) and using (B.14):
t=—m/2

. 2 /
€xp {Z (nfnw(UO) + n;nw,(UO)> } m/2 R0 (1) z‘{(Ao-ﬁ-w(uo))t-ﬁ-i@l+;)n<u0))t2}
n (&

- 2m Z ¢

t=—m/2
. 2 !
exp {—z (nenw(uo) + %w’(ug))} m/2 iR 7i{()\gfw(u0))t+ (AI*;’nWO))tQ:l
+ 5 Z e Ve
m t=—m/2

. 2 /
exp {Z (nenw(uo) + n%w’@m)) } m/2 i{(Ao-HU(uo))t-l— (/\1+;~Jn(uo))t2}
e

- 2m Z

t=—m/2

2
exp {—z’ (nenw(uo) + %w’(ug))} m/2 ,i{(/\o,w(uO))H (Ar;:(uo))tz}
e

+ 2m Z

t=—m/2

+ o(n’7?),
——

—0

Now we distinguish two cases: If w(ug) > 0, according to Lemma B.6, this converges to
% exp {—i (nenw(uo) + %w’(uo))} for [N, A1) = [w(up), w'(up)] and to zero uniformly for
all [Ao — w(uo)| + |A\1 — w'(ug)| > 0 for every 6 > 0. Altogether the right side of (B.13)
converges to W = ¢ > 0 for [Ao, \1] = [w(up),w(up)] and to zero uniformly for
all Ao — w(ug)| + [N\ — w'(ug)| > 9 for every § > 0. If w(ug) = 0, then also w'(ug) = 0
because w(u) € [0, 7] and it is differentiable. In this case the right side of (B.13) converges
to {a%}? = 42 > 0 for [M\g,\1] = [0,0] and to zero uniformly for all |Ao| + |A1| > &
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for every 4 > 0. The desired convergence follows now directly: If this were not the
case, there would be a subsequence [y (up), @ (ug)] converging to some point [zg, yo] #
[w(ugp),w (ug)] or diverging. But J,, (ug; @p(ug), @), (ug)) = Jn(uo; wn(u), wh (ug)) — ¢ >0

while Jy, (ug; @ (uo), @5 (1)) — 0, which is a contradiction. O

B.2.2 Consistency of the phase estimator

Proof of Theorem 3.2

By using exactly the same arguments as in the proof of Theorem 2.2 we see that:

Jn (103 O (u0), @y, (1)) — Jn(uo; w(uo), w' (uo))
2

1 LR 1, (ug)—w’ (ug)
= Lz gt S0 ettt ety L)
~—_—— t=1
C

The difference has to be positive as the first arguments maximize the modified peri-
odogram. The first part of the right side is less or equal to zero, thus it must converge to
zero along with the positive o(1) term. Thus the sum converges to 1. We will show that
this is only possible if the statement of the theorem holds. Let us suppose that this is not
the case. Then there must be a subsequence {n} C N for which either both extrema are
bounded, or the limit is infinite, i.e. the maximum and/or the minimum of the function
in question (without the norm) diverges/diverge.

We examine now the first case. We can write the polynomial function:

; W (u0) — w'(uo) o

fu(t) = (©On(ug) — w(ug))t + 5 e, 1<t<m
n
= fn(u) = apu + bnu2a
N Wy (uo) —w'(ug) t
f n — n - 5 b?’L — n s =
or a, = (Wn(up) — w(ug))m ™ u=_

Note that the number of u-points in some interval (I1,l3) C [0,c] is of order (I3 — I3)m.
Now we choose some (I1,12) C [0,¢c] and (I3,14) C [0,¢] so that 0 < 11 <lp <3 <ls < 27.
Because of the boundedness of the extrema (see Lemma B.8), a,, and b, have to be also
bounded and along with them also the first derivative of f,(u). Thus, the Lebesgue
measure of {u : u € [0,1], fn(u) € (I1,1l2)} has a lower bound greater than zero, i.e. the
number of %—points whose mapping is in (I1,l2) has a lower bound, let us say Liam, with
0 < L1 < 1. Let Lzgm > 0 be the lower bound that refers to (I3,14). Now we have:

m

mtS " i)

=1

P { Z eifn(t) + Z eifn(t) 4 Z eifn(t)
t:fn(t)E(l1,l2) tefn(

~+

t)e([37l4) rest
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where in the two first sums of the right side we put only the first L1om and the first Lsym

t-points respectively that satisfy the condition. This last expression is:

(1 = Lig — L3g)m

m

4ot DI D D0
t: fn () E(l1,l2) t: fr(t)E(3,l4)
t:fn(t)e(ll,b) t:fn(t)E(lg,l4)

where 6 is the angle that form the arguments of these two norms and is strictly less than
7, uniformly for all n because of the way [y, [s,13,l4 are chosen! The norms themselves
are of order Liom and Lggym respectively. Thus, the last expression is asymptotically
STRICTLY less than 1. And this is a contradiction.

