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Zusammenfassung

In dieser Arbeit behandeln wir zwei wichtige Probleme des Standard Modells der Teilchen-
physik: das Familien-Problem sowie den Grund fiir die Kleinheit von Neutrinomassen. Das
erste Problem konnte mit der Herkunft nicht-abelscher diskreter Familien-Symmetrien zusam-
menhéngen. Wir diskutieren die Moglichkeit sie von der spontanen Brechung einer kontinuier-
lichen Familien-Symmetrie, d.h. SU(2) oder SU(3) zu erhalten. Weiter untersuchen wir ihre
mogliche Herkunft von einer Orbifold Kompaktifizierung. Wir diskutieren alle diskreten Sym-
metrien, die man von einem zwei-dimensionalen Orbifold 72/Zy erhalten kann. Es sind die
Gruppen Ay, Sy, D4, D3 und Dg. Wir stellen die Idee vor, die Brechung einer Orbifold GUT
mit der von dem Orbifold induzierten Familiensymmetrie zu kombinieren und zeigen die Kon-
struktion anhand eines sechs-dimensionalen supersymmetrischen SO(10) x Sy orbifold GUT
Modells. Zur Erklarung der zweiten Frage schlagen wir ein Ein-Schleifen Neutrino-Massen
Modell im Rahmen links-rechts symmetrischer Modelle vor. Wir beobachteten, dafl die Hier-
archie von den geladenen Lepton-Massen zu den recht-handigen Neutrino-Massen iibertragen
wird, was wir als ”die radiative Ubermittlung der Lepton Familien Hierarchy” bezeichnen.
Schliefllich, haben wir die phanomenologischen Aspekte des Modells untersucht, wie Lepton
Familien Verletzung, Familien Zahl Verletzung und Familien &ndernde neutrale Stréme.

Abstract

In this thesis, we discuss two important problems of the Standard Model of Particle Physics
(SM), namely the flavor problem and the reason for the smallness of neutrino masses. The
first one might be related to the origin of non-abelian discrete flavor symmetries. We discuss
the possibility of obtaining them from an underlying continuous flavor symmetry, i.e. SU(2)
or SU(3) through spontaneous symmetry breaking. Moreover, we investigate their possible
origin from an orbifold compactification. We discuss all non-abelian discrete symmetries,
which can arise from an orbifold 72/Zy. They are Ay, Sy, D4, D3, and Dg. We present the
idea of combining the breaking of an orbifold GUT and the flavor symmetry arising from
the orbifold. We demonstrate the construction in a 6d SUSY SO(10) x S4. For the second
problem, we propose a one-loop neutrino mass model in the left-right symmetric framework.
We observe the transmitted hierarchy from the charged lepton masses to the right-handed
neutrino masses, which we call “Radiative Transmission of Lepton Flavor Hierarchy”. Finally,
we study the phenomenological aspects of the model such as lepton flavor violation (LFV),
flavor number violation (FNV), and flavor changing neutral currents (FCNCs).
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Chapter 1

Introduction

The Standard Model of Particle Physics (SM) is a great achievement in explaining the in-
teractions of the fundamental particles. Apart from this achievement, the Standard Model
is still not complete because, for instance, it does not include an explanation for gravity, the
observation of dark matter, dark energy, the baryon asymmetry of the universe, the hierarchy
problem, neutrino masses, and the flavor problem. Therefore, there is the need for the SM to
be extended and this usually is addressed as Physics Beyond the Standard Model (BSM).

An important implication of BSM is to explain the origin of neutrino masses [1-3]. As-
suming that the neutrino is a Majorana particle, the smallness of the neutrino mass can be
explained by the seesaw mechanism [4,5], which introduces in its classical version three right-
handed (RH) neutrinos with arbitrary Majorana masses additionally to the SM, resulting in
the seesaw formula for the light neutrino mass matrix:

M, = —mpMg'm}, (1.1)

where mp and Mg are Dirac and Majorana neutrino mass matrices. An alternative way to
obtain the smallness of neutrino masses is to forbid a tree-level mass term for neutrino and
generate neutrino masses by radiative corrections only, as done in several models [6-11].

Moreover, the peculiar neutrino mixing, which is quite different from quark mixing, implies
an underlying symmetry behind the neutrino mass matrix structure. Several mixing patterns
have been proposed to explain the neutrino mixing, such as y — 7 symmetry [12], the golden
ratio prediction for solar neutrino mixing [13-16], or tri-bimaximal mixing (TBM) [17]. These
mixing patterns call for a theoretical explanation.

The flavor problem of the SM has two aspects: The first one is the question of what
flavor actually is and why there are only three flavors in the SM. And the second is why the
parameters of the flavor sector, the fermion masses and the mixing matrices (especially in the
neutrino sector), take the values they do. A popular theoretical explanation is to impose a
non-abelian discrete flavor symmetry to explain a certain observed mixing pattern. However,
the origin of these flavor symmetries is unclear and there are several attempts to find out the
origin of these symmetries.

As the SM is constructed based on two main symmetries, which are gauge and space-
time symmetries. The minimal extension of the SM might be to extend the gauge sector by
imposing the gauge flavor symmetry and assume its breaking by vacuum expectation values
(VEV) of a scalar field. However, breaking a continuous flavor gauge group down to a non-
abelian discrete subgroup is a highly non-trivial phenomenological task [18]. In particular, for



such a breaking, large representations of the continuous symmetry are needed [19,20], which
cannot couple directly to the small representations in which the three generations of fermions
reside. It is thus worthwhile to consider discrete flavor symmetries arising as extensions of
the space-time symmetry. In the context of string theory, string selection rules may lead
to a discrete flavor symmetry [21-23]. Moreover, in magnetized extra dimensional models,
a discrete flavor symmetry may arise from the localization behavior of zero modes [24, 25].
Alternatively, a discrete symmetry might be a remnant of an orbifold compactification [26-29],
which we consider in this thesis.

An interesting aspect of BSM are the Grand Unified Theories (GUTSs), in which all SM
fermions are embedded into a representation of the GUT group. A GUT can explain the
quantization of the SM hypercharge and also the unification of the gauge couplings at a high
energy scale, the so-called GUT scale, Mgy ~ 3 x 10'6. However, breaking a GUT group
down to the SM is a highly non-trivial phenomenological task due to the doublet-triplet split-
ting problem. In the context of an orbifold compactification, this problem can be solved
nicely [30-34]: The gauge symmetry is broken by a non-trivial transformation of the gauge
fields under the orbifold parities [35,36]. A flavor symmetry originating from an orbifold
compactification has been studied in an orbifold GUT context [37]. Similarly, it is possible to
break a flavor symmetry by a non-trivial transformation of the bulk fermions [38] as well as by
Wilson lines [39]. Alternatively, the orbifold compactification can generate the alignment of
vacuum expectation values (VEVs) of flavons [40] transmitting the flavor symmetry breaking
into the fermion mass matrices.

This thesis is organized as follows: In Chapter [2| we review of aspects of model building.
In Chapter [3] we present flavor symmetry models which can explain the neutrino masses
and mixing patterns. We also discuss the phenomenology of these models. In Chapter [4]
we search for the origin of the non-abelian discrete flavor symmetries, which might arise
as subgroups of the continuous symmetries. We restrict ourselves to discuss only the small
representations of the flavons which can couple directly to the three generations of fermions
at a leading order. From this limited representations, the only non-abelian discrete group
which can arise as a residual symmetry is the quaternion group D). However, this group
does not have a rich enough structure to predict by itself very specific mixing patterns, such
as tri-bimaximal mixing of neutrinos. Therefore, alternative origins of non-abelian discrete
symmetries is needed to be investigated, and Chapter [5|is devoted for such the discussion.
A non-abelian discrete symmetry can arise as a residual symmetry of the breaking of the
Poincaré symmetry in two extra-dimensions by an orbifold compactification. This way is
quite promising because the famous non-abelian discrete symmetries such as Ay, Sy4, Dy,
D3 ~ S3, and Dg which have a rich structure to predict very specific mixing patterns can
arise. In Chapter [6] we discuss a flavored orbifold GUT. We show that not only the non-
abelian discrete flavor symmetries can arise from the orbifold compactification, but they can
be broken by the orbifold as well. Furthermore, this idea can be embedded into a model,
in which the GUT group is also broken by the orbifold. We demonstrate this idea in the
context of SO(10) x S4. In Chapter [7}, we study a model with an extended scalar sector
and a flavor symmetry. The extended scalar sector model leads to lepton flavor violation
(LFV) which leads to additional constraints to the parameter space of Physics Beyond the
Standard Model. However, when we impose a flavor symmetry to generate a specific structure
of the mass matrices, the extended scalar model can be ruled out by the LFV constraint. We
demonstrate this idea in the flavor symmetries A4 and D, using the Ma-model as basis, which



is a one-loop neutrino mass model. In Chapter [8, we present a bottom-up one-loop scheme
in a left-right symmetric (LR) model, which leads to the effective Ma-model after the LR
symmetry is broken. We find the transmission of hierarchies between the charged lepton
masses and right-handed neutrino masses. We call this observation, “Radiative Transmission
of Lepton Flavor Hierarchies”. Moreover, this model has many interesting phenomenological
aspects which might be able to show up at the LHC, such as the inert Higgs as a dark matter
candidate, new hadronic states, and so on. Finally, we conclude our work in Chapter 9]
This thesis is supplemented by three appendices: In Appendix [A] the group theory of
non-abelian discrete groups is listed. The mode expansion of a field living on the orbifold is
given in Appendix [B] In Appendix [C] the Higgs sector of models in Chapter [§is discussed.
Part of this thesis has been published in [18,29,41-45].






Chapter 2

Model Building

In this chapter, we briefly discuss some aspects of model building. We first review the Stan-
dard Model of Particle Physics. Secondly, we extend the SM to explain the neutrino masses
and mixing. Thirdly, we explain the motivation of imposing the flavor symmetries to explain
the neutrino mixing patterns. Fourthly, we discuss Supersymmetry (SUSY) as the solution
of the hierarchy problem of the scalar sector of the SM. Then we move on to discuss the idea
of grand unified theories. Finally, we investigate the ideas of the symmetry breaking from
orbifolding.

2.1 Standard Model

In most of this thesis, we will use the left-handed Weyl spinor convention, which is common
use in the context of GUTs. Note that only in Chapter [§ we will use the left- and right-
handed Dirac spinor convention, which is common use in literature on left-right symmetric
model building.

The Standard Model is a Quantum Field Theory based on the gauge symmetry SU(3). x
SU(2)r, x U(1)y. The SM is a chiral theory, i.e., the left-handed and left-handed conjugate
fields transform differently under the gauge group, so that an ordinary Dirac mass term is
not allowed by gauge symmetry. In order to give mass to fermions, the left-handed and the
left-handed conjugate fermion fields have to couple to a scalar field, the so-called Higgs field,
¢. When the Higgs field obtains a Vacuum Expectation Value (VEV), the SM gauge group
gets broken down to SU(3). X U(1)em, and the fermions obtain their masses. The particle
content of the SM is given in Table Note that the electric charge ) can be written as
Q =T5+ Y, where T3 is the third component of the weak isospin and Y is the hypercharge.
The Yukawa couplings of the quarks and charged leptons can be written as

Ly = ylal eou + yhal ¢*dS + yL1T ¢*es (2.1)

where the Higgs field ¢ = (¢T, ¢%)T transforms under the SM gauge group as (1,2, +1/2) and
¢ = io? is an anti-symmetric 2 x 2 matrix in SU(2)y, space. After the Higgs obtains its VEV,
(¢) = (0,v)7, these Yukawa couplings lead to the fermion mass matrices, M, 4; = y*%lo.

