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Zusammenfassung

In dieser Arbeit behandeln wir zwei wichtige Probleme des Standard Modells der Teilchen-
physik: das Familien-Problem sowie den Grund für die Kleinheit von Neutrinomassen. Das
erste Problem könnte mit der Herkunft nicht-abelscher diskreter Familien-Symmetrien zusam-
menhängen. Wir diskutieren die Möglichkeit sie von der spontanen Brechung einer kontinuier-
lichen Familien-Symmetrie, d.h. SU(2) oder SU(3) zu erhalten. Weiter untersuchen wir ihre
mögliche Herkunft von einer Orbifold Kompaktifizierung. Wir diskutieren alle diskreten Sym-
metrien, die man von einem zwei-dimensionalen Orbifold T 2/ZN erhalten kann. Es sind die
Gruppen A4, S4, D4, D3 und D6. Wir stellen die Idee vor, die Brechung einer Orbifold GUT
mit der von dem Orbifold induzierten Familiensymmetrie zu kombinieren und zeigen die Kon-
struktion anhand eines sechs-dimensionalen supersymmetrischen SO(10)× S4 orbifold GUT
Modells. Zur Erklärung der zweiten Frage schlagen wir ein Ein-Schleifen Neutrino-Massen
Modell im Rahmen links-rechts symmetrischer Modelle vor. Wir beobachteten, daß die Hier-
archie von den geladenen Lepton-Massen zu den recht-händigen Neutrino-Massen übertragen
wird, was wir als ”die radiative Übermittlung der Lepton Familien Hierarchy” bezeichnen.
Schließlich, haben wir die phänomenologischen Aspekte des Modells untersucht, wie Lepton
Familien Verletzung, Familien Zahl Verletzung und Familien ändernde neutrale Ströme.

Abstract

In this thesis, we discuss two important problems of the Standard Model of Particle Physics
(SM), namely the flavor problem and the reason for the smallness of neutrino masses. The
first one might be related to the origin of non-abelian discrete flavor symmetries. We discuss
the possibility of obtaining them from an underlying continuous flavor symmetry, i.e. SU(2)
or SU(3) through spontaneous symmetry breaking. Moreover, we investigate their possible
origin from an orbifold compactification. We discuss all non-abelian discrete symmetries,
which can arise from an orbifold T 2/ZN . They are A4, S4, D4, D3, and D6. We present the
idea of combining the breaking of an orbifold GUT and the flavor symmetry arising from
the orbifold. We demonstrate the construction in a 6d SUSY SO(10) × S4. For the second
problem, we propose a one-loop neutrino mass model in the left-right symmetric framework.
We observe the transmitted hierarchy from the charged lepton masses to the right-handed
neutrino masses, which we call “Radiative Transmission of Lepton Flavor Hierarchy”. Finally,
we study the phenomenological aspects of the model such as lepton flavor violation (LFV),
flavor number violation (FNV), and flavor changing neutral currents (FCNCs).
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Chapter 1

Introduction

The Standard Model of Particle Physics (SM) is a great achievement in explaining the in-
teractions of the fundamental particles. Apart from this achievement, the Standard Model
is still not complete because, for instance, it does not include an explanation for gravity, the
observation of dark matter, dark energy, the baryon asymmetry of the universe, the hierarchy
problem, neutrino masses, and the flavor problem. Therefore, there is the need for the SM to
be extended and this usually is addressed as Physics Beyond the Standard Model (BSM).

An important implication of BSM is to explain the origin of neutrino masses [1–3]. As-
suming that the neutrino is a Majorana particle, the smallness of the neutrino mass can be
explained by the seesaw mechanism [4,5], which introduces in its classical version three right-
handed (RH) neutrinos with arbitrary Majorana masses additionally to the SM, resulting in
the seesaw formula for the light neutrino mass matrix:

Mν = −mDM
−1
R mT

D, (1.1)

where mD and MR are Dirac and Majorana neutrino mass matrices. An alternative way to
obtain the smallness of neutrino masses is to forbid a tree-level mass term for neutrino and
generate neutrino masses by radiative corrections only, as done in several models [6–11].

Moreover, the peculiar neutrino mixing, which is quite different from quark mixing, implies
an underlying symmetry behind the neutrino mass matrix structure. Several mixing patterns
have been proposed to explain the neutrino mixing, such as µ− τ symmetry [12], the golden
ratio prediction for solar neutrino mixing [13–16], or tri-bimaximal mixing (TBM) [17]. These
mixing patterns call for a theoretical explanation.

The flavor problem of the SM has two aspects: The first one is the question of what
flavor actually is and why there are only three flavors in the SM. And the second is why the
parameters of the flavor sector, the fermion masses and the mixing matrices (especially in the
neutrino sector), take the values they do. A popular theoretical explanation is to impose a
non-abelian discrete flavor symmetry to explain a certain observed mixing pattern. However,
the origin of these flavor symmetries is unclear and there are several attempts to find out the
origin of these symmetries.

As the SM is constructed based on two main symmetries, which are gauge and space-
time symmetries. The minimal extension of the SM might be to extend the gauge sector by
imposing the gauge flavor symmetry and assume its breaking by vacuum expectation values
(VEV) of a scalar field. However, breaking a continuous flavor gauge group down to a non-
abelian discrete subgroup is a highly non-trivial phenomenological task [18]. In particular, for
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such a breaking, large representations of the continuous symmetry are needed [19,20], which
cannot couple directly to the small representations in which the three generations of fermions
reside. It is thus worthwhile to consider discrete flavor symmetries arising as extensions of
the space-time symmetry. In the context of string theory, string selection rules may lead
to a discrete flavor symmetry [21–23]. Moreover, in magnetized extra dimensional models,
a discrete flavor symmetry may arise from the localization behavior of zero modes [24, 25].
Alternatively, a discrete symmetry might be a remnant of an orbifold compactification [26–29],
which we consider in this thesis.

An interesting aspect of BSM are the Grand Unified Theories (GUTs), in which all SM
fermions are embedded into a representation of the GUT group. A GUT can explain the
quantization of the SM hypercharge and also the unification of the gauge couplings at a high
energy scale, the so-called GUT scale, MGUT ∼ 3 × 1016. However, breaking a GUT group
down to the SM is a highly non-trivial phenomenological task due to the doublet-triplet split-
ting problem. In the context of an orbifold compactification, this problem can be solved
nicely [30–34]: The gauge symmetry is broken by a non-trivial transformation of the gauge
fields under the orbifold parities [35, 36]. A flavor symmetry originating from an orbifold
compactification has been studied in an orbifold GUT context [37]. Similarly, it is possible to
break a flavor symmetry by a non-trivial transformation of the bulk fermions [38] as well as by
Wilson lines [39]. Alternatively, the orbifold compactification can generate the alignment of
vacuum expectation values (VEVs) of flavons [40] transmitting the flavor symmetry breaking
into the fermion mass matrices.

This thesis is organized as follows: In Chapter 2, we review of aspects of model building.
In Chapter 3, we present flavor symmetry models which can explain the neutrino masses
and mixing patterns. We also discuss the phenomenology of these models. In Chapter 4,
we search for the origin of the non-abelian discrete flavor symmetries, which might arise
as subgroups of the continuous symmetries. We restrict ourselves to discuss only the small
representations of the flavons which can couple directly to the three generations of fermions
at a leading order. From this limited representations, the only non-abelian discrete group
which can arise as a residual symmetry is the quaternion group D′2. However, this group
does not have a rich enough structure to predict by itself very specific mixing patterns, such
as tri-bimaximal mixing of neutrinos. Therefore, alternative origins of non-abelian discrete
symmetries is needed to be investigated, and Chapter 5 is devoted for such the discussion.
A non-abelian discrete symmetry can arise as a residual symmetry of the breaking of the
Poincaré symmetry in two extra-dimensions by an orbifold compactification. This way is
quite promising because the famous non-abelian discrete symmetries such as A4, S4, D4,
D3 ' S3, and D6 which have a rich structure to predict very specific mixing patterns can
arise. In Chapter 6, we discuss a flavored orbifold GUT. We show that not only the non-
abelian discrete flavor symmetries can arise from the orbifold compactification, but they can
be broken by the orbifold as well. Furthermore, this idea can be embedded into a model,
in which the GUT group is also broken by the orbifold. We demonstrate this idea in the
context of SO(10) × S4. In Chapter 7, we study a model with an extended scalar sector
and a flavor symmetry. The extended scalar sector model leads to lepton flavor violation
(LFV) which leads to additional constraints to the parameter space of Physics Beyond the
Standard Model. However, when we impose a flavor symmetry to generate a specific structure
of the mass matrices, the extended scalar model can be ruled out by the LFV constraint. We
demonstrate this idea in the flavor symmetries A4 and D4 using the Ma-model as basis, which
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is a one-loop neutrino mass model. In Chapter 8, we present a bottom-up one-loop scheme
in a left-right symmetric (LR) model, which leads to the effective Ma-model after the LR
symmetry is broken. We find the transmission of hierarchies between the charged lepton
masses and right-handed neutrino masses. We call this observation, “Radiative Transmission
of Lepton Flavor Hierarchies”. Moreover, this model has many interesting phenomenological
aspects which might be able to show up at the LHC, such as the inert Higgs as a dark matter
candidate, new hadronic states, and so on. Finally, we conclude our work in Chapter 9.

This thesis is supplemented by three appendices: In Appendix A, the group theory of
non-abelian discrete groups is listed. The mode expansion of a field living on the orbifold is
given in Appendix B. In Appendix C, the Higgs sector of models in Chapter 8 is discussed.

Part of this thesis has been published in [18,29,41–45].
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Chapter 2

Model Building

In this chapter, we briefly discuss some aspects of model building. We first review the Stan-
dard Model of Particle Physics. Secondly, we extend the SM to explain the neutrino masses
and mixing. Thirdly, we explain the motivation of imposing the flavor symmetries to explain
the neutrino mixing patterns. Fourthly, we discuss Supersymmetry (SUSY) as the solution
of the hierarchy problem of the scalar sector of the SM. Then we move on to discuss the idea
of grand unified theories. Finally, we investigate the ideas of the symmetry breaking from
orbifolding.

2.1 Standard Model

In most of this thesis, we will use the left-handed Weyl spinor convention, which is common
use in the context of GUTs. Note that only in Chapter 8, we will use the left- and right-
handed Dirac spinor convention, which is common use in literature on left-right symmetric
model building.
The Standard Model is a Quantum Field Theory based on the gauge symmetry SU(3)c ×
SU(2)L × U(1)Y . The SM is a chiral theory, i.e., the left-handed and left-handed conjugate
fields transform differently under the gauge group, so that an ordinary Dirac mass term is
not allowed by gauge symmetry. In order to give mass to fermions, the left-handed and the
left-handed conjugate fermion fields have to couple to a scalar field, the so-called Higgs field,
φ. When the Higgs field obtains a Vacuum Expectation Value (VEV), the SM gauge group
gets broken down to SU(3)c × U(1)em, and the fermions obtain their masses. The particle
content of the SM is given in Table 2.1. Note that the electric charge Q can be written as
Q = T3 + Y , where T3 is the third component of the weak isospin and Y is the hypercharge.
The Yukawa couplings of the quarks and charged leptons can be written as

LY = yuijq
T
i εφu

c
j + ydijq

T
i φ
∗dcj + ylijl

T
i φ
∗ecj , (2.1)

where the Higgs field φ = (φ+, φ0)T transforms under the SM gauge group as (1,2,+1/2) and
ε = iσ2 is an anti-symmetric 2× 2 matrix in SU(2)L space. After the Higgs obtains its VEV,
〈φ〉 = (0, v)T , these Yukawa couplings lead to the fermion mass matrices, Mu,d,l = yu,d,lv.
In general, the mass matrices are not in a diagonal basis, and therefore we need to transform
them into the diagonal basis in which their masses can be read off. A general complex 3× 3
matrix as Mu,d can be diagonalized by a bi-unitary transformation:

U †uMuVu = diag(mu,mc,mt) , and U †dMdVd = diag(md,ms,mb) , (2.2)
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Fields (SU(3)c, SU(2)L, U(1)Y )

qi =
(
ui
di

)
(3,2,+1/6)

uci (3̄,1,−2/3)
dci (3̄,1,+1/3)

li =
(
νi
ei

)
(1,2,−1/2)

eci (1,1,+1)

Table 2.1: The particle content of the SM: The index i denotes the ith generation.

where the unitary matrices Uu,d and Vu,d act on the left-handed and the left-handed conjugate
fields, respectively. The matrices Uu,d can be calculated from

U †uMuM
†
uUu = diag(m2

u,m
2
c ,m

2
t ) , and U †dMdM

†
dUd = diag(m2

d,m
2
s,m

2
b) . (2.3)

The CKM matrix, VCKM , originates from the mismatch of these mass bases of the up and
down quarks as

L ⊃ − g√
2
u†iσ

µW+
µ (VCKM )ijdj , (2.4)

where g is the SU(2)L gauge coupling and VCKM = UTu U
∗
d .

The CKM matrix can be parameterized by three angles, θij , and one CP phase, δ as [46]

VCKM =

 c12c23 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23c13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 , (2.5)

where sij = sin θij and cij = cos θij .
The experimental data for quark masses and the CKM matrix is given by [46]

mu = 2.4 MeV, mc = 1.27× 103 MeV, mt = 171.3× 103 MeV,
md = 4.75 MeV, ms = 105 MeV, mb = 4.20× 103 MeV
sin θq12 = 0.22570, sin θq23 = 0.04150, sin θq13 = 0.00359 . (2.6)

2.2 Neutrino Masses and Mixing

Neutrino experiments, which measure differences of square masses as well as mixing angles
have shown us that the neutrinos have a tiny mass, and the neutrino mixing shows a very
peculiar mixing pattern with two large mixing angles and one small one. The experimental
neutrino data is summarized as follows [47]:

∆m2
21 =

(
7.65+0.46

−0.40

)
· 10−5 eV2 and |∆m2

31| =
(
2.40+0.24

−0.22

)
· 10−3 eV2

sin2 θ13 ≤ 0.040 , sin2 θ23 = 0.50+0.13
−0.11 , sin2 θ12 = 0.304+0.046

−0.034 (2σ) , (2.7)

where ∆m2
ij denotes m2

i −m2
j with mi,j being the neutrino masses. As the sign of ∆m2

31 is
unknown, it is not clear whether neutrinos follow a normal or an inverted mass ordering.
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It has been shown that in the minimal SM there is only one effective dimension-5 operator [48],

Ldim−5 =
fij
2Λ

(lTi εφ)(lTj εφ) , (2.8)

which can generate a small neutrino mass given by fijv2/Λ, where Λ is a large effective mass.
In fact, there are several ways to realize this operator. A simple way is to introduce three
heavy left-handed conjugate neutrinos, νci , which transform under the SM gauge group as
(1,1, 0). This leads to the Yukawa couplings as follow:

Lν ⊃ lTi εφνcj +
1
2
MR,ijν

c
i ν
c
j , (2.9)

where mD = yνv is Dirac mass matrix and Mij is Majorana mass matrix.
Integrating out the heavy left-handed conjugate neutrino leads to a Majorana mass term for
the light neutrinos given by

Mν = −mDM
−1
R mT

D . (2.10)

This is known as type-I seesaw mechanism [1–3]. Moreover, if we add a Higgs triplet,

∆ =
(
δ+ δ++

δ0 −δ+

)
∼ (1,3,+2) , (2.11)

this leads to the Yukawa coupling

Lν ⊃ y∆
ij l

T
i iσ

2∆lj . (2.12)

After the Higgs triplet obtains a VEV,

∆ =
(

0 0
v∆ 0

)
, (2.13)

this leads to an additional term in Eq.(2.10) as

Mν = MLL −mDM
−1
R mT

D , (2.14)

where MLL = y∆v∆, and this situation is known as type-II seesaw mechanism.
As discussed in the quark sector, the charged lepton mass matrix can be diagonalized by a
bi-unitary transformation,

U †lMlVl = diag(me,mµ,mτ ) , (2.15)

where as in the quark sector, Ul can be calculated from

U †lMlM
†
l Ul = diag(m2

e,m
2
µ,m

2
τ ) . (2.16)

In case the neutrino is Dirac type, its mass matrix can be diagonalized by the same way as
for the other fermions. However, if the neutrino is Majorana type (their mass matrix is a
complex symmetric matrix), it can be diagonalized by a unitary matrix Uν as,

U †νMνU
∗
ν = diag(m1,m2,m3) , (2.17)

where the unitary matrix Uν can be calculated from U †µMµM
†
µUµ = diag(m2

1,m
2
2,m

2
3). As in

the quark sector, the mismatch of the charged lepton and neutrino bases leads to the lepton
mixing matrix given by

UPMNS = UTl U
∗
ν . (2.18)
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If the neutrino is Dirac type, the UPMNS can be parameterized in the same way as the CKM
matrix of the quark sector. However, if the neutrino is of Majorana type, one has to multiply
the standard parameterization by two Majorana phases as

UPMNS = V · diag(eiφ1 , eiφ2 , 1) , (2.19)

where the parameterization of V is given in Eq.(2.5).
In numerical analysis where the mixing matrices are not in the standard parameterization,
the mixing angles and the phases can be calculated by [49]

sin(θ13) = |U13| , tan(θ12) =
|U12|
|U11|

, tan(θ23) =
|U23|
|U33|

,

δ = −arg

 U∗11U13U31U∗33
cos(θ12) cos2(θ13) cos(θ23) cos(θ13)

+ cos(θ12) cos(θ23) cos(θ13)

sin(θ12) sin(θ23)

 . (2.20)

In case there are Majorana phases, they can be read off as

φ1 = −arg(eiδeU∗11) , and φ2 = −arg(eiδeU∗12) , (2.21)

where δe = arg(eiδU13).
The CP violation JCP can be calculated by

JCP = Im(U11U
∗
12U

∗
21U22) = Im(U11U

∗
13U

∗
31U33) = Im(U22U

∗
23U

∗
32U33) . (2.22)

There are many proposals to explain the neutrino mixing matrix. Here, we give three inter-
esting proposals which fit nicely with the current experiments:

• µ− τ symmetry [12]: θ23 = π/4, θ13 = 0, and θ12 is undetermined.

• Tri-bimaximal mixing [17]: θ23 = π/4, θ13 = 0, (sin θ12)2 = 1/3 (or tan θ12 = 1/
√

2).

• Golden ratio prediction for solar neutrino mixing [13–16]:

– (A) cot(θ12) = ϕ

– (B) cos(θ12) = ϕ
2 , with the golden ratio ϕ = ϕ2 − 1 = 1

2(1 +
√

5).

µ− τ Symmetry

The µ−τ symmetry prediction [12] for the neutrino mixing can be obtained from the neutrino
mass matrix possessing a µ − τ exchange symmetry, i.e., it will not change its form if the
second and third columns and rows are exchanged in the charged lepton mass basis.
The corresponding mass matrix reads

Mν =

 a b b
b c d
b d c

 . (2.23)

The neutrino masses are given by

m3 = c− d , and m1,2 =
1
2

(a+ c+ d±
√

8b2 + (−a+ c+ d)2) . (2.24)
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This mass matrix leads to maximal atmospheric mixing, θ23 = π
4 , and vanishing θ13. The

solar mixing is determined by the parameters in the mass matrix as

tan(2θ12) =
2
√

2b
c+ d− a

. (2.25)

This mass matrix structure can be obtained from non-abelian discrete flavor symmetries, for
instance the dihedral groups D3 ' S3 or D4.

Tri-Bimaximal Mixing

The tri-bimaximal mixing pattern can be parameterized by

UTBM =


2√
6

1√
3

0
− 1√

6
1√
3

1√
2

− 1√
6

1√
3
− 1√

2

 . (2.26)

The neutrino mass matrix in this case can be written in terms of neutrino masses as

Mν = UTBMdiag(m1,m2,m3)UTTBM ,

=

2a+ b −a −a
−a 2a b− a
−a b− a 2a

 , (2.27)

where a = m1−m2
3 and b = m1+m3

2 . This mass matrix structure is predictive, since the three
mixing angles are fixed from its own structure and it leaves only two free parameters to fit
the two neutrino mass square differences given in Eq.(2.7). The underlying flavor symmetries
in this case are e.g., S4 or A4.

Golden Ratio Prediction for Solar Mixing

There are two proposals that have been made to connect the golden ratio: ϕ = ϕ2 − 1 =
1
2 (1 +

√
5) to the solar neutrino mixing. The first one is [13–15]

(A): cot θ12 = ϕ ⇒ sin2 θ12 = 1
1 + ϕ2 = 2

5 +
√

5
' 0.276 . (2.28)

The second possibility is [16]

(B): cos θ12 = ϕ
2 ⇒ sin2 θ12 = 1

4 (3− ϕ) = 5−
√

5
8 ' 0.345 . (2.29)

It can be seen that the both predictions lie within the current 2σ range.
The possibility (A) has first been noted in [13], and was discussed in more detail in [14]. We
give an example of the neutrino and charged lepton mass matrices, which can realize (A) as

Mν =

0 a 0
a a 0
0 0 b

 , and Ml =

x 0 0
0 y/

√
2 z/

√
2

0 −y/
√

2 z/
√

2

 , (2.30)

where the solar mixing comes from the neutrino sector, cot θ12 = ϕ, and the atmospheric
mixing comes from the charged lepton sector. Note that the flavor symmetry which can
realize the prediction in (A) is A5 symmetry [15], while for (B) the flavor symmetries can be
either D5 or D10, which will be discussed in Section 3.2.
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2.3 Flavor Symmetries

As we have seen in the SM, the particle interactions are based on the SM gauge symmetry and
the group representations in which the SM fermions reside. Therefore, it might be interesting
to apply the same principle to the flavor sector of the SM in which particles in different
generations are related by a flavor symmetry.
The flavor symmetry is characterized by being:

• continuous or discrete

• global or local

• abelian or non-abelian.

Continuous flavor symmetries (abelian or non-abelian) such as U(1) [50–52], SU(2) [53, 54],
SO(3) [55], and SU(3) [56–58] have been studied in the literature. In case the flavor symmetry
is global, there are problems associated with massless Goldstone bosons, when the symmetry
is broken spontaneously. However, these problems do not arise in gauge flavor symmetries.

Discrete flavor symmetries are more favored compared to continuous flavor symmetries
due to many reasons:

• Their spontaneously breaking does not lead to the massless Goldstone or massive gauge
bosons.

• The number of their irreducible representations is finite.

• Non-abelian discrete flavor symmetries can lead to form-diagonalizable neutrino mass
matrices, where the mixing parameters are determined by the flavor symmetries, but
not the masses.

• Abelian discrete flavor symmetries can be used to forbid or constrain the certain cou-
plings.

The non-abelian discrete flavor symmetries which have been used in the literature for model
building are e.g. D3 ∼ S3 [59–81], D4 [41, 82–84], D5 [85], D7 [86], D14 [86, 87], A4 [28, 88–
119], A5 ∼ PSL2(5) [15], T ′ [120–130], S4 [131–153], ∆(27) ∼ (Z3 × Z ′3) o Z3 [154–158],
PSL2(7) [157,159,160], and T7 ∼ Z7 o Z3 [161,162].

2.4 Supersymmetry

Although the SM is very successful, it still suffers from a quadratic divergence in the scalar
sector, which is known as the hierarchy problem. There have been many attempts to solve
this problem. A popular solution is to introduce a symmetry between bosons and fermions,
which is known as Supersymmetry (SUSY). The transformation of fermions to bosons and
vice versa are generated by a generator, so-called supercharge Q, with

Q|F 〉 = |B〉 , and Q|B〉 = |F 〉 . (2.31)

From this, we can see that Q must be spinor because both Q|B〉 and |F 〉 transform like a
spinor. The N = 1 SUSY algebra of the supercharge is given as follows:

{Qα, Q̄β̇} = 2(σµ)αβ̇Pµ ,

{Qα, Qβ} = {Q̄α, Q̄β} = 0 , (2.32)
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where Q and Q̄ are supercharges, and Pµ is the space translation generator. Here, we can
see the deep connection between the SUSY generator and the space-time symmetry. In case
we extend the space-time symmetry, the SUSY algebra will also be enlarged. For instance,
if we begin with N = 1 SUSY in a 5-dimensional theory, this will become N = 2 SUSY in 4
dimensions [163].

In order to write the supersymmetric Lagrangian, we use the superfield formalism. We
define the chiral superfield Φi as

Φi(y, θ) = ϕi(y) +
√

2θψi(y) + θθFi(y), (2.33)

where ϕi(y) is a scalar component, ψi(y) is a (left-handed) Weyl spinor, Fi(y) is an auxiliary
field, yµ = xµ − iθσµθ̄, and θ is the Grassmann variable.
We can extend the SM to a supersymmetric version by replacing all SM fields by superfields.
Moreover, we need to add another Higgs multiplet to the model because of two main reasons:
The first is we need the pair of Higgs chiral multiplets to cancel the gauge anomaly. The
second is to give mass to the down quarks and charged leptons since the superpotential is a
holomorphic function of chiral superfields and this forbids us to use the charge conjugate of
the Higgs as in the SM. Therefore, we work in a two Higgs doublet model (THDM), with Higgs
fields hu,d. The Yukawa couplings of the minimal supersymmetric standard model (MSSM)
read

LY =
∫
d2θWY , (2.34)

where the superpotential is given by

WY = yuijq
T
i huu

c
j + ydijq

T
i hdd

c
j + ylijl

T
i hde

c
j + yνijl

T
i huν

c
j − µhuhd . (2.35)

We note that the SM fields here are chiral superfields.
The F-term of the scalar potential reads

VF =
∣∣∣∣∂WY

∂ϕi

∣∣∣∣ , (2.36)

where ϕi is the scalar component of a chiral superfield.

2.5 Grand Unified Theories

There are two main hints toward the grand unified theories (GUTs):

• The first is the unified gauge couplings at the GUT scale and

• the second is the explanation of the charge quantization.

Using the Minimal Supersymmetric Standard Model (MSSM) as low energy effective theory
and performing the renormalization group evolution of the SM gauge couplings up to the
high scale, the SM gauge couplings will meet up at the GUT scale, MGUT ∼ 3 × 1016 GeV.
This leads to the suspicion that the SM gauge group might be embedded into a bigger gauge
group at the GUT scale. Another hint towards a unified gauge group is the quantization
of hypercharge, which satisfies all anomaly constraints. The smallest unified gauge group
is SU(5), where quarks and leptons can be grouped into the 5 and 10 of SU(5). The left-
handed conjugate neutrino has to be put in by hand as a singlet under SU(5). However, in
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SU(5), the matter content is chosen such that all anomaly constraints are fulfilled. Another
attractive candidate for a unified gauge group is the rank-5 SO(10) gauge group, which can
group all SM fermions of each flavor including the left-handed conjugate neutrino into a spinor
representation, 16. The seesaw mechanism can be realized naturally due to the existence of
the left-handed conjugate neutrino and lead to the smallness of neutrino masses. Furthermore,
since the fermions of each flavor are grouped into one 16 of SO(10), this also explains the
quantization of hypercharge.

As SO(10) has rank-5 and the SM gauge group has rank-4, there exist several intermediate
symmetries while SO(10) is descending to the SM.
The possible intermediate symmetries are:

• SU(5)GG ,

• SU(5)× U(1)X ,

• (SU(5)× U(1))flipped ,

• SU(4)× SU(2)L × SU(2)R [Pati− Salam] ,

• SU(4)× SU(2)L × U(1) ,

• SU(3)c × SU(2)L × SU(2)R × U(1)B−L ,

where each breaking chain requires different Higgs representations for its breaking (for a
detailed discussion see [164]). We also note that the existence of an intermediate symmetry
requires further investigation of the compatibility with gauge coupling unification and proton
decay [165].

At the renormalizable level, there are only three types of Higgs representations, i.e.
10s,120a, and 126s, that can couple to Ψi ∼ 16i fermions, where i is the flavor index,
as can be seen from the following tensor product:

16× 16 = 10s + 120a + 126s . (2.37)

The Yukawa couplings read

WY = y10
ij Ψi10sΨj + y120

ij Ψi120aΨj + y126
ij Ψi126sΨj , (2.38)

where the indices a and s refer to the anti-symmetry and symmetry of the Yukawa couplings
as

y10
ij = y10

ji , y120
ij = −y120

ji , and , y126
ij = y126

ji . (2.39)

Assuming SO(10) is broken through one of the SU(5) breaking chains, the fermion mass
matrices can be calculated as [166]

Mu = y10
ij 〈5(10)〉+ y120

ij 〈45(120)〉+ y126
ij 〈5(126)〉 ≡ yuvu (2.40)

Md = y10
ij 〈5(10)〉+ y120

ij (〈5(120)〉+ 〈45(120)〉) + y126
ij 〈45(126)〉 ≡ ydvd (2.41)

Ml = y10
ij 〈5(10)〉+ y120

ij (〈5(120)〉 − 3〈45(120)〉)− 3y126
ij 〈45(126)〉 ≡ ylvd (2.42)

mD = y10
ij 〈5(10)〉+ y120

ij 〈5(120)〉 − 3y126
ij 〈5(126)〉 ≡ yνvu (2.43)
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where we denote the m-dimensional SU(5) component of the n-dimensional representation
of SO(10) by m(n). We note that the factor −3 is related to the three colors of the down
quarks. The Majorana neutrino mass matrices are given by

MR = y126
ij 〈1(126)〉 (2.44)

MLL = y126
ij 〈15(126)〉. (2.45)

If we perform the renormalization group evolution of the quark masses from the Electroweak
scale up to the GUT scale, we will find the following approximate relations:

md ' 3me , ms '
1
3
me , and mb ' mτ . (2.46)

These relations are known as the Georgi-Jarlskog relations [167]. In order to achieve these
relations, one needs the factor of −3 in the (22) component of the charged lepton mass matrix
with respect to that of the down quark mass matrix, while all other components are identical
in these two mass matrices. A simple example suggested by Georgi and Jarlskog is [167]:

Md =

 0 ad 0
ad bd 0
0 0 cd

 ,Ml =

 0 ad 0
ad −3bd 0
0 0 cd

 . (2.47)

As the coupling of 120 and 126 gives exactly the factor of −3 in the charged lepton mass
matrix with respect to the down quark mass matrix, we may assume that the (22) component
is dominated by the Higgs, 120 or 126, while the other components of these two mass matrices
are dominated by the Higgs, 10.

Alternatively, if we do not want to use large representations such as 120 or 126, instead
we can use small representations such as 16,16,45, or 54, which couple to the fermion Ψi

via non-renormalizable interactions. The coupling Ψi10Ψj leads to a symmetric mass matrix:
Mu = Md = mD = Ml at the GUT scale. The Majorana masses of the left-handed (conjugate)
neutrinos can be obtained from the non-renormalizable interaction, Ψi16 16Ψj , which acts
like Ψi126Ψj in the renormalizable case. The Georgi-Jarlskog relations can be achieved by
the non-renormalizable interaction, Ψi45 10Ψj .

Despite the success of SUSY GUTs, there is a generic problem, namely, the doublet-triplet
splitting problem. The mass of the doublet Higgs is at the Electroweak scale, while neither a
colored triplet Higgs nor proton decay have been observed and therefore its mass has to be
close to the GUT scale. Dimopolous and Wilczek proposed a mechanism [168] to achieve a
mass splitting using the VEV of the adjoint representation, 〈45〉 in the B − L direction

〈45〉 = iσ2 ⊗ diag(a, a, a, 0, 0). (2.48)

Chacko and Mohapatra [169] proposed another mechanism leading to a VEV structure of the
Dimopoulos-Wilczek type, that is

〈45〉 = iσ2 ⊗ diag(0, 0, 0, b, b). (2.49)

We note that a solution which uses 126 instead of 45 to achieve the splitting was proposed
by Lee and Mohapatra [170].
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2.6 Symmetry Breaking from Orbifolding

In this section, we will discuss how the symmetry can be broken by an orbifold compacti-
fication. We will give an example in a 5-dimensional theory (5d theory) for simplicity. We
note that the same principle can be applied for a (4+n)-dimensional theory. A more detail
discussion can be found in [163,171].
We first consider a complex scalar field φ living in 5d, xM = (xµ, x5). The action of the
massless scalar field is given by

S =
∫
d5x

1
2
∂Mφ

∗∂Mφ =
∫
d4xdy

1
2

(∂µφ∗∂µφ+ ∂5φ
∗∂5φ), (2.50)

where here we denote x5 = y for simplicity. The fifth dimension is compactified on a circle
S1 by the identification of

y → y + 2πR, (2.51)

where R is the size of the extra-dimension. The Lorentz symmetry SO(1, 4) is broken down to
SO(1, 3) by this compactification. The scalar field can be written in term of a mode expansion
as

φ(x, y) =
∞∑

n=−∞
φ(n)(xµ)einy/R . (2.52)

Using this mode expansion and integrating out y, the action can be written as

S = −2πR
2

∫
d4x

∞∑
n=−∞

(∂µφ(n)∗∂µφ(n) +
n2

R2
φ(n)∗φ(n)) , (2.53)

where the factor 2πR can be absorbed into the scalar field without loss of generality. Now,
we consider an orbifold S1/Z2 by modding out a Z2 group from this circle. The orbifold can
be obtained by the identification of

y → −y . (2.54)

The scalar field is forced to be an eigenstate of this Z2 parity,

φ(x,−y) = ηφ(x, y), (2.55)

where η = ±. Its eigenstates can be written as

φ+(x, y) =
∞∑

n=−∞
φ

(n)
+ (xµ) cosny/R ,

φ−(x, y) =
∞∑

n=−∞
φ

(n)
− (xµ) sinny/R , (2.56)

where φ+, φ− are the Z2 even and odd eigenstates. Here, we can see that the Z2 even state
contains a zero mode, while the odd one does not. If we consider the effective theory below
the compactification scale 1/R, we can forget about the non-zero modes because they are
decoupled. Therefore, the particle content of the low energy effective theory contains only
the set of zero modes.
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Now let us move on to consider an abelian gauge theory in 5d. The action of the gauge field
AM reads

S = − 1
4g2

5

∫
d5xFMNF

MN

= − 1
4g2

5

∫
d4xdy(FµνFµν + 2(∂µA5 − ∂5Aµ)2) , (2.57)

where g5 is a gauge coupling in 5d.
By the compactification on the circle S1 as before in Eq.(2.51), A5 is decoupled and becomes
a scalar field in the 4d effective theory. The fields, Aµ and A5 can be written in the terms of
the mode expansion as

Aµ(x, y) =
∞∑

n=−∞
A(n)
µ (xµ)einy/R ,

A5(x, y) =
∞∑

n=−∞
A

(n)
5 (xµ)einy/R , (2.58)

with the Hermiticity condition A
(n)∗
M = A

(−n)
M .

Integrating out y, we obtain the 4d effective theory as follows

S = −2πR
4g2

5

∫
d4x

∞∑
n=−∞

F (n)
µν F

(n)µν + 2
2πR
4g2

5

∫
d4x[∂µA

(n)
5 − i n

R
A(n)
µ ]2, (2.59)

where the first term is a tower of kinetic terms with the 4d gauge coupling g2
4 = g25

2πR , and the
second term gives the mass terms for the non-zero modes n 6= 0.
In general for non-abelian gauge symmetries, the gauge field is in the adjoint representation
of the gauge group,

AM ≡ AaMT a , and FMN ≡ ∂MAN − ∂NAM + [AM , AN ] . (2.60)

Under the parity transformation given in Eq.(2.54), the gauge field, Aµ(x, y), transforms as

Aµ(x,−y) = PAµ(x, y)P−1 , (2.61)

while A5(x, y) and φ(x, y) transform as

A5(x,−y) = −PA5(x, y)P−1 ,

φ(x,−y) = Pφ(x, y). (2.62)

As an example to see how the symmetry can be broken by the orbifold, we consider a SU(3)
gauge symmetry in 5d with a scalar field φ in the fundamental (triplet) representation. The
generators of SU(3) are the Gell-Mann matrices λa, where a = 1− 8. For P = diag(1, 1,−1),
we obtain

λa → PλaP−1 = λa , a = 1, 2, 3, and 8 ,
λâ → PλâP−1 = −λâ , â = 4, 5, 6, 7 . (2.63)
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The generators λ1,2,3 belong to the SU(2) subgroup and λ8 belongs to the U(1) subgroup.
Hence SU(2) × U(1) remains unbroken and the non-zero modes, which do not belong to
SU(2) × U(1), are decoupled from the low energy effective theory. Moreover, the scalar
triplet is decomposed into a doublet and singlet under SU(2)×U(1), where only the doublet
survives at low energy.