Now we examine the case where at least one of the two extrema is diverging. For
convenience suppose that only the sequence of the maximums diverges, as the proof is
similar for the other cases. We choose all groups of Iy i, l2 , l3 %, 4,1 With the properties:
(i) lik+1 = ljx +2m for k € N and j € {1,2,3,4} and (ii) 2km < L <lgr <l3p <
ly < 2(k+ 1)m. Note that the number of f,(¢)-points falling in [2k7,2(k + 1)7] goes to
infinity uniformly for all k£ such that 2(k + 1)m < sup, f,(t). By using similar arguments
like in the previous case (see Lemma B.9) we can see that the number of ¢-points with
fn(t) € (lig,l2%) and the number of t-points with f,(t) € (Isk,lax) for all & : k €
N, 2(k 4+ 1)m < sup, fn(t) is of order m. Thus we can go on exactly like in the previous

case and attain the same contradiction. Thus the theorem is proved. O

Proof of Lemma 3.1

Before proving the consistency of ol and 57(1“0) in (3.14) we need the following lemma:

Lemma B.7. For any (k,\) # (0(mod2m),0) we have

1 & A 1 & A 1
nlirgo o SZlcos.2 (KJS + n82) = nlggo po~ ;sin2 (ns + n82> =5

with m = O(nP), 0 <p < 1.

We prove this statement only for the cosine-case, as the sine-case is essentially the

same.

Proof. We have
1 & A
— g cos? (HS + 32)
m n
s=1

Bl eri el 2]
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ﬁ Zm: [exp { <m + 2?) } + exp {—Qi </~es + 2s2> } + 2eXP{O}]

s=1

25" o o 2) o {1 (i 24) )]

where the second part of the right side of the equation goes to zero following Lemma B.6.
Thus this lemma is established. O

Now we prove the lemma. We have (suppose for simplicity €, = 0, as the approach is

exactly the same if this is not the case)
a1 3, sin?(9(") — Y, cos(6)sin(@")) |
B! X[ = S cos(@l™)sin(@) 5, co?(d4")

dos cos(dA)(uO))( (uo)cos(qﬁ uo)) ﬁ(u0)51n(¢(u0))+Xs)
>, sin(@") (f cos(6{") + B sin(6{") + X

n

X

(B.15)

where | X'X| = [Z sin?($L" )} [Z cos? (" )] [Z cos(qﬁsuo))sm(cb(uo))} , 8 is the
real phase function and gbs uo)
n (B.15). We have (let wy := w(uyp)):

= sy + %wo. We evaluate now all entries of the matrices

My ze 52
2 (uo) — 20 .~ 2~
Z cos” (") Z cos”(stwg + anO)
S=—my S=—my
- 2 s? / —~ s? / /
- S:z_;m cos” (swo + 2,40 + s(wy — wp) + %(wo —wp))

(and because of the mean value theorem)
my 2 2

B S ’ — ST / 2
= Z [cos(swo + %wo) + O(s(wg — wo) + %(Wo - wo))}
s=—my
o 2 52 / — 52 ~/ /
— Z [cos (swo + %wo) + O(s(wo — wo) + %(Wo - wo))]

s=—my

which because of Theorem 3.2 gives

2

Z cos?(p0)) = Z cos?(swo + %wé) + o(M). (B.16)

By using exactly the same arguments we can write
207 2 5° /
ES: sin?(p(w0)) = ES: sin”(swo + %WO) +o(M). (B.17)

and

> " sin(¢{")) cos(¢{")) = o(M). (B.18)



B.2. PROOFS OF THEOREMS 7

On the other hand we have

uo+s/n uo+s/n 1 9
n/ w(u)du = n/ [wo + (u — uo)wp + §(u —up)“w" (§)]du

0 0

$2 & $2 &3
= swp + —wy + —sw ({):3w0+fnw0+0 ) lug — &| < Jup — ul

2n 6n? 2
and thus
i cos(p{10)) cos(p(H0)) = % cos(swp + i@é) cos (n /UOH/nw(u)du)
s=—my ’ ’ s=—my 2n uo

my

32 Y 82 ~
— Z cos (swo + %wé + 0 <8(w0 —wp) + %(Wé - w6)>> '

s=—my

2
= g cos?(swo + ;—wé) +o(M), (B.19)
n

s

because of Theorem 3.2 and the fact that m;,m, = o(n?/3). Using exactly the same

arguments we get

My 2
s . s
Z sin(¢("0)) sin(p{#0)) = Z sin?(swo + %wé) +o(M), (B.20)
s=—my S
S cos(@) sin(() = o(M), (B.21)
s=—my
> sin(d{)) cos(¢") = o(1), (B.22)
s=—my
while Lemma B.5 yealds
D sin(@") X, =o(M) = Y cos(¢{")) X,. (B.23)
s=—my s=—my

Using (B.16), (B.17), (B.18), (B.19), (B.20), (B.21), (B.22), (B.23) we can express (B.15)
as follows:

aluo)
Anuo) ==

1 >, sin? (swo + %wé) + o(M) o(M)
X
[ XX o(M) 3, cos? (SUJO + %w()) +o(M)
(u0) 2 ( 2 /)
o cos® | swo + 5-wy | + o(M
.| o e ) + o(M) : (B.24)

i) 3, sin? (swo + %w’o) + o(M)
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where

+ o(M?).