In general, the mass matrices are not in a diagonal basis, and therefore we need to transform
them into the diagonal basis in which their masses can be read off. A general complex 3 x 3
matrix as M, 4 can be diagonalized by a bi-unitary transformation:

Ul MV, = diag(my, me,my) , and U}MdVd = diag(mg, ms, mp) , (2.2)



Fields (SU(3).,SU(2)1,U(1)y)
o (4) (3.2.+1/6)
us (3,1,-2/3)
s (3,1,+1/3)
() waae
e (1,1,+1)

Table 2.1: The particle content of the SM: The index i denotes the i generation.

where the unitary matrices U, 4 and V,, 4 act on the left-handed and the left-handed conjugate
fields, respectively. The matrices U, 4 can be calculated from

Ul M, MU, = diag(m?, m2,m?) , and UTMdMTUd = diag(m2, m?,m3) . (2.3)

The CKM matrix, Vog s, originates from the mismatch of these mass bases of the up and
down quarks as

LD _7UzUuW+(VCKM)i'd' s (2.4)
f J)

where g is the SU(2),, gauge coupling and Vogy = ULU;.
The CKM matrix can be parameterized by three angles, 0;;, and one CP phase, § as [46]

—id

C12C23 512€13 s13€
_ 10 10
Vorxm = | —s12023 — c12523513€"°  C12C23 — S12523513€" s93c13 | (2.5)
i i
512823 — C12c23C13€"  —C12523 — 512€23513€"  €23C13

where s;; = sinf;; and ¢;; = cos 6;;.
The experimental data for quark masses and the CKM matrix is given by [46]

my = 2.4 MeV, m, =127 x 10> MeV, m; = 171.3 x 10°> MeV,
mg = 4.75 MeV, mg = 105 MeV, mp = 4.20 x 10° MeV
sin 07, = 0.22570, sin 04, = 0.04150, sin 6, = 0.00359 . (2.6)

2.2 Neutrino Masses and Mixing

Neutrino experiments, which measure differences of square masses as well as mixing angles
have shown us that the neutrinos have a tiny mass, and the neutrino mixing shows a very
peculiar mixing pattern with two large mixing angles and one small one. The experimental
neutrino data is summarized as follows [47]:

Am3y = (7.6510710) 107" eV? and |Am§1\ = (2.4075:33) - 1072 eV?
sin? 613 < 0.040, sin® a3 = 0.50701% | sin? 12 = 0.30470 935 (20), (2.7)

where Am denotes m? — m] with m; ; being the neutrino masses. As the sign of Am3; is

unknown, 1t is not clear whether neutrinos follow a normal or an inverted mass ordering.



It has been shown that in the minimal SM there is only one effective dimension-5 operator [48],

f’Lj

Lgim-5 =

L Ui o) eo) (2.8)

which can generate a small neutrino mass given by fijvz /A, where A is a large effective mass.
In fact, there are several ways to realize this operator. A simple way is to introduce three
heavy left-handed conjugate neutrinos, v{, which transform under the SM gauge group as
(1,1,0). This leads to the Yukawa couplings as follow:

L, D 1] epvf + MRM 5, (2.9)

where mp = y”v is Dirac mass matrix and M;; is Majorana mass matrix.
Integrating out the heavy left-handed conjugate neutrino leads to a Majorana mass term for
the light neutrinos given by

M, = —mpMp'm7, . (2.10)
This is known as type-I seesaw mechanism [1-3]. Moreover, if we add a Higgs triplet,
R,
A= <50 _(5+> ~(1,3,+2), (2.11)
this leads to the Yukawa coupling
L, D ygllic® Al . (2.12)

After the Higgs triplet obtains a VEV,

A= (UOA 8) , (2.13)

this leads to an additional term in Eq.(2.10]) as
M, = My, —mpMp'm}, , (2.14)

where My = y®va, and this situation is known as type-II seesaw mechanism.
As discussed in the quark sector, the charged lepton mass matrix can be diagonalized by a
bi-unitary transformation,

UlTMlVl = diag(me, my, ms) , (2.15)
where as in the quark sector, U; can be calculated from
UlTMlMlTUl diag(m?, mz,mg) (2.16)

In case the neutrino is Dirac type, its mass matrix can be diagonalized by the same way as
for the other fermions. However, if the neutrino is Majorana type (their mass matrix is a
complex symmetric matrix), it can be diagonalized by a unitary matrix U, as,

Ul M, U = diag(m1, ma, m3) , (2.17)

where the unitary matrix U, can be calculated from UMM M U, = diag(m?,m%,m3). Asin
the quark sector, the mismatch of the charged lepton and neutrino bases leads to the lepton
mixing matrix given by

UpmMNs = UZTU;< . (2.18)



If the neutrino is Dirac type, the Upyng can be parameterized in the same way as the CKM
matrix of the quark sector. However, if the neutrino is of Majorana type, one has to multiply
the standard parameterization by two Majorana phases as

Upnns = V - diag(e?t, €92 1) | (2.19)

where the parameterization of V' is given in Eq.(2.5)).
In numerical analysis where the mixing matrices are not in the standard parameterization,
the mixing angles and the phases can be calculated by [49]

Sin<913) = ‘Ulg‘ s tan(@lg) = ‘Un‘ s tan(é?gg) = ‘UQS‘ s
U1 |Uss]
Uz U13Us U
- cos(012) cos§1(91133) C?;15(03233) cos(013) + COS(012) 008(923) COS(013)
0 = —arg . . (2.20)
sin(612) sin(fa3)
In case there are Majorana phases, they can be read off as
b1 = —arg(e®U}) , and ¢ = —arg(eUt,) (2.21)
where 8, = arg(e®Uy3).
The CP violation Jop can be calculated by
JCP = Im(U]_]_UTQU;lUQQ) = Im(UllUngglUgg) = Im(U22U§3U§2U33) . (2.22)

There are many proposals to explain the neutrino mixing matrix. Here, we give three inter-
esting proposals which fit nicely with the current experiments:

e i — 7 symmetry [12]: fo3 = 7/4,613 = 0, and 62 is undetermined.
e Tri-bimaximal mixing [17]: o3 = 7/4,013 = 0, (sin #12)? = 1/3 (or tan iy = 1/1/2).
e Golden ratio prediction for solar neutrino mixing [13-16]:

- (A) COt(elg)
— (B) cos(12) =

1
SRS

, with the golden ratio ¢ = ¢? — 1 = (1 +V/5).

@ — 7 Symmetry

The p—7 symmetry prediction [12] for the neutrino mixing can be obtained from the neutrino
mass matrix possessing a p — 7 exchange symmetry, i.e., it will not change its form if the
second and third columns and rows are exchanged in the charged lepton mass basis.

The corresponding mass matrix reads

a b b
M,=1b ¢ d (2.23)
b d c
The neutrino masses are given by
1
mg=c—d, and my o = §(a+c+dj: V82 + (—a+c+d)?) . (2.24)



This mass matrix leads to maximal atmospheric mixing, 023 = and vanishing 613. The

™
R
solar mixing is determined by the parameters in the mass matrix as

2v/2b
c+d—a’
This mass matrix structure can be obtained from non-abelian discrete flavor symmetries, for
instance the dihedral groups D3 ~ S3 or Dy.

tan(291g) = (2.25)

Tri-Bimaximal Mixing

The tri-bimaximal mixing pattern can be parameterized by

2 1 0
e
Urpm = —? ? 751 . (2.26)
V6 V3 V2

The neutrino mass matrix in this case can be written in terms of neutrino masses as

M, = Urpudiag(mi,me, ms3)Ufpy, ,

2a+b —a —a
= —Qa 2a b —a 5 (227)
—a b—a 2a

where @ = "™5"2 and b = % This mass matrix structure is predictive, since the three
mixing angles are fixed from its own structure and it leaves only two free parameters to fit
the two neutrino mass square differences given in Eq.. The underlying flavor symmetries
in this case are e.g., Sy or Ay.

Golden Ratio Prediction for Solar Mixing

There are two proposals that have been made to connect the golden ratio: ¢ = ¢? — 1 =
2 (1+v/5) to the solar neutrino mixing. The first one is [13-15]

. _ 02 _ 1 2 ~
(A): cotbia =¢ = sin“ by = T+ 53 0.276. (2.28)
The second possibility is [16]
(B): cosbip =4 =sinO=5(B—¢) = 5—T\/5 ~ 0.345. (2.29)

It can be seen that the both predictions lie within the current 20 range.
The possibility (A) has first been noted in [13], and was discussed in more detail in [14]. We
give an example of the neutrino and charged lepton mass matrices, which can realize (A) as

0 a O T 0 0
M,=|a a O ,andM; =0 y/vV2 =2/vV2|, (2.30)
00 b 0 —y/V2 z/V2

where the solar mixing comes from the neutrino sector, cot 12 = ¢, and the atmospheric
mixing comes from the charged lepton sector. Note that the flavor symmetry which can
realize the prediction in (A) is A5 symmetry [15], while for (B) the flavor symmetries can be
either D5 or D1y, which will be discussed in Section



2.3 Flavor Symmetries

As we have seen in the SM, the particle interactions are based on the SM gauge symmetry and
the group representations in which the SM fermions reside. Therefore, it might be interesting
to apply the same principle to the flavor sector of the SM in which particles in different
generations are related by a flavor symmetry.

The flavor symmetry is characterized by being;:

e continuous or discrete
e global or local

e abelian or non-abelian.

Continuous flavor symmetries (abelian or non-abelian) such as U(1) [50-52], SU(2) [53, 54],
SO(3) [55], and SU(3) [56-58] have been studied in the literature. In case the flavor symmetry
is global, there are problems associated with massless Goldstone bosons, when the symmetry
is broken spontaneously. However, these problems do not arise in gauge flavor symmetries.

Discrete flavor symmetries are more favored compared to continuous flavor symmetries
due to many reasons:

e Their spontaneously breaking does not lead to the massless Goldstone or massive gauge
bosons.

e The number of their irreducible representations is finite.

e Non-abelian discrete flavor symmetries can lead to form-diagonalizable neutrino mass
matrices, where the mixing parameters are determined by the flavor symmetries, but
not the masses.

e Abelian discrete flavor symmetries can be used to forbid or constrain the certain cou-
plings.

The non-abelian discrete flavor symmetries which have been used in the literature for model
building are e.g. D3 ~ S3 [59-81], Dy [41,82-84], D5 [85], D7 [86], D14 [86,87], Ay [28,88—
119], A5 ~ PSLy(5) [15], T" [120-130], Sy [131-153], A(27) ~ (Z3 x Z3) x Z3 [154-158],
PSLy(7) [157,159,160], and Ty ~ Z7 x Zs [161,162].

2.4 Supersymmetry

Although the SM is very successful, it still suffers from a quadratic divergence in the scalar
sector, which is known as the hierarchy problem. There have been many attempts to solve
this problem. A popular solution is to introduce a symmetry between bosons and fermions,
which is known as Supersymmetry (SUSY). The transformation of fermions to bosons and
vice versa are generated by a generator, so-called supercharge @), with

QIF) = [B) , and Q|B) = |F) . (2.31)

From this, we can see that ) must be spinor because both Q|B) and |F') transform like a
spinor. The N =1 SUSY algebra of the supercharge is given as follows:

{Qaa Qg} = Q(UM)QBPM )
{Qa, Qp} = {Qa, Qs} =0, (2.32)
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where  and @ are supercharges, and P, is the space translation generator. Here, we can
see the deep connection between the SUSY generator and the space-time symmetry. In case
we extend the space-time symmetry, the SUSY algebra will also be enlarged. For instance,
if we begin with N =1 SUSY in a 5-dimensional theory, this will become N = 2 SUSY in 4
dimensions [163].

In order to write the supersymmetric Lagrangian, we use the superfield formalism. We
define the chiral superfield ®; as

D;i(y,0) = pi(y) + V2005(y) + 00F;(y), (2.33)

where ¢;(y) is a scalar component, 1;(y) is a (left-handed) Weyl spinor, F;(y) is an auxiliary
field, y* = x* — ifo*0, and 6 is the Grassmann variable.