The relation given in Eq.(2.63) can be restated as the condition for the unbroken generators
as

[Aaµλ
a, P ] = 0 . (no summation) (2.64)

We note that this principle can be applied to other gauge groups such as SU(5) [30–34], or
SO(10) [172–181] and the doublet-triplet splitting can be solved nicely by an appropriate
choice of orbifold parities.
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Chapter 3

Flavor symmetry models

In this chapter, we present the flavor models which predict the neutrino mixing. The first
model is constructed based on the dihedral group D4, which predicts µ − τ symmetry in
the neutrino mass matrix leading to maximal atmospheric mixing θ23 = π/4 and θ13 = 0.
The second model uses the dihedral group D10 to predict the golden ratio for solar neutrino
mixing.

3.1 A SUSY D4 model for µ− τ symmetry

Since the maximal atmospheric mixing θ23 and the vanishing of the θ13 can be explained
from the neutrino mass matrix which has the µ − τ symmetry (see Section 2.2), it might
be interesting to find the theoretical explanation of such the mass matrix structure. As
discussed in Section 2.3, a popular approach is to impose the non-abelian discrete flavor
symmetry. In this section, we impose the non-abelian discrete flavor symmetry D4 to explain
the origin of the µ − τ symmetry in the neutrino mass matrix. We note that our model is
the supersymmeterized version of the model presented by Grimus and Lavoura (GL) in [182],
where we extend the flavor group, which is D4×Z(aux)

2 in the original model, to D4×Z5. An
additional difference is the absence of left-handed conjugate neutrinos. Despite these changes,
the model is the same as the GL model, since θ23 maximal and θ13 = 0 arise through the
same mismatch of D4 preserved subgroups, D2 in the charged lepton and Z2 in the neutrino
sector.

3.1.1 Group Theory of D4

Before discussing the model, we briefly review some basic features of the dihedral group D4.
Its order is eight, and it has five irreducible representations which we denote as 1i, i = 1, ..., 4
and 2. All of them are real and only 2 is faithful1. The group is generated by the two
generators A and B which can be chosen to be [183]

A =
(
i 0
0 −i

)
and B =

(
0 1
1 0

)
(3.1)

1A representation is faithful if each distinct group element is associated with a different matrix representa-
tion. Otherwise it is unfaithful.
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classes
C1 C2 C3 C4 C5

G 1 A A2 B A B
◦Ci 1 2 1 2 2
◦hCi 1 4 2 2 2
11 1 1 1 1 1
12 1 1 1 -1 -1
13 1 -1 1 1 -1
14 1 -1 1 -1 1
2 2 0 -2 0 0

Table 3.1: Character table of the group D4. Ci are the classes of the group, ◦Ci
is the order of the ith class, i.e. the number of distinct elements contained in this
class, ◦hCi is the order of the elements S in the class Ci, i.e. the smallest integer

(> 0) for which the equation S
◦hCi = 1 holds. Furthermore the table contains one

representative for each class Ci given as product of the generators A and B of the
group.

for 2. Note that A is a complex matrix, although 2 is a real representation. For (a1, a2)T ∼ 2
therefore (a?2, a

?
1)T transforms as 2 under D4. The generators of the one-dimensional repre-

sentations can be found in the character table, displayed in Table 3.1. The generators fulfill
the relations

A4 = 1, B2 = 1, and ABA = B . (3.2)

The product rules for 1i are the following

1i×1i = 11 , 11×1i = 1i for i = 1, ..., 4 , 12×13 = 14 , 12×14 = 13 , and 13×14 = 12 .

For si ∼ 1i and (a1, a2)T ∼ 2 we find(
s1a1

s1a2

)
∼ 2 ,

(
s2a1

−s2a2

)
∼ 2 ,

(
s3a2

s3a1

)
∼ 2 , and

(
s4a2

−s4a1

)
∼ 2 .

The product 2× 2 decomposes into the four singlets which read for (a1, a2)T , (b1, b2)T ∼ 2:

a1b2 + a2b1 ∼ 11 , a1b2 − a2b1 ∼ 12 , a1b1 + a2b2 ∼ 13 , and a1b1 − a2b2 ∼ 14 .

More general formulae for generators, Kronecker products and Clebsch Gordan coefficients
can be found, for example, in [120, 184]. Notice that our group basis does not coincide with
the one chosen by GL in [182]. Therefore, the mass matrices shown below have a different
appearance, especially the charged lepton mass matrix is not diagonal in our basis. However,
the prediction of the mixing angles does not depend on the chosen group basis.

All subgroups of D4 are abelian: Z2
∼= D1, Z4 and D2

∼= Z2×Z2. We are interested in Z2

subgroups which are generated by B Am with m = 0, ..., 3 and in the D2 subgroup generated
by A2 and BA. In order to see that B Am gives a Z2 group, note that

(B Am)2 = B AmB Am = B Am−1B Am−1 = · · · = B2 = 1
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holds, due to Eq.(3.2). Similarly, one finds for A2 and BA:

(A2)2 = A4 = 1 and (BA)2 = BABA = B2 = 1

by using again the generator relations. Obviously, A2 and BA are not equal (in general) and
thus they generate different Z2 subgroups. Additionally, we have to check that A2 and BA
commute

A2BA = A3BA2 = A4BA3 = BAA2 .

This shows that A2 and BA generate a Z2 × Z2 group, which is isomorphic to a D2 group.
The other non-trivial element of the D2 group is BA3. Thus, one could also use the two
elements A2 and BA3 to generate this D2 group. However, we follow the convention to use
A2 and the element BAp with p being the smallest possible natural number as generators.
The Z2 symmetry given through BAm is left unbroken by a non-vanishing VEV of a singlet
transforming as 13 if m is even and of one transforming as 14 for m being odd. Additionally,
it will be left intact by the fields ψ1,2 forming a doublet, if their VEVs have the following
structure: (

〈ψ1〉
〈ψ2〉

)
∝

(
e−

πim
2

1

)
. (3.3)

For preserving the D2 group generated by A2 and BA, only singlets in 14 are allowed to
have a non-vanishing VEV. Especially, no fields forming a doublet under D4 should acquire
a VEV. Clearly, in all cases singlets in the trivial representation of D4, 11, are allowed to
have a non-vanishing VEV. Note also that in none of the cases a field transforming as 12
can acquire a non-zero VEV. Since we concentrate on the D2 subgroup induced by A2 and
BA, the Z2 subgroup has to be generated by BAm, with m being even in order not to be a
subgroup of the D2 group. Only then the mismatch between the two subgroups is achieved.
The choice of m, m = 0 or m = 2, depends on the relative sign between 〈ψ1〉 and 〈ψ2〉 for
two fields ψ1,2 ∼ 2.

3.1.2 The Model at Leading Order

We augment the Minimal Supersymmetric Standard Model (MSSM) by the flavor symmetry
D4 × Z5. The non-trivial breaking of D4 is responsible for maximal atmospheric mixing and
vanishing θ13, while Z5 is necessary to separate the charged lepton and the neutrino sector.
The model contains three left-handed lepton doublets li, the three left-handed conjugate
charged leptons eci , the MSSM Higgs doublets hu,d, and two sets of flavons {χe, ϕe}, and
{χν , ϕν , ψ1,2} which break D4 in the charged lepton and the neutrino sector, respectively.
The transformation properties of these fields are collected in Table 3.2.

Fermion Masses

The invariance of the charged lepton and neutrino mass terms under the flavor group D4×Z5

requires the presence of at least one flavon. Thus, charged lepton masses are generated
by non-renormalizable operators only. In a model which treats quarks as well, this allows
the explanation of the small τ mass compared to the top quark mass without relying on a
large value of tanβ = 〈hu〉/〈hd〉 = vu/vd. The neutrinos receive Majorana masses through
the dimension-5 operator lhulhu/Λ, which can be made invariant under the flavor group by
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Field l1 l2,3 ec1 ec2,3 hu hd χe ϕe χν ϕν ψ1,2

D4 11 2 11 2 11 11 11 14 11 13 2
Z5 ω ω 1 1 ω3 ω ω3 ω3 ω2 ω2 ω2

Table 3.2: Particle content of the model. li denotes the three left-handed lepton
SU(2)L doublets, eci are the left-handed conjugate charged leptons, and hu,d are the
MSSM Higgs doublets. The flavons χe, ϕe, χν , ϕν , and ψ1,2 only transform under

D4 × Z5. The phase factor ω is e
2πi
5 .

coupling it to a flavon. The part of the superpotential giving lepton masses reads at Leading
Order (LO):

Wl = ye1χel1e
c
1

hd
Λ

+ ye2χe(l2e
c
3 + l3e

c
2)
hd
Λ

+ ye3ϕe(l2e
c
2 − l3ec3)

hd
Λ

(3.4)

+y1χν l1l1
h2
u

Λ2
+ y2l1(l2ψ2 + l3ψ1)

h2
u

Λ2
+ y2(l2ψ2 + l3ψ1)l1

h2
u

Λ2
+ y3ϕν(l2l2 + l3l3)

h2
u

Λ2

+y4χν(l2l3 + l3l2)
h2
u

Λ2
,

where Λ is the cutoff scale of the theory whose order of magnitude is determined by the scale
of the light neutrino masses, see below. For the moment we assume that the flavons χe and
ϕe acquire the VEVs

〈ϕe〉 = ue and 〈χe〉 = we . (3.5)

As discussed in Section 3.1.1, these VEVs break D4 down to D2 generated by A2 and BA in
the charged lepton sector. The VEVs of the flavons that couple only to neutrinos at LO are
of the form

〈ϕν〉 = u , 〈χν〉 = w ,

(
〈ψ1〉
〈ψ2〉

)
= v

(
1
1

)
, (3.6)

and therefore they leave a Z2 subgroup, generated by B, unbroken. As mentioned, the equality
of the VEVs of 〈ψ1〉 and 〈ψ2〉 is crucial. As we will discuss further, the vacuum structure
in Eq.(3.5) and Eq.(3.6) is a natural result of the minimization of the flavon potential. We
obtain the following fermion mass matrices when inserting the flavon VEVs and 〈hu,d〉 = vu,d:

Ml =
vd
Λ

 ye1we 0 0
0 ye3ue ye2we
0 ye2we −ye3ue

 and Mν =
v2
u

Λ2

 y1w y2v y2v
y2v y3u y4w
y2v y4w y3u

 . (3.7)

Thereby, the left-handed fields are on the left-hand and the left-handed conjugate fields on
the right-hand side for Ml. The matrix MlM

†
l is diagonalized by the unitary matrix Ul, i.e.

U †l MlM
†
l Ul is diagonal. Ul acts on the left-handed charged lepton fields and is given by

Ul =

 1 0 0
0 eiπ/4/

√
2 e−iπ/4/

√
2

0 e−iπ/4/
√

2 eiπ/4/
√

2

 . (3.8)

For the masses of the charged leptons we find

me =
vd
Λ
|ye1we| ,mµ =

vd
Λ
|ye3ue + iye2we| , and mτ =

vd
Λ
|ye3ue − iye2we| . (3.9)
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In order to arrive at non-degenerate masses for the µ and the τ lepton, either ye3ue or ye2we
has to be complex indicating CP violation in the Yukawa couplings and/or flavon VEVs. For
mτ being around 2 GeV, we find that for small tanβ - corresponding to vd of the order of
100 GeV - the ratio of the flavon VEVs ue and we over the cutoff scale Λ should fulfill 2

ue
Λ
,
we
Λ
∼ λ2

c ≈ 0.04 (3.10)

with λc being the Cabibbo angle. The smallness of the ratio me/mτ is in this model only
explained by the assumption of a small enough coupling ye1. Similarly, mµ/mτ enforces a
certain cancellation between the two contributions ye3ue and iye2we in mµ. In [182] these
problems have been solved by the assumption that the electron couples to a Higgs field
different from those coupling to the µ and the τ lepton, and by an additional symmetry
which leads to mµ = 0 if unbroken.

The neutrino mass matrix in the charged lepton mass basis (indicated by a prime ( ′ ))
reads

M ′ν = U †lMνU
∗
l =

v2
u

Λ2

 y1w y2v y2v
y2v y4w y3u
y2v y3u y4w

 . (3.11)

As M ′ν is µ− τ symmetric, it immediately follows that the lepton mixing angle θ13 vanishes
and θ23 is maximal. The solar mixing angle θ12 is not predicted, but in general expected to
be large. Also the Majorana phases φ1,2 are not constrained. The lepton mixing matrix is of
the form

UPMNS = diag(eiγ1 , eiγ2 , eiγ3) ·

 cos θ12 sin θ12 0
− sin θ12√

2
cos θ12√

2
− 1√

2

− sin θ12√
2

cos θ12√
2

1√
2

 · diag(eiβ1 , eiβ2 , eiβ3) . (3.12)

The Majorana phases φ1,2 = α1,2/2 can be extracted from UPMNS by bringing it into the
standard form [46]. Due to the additional factor 1/2, the phases φ1,2 vary between 0 and π.
Assuming that all flavon VEVs are of the same size, the estimate in Eq.(3.10) also holds for
the VEVs of the flavons χν , ϕν , and ψ1,2. For small tanβ, i.e. vu ≈ vd ≈ 100 GeV, a light
neutrino mass scale between

√
|∆m2

31| ≈ 0.05 eV and 1 eV fixes the range of the cutoff scale
Λ to be

4 · 1011 GeV . Λ . 8 · 1012 GeV . (3.13)

As it will be shown further, we can assume that CP is only violated spontaneously in this
model by imaginary VEVs we and w of χe and χν . Thus, apart from we and w, all other
parameters, i.e. couplings and VEVs, are real in what follows. According to Eq.(3.9), an
imaginary we allows the µ and the τ lepton masses to be non-degenerate. In the neutrino
sector only the VEV w of χν is imaginary, whereas all other entries in M ′ν are real, so that
the matrix in Eq.(3.11) can be written as

M ′ν =
v2
u

Λ
v

Λ

 i s t t
t i x z
t z i x

 , (3.14)

2Although not excluded, there is no obvious reason to assume that there is a large hierarchy among the
different flavon VEVs. In general, these are correlated through the parameters of the flavon potential.
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where we have defined the real parameters

s = y1
Im(w)
v

, t = y2 , x = y4
Im(w)
v

, and z = y3
u

v
. (3.15)

Mismatch of Subgroups

In the following, we discuss how the subgroup mismatch plays an important role for the
prediction of the neutrino mixing. To elucidate the reason why the two subgroups preserved
in the charged lepton and the neutrino sector have to be different, i.e. the Z2 subgroup present
in the neutrino sector should not be a subgroup of the D2 group of the charged lepton sector,
observe that MlM

†
l as well as MνM

†
ν for Ml and Mν given in Eq.(3.7) can be written in the

following form

MiM
†
i =

 Ai Bi e
i βi Bi e

i (βi+φi j)

Bi e
−i βi Ci Di e

iφi j

Bi e
−i (βi+φi j) Di e

−i φi j Ci

 , i = l, ν . (3.16)

This form is achieved for Ml (Mν) as long as at least one Z2 group, originating from B Am,
is conserved in the charged lepton (neutrino) sector. A matrix of this type is diagonalized by

Ui =

 ei βi 0 0
0 1 0
0 0 e−i φi j

 Umax U12(θi)U(αik), (3.17)

where

Umax =

 1 0 0
0 1√

2
− 1√

2

0 1√
2

1√
2

 , U12(θi) =

 cos θi sin θi 0
− sin θi cos θi 0

0 0 1

 , U(αik) =

 ei α
i
1 0 0

0 ei α
i
2 0

0 0 ei α
i
3

 .

(3.18)
In [86,184] it has been shown that the quantities φi and j are related to the group theoretical
indices of the flavor symmetry. j is the representation index of the doublet, under which two
of the three left-handed lepton generations transform. Thus, it is the same for charged leptons
and neutrinos. φi can be expressed as

φi =
2π
n
mi , (3.19)

where n is the index of the group Dn and ml (ν) the index of the preserved subgroup in
the charged lepton (neutrino) sector that has a generator of the form B Aml (ν) . ml (ν) is an
integer number between zero and (n−1). The parameters Ai, ..., Di and the phase βi are real
functions of the matrix entries of MiM

†
i , whose actual form is not needed here. The phases

αik are irrelevant for the diagonalization of MiM
†
i , but are necessary for the diagonalization

of the neutrino mass matrix Mν alone. The angle θi can be expressed through the parameters
Ai, ..., Di as follows:

tan 2θi =
2
√

2Bi
Ci +Di −Ai

. (3.20)
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The general form of the PMNS matrix is then

UPMNS = UTl U
?
ν = U(αlk)U

T
12(θl)UTmax

 ei (βl−βν) 0 0
0 1 0
0 0 e−i (φl−φν) j

 Umax U12(θν)U(−αν
k̃
) .

(3.21)
This form already shows that it is essential to have a non-trivial phase e−i (φl−φν) j in order to
guarantee that the maximal mixing in the 2− 3 sector is not cancelled. For the third column
of UPMNS , which determines the mixing angles θ13 and θ23, we find

|(UPMNS)e3| = | sin((φl − φν) j/2) sin θl| , |(UPMNS)µ3| = | sin((φl − φν) j/2) cos θl| ,
|(UPMNS)τ3| = | cos((φl − φν) j/2)| . (3.22)

Using that we preserve a Z2 symmetry generated by B in the neutrino sector and a D2 group
generated by B A (according to our convention for the generators of the group D2 introduced
in Section 3.1.1) in the charged lepton sector gives for φν and φl:

φν = 0 and φl =
π

2
. (3.23)

j is trivially one, since D4 only contains one irreducible two-dimensional representation 2.
As the elements (1, k) and (k, 1) with k = 2, 3 in Ml vanish, see Eq.(3.7), the parameter Bl
in Eq.(3.16) is zero (and also βl = 0) and thus θl = 0 as well, according to Eq.(3.20). This
results in

|(UPMNS)e3| = 0 , |(UPMNS)µ3| = |(UPMNS)τ3| =
1√
2
, (3.24)

giving maximal atmospheric mixing and vanishing θ13. A few things are interesting to notice:
In principle four different cases might occur. These arise from whether the subgroups D2 and
Z2 contain the same element BAm or not, and from whether the D2 subgroup is unbroken
in the charged lepton sector or only a Z2 subgroup is preserved. The first issue determines
whether ml equals mν or not, i.e. whether |φl−φν | is zero or not. The second one is responsible
for (non-)zero θl. We can see from Eq.(3.22) that for no mismatch of the subgroups θ13 as
well as θ23 vanish, in contrast to what is observed in Nature. So the mismatch of the two
subgroups is necessary. If θl is zero, i.e. the subgroup present in the charged lepton sector
is a D2 group, θ13 = 0 and θ23 maximal will follow. If, however, only a smaller Z2 group
is present in the charged lepton sector, neither θ13 being zero nor θ23 being maximal holds.
Then only the PMNS matrix element |(UPMNS)τ3| is fixed by group theory.

Finally, the matrix Ul given in Eq.(3.8) will equal the matrix shown in Eq.(3.17), if we
additionally set the phases to αl1 = 0, αl2 = π/4, and αl3 = 3π/4.

One might ask the question what actually determines the size of the solar mixing angle
θ12 in this context. For θl = 0, we find from Eq.(3.21) that

|(UPMNS)e1| = | cos θν | and |(UPMNS)e2| = | sin θν | , (3.25)

which shows that θ12 is given by θν . Since this angle would vanish, if a D2 group instead of a
Z2 group (with generator BAm) was present in the neutrino sector, one might interpret the
size of the solar mixing angle as hint to how strongly a D2 group is broken in the neutrino
sector.
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Phenomenology

In the following we analyze the phenomenology of this model. For the eigenvalues of M ′νM
′†
ν

we find

m2
2,1 = 1

2

(
v2u
Λ

)2 (
v
Λ

)2 [
s2 + 4t2 + x2 + z2 ±

√
(s− x)2(8t2 + (s+ x)2) + 2(4t2 + x2 − s2)z2 + z4

]
and m2

3 =
(
v2u
Λ

)2 (
v
Λ

)2 (
x2 + z2

)
. (3.26)

This assignment of the eigenvalues is unambiguous, since m2
2 > m2

1 is experimentally known
and the eigenvalue corresponding to the eigenvector (0, 1,−1)T can only be m2

3. The solar
mixing angle θ12 is found to depend on s, t, x, and z in the following way

tan 2θ12 =
2
√

2 |t|
√

(s− x)2 + z2

x2 + z2 − s2
. (3.27)

Before discussing the general case with unconstrained parameters s, t, x, and z we com-
ment on the special case in which z vanishes, since then the model contains three real param-
eters which can be determined by the three experimental quantities ∆m2

21, |∆m2
31|, and θ12.

According to Eq.(3.15) either y3 or u have to vanish for z = 0 to hold. Assuming that y3 is
zero however has to be regarded as fine-tuning. In contrast to that, a vanishing VEV u can
be explained either through the absence of the flavon ϕν from the model or through a flavon
potential which only allows configurations with u = 0 to be minima. The neutrino mass m3

is then proportional to |x|. From Eq.(3.26) and Eq.(3.27) we can derive for z = 0:

m2
3 = −1

4
cos4 θ12

sin2 θ12

(∆m2
21 + ∆m2

31(tan4 θ12 − 1))2

∆m2
31(1 + tan2 θ12)−∆m2

21

. (3.28)

Neglecting the solar mass square difference we can simplify this expression to

m2
3 ≈ −∆m2

31 cot2 2θ12 . (3.29)

Eq.(3.29) shows that ∆m2
31 < 0, i.e. the neutrinos have to have an inverted hierarchy. Note

that similar results can also be found in [185]. A relation analogous to Eq.(3.28) can be found
for |mee| measured in 0νββ decay experiments. Note that |mee| is proportional to |s| due to
Eq.(3.14) and can be written in terms of m3, tan θ12 and the mass square differences as

|mee|2 = m2
3

(∆m2
21(1− 2 tan2 θ12) + ∆m2

31(tan4 θ12 − 1))2

(∆m2
21 + ∆m2

31(tan4 θ12 − 1))2
. (3.30)

In the limit of vanishing solar mass splitting we find

|mee| ≈ m3 . (3.31)

Taking the best-fit values ∆m2
21 = 7.65 · 10−5 eV2, ∆m2

31 = −2.40 · 10−3 eV2, and sin2 θ12 =
0.304 [47, 186] we obtain s ≈ 0.02075, t ≈ 0.03502, x ≈ 0.02146 3 for vu ≈ 100 GeV, Λ ≈ 4 ·
1011 GeV, and v/Λ ≈ λ2

c ≈ 0.04. The neutrino masses are m1 ≈ 0.05348 eV, m2 ≈ 0.05419 eV
and m3 ≈ 0.02146 eV. Their sum

∑
mi ≈ 0.1291 eV lies below the upper bound required

from cosmological data [187]. |mee| equals 0.02075 eV which might be detectable in the far
future [188]. The two Majorana phases φ1,2 are φ1 = π/2 and φ2 = 0. For tritium β decay,
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Figure 3.1: |mee| plotted against m3 for z 6= 0.
The dashed (red) line indicates the results for z =
0. Mass square differences and the solar mixing
angle are in the allowed 2σ ranges [47, 186]. As
one can see, |mee| and m3 have nearly the same
value. Additionally, one finds that m3 has a lower
bound around 0.015 eV. For z = 0 we also find an
upper bound on m3.
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Figure 3.2: tan θ12 plotted against m3 for non-
vanishing z. Again the dashed (red) line indicates
z = 0 (assuming the best-fit value for the atmo-
spheric mass square difference) and gives a lower
bound for z 6= 0. Apart from that, the results
for tan θ12 are only constrained by the require-
ment that they are within the experimental 2σ
ranges [47,186], 0.61 . tan θ12 . 0.73.

we find mβ ≈ 0.05370 eV which is about a factor of four smaller than the expected sensitivity
of the KATRIN experiment [189,190].

Turning to the general case with z 6= 0 we first observe that also in this case the light
neutrinos have to have an inverted hierarchy. To see this, let us assume that the matrix in
Eq.(3.14) would allow the neutrinos to be normally ordered, i.e. m3 > m1 as well as m3 > m2.
From m2

3 −m2
2 > 0 it follows

x2 + z2 − s2 − 4t2 −
√

(s− x)2(8t2 + (s+ x)2) + 2(4t2 + x2 − s2)z2 + z4 > 0 . (3.32)

From this we can deduce

x2 + z2 > s2 + 4t2 and 16t2(t2 + x(s− x)− z2) > 0 . (3.33)

Rearranging the first inequality and taking t 6= 0 (otherwise θ12 would be zero) for the second
one, we get

x2 − s2 > 4t2 − z2 and t2 − z2 > x(x− s) . (3.34)

The sum of these inequalities leads to

s(x− s) > 3t2 > 0 . (3.35)

From Eq.(3.35) we see that s and x have the same sign, while x2 > s2, hence x(x−s) > s(x−s).
Combining Eq.(3.34) and Eq.(3.35), we find t2 − z2 > 3t2, an obvious contradiction. Thus,
the neutrinos cannot be normally ordered as assumed by m2

3 > m2
2. Instead we always have

m2
2 > m2

3, which is only possible in case of an inverted hierarchy. Note that it is a priori not
clear that also m1 is larger than m3, since the sizes of the mass square differences have to be
tuned such that ∆m2

21 � |∆m2
31|. In fact, ∆m2

21 is given by

∆m2
21 =

(v2
u

Λ

)2 ( v
Λ

)2√
(s− x)2(8t2 + (s+ x)2) + 2(4t2 + x2 − s2)z2 + z4 . (3.36)

3Actually we find four solutions which all lead to the same absolute values, but to different signs for s, t
and x, with the constraint that s and x have the same sign.
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Figure 3.3: The Majorana phases φ1 (blue/darker
gray) and φ2 (green/lighter gray) plotted against
the lightest neutrino mass m3 for non-vanishing
z. The values for z = 0, φ1 = π

2
, φ2 = 0, are

displayed by dashed (red) lines. Notice that the
results for z 6= 0 are centered around these values.
The measured quantities, ∆m2

21, |∆m2
31| and θ12,

are within the 2σ ranges [47,186].
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Figure 3.4: Phase difference φ1−φ2 against m3 for
z 6= 0. The case z = 0, |φ1−φ2| = π/2, is given by
the dashed (red) lines. As one can see, |φ1 − φ2|
is restricted to the interval [π/2, 3π/4] for m3 .
0.06 eV. Its deviation from π/2 increases with
increasing m3. Again, the mass square differences
and θ12 are within the experimentally allowed 2σ
ranges [47,186].

It vanishes, if z = 0 and s = x. Thus, ∆m2
21 � |∆m2

31| will hold, if these equalities are
nearly met. As noted, the vanishing of z can be made a natural result of the model. The
near equality s ≈ x, however, has to be regarded as a certain tuning of the couplings y1 and
y4, see Eq.(3.15).

We have studied the general case z 6= 0 numerically. To fix the light neutrino mass scale
we adjust the resulting solar mass square difference to its best-fit value. At the same time the
atmospheric mass square difference and the mixing angle θ12 have to be within their allowed
2σ ranges [47, 186]. First, we note that our numerical results confirm that z in general has
to be smaller than the parameters s, t, and x, and that s and x have to have nearly the
same value. In Figure 3.1 we plot |mee| against the lightest neutrino mass m3. As one can
see, the approximate equality of |mee| and m3, deduced for z = 0 in Eq.(3.31), still holds
for z 6= 0. The dashed (red) line is the result for z = 0. One finds that m3 has a minimal
value around 0.015 eV, i.e. m3 cannot vanish, and for z = 0 it also has a maximal one around
0.027 eV. These two bounds can be found as well by using Eq.(3.29). The non-vanishing
of m3 ≈ |mee| agrees with the findings in the literature that |mee| is required to be larger
than 0.01 eV, if neutrinos follow an inverted hierarchy [191–193]. Figure 3.2 shows that the
relation in Eq.(3.29), which is fulfilled to a good accuracy for z = 0, gives a lower bound for
z 6= 0 in the tan θ12 −m3 plane and no further constraints on the solar mixing angle can be
derived. Note that we have used the best-fit value of the atmospheric mass square difference
for the dashed (red) line in Figure 3.2. Finally, we plot the Majorana phases φ1 and φ2 in
Figure 3.3 against the lightest neutrino mass m3. As one can see, the phase φ1 (blue/darker
gray) varies between π/8 and 7π/8, while φ2 (green/lighter gray) either lies in the interval
[0, π/8] or [7π/8, π] for small values of m3, i.e. m3 . 0.06 eV. The dashed (red) lines indicate
again the values of φ1 and φ2 achieved in the limit z = 0. As the difference φ1 − φ2 of the
two Majorana phases is the only quantity which can be realistically determined by future
experiments [188] through

|mee| = |m1 cos2 θ12e
2i (φ1−φ2) +m2 sin2 θ12| , (3.37)
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we also plot φ1 − φ2 against m3 in Figure 3.4. This plot shows that the phase difference has
to lie in the rather narrow ranges [−3π/4,−π/2] or [π/2, 3π/4] for small values of m3. As one
can see, the deviations from |φ1 − φ2| = π/2 (z = 0 case) become larger for larger values of
m3.

Flavon Superpotential

In the following we discuss the flavon superpotential and show that the VEV structure as-
sumed in (Eq.(3.5) and) Eq.(3.6) naturally arises, as does the spontaneous CP violation. In
constructing the superpotential we work along the lines of [28, 103, 104, 117, 118]. For this
purpose, we generalize R-parity to a U(1)R symmetry under which the “matter fields” trans-
form with charge +1, while the fields hu and hd and the flavons are uncharged and another
type of fields, the driving fields, have charge +2. We note that the flavons and the driving
fields transform trivially under the Standard Model gauge group, but non-trivially under the
flavor symmetry. The set needed for constructing the potential consists of χ0

e ∼ (11, ω
4),

σ0 ∼ (14, ω), and χ0
ν ∼ (11, ω) under (D4, Z5). Since all terms of the superpotential have to

have U(1)R charge +2, the driving fields cannot couple to the fermions and can only appear
linearly in the flavon superpotential. The renormalizable D4×Z5 invariant superpotential for
flavons and driving fields reads

Wf = aχ0
e χ

2
e + b χ0

e ϕ
2
e (3.38)

+c σ0 (ψ2
1 − ψ2

2) + dχ0
ν ψ1 ψ2 + e χ0

ν ϕ
2
ν + f χ0

ν χ
2
ν .

Assuming that the flavons acquire their VEVs in the supersymmetric limit, we can use the
F-terms of the driving fields to determine the vacuum structure of the flavons. The equations

∂Wf

∂χ0
e

= aχ2
e + b ϕ2

e = 0 , (3.39a)

∂Wf

∂σ0
= c (ψ2

1 − ψ2
2) = 0 , (3.39b)

∂Wf

∂χ0
ν

= dψ1 ψ2 + eϕ2
ν + f χ2

ν = 0 , (3.39c)

result in

〈χe〉 = ±i
√
b

a
〈ϕe〉 , 〈ψ1〉 = ±〈ψ2〉 , 〈χν〉 = ±i

√
d 〈ψ1〉 〈ψ2〉+ e 〈ϕν〉2

f
, (3.40)

which can be re-written as

we = ±i
√
b

a
ue , 〈ψ1〉 = ±v , w = ±i

√
d 〈ψ1〉 〈ψ2〉+ e u2

f
. (3.41)

Note that the VEVs 〈ϕe〉 = ue, 〈ψ2〉 = v, and 〈ϕν〉 = u are unconstrained by the potential.
Note further that the choice of sign in all cases is independent in Eq.(3.40) and Eq.(3.41).
For the discussion of the preserved subgroup structure it is anyway only relevant whether
〈ψ1〉 = 〈ψ2〉 or 〈ψ1〉 = −〈ψ2〉. For 〈ψ1〉 = 〈ψ2〉 as used in Eq.(3.6) we conserve a subgroup
Z2 of D4 generated by B, whereas the relation 〈ψ1〉 = −〈ψ2〉 indicates that the Z2 subgroup
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generated by BA2 is left unbroken. This Z2 group is also not a subgroup of the D2 group
conserved in the charged lepton sector. Thus, the subgroups of the charged lepton and the
neutrino sector will be misaligned in both cases. In this paper we only consider the case
of 〈ψ1〉 = 〈ψ2〉 = v. Eq.(3.41) shows then that the VEVs we and w necessarily have to be
imaginary, so that CP is spontaneously violated, if the parameters a, ..., f and the VEVs ue,
v, and u are chosen to be positive.

We remark that, due to the U(1)R symmetry, a µ-term µhuhd is forbidden in our model
and has to be generated by some other mechanism. This feature is shared by all models using
a U(1)R symmetry. In the derivation of Eq.(3.39), terms of the form χ0

νhuhd which couple a
driving field to the MSSM Higgs fields can be safely neglected. They also cannot induce a
µ-term, since only vanishing VEVs are allowed for the driving fields, if the parameters a, ..., f
and the flavon VEVs are non-zero, as they are in our case. Finally, note that we find flat
directions in this potential in the case of spontaneous CP violation under discussion here.
These are however expected to be lifted by the inclusion of the NLO corrections as well as
through soft supersymmetry breaking terms. Such nearly flat directions might be of interest
for inflation [194].

3.1.3 Next-to-Leading Order Corrections

In order to determine how our results are corrected at NLO, we take into account the effects
of operators which are suppressed by one more power of the cutoff scale Λ compared to the
LO. Such contributions to the fermion masses include two instead of only one flavon. In the
flavon superpotential we add terms consisting of one driving field and three flavons. It turns
out that there are actually no contributions to the fermion masses from two-flavon insertions
due to the Z5 symmetry. Hence, the only NLO corrections we need to consider are those of
the flavon superpotential, which lead to a shift in the flavon VEVs parameterized as

〈χe〉 = we + δwe , 〈χν〉 = w + δw , and 〈ψ1〉 = v + δv . (3.42)

The VEVs 〈ϕe〉 = ue, 〈ϕν〉 = u, and 〈ψ2〉 = v which are not determined at LO remain
unconstrained also at NLO. The natural size of the VEV shifts is

δVEV
VEV

∼ λ2
c . (3.43)

As will be discussed below, the shifts δw and δwe are in general complex, whereas the shift
δv in the VEV 〈ψ1〉 is real for this type of spontaneous CP violation.