1X'X| = [Z sin <sw0 + w0>] [Z cos <st + ;w())

Because of Lemma B.7 and since a;° and 3;° are bounded it is now easy to see from
(B.24) that [a4", 3] — [a{"), 8{"0)] converges to zero . Thus we have the desired result

and the lemma is established. O

Proof of Theorem 3.3

The assertion follows immediately from Lemma 3.1. U

B.2.3 Asymptotic normality in the signal approximation (frequency)

Proof of Lemma 3.2

We have for j = 0, 1 with wy := w(ug), W := ' (ug) and ¢g := ¢y, (we omit “n” from M,,)
— (Y 9 /
M ) o, Jar (uo; w(ug), o' (up))
=1 ! M~12x
(j+1)!
i wonen+wh "+¢0 s \J+1 .
x| g€ ( 2 ) Zs: (M) exp {i (wosen) } (B.25)
~ =i wonen+w) 2" +¢o 5 \Jt1 . / 52 /
+ 5€ < > ZS: (M) exp {—z <2w08 + W~ + wysen (B.26)
s J+1 wh 52
+ ZS: ( ) X (uoten)+s €XD { <wos + 20 - ) } X (B.27)
% —i<wonen+w{)ﬁ+¢o> 1 L B.9
X |5e ZS: s {—i (whsen) } (B.28)
2
i wonen+w), Zen 4 1 2
+ %e ( onen+wy 5 ¢’0) Zs: s {Z <2w08 + w(’)% + w686n> } (B.29)
1 wy [ 2
+ Z MX" (uo+en)+s XD wos + > (B.30)
+ cc.

where all sums are from —m, to m, and cc is the complex conjugate. Now because

len| < 1/n and exp {%i (w(sen)} = 1 % iwj exp {i (wy€sen)} se, for some 0 < & < s we get

(B.25) = %exp { (won% + et 2 + ¢0) } zs: (%)N O (n:;)

(B‘28) = %eXp {_i <w0n5n + wOT + ¢0> } + 0 (%)
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(B.26) = o(m}/?) = m,(B.29),
because of Lemma B.1 and the fact that 0 < wyg < 7w and
(B.30) = Op(mgl/Q), because of Theorem B.1.

Putting all the previous together we have for j =0

— ﬂM—l/QJM(uo;w(uo),w'(uo)) (B.31)
Ao

2
Y —i<w0n6n+w(’)%+¢o> S . w6 52
=ige Z FXR(UO"'G'H)J"S expq —t | wos+ >

s 2

+o(1) + cc

because (B.25) becomes O (mT%) for j = 0as Y™ s = 0. We know that if z; and 2
are zero mean complex random variables then Cov{Re(z1), Re(z2)} = 3Re(E{z122} +

E{z122}). Using Theorem B.1 we see that
2

S . wh s D 1
zg: 7M3/2 Xon(uoten)+s €XP {—z <wos + 20n) } =S NC (O, 27712fXX(w0)>

where fxx(wp) is as in Theorem B.1. Plugging this into (B.31) and by repeated use of
Theorem B.1 we get

9 7 2
_7M—1/2JM<UO§W(Uo),w’(uo)) 2N oygﬂlfxx(wo) _ (B.32)
0o 51
Slmllaﬂy fOI' j = ]_ we have
O\ M3/2 MU0, 0) 0 ‘
2

il wonenteh 40 s . o 2
= Zze ( 0 2 ) Z EX’”(U(HT"H_S exp {—Z <OJ08 + ?()E

S
! 2

2
Y i<won€n+w(')mT”+¢0> 52 1 ) wp S
+ Zze g W ; EX’H(U(H‘QLH‘S exXp4§? | wos + ?;

2

2 s
+ Y Z 152 +o(1) + cc.
S

The term i% Do M%Q/Q vanishes with its complex conjugate. Using again Theorem B.1 we
get

2 /2

S . wp 8 D 1
28: WXn(uo%an exp {—z (wos + 20n> } 2 NC (0, 27780fXX(w0))

1 . wh s D
Z M1/2 Xn(ﬂo-i—en)-f—s exXp {Z (WOS + 20n> } — NC (0, 27fox(w0))
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because fxx(\) = fxx(—A) by its definition. Thus we get with help again of Theorem
B.1

O (s o(u0), o/ 10)) 2 A7 (0,27 pxon) (B34
—_—— sw(ug),w' (ug)) = T . .
DAy D32 MO RO AR 24107 %™
As for the covariance between (B.32) and (B.34), Theorem B.1 implies that it goes to

zero because the terms H(ZZ,(O) that appear contain summations of the form Y™ s with
k = 1,3 which is zero. Thus the lemma, is established. ]