We can extend the SM to a supersymmetric version by replacing all SM fields by superfields.
Moreover, we need to add another Higgs multiplet to the model because of two main reasons:
The first is we need the pair of Higgs chiral multiplets to cancel the gauge anomaly. The
second is to give mass to the down quarks and charged leptons since the superpotential is a
holomorphic function of chiral superfields and this forbids us to use the charge conjugate of
the Higgs as in the SM. Therefore, we work in a two Higgs doublet model (THDM), with Higgs
fields hy q. The Yukawa couplings of the minimal supersymmetric standard model (MSSM)
read

Ly = / d?0Wy (2.34)

where the superpotential is given by

Wy = yliq) hotl§ + yisa) had$ + ylit] hae§ + ylll huv§ — phyha - (2.35)

We note that the SM fields here are chiral superfields.

The F-term of the scalar potential reads

OWy
i

Vi = ' , (2.36)

where ; is the scalar component of a chiral superfield.

2.5 Grand Unified Theories

There are two main hints toward the grand unified theories (GUTSs):
e The first is the unified gauge couplings at the GUT scale and
e the second is the explanation of the charge quantization.

Using the Minimal Supersymmetric Standard Model (MSSM) as low energy effective theory
and performing the renormalization group evolution of the SM gauge couplings up to the
high scale, the SM gauge couplings will meet up at the GUT scale, Mgyt ~ 3 x 106 GeV.
This leads to the suspicion that the SM gauge group might be embedded into a bigger gauge
group at the GUT scale. Another hint towards a unified gauge group is the quantization
of hypercharge, which satisfies all anomaly constraints. The smallest unified gauge group
is SU(5), where quarks and leptons can be grouped into the 5 and 10 of SU(5). The left-
handed conjugate neutrino has to be put in by hand as a singlet under SU(5). However, in
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SU(5), the matter content is chosen such that all anomaly constraints are fulfilled. Another
attractive candidate for a unified gauge group is the rank-5 SO(10) gauge group, which can
group all SM fermions of each flavor including the left-handed conjugate neutrino into a spinor
representation, 16. The seesaw mechanism can be realized naturally due to the existence of
the left-handed conjugate neutrino and lead to the smallness of neutrino masses. Furthermore,
since the fermions of each flavor are grouped into one 16 of SO(10), this also explains the
quantization of hypercharge.

As SO(10) has rank-5 and the SM gauge group has rank-4, there exist several intermediate
symmetries while SO(10) is descending to the SM.
The possible intermediate symmetries are:

e SU(5)aa

SUB) xU(l)x
(SU(5) x U(1))feped

e SU(4) x SU(2)r x SU(2)r [Pati — Salam] ,
e SU4)xSU(2)L xU(1) ,
L] SU(3)C X SU(2)L X SU(Q)R X U(l)B_L s

where each breaking chain requires different Higgs representations for its breaking (for a
detailed discussion see [164]). We also note that the existence of an intermediate symmetry
requires further investigation of the compatibility with gauge coupling unification and proton
decay [165].

At the renormalizable level, there are only three types of Higgs representations, i.e.
10,,120,, and 126, that can couple to ¥; ~ 16, fermions, where i is the flavor index,
as can be seen from the following tensor product:

16 x 16 = 10, + 120, + 126 . (2.37)

The Yukawa couplings read

Wy = yi00,10,0; + 4 2¥,;120,9; + y1250,126,9; , (2.38)

where the indices a and s refer to the anti-symmetry and symmetry of the Yukawa couplings
as

W =0 = P = 2359

iy T Jji
Assuming SO(10) is broken through one of the SU(5) breaking chains, the fermion mass
matrices can be calculated as [166]

M, = y'(5(10)) + y}°(45(120)) + y/?°(5(126)) = y"v, (2.40)
My = y}9(5(10)) + y12°((5(120)) + (45(120))) + y 0 (45(126)) = y?vy  (2.41)
M; = y}0(5(10)) + y12°((5(120)) — 3(45(120))) — 3y} 2(45(126)) = y'vg  (2.42)

(2.43)

> S i
)

mp = y;;(5(1 2.43
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where we denote the m-dimensional SU(5) component of the n-dimensional representation
of SO(10) by m(n). We note that the factor —3 is related to the three colors of the down
quarks. The Majorana neutrino mass matrices are given by

Mp = y°(1(126)) (2.44)
Mpp = yi%(15(126)). (2.45)

If we perform the renormalization group evolution of the quark masses from the Electroweak
scale up to the GUT scale, we will find the following approximate relations:

1
mg =~ 3me , Mg gme , and my ~ m.,. (2.46)
These relations are known as the Georgi-Jarlskog relations [167]. In order to achieve these
relations, one needs the factor of —3 in the (22) component of the charged lepton mass matrix
with respect to that of the down quark mass matrix, while all other components are identical
in these two mass matrices. A simple example suggested by Georgi and Jarlskog is [167]:

0 aq O 0 aq 0
Md = ad bd 0 ,Ml = ad —3bd 0 . (2.47)
0 0 ¢4 0 0 Cd

As the coupling of 120 and 126 gives exactly the factor of —3 in the charged lepton mass
matrix with respect to the down quark mass matrix, we may assume that the (22) component
is dominated by the Higgs, 120 or 126, while the other components of these two mass matrices
are dominated by the Higgs, 10.

Alternatively, if we do not want to use large representations such as 120 or 126, instead
we can use small representations such as 16,16,45, or 54, which couple to the fermion ¥,
via non-renormalizable interactions. The coupling ¥;10¥; leads to a symmetric mass matrix:
M, = Mg = mp = M at the GUT scale. The Majorana masses of the left-handed (conjugate)
neutrinos can be obtained from the non-renormalizable interaction, ¥;16 16V, which acts
like W;126V; in the renormalizable case. The Georgi-Jarlskog relations can be achieved by
the non-renormalizable interaction, ¥;45 10V;.

Despite the success of SUSY GUTSs, there is a generic problem, namely, the doublet-triplet
splitting problem. The mass of the doublet Higgs is at the Electroweak scale, while neither a
colored triplet Higgs nor proton decay have been observed and therefore its mass has to be
close to the GUT scale. Dimopolous and Wilczek proposed a mechanism [168] to achieve a
mass splitting using the VEV of the adjoint representation, (45) in the B — L direction

(45) = io* ® diag(a, a, a,0,0). (2.48)

Chacko and Mohapatra [169] proposed another mechanism leading to a VEV structure of the
Dimopoulos-Wilczek type, that is

(45) = io? ® diag(0,0,0,b,b). (2.49)

We note that a solution which uses 126 instead of 45 to achieve the splitting was proposed
by Lee and Mohapatra [170].
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2.6 Symmetry Breaking from Orbifolding

In this section, we will discuss how the symmetry can be broken by an orbifold compacti-
fication. We will give an example in a 5-dimensional theory (5d theory) for simplicity. We
note that the same principle can be applied for a (4+n)-dimensional theory. A more detail
discussion can be found in [163,171].

We first consider a complex scalar field ¢ living in 5d, ™ = (2#,2°). The action of the
massless scalar field is given by

1 1
S = / d5x§8M¢*8M¢ = / d4xdy§(8u¢*8“¢ + 05¢0%0°¢), (2.50)

where here we denote z° = y for simplicity. The fifth dimension is compactified on a circle
S1 by the identification of
y — y+ 27R, (2.51)

where R is the size of the extra-dimension. The Lorentz symmetry SO(1,4) is broken down to
SO(1, 3) by this compactification. The scalar field can be written in term of a mode expansion
as

lay)= > ¢ (amyenu/h (2.52)

n=—oo

Using this mode expansion and integrating out y, the action can be written as
2rR 4 - n)* n n2 n)x i1(n
S = —2/d xnzzoo((m( ) 4 T o) (2.53)

where the factor 2r R can be absorbed into the scalar field without loss of generality. Now,
we consider an orbifold S'/Z, by modding out a Zs group from this circle. The orbifold can
be obtained by the identification of

y— —y. (2.54)

The scalar field is forced to be an eigenstate of this Z, parity,

o(x, —y) = no(z,y), (2.55)

where 7 = . Its eigenstates can be written as

br(ay) = 3 6P (") cosny/R,

o_(x,y) = Z qﬁ(_n)(x“)sinny/R, (2.56)

where ¢, ¢_ are the Z5 even and odd eigenstates. Here, we can see that the Zs even state
contains a zero mode, while the odd one does not. If we consider the effective theory below
the compactification scale 1/R, we can forget about the non-zero modes because they are
decoupled. Therefore, the particle content of the low energy effective theory contains only
the set of zero modes.
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Now let us move on to consider an abelian gauge theory in 5d. The action of the gauge field
A reads

S = —% Cl5(13FMNFMN
495
= —1 / d*zdy(F, F*™ +2(0,A5 — 05A,)%) (2.57)
93

where g5 is a gauge coupling in 5d.

By the compactification on the circle S* as before in Eq., As is decoupled and becomes
a scalar field in the 4d effective theory. The fields, A, and A5 can be written in the terms of
the mode expansion as

Au(a,y) = Z A ()l B
As(z,y) = Z AL (@t ey B (2.58)

with the Hermiticity condition A(n)* = ASV_[n).

Integrating out y, we obtain the 4d effective theory as follows

_27R 2R
= / d'z Z FFmm 4 9 8 [ el A7) — i AP, (2.59)
4g5 et 4g? R
where the first term is a tower of kinetic terms with the 4d gauge coupling g7 = and the
second term gives the mass terms for the non-zero modes n # 0.
In general for non-abelian gauge symmetries, the gauge field is in the adjoint representation

of the gauge group,

27rR ’

Ay = A3 T, and Fyny = 0vAn — ONAn + [Aum, AN - (2.60)
Under the parity transformation given in Eq., the gauge field, A,(z,y), transforms as
A, (@, —y) = PA,(x,5)P~" (2.61)

while As(x,y) and ¢(z,y) transform as

AB(‘T’_y) = _PAS(J"J/)P?I 3
As an example to see how the symmetry can be broken by the orbifold, we consider a SU(3)
gauge symmetry in 5d with a scalar field ¢ in the fundamental (triplet) representation. The
generators of SU(3) are the Gell-Mann matrices A*, where a =1 —8. For P = diag(1,1,—1),
we obtain
N = PPl =X, a=1,2,3, and 8,
N PP = \% ) 4=4,5,6,7. (2.63)
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The generators A; 23 belong to the SU(2) subgroup and Ag belongs to the U(1) subgroup.
Hence SU(2) x U(1) remains unbroken and the non-zero modes, which do not belong to
SU(2) x U(1), are decoupled from the low energy effective theory. Moreover, the scalar
triplet is decomposed into a doublet and singlet under SU(2) x U(1), where only the doublet
survives at low energy.

The relation given in Eq. can be restated as the condition for the unbroken generators

as
[AjAY, Pl =0. (nosummation) (2.64)

We note that this principle can be applied to other gauge groups such as SU(5) [30-34], or
SO(10) [172-181] and the doublet-triplet splitting can be solved nicely by an appropriate
choice of orbifold parities.
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Chapter 3

Flavor symmetry models

In this chapter, we present the flavor models which predict the neutrino mixing. The first
model is constructed based on the dihedral group D4, which predicts p — 7 symmetry in
the neutrino mass matrix leading to maximal atmospheric mixing 23 = 7/4 and 613 = 0.
The second model uses the dihedral group Dig to predict the golden ratio for solar neutrino
mixing.

3.1 A SUSY D, model for y — 7 symmetry

Since the maximal atmospheric mixing f23 and the vanishing of the 613 can be explained
from the neutrino mass matrix which has the p — 7 symmetry (see Section , it might
be interesting to find the theoretical explanation of such the mass matrix structure. As
discussed in Section [2.3] a popular approach is to impose the non-abelian discrete flavor
symmetry. In this section, we impose the non-abelian discrete flavor symmetry Dy to explain
the origin of the ;4 — 7 symmetry in the neutrino mass matrix. We note that our model is
the supersymmeterized version of the model presented by Grimus and Lavoura (GL) in [182],
where we extend the flavor group, which is Dy x Zéaux) in the original model, to Dy x Z5. An
additional difference is the absence of left-handed conjugate neutrinos. Despite these changes,
the model is the same as the GL model, since 3 maximal and 613 = 0 arise through the
same mismatch of Dy preserved subgroups, Ds in the charged lepton and Zs in the neutrino

sector.