Fermion Masses

The VEV shifts induce corrections to the lepton mass matrices given in Eq.(3.7) when the
shifted VEVs are inserted into the LO terms, see Eq.(3.4). In case of the charged lepton
masses only the VEV of χe is shifted. Such a shift is, however, not relevant, since it can be
absorbed into the Yukawa couplings ye1 and ye2. 4 Especially, Ul is still given by Eq.(3.8). The
form of the neutrino mass matrix is changed through the shifts of the VEVs as

Mν =
v2
u

Λ2

 y1(w + δw) y2v y2(v + δv)
y2v y3u y4(w + δw)

y2(v + δv) y4(w + δw) y3u

 . (3.44)

4These then become complex which however does not affect our results.
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Note that δw cannot simply be absorbed into w, since δw is complex, whereas w is imaginary.
In the charged lepton mass basis the matrix in Eq.(3.44) reads

M ′ν =
v2
u

Λ2

 y1(w + δw) y2(v + eiπ/4δv/
√

2) y2(v + e−iπ/4δv/
√

2)
y2(v + eiπ/4δv/

√
2) y4(w + δw) y3u

y2(v + e−iπ/4δv/
√

2) y3u y4(w + δw)

 . (3.45)

To evaluate the shifts in the neutrino masses and to discuss the deviations of the mixing
angles from their LO values, especially θ13 from zero and θ23 from maximal, we parameterize
the Majorana neutrino mass matrix as

M ′ν =
v2
u

Λ
v

Λ

 i s (1 + α ε) t (1 + eiπ/4 ε) t (1 + e−iπ/4 ε)
t (1 + eiπ/4 ε) i x (1 + α ε) z

t (1 + e−iπ/4 ε) z i x (1 + α ε)

 (3.46)

with s, t, x, and z as given in Eq.(3.15) and 5

α ε =
δw

w
, α = αr + i αi , and ε =

1√
2
δv

v
≈ λ2

c ≈ 0.04 . (3.47)

The neutrino masses and mixing parameters resulting from Eq.(3.46) can then be calculated
in an expansion in the small parameter ε. We observe that the mass shift of m2

3 would vanish
for δw being zero. Its explicit form is

(mNLO
3 )2 = (mLO

3 )2 + 2
(v2

u

Λ

)2 ( v
Λ

)2
x(αr x+ αi z) ε , (3.48)

with (mLO
3 )2 given in Eq.(3.26). Similarly, the masses m2

1 and m2
2 undergo shifts proportional

to ε. A simple expression can however only be found for the sum m2
1 +m2

2:

(mNLO
1 )2 + (mNLO

2 )2 = (mLO
1 )2 + (mLO

2 )2 + 2
(v2

u

Λ

)2 ( v
Λ

)2
(2
√

2 t2 + αr (s2 + x2)− αi x z) ε .
(3.49)

(mLO
1,2 )2 can be found in Eq.(3.26). The mixing angle θ13 no longer vanishes and we find

sin θ13 ≈
∣∣∣∣ t x

t2 + (s− x)x− z2

∣∣∣∣ ε . (3.50)

For θ23 we get
tan θ23 ≈ 1 +

√
2

x z

t2 + (s− x)x− z2
ε . (3.51)

The deviation from maximal atmospheric mixing can also be expressed through

| cos 2θ23| ≈
√

2
∣∣∣∣ x z

t2 + (s− x)x− z2

∣∣∣∣ ε ≈ √2
∣∣∣z
t

∣∣∣ sin θ13 . (3.52)

From both formulae one can deduce that in the case z = 0 the corrections to maximal
atmospheric mixing are not of the order ε, but only arise at O(ε2). Contrary to this, θ13 will
still receive corrections of order ε, if z = 0. The solar mixing angle θ12, which is not fixed to

5We assume that ε is positive.
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a precise value in this model, also gets corrections of order ε. We note that the smallness of
|s−x| and z, required by the smallness of ∆m2

21, might lead to a disturbance of the expansion
in the parameter ε.

A correlation between cos 2θ23 and sin θ13 depending only on physical quantities, ∆m2
ij , ...,

and not on the parameters of the model, s, t, ..., can be obtained by an analytic consideration
which is done analogously to the study performed in [67]. Clearly, the matrix in Eq.(3.45) is
no longer µ− τ symmetric. However, we find the following remnants of this symmetry:

(M ′ν)eµ = (M ′ν)∗eτ and (M ′ν)µµ = (M ′ν)ττ . (3.53)

This shows that µ− τ symmetry is only broken by phases, but not by the absolute values of
the matrix elements. This leads to

0 = |(M ′ν)eµ|2 + |(M ′ν)µµ|2 − |(M ′ν)eτ |2 − |(M ′ν)ττ |2 ,

0 = (M ′νM
′ †
ν )µµ − (M ′νM

′ †
ν )ττ =

3∑
j=1

m2
j (|(UPMNS)µj |2 − |(UPMNS)τj |2) ,

0 =
(

(sin2 θ12 − sin2 θ13 cos2 θ12)m2
1 + (cos2 θ12 − sin2 θ13 sin2 θ12)m2

2 − cos2 θ13m
2
3

)
cos(2θ23)

−∆m2
21 sin 2θ12 sin 2θ23 cos δ sin θ13 . (3.54)

Since sin θ13 ∼ O(ε) and cos 2θ23 ∼ O(ε) is already known, we can linearize this equation and
obtain (using best-fit values for the physical quantities and the fact that neutrinos have an
inverted hierarchy in this model)

cos 2θ23 ≈ −
∆m2

21 sin 2θ12

∆m2
32 + ∆m2

21 sin2 θ12
cos δ sin θ13 ≈ 0.03 cos δ sin θ13 . (3.55)

Eq.(3.55) can be used to estimate the largest possible deviation from maximal mixing. For
sin θ13 being at its 2σ limit of 0.2 and | cos δ| = 1, | cos 2θ23| still has to be less than 6× 10−3,
which is well within the 1σ error. Finally, we note that Eq.(3.55) must be consistent with
Eq.(3.52), and thus we again find that z ought to be small.

Flavon Superpotential

The corrections to the flavon superpotential stem from terms involving one driving field and
three flavons. These terms are non-renormalizable and suppressed by the cutoff scale Λ. We
find

∆Wf =
k1

Λ
χ0
e χ

3
ν +

k2

Λ
χ0
e χν ϕ

2
ν +

k3

Λ
χ0
e χνψ1ψ2 +

k4

Λ
χ0
e ϕν (ψ2

1 + ψ2
2)

+
k5

Λ
σ0 ϕe χ

2
e +

k6

Λ
σ0 ϕ3

e +
k7

Λ
χ0
ν χ

3
e +

k8

Λ
χ0
ν χeϕ

2
e . (3.56)

Assuming that CP is only spontaneously violated forces all ki to be real. We calculate the
F-terms of Wf + ∆Wf for the driving fields using that the VEVs can be parameterized as

〈χe〉 = we + δwe , 〈χν〉 = w + δw , and 〈ψ1〉 = v + δv . (3.57)
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The VEVs 〈ϕe〉 = ue, 〈ϕν〉 = u, and 〈ψ2〉 = v are not determined at LO. We assume that
only terms containing up to one VEV shift or the suppression factor 1/Λ, but not both, are
relevant. The F-terms then lead to

2 awe δwe +
1
Λ

(k1w
3 + k2 u

2w + k3 v
2w + 2 k4 u v

2) = 0 , (3.58a)

2 c v δv +
ue
Λ

(k5w
2
e + k6 u

2
e) = 0 , (3.58b)

d v δv + 2 f w δw +
we
Λ

(k7w
2
e + k8 u

2
e) = 0 . (3.58c)

Here we have chosen the solutions with + in Eq.(3.41). The explicit forms of the shifts read

δv = − 1
2 c

ue
vΛ

(k5w
2
e + k6 u

2
e) , (3.59a)

δw =
1

4 c f
1
wΛ

(d (k5w
2
e + k6u

2
e)ue − 2 c (k7w

2
e + k8 u

2
e)we) , (3.59b)

δwe = − 1
2 a

1
we Λ

(k1w
3 + k2 u

2w + k3 v
2w + 2 k4 u v

2) . (3.59c)

As one can see, for our type of spontaneous CP violation, δv is real, whereas δwe and δw turn
out to be complex in general. As can be read off from Eq.(3.59), all shifts are generically of
order

δVEV
VEV

∼ λ2
c for VEV ∼ λ2

c Λ . (3.60)

Finally, note that the free parameters 〈ϕe〉 = ue, 〈ϕν〉 = u, and 〈ψ2〉 = v are still undeter-
mined.

3.2 A SUSY D10 model for Golden Ratio prediction

As discussed in Chapter 2, there are two possibilities to link the solar neutrino mixing with
the golden ratio ϕ = ϕ2 − 1 = 1

2 (1 +
√

5):

• (A) cot(θ12) = ϕ

• (B) cos(θ12) = ϕ
2

In [15], it has shown the connection between (A) and the non-abelian discrete group A5.
The reason for A5 being the candidate symmetry is because this group is isomorphic to the
rotational group of the icosahedron and its geometrical features can be linked to the golden
ratio. For instance, the 12 vertices of an icosahedron with edge-length 2 have Cartesian
coordinates (0,±1,±ϕ), (±1,±ϕ, 0), and (±ϕ, 0,±1). A peculiar feature of cot θ12 = ϕ is that
the angle gives also tan 2θ12 = 2, and this can be obtained from a simple matrix proportional
to [14]

Mν ∝
(

0 1
1 1

)
. (3.61)

This matrix is invariant under a Z2 symmetry generated by [14]

S =
1√
5

(
−1 2
2 1

)
, (3.62)
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where invariance is fulfilled when ST Mν S = Mν .
Now we concentrate on the possible theoretical origin of the golden ratio prediction (B).

We stress that flavor models based on the symmetry group D10 are natural candidates to
generate θ12 = π/5. The dihedral group D10 is the rotational symmetry group of a decagon
and the exterior angle in a decagon is nothing but π/5, or 36 degrees. We remark that also
D5, the rotational symmetry group of a regular pentagon, could be possible. In a regular
pentagon the length of a diagonal is ϕ times the length of a side. The triangle formed by
the diagonal and two sides has one angle of 108◦ (the internal angle) and two angles with
36◦ each. However, here we focus on D10 because it turns out that the vacuum alignment
we need in our model is simplified due to the larger number of representations in D10. Note
that just as considering A5 for the golden ratio prediction (A) was motivated by geometrical
considerations, the use of the (mathematically simpler) pentagon or decagon symmetry group
is here motivated by prediction (B).

3.2.1 Golden Ratio Prediction and Dihedral Groups

We have seen that there is a simple Z2 under which a mass matrix generating cot θ12 = ϕ
is invariant, see Eq.(3.61) and Eq.(3.62). The second golden ratio proposal (B) corresponds
to tan 2θ12 =

√
1 + ϕ2/(ϕ − 1), and therefore it diagonalizes a less straightforward matrix.

Nevertheless, in this case one can make use of Z2 invariance as well, however the charged
lepton sector has also to be taken into account. We will first discuss this for the simplified
2-flavor case with symmetric mass matrices, before making the transition to dihedral groups
and then to the explicit model based on D10 that we will construct.

The generators of the Z2 under which the neutrino mass matrix Mν and the charged
lepton mass matrix Ml have to be invariant are

Sν,l =
(

0 e−iφν,l

eiφν,l 0

)
, (3.63)

respectively. The matrices Mν and Ml are invariant when they have the following structure:

Mν,l =
(
Aν,l e

iφν,l Bν,l
Bν,l Aν,l e

−iφν,l

)
=
(
eiφν,l 0

0 1

)(
Aν,l Bν,l
Bν,l Aν,l

)(
1 0
0 e−iφν,l

)
≡ Pν,l

(
Aν,l Bν,l
Bν,l Aν,l

)
Qν,l .

(3.64)

The inner matrix can be written as(
Aν,l Bν,l
Bν,l Aν,l

)
= ŨTν,l diag(Aν,l −Bν,l , Aν,l +Bν,l) Ũν,l , where Ũν,l =

(
− 1√

2
1√
2

1√
2

1√
2

)
.

(3.65)
The total diagonalization matrices of Mν and Ml are Uν,l = Pν,l Ũν,l and the physical mixing
matrix is their product U = U †l Uν = Ũ †l P

†
l Pν Ũν . The 11-element is found to be

|Ue1|2 =
∣∣∣∣cos

1
2

(φν − φl)
∣∣∣∣2 . (3.66)

The fact that a non-trivial phase matrix lies in between the two maximal rotations Ũ †l and
Ũν is crucial. Obviously, at this stage any mixing angle could be generated. However, the
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observation made in [86, 184, 195, 196] was that the phase factors in Eq.(3.63) can be linked
to group theoretical flavor model building with dihedral groups Dn. To make the connection
from Eq.(3.66) to dihedral groups, we note that the flavor symmetry Dn has 2-dimensional
representations 2j, with j = 1, . . . , n2 − 1 (j = 1, . . . , n−1

2 ) for integer (odd) n, generated by

A =

(
e2πi j

n 0
0 e−2πi j

n

)
and B =

(
0 1
1 0

)
. (3.67)

Z2 subgroups are generated by

BAk =

(
0 e−2πi j

n
k

e2πi j
n
k 0

)
(3.68)

with integer k. This is just the required form of a Z2 generator in Eq.(3.63). It is now
possible to construct models in which the two fermions transform under the representation 2j
of Dn, and Dn is broken such that Mν is left invariant under BAkν and Ml is left invariant
under BAkl [86,184,195,196]. Consequently, the relation in Eq.(3.66) is obtained and we can
identify

|Ue1|2 =
∣∣∣∣cosπ

j
n

(kν − kl)
∣∣∣∣2 . (3.69)

Hence, a natural candidate to implement the requested value of π/5 is, e.g., D10. This is no
surprise given the observation that we made at the beginning of this section, namely that π/5
is the exterior angle of a decagon and that D10 is its rotational symmetry group.

3.2.2 The Model at Leading Order

Fermion Masses

We continue with an explicit model: We work in the framework of the MSSM without ex-
plicitly introducing left-handed conjugate neutrinos. Majorana masses for the light neutrinos
are thus generated by an effective operator coupling to two Higgs VEVs. We augment the
MSSM by a flavor symmetry D10 × Z5. The symmetry D10 is used for our prediction of the
solar mixing angle, while the auxiliary Abelian symmetry Z5 separates the charged lepton
and neutrino sectors. Due to the flavor symmetry, no renormalizable Yukawa couplings are
allowed for the charged leptons and the dimension 5 operator giving mass to the neutrinos
vanishes as well. Mass for the leptons is generated by coupling them to gauge singlet flavons,
which acquire VEVs and thereby break the flavor group. The charged lepton masses are thus
generated by dimension-5 operators, whereas the neutrino masses are generated by dimension
6 operators6.

The transformation properties of the MSSM leptons and Higgs fields, as well as the rep-
resentations under which the flavons transform, are given in Table 3.3. The multiplication
table and the Clebsch-Gordan coefficients of D10 are given in Appendix A.2. Note that the
fermions and the flavons that couple to them are all in unfaithful representations7 of D10

6 In a model including quarks, this may explain mτ � mt without invoking a large tanβ.
7A representation is unfaithful if at least two distinct group elements are mapped to the same matrix

representation.
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Field l1,2 l3 ec1,2 ec3 hu,d σe χe1,2 ξe1,2 ρe1,2 σν ϕν1,2 χν1,2 ξν1,2
D10 24 11 22 11 11 11 22 23 24 11 21 22 23
Z5 ω ω ω2 ω2 1 ω2 ω2 ω2 ω2 ω3 ω3 ω3 ω3

Table 3.3: Particle content of the D10 model: li are the three left-handed lepton doublets, eci are the left-handed
conjugate charged lepton singlets, and hu,d are the MSSM Higgs doublets. Furthermore we have flavons σe,

χe1,2, ξe1,2, ρe1,2, σν , ϕν1,2, χν1,2, and ξν1,2, which only transform under D10 × Z5. The phase ω = e
2πi
5 is the fifth

unit root.

(i.e., in 22 and 24), so that here a D5 structure would have sufficed. However, the full D10

structure is needed to achieve the desired vacuum alignment.
We can continue by constructing the Yukawa superpotential, giving the leading order

terms for both charged lepton and neutrino masses:

Wl = ye1 (l1 ec2 χ
e
2 + l2 e

c
1 χ

e
1)
hd
Λ

+ ye2 (l1 ec1 ρ
e
1 + l2 e

c
2 ρ

e
2)
hd
Λ

+ ye3 (l3 ec1 χ
e
2 + l3 e

c
2 χ

e
1)
hd
Λ

+ ye4 (l1 ec3 ρ
e
2 + l2 e

c
3 ρ

e
1)
hd
Λ

+ ye5 l3 e
c
3 σ

e hd
Λ

(3.70)

+ yν1 l1 l2 σ
ν h

2
u

Λ2
+ yν1 l2 l1 σ

ν h
2
u

Λ2
+ yν2 (l1 l1 χν1 + l2 l2 χ

ν
2)
h2
u

Λ2
+ yν3 l3 l3 σ

ν h
2
u

Λ2
.

As we will show below, introducing appropriate driving fields and minimizing the flavon
superpotential leads to the following VEVs for the flavons:(

〈χe1〉
〈χe2〉

)
= ve

(
1

e
2πik

5

)
,

(
〈ξe1〉
〈ξe2〉

)
= we

(
1

e
3πik

5

)
,

(
〈ρe1〉
〈ρe2〉

)
= ze

(
1

e
4πik

5

)
, (3.71)

where k is an odd integer between 1 and 9, and(
〈ϕν1〉
〈ϕν2〉

)
= vν

(
1
1

)
,

(
〈χν1〉
〈χν2〉

)
= wν

(
1
1

)
,

(
〈ξν1 〉
〈ξν2 〉

)
= zν

(
1
1

)
. (3.72)

The VEVs of the singlet flavons, 〈σe〉 = xe and 〈σν〉 = xν , are assumed to be also non-
vanishing. The VEV structure then leads to the following mass matrices:

Ml = 〈hd〉Λ

 ye2 ze ye1 ve e
2πik

5 ye4 ze e
4πik

5

ye1 ve ye2 ze e
4πik

5 ye4 ze

ye3 ve e
2πik

5 ye3 ve ye5 xe

 ,

mν = 〈hu〉
2

Λ2

 y2wν y1 xν 0
· y2wν 0
· · y3 xν

 .

(3.73)

To see that indeed the golden ratio prediction is obtained from the above two matrices, note
that for the choice k = 3 the relevant matrix MlM

†
l takes the form

MlM
†
l =

 A B e−2iφ Dei(δ−φ)

B e2iφ A D ei(δ+φ)

De−i(δ−φ) De−i(δ+φ) G

 , where φ =
4π
5
. (3.74)
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The quantities A,B,D,G are real and positive, δ is a phase. To obtain the golden ratio
prediction for the solar mixing angle, we have to set in Eq.(3.71) and Eq.(3.73) k = 3 or
k = 7. From the other possibilities, k = 1 or k = 9 would give a solar mixing angle of 2π

5 ,
while k = 5 would give a vanishing solar mixing angle. This small number of degeneracies
cannot be resolved by the flavon potential. Looking at the last matrix MlM

†
l in Eq.(3.74),

one immediately recognizes the Z2-invariance of the upper left 12-block, which is just the
invariance we were seeking for, see Eq.(3.64). To be precise, the D10 was broken in a way
that MlM

†
l is left invariant under BA3, while the neutrino mass matrix Mν is left invariant

under BA0 = B. Inserting this in Eq.(3.69), where we have to set j = 4 because the
first and second left-handed lepton doublets transform as 24, we expect |Ue1|2 = | cos 6

5π|
2,

which is indeed equivalent to an angle of π/5. We will explicitly check this in the following.
Diagonalizing MlM

†
l with the relation U †l MlM

†
l Ul = diag(m2

e, m
2
µ, m

2
τ ) is achieved with the

matrix

Ul = diag(e−2iφ, 1, e−i(φ+δ))

 −
√

1
2

√
1
2 0√

1
2

√
1
2 0

0 0 1


 1 0 0

0 cos θ23 sin θ23

0 − sin θ23 cos θ23

 . (3.75)

The diagonal phase matrix on the left is crucial. The rotation angle in the 23-axis is given by

tan 2θ23 =
2
√

2D
G−A−B

, (3.76)

and the charged lepton masses are given by

m2
e = A−B , m2

µ,τ = 1
2 [(A+B +G)± w (A+B −G)] ,

where w =
√

1 + 8D2/(A+B −G)2 .
(3.77)

The neutrino mass matrix is diagonalized via U †νMν U
∗
ν = Mdiag

ν , where

Uν =

 −
√

1
2

√
1
2 0√

1
2

√
1
2 0

0 0 1

P . (3.78)

The eigenvalues have in general non-trivial phases which are taken into account in the diagonal
matrix P , and their absolute values are

m1 =
〈hu〉2

Λ2 |y2wν − y1 xν | , m2 =
〈hu〉2

Λ2 |y2wν + y1 xν | , m3 =
〈hu〉2

Λ2 |y3 xν | . (3.79)

We note that the model makes no predictions about the neutrino masses or their ordering.
Nevertheless, one can easily convince oneself that the number of free parameters in the model
is enough to fit the neutrino and charged lepton masses, as well as the large atmospheric
neutrino mixing angle θ23. The model does in general not predict θ23 to be maximal, which
is not an issue given the fact that it is the lepton mixing parameter with the largest allowed
range. However, maximal mixing is compatible with the model. We have θ23 = π/4 when
G = A + B, in which case m2

µ,τ = A + B ∓
√

2D and m2
e as in Eq.(3.77). There is no more
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Field ψ0e ϕ0e
1,2 ξ0e

1,2 ψ0ν χ0ν
1,2 ξ0ν

1,2

D10 13 21 23 14 22 23
Z5 ω ω ω ω4 ω4 ω4

Table 3.4: Transformation properties of the driving fields under D10 × Z5. Again ω is the fifth unit root

e
2πi
5 .

predictivity that can be traced due to the fact that there is a comparably large number of
flavons required in order to make the model work. This is the price one unfortunately has to
pay if one insists in the rather peculiar value of θ12. Given the fact that current data allows
for this very interesting possibility, one should nevertheless pursue the task of constructing
models leading to it. The final PMNS matrix can be calculated from Eq.(2.18) as U = UTl U

∗
ν .

One finds that Ue3 is vanishing and that atmospheric neutrino mixing is governed by tan 2θ23

given by Eq.(3.76). As mentioned above, the PMNS matrix has a non-trivial phase matrix
including φ in between the two maximal 12-rotations, one of which stems from Ul, the other
from Uν . As discussed above, this is the origin of the required result. Indeed, the 12-element
of U is

|Ue2|2 = sin2 φ = sin2 π/5 , (3.80)

and due to Ue3 = 0 this is just sin2 θ12. We have thus achieved our goal of predicting θ12 = π/5.

Flavon Superpotential

To obtain the necessary vacuum alignment in the flavon potential, we need to introduce a
U(1)R and driving fields as discussed in Section 3.1. The transformation properties of the
driving fields are given in Table 3.4. The flavon superpotential can then be divided into two
parts

Wf = Wf,e + Wf,ν , (3.81)

where Wf,e and Wf,ν are responsible for the vacuum alignment of the flavons contributing to
the charged lepton and neutrino masses, respectively. We begin by considering the charged
lepton part:

Wf,e = ae (χe1 ξ
e
1 + χe2 ξ

e
2)ψ0e + be (χe1 ξ

e
2 ϕ

0e
1 + χe2 ξ

e
1 ϕ

0e
2 ) + ce (ξe1 ρ

e
2 ϕ

0e
1 + ξe2 ρ

e
1 ϕ

0e
2 )

+de (ξe2 ξ
0e
1 + ξe1 ξ

0e
2 )σe + fe (ξe1 ρ

e
1 ξ

0e
1 + ξe2 ρ

e
2 ξ

0e
2 ) . (3.82)

As the flavor symmetry is broken at a high scale, the scalar potential can be minimized in
the supersymmetric limit. Hence, we can determine the supersymmetric minimum of the
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potential by setting the F-terms of the driving fields to zero:

∂Wf,e

∂ψ0e
= ae (χe1 ξ

e
1 + χe2 ξ

e
2) = 0 ,

∂Wf,e

∂ϕ0e
1

= be χ
e
1 ξ

e
2 + ce ξ

e
1 ρ

e
2 = 0 ,

∂Wf,e

∂ϕ0e
2

= be χ
e
2 ξ

e
1 + ce ξ

e
2 ρ

e
1 = 0 ,

∂Wf,e

∂ξ0e
1

= de ξ
e
2σ

e + fe ξ
e
1 ρ

e
1 = 0 ,

∂Wf,e

∂ξ0e
2

= de ξ
e
1 σ

e + fe ξ
e
2 ρ

e
2 = 0 .

Similarly, from the neutrino part

Wf,ν = aν (χν1 ξ
ν
1 − χν2 ξν2 )ψ0ν + bν (ϕν1 χ

ν
1 ξ

0ν
2 + ϕν2 χ

ν
2 ξ

0ν
1 ) + cν (ξν2 ξ

0ν
1 + ξν1 ξ

0ν
2 )σν (3.83)

+dν (ϕν1 ξ
ν
2 χ

0ν
1 + ϕν2 ξ

ν
1 χ

0ν
2 ) + fν ((ϕν1)2 χ0ν

2 + (ϕν2)2 χ0ν
1 ) + gν (χν2 χ

0ν
1 + χν1 χ

0ν
2 )σν ,

we obtain a minimum of the potential by setting the F-terms of the driving fields to zero:

∂Wf,ν

∂ψ0ν
= aν (χν1 ξ

ν
1 − χν2 ξν2 ) = 0 ,

∂Wf,ν

∂χ0ν
1

= dν ϕ
ν
1 ξ

ν
2 + fν (ϕν2)2 + gν χ

ν
2 σ

ν = 0 ,

∂Wf,ν

∂χ0ν
2

= dν ϕ
ν
2 ξ

ν
1 + fν (ϕν1)2 + gν χ

ν
1 σ

ν = 0 ,

∂Wf,ν

∂ξ0ν
1

= bν ϕ
ν
2 χ

ν
2 + cν ξ

ν
2 σ

ν = 0 ,

∂Wf,ν

∂ξ0ν
2

= bν ϕ
ν
1 χ

ν
1 + cν ξ

ν
1 σ

ν = 0 .

As advocated above, these two sets of equations are uniquely solved by the VEV configurations
given in Eq.(3.71) and Eq.(3.72), where we have set a possible relative phase in the doublet
of VEVs of the flavons in the charged lepton sector to zero. This can be done without loss
of generality, as only the phase difference between the two sectors is phenomenologically
relevant. We have also assumed that none of the parameters in the superpotential vanish.
For the charged lepton sector, the flavon VEVs we and xe are free parameters (which we take
to be non-zero), while

ve = e
4πik

5
ce de xe
be fe

, ze = e
8πik

5
de xe
fe

. (3.84)

Similarly vν and xν are free parameters (again taken to be non-vanishing) and

wν = − cν fν xν v
2
ν

cν gν x2
ν − bν dν v2

ν

, zν =
bν fν v

3
ν

cν gν x2
ν − bν dν v2

ν

. (3.85)

The driving fields themselves are only allowed to have vanishing VEVs, as can be inferred
from considering the F-terms of the flavons. Note, that since we cannot make the cutoff

37



scale Λ arbitrarily large, we need to take into account NLO corrections to both, the Yukawa
and flavon superpotentials. We also should be careful in what regards potentially dangerous
FCNCs induced by the flavons. All this could be taken into account by carefully studying the
mass spectrum of the scalars. Given the sizable number of fields this is not an easy task, but
fortunately it suffices to make some general estimates, which agree well quantitatively with
a lengthy explicit calculation in a similar model [87]: The τ lepton mass, see Eq.(3.77), is of
order 〈f〉 v/Λ, where 〈f〉 is a flavon VEV, v the Higgs VEV (' 102 GeV), and Λ is the cutoff
scale. The neutrino mass, see Eq.(3.79), is of order 〈f〉 v2/Λ2. With the charged lepton τ
mass ' GeV and the neutrino mass ' 0.1 eV, it follows that Λ ' 1012 GeV and 〈f〉 ' 1010

GeV. Now we can estimate that the flavon mass is also of order of 〈f〉. NLO corrections to
the potential, and therefore to the neutrino and charged lepton mass matrices, are of order
〈f〉/Λ ' 10−2 and therefore under control. Any potentially dangerous flavor changing neutral
currents are also suppressed by the heavy mass scale 〈f〉.

In this chapter, we have constructed two flavor models which can explain neutrino mixing
patterns such as µ − τ symmetry and the golden ratio prediction of the solar mixing. The
first model was based on D4 flavor symmetry, which predicts the µ − τ symmetry. We have
performed a phenomenological analysis under the assumption of a certain type of spontaneous
CP violation suggested by the minimization of the potential. As a result, the neutrinos had
to have an inverted hierarchy. The quantity |mee|, measured in 0νββ decay, is almost equal
to the lightest neutrino mass m3. Furthermore, we have found that m3 cannot vanish and
has a lower bound around 0.015 eV. The Majorana phases φ1 and φ2 are restricted to a
certain range at least for small m3. In contrast to that, the solar mixing angle θ12 can take
all values allowed by experiments. We have also analyzed the NLO terms in this model
and have shown that they only induce shifts in the VEVs of the flavons, but no additional
terms in the Yukawa sector. The shifts yield deviations from the LO results, θ13 = 0 and
θ23 = π/4. Comparing these deviations we see that although both of them could in principle
be of order ε ≈ λ2

c ≈ 0.04, the smallness of the parameter z, necessary to arrive at mass
square differences and θ12 within the 2σ ranges, leads to the fact that θ23 is much closer to
π/4 than θ13 is close to zero. The second model explains the connection between the golden
ratio prediction of solar mixing and the dihedral group. We have found out that the suitable
flavor group is either D5 or D10. We have explicitly constructed the flavor model based on
D10 group because the vacuum alignment we need in our model is simplified due to the larger
number of representations in D10.
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Chapter 4

Non-Abelian Discrete Groups from
The Breaking of Continuous Flavor
Symmetries

As discussed in the last chapter, we see how non-abelian discrete flavor symmetries play an
important role for neutrino mixing predictions. In this chapter, we intend to embed these
symmetries into a continuous gauge symmetry. The idea of embedding a discrete flavor
symmetry in a larger continuous group has been discussed in the literature, for example
in [137]. However, no complete model exists, in the sense that there is no explanation for
the underlying symmetry breaking dynamics. In order to obtain a complete model, we have
to determine the scalar representations that break the gauge symmetry as well as their VEV
structure. If we limit ourselves to the three generations of fermions, we need to consider
only the gauge symmetries, SU(2) or SU(3), as all other semi-simple Lie groups do not have
two- or three-dimensional representations. We do not need to discuss an SO(3) separately,
since the SO(3) gauge theory can simply be considered as an SU(2) theory with a limited
representation content. In the case of flavor symmetry SU(2), the fermions will transform as
2 + 1 or 3. For the flavor symmetry SU(3), the fermions will transform as 3 and 3̄. We note
that the flavor symmetries considered here commute with the SM gauge group.

In order to break a gauge flavor symmetry spontaneously, we need a set of scalar fields
which transforms non-trivially under the gauge flavor symmetry and they acquire the VEVs
in a certain direction leading to the breaking of the gauge symmetry down to a subgroup.
We limit ourselves to discuss only the representations of the scalar fields which can couple
to the three generations of the fermions at the leading order as can be seen from the tensor
products:
For SU(2),

2× 2 = 1 + 3 ,

2× 3 = 2 + 4 , (4.1)
3× 3 = 1 + 3 + 5 ,
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and for SU(3),

3× 3 = 3̄ + 6 ,

3̄× 3̄ = 3 + 6̄ , (4.2)
3× 3̄ = 1 + 8 .

To determine whether a certain VEV structure conserves a subgroup of the flavor symmetry
SU(2) or SU(3), we test which elements of the flavor symmetry leave the VEV invariant. We
will assume a minimal scalar content for any representation, i.e. real scalars for real repre-
sentations, complex scalars for pseudo-real and complex representations. We then check for
each representation, which subgroups are conserved by the VEV of a scalar field transforming
under this representation. We also consider combinations of VEVs, but only where such a
combination could lead to a non-abelian subgroup.

This chapter is organized as follows: In Section 4.1, we discuss the breaking of the flavor
symmetry SU(2) with the two-, three-, four-, and five-dimensional representations. In Section
4.2, we discuss the breaking of the flavor symmetry SU(3) by the three-, six-, and eight-
dimensional representations.

4.1 Flavor Symmetry SU(2)

4.1.1 Breaking with The Two-Dimensional (Doublet) Representation

In the two-dimensional representation of SU(2), the group elements are mapped onto 2×2
unitary matrices with unit determinant. Thereby each group element has two eigenvalues λ1

and λ2. They must obey the constraint that λ1λ2 = 1, as the product of the eigenvalues is just
the determinant. Hence, if one of the eigenvalues is 1, so will be the other one. The only 2×2
matrix with two eigenvalues of 1 is obviously the unit matrix. Hence, the identity element is
the only element of the group that can leave a doublet VEV invariant. We conclude from this
that the VEV of a scalar transforming as a doublet of SU(2) always breaks the entire group.
This will of course not change if we add further scalars of any sort.

4.1.2 Breaking with The Three-Dimensional (Triplet) Representation

The triplet is the fundamental representation of SO(3), and an unfaithful representation of
SU(2). The group elements are mapped onto 3×3 orthogonal matrices with unit determinant.
These can be thought of as rotations in three-dimensional Euclidean space. If such a rotation
leaves a vector invariant, the vector must be parallel (or, obviously, antiparallel) to the axis
of rotation. Hence, any given triplet VEV will conserve the subgroup formed by the rotations
around the axis defined by the VEV. Thus the VEV of any triplet will break SU(2) down to
Spin(2), the double covering of SO(2), which is in fact isomorphic to SO(2) and U(1).

Note that there is one SO(2) for each possible axis, i.e. infinitely many SO(2)’s that are
all mutually disjoint (up to the identity element). If we introduce two triplets, their VEVs
will either be linearly dependent, or not. If they are linearly dependent, they will break to
the same subgroup. If they are linearly independent, they will break to disjoint subgroups,
hence fully breaking SO(3). As the triplet is an unfaithful representation of SU(2), we will
always conserve a subgroup Z2 under which all components of the triplet transform trivially,
while both components of the doublet transform non-trivially.
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Another way to see how SU(2) is broken down to U(1) by the triplet is to write its VEV
in term of a traceless Hermitian 2× 2 matrix V , which transforms under SU(2) as

V → V ′ = UV U † , (4.3)

where U is a special unitary matrix. We are looking for the subgroup of SU(2) formed by
those elements U which leave V invariant, i.e. for which V = V ′. This set is just the set of
all matrices U that commute with V . What does it mean if U commutes with V ? Let ~vi be
the eigenvector V associated with the eigenvalue λi, which are nondegenerate. Then

V (U ~vi) = U(V ~vi) = λi(U ~vi). (4.4)

Hence U ~vi is also an eigenvector of V with eigenvalue λi. As this eigenvalue is non-degenerate
U ~vi must linearly depend on ~vi. Therefore ~vi is also an eigenvector of U . This holds for both
eigenvectors of V . We can thereby specify the subgroup conserved by this VEV: It is the set
of all U having the same set of eigenvectors as V . The most general form of a group element
is then

U =
(
~v1 ~v2

)( eiα 0
0 e−iα

)(
~v1 ~v2

)†
. (4.5)

This representation is clearly unitarily equivalent to a diagonal representation, i.e. it reduces
to two representations of U(1). Therefore we can see that SU(2) is broken down to U(1).

We conclude from this that if we use three-dimensional representations to break SU(2),
we either leave a U(1) ∼= SO(2) symmetry or a Z2 invariant. In particular, no non-abelian
subgroups can be conserved. We therefore do not need to consider combining a triplet VEV
with a VEV of a different representation.

4.1.3 Breaking with The Four-Dimensional (Tetraplet) Representation

As the 4 of SU(2) arises from the product of a vector and a spinor, it can be written as a
3 × 2 complex matrix, with one spinor index and one vector index. There must be further
constraints, as such a matrix has 6 complex degrees of freedom. To find them, we take a look
at the Clebsch Gordan coefficients.