Proof of Lemma 3.3

Because of (3.19) with » = m,,/n and L,, = wone, + %‘l)ne% + ¢ we have

1 02
M2ON2 Tar, (103 Ao, ) =
1 & oA :
( L,y 1 Z s exp{ [wg—ko) (wh in) +wosen+0<m )]}
a1 (cwh-d)s "
te S S__ms exp { [( wo 0) o WoS€n + n2
., ) m ) . )\182
+§W 5" X (uo+en)+s €XP 3 —i | Aos + o X
L, 1 - . (wp + A)s” "
" (e 2 Sz_:m exp {z [(wo + Ao)s + on + woSe +0 n2
. (u-wh)s? m
n A - - on " O n
e QMS_Z_mexp{ [( 0—wo)s + 5 woS€n, + n2
Ay 52
+77 Z X ten )+Sexp{i [/\034— 21:; ]})
Lyl & . (wh —A)s® m
N (e ! S:st exp {z [(wo 0)s + on + wyS€n + n?
iyl & , (—wp — M)s” m
te e S__msexp {z [( wo 0)s + o wose + n2
Lo . 152
s o ol )
L,y 1 - ' b AR &
« (e ST S:_msexp {z [(wo + Ao)s + o + whsen + O n2
1 & b ) :
—i—eiL”%W sexp { [()\0 —wp)s + (12:0)5 — WGsen +0 (7:32)} }

2

m
Y 1 . /\18
+§W Z 5 X (uo+en)+s €XP {'L [/\05 + m :| } ) + cc.

S=—m
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Thus, because of Lemmas B.5 and B.1 and the fact that €, < 1/n

1 92
Wa—)\%JM(uo;/\oyfl,n) No=fon
(b £ ol s 5820 ()]} )-
m o\ e2 3
) (ngp{ R T +O<TZ>”>

I 2 3
sexp{i [(wo —&on)s + WS +0 (:?2>] } > g
—_ S mr

+o(1) + cc.

m3

The last two brackets and their complex conjugate vanish because of (3.23), O("z) = o(1)
and the fact that >.™ s = 0. Altogether, again because of (3.23) and the fact that

O(5) = o(1) we get

TL2
1 62 ,YQ
——J D) n = - 1 B.35
M2 8A% M(UO, 0, §1, ) No=Eon 24 + 0( ) ( )
On the other side we have
n? 0%
M4 a)\g JMn (an >\0, )‘1)
L, (wp — )\1)32 ! m?
n - A —_— ntO|—
( 9 M5 szms exp{ [ wo 0)s+ 5 + wpsen, + 2
.Y 1 S 4 (—wp — M) § ! m?
"o — - A n+tO|—
+e SV S_Ems exp {2 [( wo 0) on woS€n + 3
+1— Z stX exp< —1t |Aos + As? X
] M5 R n(uo+en)+s om
Lnli = . (w6+)\1)82 ,
X (e Wi Sz_:m exp {z [(wo + Xo)s + — + wysen, + O
_ 1 & A — wh)s? m3
+e L"%M Z exp{ {(/\o—wo) +7( ! 2n0) —w636n+0<2>]}
Y 1 - . /\182
3 & renvee o+ 2])
) (wo — A1)s® / m?
- - A —_— ntO|—
( BVE szms exp{ [ wo 0)s+ 5y + wpsen, + 2
g - (—wp — M) 2 ' m?
-— - A n+tO|—
+ Y, Z s exp{ [( wo — Ao)s + o WoS€n + 3
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m

4 e 8" X (ugt-en)+s €XP {z [)\os+ o X

S=—m

1 & . wh + A1)s2 m3
( L"ZMS s% exp {z {(wo—k)\o)s%—(o%l)—i—wésen—%O <n2>} }

2

1 ) AL —wh)s m3
—i—e*L"%W Z s exp {z [()\0 —wp)s + (12710) — wjysen, + O (ﬁ)] }

) 182
+ZW Z 5% X (uoen)+s XD {Z [)\084- o ]}) + cc.

S=—m

Now, using exactly the same arguments as before, we get

n2 82

I (w03 Eo,ns A1) - 17 + o(1). (B.36)

W@i)\% )\lzfl,n 60 24
Finally
n 02
N3 g0, M (0 0 M) =
. m I A2 ’
( Ln;M4 s3exp{i {(WO—AO)S+W+M68€n+O<T;>}}
—wh = \)s2 ’
teLn < M4 Z s exp{ [(_WO — Xo)s + (‘4}021)5 ~wosen + 0 <TTZL2>] }
n
~ 1 m 5 . )\182
A 2 % Kntursany s 50 {‘Z [AOS eI
1 & . 0+ A1)s” m
" (eLn;/M 3 exp {Z [(wo +Xo)s + (WOin)S + wisen + O (vﬂﬂ }
) m A\ — AP 3
+e _L";M exp{ [(AO_“’“) +(1272m8_w65€"+0<7;>]}
m )\18
+** Z_: Kn(uoten)+s XP ) 1 | dos + =
L1l | (wh— M)s® | m’
(et g 2 sew i (w0 = M) + IS e+ 0 (5
I R . —wp = M)s? m
te LH%W Z sexp {z [(—wo —Xo)s + (02nl) — wjsen + O (712)] }
~ )\182
1 _Zm HHniuoten)ts P {_Z Pos D } } ) -
1 & . 0 +M)s? i
) (Z > ey i+ e+ GBI ey o (]

2

) . A —w))s m?
—I—e_L"%i:i > sZeXP{Z [()\O_wo)s+(1271())_w086n+0<”2>]}
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m

Y 1 2 . )\182
+ZW 5" X (uo+en)+s €XP {z [)\os + o) + cc.