3.1.1 Group Theory of D,

Before discussing the model, we briefly review some basic features of the dihedral group Dj,.
Its order is eight, and it has five irreducible representations which we denote as 1;,i=1,...,4
and 2. All of them are real and only 2 is faithfu]E]. The group is generated by the two
generators A and B which can be chosen to be [183]

A:<é_0i> and B:<(1)é> (3.1)

LA representation is faithful if each distinct group element is associated with a different matrix representa-
tion. Otherwise it is unfaithful.
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classes
Ci C C3 C4 Cs
G 1 A A° B AB
°C; 1 2 1 2 2
°he, 1 4 2 2 2
14 1 1 1 1 1
1o 1 1 1 -1 -1
13 1 -1 1 1 -1
1y 1 -1 1 - 1
2 2 0 -2 0

Table 3.1: Character table of the group D4. C; are the classes of the group, °C;
is the order of the *" class, i.e. the number of distinct elements contained in this
class, °he, is the order of the elements S in the class C;, i.e. the smallest integer

(> 0) for which the equation S °he; =1 holds. Furthermore the table contains one
representative for each class C; given as product of the generators A and B of the
group.

for 2. Note that A is a complex matrix, although 2 is a real representation. For (aj,az2)? ~ 2
therefore (a3, a})” transforms as 2 under Dy. The generators of the one-dimensional repre-
sentations can be found in the character table, displayed in Table The generators fulfill

the relations
A*=1, B?=1, and ABA=B. (3.2)

The product rules for 1 are the following
1Lix1l; =17, 19x1;=1; for i=1,..,4, 1gx1lg =14, 1lgx1ly =13, and 1g3x1y =19 .

For s; ~ 1; and (ay, az)” ~ 2 we find

<S1a1>N2’ < S201 >~2, <S3a2>w2,and <84a2 )N2.
5142 —S8202 S3a1 —S401
The product 2 x 2 decomposes into the four singlets which read for (a1, a2)”, (by,bo)” ~ 2:

arby +agby ~ 11 , aiby —agby ~ 1y , aiby +agby ~1g , and a1by —azbs ~ 14 .

More general formulae for generators, Kronecker products and Clebsch Gordan coefficients
can be found, for example, in [120,184]. Notice that our group basis does not coincide with
the one chosen by GL in [182]. Therefore, the mass matrices shown below have a different
appearance, especially the charged lepton mass matrix is not diagonal in our basis. However,
the prediction of the mixing angles does not depend on the chosen group basis.

All subgroups of Dy are abelian: Zs = D1, Z4 and Dy = Z5 X Z5. We are interested in Zo
subgroups which are generated by B A™ with m =0, ...,3 and in the D5 subgroup generated
by A% and BA. In order to see that B A™ gives a Zy group, note that

(BA™)? =BA™BA" =BA™ 'BA™ ' =... =B’ =1
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holds, due to Eq.(3.2)). Similarly, one finds for A? and BA:
(A2 =A"=1 and (BA)’=BABA=B>=1

by using again the generator relations. Obviously, A? and BA are not equal (in general) and
thus they generate different Z, subgroups. Additionally, we have to check that A? and BA
commute

A’BA = A’BA% = A’BA® = BAA? .

This shows that A2 and BA generate a Zo x Zy group, which is isomorphic to a Dy group.
The other non-trivial element of the Dy group is BA2. Thus, one could also use the two
elements A? and BA3 to generate this Dy group. However, we follow the convention to use
A? and the element BAP with p being the smallest possible natural number as generators.
The Z5 symmetry given through BA™ is left unbroken by a non-vanishing VEV of a singlet
transforming as 1g if m is even and of one transforming as 14 for m being odd. Additionally,
it will be left intact by the fields 112 forming a doublet, if their VEVs have the following

structure: -
()-(7) 6

For preserving the Dy group generated by A% and BA, only singlets in 14 are allowed to
have a non-vanishing VEV. Especially, no fields forming a doublet under D4 should acquire
a VEV. Clearly, in all cases singlets in the trivial representation of Dy, 17, are allowed to
have a non-vanishing VEV. Note also that in none of the cases a field transforming as 19
can acquire a non-zero VEV. Since we concentrate on the Dy subgroup induced by A? and
BA, the Zs subgroup has to be generated by BA™, with m being even in order not to be a
subgroup of the Dy group. Only then the mismatch between the two subgroups is achieved.
The choice of m, m = 0 or m = 2, depends on the relative sign between (1) and (i2) for
two fields ¢1 2 ~ 2.

3.1.2 The Model at Leading Order

We augment the Minimal Supersymmetric Standard Model (MSSM) by the flavor symmetry
D, x Z5. The non-trivial breaking of D, is responsible for maximal atmospheric mixing and
vanishing 13, while Z5 is necessary to separate the charged lepton and the neutrino sector.
The model contains three left-handed lepton doublets [;, the three left-handed conjugate
charged leptons ef, the MSSM Higgs doublets h, 4, and two sets of flavons {x., ¢}, and
{Xv,¢v, Y12} which break D4 in the charged lepton and the neutrino sector, respectively.
The transformation properties of these fields are collected in Table

Fermion Masses

The invariance of the charged lepton and neutrino mass terms under the flavor group Dy X Z5
requires the presence of at least one flavon. Thus, charged lepton masses are generated
by non-renormalizable operators only. In a model which treats quarks as well, this allows
the explanation of the small 7 mass compared to the top quark mass without relying on a
large value of tan 3 = (hy)/(hq) = vy/vq. The neutrinos receive Majorana masses through
the dimension-5 operator lhylh, /A, which can be made invariant under the flavor group by
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Field || li [log | €] | €53 || hu | ha || Xe | Pe | Xv | Pv | Y12
Dy |17 2 |17 2 |17 17|17 |14 17|13 | 2
Zs w w 1 1 w | w w3 | Wl | w? | W WP

Table 3.2: Particle content of the model. [; denotes the three left-handed lepton
SU(2)r doublets, ef are the left-handed conjugate charged leptons, and h,,q are the
MSSM Higgs doublets. The ﬂavons_, Xe, Pe, Xvy v, and 11 2 only transform under

Dy x Z5. The phase factor w is e%.

coupling it to a flavon. The part of the superpotential giving lepton masses reads at Leading
Order (LO):

h h h
Wi = yixelief 5 + usxe(lae§ + Ise5) 5" + e (lac§ — lse§) 1 (3.4)
h2 h?2 h2 h2
+y1Xulll1A% + y2l1(lah + l:ﬂ/}l)ﬁ +y2(latpe + l3?/)1)llA% + ysu(lala + l3l3)A%

h2
+yaxy (lals + l312)A*12L ,

where A is the cutoff scale of the theory whose order of magnitude is determined by the scale
of the light neutrino masses, see below. For the moment we assume that the flavons x. and
e acquire the VEVs

(pe) = ue and  (xe) = we - (3.5)
As discussed in Section these VEVs break Dy down to Dy generated by A? and BA in
the charged lepton sector. The VEVs of the flavons that couple only to neutrinos at LO are

of the form
(ov) =u, () =w, (2;{;;>:v<1> (3.6)

and therefore they leave a Z5 subgroup, generated by B, unbroken. As mentioned, the equality
of the VEVs of (¢1) and (i2) is crucial. As we will discuss further, the vacuum structure
in Eq. and Eq. is a natural result of the minimization of the flavon potential. We
obtain the following fermion mass matrices when inserting the flavon VEVs and (hy, 4) = vy.q:

vy yjwe 0 0 02 yiw  Yy2v Y2v
M =& 0 ySue ySwe and M, =5 | v yu yw | . (3.7)
0  yswe —ySue Y2U  Yaw  Y3u

Thereby, the left-handed fields are on the left-hand and the left-handed conjugate fields on
the right-hand side for M;. The matrix M; M, lT is diagonalized by the unitary matrix Uy, i.e.

UlT M, ]\41T U; is diagonal. U; acts on the left-handed charged lepton fields and is given by

1 0 0
U=| 0 em*/y2 e ™42 | . (3.8)
0 e—i7r/4/\/§ ei7r/4/\/§

For the masses of the charged leptons we find

Vdq Vq . Vg .
me = X‘yfwe‘ y My, = X|y§ue + Zyswe| , and m; = X|y§ue - Zygwe| . (3'9)
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In order to arrive at non-degenerate masses for the ;1 and the 7 lepton, either y§u. or y5we
has to be complex indicating CP violation in the Yukawa couplings and/or flavon VEVs. For
m;, being around 2 GeV, we find that for small tan 8 - corresponding to vy of the order of
100 GeV - the ratio of the flavon VEVs u, and w, over the cutoff scale A should fulfill E|

Ue We 2
A" Az~ 0.04 (3.10)
with A. being the Cabibbo angle. The smallness of the ratio m./m, is in this model only
explained by the assumption of a small enough coupling y{. Similarly, m,/m, enforces a
certain cancellation between the two contributions y§u. and iySw. in m,. In [182] these
problems have been solved by the assumption that the electron couples to a Higgs field
different from those coupling to the p and the 7 lepton, and by an additional symmetry
which leads to m, = 0 if unbroken.
The neutrino mass matrix in the charged lepton mass basis (indicated by a prime (’))
reads
02 yiw  Yav Yav
M), = UZTMZ,UI* = A—é Yau  yaw  ysu | . (3.11)
Y2v  Ysu  Ysw

As M), is p — 7 symmetric, it immediately follows that the lepton mixing angle 613 vanishes
and fo3 is maximal. The solar mixing angle 615 is not predicted, but in general expected to
be large. Also the Majorana phases ¢1 2 are not constrained. The lepton mixing matrix is of
the form

cos i sinbqo 0

. ; ; ; sin @ cos 6 1 . i ; i
Upuns = diag(e, e, e) . | == 5% =52 ——75 | - diag(e’™, e, ). (3.12)
__sinfq9 cos 012 1

V2 V2 V2

The Majorana phases ¢12 = a,2/2 can be extracted from Upyrys by bringing it into the
standard form [46]. Due to the additional factor 1/2, the phases ¢; 2 vary between 0 and .
Assuming that all flavon VEVs are of the same size, the estimate in Eq. also holds for
the VEVs of the flavons x,, ¢,, and 11 2. For small tan 3, i.e. v, = vq ~ 100 GeV, a light
neutrino mass scale between /|Am3;| ~ 0.05 eV and 1€V fixes the range of the cutoff scale
A to be

4-10" GeV < A <8-10"2 CeV . (3.13)

As it will be shown further, we can assume that CP is only violated spontaneously in this
model by imaginary VEVs w, and w of x. and x,. Thus, apart from w, and w, all other
parameters, i.e. couplings and VEVs, are real in what follows. According to Eq., an
imaginary w, allows the p and the 7 lepton masses to be non-degenerate. In the neutrino
sector only the VEV w of x, is imaginary, whereas all other entries in M, are real, so that
the matrix in Eq. can be written as

t iz oz |, (3.14)

2 Although not excluded, there is no obvious reason to assume that there is a large hierarchy among the
different flavon VEVs. In general, these are correlated through the parameters of the flavon potential.
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where we have defined the real parameters

Im(w Im(w U
i),tzyz,xzyzxi),and =Ys (3.15)

sS=1UY

Mismatch of Subgroups

In the following, we discuss how the subgroup mismatch plays an important role for the
prediction of the neutrino mixing. To elucidate the reason why the two subgroups preserved
in the charged lepton and the neutrino sector have to be different, i.e. the Z5 subgroup present
in the neutrino sector should not be a subgroup of the Dy group of the charged lepton sector,
observe that M; MlT as well as M, M;,r for M; and M, given in Eq. can be written in the
following form

A; B;elfi B¢t (Bit+¢iJ)
M; .2\471Jr = B; e P C; D; ei®il , i=1v. (316)
B; et Bitdi)) D, e=idii C;