Writing the 4 as a matrix, it acts on a spinor and transforms it into a vector. As the
Clebsch Gordan coefficients are normally given in spherical coordinates we start with these,
later switching back to Cartesian coordinates, where the scalar product of two vectors is
simply a matrix multiplication. In spherical coordinates, we can give the four degrees of
freedom of the 4 as φ1 (m=3

2), φ2 (m=1
2), φ3 (m=−1

2), and φ4 (m=−3
2). Correspondingly

we write the two components of the spinor, which we want to transform into a vector, as ψ1

(m=1
2) and ψ2 (m=−1

2). Using the Clebsch Gordan coefficients for SU(2) [46], we find that
they combine in the following way to form a vector:

1
2

(
√

3φ1ψ2 − φ2ψ1) (m = 1) , (4.6)

1√
2

(φ2ψ2 − φ3ψ1) (m = 0) , (4.7)

1
2

(φ3ψ2 −
√

3φ4ψ1) (m = −1) . (4.8)
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Switching to Cartesian coordinates, this corresponds to a vector
1

2
√

2
[(φ2 −

√
3φ4)ψ1 + (φ3 −

√
3φ1)ψ2]

i
2
√

2
[−(φ2 +

√
3φ4)ψ1 + (φ3 +

√
3φ1)ψ2)]

1√
2
(φ2ψ2 − φ3ψ1)

 . (4.9)

This vector arises from multiplying a spinor with the following matrix:

1√
2

 1
2(φ2 −

√
3φ4) 1

2(φ3 −
√

3φ1)
− i

2(φ2 +
√

3φ4) i
2(φ3 +

√
3φ1)

−φ3 φ2

 , (4.10)

or, in another simpler parameterization

V =

 a b
c d

−b+ id a+ ic

 , (4.11)

where a, b, c, and d are complex. This is then the most general form for the VEV of a 4. It
transforms in the following way:

V → V ′ = OV U † , (4.12)

as it has one vector and one spinor indices. O and U are of course not independent, but
describe a rotation of the same magnitude around the same axis. It can be checked by
explicit calculation that V ′ can be parameterized in the same way as V for an arbitrary
rotation.

Again we can reformulate the condition of invariance as a condition on the eigensystem.
Demanding the invariance V ′ = V , it leads to the condition:

OV = V U . (4.13)

We first observe that we can deduce from Eq.(4.12) the following two equations:

V V † = OV V †OT , (4.14)
V †V = UV †V U † , (4.15)

from which we immediately deduce that the eigenvectors of V V † (i.e. the left singular vectors
of V , denoted by ~ui) must also be eigenvectors of O (with the usual ambiguities for degen-
erate singular and eigenvalues), and the right singular vectors of V , denoted by ~wi, must be
eigenvectors of U . Using this knowledge, we find that

V U ~wi = V µi ~wi = σiµi ~ui , (4.16)

for i = 1, 2, µi being the eigenvalues of U and σi being the singular values of V . Using the
condition in Eq.(4.13), We also have

V U ~wi = OV ~wi = Oσi ~ui = λiσi ~ui , (4.17)

with λi being the eigenvalues of O. From the last two equations, we can deduce that λi = µi.
As O and U are rotations by the same angle θ, their eigenvalues are e±iθ and 1 for O, and
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e±i
θ
2 for U . How can they be made to coincide? Apart from the trivial case of both being the

unit matrix, we are only left with the possibility of identifying the exponential eigenvalues,
which is only possible for θ = ±4π

3 . The final left singular vector ~u3 is then the eigenvector
of O corresponding to the eigenvalue 1, i.e. it defines the axis of rotation. If it is real, we
will then break to all rotations around that axis, with the angles given above. This is a Z3

subgroup of SU(2). If the axis is complex (and real and imaginary parts are not linearly
dependent), no such elements will exist and SU(2) will be fully broken.

Will the subgroup be enlarged if V has degenerate singular values? We first take the
case σ = σ1 = σ2 6= 0. ~u3 is still an eigenvector of O, the ~ui and ~wi however need not be
eigenvectors of O and U , respectively. Rather we have

V U ~wi = V (αi ~w1 + βi ~w2) = σ(αi ~u1 + βi ~u2) , (4.18)
V U ~wi = OV ~wi = σO~ui = σ(α′i ~u1 + β′i ~u2) , (4.19)

from which we can immediately infer that αi = α′i and βi = β′i. This means that again
their eigenvalues need to coincide, and we again break to Z3 or nothing. Finally, we need to
consider the case, where one of the non-trivial singular values is zero, σ2 = 0. In this case
O and U need only coincide in one eigenvalue, but this condition is already strong enough
to constrain the elements in the same way, i.e. giving Z3 as the conserved subgroup. We
thus find that a VEV for the four-dimensional representation of SU(2) can never lead to the
conservation of a non-abelian subgroup.

4.1.4 Breaking with The Five-Dimensional (Quintuplet) Representation

The VEV V of a scalar transforming under the five-dimensional representation can be written
as a 3× 3 traceless, real symmetric matrix. It transforms under SU(2) as

V → V ′ = OV OT , (4.20)

with O being a special orthogonal matrix. Again the question of invariance can be reduced to
a question of commutation and hence to coincident eigenspace. We note that the condition
for the invariance of V is:

OV = V O . (4.21)

For a VEV with nondegenerate eigenvalues the general form of elements in the conserved
subgroup is

O =
(
~v1 ~v2 ~v3

) (−1)n 0 0
0 (−1)m 0
0 0 (−1)n+m

( ~v1 ~v2 ~v3

)T
, (4.22)

with n, m integers (as V is symmetric it can be diagonalized by a real orthogonal matrix,
and hence O will have only real eigenvectors and therefore only real eigenvalues). After a
similarity transformation this is a representation of Z2×Z2

∼= D2. However, since we actually
break SU(2) with an unfaithful representation, we actually conserve the double-valued group
D′2. The SU(2) doublet will transform as a doublet in this group as well, while the triplet,
as can be seen from the matrix above, decomposes into the three non-trivial one-dimensional
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representations. D′2
1 has no non-abelian subgroups, so we will not consider a combination

of this VEV with others.
Next we consider VEVs V with two degenerate eigenvalues. The elements of the conserved

subgroup must still have ~v3 as an eigenvector with a real eigenvalue. There are, however, two
cases here. The first case is to assign the eigenvalue 1 to ~v3. These are all elements having
~v3 as axis of rotation. They form SO(2) subgroup. Another case is to assign the eigenvalue
(−1) to ~v3. The eigenvectors of V are now no longer uniquely defined. If ~v1 and ~v2 are two
orthonormal eigenvectors of V corresponding to the same eigenvalue, we can find an arbitrary
orthonormal basis of the corresponding eigenspace as (c~v1 + s~v2) and (−s~v1 + c~v2), where s
and c are the sine and cosine, respectively, of some undefined angle. The elements of the
preserved subgroup reads

Y

 (−1)n 0 0
0 (−1)n+1 0
0 0 −1

Y T , (4.23)

using Y ≡
(

(c~v1 + s~v2) (−s~v1 + c~v2) ~v3

)
. By multiplying Eq.(4.23) on the right by(

~v1 ~v2 ~v3

)
, (4.24)

and on the left by its transpose, we perform a unitary transformation and end up with (−1)n(c2 − s2) 2cs(−1)n 0
2cs(−1)n (−1)n(s2 − c2) 0

0 0 −1

 . (4.25)

Since the above matrix must still have a unit determinant, we know that the upper left
2 × 2 matrix must have determinant (−1) and must also be orthogonal. Combining the
two sets of elements, we find that our representation is reducible, reducing to the defining
representation of O(2) and the one-dimensional representation, where each element is mapped
onto its determinant. As our original group was SU(2), we are actually breaking to the
double covering of O(2), which is the group Pin(2). Combining several such VEVs, they
can coincide in the non-degenerate eigenvector, in which case Pin(2) is conserved, the non-
degenerate eigenvector of one can lie in the degenerate eigenspace of the other, in which case
the conserved subgroup is D′2, or their eigenbasis could be unrelated, in which case only Z2

is conserved.
There are thus only two non-abelian groups which can be the residual subgroup of SU(2)

after breaking with the VEV of a five-dimensional representation: The group D′2 for non-
degenerate eigenvalues and the group Pin(2) for degenerate eigenvalues. Some of these results
can also be found in [197].

4.2 Flavor Symmetry SU(3)

4.2.1 Breaking with The Three-Dimensional (Triplet) Representation

In the three-dimensional representation of SU(3), the group elements are mapped onto 3×3
unitary matrices with unit determinant. Therefore, each element will have three eigenvalues

1The dihedral group D2 being an abelian group has four one-dimensional irreducible representations. The
order of D2 is 4. The double valued counterpart of the dihedral group D2 is D′2. D′2 has four one- and one
two-dimensional irreducible representations. The order of D′2 is 8. D′2 is the simplest non-abelian double
valued dihedral group and is also called the quaternion group. For more information see [184].
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λ1, λ2, and λ3. If one of these eigenvalues, λ1, is 1, then the other two eigenvalues will have
to fulfill λ2λ3 = 1, since the matrix has a unit determinant. This means that if λ2 is also
equal to 1, then λ3 = 1 as well. That is, the only element with more than one eigenvalue
equal to 1 is the identity element, the only element with three 1 eigenvalues.
This means that each element which is not the identity will have at most one eigenvector
corresponding to an eigenvalue of 1. For a simple example, the matrix eiφ 0 0

0 e−iφ 0
0 0 1

 (4.26)

will have the eigenvector  0
0
1

 (4.27)

corresponding to an eigenvalue of 1. As no direction in three-dimensional complex space
is favored, there will exist for each complex 3-vector non-trivial group elements having this
vector as an eigenvector with eigenvalue 1. These elements form the subgroup conserved by
a VEV proportional to that eigenvector. As each non-trivial element has at most one such
eigenvector, these subgroups will all be disjoint.

What is the subgroup conserved by such a VEV? We can already guess that it will be
SU(2), but this can be motivated by considering the group of elements that leave invariant a
vector ~v. We then make a unitary similarity transformation

U → U ′ =
(
~x ~y ~v

)†
U
(
~x ~y ~v

)
, (4.28)

where U is an element of the group and ~x and ~y are arbitrary mutually orthogonal vectors
that are also orthogonal to ~v. We obtain

U ′ =
(
U ′2×2 0

0 1

)
. (4.29)

As U ′ is unitary by itself and also has unit determinant, we see that the three-dimensional
representation reduces to the two-dimensional one plus the one-dimensional representation of
SU(2). Since all the SU(2) subgroups are disjoint, introducing two or more triplet scalars
either breaks to an SU(2) (in case their VEVs are linearly dependent) or it will break the
entire SU(3) group (if they are not).

What about anti-triplets? The arguments are the same as for the triplets, if we consider
them separately, as the two representations can only be distinguished if they show up together.
But even if we introduce scalars transforming as triplets and scalars transforming as anti-
triplets, we do not find any new subgroups: The reason is the same as above, each scalar
VEV breaks to a specific SU(2) and they are all disjoint. The only thing we observe is that
if we introduce a scalar triplet and a scalar anti-triplet, they will break to the same SU(2) if
the VEV of the triplet is proportional to the complex conjugated VEV of the anti-triplet. If
this is not the case, they will break to disjoint SU(2)’s, i.e. they will fully break SU(3).

We conclude that an arbitrary collection of scalar triplets and anti-triplets either conserves
an SU(2) subgroup of our original SU(3) symmetry, or it fully breaks that symmetry.
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4.2.2 Breaking with The Six-Dimensional (Sixtet) Representation

Writing the VEV of the six-dimensional representation as a complex, symmetric 3× 3 matrix
V , it transforms under SU(3) in the following way:

V → V ′ = UV UT . (4.30)

Demanding invariance can then be rewritten as the condition

UV = V U∗ . (4.31)

We now note that V need not necessarily be diagonalizable. However, since V is complex and
symmetric can be written in the form

W TVW = Vdiag , (4.32)

with W being unitary [198]. We can write W ≡ ( ~w1, ~w2, ~w3). The ~wi’s are then singular
vectors of V obeying the relation

V ~wi = σi ~wi
∗ , (4.33)

with σi being the diagonal elements of Vdiag, i.e. the singular values of V . The condition of
Eq.(4.31) then leads to

V (U∗ ~wi) = UV ~wi = σiU ~wi
∗ = σi(U∗ ~wi)∗ . (4.34)

If V has three distinct singular values, this means that all ~wi need to be eigenvectors of U∗.
Also, the corresponding eigenvalue of U∗ needs to be real. Therefore the discussion is the
same as for the five-dimensional representation of SO(3): The conserved subgroup is D2. If
V has two degenerate singular values, then U∗ should act on the corresponding singular space
with only real coefficients, that is it should be block-diagonalizable to give an orthogonal 2×2
submatrix. The conserved subgroup will then be O(2). As V need not to be traceless, we
encounter the additional case of three degenerate singular values. Here U∗ needs to act on
all singular vectors with real coefficients, so the conserved subgroup in this case is SO(3). Of
these subgroups only the last two are non-abelian and need to be considered in combination
with other VEVs.

We demanded above that the eigenvalues of U need to be real. This condition stems from
Eq.(4.33): If ~wi obeys that relation, then α ~wi will only obey the same relation if α is real or,
alternatively σi must be zero. Thereby VEVs with zero eigenvalues are algebraically special:
The group elements preserving such a VEV can have complex eigenvalues corresponding to
the singular vectors of V with singular value 0. A special unitary matrix cannot have only
one non-real eigenvalue. Hence the case of interest is a VEV with two zero eigenvalues.
In this case, the singular vectors of V are no longer uniquely defined. If ~w1 and ~w2 are
two orthonormal singular vectors of V corresponding to the same singular values, we can
find an arbitrary orthonormal basis of the corresponding vector space as (a ~w1 + b ~w2) and
(−b ~w1 + a ~w2), with a and b being two complex numbers obeying |a|2 + |b|2 = 1. Defining
Xw ≡

(
(a ~w1 + b ~w2) (−b ~w1 + a ~w2) ~w3

)
, we can therefore write any matrix in SU(3) that

commutes with V in the following form:

Xw

 eiα 0 0
0 ei(mπ−α) 0
0 0 (−1)m

X†w , (4.35)
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where the eigenvalue corresponding to the non-zero singular value is real.
To reduce this representation, we do a unitary equivalence transformation by multiplying on
the right by (

~w1 ~w2 ~w3

)
, (4.36)

and on the left with the Hermitian conjugate. The resulting matrix is |a|2eiα + |b|2ei(mπ−α) ab(eiα − ei(mπ−α)) 0
ab(eiα − ei(mπ−α)) |a|2ei(mπ−α) + |b|2eiα 0

0 0 (−1)m

 , (4.37)

where it can be factorized as im 0 0
0 im 0
0 0 (−1)m

 xw yw 0
−y∗w x∗w 0

0 0 1

 , (4.38)

where

xw = |a|2ei
(2α−mπ)

2 + |b|2e−i
(2α−mπ)

2 , (4.39)

yw = 2iab∗ sin
(

2α−mπ
2

)
. (4.40)

These two matrices commute. The first matrix is the representation of Z4. If we observe that
|xw|2 + |yw|2 = 1, we will see that the second matrix furnishes a representation of SU(2).
Therefore, the conserved subgroup here is SU(2) × Z4, where the first two generations form
a doublet of SU(2) and a faithful representation of Z4, while the third generation is a singlet
of SU(2) and an unfaithful, non-trivial representation of Z4. We also note that we have the
correct number of free parameters: The absolute value of a (or b), the phase of ab∗, and the
phase difference (2α−mπ).

What if we combine two six-dimensional VEVs? If they coincide in all three singular
vectors, the subgroup will be determined by the VEV with less degenerate eigenvalues. If
they have only one singular vector in common, we break to the subgroup of elements having
two degenerate real eigenvalues, which is Z2. If they have no singular vectors in common, we
will break SU(3) fully. Zero eigenvalues will only be relevant if the VEVs coincide in all three
singular vectors anyway, and the zero eigenvalues correspond to the same eigenspace. In this
case the full subgroup SU(2)× Z4 is conserved.

We thus have three non-abelian groups that can be conserved by a sextet VEV, O(2) for
two degenerate singular values, SO(3) for three degenerate singular values, and SU(2) × Z4

for two zero eigenvalues.
What if both a 6 and a triplet acquire a VEV? If the triplet VEV is not a singular vector

of the 6, then SU(3) will be fully broken. What if it is a singular vector? If V has two
degenerate singular values, the triplet can correspond to the non-degenerate singular value.
In this case, the determinant of the 2×2 submatrix will be fixed to be one, and the conserved
subgroup is SO(2) or U(1). If the triplet VEV corresponds to a degenerate singular value, the
degeneracy will become irrelevant and the subgroup is Z2. If V has three degenerate singular
values, the triplet, which is in the defining representation of SO(3), will break that subgroup
in the usual way down to U(1), or it will fully break it, if the real and imaginary parts of
the triplet VEV are not parallel. If we combine a V with two zero singular values with a
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triplet VEV, we again have two possibilities: The triplet VEV can correspond to the non-zero
singular value. In this case m is fixed to be 0 or 2, and we break down to SU(2) (the former Z4

element can just be multiplied into the SU(2) element, without changing the determinant).
If the triplet VEV is a singular vector of V corresponding to a zero singular value, we will
have to take a closer look. The SU(2) element in Eq.(4.38) has eigenvalues e±i

(2α−mπ)
2 . So,

without loss of generality, we must now demand (i)mei
(2α−mπ)

2 = 1. The resulting element
then has in addition two eigenvalues of (−1), corresponding to fixed vectors. The conserved
subgroup is then Z2.

4.2.3 Breaking with The Eight-dimensional (Octet) Representation

We can write the VEV of a scalar transforming under the adjoint representation of SU(3) as
a traceless Hermitian 3× 3 matrix V . It then transforms under SU(3) in the following way:

V → V ′ = UV U †, (4.41)

where U is a special unitary matrix. As V is traceless, we need to consider two distinct cases:
Either V has three distinct eigenvalues, or it has two degenerate eigenvalues λ, the third
eigenvalue being (−2λ). The only possible VEV with three degenerate eigenvalues is the zero
matrix, i.e. a vanishing VEV, which naturally does not break SU(3).

Again, we can reformulate the condition of invariance as a condition on the eigensystem.
We note that the condition for the invariance of V reads

UV = V U . (4.42)

In the case of a V with three distinct eigenvalues, the most general form for an element of
the conserved subgroup is

U =
(
~v1 ~v2 ~v3

) eiα 0 0
0 eiβ 0
0 0 e−i(α+β)

( ~v1 ~v2 ~v3

)†
. (4.43)

This representation is clearly unitarily equivalent to a diagonal representation, i.e. it reduces
to three representations of U(1). As α and β are, however, independent, there will actually
be two distinct U(1) groups. Therefore an adjoint VEV with three distinct eigenvalues breaks
SU(3) down to U(1)×U(1). Note that such a VEV can never conserve a non-abelian subgroup
of SU(3) and we do not need to consider it any further.

We now proceed to VEVs V having two degenerate eigenvalues. The eigenvectors of V
are now no longer uniquely defined. If ~v1 and ~v2 are two orthonormal eigenvectors of V
corresponding to the same eigenvalue, we can find an arbitrary orthonormal basis of the
corresponding eigenspace as (a~v1 + b~v2) and (−b~v1 + a~v2), with a and b being two complex
numbers obeying |a|2 + |b|2 = 1. Defining Xv ≡

(
(a~v1 + b~v2) (−b~v1 + a~v2) ~v3

)
, we can

therefore write any matrix in SU(3) that commutes with V in the following form:

Xv

 eiα 0 0
0 eiβ 0
0 0 e−i(α+β)

X†v . (4.44)
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To reduce this representation, we do a unitary equivalence transformation by multiplying on
the right by (

~v1 ~v2 ~v3

)
, (4.45)

and on the left with the Hermitian conjugate. The resulting matrix is |a|2eiα + |b|2eiβ ab(eiα − eiβ) 0
ab(eiα − eiβ) |a|2eiβ + |b|2eiα 0

0 0 e−i(α+β)

 . (4.46)

We now show that this is a representation of SU(2) × U(1). To do this we factorize the
matrix Eq.(4.46):  ei

(α+β)
2 0 0

0 ei
(α+β)

2 0
0 0 e−i(α+β)


 xv yv 0
−y∗v x∗v 0

0 0 1

 , (4.47)

where

xv = |a|2ei
(α−β)

2 + |b|2e−i
α−β

2 , (4.48)

yv = 2iab∗ sin
(
α− β

2

)
. (4.49)

These two matrices commute. The first matrix is the representation of U(1), with the first
two generations transforming in the same way, and the third with double and opposite charge.
Since |xv|2 + |yv|2 = 1, the second matrix is a representation of SU(2), under which the first
two generations form a doublet and the third generation is a singlet. We also note that we
have the correct number of free parameters: The absolute value of a (or b), the phase of ab∗,
and the phase difference (α− β).

We consider the case of two adjoint VEVs, where both VEVs have degenerate eigenvalues.
First of all, their non-degenerate eigenvalues could correspond to the same eigenvector. In
this case, they will naturally break to the same subgroup. Then we could have the case,
where the non-degenerate eigenvalue of the second VEV corresponds to an eigenvector lying
in the eigenspace of the degenerate eigenvalue of the first VEV. This, in a way, singles out a
basis of that eigenspace and thereby coincides with the VEV of an octet with three distinct
eigenvalues, i.e. conserves a subgroup U(1)×U(1). Therefore, if there is no relation between
the eigenvectors of the two VEVs, we will only conserve the subgroup Z3, corresponding to
the three third roots of unity, which can never be broken by adjoint scalars.

Combining a degenerate adjoint VEV with a triplet VEV, we find three possibilities: First,
the triplet VEV can coincide with the non-degenerate eigenvector. In this case e−i(α+β) must
be equal to 1 and we break down to the same SU(2) conserved by the triplet VEV alone. If
the triplet VEV lies in the degenerate eigenspace, we will break the SU(2) conserved by the
octet VEV and will be left with only a residual U(1). If the triplet VEV is not an eigenvector
of the adjoint VEV we will again break the entire group. Thus, the only new non-abelian
subgroup of SU(3) we can conserve with the VEV of a scalar transforming under the adjoint
representation will be the subgroup SU(2)×U(1), if the VEV has two degenerate eigenvalues.

We proceed further by combining a VEV of an adjoint with a VEV of a 6. The adjoint
VEV must have two degenerate eigenvalues, as only then we have the possibility of conserv-
ing a non-abelian subgroup. If there does not exist a basis of singular vectors for the sixtet
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VEV, which is also a basis of eigenvectors for the octet VEV, SU(3) will be fully broken. In
particular, the eigenvector of the octet VEV corresponding to the non-degenerate eigenvalue,
~v3, must always be a singular vector of the sextet VEV. If the sixtet VEV has two degenerate
singular values, ~v3 can correspond to the non-degenerate singular value. In this case, the
conserved subgroup is O(2). If ~v3 corresponds to a degenerate singular value, the degeneracy
will become irrelevant and the subgroup is D2. If the sixtet VEV has three degenerate sin-
gular values, one of the degeneracies will become irrelevant and we break down to O(2). In
the case of a sextet VEV with two zero eigenvalues, we again have two possibilities: ~v3 can
correspond to the non-zero singular value. In this case nothing changes, and SU(2) × Z4 is
still the conserved subgroup. If ~v3 is an eigenvector of the sixtet VEV corresponding to a zero
eigenvalue, a specific basis will be singled out for the elements of the conserved subgroup. It
is thus only determined by the possible eigenvalues, and cannot be non-abelian. In this case
it will be U(1)× Z2. Thus, no new non-abelian subgroups can be attained by combining the
VEVs of these different SU(3) representations.

The results of this chapter can be summarized in one sentence: The only non-abelian
discrete subgroup that can be conserved by VEVs of the small representations (dimension
equal or less than five and eight, respectively) of SU(2) and SU(3) is the group D′2, which has
been used as a flavor symmetry [199], but does not have a rich enough structure to predict
by itself very specific mixing patterns, such as tri-bimaximal mixing for neutrinos [184]. We
note that in case we use a more complicate representation such as the seven-dimensional
representation, we can obtain A4 as the subgroup of SO(3) [19, 20]. However, since this
representation cannot couple directly to the three generations of the SM fermions, further
generations of the fermions are required leading to difficulties with phenomenology because
we need to make these fermions heavy in order to avoid being observed at present collider
experiments. Therefore, it seems that the assumption of the origin of non-abelian discrete
flavor symmetries from the breaking of continuous flavor symmetries is disfavored and another
hypothetical origin will be needed, which we will discuss in the next chapter.
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Chapter 5

Non-Abelian Discrete Flavor
Symmetries from T 2/ZN Orbifolds

Two main types of symmetries are needed to construct the Lagrangian of the Standard Model:
Space-time and gauge symmetry. In fact, it is a much simpler task to add an additional gauge
group to the SM than extending the space-time symmetry. However, as discussed in the last
chapter, breaking a continuous flavor gauge group down to a non-abelian discrete subgroup
is a highly non-trivial phenomenological task. Therefore, it is worthwhile to consider discrete
flavor symmetries arising as extensions of the space-time symmetry.

An extension of the space-time symmetry can only be achieved by an extension of space-
time itself. Hence, we need to work in an extra-dimensional framework. Such an extension
of space-time will enlarge the Poincaré symmetry. If the n extra dimensions are compactified
on an orbifold, the space-time symmetry will in general not be the full (4 + n)-dimensional
Poincaré symmetry. However, depending on the exact compactification, there may be residual
discrete symmetries, which can then play the role of a flavor symmetry.

This idea was first explored in [28], where two extra dimensions have been assumed. This
can be considered as the minimal number in this setup, as one extra dimension does not lead
to non-abelian symmetries. For a specific 2-dimensional orbifold it was shown there, that the
residual Poincaré symmetry is the group S4, the group of permutations of four distinct objects
(if discrete symmetries, such as parity, are not taken into account, i.e. if we only consider
proper Lorentz transformations, the residual symmetry will be A4). A4 and S4 are both
popular and phenomenologically successful as flavor symmetries, especially for predicting tri-
bimaximal neutrino mixing. In this chapter, we generalize the discussion of [28] by considering
all possible 2-dimensional orbifolds and calculating the resulting symmetry. As it turns out,
the resulting flavor symmetries are, in addition to A4 and S4, the three dihedral groups D4,
D3
∼= S3, and D6

∼= D3 × Z2, all of which have been widely used as flavor symmetries.
Another way of obtaining discrete flavor symmetries from orbifolds is inspired by string

theory and uses string selection rules [22]. We will not use this approach and will only use
regular field theory on the orbifold. However, as discussed in [22], the two approaches do not
contradict each other: If we have an orbifold possessing an inherent discrete symmetry, such
as the ones we discuss in this chapter, and then also impose the string selection rules, we will
end up with an enlarged flavor symmetry.

This chapter is organized as follows. In Section 5.1 we discuss the possible 2-dimensional
orbifolds and review how discrete symmetries can be extracted from them. We also explain,
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why a 1-dimensional orbifold is not sufficient to obtain a non-abelian flavor symmetry. In Sec-
tion 5.2 we discuss orbifold by orbifold which symmetry group arises from it. In Section 5.3
we discuss the relation between flavor group representations and brane fields constrained to
the fixed points in a certain twisted sector.

5.1 Orbifolding

We work in a 6-dimensional framework, where the two extra dimensions are compactified on
an orbifold T 2/ZN [163]. The coordinates in the two extra dimensions are denoted by (x5, x6).

A 2-dimensional torus T 2 is obtained by identifying the opposite sides of a parallelogram:

(x5, x6) → (x5, x6) + ~e1 ,

(x5, x6) → (x5, x6) + ~e2 , (5.1)

where ~e1 = (1, 0), ~e2 = C(cos (α), sin (α)) are the basis vectors of the torus. We can always
choose ~e1 to point along the x5 axis and to be normalized, leaving two free parameters defining
~e2, C and α, the length and the angle with respect to the x5 axis. In this torus, the origin
(0, 0) is identified with all points of the form

a~e1 + b~e2 , (5.2)

where a, b are integers.
Aside from the torus basis, the orbifold is further defined by the abelian group ZN , which

is modded out of the torus. This means that we further identify points related by a rotation
around the origin through integer multiples of an angle φ, with Nφ = 2π. The choice of ZN
is strictly constrained, as we discuss in the following [183]. The group ZN is generated by
one element, which corresponds to a rotation by the angle φ. Its matrix representation in the
Cartesian x5-x6 basis is thus

ω =
(

cos (φ) − sin (φ)
sin (φ) cos (φ)

)
. (5.3)

Since the origin does not change under the rotation, all the points which are identified
with the origin in the torus should be rotated to points which are also identified with the
origin, i.e.

ω(a~e1 + b~e2) = a′~e1 + b′~e2 , (5.4)

where a, a′, b, and b′ are all integers.
Instead of using Cartesian coordinates we can use the torus basis ~e1, ~e2. The matrix

representation of the generating element in this basis reads

ω̂ =
(
n1 n2

n3 n4

)
, (5.5)

where ω̂ = UωU−1 and U is the similarity transformation relating the Cartesian and the
torus bases to each other. In this basis we have(

n1 n2

n3 n4

)(
a
b

)
=
(
a′

b′

)
. (5.6)

52



Due to the fact that a, b, a′, b′ are integers, the ni’s must also be integers. And since the trace
is a basis-independent quantity, we have

2 cos (φ) = Trω = Trω̂ = n1 + n4 , (5.7)

which implies that 2 cos (φ) is an integer and thus cos (φ) = −1,−1/2, 0, 1/2, 1 corresponding
to φ = π, 2π/3, π/2, π/3, 2π. This directly leads to a constraint for the ZN , and we are
only allowed to choose N = 1, 2, 3, 4, 6. This then also leads to a constraint concerning our
choice of torus basis vectors, since the rotational symmetry ZN needs to be consistent with
the symmetry of the torus. When modding out Z2, this is no constraint, as any basis is
consistent with reflections. For Z3 and Z6, we can only take the relative angle between the
basis vectors to be 60, 120, or 150 degrees. All three possibilities give the same orbifold. Here,
we choose the 60◦ lattice with basis vectors (~e1 = (1, 0), ~e2 = (1/2,

√
3/2)) 1. Finally, when

modding out Z4, the only possibility is a 90◦ lattice, with both basis vectors normalized to a
length of 1.

We thus only have to discuss four different cases: T 2/Z2, T 2/Z3, T 2/Z4, and T 2/Z6.
For the last three cases the orbifold is uniquely defined, while for the first case we need to
additionally discuss the effect of choosing a specific basis.

From these four orbifolds, we can then extract the residual Poincaré symmetry, which will
in all cases be a non-abelian discrete symmetry. This is done in the following way: After
choosing the orbifold, we determine the fixed points. A fixed point is a point for which a
rotation by an integer multiple of φ is equivalent to a lattice translation. These points are
potential candidates for the localization of 3-branes 2 and thus the Standard Model fermions
can be taken to be brane fields, which are non-vanishing only at the fixed points. The fixed
points are divided into several twisted sectors, where the mth twisted sector contains those
fixed points for which a rotation by mφ corresponds to a lattice translation. A given fixed
point can lie in several twisted sectors.

We assume all fixed points to be physically equivalent. This then means that the remnant
translation and rotation symmetries are those which result only in a permutation of the fixed
points, i.e., only map fixed points to other fixed points. These remnant symmetry operations
are the elements of the residual Poincaré symmetry, and all that remains to be done is to find
the underlying group structure.

One can then immediately see, why we do not need to consider the 1-dimensional orbifold
S1/ZN : It has only two fixed points, and thus any symmetry group which permutes them will
be a subgroup of the permutation group for two distinct objects, S2 ' Z2, which is abelian.
Since we want to obtain a non-abelian discrete symmetry, we need to consider at least a
2-dimensional orbifold.

5.2 Symmetries from Orbifolding

In our discussion we parameterize the two extra dimensions by one complex number z ≡
x5 + ix6. Analogously to Eq.(5.1), the torus T 2 is obtained by identifying the points in the

1The other two equivalent possibilities are the SU(3) lattice with (~e1 = (1, 0), ~e2 = (−1/2,
√

3/2)) and the
G2 lattice with (~e1 = (1, 0), ~e2 = (−3/2,

√
3/2)).

2A 3-brane has three spatial dimensions.
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complex plane related by

z → z + 1 , (5.8)
z → z + γ , (5.9)

where the complex numbers (1, γ) correspond to the basis vectors (~e1, ~e2).

5.2.1 T 2/Z2

If we mod out a Z2 reflection symmetry, γ can be arbitrary in general. However, in order
to obtain a non-abelian symmetry, we have only two possibilities: The first one is γ =
eiπ/3, which gives us an S4 flavor symmetry, or an A4 symmetry if only proper Lorentz
transformations and translations (i.e. no discrete parities) are considered. The other possible
basis is γ = eiπ/2 = i.

Case 1: γ = eiπ/3

This orbifold is shown in Figure 5.1. The Z2 parity is defined by

z → −z . (5.10)

The fixed points are given by (z1, z2, z3, z4) = (1/2, (1+γ)/2, γ/2, 0). Considering only proper
Lorentz transformations and translations, the fixed points are permuted by two translation
operations Si, and the rotation TR,

S1 : z → z + 1/2, (5.11)
S2 : z → z + γ/2, (5.12)
TR : z → ωz, (5.13)

where ω = γ2. We can write down these operations in terms of the interchange of the fixed
points as following,

S1[(14)(23)] : (z1, z2, z3, z4) → (z4, z3, z2, z1) ,
S2[(12)(34)] : (z1, z2, z3, z4) → (z2, z1, z4, z3) ,
TR[(123)(4)] : (z1, z2, z3, z4) → (z3, z1, z2, z4) . (5.14)

From these elements we can define two generators of A4 as

S = [(14)(23)], (5.15)
T = [(123)(4)], (5.16)

satisfying the generator relations,

S2 = 1 ,
T 3 = 1 ,

(ST )3 = 1 . (5.17)

In case we consider the full Poincaré group, there will be two additional parities,

P : z → z∗, (5.18)
P ′ : z → −z∗, (5.19)
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which can be written in terms of the interchange of the fixed points as

P [(23)(1)(4)] : (z1, z2, z3, z4) → (z1, z3, z2, z4) , (5.20)
P ′[(23)(1)(4)] : (z1, z2, z3, z4) → (z1, z3, z2, z4) . (5.21)

In terms of the interchange of the fixed points, these two parities are equivalent. Combining
these parities with the operators given in Eq.(5.14), we end up with the S4 flavor symmetry
generated by

S = [(12)(34)][(23)(1)(4)] = [(1243)], (5.22)
T = [(123)(4)], (5.23)

satisfying the generator relations

S4 = 1 ,
T 3 = 1 ,

(ST 2)2 = 1 . (5.24)

Case 2: γ = eiπ/2 = i

This orbifold is shown in Figure 5.2. The Z2 parity is defined by

z → −z . (5.25)

The fixed points are then given by (z1, z2, z3, z4) = (1/2, (1 + i)/2, i/2, 0). They are permuted
by the two translation operations

S1 : z → z + 1/2 , (5.26)
S2 : z → z + i/2 . (5.27)

Moreover, the fixed points are also permuted by the rotation

TR : z → ωz , (5.28)

where ω = eiπ/2 = i. One can also write these operations explicitly in terms of the interchange
of the fixed points,

S1[(14)(23)] : (z1, z2, z3, z4) → (z4, z3, z2, z1) , (5.29)
S2[(12)(34)] : (z1, z2, z3, z4) → (z2, z1, z4, z3) , (5.30)

TR[(13)(2)(4)] : (z1, z2, z3, z4) → (z3, z2, z1, z4) . (5.31)

From these elements we can define two generators,

A = [(13)(2)(4)][(14)(23)] = [(1432)] , (5.32)
B = [(12)(34)] , (5.33)

satisfying the generator relations,

A4 = 1 ,
B2 = 1 ,

ABA = B . (5.34)

This describes the dihedral group D4, the symmetry group of the square. The group theory
of D4 is discussed in Section 3.1.1. Note that this group is not enlarged if we include parity
transformations.

55
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Γ 1+Γ
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Figure 5.1: The orbifold T 2/Z2 in case 1 with basis vectors ~e1, ~e2 and fixed points zi. The polygon formed
by the fixed points, corresponding to the discrete symmetries A4 or S4, are shown with dashed lines.