S=—m

Again because of Lemmas B.5 and B.1 and the fact that €, < 1/n we have

1 9?2

mai)\%JM(UO? Ao, )\1)

Xo=Con —
A1=1,n

) (;&4 _f: s3exp{i [(wo—fo,n>3+W+O(zf>]}>x
(8 Eol e 2 o))

(3 2 oo s 5227 o ()] )
y (;13 > stoxp{i[i6on —wos+ G2 B 0 (fjﬂ})

S=—m

+ o(1) + cec.

Now for £k =1,3

m I 2 3
i 35 o {0 aer 4802 o (2]

s=—m
1 m
k
<l 32 s
s=—m
Ly | Wh— &) [
+W Z 5| exp{z |:(Ld()—§()7n)8—|—02nn+0 o) -1
s=—m
; (wp — fl,n)S2 m3 1 m .
s exp{z [(w“_&)’”)”zn*o o) Y g 2 1

S=—m

m s

k _ .
«—m 5. = 0. The last line goes to zero as the

where the last equality holds because )
argument in the exp-function goes uniformly for all s to zero by assumption. Thus the

lemma is proved. O

Proof of Theorem 3.4
The starting point of the proof of the asymptotic normality is the two following applications
of the mean value theorem for the points (wo,wp) and (&, & ,,). We have (we omit n

~ /\/
from &o pn, Jp )

1 8jM(u0;)\0,CJ6) B 1 8jM(u0;)\o,w6)
M1/2 Ao M1/2 0Xo

= (B.37)

iéﬂjM(uo; Xos&1,n)

3/2(~
=0 o M32(& — wo)

Ao=Eo,n
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92 Jar(uo; Mo, A1) M (@ — wh)

M3 8/\03)\1 Ao=Eo,n n 0 0
A1=€1,n

n 0T (ug; Do, M) _n 0Ju(up;wo, A1) _ (B.38)
M3 M M3/ Y B '
)\1:@6 Al:wé

_ ﬁ32jM(u0;éo,n,)\1) M5/2@/ o)

YL N2 i o
1 A1=€1,n

L 82jM(u0; )\0, )\1)
M3 0A10)\

>\0=§:0,n
A1=€1,n
for some points (€on, &1,n) and (Eo.n, 1) between (wo,wh) and (Do, Jh). Note that the
first terms of the left side of both equations are zero, as (o, &) maximizes the modified

5/
periodogram. If we solve (B.38) for M:L - (0 — w() and then plug it in (B.37) and make

use of Lemma 3.3 and Theorem 3.2 we get

o(1) — 1 9Ju(uosdo,wp) | _ [ 1 9%Jr(uo; Mo, 1)
M2 o M2 Y

wo

+o(1) | M32(@o — wo).
fO,n

The result for (Dy —wp) follows now directly by use of Lemmas 3.2 and 3.3. The result for
(0 — wyg) is achieved by following the reverse procedure. The asymptotic independence
also follows directly from Lemma 3.2.

B.2.4 MSE and asymptotic normality

Proof of Lemma 3.4

We have ('cc” means 'complex conjugate’)

A ) wh 82
I (uo,wo,wé) =t (M Z 8 Yo (uo+en)+s,n XD {_Z <"J03 + 20n> }) x  (B.39)

s=—my
1 & , wh 2
X <M s;ﬂg Yn(uo+en)+s,n exp {Z (WOS + 20n> }) +cc

In order to estimate the difference J]’W(uo,wo) — j]’w(uo,wo) we need to replace in both

summands the terms Y, (yo4e,)4sn DY Yn(uO+en)+s(ug). We use the formula
y1y2 — 2122 = (Y1 — 21)22 + 21(y2 — 22) + (41 — 1) (Y2 — 32), (B.40)
that is we have

i (ug, wo,wh) — J! (ug, wo, wh) = —i [(z) X (1) + (1) x (#it) + (i) x (i13)| + cc  (B.41)
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with
S\3 s|+1
Susprarian =108 oot d) +0(n(5) ) w0 (FLEE) )
§ + 1
Sn(u0+en)+s,n =7 Cco8 (CL tc+ d) + O<|S|n
with 9
0= ()l o), = wlug)s, dim by + wlun) e (B.43)
and
. 1 m . . w’ U 32
(Z) = W SZimS (Yn(uo+en)+s,n - Yn(uo+6n)+5(u0)) exp {_Z <w(u0)8 + (22) > }
1 m . . w/ (v 82
=7 szz_m S (Sn(u0+6n)+5,n — Shn(uo+en)+s (UO)) exp {_Z <w(uo)s + (27(;) > }
L NNPVIEES
= Msz_:ms [cos(a+c+d) —cos (a +c+d) +O(ﬁ) +O( n )}x
x exp{—i(a+b)}
m* m? m?
=o(5z)+o(5) =o(5%) (B4
Lo ) / 2
(i) == Vi S:st n(uo-+en) +s (U0) €XP {_i (“’“‘0)8 + W)}
1 m . . w’ u 82
(iii) := 7 P (Y(uoten)+sm — Yn(uo+en)+s(u0)) €xp {—z (w(uo)s + (22) >}
;& 2 L o lsl+1
- Ms;m[cos(a+c+d) —COS(G+C+d) +O<ﬁ) +O<T)}X
x exp{i(a +b)}
m3 m m?
=o(5z)+o(3) =o(3z) (B4
. 1 mo . / 2
(iv) == Vi S:Z_m Yn(uo+en)+s(u0) exXp {_Z (w(uO)S + W(;LZ)S>}

where a, ¢, d are like in (B.43). We now construct upper bounds for these terms.