This form is achieved for M; (M,) as long as at least one Zy group, originating from B A™,
is conserved in the charged lepton (neutrino) sector. A matrix of this type is diagonalized by

ebi 00 ,
UZ' = 0 1 0 Umax Ulg(ei) U(O/jﬁ), (317)
0 0 e i9il
where
1 ? 01 cosf; sinf; O ‘ elen 0_
Upax = | 0 VRG] , Una(6;) = —sinb; cos; 0 | , Ulap) = 0 e
0 % % 0 0o 1 0 0 €
(3.18)

In [86,184] it has been shown that the quantities ¢; and j are related to the group theoretical
indices of the flavor symmetry. j is the representation index of the doublet, under which two
of the three left-handed lepton generations transform. Thus, it is the same for charged leptons
and neutrinos. ¢; can be expressed as

¢i = — M (3.19)

where n is the index of the group D, and my;(,) the index of the preserved subgroup in
the charged lepton (neutrino) sector that has a generator of the form B A™ ). my(,) is an
integer number between zero and (n—1). The parameters A, ..., D; and the phase 3; are real
functions of the matrix entries of M; MJ, whose actual form is not needed here. The phases
al are irrelevant for the diagonalization of M; MiT, but are necessary for the diagonalization
of the neutrino mass matrix M, alone. The angle 6; can be expressed through the parameters
A;, ..., D; as follows:
2V2 B;
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The general form of the PMNS matrix is then

ei (ﬁlfﬁu) 0 0
Upnins = UL Ur = U(ak) UL(6) UL, 0 1 0 Umax U12(0,) U(=af) .
0 0 ei(@i—0v)]

(3.21)
This form already shows that it is essential to have a non-trivial phase e~*(®t=%)i in order to
guarantee that the maximal mixing in the 2 — 3 sector is not cancelled. For the third column
of Upyrns, which determines the mixing angles 613 and 63, we find

|((Upmns)es| = |sin((¢r — &) j/2) sinby| , |(Upmns)us|l = |sin((ér — ¢v)j/2) cosby] ,
|(Upnmns)rs| = [cos((ér — ¢u)j/2)] - (3.22)

Using that we preserve a Zs symmetry generated by B in the neutrino sector and a Ds group
generated by B A (according to our convention for the generators of the group Dy introduced
in Section [3.1.1)) in the charged lepton sector gives for ¢, and ¢;:

¢, =0 and ¢ = g : (3.23)

j is trivially one, since D4 only contains one irreducible two-dimensional representation 2.
As the elements (1,k) and (k,1) with £ = 2,3 in M; vanish, see Eq.(3.7), the parameter B;
in Eq.(3.16) is zero (and also 5; = 0) and thus §; = 0 as well, according to Eq.(3.20). This

results in .
|(Upmns)esl =0, |(Upmns)usl = [(Upmns)rs| = 7 (3.24)

giving maximal atmospheric mixing and vanishing 613. A few things are interesting to notice:
In principle four different cases might occur. These arise from whether the subgroups Dy and
Zy contain the same element BA™ or not, and from whether the Dy subgroup is unbroken
in the charged lepton sector or only a Zs subgroup is preserved. The first issue determines
whether m; equals m,, or not, i.e. whether |¢;—¢,| is zero or not. The second one is responsible
for (non-)zero §;. We can see from Eq.(3.22)) that for no mismatch of the subgroups 63 as
well as #o3 vanish, in contrast to what is observed in Nature. So the mismatch of the two
subgroups is necessary. If 6; is zero, i.e. the subgroup present in the charged lepton sector
is a Dy group, #13 = 0 and 63 maximal will follow. If, however, only a smaller Zs group
is present in the charged lepton sector, neither 613 being zero nor f»3 being maximal holds.
Then only the PMNS matrix element |(Uparnvs)rs| is fixed by group theory.

Finally, the matrix U; given in Eq. will equal the matrix shown in Eq., if we
additionally set the phases to o} =0, o}, = 7/4, and o} = 37/4.

One might ask the question what actually determines the size of the solar mixing angle
f12 in this context. For #; = 0, we find from Eq. that

|(UPMNS)6].’ = |COS 9V| and |(UPMNS)62| = |sin0,,\ 5 (3.25)

which shows that 615 is given by 6,. Since this angle would vanish, if a D group instead of a
Zy group (with generator BA™) was present in the neutrino sector, one might interpret the
size of the solar mixing angle as hint to how strongly a Do group is broken in the neutrino
sector.
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Phenomenology

In the following we analyze the phenomenology of this model. For the eigenvalues of M;M,LT
we find

2\ 2 2
and mj = (%) (%) (332 + 22) .
This assignment of the eigenvalues is unambiguous, since m3 > m? is experimentally known

and the eigenvalue corresponding to the eigenvector (0,1,—1)7 can only be m% The solar
mixing angle 615 is found to depend on s, t, x, and z in the following way

2V2 |t| /(s — )2 + 22 . (3.27)

tan 2912 = .7}2 T 22 _ 82

Before discussing the general case with unconstrained parameters s, ¢, x, and z we com-
ment on the special case in which z vanishes, since then the model contains three real param-
eters which can be determined by the three experimental quantities Am3;, |Am3,|, and 62.
According to Eq. either y3 or w have to vanish for z = 0 to hold. Assuming that ys is
zero however has to be regarded as fine-tuning. In contrast to that, a vanishing VEV u can
be explained either through the absence of the flavon ¢, from the model or through a flavon
potential which only allows configurations with © = 0 to be minima. The neutrino mass ms
is then proportional to |z|. From Eq. and Eq. we can derive for z = 0:

2 1 cos 012 (Am3; + Am3, (tan? 015 — 1))? (3.28)
3 4 sin? 012 Am§1(1 + tan? 012) — Am%l
Neglecting the solar mass square difference we can simplify this expression to
m3 ~ —Am2; cot? 20y5 . (3.29)

Eq. shows that Am3; < 0, i.e. the neutrinos have to have an inverted hierarchy. Note
that similar results can also be found in [185]. A relation analogous to Eq. can be found
for |mee| measured in OvG(3 decay experiments. Note that |mee| is proportional to |s| due to
Eq. and can be written in terms of mg, tan 12 and the mass square differences as

9 (Am%l(l — 2tan? 912) + Am?ﬂ (tan4 010 — 1))2

2
= 3.30
mecl” = m3 (Am2, + AmZ, (tan? 015 — 1))2 (3.30)
In the limit of vanishing solar mass splitting we find
|mee| ~ms. (331)

Taking the best-fit values Am3, = 7.65 - 107° eV?, Am32, = —2.40 - 1072 eV?, and sin? 15 =
0.304 [47,186] we obtain s ~ 0.02075, ¢t ~ 0.03502, x ~ 0.02146 E| for v, ~ 100 GeV, A ~ 4 -
101 GeV, and v/A ~ A2 ~ 0.04. The neutrino masses are m1 ~ 0.05348 eV, mg ~ 0.05419 eV
and m3 ~ 0.02146 eV. Their sum ) m; =~ 0.1291 eV lies below the upper bound required
from cosmological data [187]. |mee| equals 0.02075 eV which might be detectable in the far
future [188]. The two Majorana phases ¢ 2 are ¢1 = /2 and ¢ = 0. For tritium g decay,
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Figure 3.1: |mee| plotted against ms for z # 0.
The dashed (red) line indicates the results for z =
0. Mass square differences and the solar mixing
angle are in the allowed 20 ranges [47,186]. As
one can see, |me.| and ms have nearly the same
value. Additionally, one finds that ms has a lower
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Figure 3.2: tan6f,2 plotted against mgs for non-
vanishing z. Again the dashed (red) line indicates
z = 0 (assuming the best-fit value for the atmo-
spheric mass square difference) and gives a lower
bound for z # 0. Apart from that, the results
for tan 62 are only constrained by the require-

bound around 0.015eV. For z = 0 we also find an
upper bound on ms.

ment that they are within the experimental 20
ranges [47,186], 0.61 < tan 12 < 0.73.

we find mg ~ 0.05370 eV which is about a factor of four smaller than the expected sensitivity
of the KATRIN experiment [189,190].

Turning to the general case with z # 0 we first observe that also in this case the light
neutrinos have to have an inverted hierarchy. To see this, let us assume that the matrix in
Eq. would allow the neutrinos to be normally ordered, i.e. m3g > m; as well as m3 > mao.
From m3 —m3 > 0 it follows

2?4 22— 8 4t — (s —2)2(812 + (s + 2)2) + 2(4t2 + 22 — 52)22 + 24 > 0 . (3.32)
From this we can deduce
22422 > 2 4t and 16822+ 2(s —x) — 22) > 0. (3.33)

Rearranging the first inequality and taking ¢ # 0 (otherwise 612 would be zero) for the second
one, we get

22— > 42 — 2% and t?— 2% >z(x—s). (3.34)
The sum of these inequalities leads to

s(x—s)>3t2>0. (3.35)

From Eq. we see that s and z have the same sign, while 22 > s2, hence z(x—s) > s(z—s).
Combining Eq. and Eq., we find 2 — 22 > 3t2, an obvious contradiction. Thus,
the neutrinos cannot be normally ordered as assumed by m3 > m3. Instead we always have
m3 > m%, which is only possible in case of an inverted hierarchy. Note that it is a priori not
clear that also m; is larger than mg, since the sizes of the mass square differences have to be
tuned such that Am3, < |Am3,|. In fact, Am3, is given by

Am3, = (UAZ>2 (%)2 V(s —2)2(862 + (s + 2)?) + 2(41% + 22 — s2)22 + 21 (3.36)

3 Actually we find four solutions which all lead to the same absolute values, but to different signs for s, ¢
and x, with the constraint that s and = have the same sign.
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Figure 3.3: The Majorana phases ¢, (blue/darker
gray) and ¢2 (green/lighter gray) plotted against
the lightest neutrino mass ms for non-vanishing
2. The values for z = 0, $1 = 3, ¢2 = 0, are
displayed by dashed (red) lines. Notice that the
results for z # 0 are centered around these values.
The measured quantities, Am3,, |Am3;| and 6;2,
are within the 20 ranges [47,186].
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Figure 3.4: Phase difference ¢1 —¢2 against ms for
2z # 0. The case z = 0, |p1 — ¢p2| = 7/2, is given by
the dashed (red) lines. As one can see, |¢1 — ¢2]
is restricted to the interval [r/2,3m/4] for ms <
0.06 eV. Its deviation from /2 increases with
increasing ms. Again, the mass square differences
and 612 are within the experimentally allowed 2o
ranges [47,186].

It vanishes, if 2 = 0 and s = 2. Thus, Am3, < |Am3,| will hold, if these equalities are
nearly met. As noted, the vanishing of z can be made a natural result of the model. The
near equality s ~ x, however, has to be regarded as a certain tuning of the couplings y; and
Y, SEe Eq..

We have studied the general case z # 0 numerically. To fix the light neutrino mass scale
we adjust the resulting solar mass square difference to its best-fit value. At the same time the
atmospheric mass square difference and the mixing angle 6,2 have to be within their allowed
20 ranges [47,186]. First, we note that our numerical results confirm that z in general has
to be smaller than the parameters s, t, and z, and that s and x have to have nearly the
same value. In Figure we plot |me.| against the lightest neutrino mass ms. As one can
see, the approximate equality of |m..| and ms, deduced for z = 0 in Eq., still holds
for z # 0. The dashed (red) line is the result for z = 0. One finds that mg has a minimal
value around 0.015€V, i.e. m3 cannot vanish, and for z = 0 it also has a maximal one around
0.027 eV. These two bounds can be found as well by using Eq.. The non-vanishing
of m3 &~ |me.| agrees with the findings in the literature that |me.| is required to be larger
than 0.01 eV, if neutrinos follow an inverted hierarchy [191-193]. Figure shows that the
relation in Eq., which is fulfilled to a good accuracy for z = 0, gives a lower bound for
z # 0 in the tan #15 — mg plane and no further constraints on the solar mixing angle can be
derived. Note that we have used the best-fit value of the atmospheric mass square difference
for the dashed (red) line in Figure Finally, we plot the Majorana phases ¢; and ¢ in
Figure against the lightest neutrino mass ms. As one can see, the phase ¢ (blue/darker
gray) varies between 7/8 and 7m/8, while ¢y (green/lighter gray) either lies in the interval
[0,7/8] or [77/8, x| for small values of ms, i.e. mg < 0.06eV. The dashed (red) lines indicate
again the values of ¢; and ¢9 achieved in the limit z = 0. As the difference ¢ — ¢ of the
two Majorana phases is the only quantity which can be realistically determined by future
experiments [188] through

|Mee| = |ma cos2 f19e2 (P1792) 4 o sin? O12| , (3.37)
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we also plot ¢1 — @2 against mg in Figure [3.4] This plot shows that the phase difference has
to lie in the rather narrow ranges [—3w/4, —m /2] or [r/2, 37 /4] for small values of m3. As one
can see, the deviations from |¢p; — ¢a2| = 7/2 (2 = 0 case) become larger for larger values of
ms.