5.2.2 T 2/Z3

When modding out Z3 we consider, without loss of generality, only the torus with a 60◦

lattice, as already mentioned in Section 5.1. This corresponds to the choice γ = eiπ/3. This
orbifold is shown in Figure 5.2. The operation of the generator of the Z3 symmetry is given
by

z → ei2π/3z . (5.35)

The corresponding fixed points are (z1, z2, z3) = (0, i/
√

3, 1/2 + i/2
√

3). The translation
operations permuting these fixed points are

S1 : z → z + (1/2 + i/2
√

3) , (5.36)
S2 : z → z + i/

√
3 . (5.37)

Moreover, the fixed points are also permuted by the rotation with respect to the origin

TR : z → ωz , (5.38)

where ω = eiπ/3 = i. Again, one can also write the symmetry operations in terms of a
permutation of the fixed points,

S1[(321)] : (z1, z2, z3) → (z2, z3, z1) , (5.39)
S2[(123)] : (z1, z2, z3) → (z3, z1, z2) , (5.40)
TR[(23)] : (z1, z2, z3) → (z1, z3, z2) . (5.41)

A possible parity transformation would be equivalent to the rotation TR and thus does
not need to be considered separately. We can formulate two generators

A = [(321)] , (5.42)
B = [(321)][(23)] = [(13)] , (5.43)
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Figure 5.2: The orbifolds T 2/Z2 in case 2 (left) and T 2/Z3 (right) with basis vectors ~e1, ~e2 and fixed points zi.
The square (left) and the triangle (right) formed by the fixed points, corresponding to the discrete symmetries
D4 and D3 respectively, are shown with dashed lines.

satisfying the generator relations

A3 = 1 ,
B2 = 1 ,

ABA = B . (5.44)

This describes the dihedral group D3, the symmetry group of the triangle, which is isomorphic
to S3, the permutation group of three distinct objects. As it is a dihedral group, its group
theory can be found in Appendix A.1.

5.2.3 T 2/Z4

When modding out the abelian group Z4, we have only one consistent choice of basis, γ =
eiπ/2 = i. The torus is the same one we used for T 2/Z2 to obtain the D4 symmetry, as one
can also see in Figure 5.3. In fact, the fixed points will also be the same and we will thus
obtain the same flavor symmetry. This is due to the fact that we obtain all fixed points of the
orbifold T 2/Z4 in the second twisted sector, where we only consider the squared generator of
Z4. This corresponds to a Z2 subgroup of Z4 and is thus fully equivalent to our discussion
for T 2/Z2 with a 90◦ lattice. The first twisted sector only contains the fixed points z2 and
z4; as both of them also appear in the second twisted sector, no new fixed points and thus no
new residual translational or rotational symmetry operations arise due to the larger abelian
group, Z4. Thus, the unique symmetry we obtain is D4.

5.2.4 T 2/Z6

As for T 2/Z3 we use the 60◦ lattice, i.e. γ = eiπ/3. The orbifold is shown in Figure 5.3. The
operation of the Z6 symmetry for the first twisted sector is defined by

z → ei2π/6z . (5.45)
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Figure 5.3: The orbifolds T 2/Z4 (left) and T 2/Z6 (right) with basis vectors ~e1, ~e2 and fixed points zi. On the
left, the fixed points which are both in the first and the second twisted sector are designated by gray points,
those fixed points which are only in the second twisted sector are designated by black points. On the right,
the fixed point which is in all twisted sectors is represented by a circle, those fixed points which are only in
the second twisted sector are designated by red (lighter gray) points, while those fixed points which are only
in the third twisted sector are given by blue (darker gray) points.

For the first twisted sector, we have only one fixed point which is z4 = 0. For the second
twisted sector, the operation of the Z6 symmetry reads

z → ei2π/3z . (5.46)

The fixed points of the second twisted sector are (z4, z5, z6) = (0, i/
√

3, 1/2(1 + i/
√

3) which
are the same as in the case of T 2/Z3.
For the third twisted sector, finally, the operation of Z6 symmetry is written as

z → −z . (5.47)

The fixed points in this sector thus are (z1, z2, z3, z4) = (1/2, 1/4 + i
√

3/4,−1/4 + i
√

3/4, 0).
Combining all fixed points (z1, z2, z3, z4, z5, z6), we find that the fixed points are only permuted
by residual rotation operations, i.e. translation symmetry is fully broken. These rotations are

TR1 : z → eiπ/3z , (5.48)
TR2 : z → ei2π/3z . (5.49)

Moreover, if we assume the full Poincaré symmetry, we will also have two parity operations
acting on the fixed points

P1 : z → z∗, (5.50)
P2 : z → −z∗, (5.51)

where z∗ denotes the complex conjugation of z.
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We can write all of these symmetry operations in terms of a permutation of the fixed
points as

TR1[(123)(56)] : (z1, z2, z3, z4, z5, z6) → (z3, z1, z2, z4, z6, z5) , (5.52)
TR2[(132)] : (z1, z2, z3, z4, z5, z6) → (z2, z3, z1, z4, z5, z6) , (5.53)

P1[(23)(56)] : (z1, z2, z3, z4, z5, z6) → (z1, z3, z2, z4, z6, z5) , (5.54)
P2[(23)] : (z1, z2, z3, z4, z5, z6) → (z1, z3, z2, z4, z5, z6) . (5.55)

From these operators, we can form the generators

A = [(123)(56)] , (5.56)
B = [(23)] , (5.57)

satisfying the generator relations,

A6 = 1 ,
B2 = 1 ,

ABA = B . (5.58)

This defines the group D6
∼= D3 × Z2

∼= S3 × Z2. If we do not include the parity operations,
we will effectively lose the generator B. The flavor symmetry then has only one generator
and is the abelian group Z6.

5.3 Group Representations

To construct a full model, one now needs to assign the fermion generations to representations
of these flavor groups. The orbifold fixed points are interpreted as 3-branes, on which the
fermion fields are localized. The flavor symmetry operations which permute the fixed points
then act non-trivially on the fermion fields. Irreducible representations correspond to relations
among the field values at different fixed points; these relations are invariant under symmetry
operations. In general, this means that one or more fermion generations transforming under
an irreducible representation of the flavor group will be “smeared out” over all available fixed
points. All representations can be reproduced in this way, and the origin of the flavor group
from orbifolding thus does not offer any restrictions on the choice of representations. Also,
all representations will correspond in general to the field(s) being non-vanishing at all fixed
points. Thus, although the flavor symmetry as a whole has a straightforward interpretation
in the geometry of the orbifold, the different representations do not.

This is at least a bit different for the last orbifold we have discussed, T 2/Z6. The resulting
flavor symmetry was D6, which is isomorphic to D3 × Z2. We observe that all symmetry
operations leave the origin, the fixed point z4, invariant. Thus, a field which is localized at
the origin will transform trivially under the flavor symmetry. In addition the subgroup D3

generated by A2 and B leaves the fixed points z5 and z6, i.e. the fixed points of the second
twisted sector, invariant. Fields localized only on these two fixed points thus transform
non-trivially only under the Z2 factor of the flavor group. Similarly, the fixed points of
the third twisted sector, z1, z2, and z3 are not permuted by the group element A3, which
generates Z2. Fields localized in this sector will thus only transform non-trivially under the
D3 factor of the flavor group. Fields transforming non-trivially both under D3 and Z2 will
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necessarily be non-vanishing in both the second and the third twisted sector. For more details
on the representation theory of D6 and the transformation properties of representations under
subgroups, see [184].

The orbifold T 2/Z6 thus is so appealing that different representations correspond to dif-
ferent localizations in the orbifold and therefore have a more intuitive interpretation in terms
of the orbifold geometry. However, also here all representations can be reproduced, and the
orbifold origin of the flavor symmetry does not offer further input as to which representations
to use for model building.

We have discussed all possible non-abelian discrete symmetries arising from 2-dimensional
orbifolds. In this context the flavor symmetries arise as a remnant symmetry of the full 6-
dimensional space-time symmetry. This remnant symmetry can then be interpreted as the
permutation symmetry of the orbifold fixed points. These fixed points, in turn, are taken to
be 3-branes, on which the three generations of Standard Model fermions reside. The flavor
symmetry then has a straightforward interpretation in terms of the geometry of the orbifold.
As in crystallography, the number of possible lattice structures and symmetry groups is
strictly limited for orbifolds. The resulting flavor symmetries are all crystallographic point
groups, as was to be expected. The possible flavor groups we obtain are S4, A4, S3, D4, and
D6 ' D3 × Z2, where the first two have already been discussed in [28]. All of these groups
have been widely used as phenomenologically successful flavor symmetries.
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Chapter 6

Flavored Orbifold GUT

In the last chapter, it has been shown that a non-abelian discrete flavor symmetry can arise
as a result of an orbifold compactification. In order to give a prediction for the neutrino
mixing, the flavor symmetry has to be broken by a certain VEV alignment of flavons. To
obtain a viable VEV alignment of flavons often requires a complicated structure in the flavon
superpotential (see the discussion in Chapter 3). However, in the orbifold context, the VEV
alignment of the flavons can be easily obtained from orbifolding without dealing with a com-
plicated flavon superpotential [40]. Moreover, an orbifold compactification of a GUT can lead
to its breaking and nicely solve, e.g., the doublet-triplet splitting problem [30–34]. Recently,
the idea of combining the flavor symmetry originating from an orbifold compactification with
an orbifold GUT has been studied [37].

In this chapter, we propose the idea of combining the breaking of a GUT by boundary
conditions on an orbifold with the breaking of the flavor symmetry arising from the orbifold.
We demonstrate this idea with a simple model in the context of a 6d SUSY SO(10) orbifold
GUT with an S4 flavor symmetry. We assume that the orbifold parities act on gauge, SUSY
as well as flavor space. Hence, the zero modes are determined by the overall parity.

6.1 Flavor Symmetry from Orbifolding

We study the breaking of an SO(10) GUT and its flavor symmetry on the T 2/(ZI2×ZPS2 ×ZGG2 )
orbifold (see Figure 6.1) with radii R = R5 = R6, which we choose such that 2πR = 1 for
simplicity. The orbifold is defined by

T1 : z →z + 1, T2 : z →z + γ, Z : z →− z. (6.1)

where z = x5 + ix6 and γ = eiπ/3. As has been shown in the last chapter, the breaking
of Poincaré symmetry from 6d to 4d through compactification on the orbifold leads to a
remnant S4 flavor symmetry. We note that the additional modding out of groups, ZPS2 , ZGG2 ,
does not change the structure of the orbifold. Concretely, the orbifold has four fixed points,
(z1, z2, z3, z4) = (1/2, (1 + γ)/2, γ/2, 0), which are permuted by two translation operations
Si, the rotation TR, and two parity operations P (′):

S1 :z → z + 1/2, S2 :z → z + γ/2, TR :z → γ2z,

P :z → z∗, P ′ :z → −z∗ . (6.2)
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One can also write these operations explicitly in terms of interchange of the fixed points,
S1[(14)(23)], S2[(12)(34)], TR[(123)(4)], P [(23)(1)(4)], and P ′[(23)(1)(4)]. From these ele-
ments we can define the two generators of S4 as S = S2P and T = TR satisfying the generator
relation, S4 = T 3 = (ST 2)2 = 1. The localization of a brane field defines its representation
of S4. The generators S, T can be represented by the matrices,

S =


0 0 1 0
1 0 0 0
0 0 0 1
0 1 0 0

 , T =


0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1

 , (6.3)

acting on the brane field ψ(xµ) = (ψ1, ψ2, ψ3, ψ4)T , where ψi = ψ(xµ, zi) is a field localized
at the fixed point zi. We denote this basis as localization basis. The characters of S and T
show that the four dimensional representation generated by 〈S, T 〉 can be decomposed as

4 = 31 ⊕ 11 , (6.4)

and the explicit unitary transformation is

S → U †SU =
(
Sfl3

1

)
, T → U †TU =

(
T fl3

1

)
with U =

(
(αij) (βi)

)
(6.5)

and (αij) =


− 1

2
√

3
1√
3

1√
3

− 1
2
√

3
ω√
3

ω2
√

3

− 1
2
√

3
ω2
√

3
ω√
3√

3
2 0 0

 , (βi) =


1
2
1
2
1
2
1
2

 , (6.6)

where ω = e2πi/3 and Sfl3 , T
fl
3 are the three-dimensional generators of S4 acting on a triplet

31 in flavor basis. The transformation of a brane field ψ(x) is accordingly related to the
flavor basis ψfl(xµ) = U †ψ(xµ), as well as the Clebsch-Gordan coefficients. The first three
components of ψfl form a triplet 31 and the last one forms a singlet 11. The representations
12 and 32 are obtained analogously by using the freedom to change the phase of each brane
field in a symmetry transformation. Concretely, by replacing S with (−S), we obtain a
representation of S4 which decomposes as 〈−S, T 〉 = 32 ⊕ 12. Similarly, the 2 of S4 can be
obtained from the four dimensional representation

〈
S := T 2

R P TR, T := T 2
R

〉
= 2⊕ 11 ⊕ 11.

Bulk fields BK(xµ, z) are coupled to brane fields ψi(xµ) in localization basis and form a trivial
singlet via

J(xµ) =
∫

dz
∑
i

αiKBK(xµ, z)ψi(xµ)δ(z − zi) , (6.7)

as it is described explicitly in [28]. We assume that (bulk) flavons obtain a constant VEV in
the following. Furthermore, we will work in the flavor basis with irreducible representations
only and omit the superscript fl for simplicity in the following.

6.2 Symmetry Breaking by Boundary Conditions

6.2.1 Gauge Symmetry Breaking

In order to demonstrate how the flavor structure can be obtained and broken appropriately
from an orbifold, we implement it in a 6d SO(10) model with a breaking of gauge symmetry
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Figure 6.1: The Orbifold T 2/(ZI2 × ZPS2 × ZGG2 ) with its four fixed points (z1, z2, z3, z4). The symmetry of
interchanging the fixed points forms the discrete group S4.

and N = 2 SUSY down to N = 1 SUSY, which nicely leads to a splitting of the doublet and
triplet components in Hu,d similar to [177,200]. We neglect the anomaly cancellation [201,202]
for the purpose of this study.

If we begin with N = 1 SUSY in 6d, it will give N = 2 SUSY in 4d. The gauge vector
multiplet, (VM , λ1,2), can be decomposed in terms of one vector and one chiral multiplets of
the unbroken N=1 SUSY in 4d as

V = (Vµ, λ1) , Σ = (V5,6, λ2) , (6.8)

where V and Σ transform in the adjoint representation of SO(10).

The gauge fields transform under the orbifold parities as

PIV (xµ,−z)P−1
I =ηIV (xµ, z) ,

PPSV (xµ,−z + z1)P−1
PS =ηPSV (xµ, z + z1) ,

PGGV (xµ,−z + z3)P−1
GG =ηGGV (xµ, z + z3) , (6.9)

where the matrices PI = I, PPS , and PGG act on the gauge space and are given by [176]

PPS =


−σ0 0 0 0 0

0 −σ0 0 0 0
0 0 −σ0 0 0
0 0 0 σ0 0
0 0 0 0 σ0

 , PGG =


σ2 0 0 0 0
0 σ2 0 0 0
0 0 σ2 0 0
0 0 0 σ2 0
0 0 0 0 σ2

 , (6.10)

where σ0 is the 2 × 2 unity matrix, while σ2 is one of the Pauli matrices. The parities of
the gauge field V are chosen as ηI = ηPS = ηGG = +1, while for Σ, we choose the parities
ηI = ηPS = ηGG = −1. The first parity (corresponding to fixed point z4) is used to break
N = 2 SUSY to N = 1 SUSY [176,203], and the remaining two parities are used to break the
gauge symmetry. The zero modes of the gauge fields, V and Σ, are given in Table 6.1.

The GUT scale MGUT is determined by the compactification scale. The unbroken gauge
group of the effective 4d theory is GSM ′= SU(3)×SU(2)×U(1)Y×U(1)X , which is given by

63



(Vµ, λ1) (V5,6, λ2)

GSM ′ GGG GPS ZI2 ZGG2 ZPS2 ZI2 ZGG2 ZPS2

(8,1, 0)0 240 (15,1,1) + + + − − −

(3,2,-5)0 240 (6,2,2) + + − − − +

(3̄,2, 5)0 240 (6,2,2) + + − − − +

(1,3, 0)0 240 (1,3,1) + + + − − −

(1,1, 0)0 240 (1,1,3) + + + − − −

(3,2, 1)+4 10+4 (6,2,2) + − − − + +

(3̄,1,−4)+4 10+4 (15,1,1) + − + − + −

(1,1, 6)+4 10+4 (1,1,3) + − + − + −

(3̄,2,−1)−4 10−4 (6,2,2) + − − − + +

(3,1, 4)−4 10−4 (15,1,1) + − + − + −

(1,1,−6)−4 10−4 (1̄,1,3) + − + − + −

(1,1, 0)0 10 (15,1,1) + + + − − −

Table 6.1: Parity assignments for the components V AM = 1
2
tr(TAVM ) of the 45-plet of SO(10). GSM′ =

SU(3)× SU(2)× U(1)Y × U(1)X , GGG = SU(5)× U(1), and GPS = SU(4)× SU(2)× SU(2). [176]

the intersection of the SO(10) subgroups at the fixed points. The remaining U(1)X is broken
by the left-handed conjugate neutrino mass term.
Moreover, the Higgs fields also transform under the orbifold parities as

PIH(xµ,−z) =ηIH(xµ, z) ,
PPSH(xµ,−z + z1) =ηPSH(xµ, z + z1) ,
PGGH(xµ,−z + z3) =ηGGH(xµ, z + z3) , (6.11)

where we choose ηI = 1 for all Higgs fields. We choose parities as ηPS = ηGG = 1 for Hd, and
ηPS = 1, ηGG = −1 for Hu in order to obtain the two Higgs SU(2) doublets of the SUSY SM
as the zero modes, while the color Higgs triplets are massive, and their masses are at the GUT
scale. This gives a solution to the doublet-triplet splitting problem. Furthermore, we choose
the parities for the Higgs fields ∆1,2 as ηPS,1 = −1, ηGG,1 = −1, and ηPS,2 = 1, ηGG,2 = −1,
respectively. These lead to Majorana mass terms for the neutrinos. The zero modes of the
Higgs fields, 10, and 16 are summarized in Table 6.2. The mode expansion of the fields can
be found in Appendix B. We note that all flavons have positive gauge parities.

6.2.2 Flavor Symmetry Breaking

The mechanism to obtain the VEV alignment of the flavon fields has been firstly discussed
in [40]. By assigning parities to the flavons living in the bulk, one can single out a zero mode
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SO(10) 10

GPS (1,2,2) (1,2,2) (6,1,1) (6,1,1)

GGG 5−2 5+2 5−2 5+2

GSM ′ (1,2,−1/2)−2 (1,2,+1/2)+2 (3̄,1,+1/3)−2 (3,1,−1/3)+2

ZPS2 ZGG2 ZPS2 ZGG2 ZPS2 ZGG2 ZPS2 ZGG2

Hd + + + − − + − −
Hu + − + + − − − +

SO(10) 16

GPS (4̄,2,1) (4̄,2,1) (4,1,2) (4,1,2)

GGG 10+1 5−3 10+1 5−3,1+5

GSM ′ (3̄,2,−1/6)+1 (1,2,+1/2)−3 (3,1,+2/3)+1 (3,1,−1/3)−3

⊕(1,1,−1)+1 ⊕(1,1, 0)+5

ZPS2 ZGG2 ZPS2 ZGG2 ZPS2 ZGG2 ZPS2 ZGG2

∆̄1 − − − + + − + +

∆̄2 + − + + − − − +

Table 6.2: Parity assignments for the bulk 10 and 16 hypermultiplets. [202]

and determine the flavon VEVs by their transformations under the orbifold parities. We
assume that flavons transform non-trivially,

P1φ(xµ,−z) = η1 φ(xµ, z), (6.12a)
P2φ(xµ,−z + z1) = η2 φ(xµ, z + z1), (6.12b)
P3φ(xµ,−z + z3) = η3 φ(xµ, z + z3), (6.12c)

where the P1,2,3 = Z, T1Z, T2Z can be formed by combining the translation operators T1,2

and parity operator Z acting on flavor space. The first parity (corresponding to fixed point
z4) is used to break N = 2 SUSY to N = 1 SUSY [176, 203] and the remaining two parities
are used to generate the VEV alignment of the flavons by singling out the appropriate zero
modes.

The VEV alignment of flavons plays an important role in predicting neutrino mixing
angles. Here, we give a simple example to demonstrate it in an extension of SM by the flavor
symmetry S4. Assuming the neutrino mass is generated by an effective dimension-5 operator,
the relevant term in the Lagrangian will be given by

Lν =
(LT εHu)(LT εHu)

Λ

(yaφν + ybην
Λf

)
, (6.13)

where the fields transform under S4 as L, φν ∼ 31 and ην ∼ 11 [204]. When the triplet
obtains the VEV 〈φν〉 ∼ (1, 1, 1)T v, the neutrino mass matrix reads

mν = m0

2a+ b −a −a
. 2a b− a
. . 2a

 , (6.14)
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C2 3i C4 31 32 2

EV 1 EV −1 1 1

S2
(

1 1 1
)

TST
(
−2 1 1

) (
1 1

)
TS2T 2

(
1 ω2 ω

)
T 2S

(
−2 ω2 ω

) (
1 ω

)
S2TS2T 2

(
1 ω ω2

)
ST 2

(
−2 ω ω2

) (
1 ω2

)
TSTS2

(
0 −1 1

) (
1 1

)
STS2

(
0 −ω2 ω

) (
1 ω

)
S2TS

(
0 −ω ω2

) (
1 ω2

)
Table 6.3: Eigenvector structure of the elements of the conjugacy classes C2,4 in representation 2 and 3i,

where S, T are generators of S4 in the notation given in Appendix A.4 and ω = e2πi/3. EV denotes a/the
non-degenerate eigenvalue.

with a = ya 〈φν〉 /Λf , b = yb 〈ην〉 /Λf , as well as m0 = 〈Hu〉2 /Λ which can be diagonalized by
the tri-bimaximal mixing matrix.

In general, the flavon VEV alignment is determined by a possibly complicated flavon
potential (see the flavon potential discussion in Chapter 3). However, in an orbifold context,
the VEV alignment can be obtained from the fixed points of the action of parity operators on
the fields, i.e., the simultaneous eigenvectors of the set of orbifold parity operators. Therefore,
the flavon potential can remain simple. Parity operators can be formed by elements of order
two of the flavor group [40]. Hence, the eigenvalues are ±1. The elements of order two in
S4 are in the conjugacy classes C2 and C4. VEVs originating from the same set of parity
operators are orthogonal. Since the parity operators can be chosen differently for different
representations of S4, VEVs of fields in different representations do not have to be orthogonal.

In the following, we discuss the eigenvalue and -vector structure of the elements of S4.
The non-degenerate eigenvalues of a conjugacy class can be inferred from the corresponding
character, which is the sum of the eigenvalues. The eigenvalues or the representation 2 of
the conjugacy class C2 are degenerate and equal to 1. Hence, it is not possible to single out
only one zero mode. The eigenvalues for the conjugacy class C4 are non-degenerate and the
eigenvectors to the eigenvalue 1 are shown in Table 6.3. They differ only by a phase factor
ω = e2πi/3. As can be seen, the eigenvectors of the non-degenerate eigenvalues of S2, TST ,
and TSTS2, respectively, form a tri-bimaximal mixing matrix. Hence, by choosing two of
the three elements as parity operators, we can obtain a neutrino mass matrix which leads to
a tri-bimaximal mixing matrix. The corresponding combinations with factors of ω lead to
the same mixing angles but different phases. Any other combination of two arbitrary distinct
elements leads to one single zero mode which is orthogonal to both given eigenvectors. The
structure for the representation 32 can be easily obtained from the structure of 31, as they
are related by S ↔ −S.

Concretely, in order to obtain the VEV alignment for the triplet 31, we choose

P1 =1 , P2 =TST , P3 =TSTS2 , (6.15)
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i.e. P2 =
1
3

−1 2 2
2 2 −1
2 −1 2

 , P3 =

1 0 0
0 0 1
0 1 0

 ,

where S, T are generators of S4 in the notation given in Appendix A.4. P2 and P3 are
simultaneously diagonalized by the unitary matrix U

U =


1√
3

2√
6

0
1√
3
− 1√

6
1√
2

1√
3
− 1√

6
− 1√

2

 ,
U †P2U = diag(1, −1, 1) ,
U †P3U = diag(1, 1, −1) ,

(6.16)

Hence, a field φη1η2η3 ∼ 31 where ηi denotes the parities introduced in Eq.(6.12), can have
the following possible VEV configurations:

〈φ+++〉 =
(

1 1 1
)T

/
√

3
〈
φ̃+++

〉
, (6.17a)

〈φ+−+〉 =
(

2 −1 −1
)T

/
√

6
〈
φ̃+−+

〉
, (6.17b)

〈φ++−〉 =
(

0 1 −1
)T

/
√

2
〈
φ̃++−

〉
, (6.17c)

with φ̃i denoting the single zero mode of φi, and lead to a viable neutrino mass matrix
Eq.(6.14).

In order to obtain the VEV alignment for the triplet 32, we choose the parity operators
in flavor space as

P1 =1 , P2 =STS2 , P3 =TSTS2 , (6.18)

i.e. P2 =

−1 0 0
0 0 −ω
0 −ω2 0

 , P3 =

−1 0 0
0 0 −1
0 −1 0

 .

Obviously, there is only one zero mode and the VEV alignment of χi1,0,0 is given by

〈
χi1,0,0

〉
=
(

1 0 0
)T 〈

χ̃i1,0,0
〉
. (6.19)

Similarly, the VEV alignment of the doublets can be achieved by choosing the parities

P1 = 1 , P2,3 = TST = TSTS2 = S =

(
0 1
1 0

)
, (6.20)

which result in two possible VEV alignments,

〈ϕ1,±1〉 = (1,±1)T /
√

2 〈ϕ̃1,±1〉 . (6.21)

Note that the VEVs (1, 0)T or (0, 1)T cannot be achieved for the doublet in this basis of S4.
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Field SO(10) S4 ZN ZN ηIη1 ηPSη2 ηGGη3

ψ 16 32 0 0

Ψu 16 11 0 1
Ψ̄u 16 11 0 −1
Ψd 16 11 1 0
Ψ̄d 16 11 −1 0
Hu 10 11 0 −2 + + −
Hd 10 11 −2 0 + + +
χu1,0,0 1 32 0 1 + − −
χd1,0,0 1 32 1 0 + − −

Φ 45 11 2 2 + + +
ϕ1,1,1 1 31 0 2 + + +
ϕ2,−1,−1 1 31 0 2 + − +
ϕ0,1,−1 1 31 0 2 + + −
ϕ1,1 1 2 0 2 + + +
ϕ1,−1 1 2 0 2 + − −
∆̄1 16 11 0 0 + − −
∆̄2 16 11 2 2 + + −
φ1,1,1 1 31 −4 −4 + + +
φ1 1 11 −4 −4 + + +

Table 6.4: Particle content of the model. Bulk fields are classified by three orbifold parities in addition to the
symmetry groups.

6.3 Model: SO(10)× S4

In the following, we sketch a model that is based on the previous discussion. Besides the
gauge field, we introduce a 16 brane field ψ, which leads to the SM matter, the bulk Higgs
fields Hu,d ∼ 10 generating fermion masses and breaking electroweak symmetry, the bulk
Higgs fields ∆̄i ∼ 16 giving Majorana mass terms for neutrinos, and the bulk Higgs field
Φ ∼ 45 leading to the Georgi-Jarlskog factor [167]. Furthermore, there are heavy vector-like
fermions Ψu,d + Ψ̄u,d on the brane, and the flavon fields χi, ϕi, as well as φi in the bulk. We
denote the flavon fields according to their VEV alignment, i.e., 〈φx,y,z〉 ∝ (x, y, z)T . The
complete particle content is presented in Table 6.4. The transformation with respect to the
orbifold parities determines the zero modes of the bulk fields. The leading order terms of the
superpotential read

WLO =
∑
i=u,d

yi(ψχi1,0,0)Ψ̄i + y′iΨiHiΨi +M i
ΨΨ̄iΨi . (6.22)
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After the heavy vector-like fields are integrated out at the scale Mu,d
Ψ , they lead to the effective

terms

Weff ⊃
∑
i=u,d

(yiy′i)
2

M i2
Ψ

(ψχi1,0,0)(ψχi1,0,0)Hi , (6.23)

which will generate the third generation masses after the flavons obtain a VEV [152,205]. Be-
sides the terms generating the third generation charged fermions masses, there are subleading
terms from effective operators,

WNLO =
∑
ϕ′s

yui
Λ
ϕiψHuψ +

∑
ϕ′s

ydi
Λ2
ϕiΦψHdψ +

yχu

Λ2
(χu)2ψHuψ +

yχd

Λ2
(χd)2ψHdψ , (6.24)

where Λ with R−1 < Λ < Mpl
1 is the cutoff scale of this model. They contribute subdom-

inantly to the mass matrices and lead to the masses of the first two generations as well as
the mixing angles. The third term can be neglected, as its contribution to the up-type quark
masses is subdominant to the first one. After exchanging the first and third generation, the
charged fermion mass matrices are described by

Mu =m′t

A
u Cu Du

. Bu Eu

. . 1− 2Cu

 , (6.25a)

Md =m′b

A
d Cd − F d Dd

. Bd Ed

. . 1− 2Cd + 2F d

 , (6.25b)

Ml =m′b

3Ad 3Cd − F d 3Dd

. 3Bd 3Ed

. . 1− 6Cd + 2F d

 , (6.25c)

where m′t,b = y2
u,dy

′2
u,d

〈
χu,d1,0,0

〉2
〈Hi〉 /

(
Mu,d

Ψ

)2
. The coefficients Ai, . . . , F i can be easily in-

ferred from Eq.(6.24) by inserting the flavon VEVs. Note that the top mass mt is approxi-
mately given by m′t and the bottom mass by mb ≈ m′b as well as mτ ≈ m′b. In order to obtain
the Georgi-Jarlskog relations [167] at the GUT scale, me ' md/3, mµ ' 3, ms,mτ ' mb, we
assume that Ai, Ci, Di, Ei � F d < Bi < 1. Hence, the Cabibbo angle θc is approximately
given by sin θc = −F d/Bd.

Neutrino masses are generated by the terms

Wν =
yR
Λ
ψ∆̄1∆̄1ψ +

(
yν1,1,1
Λ2

φ1,1,1 +
yν1
Λ2
φ1

)
ψ∆̄2∆̄2ψ . (6.26)

The first term generates left-handed conjugate neutrinos masses, which contribute to the
light neutrino mass matrix via the standard seesaw mechanism. However, this contribution
can be neglected compared to the type II seesaw contribution from the remaining terms
if Λ . 3m1M

2
GUT /m

2
t ≈ 1018

(
m1/(10−2eV)

)
GeV coming from the bound on θ13. In the

following, we neglect the standard contribution. This can be also achieved by introducing
1The Planck mass is given by Mpl ∼ 1.2 · · · 1019 GeV [46].
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additional gauge singlets s transforming in the same way under S4 × ZN × ZN as ∆̄1ψ,
and by replacing the term yRψ∆̄1∆̄1ψ/Λ with ysψ∆̄1s. Hence, the left-handed conjugate
neutrinos form pseudo-Dirac particles with s. The type II seesaw contribution is of the
form of Eq.(6.14) with m0 =

〈
∆̄2

〉2
/Λ as well as a = yν1,1,1 〈φ1,1,1〉 /Λ and b = yν1 〈φ1〉 /Λ.

mν is diagonalized by the tri-bimaximal mixing matrix and the neutrino masses are given
by
〈
∆̄2

〉2
/Λ2 (3a+ b, b, 3a− b). As the structure of the charged lepton matrix Eq.(6.25c) is

connected to the down-type mass matrix Md and the CKM mixing is mainly generated by
Md, there is a correction to the tri-bimaximal mixing matrix which results in a small deviation
from tri-bimaximal mixing

s2
12 =

1
3
− 2λc

9
+
λ2
c

54
, s2

13 =
λ2
c

18
, s2

23 =
1
2
− λ2

c

36
(6.27)

with s2
ij = sin2 θij and λc being the Cabibbo angle. Depending on the absolute scale of

the neutrino masses, the angles are further corrected by renormalization group evolution.
However, we can neglect it in case of a hierarchical spectrum [206].
Finally, we have to show that all flavons can obtain a VEV. After introducing the charge
conjugate field ϕ̄ for each field ϕ, the resulting superpotential of the zero modes of the flavons
is given by

Wf =
∑

ϕ∈{φi,ϕi,χi}

mϕ( ¯̃ϕϕ̃) +
∑

ϕ1,2∈{φi,ϕi,χi}

λϕ1ϕ2

Λ
( ¯̃ϕ1ϕ̃1)( ¯̃ϕ2ϕ̃2) . (6.28)

As it can be easily checked, there is a region of parameter space where all flavons obtain finite
VEVs.

In this chapter, we have presented the idea of combining the breaking of a GUT by
boundary conditions on an orbifold with the breaking of a flavor symmetry arising from the
orbifold. All possible VEV alignments of the two- and three-dimensional representations of
S4 have been summarized in Table 6.3. Finally, we gave a simple example in the context
of SO(10) × S4, which the smallness of neutrino masses is obtained by the type-II seesaw
mechanism and the neutrino mixing is tri-bimaximal. Moreover, we have also shown that the
model can fit the quark sector and charged lepton masses. We state that the VEV alignment
mechanism can be also used for flavor symmetries arising from different orbifolds as well as
for models with flavored Higgs fields. In conclusion, the flavored orbifold GUT is a simple
and promising possibility to obtain the required fermion mass structures.
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Chapter 7

Confronting Flavor Symmetries
with Lepton Flavor Violation

In this chapter we study the difficulties arising when one tries to combine a model with
an extended scalar sector with a discrete flavor symmetry. The key point is that there
are actually strong constraints on models with extended scalar sectors. Since, however, the
Yukawa sector of a theory is in most of the cases poorly known (meaning that there are a
lot of free parameters), such a model can usually not be excluded easily, because of internal
cancellations between several of the parameters that may cause some observables to nearly
vanish. If, on the other hand, some additional structure is imposed on the model (by, e.g.,
a discrete flavor symmetry), then additional relations between some of the parameters can
easily rule out the corresponding model or to at least restrict its parameters to very narrow
ranges.

This chapter is organized as follows: In Section 7.1, we introduce the argumentation which
lead us to our statement that models with extended scalar sectors may get into trouble by
the introduction of an additional flavor symmetry. This is exemplified in Section 7.2, where
we present two particular models for which our logic clearly works. The numerical results
that we have obtained are presented and discussed in Section 7.3.

7.1 The General Arguments

A natural way to extend the SM is to add further scalar particles, which have not yet been
discovered. These could, e.g., be additional SU(2)-singlets [207], doublets (Two Higgs doublet
model, THDM), or triplets [208]. Depending on the model, it can then be the case that more
than one Higgs field contribute to the masses of all particles, or that certain Higgses only give
masses to a particular choice of particles [209]. These models will then, however, generically
lead to FCNCs [210] and hence to lepton flavor violation (LFV) [211], which are quite strongly
constrained [212]. It is, however, also not easy to rule them out that way, since they will in
general yield complex 3 × 3 Yukawa coupling matrices, which hold a lot of freedom in their
18 parameters. So, in most of the cases, such a model will be able to fit all neutrino data
without any problems, even if it is strongly constrained.

On the other hand, as it has been discussed in the former chapters, imposing a non-abelian
discrete flavor symmetry on the SM leads to more structure in the Yukawa coupling matrices
in the sense that we obtain relations between different entries of the Yukawa matrices. From
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this, we can obtain the neutrino oscillation parameters as well as the charged lepton masses
as functions of only a few parameters, which can then be checked on whether they are in
accordance with data, or not. We note that we assume that the flavor symmetry is broken at
a high energy scale, so the flavons are decoupled from the model at low energy.

We now apply the following logic:

1. We impose a flavor symmetry and decouple the flavons in order to end up with an
effective low energy model with a scalar sector that is slightly extended compared to
the SM. This could, e.g., be a THDM or something similar.

2. Since we have gained predictivity by imposing the flavor symmetry, we can fit the model
to neutrino data, which allows us to extract certain ranges for the model parameters.

3. The model has additional scalars compared to the SM, which will be able to mediate
LFV-processes, whose branching ratios can be predicted using the fitted parameter
values.