(ii) We obtain with wy = w(up) and wj = ' (ug)

I — - whs?
M Z SYn(uo+6n)+s(u0) exXp {_Z (WOS + on >} =

S=—m

1 & < , whs?
~ M Z s (Sn(uo+e7z)+8(u0) + Xn(u0+en)+8) exXp {_Z (wos + m > }

S=—m
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= — Z s%[exp{i(a—l—c+d)}—|—exp{—i(a+c+d)}+0(

S=—m

Lo whs?
+ M Z 5Xn(u0+6n)+s eXp {_i (wos * 20” )}

S=—m

1 < whs? m?
= M Z SXn(u0+6n)+S exp {—Z (CUOS + 27’L> } + 0 <n>

S=—m

ls| +1

)| exp{=ita+ o)}

where the last line holds because of Lemma B.1.

(iv) We obtain with wy = w(ug) and wj = w'(uo)

1« ¢ . wps?
M t;m Yoi(ug+en)+¢(0) €xp § —i { wos + o
R . whs?
t=—m
= 1 i b {exp{i(a +c+d)} +exp{—ila+c+d)} + O(M;lﬂ exp{i(a + )}
M s=—m 2 n
1 . wps?
T M Z X”(quren)Jrs exp {Z <UJ08 + o, >}

S=—m

1 & , whs?
= Z Xn(uo+en)+s €XP ¢ | wos + o +0(1)

S=—m

again because of Lemma B.1.

Since E d\Y (u, Ao, A1) = Ed{Y (u, Ao, A1) = 0 for all u and A we now obtain

4
E(B) (uo, wo, wh)) = E( — [(i) % (iv) + (i) x (i) + (i) x (m)} tec= o(%))
and with Theorem B.1 (note that (i) and (iii) are deterministic)
7

var (Bl (uo, wo, w))) = var( — [(z’) x (iv) + (i1) x (m‘)] Vec= O(%))
This means that MSE(M_I/QBM(uo,wO,wg)) =0 (73—47), which goes to zero for m <<

n4/7. O

Proof of Lemma 3.5

We have ('cc” means 'complex conjugate’)

i (R . wh s2
Tu (“0’“’0’”6) T (M Y 5 Yatugten)tom €XP {_Z (wos - 20n> }> "

S=—Mmy

(B.46)

1 & , wp 8°
(38 s (o4

s=—my
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In order to estimate the difference J4,(ug,wo) — J4;(ug,wo) we need to replace in both
summands the terms Y}, (o 4e,)+s,n DY Yn(qurE”)Jrs(uo). We use the formula (B.40), that is

we have
T4 (1,0, 0b) — ', (0, w0, ) = —% (1) > (IV) + (1) x (111) + (1) x (ITD)] + e
(B.47)

with (cf. (B.42), (A.34) and (3.21))

L s % W' (ug)s?
"M :Zm Vatuoren)tam = Yatug ten) 5(10)) €xD {‘ <w(“0)s ¢ &) ) }
1 ¢ ) . / )

5 20 (Sutoran — Snsosyeatol) e {-i (s + L300 |
iy NI
- MS:_mSQ {cos(a—i—c%—d) —cos(a+c+d) +O( 5 ) +O( - )]x
x exp{—i(a+b)}
m5 m3 m5
=o(57)+o(5) =o(3) (B.43)
1 X . . , 2
(II) = M S:Zm 82 Yn(uo—l—sn)—i-s(uO) exp {—7, <w(u0)3 + bu(;lfb)) }

1 & - ) w'(up)s?
III M Z n(uo+en)+s,n Yn(uo+en)+s(u0)) eXp 7 w(’LLQ)S + T

S=—m

:% i [cos (a+c+d)—cos(a+c+d)+ O<|TSL|3)+O(|S|+1)}><

n
s=—m

x exp{i(a+0b)}

- 0(%) +o(%) - o(%) (B.49)
(IV) = % _i": Yn(u0+en)+s(u0) exp {—i (w(uo)s + “W)}

where a, ¢, d are like in (B.43). We now construct upper bounds for these terms.

(IT) We obtain with wy = w(up) and wj = W' (ug)

1 & wp s
M Z S n(UO+€n +s( ) exp {_Z (WOS + on >} =

S=—m

Ly whs?
M Z 5" (Sn(uo+en)+3(10) + Xn(ug ten)+5) exp{ <w05+ omn >}

S=—m
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1 2 . . Is| + 1
=/ S:st 5 [exp{z(a +e+d)}+exp{—ila+c+d)}+ O(T)} X
x exp{—i(a+c)}
I &, , whs?
1 & , whs? m3
= i Z 52 Xn(u0+en)+s exp {—z <wos + 20n )} +0 <n>

S=—m

where the last line holds because of Lemma B.1.