Flavon Superpotential

In the following we discuss the flavon superpotential and show that the VEV structure as-
sumed in (Eq. and) Eq. naturally arises, as does the spontaneous CP violation. In
constructing the superpotential we work along the lines of [28,103,104,117,118]. For this
purpose, we generalize R-parity to a U(1)r symmetry under which the “matter fields” trans-
form with charge +1, while the fields h, and hy; and the flavons are uncharged and another
type of fields, the driving fields, have charge +2. We note that the flavons and the driving
fields transform trivially under the Standard Model gauge group, but non-trivially under the
flavor symmetry. The set needed for constructing the potential consists of 9 ~ (ll,w4),
0¥ ~ (14,w), and xY ~ (11,w) under (Dy, Z5). Since all terms of the superpotential have to
have U(1)g charge +2, the driving fields cannot couple to the fermions and can only appear
linearly in the flavon superpotential. The renormalizable D4 x Z5 invariant superpotential for
flavons and driving fields reads

Wy = axdxi+bxiye (3.38)
+eo® (Pf — ¥3) +dxD e +exd ol + FAOXE -

Assuming that the flavons acquire their VEVs in the supersymmetric limit, we can use the
F-terms of the driving fields to determine the vacuum structure of the flavons. The equations

oW

= ax?+bp? =0, (3.39a)
L = e@i-wh) =0, (3.390)
G = dbitatedt+ =0, (3.3%)
result in
() =2 ) = ) (o) = \/ dital telod”  ga)

which can be re-written as

we:ii\/gue, (1) = +v, w:ii\/d<w1><w2>+€U2. (3.41)

f

Note that the VEVs () = u,, (¥2) = v, and (¢,) = u are unconstrained by the potential.
Note further that the choice of sign in all cases is independent in Eq.(3.40) and Eq.(3.41)).
For the discussion of the preserved subgroup structure it is anyway only relevant whether

(1) = () or (1) = —(1h2). For (1) = (12) as used in Eq.(3.6)) we conserve a subgroup
Zy of Dy generated by B, whereas the relation (1) = —(t2) indicates that the Zs subgroup
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generated by BA? is left unbroken. This Z, group is also not a subgroup of the Dy group
conserved in the charged lepton sector. Thus, the subgroups of the charged lepton and the
neutrino sector will be misaligned in both cases. In this paper we only consider the case
of (Y1) = (12) = v. Eq.(3.41)) shows then that the VEVs w, and w necessarily have to be
imaginary, so that CP is spontaneously violated, if the parameters a, ..., f and the VEVSs wu,,
v, and u are chosen to be positive.

We remark that, due to the U(1)p symmetry, a pu-term phyhg is forbidden in our model
and has to be generated by some other mechanism. This feature is shared by all models using
a U(1)r symmetry. In the derivation of Eq., terms of the form x%h,hg which couple a
driving field to the MSSM Higgs fields can be safely neglected. They also cannot induce a
p-term, since only vanishing VEVs are allowed for the driving fields, if the parameters a, ..., f
and the flavon VEVs are non-zero, as they are in our case. Finally, note that we find flat
directions in this potential in the case of spontaneous CP violation under discussion here.
These are however expected to be lifted by the inclusion of the NLO corrections as well as
through soft supersymmetry breaking terms. Such nearly flat directions might be of interest
for inflation [194].

3.1.3 Next-to-Leading Order Corrections

In order to determine how our results are corrected at NLO, we take into account the effects
of operators which are suppressed by one more power of the cutoff scale A compared to the
LO. Such contributions to the fermion masses include two instead of only one flavon. In the
flavon superpotential we add terms consisting of one driving field and three flavons. It turns
out that there are actually no contributions to the fermion masses from two-flavon insertions
due to the Z5 symmetry. Hence, the only NLO corrections we need to consider are those of
the flavon superpotential, which lead to a shift in the flavon VEVs parameterized as

(Xe) = We + dwe , (xp) =w+ 0w, and (Y1) =v+v. (3.42)
The VEVs (ge) = ue, (pr) = u, and (1p2) = v which are not determined at LO remain

unconstrained also at NLO. The natural size of the VEV shifts is
OVEV
VEV

As will be discussed below, the shifts dw and dw, are in general complex, whereas the shift
ov in the VEV (1) is real for this type of spontaneous CP violation.

~ A2 (3.43)

Fermion Masses

The VEV shifts induce corrections to the lepton mass matrices given in Eq. when the
shifted VEVs are inserted into the LO terms, see Eq.. In case of the charged lepton
masses only the VEV of y. is shifted. Such a shift is, however, not relevant, since it can be
absorbed into the Yukawa couplings y{ and 5. E| Especially, U; is still given by Eq.. The
form of the neutrino mass matrix is changed through the shifts of the VEVs as

p2 [ yi(w+ow) Y2 y2(v + 0v)
M, = A—’; Yo Y3u ya(w + ow) | . (3.44)
y2(v +0v)  ya(w + dw) ysu

4These then become complex which however does not affect our results.
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Note that dw cannot simply be absorbed into w, since dw is complex, whereas w is imaginary.
In the charged lepton mass basis the matrix in Eq.(3.44)) reads

- p(w+ow) e+ e/ galv+ e 50/vR)
M = A—z y2 (v + e“f“év/ﬂ) ya(w + dw) Y3u . (3.45)
y2(v + e /450 //2) Y3u ya(w + ow)

To evaluate the shifts in the neutrino masses and to discuss the deviations of the mixing
angles from their LO values, especially 013 from zero and 623 from maximal, we parameterize
the Majorana neutrino mass matrix as

is(1+ae) t(14e™4e) t(1+e /4
, V2w ,
MV:K”X t(14e™*e)  ix(l+ae) z (3.46)
t(1+e ™/ e) z iz (14 ce)
with s, ¢, z, and z as given in Eq.(3.15) andlﬂ
dow , 1 6w
ae=-—, oa=a,+i0;, and e:ﬁgzﬁzom. (3.47)

The neutrino masses and mixing parameters resulting from Eq.(3.46|) can then be calculated
in an expansion in the small parameter e. We observe that the mass shift of m3 would vanish
for dw being zero. Its explicit form is

2

(mYLOY2 — (1LO)2 4 o (%)2 (%)2 Parz+aiz)e, (3.48)

with (m%o)2 given in Eq.(3.26)). Similarly, the masses m? and m32 undergo shifts proportional
to €. A simple expression can however only be found for the sum m? + m3:

22 2
(M) + (m30)2 = (mEO)? + (mEO)? +2 (5)7 (1) @V2E +ar (52 +0?) — iz 2)e.
(3.49)
(mlfg)2 can be found in Eq.(3.26]). The mixing angle 613 no longer vanishes and we find

tx

sin 13 ~ 2+ (s — x)x — 22

€. (3.50)

For 053 we get
xz

—I—(S—:E):L‘—z2€'

tan 923 ~ 1 + \/5 t2 (351)

The deviation from maximal atmospheric mixing can also be expressed through

Tz
2+ (s —x)x — 22

| cos 2093] ~ V2

e~ V2 m sin s . (3.52)

From both formulae one can deduce that in the case z = 0 the corrections to maximal
atmospheric mixing are not of the order €, but only arise at O(e?). Contrary to this, 613 will
still receive corrections of order ¢, if z = 0. The solar mixing angle 6,2, which is not fixed to

5We assume that e is positive.
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a precise value in this model, also gets corrections of order e. We note that the smallness of
|s — x| and 2, required by the smallness of Am3,, might lead to a disturbance of the expansion
in the parameter e.

A correlation between cos 2623 and sin 613 depending only on physical quantities, Am?j, s
and not on the parameters of the model, s, ¢, ..., can be obtained by an analytic consideration
which is done analogously to the study performed in [67]. Clearly, the matrix in Eq. is
no longer 4 — 7 symmetric. However, we find the following remnants of this symmetry:

(M[/)eu = (M), and (M;)uu = (M,)rr . (3.53)

€T

This shows that u — 7 symmetry is only broken by phases, but not by the absolute values of
the matrix elements. This leads to

0= |(Mz//)eu‘2 + ‘(ML)MMP - ‘(Mzi)e‘r|2 - |(M1//)TT|2 )

3
0= (MM — (MM = m3(1(Upnins)pil” = |Upnins)rsl?)
j=1

2

0= ((sin2 012 — sin? 0;5 cos® O12) mi + (C082 019 — sin? 0,5 sin® 012) m% — cos? 03 m%) cos(2623)

— Am?3, sin 2615 sin 263 cos § sin 03 . (3.54)

Since sin 13 ~ O(e) and cos 2023 ~ O(e) is already known, we can linearize this equation and
obtain (using best-fit values for the physical quantities and the fact that neutrinos have an
inverted hierarchy in this model)

Am%l sin 2619

cos 2093 ~ — cos dsinfy3 ~ 0.03 cos d sin f13 . (3.55)

Am32, + Am3, sin® 619
Eq.(3.55)) can be used to estimate the largest possible deviation from maximal mixing. For
sin @13 being at its 2 ¢ limit of 0.2 and | cos §| = 1, | cos 2623/ still has to be less than 6 x 1073,
which is well within the 1o error. Finally, we note that Eq.(3.55)) must be consistent with
Eq.(3.52)), and thus we again find that z ought to be small.

Flavon Superpotential

The corrections to the flavon superpotential stem from terms involving one driving field and
three flavons. These terms are non-renormalizable and suppressed by the cutoff scale A. We
find

k 2 k 2
AWy = 4x°x§+fx2xus03+fxgxmlwz+fxgsou(wfﬂb%)

A
ks ke k7 ks
+5 ¥ g X2+ XUO 02+ XXB Xo + Xxg Xe 2 . (3.56)

Assuming that CP is only spontaneously violated forces all k; to be real. We calculate the
F-terms of Wy + AW/ for the driving fields using that the VEVs can be parameterized as

(Xe) = We + 0we , (xp)=w+dw, and (Y1) =v+ dv. (3.57)
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The VEVs (pe) = ue, (p,) = u, and (1p2) = v are not determined at LO. We assume that
only terms containing up to one VEV shift or the suppression factor 1/A, but not both, are
relevant. The F-terms then lead to

2a W, dw,e + %(k:l w3 + ko w? w + kg v w + 2/{:4u1)2) =0, (3.58a)

2cvdv + A(k‘g,w +keu?) =0, (3.58b)
dv6v+2fw5w+f(k7wz+kguz):0. (3.58¢)

Here we have chosen the solutions with + in Eq.. The explicit forms of the shifts read
dv = ! A © (ks w? + ke u?) , (3.59a)

dw = 1f LA (d (ksw? + ku?) ue — 2 ¢ (kr w? + ks u?) we) | (3.59b)

dwe = 21a welA (kyw?® + kg u? w + k3 v? w4+ 2 kg uv?) . (3.59c¢)

As one can see, for our type of spontaneous CP violation, v is real, whereas dw, and dw turn
out to be complex in general. As can be read off from Eq.(3.59)), all shifts are generically of

order
JVEV

VEV
Finally, note that the free parameters (p.) = ue, (¢,) = u, and (¢9) = v are still undeter-
mined.