4. If this prediction does not fit with present (future) LFV-bounds, we are (will be) able
to exclude the particular flavor symmetry imposed (in a certain scenario). Note that
this logic will also hold in the non-decoupling case if no extreme fine-tuning is involved.

In principle, this could work for any model with a slightly extended scalar sector. If
the structure of the model is not extremely peculiar, which is rarely the case in the scalar
sector of a theory, the additional scalars (compared to the SM) will unavoidably lead to LFV-
processes, which are already strongly constrained. The key point is that these constraints are
so strong, that imposing some more structure by adding a flavor symmetry can easily destroy
the consistency of the model with all data.

Here, we want to present such an analysis for one particular example, namely for Ma’s
scotogenic model [6], as this consists of a very minimal extension of the SM. Furthermore,
it does not have too many possible LFV-diagrams, so that our logic is not shadowed by a
heavy calculational apparatus. In this model, one can see immediately the effect of certain
symmetries: Without imposing a flavor symmetry, one constrains quantities like

|h∗11h21 + h∗12h22 + h∗13h23| (7.1)

by LFV-processes like µ → eγ [213], where h is the Yukawa coupling matrix involved. Such
a combination can easily become zero for unfortunate values of some phases, exactly as
the effective neutrino mass in neutrino-less double beta processes [214]. Imposing relations
between certain elements of h hinders such cancellations to appear, and the term in Eq.(7.1)
will generically be much larger than zero.

We want to stress, however, that this particular model is just an example and that our
approach works for a much wider class of models.

7.2 Constraining Particular Models

7.2.1 One Possible Example: The Scotogenic Model

There are a lot of different models for neutrino mass generation on the market [7]. A difficult
task for all of them is to explain the smallness of neutrino masses compared to other particles
we know in Nature.
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One way is to forbid a tree-level mass term for neutrinos and generate neutrino masses only
by radiative corrections, as done in several models [6–11]. Out of those, Ma’s “scotogenic”
model [6] (that we call “Ma-model” for simplicity) is particularly attractive: By adding only
one additional Higgs doublet and 3 heavy left-handed conjugate neutrinos to the SM, as well
as imposing an additional Z2-symmetry, it allows for sufficiently small neutrino masses. These
masses are generated radiatively, because the additional neutral Higgs does not obtain a VEV
that could lead to a tree-level neutrino mass term. Furthermore, due to the Z2-symmetry,
this model also provides a stable dark matter candidate, namely the lightest of the heavy
neutrinos [215] or the lightest neutral scalar [216]. Constraints on the model arise from
various different sources as, e.g., lepton flavor violation or the dark matter abundance [213].
In that sense, this model is very “complete”.

The basic ingredients apart from the SM are:

• 3 heavy left-handed conjugate (Majorana) neutrinos Nk, which are singlets under SU(2)
and have no hypercharge

• a second Higgs doublet η with SM-like quantum numbers that does not obtain a VEV

• an additional Z2-parity under which all SM-particles are even, while Nk as well as η are
odd

The corresponding Higgs potential looks like

V = m2
1φ
†φ+m2

2η
†η+

λ1

2
(φ†φ)2+

λ2

2
(η†η)2+λ3(φ†φ)(η†η)+λ4(φ†η)(η†φ)+

λ5

2

[
(φ†η)2 + h.c.

]
,

(7.2)
where φ is the SM-Higgs. If m2

1 < 0 and m2
2 > 0, then only φ0 will obtain a VEV v = 174 GeV,

while 〈η0〉 = 0. Then, the Yukawa Lagrangian is given by

LY = fij(φ−νi + (φ0)∗li)ecj + hij(η0νi − η+li)Nj + h.c., (7.3)

which does not lead to a tree-level neutrino mass term due to the vanishing VEV of η0. The
neutrino masses can, however, be generated radiatively, which gives a natural suppression of
the neutrino mass eigenvalues and can exploit the heaviness of the Nk (with masses Mk) as
well. The mass matrix of the light neutrinos reads

(Mν)ij =
3∑

k=1

hikhjkΛk, (7.4)

where

Λk =
Mk

16π2

[
m2(H0)

m2(H0)−M2
K

ln
(
m2(H0)
M2
K

)
− m2(A0)
m2(A0)−M2

K

ln
(
m2(A0)
M2
K

)]
. (7.5)

Note that we have named the Higgses like in the general THDM, with α = β = m12 = λ6,7 =
0 [217]. The resulting Higgs masses are given by

m2(h0) = 2λ1v
2, m2(H0) = m2

2 + (λ3 + λ4 + λ5)v2, m2(A0) = m2
2 + (λ3 + λ4 − λ5)v2,

and m2(H±) = m2
2 + λ3v

2. (7.6)
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Field l1,2,3 ec1 ec2 ec3 N1,2,3 φ η ϕS ϕT χ

A4 3 1 1′′ 1′ 3 1 1 3 3 1
Z4 i i i i −1 1 1 i −1 i

Table 7.1: The particle content of model 1: The SM particles are the three left-
handed lepton SU(2)L doublets li, the left-handed conjugate charged leptons eci , and
the SM-Higgs φ. The BSM particles are the left-handed conjugate neutrinos Ni, the
second Higgs doublet η (which does not obtain a VEV), and the flavons ϕS , ϕT , and
χ, that only transform under A4 × Z4.

7.2.2 The Flavor Symmetries Considered

In the following, we will present two models which constrain the structure of the Yukawa cou-
pling matrix h in Eq.(7.3), without discussing a particular mechanism for vacuum alignment. 1

The first one, based on [119], represents the class of models which predicts tri-bimaximal mix-
ing. The second one represents the class which predicts µ− τ symmetry.

The A4-Model (Model 1)

The particle content of this model is given in Table 7.1. We note that the group theory of A4

can be found in Appendix A.3. The Lagrangian which is invariant under the flavor symmetry
A4 × Z4 reads2

Ll = ye1
φ

Λ
(l1ϕT1 + l2ϕT3 + l3ϕT2)ec1 + ye2

φ

Λ
(l3ϕT3 + l1ϕT2 + l2ϕT1)ec2

+ye3
φ

Λ
(l2ϕT2 + l1ϕT3 + l3ϕT1)ec1 +

η

Λ

[
y1[(2l1N1 − l2N3 − l3N2)ϕS1

+(2l3N3 − l1N2 − l2N1)ϕS3 + (2l2N2 − l1N3 − l3N1)ϕS2]

+y2(l1N1 + l2N3 + l3N2)χ
]

+M(N1N1 +N2N3 +N3N2). (7.7)

Let us assume that the flavons obtain their VEVs as follows, 〈ϕS1〉
〈ϕS2〉
〈ϕS3〉

 = wS

 1
1
1

 ,

 〈ϕT1〉
〈ϕT2〉
〈ϕT3〉

 = wT

 1
0
0

 , and 〈χ〉 = u , (7.8)

and the SM Higgs gets the VEV 〈φ〉 = v. Then, the Yukawa coupling matrix and the left-
handed conjugate neutrino mass matrix for model 1 can be written as

h =

2a+ b −a −a
−a 2a b− a
−a b− a 2a

 , and MR = M

1 0 0
0 0 1
0 1 0

 , (7.9)

1In general, the vacuum alignment can be achieved by a minimization of the scalar potential.
2Here, we neglect the anti-symmetric part of the coupling between l and N , or assume that the anti-

symmetric coupling vanishes, which is done similarly in [119,218].
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where a = y1
wS
Λ and b = y2

u
Λ .

The charged lepton mass matrix in this model is diagonal,

me =
v

Λ
ye1wT , mµ =

v

Λ
ye2wT , mτ =

v

Λ
ye3wT . (7.10)

Here, the hierarchies in the charged lepton masses are determined by the Yukawa couplings.
Assuming that the Yukawa coupling of the τ , ye3, is of O(1) and the Higgs VEV v is 174 GeV,
we can determine the ratio of the flavon over the cutoff scale Λ ( 〈f〉Λ ) as being of the order of
the Cabibbo angle squared, λ2 ∼ 0.04.

In order to make the discussion easier, we go to the basis where the left-handed conjugate
neutrino mass matrix is diagonal. The matrix MRM

†
R is diagonalized by the unitary matrix

Ur,

Ur =

0 0 1
0 1 0
1 0 0

 . (7.11)

Note that the left-handed conjugate neutrino masses are degenerate, M1,2,3 = M .
The Yukawa coupling in this basis reads

h′ = hUr =

 −a −a 2a+ b

b− a 2a −a
2a b− a −a

 . (7.12)

Using Eq.(7.4), the neutrino mass matrix can be written as

Mν = Λ1,2,3

(6a2 + 4ab+ b2) −a(3a+ 2b) −a(3a+ 2b)
−a(3a+ 2b) (6a2 − 2ab+ b2) a(−3a+ 4b)
−a(3a+ 2b) a(−3a+ 4b) (6a2 − 2ab+ b2)

 , (7.13)

where Λ1,2,3 = Λ1 = Λ2 = Λ3, and the neutrino masses are given by the eigenvalues of MνM
†
ν :

m2
1 = (3a+ b)4Λ2

1,2,3, m2
2 = b4Λ2

1,2,3, and m2
3 = (−3a+ b)4Λ2

1,2,3, (7.14)

which correspond to the eigenvectors (−2, 1, 1)T /
√

6, (1, 1, 1)T /
√

3, and (0,−1, 1)T /
√

2, re-
spectively. In this model, the neutrino masses obey normal mass ordering.

The neutrino mixing observables look like:

∆m2
� = (b4−(3a+b)4)Λ2

1,2,3, ∆m2
A = −24ab(9a2+b2)Λ2

1,2,3, tan θ12 =
1√
2
, θ13 = 0, and θ23 =

π

4
.

(7.15)
In this model, we have only three free parameters (a, b,M) to fit all observables. Therefore,
this model is quite predictive (and hence harder to fit).

The D4-Model (Model 2)

The particle content of this model is given in Table 7.2. We note that the group theory of A4

can be found in Section 3.1.1. The Lagrangian which is invariant under the flavor symmetry
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Field l1 l2,3 ec1 ec2,3 N1 N2 N3 φ η ϕe χe ϕν ψ1,2

D4 11 2 13 2 13 12 14 11 11 13 14 13 2
Z2 1 1 1 1 −1 −1 −1 1 1 1 1 −1 −1

Table 7.2: The particle content of model 2: Th SM particles are the three left-handed
lepton SU(2)L doublets li, the left-handed conjugate charged leptons eci , and the SM-
Higgs φ. The BSM particles are the left-handed conjugate neutrinos Ni, second Higgs
doublet η (which does not obtain a VEV),and the flavons ϕe, χe, ϕν , and ψi, that
only transform under D4 × Z2.

D4 × Z2 reads

Ll = ye1l1e
c
1

φ

Λ
ϕe + ye2(l2ec2 + l3e

c
3)
φ

Λ
ϕe + ye3(l2ec2 − l3ec3)

φ

Λ
χe

+y1l1N1
η

Λ
ϕν + y2(l2ψ1 + l3ψ2)N1

η

Λ
+ y3(l2ψ2 − l3ψ1)N2

η

Λ
+ y4(l2ψ1 − l3ψ2)N3

η

Λ

+
1
2
M1N1N1 +

1
2
M2N2N2 +

1
2
M3N3N3. (7.16)

Let us assume that the flavons obtain their VEVs as follows:

〈ϕe〉 = ue, 〈χe〉 = −we, 〈ϕν〉 = u , and

(
〈ψ1〉
〈ψ2〉

)
= w

(
1
−1

)
, (7.17)

and the SM Higgs gets the VEV 〈φ〉 = v. Then, the Yukawa coupling matrix for model 2 can
be written as

h =

 a 0 0
b −c d

−b −c d

 , (7.18)

where a = y1
u
Λ , b = y2

w
Λ , c = y3

w
Λ , and d = y4

w
Λ .

The charged lepton and left-handed conjugate neutrino mass matrices in this model are
diagonal,

me =
v

Λ
ye1ue, mµ =

v

Λ
(ye2ue − ye3we), mτ =

v

Λ
(ye2ue + ye3we). (7.19)

Here, the hierarchy between the masses of e and (µ, τ) arises from the smallness of the Yukawa
coupling ye1. As we did for model 1, we assume that the ratio ( 〈f〉Λ ) is of order λ2 ∼ 0.04.

Using Eq.(7.4), the neutrino mass matrix can be written as

Mν =

 a2Λ1 abΛ1 −abΛ1

abΛ1 b2Λ1 + c2Λ2 + d2Λ3 −b2Λ1 + c2Λ2 + d2Λ3

−abΛ1 −b2Λ1 + c2Λ2 + d2Λ3 b2Λ1 + c2Λ2 + d2Λ3

 . (7.20)

The neutrino masses are given by the eigenvalues of MνM
†
ν ,

m2
1 = 0, m2

2 = (a2 + 2b2)2Λ2
1, and m2

3 = 4(c2Λ2 + d2Λ3)2, (7.21)
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Scenario m(h0) m(H0) m(A0) m(H±)

α 120.0 32.9 84.5 93.0

β 120.0 60.4 101.5 111.5

γ 120.0 946.8 950.0 950.3

δ 120.0 548.9 549.4 550.6

Table 7.3: The Higgs masses (in GeV) for the different scenarios defined in Eq.(7.27).

Quantity ∆m2
� (∆m2

A)nor. θ12 θ13 θ23

Best-fit 7.67 · 10−5 eV2 2.46 · 10−3 eV2 34.5◦ 0.0◦ 42.3◦

1σ 2.15 · 10−6 eV2 0.15 · 10−3 eV2 1.4◦ 7.9◦ 4.2◦

Table 7.4: The neutrino mixing parameters (best-fit values and symmetrized 1σ-ranges) obtained by a global
fit [219].

which correspond to the eigenvectors

a√
2(a2 + 2b2)

(2b/a,−1, 1)T ,
b√

2(a2 + 2b2)
(−b/a, 1, 1)T , and (0, 1, 1)T /

√
2, (7.22)

respectively.
In this model, the neutrino masses will obey normal ordering. The neutrino mixing observables
look like:

∆m2
� = (a2 + 2b2)2Λ2

1, ∆m2
A = 4(c2Λ2 + d2Λ3)2, tan θ12 =

a√
2b
, θ13 = 0, and θ23 =

π

4
.

(7.23)
In this model, we have 7 free parameters (a, b, c, d,M1,M2,M3) to fit all neutrino observables.
This makes model 2 much easier to fit, but we of course pay the price of losing predictivity.

7.2.3 Phenomenological Analysis

The General Procedure

In this section, we describe the analysis procedure we have applied. The first thing to say
is that there are constraints that are required for a THDM like in Eq.(7.2) (λ1 > 0, λ2 > 0,
λ3 > −

√
λ1λ2, and λ3 + λ4 − |λ5| > −

√
λ1λ2; they keep the potential stable) as well as

consistency conditions for a Ma-like model (m2
1 < 0 and m2

2 > 0; these are necessary in
order for φ0 to obtain a VEV, while η0 obtains none). Furthermore, there are limits from
direct searches at collider experiments [220]: m(h0) > 112.9 GeV and m(H±) > 78.6 GeV,
both at 95% confidence level.3 Further constraints arise from the W - and Z-boson decay
widths, namely m(H±) + m(H0),m(H±) + m(A0) > MW and 2m(H±),m(H0) + m(A0) >
MZ , as well as from the requirement of perturbativity for the Higgs potential, λ2 < 1 and
λ2

3 + (λ3 + λ4)2 + λ2
5 < 12λ2

1 [216].

3Note that these constraints do not apply to the “inert” Higgses H0 and A0. They are constrained much
less severely by the current limits, differently from a normal THDM.
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Strong constraints also come from the correction to the ρ-parameter [221]. The explicit
formula for this correction reads

∆ρ =
α(MZ)

16πs2
WM

2
W

·
[
F (m2

2,m
2(H0)) + F (m2

2,m
2(A0))− F (m2(H0),m2(A0))

]
, (7.24)

where

F (x, y) =

{
x+y

2 −
xy
x−y ln x

y , for x 6= y,

0, for x = y,
(7.25)

and α(MZ) = 1/127.9. The experimental constraint is [46]

∆ρ = −0.0006± 0.0008, (7.26)

which cuts the allowed parameter space for the Ma-model. Since we want to focus on neutrino
physics and lepton flavor violation, we do not try to fit the Higgs sector as well, but rather
use four different benchmark scenarios that all fulfill the consistency conditions, as well as
the experimental bounds from direct searches and from the measurement of the correction to
the ρ-parameter (at 3σ). In the form (m1,m2, λ1, λ2, λ3, λ4, λ5), these scenarios are:

α : (100iGeV, 75GeV, 0.24, 0.10, 0.10,−0.15,−0.10),
β : (100iGeV, 98.5GeV, 0.24, 0.30, 0.09,−0.18,−0.11),
γ : (100iGeV, 950GeV, 0.24, 0.50, 0.02,−0.12,−0.10),
δ : (100iGeV, 550GeV, 0.24, 0.30, 0.02,−0.05,−0.01). (7.27)

The corresponding Higgs masses are given in Table 7.3. We have chosen these four scenarios
such that they are also consistent with the 3σ-range of WMAP-data for H0 being the dark
matter candidate, which cuts the allowed parameter space significantly [216]. This leads to
some more consistency conditions, as H0 has to be the lightest of all scalars and it also has
to be lighter than the heavy left-handed conjugate neutrinos.

For all these scenarios, we do the following:

1. First, the models are fitted to neutrino oscillation data, i.e., mixing angles and mass
square differences [219]. This is done by the χ2-function

χ2 =
N∑
i=1

(qi − qexp
i )2

σ2
i

, (7.28)

where qi are the observables obtained from neutrino oscillations (θ12, θ13, θ23, ∆m2
A,

∆m2
�), which are calculated in terms of the model parameters (see Section 7.2.2). qexp

i

are their measured counterparts and σi are the corresponding (symmetrized) standard
deviations. The best-fit model parameters are determined by a minimization of the χ2-
function. By projection on the different directions in the parameter space, we determine
the 1σ- and 3σ-ranges of the model parameters.

2. Next, we calculate the maximum and minimum values of the quantities measured in
different LFV-experiments (µ → eγ, τ → µγ, τ → eγ, and µ-e conversion for four
different nuclei) by varying the model parameters within their 1σ- and 3σ-ranges.

3. Finally, we compare how well different past and future LFV-experiments are able to
constrain or exclude the particular model in the four scenarios.
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The χ2-Fit

After outlining the general points, we will explain the procedure in more detail using scenario
α (see Eq.(7.27)) in connection with model 1 (see Section 7.2.2) as example.

The χ2-function has already been given in Eq.(7.28) and the experimental values and
errors of the neutrino observables are summarized in Table 7.4. These observables in terms
of model parameters have been given in Eq.(7.15). The minimization of the χ2-function then
yields the following best-fit values for the three parameters:

a = 0.0189, b = −0.691, M = 2.42 · 106 GeV. (7.29)

Note that the parameter b is negative to fit the normal mass ordering, see Eq.(7.15). In the
minimization we have required M1,2,3 > m(H0) and M1,2,3 > MZ/2 for consistency reasons.

The 1σ-(3σ-) values for the model parameters are obtained by inserting all values from Eq.(7.29)
into the χ2-function, except for the one parameter that is to be constrained, and by deter-
mining the intersections of the remaining 1-dimensional function ∆χ2 ≡ χ2−χ2

min with 1(9).
For the above parameters, this yields in the form +1σ,+3σ

−1σ,−3σ:

a : +0.0003,+0.0009
−0.0003,−0.0009,

b : +0.003,+0.009
−0.003,−0.009,

M : +0.02,+0.05
−0.02,−0.05 · 106 GeV. (7.30)

These are the ranges that we will use in the subsequent analysis. Note that in this model,
they are already quite narrow, which is a manifestation of the fact that this model holds a
lot of structure.

Predictions for Various LFV-Experiments

The most important types of LFV-experiments are rare lepton decays, ei → ejγ, as well as con-
versions of a bound muon to an electron for some nucleus N , µN → eN . In a Ma-like model,
the decisive quantities for both types of processes are [222] (ij = ei → ejγ/ei-ej-conversion):

σij ≡
−i

2m2(H±)

3∑
k=1

h∗jkhik

[
(mi +mj)Ia

(
M2
k

m2(H±)

)
+MkIb

(
M2
k

m2(H±)

)]
, (7.31)

where

Ia(t) =
1

16π2

[
2t2 + 5t− 1
12(t− 1)3

− t2 ln t
2(t− 1)4

]
and Ib(t) =

1
16π2

[
t+ 1

2(t− 1)2
− t ln t

(t− 1)3

]
. (7.32)

Using these, the branching ratios for the processes are given by

Br(ei → ejγ) =
m3
i

8π
|σij |2

Γ(ei → ejνiνj)
and Br(µN → eN) =

π2

25m2
µ

D2
N

ωcapt(N)
|σµe|2. (7.33)

In the first formula, we have neglected the final state lepton mass. The quantities DN and
ωcapt(N), as well as a general expression for the second formula are given in [223].
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Experiment Status Process BR-Limit/Sensitivity

MEGA Past µ→ eγ 1.2 · 10−11

MEG Future µ→ eγ 1.0 · 10−13

BELLE Past τ → µγ 4.5 · 10−8

Babar Past τ → eγ 1.1 · 10−7

MECO Cancelled µAl→ eAl 2.0 · 10−17

SINDRUM II Past µTi→ eTi 6.1 · 10−13

PRISM/PRIME Future µTi→ eTi 5.0 · 10−19

SINDRUM II Past µAu→ eAu 7.0 · 10−13

SINDRUM II Past µPb→ ePb 4.6 · 10−11

Table 7.5: Limits on the branching ratios for several past and future LFV-experiments [212].
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Figure 7.1: The numerical results of our analysis for model 1.

Past and Future LFV-Experiments for Model 1

We then use the parameter ranges from Eq.(7.30) to make predictions with Eq.(7.33). The
result is included in Figure 7.1. Furthermore, we have put in the limits/sensitivities of several
past/future experiments, all listed in Table 7.5. A further discussion of the results will be
given in the next section.

7.3 Results

We will now discuss how the general conflict between an extended scalar sector and flavor
symmetries looks in our example models. Let us first start with model 1. The numerical
results can be seen in Figure 7.1: On the left panel, we present the 1σ (black) and 3σ (gray)
predictions of model 1 for the processes µ → eγ, τ → µγ, and τ → eγ, as well as different
present and future bounds from several experiments, see Table 7.5. The right panel shows
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Figure 7.2: The numerical results of our analysis for model 2.

the same for µ-e conversion on the elements Al, Ti, Au, and Pb.
Model 1 is the prime example that our logic works: As explained in Section 7.2.2, there are

only 3 free parameters in the model. Still, it is able to fit the neutrino data well. Actually, the
only deviations from a perfect fit arise from the very accurate prediction of the mixing angles
(e.g., the experimental best-fit value of θ23 is not exactly maximal; see Eq.(7.15) and Table
7.4). The obtained parameter ranges are, however, quite narrow, as can be seen from the
example given in Section 7.2.3. This is exactly the point, where the experimental limits on
LFV-processes get really powerful: Because of the stiffness in the model parameter space, the
prediction of, e.g., the branching ratio µ→ eγ is so clear, that only a very narrow window is
left for parameter variations. Accordingly, this model is actually already excluded by the past
MEGA experiment (see Figure 7.1) for all four Higgs scenarios from Eq.(7.27). We want to
stress again, that these four scenarios belong to the few regions in parameter space that are
indeed consistent with all the data and constraints mentioned in Section 7.2.3. The branching
ratios for µ-e conversion are in general lower, and pass all current constraints. However, in
this sector PRISM/PRIME will provide another future bound that will be able to exclude
this model.

The remaining questions is how far we can stretch this logic for models with less and less
predictivity. As example for that case we can use model 2, which has seven free parameters
to fit the data (see Section 7.2.2). This more than doubles the degrees of freedom in the fit.

The numerical results for this model are given in Figure 7.2. First of all, it may look odd
that here, all 1σ and 3σ regions are somehow narrow, except for τ → µγ. This is simply
because all branching ratios are essentially functions of the product |ab| (where a and b are
model parameters), while the one for τ → µγ is given by the sum of three contributions, which
are proportional to |b|2, |c|2, and |d|2, respectively. This numerical example nicely shows
how more freedom blows up the regions which are predicted by a certain model. Turning
this argumentation around, a certain limit on some observable will be weaker the more free
parameters there are that influence the observable in question.

However, even this model with much less predictivity than the one before can be excluded
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for some scenarios: Scenario δ has already been excluded by the MEGA-experiment and sce-
nario γ can be tested by MEG. This shows the strength of our considerations: Even for a
model that has a lot of freedom our logic still applies in suitable settings, which are here
given by the scenarios γ and δ. Actually, even the scenarios α and β are not that far below
the future MEG-bound, and especially a hypothetical future experiment aiming at τ → µγ
might be very suitable to exclude this particular model.

In this chapter we have studied the conflict arising in models with an extended scalar sector
and discrete flavor symmetries when confronted with LFV-bounds. We have illustrated this
using two examples based on the Ma-model, one with an A4 and one with a D4 symmetry.
Since the first model exhibits a relatively rigid structure (only three free parameters), it is
already excluded for all four scenarios by existing bounds. Even though the second model has
more than twice as many free parameters, it can still be strongly constrained and two of the
scenarios can either be excluded or tested in the near future. We want to stress, however, that
our considerations are not at all restricted to Ma-like models, but should apply to a much
wider class of theories. Models with a lot of structure (meaning few parameters) may easily
be excluded by existing or future LFV-bounds although they have no problems without the
flavor symmetry. Even models with many parameters can at least be strongly constrained, if
not excluded as well.
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Chapter 8

Radiative Transmission of Lepton
Flavor Hierarchies

In this chapter, we present a bottom-up one-loop scheme in the left-right symmetric (LR)
model (GLR × Z4) which leads to an effective Ma-model (GSM × Z2), discussed in the last
Chapter, after the left-right symmetry is broken. Therefore, we call this model the LR-
extension of the Ma-model. We obtain the following seesaw-like formula even though the
Dirac mass matrix vanishes to all orders in perturbation theory:

Mν =
2λ5

16π2
Mdiag
l M̃−1

N Mdiag
l , (8.1)

where Mdiag
l is the diagonal charged lepton mass matrix Mdiag

` = diag(me,mµ,mτ ) and λ5

is a Higgs self coupling. As a result, the flavor structure of the RH neutrino mass matrix is
completely determined. We find a stronger hierarchy in the RH neutrino sector compared
to the charged leptons. Thus the radiative corrections transmit the charged lepton mass
hierarchy into the RH neutrino sector (radiative transmission of lepton flavor hierarchies).
Furthermore the hierarchy in the RH sector is such that it can be easily obtained from a
simple U(1)H family assignment. As an application, we study the phenomenology of the
model.

We also discuss how the quark sector can be made realistic since the Z4 symmetry leads to
vanishing down quark masses at tree-level. Two ways to generate realistic down quark masses
and CKM angles are: (model 1) introduction of color triplet isospin singlet fields that give
radiative masses to down quarks or (model 2) the addition of three isospin singlet vector-like
down quarks which generate a tree-level masses for the down quarks.

This chapter is organized as follows: In Section 8.1, we discuss the neutrino sector of the
model. In Section 8.2, lepton flavor violation (LFV) of the model is investigated. In Section
8.3, we discuss lepton number violation (LNV) of the model. In Section 8.4, we discuss two
models of down quark masses and also their consequences to flavor changing neutral currents
(FCNCs). We note that the discussion of the Higgs sector can be found in Appendix C.

8.1 Neutrino Masses and Mixing

We construct a model based on the left-right symmetric group [224–226] SU(2)L×SU(2)R×
U(1)B−L supplemented by a discrete symmetry group Z4. The quarks and leptons are assigned
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Field QL QR LL LR φ φ̃ = σ2φ
∗σ2 ∆L ∆R

GLR (2, 1, 1
3) (1, 2, 1

3) (2, 1,−1) (1, 2,−1) (2, 2, 0) (2, 2, 0) (3, 1, 2) (1, 3, 2)

Z4 1 −i 1 i i −i 1 −1

Table 8.1: The particle content of the model.

as in the minimal LR model to left-right symmetric doublets. The symmetry breaking is
implemented also as in the minimal LR model by the Higgs fields φ(2, 2, 0) and ∆R(1, 3,+2)⊕
∆L(3, 1,+2).

In the leptonic sector of the model, the SU(2)R ×U(1)B−L breaking by the right-handed
triplet with B − L = 2 gives large Majorana masses to the RH neutrinos [227]. Unlike in
the usual implementation of the seesaw formula, however, in our model, the Dirac mass for
neutrinos vanishes to all orders in perturbation theory due to the Z4 symmetry. The particle
content of the model is given in Table 8.1. The gauge invariant Yukawa couplings of the above
Z4 supplemented LR model are

LY =
(
Q̄LφhqQR + L̄Lφ̃hlLR + h.c.

)
+

+
[
fab
(
(LR)TaC

−1(iσ2∆R)(LR)b + (LL)TaC
−1(iσ2∆L)(LL)b

)
+ h.c.

]
(8.2)

where f and f̃ are symmetric 3× 3 matrices in flavor space.
The most general potential for the LR model has been discussed in the literature before [228].
The presence of the Z4 symmetry in our model forbids terms linear in the invariant Tr(φ̃†φ)
in the potential, so that the minimum energy configuration corresponds to the following VEV
for the φ field (instead of the general one in [224–226]):

〈φ〉 =

(
v1 0
0 0

)
. (8.3)

For the ∆L,R fields we have:

〈∆R〉 =

(
0 0
vR 0

)
, 〈∆L〉 = 0. (8.4)

After the SU(2)R×U(1)B−L breaking by the right-handed triplet with B−L = 2, the particle
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content with respect to (SU(2)L, U(1)Y )Z2=± is given by

QL =

(
uL

dL

)
→ (2, 1/6)+

QR =

(
uR

dR

)
→

(
(1, 2

3)+

(1,−1
3)−

)

LL =

(
νL

eL

)
→ (2,−1/2)+

LR =

(
NR

eR

)
→

(
(1, 0)−
(1, 1)+

)

φ =

(
φ2

φ1

)
R

→

(
(2, 1

2)−
(2,−1

2)+

)

∆L =

δ
++
L

δ+
L

δ0
L

 → (3, 1)+

∆R =

δ
++
R

δ+
R

δ0
R

 →

(1, 2)+

(1, 1)−
(1, 0)+

 (8.5)

The generators from GLR × Z4 to SM × Z2 are

eiT3LγLeiT3LαRei(B−L)βekπ → eiT3LγLeiβ
′Y ei(T3R+k)π, (8.6)

where β′ = 2β, Y = T3R + (B − L)/2 and the electrical charge is defined as Q = T3L + Y .
Note that the bi-doublet can be written in the 2× 2 matrix form as

φ =

(
φ0∗

1 φ+
2

φ−1 φ0
2

)
=

(
φ0∗ η+

φ− η0

)
, (8.7)

where

(
φ0∗

φ−

)
∼ (2,−1

2)+ and

(
η+

η0

)
∼ (2, 1

2)− (under (SU(2)L, U(1)Y )Z2) are similar to the

two Higgs doublets from the Ma-model (see Section 7.2.1).
By an appropriate choice of the basis, we can choose both hq,l to be diagonal matri-

ces without loss of generality. It is easy to see that, with the above assignment, we get
the Dirac neutrino mass mD = 0 and the diagonal Yukawa coupling matrix hl is given
by hl = diag(me,mµ,mτ )/v1. We also note that there is no type II seesaw [229–232]
contribution to the neutrino masses unlike in usual LR models due to the vanishing VEV
of ∆L in Eq.(8.4). Moreover, the diagonal Yukawa coupling matrix hq can be written as
hq = diag(mu,mc,mt)/v1, and the down quark masses are vanished due to the Z4 symme-
try.

8.1.1 A Seesaw-like Formula for Neutrino Masses

The tree-level neutrino Dirac mass vanishes. The neutrinos pick up their masses at one-loop
level from the diagram in Figure 8.1. The light neutrino mass matrix is given by the one-loop
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Figure 8.1: The diagrams responsible for neutrino masses in a Ma-like model [6]. We note that this diagram
is given in the right-handed neutrino mass basis.

formula

Mν,ij = Mdiag
l,i Λij(λ5,MN,ij)M

diag
l,j , (8.8)

where Mdiag
l = diag(me,mµ,mτ ) and Λij 1 is given by MN,ij

16π2 times[
m2(
√

2<η0)
m2(
√

2<η0)−M2
N,ij

log

(
m2(
√

2<η0)
M2
N,ij

)
− m2(

√
2=η0)

m2(
√

2=η0)−M2
N,ij

log

(
m2(
√

2=η0)
M2
N,ij

)]
(8.9)

and MN is the heavy neutrino mass matrix. The Higgs masses are given by 2

m2(
√

2<φ0) = 2λ1v
2
1, m

2(
√

2<η0) = m2
2 + (λ3 + λ4 + λ5)v2

1,

m2(
√

2=η0) = m2
2 + (λ3 + λ4 − λ5)v2

1, and m2(η±) = m2
2 + λ3v

2
1. (8.10)

Note that these couplings λi are the effective couplings which we get at the low energy when
the left-right symmetry is broken, see Section 7.2.1 and Appendix C.3.

We assume that m2(
√

2<η0)�M2
N,ij , Λij(λ5,MN,ij) ' 2 λ5

M2
N,ij

log(M2
N,ij/m

2
η0) [6], where

m2
η0 = 1

2(m2(
√

2<φ0) +m2(
√

2=η0)). Then, the light neutrino mass matrix can be written as

Mν,ij =
2λ5

16π2
Mdiag
l,i

(
M̃−1
N

)
ij
Mdiag
l,j , (8.11)

where
(
M̃−1
N

)
ij

= log(M2
N,ij/m

2
η0)/ (MN,ij).

8.1.2 Reconstructing the Heavy Neutrino Mass Matrix

Since we have a rough idea about the form of the neutrino mass matrix in the limit of zero
CP phase and small reactor angle θ13, we can use it to get an idea about the elements of
the RH neutrino mass matrix. It is interesting that all elements of this mass matrix can be
determined, up to an overall constant.

1Λij is similar to Λk in Eq.(7.5) except for being in different basis.
2We assume α3 ' 0 for a phenomenological reason, see Appendix C.1.
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To see analytically why this happens, let us try to reconstruct MN from the tri-bimaximal
form for the PMNS-matrix given in Eq.(2.26). Using this and Eq.(8.11), we can write down(
M̃−1
N

)
ij

as function of λ5 and of the light neutrino mass eigenvalues m1,2,3. It is given by

4π2

3λ5
times 2(2m1 +m2)/(m2

e) 2(m2 −m1)/(memµ) 2(m2 −m1)/(memτ )
2(m2 −m1)/(memµ) (m1 + 2m2 + 3m3)/(m2

µ) (m1 + 2m2 − 3m3)/(mµmτ )
2(m2 −m1)/(memτ ) (m1 + 2m2 − 3m3)/(mµmτ ) (m1 + 2m2 + 3m3)/(m2

τ )

 ,

(8.12)
The form of

(
M̃−1
N

)
is hence roughly given by

4π2O(mν)
3λ5

 O(m−2
e ) O((memµ)−1) O((memτ )−1)

O((memµ)−1) O(m−1
µ ) O((mµmτ )−1)

O((memτ )−1) O((mµmτ )−1) O(m−1
τ )

 . (8.13)

We can calculate MN,ij by solving the equation log(M2
N,ij/m

2
η0)/MN,ij = (M̃−1

N )ij .
In order to demonstrate the size of the right-handed neutrinos, we assume the normal

hierarchy, m1 = 10−4 eV, m2 =
√
m2

1 + ∆m2
21, and m3 =

√
m2

1 + |∆m31|2, where ∆m2
21 =

7.65 × 10−5 eV2, |∆m2
31| = 2.40 × 10−3 eV2 [47]. Assuming that λ5 = 1 and m(

√
2<η0) =

300 GeV leads to mη0 ' 244.39 GeV and the right-handed neutrino mass matrix reads

(MN )NH =

7632.44 4.68× 106 1.03× 108

× 1.36× 108 −3.64× 109

× × 5.61× 1010

 GeV. (8.14)

The right-handed neutrino masses can be calculated as

MN1 = 1.41× 105 GeV, MN2 = 9.96× 107 GeV, and MN3 = 5.64× 1010 GeV. (8.15)

For the inverse hierarchy, we use m1 =
√
m2

3 + ∆m2
31, m2 =

√
m2

1 + ∆m2
21, and m3 =

10−4 eV. The right-handed neutrino mass matrix then reads

(MN )IH =

664.31 6.63× 107 1.39× 109

× 1.52× 108 3.15× 109

× × 6.24× 1010

 GeV. (8.16)

The right-handed neutrino masses can be calculated as

MN1 = 6.48× 106 GeV, MN2 = 3.13× 107 GeV, and MN3 = 6.26× 1010 GeV. (8.17)

Here, we see that there is a strong hierarchy in the RH neutrino sector in a way similar
to the charged lepton sector. This is what we label as the radiative transmission of hierarchy,
from charged leptons to the RH neutrinos. Note that this mechanism, given a certain form of
MN (with small mixings), naturally allows for large mixing angles in the SM lepton sector that
are not necessarily maximal. This is different from many other models, where in most cases
only zero or maximal mixing is predicted. Note, however, that there are also exceptions to this:
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E.g., the size of the mixing angle could be determined by underlying discrete symmetries [86],
or it could arise from an anarchical pattern of the neutrino mass matrix [233].