(IV) We obtain with wy = w(ug) and wjy = w'(uo)

1 & , wps®
i Z Yo (ugten)+t(0) eXP{Z (WosﬂL omn >}

t=—m
1

S whs?
(Sn(uo-+en) +(10) + Xnfug ten)+1) €XP {_i (wos +5, ) }

|s| +1
n

M
t

Sl

Mz [0

o2

[exp{i(a +c+d)} +exp{—i(a+c+d)}+ O( )} exp{i(a+ )}

S=—m

1 & whs?
+ i Z Xn(uoten)+s XD {z <wos + o )}

S=—m

L , wps®
=7 Z X(up+en)+s €XP {4 | wos + o +0(1)

S=—m

again because of Lemma B.1.
Since ECLSE) (u, Ao, A1) = Ecﬂ(nl)(u, Ao, A1) = 0 for all v and A we now obtain

E(Biy (o, wo,w0)) = B( = 5 [(1) x (IV) + (IT) x (I11) + (I) x (I11)| + cc)

and with Theorem B.1 (note that (I) and (III) are deterministic)

var(B) (o, wo, b)) = var( - i (1) > (V) + (1) x (111)] + cc)

m?
=0 —|.
()
This means that MSE(%M‘I/QBM(uo,wO,wé)) =0 (%7), which goes to zero for m <<
n/7. ]
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Proof of Theorem 3.7
The proof follows directly from Theorem 3.4, Remark 3.5(i) and Remark 3.6(i) and the
fact that Lemma 3.3 holds for any such &g, &1, with the required property. O

Proof of Theorem 3.8
Using (3.24) we can see that

2n 2n n2
(B.50)

We start evaluating the terms in (3.28) and (3.29). Using (B.50) we have (for simplicity

in the notation we omit uy and we set wy := w(ug) and wj := w'(up))

Yiug-tsin = an(to) cos (w(uws T °‘/(7“‘°>s2> + B(uo) sin <w(u0)8 " °"'(“0>52) ‘o (83>

-1/2 agm(av ﬂa >\07 )‘17 UO)

2 — Wy 2 m’/?
M aa = —M% ZXTZU0+577L COs (WOS + %S ) + O n2 '
Cn,0 -m
(B51)
Then we have
M_1 825m(a7/67 )\0,)\1;114)) _ iiCOSZ ~ 4 &)1,71 2 (B 52)
Oar2 M — “ome n g '
Cn -

/

2 & D1m — Wl
=17 Z;cos2 [wos + (;—282 + (@o,n —wo)s + WSQ]
=1+0y(1)
because of Theorem 3.7 and Lemma B.7. This is a crude evaluation but it suffices for our

purposes. Furthermore

-l %S (v, B, Aoy 15 uo)
0adf

m ~ ~
_ ~ w1 . - w1
=M1 E cos | Wo,ns + 62 ) sin wo,ns + g2
~ 2n 2n

Cn -m

(B.53)

d = ]_
ns) o(1)

1
=Mt Z 3 sin (2(:}07718 +
—m

because of Lemma B.6. Finally, making similar considerations and using additionally

Lemmas 3.1 and B.1 we see that

-2 825771(@7 57 )‘07 Al; UO)

M
8@8A0

(B.54)

Cn

2 — O1n ~ @
~ g ) 2 : g 17” 2
= W _Em S YnuO+57n — Qi COS | Wo S + %s — B sin wo,ns + %s X

. - w1
X sin | wops + —ng?
2n
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m ~

ﬁ ZT; [an sin <w0 nS + 21nn 2) — By cos <@o,ns + L;nn 52” coS (WO nS + 21nn 2)
2 n U)/ w/

~ M2 Z s [Ynqurs,n — Qi CO8 <w08 + 27282) — Bpsin (wos + 2352>} X

—m
X sin (wos + 0 2>
2n

2 — wh W) w)
e Z s [an sin (wos + 2232> — Bp cos <wos + 223)] cos (wos + 2382) + 0p(1)

—m

(B.55)

2 «— m3
=13 Z $ X nug+s,n S (wos + ;u ) +0 ( ) +0o(1) + 0p(1), (B.56)

where the summary in (B.55) is o(1) because of Lemma B.1. The summary in (B.56) also
converges to zero (a.s.) because of Theorem B.1. In exactly the same way we can also
show that

nM_3 aQSm(aa ﬁa )\07 Al; UO)

Do, =— 4 0,(1) (B.57)

Cn

Thus, using (B.51), (B.52), (B.53), (B.54), (B.57) and (3.28) and for m = o(n*/7) we see
that

2 /
MY? (an(uo) - dn(u0)> = Tl ZXnu0+8 n COS (wos + —s > (B.58)
2

f; M:2 ( (uo) — @%(uo)> +op(1).

—m

Completely analogously we can show

M2 (ﬁn(uo) - Bn(uo)> =— nug+s,n S <wos + ;(232) (B.59)

anM5/2 / ~/
+ S22 (W (o) — @ (w0) ) + 0p(1).