~ X\ for VEV ~ A2A. (3.60)

3.2 A SUSY D,y model for Golden Ratio prediction

As discussed in Chapter [2| there are two possibilities to link the solar neutrino mixing with
the golden ratio ¢ = ¢ — 1= 3 (1+/5):

o (A) cot(f12) =
[} (B) COS(912) = %

In [15], it has shown the connection between (A) and the non-abelian discrete group As.
The reason for As being the candidate symmetry is because this group is isomorphic to the
rotational group of the icosahedron and its geometrical features can be linked to the golden
ratio. For instance, the 12 vertices of an icosahedron with edge-length 2 have Cartesian
coordinates (0, +1, £¢), (£1, £¢,0), and (£, 0,£1). A peculiar feature of cot 612 = ¢ is that
the angle gives also tan 26015 = 2, and this can be obtained from a simple matrix proportional

o [14]
Ml,o<<(1) 1) (3.61)

This matrix is invariant under a Z, symmetry generated by [14]

S:\}g<_21 ?) (3.62)
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where invariance is fulfilled when ST M, S = M,,.

Now we concentrate on the possible theoretical origin of the golden ratio prediction (B).
We stress that flavor models based on the symmetry group Dig are natural candidates to
generate 015 = m/5. The dihedral group Dy is the rotational symmetry group of a decagon
and the exterior angle in a decagon is nothing but 7 /5, or 36 degrees. We remark that also
Ds, the rotational symmetry group of a regular pentagon, could be possible. In a regular
pentagon the length of a diagonal is ¢ times the length of a side. The triangle formed by
the diagonal and two sides has one angle of 108° (the internal angle) and two angles with
36° each. However, here we focus on Dig because it turns out that the vacuum alignment
we need in our model is simplified due to the larger number of representations in D1g. Note
that just as considering Ajs for the golden ratio prediction (A) was motivated by geometrical
considerations, the use of the (mathematically simpler) pentagon or decagon symmetry group
is here motivated by prediction (B).

3.2.1 Golden Ratio Prediction and Dihedral Groups

We have seen that there is a simple Zs under which a mass matrix generating cot 2 = ¢

is invariant, see Eq.(3.61]) and Eq.(3.62). The second golden ratio proposal (B) corresponds
L+ ¢?/(

to tan 26010 = ¢ — 1), and therefore it diagonalizes a less straightforward matrix.
Nevertheless, in this case one can make use of Z, invariance as well, however the charged
lepton sector has also to be taken into account. We will first discuss this for the simplified
2-flavor case with symmetric mass matrices, before making the transition to dihedral groups
and then to the explicit model based on Dy that we will construct.

The generators of the Zs under which the neutrino mass matrix M, and the charged
lepton mass matrix M; have to be invariant are

0 6_i¢u,l
Su,l = < e"‘b"!l 0 > ) (363)

respectively. The matrices M, and M; are invariant when they have the following structure:

M., = Ay eiPu,i By, B el 0 Avy By 1 0
vl — Bz/,l Au,lefi(bl’ﬁl o 0 1 Bl/:l Al’vl 0 e (3 64)

— ! Ay,l BV,Z Q !
=1, vl -
Bl/,l Al/,l

The inner matrix can be written as

(Azl,l Bl/,l
Bu7l Al/,l

1

> = U:/T,l diag(A,; — Buy , A1+ Byy) ﬁ,,J, where val = ( i/i

»—A%‘»—\
o}

VRV
(3.65)

The total diagonalization matrices of M, and M; are U,; = P, (71,71 and the physical mixing
matrix is their product U = U, lT U, = UIT P;r P, U,,. The 11-element is found to be

2

|Uar|? = |cos %(cﬁy ) (3.66)

The fact that a non-trivial phase matrix lies in between the two maximal rotations U lT and

U, is crucial. Obviously, at this stage any mixing angle could be generated. However, the

32



observation made in [86,184,195,196] was that the phase factors in Eq. can be linked
to group theoretical flavor model building with dihedral groups D,,. To make the connection
from Eq. to dihedral groups, we note that the flavor symmetry D,, has 2-dimensional
representations 2:, with j=1,...,5 -1 (j=1,..., "771) for integer (odd) n, generated by

27id
e“™n 0 0 1
A= ( 0 oemid ) and B = ( 1 0 ) (3.67)

Zo subgroups are generated by

—2mid k
BA’“:( 0 ¢ ) (3.68)

P
627”n k 0

with integer k. This is just the required form of a Zs generator in Eq.(3.63). It is now
possible to construct models in which the two fermions transform under the representation gj

of D,,, and D, is broken such that M, is left invariant under B A® and M; is left invariant
under B A* [86,184,195,196]. Consequently, the relation in Eq.([3.66) is obtained and we can

identify
2
[Ue1 |2 =

cosw% (ky, — k) (3.69)

Hence, a natural candidate to implement the requested value of /5 is, e.g., D1g. This is no
surprise given the observation that we made at the beginning of this section, namely that 7 /5
is the exterior angle of a decagon and that D1 is its rotational symmetry group.

3.2.2 The Model at Leading Order
Fermion Masses

We continue with an explicit model: We work in the framework of the MSSM without ex-
plicitly introducing left-handed conjugate neutrinos. Majorana masses for the light neutrinos
are thus generated by an effective operator coupling to two Higgs VEVs. We augment the
MSSM by a flavor symmetry Dig X Zs. The symmetry D;g is used for our prediction of the
solar mixing angle, while the auxiliary Abelian symmetry Zs separates the charged lepton
and neutrino sectors. Due to the flavor symmetry, no renormalizable Yukawa couplings are
allowed for the charged leptons and the dimension 5 operator giving mass to the neutrinos
vanishes as well. Mass for the leptons is generated by coupling them to gauge singlet flavons,
which acquire VEVs and thereby break the flavor group. The charged lepton masses are thus
generated by dimension-5 operators, whereas the neutrino masses are generated by dimension
6 operatorsﬂ

The transformation properties of the MSSM leptons and Higgs fields, as well as the rep-
resentations under which the flavons transform, are given in Table The multiplication
table and the Clebsch-Gordan coefficients of Dy are given in Appendix Note that the
fermions and the flavons that couple to them are all in unfaithful representations[] of Dy

5 In a model including quarks, this may explain m, < m; without invoking a large tan 3.
TA representation is unfaithful if at least two distinct group elements are mapped to the same matrix
representation.
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Field || li2 | I3 | ey | € || hud I Xi2 [ & | Pl 0¥ | Ple | XM | &2

Dy || 24|17 |29 |17 17 (|11 | 22 |23 | 24 |17 ]| 27 | 29 | 23
Zs w w | w? | w? 1 w2 w? | W | WP w w w | W

Table 3.3: Particle content of the D1o model: I; are the three left-handed lepton doublets, ef are the left-handed
conjugate charged lepton singlets, and h,,q are the MSSM Higgs doublets. Furthermore we have flavons o°,

X125 €12, P12, 07, ¥1,2, X1,2, and &7 o, which only transform under Do x Z5. The phase w = ¢*% is the fifth
unit root.

(i.e., in 29 and 24), so that here a D5 structure would have sufficed. However, the full Dyq
structure is needed to achieve the desired vacuum alignment.

We can continue by constructing the Yukawa superpotential, giving the leading order
terms for both charged lepton and neutrino masses:

e C e C e hd e C e C (&4 hd e C e C e hd
W, = i (11€2X2+l2€1X1)X+y2(l1€1p1+l2€202)K+ys(l3€1X2+l362X1)X
e C e C e hd e C e hd
+ yi(liespy +lae§pf) AT lzego A (3.70)
h2 h2 h2 2
+ yfll lo 0¥ ng +y1”l2l1 o’ 7A12L +y5 (ll l1 le + 1y lgxg) ng —i—yglg lgau ng .

As we will show below, introducing appropriate driving fields and minimizing the flavon
superpotential leads to the following VEVs for the flavons:

<§§;;>:v<ez}5k> <§2§>:w<e315k> <§g;;)=z<eik> (3.71)
where & is an odd integer between 1 and 9, and
() (1) (1) (1) (8)-=() o

The VEVs of the singlet flavons, (0¢) = z. and (0¥) = x,, are assumed to be also non-
vanishing. The VEV structure then leads to the following mass matrices:

Sz T e¥ ¢z e47r5“c
(ha) Yag Ze Y1 Ve it Yq Ze
M= e ysze’™ g |,
Ys Ve 5" Y3 Ve Y§ e (3.73)
<hu>2 YWy Y1 Ty 0
My = "3 yawy, 0
Ys Ty

To see that indeed the golden ratio prediction is obtained from the above two matrices, note
that for the choice k& = 3 the relevant matrix M; M. ZT takes the form

A Be 29 Deilé—9)

, , 4
MM = Be¥ A D0+ | | where ¢ = — . (3.74)
De—i(0-6) P e—i(d+9) a 5
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The quantities A, B, D,G are real and positive, ¢ is a phase. To obtain the golden ratio
prediction for the solar mixing angle, we have to set in Eq. and Eq. k =3 or
k = 7. From the other possibilities, k = 1 or k = 9 would give a solar mixing angle of %’r,
while £ = 5 would give a vanishing solar mixing angle. This small number of degeneracies
cannot be resolved by the flavon potential. Looking at the last matrix M, MZT in Eq.,
one immediately recognizes the Zs-invariance of the upper left 12-block, which is just the
invariance we were seeking for, see Eq.. To be precise, the D1y was broken in a way
that M; M;f is left invariant under B A3, while the neutrino mass matrix M, is left invariant
under BAY = B. Inserting this in Eq., where we have to set j = 4 because the
first and second left-handed lepton doublets transform as 24, we expect |Ug1|? = | cos gﬂ"Z,
which is indeed equivalent to an angle of 7/5. We will explicitly check this in the following.
Diagonalizing M M;r with the relation UlJf M, M;f U, = diag(m?2, m2, m2) is achieved with the

‘u,’
matrix
| | RV 0
U = diag(e_mb, 1, e_l(¢+5)) 1 1 0 cosfys sinfoy | . (3.75)
02 02 0 —sinflag cosfog

The diagonal phase matrix on the left is crucial. The rotation angle in the 23-axis is given by

2v/2 D

tan 2093 = G_A_B’

(3.76)

and the charged lepton masses are given by

mz:A—B, mZT:%[(A+B+G)iw(A+B_G)]’ ( 77)
b 3-
where w = /1 +8D2/(A+ B —G)?.

The neutrino mass matrix is diagonalized via U M, U, = M , Where
1 1
—\/2 3 0
U, = 1 \/I o | P- (3.78)
0 0 1

The eigenvalues have in general non-trivial phases which are taken into account in the diagonal
matrix P, and their absolute values are

(hu)?
A2

(hu)?
A2

(hu)?
A2

my = ly2 wy, —y1 x|, Mo = lyowy, +y1 2|, M3 = lys x| . (3.79)
We note that the model makes no predictions about the neutrino masses or their ordering.
Nevertheless, one can easily convince oneself that the number of free parameters in the model
is enough to fit the neutrino and charged lepton masses, as well as the large atmospheric
neutrino mixing angle f23. The model does in general not predict fo3 to be maximal, which
is not an issue given the fact that it is the lepton mixing parameter with the largest allowed
range. However, maximal mixing is compatible with the model. We have 633 = 7/4 when

G = A+ B, in which case mfw = A+ BFv2D and m? as in Eq.(3.77). There is no more
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Field [[ % [ o0 [ €05 o™ [ X% [ €%
Dy l3 21 23 14 29 23
Zs w w w wt | w w

Table 3.4: Transformation properties of the driving fields under Do X Z5. Again w is the fifth unit root
27

e s .

predictivity that can be traced due to the fact that there is a comparably large number of
flavons required in order to make the model work. This is the price one unfortunately has to
pay if one insists in the rather peculiar value of #12. Given the fact that current data allows
for this very interesting possibility, one should nevertheless pursue the task of constructing
models leading to it. The final PMNS matrix can be calculated from Eq. as U = UlT Us.
One finds that U.s is vanishing and that atmospheric neutrino mixing is governed by tan 2653
given by Eq.. As mentioned above, the PMNS matrix has a non-trivial phase matrix
including ¢ in between the two maximal 12-rotations, one of which stems from Uj, the other
from U,. As discussed above, this is the origin of the required result. Indeed, the 12-element
of U is

Uwo|? = sin? ¢ = sin® 7 /5, (3.80)

and due to U = 0 this is just sin® 615. We have thus achieved our goal of predicting 615 = 7 /5.