These mass matrices for RH neutrinos have a structure that can be easily obtained from
the Froggat-Nielsen (FN) mechanism [50] with a U(1)H family symmetry with H charges
(0, 1, 2) for the third, second, and the first generation right handed lepton doublets. The
left-right and U(1)H invariant Yukawa couplings in this case can be written as

LY,H = hl,3L̄3,Lφ̃L3,R + hl,2L̄2,Lφ̃L2,R
ϕ

M
+ hl,1L̄1,Lφ̃L1,R

( ϕ
M

)2
(8.18)

+

 ∑
a,b=1,2,3

fabL
T
a,RC

−1(iσ2∆R)Lb,R
( ϕ
M

)6−(a+b)
+ h.c.

 ,

where ϕ is the SM singlet with the H charge (−1). For an appropriate choice of <ϕ>M (roughly
1/20 in the normal hierarchy case), we get the desired hierarchy in both the charged lepton
masses as well as in the RH neutrino sector. This hierarchy then translates into a structure
of the light neutrino mass matrix that naturally yields large mixing angles.

8.2 Lepton Flavor Violation

The main ingredients of the model that induce lepton flavor violation are the additional Higgs
triplets ∆L,R. The most important process is µ± → e±e∓e∓, which is already mediated at
tree-level. Further processes are ei → ejγ and the related µ-e conversion, which is less strongly
constrained as long as it only consists of the diagram for µ → eγ attached to the nucleus.
Therefore, we will only study the µ→ 3e and µ→ eγ in more detail here.

8.2.1 µ→ 3e

The µ → 3e process is depicted in Figure 8.2. The corresponding couplings might arise
through terms in Eq.(8.2):

fab(LL,R)TaC
−1(iσ2∆L,R)(LL,R)b ⊃ fabδ++

L,R(eL,R)TaC
−1(eL,R)b. (8.19)

Taking mδ ≈ m(δ±±L,R) (see Eq.(C.15)) and applying the standard Feynman rules, it is easy to
work out the expression for the decay width, which is given by

Γ(µ→ 3e) '
m5
µ

27 · 3π3
· |feµ|

2|fee|2

m4
δ

. (8.20)

The corresponding branching ratio,

Br(µ→ 3e) ' |feµ|
2|fee|2

2G2
Fm

4
δ

, (8.21)

is known experimentally to be less than 1.0 · 10−12 [234], which leads to a bound on mδ &
2 · 105 GeV for Yukawa couplings of |f | ≈ 0.1.
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Figure 8.3: The LFV-diagrams for µ→ eγ.
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8.2.2 µ→ eγ

The µ→ eγ process does, differently from µ→ 3e, already occur in the Ma-model itself (see
Section 7.2.3). In the LR-symmetric extension, however, there are more diagrams that can
contribute, see Figure 8.3. A model-independent treatment of ei → ejγ (and related processes)
is given in [222]. Let us concentrate on µ → eγ here, as this process is much more strongly
constrained by experiments, and let us focus on specific limiting cases. The loop-functions
resulting from the diagrams in Figure 8.3 depend on the ratios of the squared mass of the
internal fermion to the squared mass of the internal scalar that are involved. Going through
all examples, these ratios are

tA ≡
m2(Ni)
m2(η−)

(upper left diagram),

tB ≡
m2(νi)
m2(δ−L )

(upper right diagram),

tC ≡
m2(Ni)
m2(δ−R)

(upper right diagram),

tD ≡
m2(e+

i )
m2(δ−−L )

(lower diagrams), and

tE ≡
m2(e+

i )
m2(δ−−R )

(lower diagrams). (8.22)

As all these diagrams lead to the same final state, the corresponding amplitudes have to be
summed before squaring the total amplitude.

From the known masses of the charged leptons and from the bounds on the light neutrino
mass scale, as well as the bounds on the scale of the heavy neutrinos and scalars involved, we
can easily conclude that tB,D,E ≈ 0 and only tA and tC are sizable. Using [222], it is easy to
see that the current limit of 1.2 ·10−11 [235] on the branching ratio for µ→ eγ translates into

|εL|2 + |εR|2 . 3 · 10−11/GeV4, (8.23)

where (taking mδ to simply denote the mass scale of all the δ’s and similar for mN and mη)

εL ≡ 1
m2
δ

·
[
1 + 6 ·

(
−c̄(t) +

3
2
d̄(t)

)
|t=m2

N/m
2
δ

]
, and

εR ≡ 3
2m2

δ

+
10
m2
η

·
(
−c̄(t) +

3
2
d̄(t)

)
|t=m2

N/m
2
η
. (8.24)

The exact definitions of c̄ and d̄ can be found in [222]. Depending on the sizes of the different
mass scales one can have several limiting cases that lead to different bounds:

• light Ma-scale (less realistic, N too light): mη . mN � mδ

This yields εL ≈ 3
2m2

δ
� εR ≈ 5

3m2
η

and hence a limit of mη,N & 300 GeV.

• intermediate N -scale (realistic): mη � mN � mδ

This yields εL ≈ 3
2m2

δ
� εR ≈ 5

3m2
N

and hence a limit of mN & 550 GeV.

• N at the LR-scale (realistic): mη � mN ≈ mδ

This yields εL ≈ 5
4m2

δ
∼ εR ≈ 19

6m2
δ

and hence a limit of mδ,N & 800 GeV.
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• heavy N -scale (unrealistic, N too heavy): mη � mδ � mN

This yields εL ≈ 1
m2
δ
∼ εR ≈ 3

2m2
δ

and hence a limit of mδ & 600 GeV.

We note that since the Higgs triplets do not appear in the pure Ma-model, the chance to detect
these particles lead to a way to discriminate the pure Ma-model from the LR-extension of the
Ma-model.

8.3 Lepton Number Violation

There are also lepton number violating processes that can be mediated via the Higgs triplets.

8.3.1 Neutrino-less Double Beta Decay

The first possibility one might think of when talking about LNV is neutrino-less double beta
decay. The doubly charged components of the scalar triplets could indeed contribute to
this process. An expression for the effective neutrino mass in case of the triplet-mediated
mechanism is given by [236],

|mee| = µfee
v2

m2
δ

, (8.25)

where µ is the effective coupling of the triplet to two W -bosons and mδ is the mass of the
doubly charged triplet component. The only origin of a coupling µ can come from the Higgs
potential itself, and the only terms that could potentially do this job are the ones proportional
to α3 and β1 in Eq.(C.1) and Eq.(C.19), which do, however, not yield any term of the form
vRφ

+φ+∆−−L,R (as 〈∆L〉 = 0), and hence µ = 0 in our case. Neutrino-less double beta decay
will not be changed by our model.

8.3.2 µ-Decay

Another LNV-contribution is from µ-decay. Actually, one would assume this decay to be
lepton number conserving. However, by taking a look at the couplings of the Higgs triplets
in Eq.(8.2), one can see that the corresponding decay (see Figure 8.4) is actually given by

µ− → νµe
−νe . (8.26)

The decay rate of this process reads

Γ(µ− → νµe
−νe) '

m5
µ

28 · 3π3
· |fµµ|

2|fee|2

m4
δ

, (8.27)

where explicit expressions for the mass scale mδ = mδ(δ−L ) can be found in Eq.(C.13). Com-
paring this to the rate for ordinary µ-decay yields a correction to the Fermi constant, which
amounts to

(G′F )2 = G2
F +
|fµµ|2|fee|2

4m4
δ

. (8.28)

Experimentally, the Fermi constant is determined to be [46]

G2
F = 1.16637(1) · 10−5 GeV−2, (8.29)

which leads to an uncertainty of δ(GF ) ≡ |G′F − GF | = 10−10 GeV−2. Taking the Yukawa
couplings to be both around 0.1, this yields a lower bound on the triplet mass of mδ &
400 GeV.
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Figure 8.4: The LNV-diagram for µ-decay.

8.3.3 N -Decay

Decays of heavy neutrinos N are among the most interesting processes in the Ma-model in
what concerns phenomenology [213]. When considering the LR-extension of the model, it
might be that there are additional decay modes, driven by the Yukawa couplings of the Higgs
triplets in Eq.(8.2). We can treat them by simply integrating out the heavy triplets, as the
dominant decay modes are tree-level processes, and although the triplet contributions are also
not loop-suppressed, they are small because of the large triplet masses. Integrating out the
triplets yields the following effective operator:

L =
1

2M2(δ±R)

(
N if

∗
ik(1− γ5)eck

)
(eclflj(1 + γ5)Nj) . (8.30)

The corresponding decay would look like

Ni → Nje
+
k e
−
l , (8.31)

with m(Ni) > m(Nj), which would only yield another heavy neutrino, which is barely de-
tectable. On the other hand, the charged lepton pair (that does not necessarily have to have
the same flavor!) plus missing energy might be an interesting collider signature. Other decays
like Ni → η0νj or Ni → η±e∓j are sufficiently treated in [213] and are, of course, also present
in the LR-extension of the Ma-model.

8.3.4 Leptogenesis

According to Ma, the normal leptogenesis is possible in the pure Ma-model [237,238]. In order
to see whether the leptogenesis is possible or not in the LR-extension of the Ma-model, we
calculate the CP-violation and the baryon asymmetry using the fitting parameters in Section
8.1.2. We assume the neutrino mixing matrix is nearly tri-bimaximal, but θ13 and the CP
phase δ are not fixed.

The CP-asymmetry from the decay of the lightest right-handed neutrino can be calculated
by [239]

εN1 = −3MN1

16π

∑
i=2,3

Im[(h†lhl)
2
1i]

(h†lhl)11

1
MNi

, (8.32)
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Field ωL ωR

GLR (1, 1,−2
3) (1, 1,−2

3)

Z4 1 −1

Table 8.2: The particle content of model 1. Note that ωL,R are triplets under SU(3)c

where the Yukawa coupling between the left-handed lepton and the right-handed neutrino in
the right-handed neutrino basis is hl = (Mdiag

l /v1)UR, and UR is the unitary matrix which
diagonalizes MN . Inserting the fitting parameters, we obtain |εN1 | = 2.99× 10−12 for normal
hierarchy and |εN1 | = 3.38 × 10−10 for inverse hierarchy. The baryon asymmetry relative to
the entropy density can be written as

Y∆B =' nN1

s
CsphalχN1 |εN1 |, (8.33)

where nN1
s is of order 4 × 10−3, Csphal = 28

79 and the efficiency factor 0 < η < 1. We see
that the CP-violation we get is too small to explain the observed baryon asymmetry of the
Universe (Y obs

∆B = (8.75± 0.23)× 10−11) [239].
Note that in the pure Ma-model, the Yukawa couplings hl are not fixed, so we can vary

them to increase the CP -violation. This is, however, not possible in our case because the
Yukawa coupling hl is already determined by the masses of the charged leptons due to left-
right symmetry.

8.4 Masses for The d Quarks and Their Consequences

8.4.1 Model 1

Masses for The d Quarks

The problem is that the term hqQ̄
T
LφQR from Eq.(8.2) does not lead to a down-quark mass

term due to Eq.(8.3). This can be cured by introducing the scalar color triplets ωL,R and
using part of the Z2 soft breaking term. The quantum numbers of the scalar color triplets are
given in Table 8.2. The Yukawa couplings between the scalar color triplets and the quarks
read

LY = f̃ab((QL)TaC
−1(iσ2)(QL)bωL + (QR)TaC

−1(iσ2)(QR)bωR) + h.c. , (8.34)

where iσ2 acts on SU(2)L,R space.
After the LR symmetry is broken, the quantum numbers of the scalar color triples with
respect to (SU(2)L, U(1)Y )Z2 read

ωL → (1,−1/3)+

ωR → (1,−1/3)−. (8.35)

Another important ingredient of the model is the Z2 soft breaking mass terms of the scalar
color triplets,

Vsoft = δm2
ω[ω̄LωL + ω̄RωR] + δm2

ω,m[ω̄LωR + ω̄RωL]. (8.36)
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Both these contributions are necessary for two reasons: First, it would be highly unnatural to
forbid only one of them and second, both contributions are necessary lead to non-degenerate
ω mass eigenstates (whose mass squares are proportional to δm2

ω ± δm2
ω,m), which is required

for a non-zero d-quark mass.
The mass eigenstates ω1,2 are given by(

ω1

ω2

)
=

1√
2

(
1 1
−1 1

)(
ωL

ωR

)
. (8.37)

Note that the the minus sign is crucial for the cancellation of the divergent parts of the
diagrams between ω1 and ω2. The way how the ω’s can generate a mass for the d-like
quarks is shown in Figure 8.5. By the structure of the diagram (namely by the complex
conjugations), this cancellation does not appear between real and imaginary part, as, e.g.,
for the light neutrino mass. Note that, at both vertices, the Yukawa coupling is just given by
the symmetric matrix f̃ from Eq.(8.34). We note that there is no factor of three to be added,
since the ω’s form a color triplet as well as the quarks themselves. The result for the d-quark
mass matrix is given by

(Md)ij =
1

16π2
f̃ikf̃

∗
jk(mu)k

[
(mu)2

k log(mu)2
k − (mu)2

k +M2
ω1
−M2

ω1
log
(
M2
ω1

)
(mu)2

k −M2
ω1

− (ω2)

]
,

(8.38)
with (mu)1,2,3 = mu,c,t. We would actually get a factor of two as we add the diagrams for
real and imaginary parts, but this factor is exactly canceled by the mixing angle contribution(

1√
2

)2
from Eq.(8.37), as it should (it does not matter if we imagine one complex scalar

or two real ones propagating). Since the ω’s are colored, one can derive a mass of Mω =
O(TeV) � mu,c,t from hadronic FCNC limits (B- and K-mixing, see Section 8.4.3). Using
this, one can simplify Eq.(8.38) to

(Md)ij =
L

16π2
f̃ikf̃

∗
jk(mu)k, where L = log

(
M2
ω1

M2
ω2

)
' ∆Mω

Mω
. (8.39)

If strictly M2
ω1

= M2
ω2

, then Md will be zero since L = 0, so there must be a difference in the
masses of the real and imaginary parts (this statement is trivial, since for both masses being
identical we would need δm2

ω,m = 0, in which case the above diagram does not exist). If there
is such a difference, the log-term in Eq.(8.39) will be of O(0.1− 1), or so. Note that the loop
suppression factor 1/16π2 renders it natural for the down quarks to be lighter than those of
the the up quarks.

The d quark mass matrix can be written as

Md =
L

16π2
f̃Duf̃

∗, (8.40)

where Du = diag(mu,mc,mt).
Using the down quark masses and CKM matrix given in Eq.(2.6), the symmetric Yukawa
coupling f̃ can be calculated as

f̃ =

1.4558 0.0613 0.0005
× 0.2809 0.0063
× × 0.1564

 16π2

L
, (8.41)

where we neglect the CP phase in VCKM and L is taken from Eq.(8.39).
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Figure 8.5: The diagram giving mass to the down quarks due to soft Z2-breaking.

The Resulting Correction for The Neutrino Mass

The diagram leading to the masses of the down quarks can actually translate into a Z2-
breaking correction to the neutrino mass depicted on the left panel of Figure 8.6. This
correction could be potentially dangerous, if it was larger than the 1-loop correction to a zero
neutrino mass at tree-level coming from the Ma-model itself [6].

When calculating this diagram, one can take the effective version drawn on the right panel
of Figure 8.6, where simply a massive d-like quark propagates leading to an effective VEV of
the η0. Note that this diagram can actually exist, no matter if we exchange the scalar or the
pseudo-scalar part of η0, leading to a complex VEV. The correction to the self-energy of the
neutrinos looks like

− iΣij(0) = 2 · −i√
2

(hl)ij
i

02 −m2(
√

2<(η0))
· 3 · (−1) ·

∑
q=d,s,b

−i√
2

(hq)qq
∫

d4k

(2π)4

i(k/+mq)
k2 −m2

q

−(=(η0)-part), (8.42)

where the factor 2 in front originates from the different structure of the Majorana mass term
compared to a Dirac mass term, 3 is the color factor that has to be included, and (−1) comes
from the fermion loop. The integral over the loop momentum can be calculated easily by
performing a Wick-rotation and introducing a cutoff Λ. As the Z2-breaking is assumed to be
soft, the quadratically divergent part will not contribute to the physical correction, and what
remains amounts to (taking only into account the dominant b-quark contribution)

|Σij(0)| ≈
3(hl)ij(hq)33m

3
b

24π2
log
(

1 +
Λ2

m2
b

)(
1

m2(
√

2<(η0))
− 1
m2(
√

2=(η0))

)
. (8.43)

Assuming a cutoff of Λ ∼Mω ∼ 106 GeV, Yukawa couplings of O(0.1), a Higgs mass scale of
mη ∼ 100 GeV, and no fine-tuning between the mass of the real and imaginary part, which
is more or less an upper limit on this correction, the resulting contribution to the neutrino
mass is roughly O(10−7eV), and hence completely negligible.

8.4.2 Model 2

Masses for The d Quarks

There is another possibility to obtain the down quark masses without introducing the Z2

soft breaking terms as in model 1. We extend the model by adding the three heavy quarks
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Figure 8.6: The translation of Figure 8.5 into a correction for the neutrino mass, in its fundamental (left) and
effective (right) version.
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Field QL =

(
uL

dL

)
QR =

(
uR

DR

)
dR DL χL =

(
χ+
L

χ0
L

)
χR =

(
χ+
R

χ0
R

)
GLR (2, 1, 1

3) (1, 2, 1
3) (1, 1,−2

3) (1, 1,−2
3) (2, 1, 1) (1, 2, 1)

Z4 1 −i 1 −i 1 1

Table 8.3: The particle content of model 2.

(denoted by DL,R) and two Higgs doublets under the SU(2)L,R group with B−L = 1 (denoted
by χL,R). The heavy down quark DR is the second component of the SU(2)R quark doublet
QR where the down quark dR is considered as SU(2)L,R singlet. Under the Z4 symmetry, the
χL,R and dR are invariant, whereas DL → −iDL. The particle content of this model is given
in Table 8.3.

It is easy to write down a potential for χL,R with asymmetric mass terms for them so that
they have non-equal VEVs. Since the discrete symmetry does not permit the term χ†LφχR
term in the potential, the additional fields do not destabilize the φ VEV pattern assumed in
the bulk of the paper.

The Yukawa interaction that is invariant under Z4 and gauge symmetry is given by

L = fD(Q̄LχLdR + Q̄RχRDL) + h.c. (8.44)

After spontaneous symmetry breaking the down quarks have masses proportional to the VEV
of χL. And the heavy down quarks are also obtained masses proportional to the VEV of χR
which is supposed to be at the LR-breaking scale. The mass of D is in the 10 to 100 TeV
range. We emphasize that there is no direct mass term between DL and DR. We also note
that after the LR symmetry is broken, the Z4 symmetry is broken down to Z2 symmetry in
the lepton sector (see Eq.(8.5) and Eq.(8.6)) and the Z ′4 symmetry in the quark sector where
the additional Higgs doublets transform as

χL =

(
χ+
L

χ0
L

)
→ (2, 1/2)+1

χR =

(
χ+
R

χ0
R

)
→

(
(1, 1)+i

(1, 0)−i

)
. (8.45)

Using the down quark masses and CKM matrix given in Eq.(2.6), the Yukawa coupling reads3

fD =

0.89 24.7 14.1
× 106.5 169.9
× × 4192.9

 1
vL
, (8.46)

where vL is the VEV of χL and the CP phase in VCKM is neglected.

New Heavy Hadrons

Note that the existence of the heavy D quarks in model 2 leads to new heavy hadrons. It is
easy to see from Eq.(8.44) that the mass terms for the heavy D quarks are (after LR breaking)

3Here, we assume that the Yukawa coupling is symmetric.
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Figure 8.7: The diagrams for K-, Bd-, and Bs-mixing.

given by
Lheavy = D̄RwRfDDL + h.c. (8.47)

If wR is assumed to be at the LR breaking scale, O(105GeV), and fD ∼ 0.1, then the mass
scale of the heavy new quarks (and hence of the heavy new hadrons) will be O(104GeV), as
there is a binding force stronger than strong interactions themselves.

The particle spectrum will consist of all physical combinations that can appear. As all
quarks in the model are triplets under SU(3), we can form any of the usual mesons and baryons
by replacing down quarks by their heavy counterparts, as long as the resulting particle has
an integer electric charge. Completely neutral possibilities are, e.g., D̄L,RDL,R (heavy pions
or ρ mesons) or uRDRDR (heavy neutrons and hyperons). Note that some of those particles
might not only carry electric charge, but might also be non-singlets under Z4. Detecting these
states would be a clear signal of model 2 that is well in the range of LHC.

8.4.3 Hadronic FCNCs

Model 1

The colored scalars ωL,R will, of course, in general transmit flavor-changing processes in the
hadron sector. As example for this (and because they are well investigated experimentally),
we consider oscillations of K- and Bd,s-mesons. The diagrams arising from ωL,R-exchange are
drawn in Figure 8.7.

Let us start by considering K0 − K̄0 oscillations. Assuming Mω1 ' Mω2 and dominance
of the top mass, the transition amplitude can be read off from the diagrams as

iMK = 8|f ′13|2|f ′23|2
∫
d4k

2π4
[v̄(s)PL

i(k +mt)
k2 −m2

t

PLu(d)][ū(s)PR
i(k +mt)
k2 −m2

t

PRv(d)]
(

i

k2 −M2
ω

)2

= 8|f ′13|2|f ′23|2I(mt,mω)QK , (8.48)

where f ′ij =
√

2fij , I(mt,mω) =
∫
d4k
2π4

m2
t

(k2−m2
t )

2(k2−M2
ω)2
' i m2

t
16π2M2

ω
, andQK = [v̄(s)PLu(d)][ū(s)PRv(d)].
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The factor 8 is the total number of the contributing diagrams.4

From Eq.(8.37), one can see easily that ωL,R can be decomposed in terms of mass eigen-
states as

ωL =
1√
2

(ω1 − ω2),

ωR =
1√
2

(ω1 + ω2). (8.49)

The transition amplitude reads

MK =
2m2

t

π2M4
ω

|f13|2|f23|2QK . (8.50)

The mass difference of KL–KS is given by [240]

∆mK = 2Re[〈K0|H∆S=2|K̄0〉] =
4m2

t

π2M4
ω

|f13|2|f23|2Re[〈QK〉], (8.51)

where H∆S=2 =MK and

〈QK〉 = 〈K0|[v̄(s)PLu(d)][ū(s)PRv(d)]|K̄0〉 = 〈K0|[s̄PLd][s̄PRd]|K̄0〉. (8.52)

The matrix element 〈QK〉 can be written as [240]

〈QK〉 = 〈QLR2 (µ)〉 =
1
4

( mK

ms(µ) +md(µ)

)2
mKF

2
KB

LR
2 (µ). (8.53)

Using FK = 155.74 MeV 5, mK = 498 MeV [46], and [BLR
2 (µ = 2GeV)]LRI = 1.03 [240]6, we

obtain 〈QK〉 = 0.064GeV3. The mass of the scalar triplet is constrained by

Mω >
4

√
4m2

t

π2∆mK
|f13|2|f23|2〈QK〉 = 38.3754× 16π2

|L|
GeV, (8.54)

where we have used ∆mK = 3.483× 10−12 MeV [46].

In the same way, we can also calculate the Bd − B̄d and the Bs − B̄s oscillations. The
transition amplitudes are given by

iMBd = 8|f ′13|2|f ′33|2I(mt,mω)QBd ,
iMBs = 8|f ′23|2|f ′33|2I(mt,mω)QBs , (8.55)

with
〈QBq〉 = 〈Bq|[q̄PLbq̄PRd]|B̄q〉 =

1
4

( mBq

mb(µ) +mq(µ)

)2
mBqF

2
BqB

q
4(µ), (8.56)

4Two from the rotated part and four from all possible combinations of ω′1,2.
5FK = 1.198× Fπ = 1.198× 130 MeV.
6LRI stands for Landau RI scheme.
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Figure 8.8: The diagrams for K-, Bd-, and Bs-mixing.

where we have made use of the formulae from Ref. [241].

The decay constants have been calculated using lattice QCD: fBd = 216 MeV, fBs =
1.20fBd [242,243] and the non-perturbative B-factors are Bd

4 = 1.16 and Bs
4 = 1.17 [244].

The mass difference ∆mBq is given by [240]

∆mBq = 2|〈Bq|H∆B=2
q |B̄q〉| =

4m2
t

π2M4
ω

|fi3|2|f33|2|〈QBq〉|, (8.57)

where i = 1 for Bd and i = 2 for Bs.
The experimental values are [46]

∆mBd = 3.337× 10−10 MeV,
∆mBs = 1.17× 10−10 MeV,
mBd = 5279.50 MeV,
mBs = 5366.3 MeV, (8.58)

so the constraints on the ω masses arising from Bd and Bs mixings are given by

(Mω)Bd > 70.4× 16π2

|L|
GeV,

(Mω)Bs > 356.6× 16π2

|L|
GeV, (8.59)

whose second line yields the strongest constraint. Assuming a typical value of |L| ≈ 0.1, one
can derive a lower limit of Mω & 6 · 105 GeV.

Model 2

In this model, we have new contributions to K0 − K̄0 oscillations from χ0
L exchange at tree-

level which dominate over other loop diagrams7. Note that χ0
L = 1√

2
(χ0r
L +iχ0i

L ). The diagrams
arising from χ0

L-exchange are drawn in Figure 8.8.

7We also have another contribution from χ0
R,L exchange at loop-level, but we do not consider it here as it is

small compared to the tree-level contribution. Apart from the K0− K̄0 oscillations, we can also have D0− D̄0

oscillations due to the exchange of the charged Higgses χ+
R,L in the loop.
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The transition amplitude can be read off from the diagrams as

iMK = 4
∣∣∣∣fD,12√

2

∣∣∣∣2 [v̄(s)PRu(d)][ū(s)PRv(d)]

(
i

k2 −M2
χ0
L

)

' −2|fD,12|2
(

i

M2
χ0
L

)
QK , (8.60)

where QK = [v̄(s)PRu(d)][ū(s)PRv(d)] and at low energy we assume that M2
χ0
L
>> k2. The

factor 4 is the total number of the contributing diagrams8.

The transition amplitude reads

MK = −2|fD,12|2
(

1
M2
χ0
L

)
QK . (8.61)

The mass difference of KL–KS is given by [240]

∆mK = 2Re[〈K0|H∆S=2|K̄0〉] = −4|fD,12|2
(

1
M2
χ0
L

)
Re[〈QK〉], (8.62)

where H∆S=2 =MK and

〈QK〉 = 〈K0|[v̄(s)PRu(d)][ū(s)PRv(d)]|K̄0〉 = 〈K0|[s̄PRd][s̄PRd]|K̄0〉 = 〈(s̄LdR)(s̄LdR)〉.
(8.63)

The matrix element 〈QK〉 can be written as [240]

〈QK〉 = 〈QSLL1 (µ)〉 = − 5
24

( mK

ms(µ) +md(µ)

)2
mKF

2
KB

SLL
1 (µ). (8.64)

Using FK = 155.74 MeV, mK = 498 MeV [46], and [BSLL
1 (µ = 2GeV)]LRI = 0.66 [240], we

obtain 〈QK〉 = GeV3. The mass of χ0
L is constrained by

Mχ0
L
> 1.55× 108 1

wL
GeV2, (8.65)

where we have used ∆mK = 3.483× 10−12 MeV [46].
In the same way, we can also calculate the Bd−B̄d and the Bs−B̄s oscillations. The transition
amplitudes are given by

iMBd ' −2|fD,13|2
(

i

M2
χ0
L

)
QBd ,

iMBs ' −2|fD,23|2
(

i

M2
χ0
L

)
QBs , (8.66)

8Two from the rotated part and two from the interchange of real and imaginary part of χ0
L.
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with QBd = (b̄LdR)(b̄LdR) and QBs = (b̄LsR)(b̄LsR).
The matrix elements of the operators QBd and QBd are given by9

〈QBq〉 = 〈Bq|[b̄PRqb̄PRq]|B̄q〉 = − 5
24

( mBq

mb(µ) +mq(µ)

)2
mBqF

2
BqB

q
2(µ), (8.67)

where we have made use of the formulae from Ref. [241].

The decay constants have been calculated using lattice QCD: fBd = 216 MeV, fBs =
1.20fBd [242,243] and the non-perturbative B-factors are Bd

2 = 0.82 and Bs
2 = 0.83 [244].

The mass difference ∆mBq is given by [240]

∆mBq = 2|〈Bq|H∆B=2
q |B̄q〉| = −4|fD,i3|2

(
1

M2
χ0
L

)
〈QBd〉, (8.68)

where i = 1 for Bd and i = 2 for Bs.
The experimental values are [46]

∆mBd = 3.337× 10−10 MeV,
∆mBs = 1.17× 10−10 MeV,
mBd = 5279.50 MeV,
mBs = 5366.3 MeV, (8.69)

so the constraints from Bd and Bs mixings are given by

(Mχ0
L
)Bd > 2.8× 107 1

wL
GeV2,

(Mχ0
L
)Bs > 6.1× 108 1

wL
GeV2, (8.70)

whose second line yields the best constraint. Assuming the VEV of χ0
L as, wL ≈ 100 GeV,

one can derive a lower limit of M0
χL

& O(106 GeV).

In this chapter, we have constructed an LR symmetric model for the radiative neutrino
masses. The neutrinos obtain their mass at one-loop level. Assuming that the charged lep-
ton mass matrix is diagonal, the hierarchy structure in the charged lepton mass matrix is
transfered to the right-handed neutrino mass matrix. We called this observation: Radiative
Transmission of Lepton Flavor Hierarchy. We have also discussed the phenomenological as-
pects of the model such as lepton flavor violation and lepton number violation. Moreover, in
order to make a realistic model that includes non-zero down quark masses, we have extended
the model in two ways: (model 1) introduction of color triplet isospin singlet fields that give
radiative masses to down quarks or (model 2) the addition of three isospin singlet vector-like
down quarks, which generate a tree-level mass for the down quarks. These two models lead
to an interesting phenomenology which might show up at the LHC. In model 1, the hierar-
chy between up quark and down quark masses is explained, and the scalar color triplets can
contribute to the new heavy bound states such as ωQQ, ω̄ω, ωωω, etc. The generic feature of

9Their structure is the same as the Q2 given in [241].
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model 1 is that the masses of the scalar color triplets are not determined by the symmetry
breaking scale (normally, the mass of particle is corresponding to the symmetry breaking
scale) and seem to be the free parameters which have to be constrained by experiments. In
model 2, the additional particle content (dR and DL) does not lead to a new anomaly. How-
ever, it leads to a new source of the FCNCs, which can be used for constraining the parameter
space of this model.
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Chapter 9

Conclusions

In this thesis, we have discussed two important problems of the Standard Model of Particle
Physics, which are the flavor problem and the reason for the smallness of neutrino masses.

After discussing some aspects of model building in Chapter 2, we have presented two flavor
models based on non-abelian discrete flavor symmetries. The first model was constructed
based on D4 flavor symmetry, which predicts the µ−τ symmetry in the neutrino mass matrix
leading to maximal atmospheric mixing θ23 = π/4 and vanishing θ13. The second model
was based on D10 flavor symmetry, which leads the golden ratio prediction for solar neutrino
mixing, i.e. cos(θ12) = ϕ/2, with the golden ratio ϕ = ϕ2−1 = 1

2 (1+
√

5), and also vanishing
θ13. In order for the flavor symmetries to give these predictions for the neutrino mixing, they
have to be broken by flavons with a certain VEV structure, which arise as the result of the
minimization of a scalar potential. We have also investigated the flavon superpotential of these
models, and showed that these VEV structures are obtained. Furthermore, we have observed
the connection between the mismatch of subgroups and the neutrino mixing prediction, i.e.,
a neutrino mixing pattern is a result of the breaking of the flavor symmetry down to different
preserved subgroups in charged lepton and neutrino sectors.

As the SM is constructed based on two important symmetries, i.e., gauge symmetry and
space-time symmetry, therefore, it might be an interesting task to embed the non-abelian
discrete flavor symmetry into one of these symmetries. In Chapter 4, we have discussed the
case where a non-abelian discrete flavor symmetry might arise as a subgroup of a continuous
symmetry, i.e., SU(2) or SU(3). We have considered all possible cases, where the continuous
symmetry is broken by the small representations of the flavons, which can couple directly to
the three generations of fermions at leading order. As a result of this, the only non-abelian
discrete group which can arise as a residual symmetry is the quaternion group D′2, which
cannot be used for predicting very specific mixing patterns, such as tri-bimaximal mixing.
In Chapter 5, we have investigated the possible origin of non-abelian discrete flavor symmetries
from an orbifold compactification. We have discussed all possible 2-dimensional orbifolds,
which are T 2/Z2, T

2/Z3, T
2/Z4, and T 2/Z6. We have found out that all non-abelian discrete

flavor symmetries that can arise from these orbifolds are A4, S4, D4, D3, and D6, which have
been widely used for flavor model building. We note that the first two, A4 and S4 have already
been discussed in [28]. Moreover, we have shown that all representations of these groups can
be realized as their localization on the orbifold fixed points. In Chapter 6, we have pursued
the idea of an orbifold compactification further. We have discussed that not only the non-
abelian discrete flavor symmetries can arise from the orbifold compactification, but they can
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be broken by the orbifolding as well. Moreover, if we combine this model with an orbifold
GUT, the GUT group can also be broken by the orbifold. We called this idea: the flavored
orbifold GUT. We have demonstrate this idea by constructing the model based on SUSY
SO(10)×S4 in 6-dimensions. SO(10) is broken to GSM ′ = SU(3)×SU(2)×U(1)Y ×U(1)X
by a certain choice of the orbifold parities, where the additional U(1)X was broken further
by the left-handed conjugate Majorana neutrino mass term. We have shown that in the same
way non-abelian discrete flavor symmetries can be broken by the orbifold. By choices of the
orbifold parities, the VEV alignment of flavons can be determined without dealing with a
complicated flavon potential. We have discussed all possible VEV alignments of the two- and
three-dimensional representations of S4, which have been listed in Table 6.3. Eventually, we
have shown that this model leads to the smallness of neutrino masses by the type-II seesaw
mechanism and predicts the tri-bimaximal mixing. We also note that the model can fit the
quark sector and charged lepton masses.