The theorem now follows using (B.31), (B.33), (B.35), (B.36), (B.37), (B.38), (B.58),
(B.59) and Theorems B.1 and 3.7. O

B.2.5 A formal proof of Theorem 3.2

The next two lemmas are required for the proof of Theorem 3.2:

Lemma B.8. Let

falu) = apu +byu?, 0<u<1 (B.60)



B.2. PROOFS OF THEOREMS 91

be a sequence of quadratic functions with an,b, € R, for which the least upper bound
and the greatest lower bound are bounded uniformly for all n. Moreover let the least upper
bound and/or the greatest lower bound converge to c; and/or cy respectively, not both equal

to zero. Then for every
(ll,lg) - (O, Cl) or (ll,lg) - (62,0), lo > 1y,

depending on which limit exists, the Lebesque measure of f, *([l1,12]) has a lower bound

greater than zero.

Proof. Let v, = (an,b,)" be a sequence in R2. We define the functions:
pi(vn) =Vai +0%,  pa(ve) =suplfulu)], 0<u<l
u

The first function is the euclidean norm, while the second one also defines a norm (it is
very easy to see that it satisfies all three conditions). According to the norm equivalence
in finitely dimensioned spaces there is some M < oo for which: pi(v,) < Mpa(vy,). Since
p2(vy,) is bounded per assumption, so is also p1(vy,). This makes a, and b, bounded and
therewith also f/(u). Now we take some sequence (ugn),ugn)) with lim,, fn(ugn)) =1,

lim,, fn(ugn)) =ly and \ugn) — u;n) | is minimal. For this sequence we have:

l2 — | , ) (n) I — 1|
————— <sup|f,(u)] = |uy  —uy | > ———F—
WO T L i R e P O3]
Since |lg — I1] is constant, sup,, ,, | f;, ()| is bounded and thus the lemma is proved. O

Lemma B.9. Let fi(u) be defined as in (B.60), b, > 0, {n} = N. Assume that the
sequence of its lowest upper bounds or/and the sequence of its greatest lower bounds are
not bounded. Then, for some subsequence {n} C {n} there exists some (um,upr) C [0,1],
upr > Um, with the Lebesque measure A fn(um,unr)] going to infinity and the following
property: for every lgn), lén), Lgn), Lgn) such that

AP0 € (L), 1,80, 1,189 € fums )

0 i < om L0 - L o

Al 57
N REZR)

the ratio of the Lebesgue measures ] converges to some ¢ > 0 uniformly for

all such 1815, L LY,

Proof. By using again the norm equivalence we can show exactly as in Lemma B.8 that, if
aj and by were bounded, the sequence of the extrema of f;(u) would also be bounded. This
means that for some subsequence {n} either a,, or b, or both of them diverge. Without
loss of generality assume b,, > 0. The greatest lower bound of f,(u) for u € R is attained

for u = —g~. Now we distinguish three cases:
n
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i. Only b, diverges: We choose (up,ups) C (6,1) for some ¢ slightly greater than 0.
From some ng, —g is smaller than ¢ which makes f,(u) monotone in (4,1). Moreover
fn(1) = £a(8) = an(1 — &) + by(1 — 6%2) — oo for every such §. Thus A[f,(d,1)] goes
indeed to infinity. Let ug ") ugn),Uln),UQ(n) € (4,1) be sequences such that: fn(ugn)) =
1 @8y = 18, £ Uiy = L8 £, 08y = L8 with 187,150, L L8 as described

—anty/ a2 +4bs (bn (U™ +an UV 42 L .
above. Now: UQ(”) E— +\/a”+ ( 2(bn1 FHonli 427 - The first derivative of fn(u) is

Il (u) = ap, + 2ub,. We have for Ul(”) <u< Uz(n)i

a2 + 4by (b (U2 + a, U™ + 21)
(an + 2b,U ™2

o]
(U™

K f,a<u>r _ I

inf f! (u)

n)\2
_ (an + 2b,U;7)* + 87by, ey

(an + 2b,U™)2

as described above. Furthermore, from ng on w lies in

uniformly for all 1™, 1§ L™ £{"

(0,1), so we can write:

=1 =27
2 = ) and = f ()
Ug ~ — Ug Uy’ = U

for some ugn) < ul") < ugn) and Ul(") < ugn) < UQ(n). Dividing these two equations we

receive:

o) AEEED] 0 g

1
o —uf A L8] 2 Sl

which because of (B.61) converges to /2.
5. Only a,, diverges: The proof is completely analogue with (t,,uar) = (0,1).

itt. Both a, and b, diverge: If b, diverges faster than a, the proof is exactly the same
as in (i) whereas in the opposite case the same as in (ii). If they diverge with the same
rate we choose the subsequence {n} so that —gz~ < 1/2. If this is not possible then
—2“7’; > 1/2. We investigate only the first case, as both are handled in the same way. We
choose (U, upr) = (1/2+ 9, 1) for some ¢ slightly greater than 0. f,(u) is in this interval
monotone and f,(1) — f,(1/2 + J) goes to infinity. Furthermore (B.61) continues to hold.

Thus the statement of the lemma also holds for this last case and the lemma is proved. [
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