In Chapter 7, we have performed a study on a model with an extended scalar sector and
a flavor symmetry. The extended scalar sector model leads to lepton flavor violation (LFV),
which results in the constraints on the parameter space of Physics Beyond Standard Model.
However, when we impose a flavor symmetry to generate a certain structure of the mass
matrices leading to the prediction of the neutrino mixing, the extended scalar model might
be ruled out by the LFV constraint. We have illustrated this using two examples based on
the Ma-model, one with an A4 and one with a D4 symmetry. For the Higgs sector of the
models, we have used the four different benchmark scenarios that all fulfill the consistency
conditions, as well as the experimental bounds from direct searches and from the measurement
of the correction to the ρ-parameter (at 3σ). Since the first model exhibits a relatively rigid
structure (only three free parameters), it is already excluded for all four scenarios by existing
bounds. Even though the second model has more than twice as many free parameters, it can
still be strongly constrained and two of the scenarios can either be excluded or tested in the
near future. We want to stress that our considerations are not at all restricted to Ma-like
models, but should apply to a much wider class of theories. Models with a lot of structure
(meaning few parameters) may easily be excluded by existing or future LFV-bounds although
they have no problems without the flavor symmetry. Even models with many parameters can
at least be strongly constrained, if not excluded as well.

In Chapter 8, we have proposed a one-loop neutrino mass model in the left-right symmetric
framework. The model leads to the effective Ma-model after the LR symmetry is broken. As-
suming that the charged lepton mass matrix is diagonal, the hierarchy structure in the charged
lepton mass matrix is transfered to the right-handed neutrino mass matrix. We called this
observation: Radiative Transmission of Lepton Flavor Hierarchy. We have also discussed the
phenomenological aspects of the model such as lepton flavor violation and lepton number
violation. In the lepton sector, we have found out that the strongest constraint of the scale
of the LR symmetry breaking stems from the lepton flavor violating process, µ± → e±e∓e∓,
mediated by the Higgs triplets. Assuming the couplings between charged leptons and the
Higgs triplets are of order O(0.1), it leads to a constraint on the masses of the Higgs triplets
as mδ & 2 · 105 GeV, which can be considered as the LR symmetry breaking scale. We have
also discussed leptogenesis in our model and found out that it does not work in our model
because of the constraint on the Dirac Yukawa coupling. In the quark sector, the up quark
masses are obtained at leading order, however, the down quark masses are forbidden due to
a Z4 symmetry. Therefore, we have extended the model in two ways: (model 1) introduction
of color triplet isospin singlet fields that give radiative masses to down quarks or (model 2)
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the addition of three isospin singlet vector-like down quarks, which generate a tree-level mass
for the down quarks. These two models lead to an interesting phenomenology which might
show up at the LHC. In model 1, the down quark masses are obtained at one-loop, therefore,
the hierarchy between up quark and down quark masses is explained. Moreover, the scalar
color triplets can contribute to the new heavy bound states such as ωQQ, ω̄ω, ωωω, etc. We
have also studied flavor changing neutral current processes such as K0 − K̄0, Bd − B̄d and
Bs − B̄s oscillations induced by the exchange of the scalar color triplets. Assuming a typical
value of |L| ' |∆Mω

Mω
| ≈ 0.1, we obtained a lower limit on the mass of the scalar color triplet

as Mω & 6 · 105 GeV. In model 2, we have introduced two additional Higgs doublets, χL,R,
which obtain VEVs and give masses to the light (d) and heavy (D) down quarks respectively.
The additional Higgs χL leads to the flavor changing neutral current processes at tree-level.
Considering these processes, we have obtained a constraint for the mass of the Higgs χL as
M0
χL

& O(106 GeV). Moreover, we also have new heavy hadrons due to the existence of
the heavy (D) quarks in this model, which might be detected at the LHC. Combining the
constraint from the lepton sector and the quark sector, the LR symmetry breaking scale in
model 2 is of order O(106 GeV).

In summary, two important problems of the SM have been investigated. The first problem
has been discussed in the context of non-abelian discrete flavor symmetries and their origins.
We have shown that a promising origin of non-abelian discrete flavor symmetries is the orbifold
compactification. Moreover, we have shown that the idea of a flavored orbifold GUT is
a simple and promising possibility to obtain the required fermion mass structures. Since
orbifolds often appear in heterotic string theory model building, it might be an interesting task
to embed the flavored orbifold GUT into the string context. The second problem is concerning
the reason for the smallness of neutrino masses. We have proposed a one-loop neutrino mass
model in the LR symmetric framework, which leads to an interesting observation, which we
called: Radiative Transmission of Lepton Flavor Hierarchy. The result of this observation
stems from the fact that the Dirac Yukawa coupling of neutrinos are embedded into a bigger
gauge group, in this case LR symmetry. Therefore, it might be an outlook of this study to
consider other classes of models, in which this observation might show up. Moreover, the
model has provided a dark matter candidate, and many interesting phenomenological aspects
at the LHC.
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List of Abbreviations

• BSM: Physics Beyond the Standard Model

• CKM: Cabibbo-Kobayashi-Maskawa

• FCNCs: Flavor Changing Neutral Currents

• FN: Froggat-Nielsen

• IH: Inverse Hierarchy

• LFV: Lepton Flavor Violation

• LHC: Large Hadron Collider

• LNV: Lepton Number Violation

• LR: Left-Right Symmetric

• MSSM: Minimal Supersymmetric Standard Model

• NH: Normal Hierarchy

• PMNS: Pontecorvo-Maki-Nagakawa-Sakata

• SM: The Standard Model of Particle Physics

• SUSY: Supersymmetry

• THDM: Two Higgs Doublet Model

• VEV: Vacuum Expectation Value
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Appendix A

Group Theory

A.1 Group Theory of Dihedral Groups Dn

In this section, we briefly discuss the group theory of dihedral groups, Dn. For more detail
discussion, we refer to [184, 195, 196]. The dihedral group is the group of regular two-sided
polygon with n corner and n edges. If the index n is even, the group Dn has four one-
dimensional representations denoted by 11,2,3,4 and n

2 − 1 two-dimensional representations
denoted by 2j , where j = 1, ..., n2 − 1. If the index n is odd, the group Dn has only two one-
dimensional representations denoted by 11,2 and n−1

2 two-dimensional representations denoted
by 2j , where j = 1, ..., n−1

2 . The 11 is always the trivial one. The order of the Dn group
is 2n. The Dn group is generated by two generators, A and B, where the one-dimensional
representations transform as:

• 11: A = 1, B = 1

• 12: A = 1, B = −1

• 13: A = −1, B = 1

• 14: A = −1, B = −1.

The generators of the two-dimensional representations are given by [183]

A =

(
e( 2πi

n
)j 0

0 e−( 2πi
n

)j

)
, and B =

(
0 1
1 0

)
, (A.1)

where j is the index of a two dimensional representation 2j .
The generator relations are given by

An = 1 , B2 = 1 , and ABA = A. (A.2)

A.2 Group Theory of D10

The group D10 is a group which describes the symmetry of a ten-sided polygon. It has two
generators, A and B, which fulfill the relations

A10 = B2 = 1 and ABA = B. (A.3)
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× 11 12 13 14
11 11 12 13 14
12 12 11 14 13
13 13 14 11 12
14 14 13 12 11

× 21 22 23 24
21 11 + 12 + 22 21 + 23 22 + 24 13 + 14 + 23
22 21 + 23 11 + 12 + 24 13 + 14 + 21 22 + 24
23 22 + 24 13 + 14 + 21 11 + 12 + 24 21 + 23
24 13 + 14 + 23 22 + 24 21 + 23 11 + 12 + 22

11,2 × 2j = 2j , 13,4 × 2j = 25-j

Table A.1: Multiplication rules for the dihedral group D10, which has four two-dimensional and four 1-
dimensional irreducible representations.

The multiplication rules for the Kronecker products are given in Table A.1. For si ∼ 1i and
(a1, a2)T ∼ 2j we find

(
s1a1

s1a2

)
∼ 2j ,

(
s2a1

−s2a2

)
∼ 2j ,

(
s3a2

s3a1

)
∼ 25-j , and

(
s4a2

−s4a1

)
∼ 25-j .

The Clebsch-Gordan coefficients for the product of (a1, a2)T with (b1, b2)T , both in ∼ 2i, read

a1b2 + a2b1 ∼ 11 , a1b2 − a2b1 ∼ 12 ,(
a1b1

a2b2

)
∼ 2j or

(
a2b2

a1b1

)
∼ 2j ,

depending on whether i = 1, 2 or i = 3, 4. For the two doublets (a1, a2)T ∼ 2i and (b1, b2)T ∼
2j we find for i + j 6= 5

(
a1b2

a2b1

)
∼ 2k (k = i− j) or

(
a2b1

a1b2

)
∼ 2k (k = j− i) ,(

a1b1

a2b2

)
∼ 2l (l = i + j) or

(
a2b2

a1b1

)
∼ 2l (l = 10− (i + j)) .

If i + j = 5 holds the covariants read

a1b1 + a2b2 ∼ 13 , a1b1 − a2b2 ∼ 14 ,(
a1b2

a2b1

)
∼ 2k or

(
a2b1

a1b2

)
∼ 2k .

Again, the first case is relevant for k = i− j, while the second one is valid for k = j− i.
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A.3 Group Theory of A4

In this section, we use the A4 basis given in [104]. The group A4 is a group which describes
even permutations of four objects. It has two generators, S and T , that fulfill the relations

S2 = (ST )3 = T 3 = 1. (A.1)

The group has four inequivalent irreducible representations, 1,1′,1′′, and 3, which transform
under the generators, S and T as follows:

1 : S = 1, T = 1,
1′ : S = 1, T = ω2,

1′′ : S = 1, T = ω, (A.2)

3 : T =

1 0 0
0 ω2 0
0 0 ω

 , S =
1
3

−1 2 2
2 −1 2
2 2 −1

 , (A.3)

where ω = ei2π/3 (which implies ω4 = ω).
The product rules for the singlets are the following:

1′×1′ = 1′′ , 1′×1′′ = 1 , 1′′×1′′ = 1′ , 1×1 = 1 , 1×1′ = 1′ , 1×1′′ = 1′′. (A.4)

Consider now two triplets:

a = (a1, a2, a3)T , b = (b1, b2, b3)T . (A.5)

The product of these two triplets can be decomposed as

3× 3 = 1 + 1′ + 1′′ + 3s + 3a, (A.6)

where

1 = (ab) = a1b1 + a2b3 + a3b2,

1′ = (ab)′ = a3b3 + a1b2 + a2b1,

1′′ = (ab)′′ = a2b2 + a1b3 + a3b1,

(A.7)

and

3s = (ab)s =
1
2

(2a1b1 − a2b3 − a3b2, 2a3b3 − a1b2 − a2b1, 2a2b2 − a1b3 − a3b1)T ,

3a = (ab)a =
1
2

(a2b3 − a3b2, a1b2 − a2b1, a1b3 − a3b1)T . (A.8)
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n h χ1 χ1′ χ2 χ3 χ3′ Example
C1 1 1 1 1 2 3 3 1
C2 3 2 1 1 2 -1 -1 S2

C3 8 3 1 1 -1 0 0 T

C4 6 2 1 -1 0 1 -1 ST 2

C5 6 4 1 -1 0 -1 1 S

Table A.2: Character table of S4. Ci are the conjugacy classes, n the number of
elements in each class, h the smallest value for which χh = 1. In the last column we
have reported an example of the elements for each class.

A.4 Group Theory of S4

In this section, we use the S4 basis given in [204]. The character table of the group S4 is
given in Table A.4
The generators, S and T , obey to the following rules

S4 = T 3 = (ST 2)2 = 1 (A.9)

and can be written in the different representations as

representation 11: S = 1, T = 1

representation 12: S = −1, T = 1

representation 2: S =

(
0 1
1 0

)
, T =

(
ω 0
0 ω2

)

representation 31: S =
1
3

 −1 2ω 2ω2

2ω 2ω2 −1
2ω2 −1 2ω

, T =

 1 0 0
0 ω2 0
0 0 ω



representation 32: S =
1
3

 1 −2ω −2ω2

−2ω −2ω2 1
−2ω2 1 −2ω

, T =

 1 0 0
0 ω2 0
0 0 ω

 .

The 24 elements of the group belong to five conjugacy classes

C1 : 1
C2 : S2, TS2T 2, S2TS2T 2

C3 : T , T 2, S2T , S2T 2, STST 2, STS, STS2, S3TS

C4 : ST 2, T 2S, TST , TSTS2, STS2, S2TS

C5 : S, TST 2, ST , TS, S3, S3T 2 .

In the two-dimensional representation the elements are
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C1,2 :

(
1 0
0 1

)
,

C3 :

(
ω 0
0 ω2

)
,

(
ω2 0
0 ω

)
,

C4,5 :

(
0 1
1 0

)
,

(
0 ω

ω2 0

)
,

(
0 ω2

ω 0

)
,

while for the three-dimensional representation 31 the elements are

C1 :

 1 0 0
0 1 0
0 0 1

 ,

C2 :
1
3

 −1 2 2
2 −1 2
2 2 −1

 ,
1
3

 −1 2ω 2ω2

2ω2 −1 2ω
2ω 2ω2 −1

 ,
1
3

 −1 2ω2 2ω
2ω −1 2ω2

2ω2 2ω −1

 ,

C3 :

 1 0 0
0 ω2 0
0 0 ω

 ,

 1 0 0
0 ω 0
0 0 ω2

 ,

1
3

 −1 2ω2 2ω
2 −ω2 2ω
2 2ω2 −ω

 ,
1
3

 −1 2ω 2ω2

2 −ω 2ω2

2 2ω −ω2

 ,
1
3

 −1 2 2
2ω2 −ω2 2ω2

2ω 2ω −ω

 ,

1
3

 −1 2ω2 2ω
2ω2 −ω 2
2ω 2 −ω2

 ,
1
3

 −1 2ω 2ω2

2ω −ω2 2
2ω2 2 −ω

 ,
1
3

 −1 2 2
2ω −ω 2ω
2ω2 2ω2 −ω2

 ,

C4 :
1
3

 −1 2ω2 2ω
2ω 2 −ω2

2ω2 −ω 2

 ,
1
3

 −1 2ω 2ω2

2ω2 2 −ω
2ω −ω2 2

 ,
1
3

 −1 2 2
2 2 −1
2 −1 2

 ,

 1 0 0
0 0 1
0 1 0

 ,

 1 0 0
0 0 ω

0 ω2 0

 ,

 1 0 0
0 0 ω2

0 ω 0

 ,
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C5 :
1
3

 −1 2ω 2ω2

2ω 2ω2 −1
2ω2 −1 2ω

 ,
1
3

 −1 2ω2 2ω
2 2ω2 −ω
2 −ω2 2ω

 ,
1
3

 −1 2 2
2ω 2ω −ω
2ω2 −ω2 2ω2

 ,

1
3

 −1 2ω 2ω2

2 2ω −ω2

2 −ω 2ω2

 ,
1
3

 −1 2ω2 2ω
2ω2 2ω −1
2ω −1 2ω2

 ,
1
3

 −1 2 2
2ω2 2ω2 −ω2

2ω −ω 2ω

 ,

and finally for the 3three-dimensional representation 32, the matrices representing the ele-
ments of the group can be found from those just listed for the representation 31: for C1,2,3

are the same, while for C4,5 are the opposite. It is connected with the generator S, which
changes sign in the 31 and 32 representations: the elements in C1,2,3 contain an even number
of S, while those in C4,5 contain an odd number of it.

We now report the Clebsch-Gordan coefficients for our basis. In the following we use αi
to indicate the elements of the first representation of the product and βi to indicate those of
the second representation.
We start with all the multiplication rules which include the 1-dimensional representations:

11 ⊗ η = η ⊗ 11 = η with η any representation

12 ⊗ 12 = 11 ∼ αβ

12 ⊗ 2 = 2 ∼

(
αβ1

−αβ2

)

12 ⊗ 31 = 32 ∼

 αβ1

αβ2

αβ3



12 ⊗ 32 = 31 ∼

 αβ1

αβ2

αβ3
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The multiplication rules with the two-dimensional representation are the following:

2⊗ 2 = 11 ⊕ 12 ⊕ 2 with



11 ∼ α1β2 + α2β1

12 ∼ α1β2 − α2β1

2 ∼

(
α2β2

α1β1

)

2⊗ 31 = 31 ⊕ 32 with



31 ∼

 α1β2 + α2β3

α1β3 + α2β1

α1β1 + α2β2



32 ∼

 α1β2 − α2β3

α1β3 − α2β1

α1β1 − α2β2



2⊗ 32 = 31 ⊕ 32 with



31 ∼

 α1β2 − α2β3

α1β3 − α2β1

α1β1 − α2β2



32 ∼

 α1β2 + α2β3

α1β3 + α2β1

α1β1 + α2β2


The multiplication rules with the three-dimensional representations are the following:

31 ⊗ 31 = 32 ⊗ 32 = 11 ⊕ 2⊕ 31 ⊕ 32 with



11 ∼ α1β1 + α2β3 + α3β2

2 ∼

(
α2β2 + α1β3 + α3β1

α3β3 + α1β2 + α2β1

)

31 ∼

 2α1β1 − α2β3 − α3β2

2α3β3 − α1β2 − α2β1

2α2β2 − α1β3 − α3β1



32 ∼

 α2β3 − α3β2

α1β2 − α2β1

α3β1 − α1β3
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31 ⊗ 32 = 12 ⊕ 2⊕ 31 ⊕ 32 with



12 ∼ α1β1 + α2β3 + α3β2

2 ∼

(
α2β2 + α1β3 + α3β1

−α3β3 − α1β2 − α2β1

)

31 ∼

 α2β3 − α3β2

α1β2 − α2β1

α3β1 − α1β3



32 ∼

 2α1β1 − α2β3 − α3β2

2α3β3 − α1β2 − α2β1

2α2β2 − α1β3 − α3β1
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Appendix B

Mode Expansion

The possible boundary conditions of functions on the orbifold T 2/(ZI2 ×ZPS2 ×ZGG2 ) defined
in Eq.(6.1) are characterized by three parities [245], (a, b = +,−),

φ±ab(−z) = ±φ±ab(z) ,
φa±b(−z + z1) = ±φa±b(z + z1) ,
φab±(−z + z3) = ±φab±(z + z3) . (B.1)

121



The mode expansion of functions with the boundary conditions given in Eq.(B.1) reads

φ+++(x, z) =
2√

2δn,0δm,0L5L6 sin θ

[
δ0,m

∞∑
n=0

+
∞∑
m=1

∞∑
n=−∞

]
φ

(2m,2n)
+++ (x)

× cos
(

2mπ
L5

(x5 −
x6

tan θ
) +

2nπ
L6 sin θ

x6

)
, (B.2a)

φ++−(x, z) =
2√

L5L6 sin θ

[
δ0,m

∞∑
n=0

+
∞∑
m=1

∞∑
n=−∞

]
φ

(2m,2n+1)
++− (x)

× cos
(

2mπ
L5

(x5 −
x6

tan θ
) +

(2n+ 1)π
L6 sin θ

x6

)
, (B.2b)

φ+−+(x, z) =
2√

L5L6 sin θ

[ ∞∑
m=0

∞∑
n=−∞

]
φ

(2m+1,2n)
+−+ (x)

× cos
(

(2m+ 1)π
L5

(x5 −
x6

tan θ
) +

2nπ
L6 sin θ

x6

)
, (B.2c)

φ+−−(x, z) =
2√

L5L6 sin θ

[ ∞∑
m=0

∞∑
n=−∞

]
φ

(2m+1,2n+1)
+−− (x)

× cos
(

(2m+ 1)π
L5

(x5 −
x6

tan θ
) +

(2n+ 1)π
L6 sin θ

x6

)
, (B.2d)

φ−++(x, y) =
2√

L5L6 sin θ

[ ∞∑
m=0

∞∑
n=−∞

]
φ

(2m+1,2n+1)
−++ (x)

× sin
(

(2m+ 1)π
L5

(x5 −
x6

tan θ
) +

(2n+ 1)π
L6 sin θ

x6

)
, (B.2e)

φ−+−(x, y) =
2√

L5L6 sin θ

[ ∞∑
m=0

∞∑
n=−∞

]
φ

(2m+1,2n)
−+− (x)

× sin
(

(2m+ 1)π
L5

(x5 −
x6

tan θ
) +

2nπ
L6 sin θ

x6

)
, (B.2f)

φ−−+(x, y) =
2√

L5L6 sin θ

[
δ0,m

∞∑
n=0

+
∞∑
m=1

∞∑
n=−∞

]
φ

(2m,2n+1)
++− (x)

× sin
(

2mπ
L5

(x5 −
x6

tan θ
) +

(2n+ 1)π
L6 sin θ

x6

)
, (B.2g)

φ−−−(x, y) =
2√

L5L6 sin θ

[
δ0,m

∞∑
n=0

+
∞∑
m=1

∞∑
n=−∞

]
φ

(2m,2n)
−−− (x)

× sin
(

2mπ
L5

(x5 −
x6

tan θ
) +

2nπ
L6 sin θ

x6

)
, (B.2h)

where θ = π/3, L5 = L6 = 2πR, and the wave functions are normalized by integrating over
the fundamental region.
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Appendix C

The Higgs Sector

In this appendix, we discuss the Higgs sector of the models where the formulae we use can
be found in [228] and [242].

C.1 Model 1

The Higgs Potential

The Higgs potential in model 1 can be written as

V = −µ2
1[Tr(φ†φ)]− µ2

3[Tr(∆L∆†L) + Tr(∆R∆†R)] + λ̃1[Tr(φ†φ)]2

+λ̃2{[Tr(φ̃φ†)]2 + [Tr(φ̃†φ)]2}+ λ̃3[Tr(φ̃φ†)Tr(φ̃†φ)]

+ρ1{[Tr(∆L∆†L)]2 + [Tr(∆R∆†R)]2}+ ρ2[Tr(∆L∆L)Tr(∆†L∆†L) + Tr(∆R∆R)Tr(∆†R∆†R)]

+ρ3[Tr(∆L∆†L)Tr(∆R∆†R)] + ρ4[Tr(∆L∆L)Tr(∆†R∆†R) + Tr(∆†L∆†L)Tr(∆R∆R)]

+α1Tr(φ†φ)[Tr(∆L∆†L) + Tr(∆R∆†R)] + α3[Tr(φφ†∆L∆†L) + Tr(φ†φ∆R∆†R)]

+β1[Tr(φ∆Rφ
†∆†L) + Tr(φ†∆Lφ∆†R)]

+γ1[Tr(φ̃φ†) + Tr(φ̃†φ)][ω̄LωR + ω̄RωL] + Vsoft. (C.1)

The general formula of Higgs potential for the LR model with two additional Higgs triplets
is given in [228] (in this model, some terms are forbidden due to the additional Z4 symmetry:
µ2 = λ̃4 = α2 = β2 = β3 = 0). Vsoft breaks the remnant Z2 softly (see Section 8.4.1). We
note that the triplets, ∆L,R, can be written as

∆L,R =

(
δ+
L,R δ++

L,R

δ0
L,R −δ+

L,R

)
. (C.2)

The Higgs Masses

• The Neutral Scalar Higgs Mass Matrix
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In the basis {
√

2<φ0,
√

2<η0,
√

2<δ0
R,
√

2<δ0
L} the mass matrix can be written as

AR 0 2α1v1vR 0
0 BR 0 β1v1vR

2α1v1vR 0 CR 0
0 β1v1vR 0 DR

 , (C.3)

where AR = 6λ̃1v
2
1 + α1v

2
R − µ2

1, BR = 2(λ̃1 + 4λ̃2 + 2λ̃3)v2
1 + (α1 + α3)v2

R − µ2
1, CR =

6ρ1v
2
R + α1v

2
1 − µ2

3, and DR = ρ3v
2
R + α1v

2
1 − µ2

3. Already anticipating the results from
the next point, these expressions can be simplified to look like

AR = 4λ̃1v
2
1,

BR = 4(2λ̃2 + λ̃3)v2
1 + α3v

2
R,

CR = 4ρ1v
2
R, and

DR = (ρ3 − 2ρ1)v2
R. (C.4)

• The Neutral Pseudo-Scalar Higgs Mass Matrix

In the basis {
√

2=φ0,
√

2=η0,
√

2=δ0
R,
√

2=δ0
L} the mass matrix can be written as

AI 0 0 0
0 BI 0 β1v1vR

0 0 CI 0
0 β1v1vR 0 DI

 , (C.5)

where AI = 2λ̃1v
2
1 + α1v

2
R − µ2

1, BI = 2(λ̃1 − 4λ̃2 + 2λ̃3)v2
1 + (α1 + α3)v2

R − µ2
1,

CI = 2ρ1v
2
R + α1v

2
1 − µ2

3, and DI = ρ3v
2
R + α1v

2
1 − µ2

3. Looking at the matrix in
Eq.(C.5), one can immediately see that

√
2=φ0 and

√
2=δ0

R are already mass eigenstates
with quantum numbers corresponding to the Z- and Z ′-gauge bosons after symmetry
breaking. Consequently, these fields must be the corresponding Goldstone bosons that
are eaten by the gauge fields, and their masses must be equal to zero. This leads to
equations for µ2

1 and µ2
3:

µ2
1 = 2λ̃1v

2
1 + α1v

2
R, µ

2
3 = 2ρ1v

2
R + α1v

2
1, (C.6)

which in turn yield:

AI = 0,
BI = −4(2λ̃2 − λ̃3)v2

1 + α3v
2
R,

CI = 0, and
DI = (ρ3 − 2ρ1)v2

R. (C.7)

• The Singly Charged Higgs Mass Matrix

In the basis {φ+, η+, δ+
R , δ

+
L } the mass matrix can be written as
A+ 0 0 0
0 B+ α3v1vR β1v1vR

0 α3v1vR C+ β1v
2
1

0 β1v1vR β1v
2
1 D+

 , (C.8)
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where A+ = 2λ̃1v
2
1 + α1v

2
R − µ2

1, B+ = 2λ̃1v
2
1 + (α1 + α3)v2

R − µ2
1,C+ = 4ρ1v

2
R + 2(α1 +

α3
2 )v2

1 − 2µ2
3, and D+ = 2ρ3v

2
R + 2(α1 + α3

2 )v2
1 − 2µ2

3. Using Eq.(C.6), one obtains:

A+ = 0,
B+ = α3v

2
R,

C+ = α3v
2
1, and

D+ = 2(ρ3 − 2ρ1)v2
R + α3v

2
1. (C.9)

This already yields one massless Goldstone boson φ+ that gives mass to the W . There is
no second Goldstone boson yet for the W ′, but the δ+

R -entry of the matrix is significantly
smaller than the others (EW scale vs. LR scale). By diagonalizing the matrix, it turns
out that one gets another massless Goldstone boson that consists mainly of δ+

R and gives
mass to the W ′.

• The Doubly Charged Higgs Mass Matrix

In the basis {δ++
R , δ++

L } the mass matrix can be written as(
2(ρ1 + 2ρ2)v2

R + (α1 + α3)v2
1 − µ2

3 0
0 ρ3v

2
R + (α1 + α3)v2

1 − µ2
3

)
. (C.10)

Using Eq.(C.6) yields:(
4ρ2v

2
R + α3v

2
1 0

0 (ρ3 − 2ρ1)v2
R + α3v

2
1

)
. (C.11)

• The Physical Higgs Masses

It is easy to diagonalize the squared mass matrices from Eqs. (C.3), (C.5), (C.8),
and (C.10). All rotations are small and result in admixtures of O

(
v1
vR

)
. 10−3. We

name the physical Higgses accordingly to their dominant components, adding a prime
to make clear that they are mass eigenstates. Moreover, for phenomenological reasons
(namely for the radiative transmission to work), we assume α3 ' 0 in order for the
masses of the scalar Higgs (

√
2<η0)′ and (

√
2=η0)′ to be at the electroweak scale. This

yields the following physical scalar Higgs masses:

m2[(
√

2<φ0)′] = v2
1

((
4λ̃1 −

α2
1

ρ1

)
+O

(
v2

1

v2
R

))
,

m2[(
√

2<η0)′] = v2
1

((
− β2

1

(ρ3 − 2ρ1)
+ 8λ̃2 + 4λ̃3

)
+O

(
v2

1

v2
R

))
,

m2[(
√

2<δ0
R)′] = 4ρ1v

2
R + v2

1

((
α2

1

ρ1

)
+O

(
v2

1

v2
R

))
, and

m2[(
√

2<δ0
L)′] = (ρ3 − 2ρ1)v2

R + v2
1

(
(ρ3 − 2ρ1)v2

R +
(

β2
1

(ρ3 − 2ρ1)

)
+O

(
v2

1

v2
R

))
.

(C.12)
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After having got rid of the Goldstone bosons, we remain with two neutral pseudoscalar
and two singly charged Higgses, which are physical. Their masses are given by

m2[(
√

2=η0)′] = v2
1

((
− β2

1

(ρ3 − 2ρ1)
− 8λ̃2 + 4λ̃3

)
+O

(
v2

1

v2
R

))
,

m2[(η+)′] = v2
1

(
1
2

(
− β2

1

(ρ3 − 2ρ1)

)
+O

(
v2

1

v2
R

))
,

m2[(
√

2=δ0
L)′] = (ρ3 − 2ρ1)v2

R + v2
1

((
β2

1

(ρ3 − 2ρ1)

)
+O

(
v2

1

v2
R

))
,

m2[(δ+
L )′] = 2(ρ3 − 2ρ1)v2

R + 2v2
1

(
1
2

(
β2

1

(ρ3 − 2ρ1)

)
+O

(
v2

1

v2
R

))
. (C.13)

Note that, for the Ma-model, (
√

2<η0)′ and (
√

2=η0)′ must have different masses (the
loop-induced neutrino mass would vanish if the masses of the scalar and the pseudoscalar
η0 were exactly equal, see Ref. [6]). Here, their masses are naturally split at O

(
v41
v2R

)
:

∆m2(η) ≡ m2((
√

2<η0)′)−m2((
√

2=η0)′) = v2
1

(
16λ̃2 −

16λ̃2β
2
1

(2ρ1 − ρ3)2

v2
1

v2
R

+O
(
v4

1

v4
R

))
.

(C.14)
Keeping this difference non-zero in particular requires λ̃2 6= 0, exactly as in the pure
Ma-model. The doubly charged Higgs masses finally can be read off directly from
Eq.(C.11):

m2[(δ++
R )′] = 4ρ2v

2
R and

m2[(δ++
L )′] = (ρ3 − 2ρ1)v2

R. (C.15)

ρ-Parameter and EW-Boson Masses

A general formula for ρ-parameter in multi-Higgs models is given by [208]

ρ =
m2
W

m2
Z cos2 θW

=

∑
T,Y [T (T + 1)− Y 2]|vT,Y |2cT,Y∑

T,Y 2Y 2|vT,Y |2
, (C.16)

where cT,Y = 1 for a complex scalar and cT,Y = 1/2 for a real scalar (Y = 0).
The corresponding W -mass is

m2
W = g2

∑
T,Y

[T (T + 1)− Y 2]|vT,Y |2cT,Y (C.17)

and Z-mass is
m2
Z = (g2 + g′2)

∑
T,Y

2Y 2|vT,Y |2. (C.18)

In this model, the VEV of ∆R does not modify the ρ-parameter and also the W -boson
mass due to the fact that (Y, T )√2<δ0R

= (0, 0) after LR breaking. Also the second Higgs
doublet (which is identified with the η from the Ma-model) and the ∆L have no effect due to
their vanishing VEVs.
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C.2 Model 2

The Higgs Potential

The Higgs potential in model 2 can be written as

V = −µ2
1[Tr(φ†φ)]− µ2

3[Tr(∆L∆†L) + Tr(∆R∆†R)] + λ̃1{[Tr(φ†φ)]2}
+λ̃2{[Tr(φ̃φ†)]2 + [Tr(φ̃†φ)]2}+ λ̃3[Tr(φ̃φ†)Tr(φ̃†φ)]

+ρ1{[Tr(∆L∆†L)]2 + [Tr(∆R∆†R)]2}+ ρ2[Tr(∆L∆L)Tr(∆†L∆†L) + Tr(∆R∆R)Tr(∆†R∆†R)]

+ρ3[Tr(∆L∆†L)Tr(∆R∆†R)] + ρ4[Tr(∆L∆L)Tr(∆†R∆†R) + Tr(∆†L∆†L)Tr(∆R∆R)]

+α1Tr(φ†φ)[Tr(∆L∆†L) + Tr(∆R∆†R)] + α3[Tr(φφ†∆L∆†L) + Tr(φ†φ∆R∆†R)]

+β1[Tr(φ∆Rφ
†∆†L) + Tr(φ†∆Lφ∆†R)]

−µ2
χ(χ†LχL + χ†RχR) + λχ1Tr(φ†φ)(χ†LχL + χ†RχR)

+λχ2 [Tr(∆L∆†L) + Tr(∆R∆†R)](χ†LχL + χ†RχR). (C.19)

Note that we have also added the two Higgs doublets χL,R to the model.

The Higgs Masses

Because of the VEVs of the additional Higgs doublets, the parameters µ2
1, µ

2
3 are shifted as

µ2
1 → µ2

1 − λχ1(v2
L + w2

R) = µ̃2
1 and µ2

3 → µ2
3 − λχ2(v2

L + w2
R) = µ̃2

3.

• The Neutral Scalar Higgs Masses

The mass matrix for the scalar Higgses looks exactly as the one from Eq.(C.3), except for
µ1,3 → µ̃1,3 and for an additional diagonal block corresponding to

√
2<χ0

R and
√

2<χ0
L.

The masses of these two new physical Higgses are given by

m2(
√

2<χ0
R,L) = λχ1v

2
1 + λχ2v

2
R − µ2

χ, (C.20)

while the other masses do not change compared to Eq.(C.12).

• The Neutral Pseudo-Scalar Higgs Masses

Also here, the diagonalization is in principle the same as in Eq.(C.5). The physical
masses of

√
2=χ0

R,L are the same as the ones of
√

2<χ0
R,L. The other physical pseu-

doscalars have the same masses as the ones given in Eq.(C.13).

• The Singly Charged Higgs Masses

Again there are no changes compared to Eq.(C.13) and the singly charged scalars χ+
R,L

have the same masses as
√

2<χ0
R,L.

• The Doubly Charged Higgs Masses

These masses are the same as the ones from Eq.(C.15).
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ρ-Parameter and EW-Boson Masses

In this model, the VEVs of ∆R, χR do not modify the ρ-parameter (see Eq.(C.16)) and also
the W -boson mass due to the fact that (Y, T )√2<δ0R

= (0, 0) after LR breaking. Also the
second Higgs doublet (which is identified with the η from the Ma-model) and the ∆L have
no effect due to their vanishing VEVs.

Although the VEV of χL does not modify the ρ-parameter, it modifies the mass formulae
for W -boson, Eq.(C.17), and Z-boson, Eq.(C.18):

m2
W =

g2

2
(v2

1 + w2
L), m2

Z =
g2 + g′2

2
(v2

1 + w2
L). (C.21)

C.3 The Correspondence to The Ma-model

Writing the φ-part of Eq.(C.1) and Eq.(C.19) and comparing it to the potential of the Ma-
model given in Eq.(7.2), one can derive the correspondence of the Ma-model parameters m2

1,2

and λ1,2,3,4,5 with the ones in the LR symmetric potential (model 1: µ1 and λ̃1,2,3; model 2:
µ̃1 and λ̃1,2,3). The result is, at the LR breaking scale and above:

m2
1,2 = −µ2

1 (−µ̃2
1), λ1,2,3 = 2λ̃1, λ4 = 4λ̃3, and λ5 = 8λ̃2. (C.22)

Of course, these parameters have to run down to the low energy scale, which will lead to some
changes. m1 and m2 will evolve differently, which is required by the Ma-model itself, as we
need m2

1 < 0 and m2
2 > 0 in order for the SM-Higgs to obtain a VEV, while the η gets none.

As the Higgses do not take part in strong interactions, one can expect the change of their
masses due to the running to be moderate. Since m2

1 and m2
2 need, however, a different sign,

it is natural to assume them to be relatively small. Going back to Eq.(C.6), this requires a
very small α1 for µ2

1 to be small. Also λ1,2,3 are equal at the LR breaking scale and should
hence have similar values at the electroweak scale. λ4 and λ5 can, however, have different
values.
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