Flavon Superpotential

To obtain the necessary vacuum alignment in the flavon potential, we need to introduce a
U(1)r and driving fields as discussed in Section The transformation properties of the
driving fields are given in Table The flavon superpotential can then be divided into two
parts

Wiy=W;.+Wy,, (3.81)

where Wy, and Wy, are responsible for the vacuum alignment of the flavons contributing to
the charged lepton and neutrino masses, respectively. We begin by considering the charged
lepton part:
Wre = ae(XT&F +X365) ¥ + be (XT €5 1% + x5 €5 ¢5°) + ce (€1 5 1° + &5 pf 92°)
e (€5 €0° + €5 €0%) 0° + £ (€5 5 €07 + €5 5 €0°) (3.82)

As the flavor symmetry is broken at a high scale, the scalar potential can be minimized in
the supersymmetric limit. Hence, we can determine the supersymmetric minimum of the
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potential by setting the F-terms of the driving fields to zero:

8W € e e e ¢e
3¢({; = a.(XT&1+x5€3) =0,
aW € e ¢e e e

({; = bex1& tcelipy=0,
Iy
aW € e ¢e e e

({é = bex3&l tce&op1 =0,
iy
aW € e _e e e
85&{; = do &0+ &5 p5 =0,
oW
e = ot fE5p5=0.
9&;

Similarly, from the neutrino part

Wiy = an (X1 & — x5 ) 0% + b, (0! XL + @ X5 E0) + e (5 + €7 €0) 0" (3.83)
+dy (07 E5 XY + 05 EEXD) + £ (012X + (05)2 x) + g0 (5 XY + X4 x8Y) o

we obtain a minimum of the potential by setting the F-terms of the driving fields to zero:

oW
st = awOdE - xEE) =0,
OW ¢,
Ly, e f ()2 + guxE o =0,
8x1
oW
I e ()2 g0 =0,
8Xz
aw 1% 1% 17 v
6{?&” by s X5 +c§30” =0,
8W 1% v 17 v
afgff bupix] +a o’ =0.

As advocated above, these two sets of equations are uniquely solved by the VEV configurations
given in Eq. and Eq., where we have set a possible relative phase in the doublet
of VEVs of the flavons in the charged lepton sector to zero. This can be done without loss
of generality, as only the phase difference between the two sectors is phenomenologically
relevant. We have also assumed that none of the parameters in the superpotential vanish.
For the charged lepton sector, the flavon VEVs w, and z. are free parameters (which we take
to be non-zero), while

anik Ce de Te snik de Te
Ve = € 5 , Re =16€ 5 384
¢ be fe ¢ fe ( )
Similarly v, and z, are free parameters (again taken to be non-vanishing) and
2 3
ey fuxyv b, fuv
w, = v vt vy zy = v Jv by (3.85)

_ : )
¢y Gy T2 — by d,, v2 ¢y Gy 2 — by dy, V2

The driving fields themselves are only allowed to have vanishing VEVs, as can be inferred
from considering the F-terms of the flavons. Note, that since we cannot make the cutoff
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scale A arbitrarily large, we need to take into account NLO corrections to both, the Yukawa
and flavon superpotentials. We also should be careful in what regards potentially dangerous
FCNCs induced by the flavons. All this could be taken into account by carefully studying the
mass spectrum of the scalars. Given the sizable number of fields this is not an easy task, but
fortunately it suffices to make some general estimates, which agree well quantitatively with
a lengthy explicit calculation in a similar model [87]: The 7 lepton mass, see Eq., is of
order (f)v/A, where (f) is a flavon VEV, v the Higgs VEV (~ 102 GeV), and A is the cutoff
scale. The neutrino mass, see Eq., is of order (f)v?/A2?. With the charged lepton T
mass =~ GeV and the neutrino mass ~ 0.1 eV, it follows that A ~ 10'2 GeV and (f) ~ 10*°
GeV. Now we can estimate that the flavon mass is also of order of (f). NLO corrections to
the potential, and therefore to the neutrino and charged lepton mass matrices, are of order
(f)/A ~ 102 and therefore under control. Any potentially dangerous flavor changing neutral
currents are also suppressed by the heavy mass scale (f).

In this chapter, we have constructed two flavor models which can explain neutrino mixing
patterns such as p — 7 symmetry and the golden ratio prediction of the solar mixing. The
first model was based on D4 flavor symmetry, which predicts the yu — 7 symmetry. We have
performed a phenomenological analysis under the assumption of a certain type of spontaneous
CP violation suggested by the minimization of the potential. As a result, the neutrinos had
to have an inverted hierarchy. The quantity |m.e|, measured in Ov(33 decay, is almost equal
to the lightest neutrino mass ms. Furthermore, we have found that ms cannot vanish and
has a lower bound around 0.015 eV. The Majorana phases ¢; and ¢o are restricted to a
certain range at least for small mgs. In contrast to that, the solar mixing angle 612 can take
all values allowed by experiments. We have also analyzed the NLO terms in this model
and have shown that they only induce shifts in the VEVs of the flavons, but no additional
terms in the Yukawa sector. The shifts yield deviations from the LO results, 813 = 0 and
023 = w/4. Comparing these deviations we see that although both of them could in principle
be of order ¢ ~ A2 ~ 0.04, the smallness of the parameter z, necessary to arrive at mass
square differences and #15 within the 20 ranges, leads to the fact that 623 is much closer to
7/4 than 603 is close to zero. The second model explains the connection between the golden
ratio prediction of solar mixing and the dihedral group. We have found out that the suitable
flavor group is either D5 or Dig. We have explicitly constructed the flavor model based on
D1 group because the vacuum alignment we need in our model is simplified due to the larger
number of representations in Dyg.
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Chapter 4

Non-Abelian Discrete Groups from
The Breaking of Continuous Flavor
Symmetries

As discussed in the last chapter, we see how non-abelian discrete flavor symmetries play an
important role for neutrino mixing predictions. In this chapter, we intend to embed these
symmetries into a continuous gauge symmetry. The idea of embedding a discrete flavor
symmetry in a larger continuous group has been discussed in the literature, for example
in [137]. However, no complete model exists, in the sense that there is no explanation for
the underlying symmetry breaking dynamics. In order to obtain a complete model, we have
to determine the scalar representations that break the gauge symmetry as well as their VEV
structure. If we limit ourselves to the three generations of fermions, we need to consider
only the gauge symmetries, SU(2) or SU(3), as all other semi-simple Lie groups do not have
two- or three-dimensional representations. We do not need to discuss an SO(3) separately,
since the SO(3) gauge theory can simply be considered as an SU(2) theory with a limited
representation content. In the case of flavor symmetry SU(2), the fermions will transform as
2+ 1 or 3. For the flavor symmetry SU(3), the fermions will transform as 3 and 3. We note
that the flavor symmetries considered here commute with the SM gauge group.

In order to break a gauge flavor symmetry spontaneously, we need a set of scalar fields
which transforms non-trivially under the gauge flavor symmetry and they acquire the VEVs
in a certain direction leading to the breaking of the gauge symmetry down to a subgroup.
We limit ourselves to discuss only the representations of the scalar fields which can couple
to the three generations of the fermions at the leading order as can be seen from the tensor
products:

For SU(2),
2x2=1+3,
2x3=2+4, (4.1)
3x3=1+3+5,
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and for SU(3),

3x3=3+6,
3x3=1+8.

To determine whether a certain VEV structure conserves a subgroup of the flavor symmetry
SU(2) or SU(3), we test which elements of the flavor symmetry leave the VEV invariant. We
will assume a minimal scalar content for any representation, i.e. real scalars for real repre-
sentations, complex scalars for pseudo-real and complex representations. We then check for
each representation, which subgroups are conserved by the VEV of a scalar field transforming
under this representation. We also consider combinations of VEVs, but only where such a
combination could lead to a non-abelian subgroup.

This chapter is organized as follows: In Section [4.1] we discuss the breaking of the flavor
symmetry SU(2) with the two-, three-, four-, and five-dimensional representations. In Section
4.2 we discuss the breaking of the flavor symmetry SU(3) by the three-, six-, and eight-
dimensional representations.

4.1 Flavor Symmetry SU(2)

4.1.1 Breaking with The Two-Dimensional (Doublet) Representation

In the two-dimensional representation of SU(2), the group elements are mapped onto 2x2
unitary matrices with unit determinant. Thereby each group element has two eigenvalues \;
and As. They must obey the constraint that A\; Ao = 1, as the product of the eigenvalues is just
the determinant. Hence, if one of the eigenvalues is 1, so will be the other one. The only 2x2
matrix with two eigenvalues of 1 is obviously the unit matrix. Hence, the identity element is
the only element of the group that can leave a doublet VEV invariant. We conclude from this
that the VEV of a scalar transforming as a doublet of SU(2) always breaks the entire group.
This will of course not change if we add further scalars of any sort.

4.1.2 Breaking with The Three-Dimensional (Triplet) Representation

The triplet is the fundamental representation of SO(3), and an unfaithful representation of
SU(2). The group elements are mapped onto 3 x 3 orthogonal matrices with unit determinant.
These can be thought of as rotations in three-dimensional Euclidean space. If such a rotation
leaves a vector invariant, the vector must be parallel (or, obviously, antiparallel) to the axis
of rotation. Hence, any given triplet VEV will conserve the subgroup formed by the rotations
around the axis defined by the VEV. Thus the VEV of any triplet will break SU(2) down to
Spin(2), the double covering of SO(2), which is in fact isomorphic to SO(2) and U(1).

Note that there is one SO(2) for each possible axis, i.e. infinitely many SO(2)’s that are
all mutually disjoint (up to the identity element). If we introduce two triplets, their VEVs
will either be linearly dependent, or not. If they are linearly dependent, they will break to
the same subgroup. If they are linearly independent, they will break to disjoint subgroups,
hence fully breaking SO(3). As the triplet is an unfaithful representation of SU(2), we will
always conserve a subgroup Z» under which all components of the triplet transform trivially,
while both components of the doublet transform non-trivially.
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Another way to see how SU(2) is broken down to U(1) by the triplet is to write its VEV
in term of a traceless Hermitian 2 x 2 matrix V, which transforms under SU(2) as

V-V =UVUT, (4.3)

where U is a special unitary matrix. We are looking for the subgroup of SU(2) formed by
those elements U which leave V invariant, i.e. for which V' = V’. This set is just the set of
all matrices U that commute with V. What does it mean if U commutes with V7 Let 0; be
the eigenvector V' associated with the eigenvalue \;, which are nondegenerate. Then

V(US) = U(VE) = M(UF). (4.4)

Hence Uvj; is also an eigenvector of V' with eigenvalue );. As this eigenvalue is non-degenerate
Uv; must linearly depend on v;. Therefore v; is also an eigenvector of U. This holds for both
eigenvectors of V. We can thereby specify the subgroup conserved by this VEV: It is the set
of all U having the same set of eigenvectors as V. The most general form of a group element
is then

(10%
U=(n @)(% ;g>(a %)t (4.5)
This representation is clearly unitarily equivalent to a diagonal representation, i.e. it reduces
to two representations of U(1). Therefore we can see that SU(2) is broken down to U(1).
We conclude from this that if we use three-dimensional representations to break SU(2),
we either leave a U(1) = SO(2) symmetry or a Z, invariant. In particular, no non-abelian
subgroups can be conserved. We therefore do not need to consider combining a triplet VEV

with a VEV of a different representation.

4.1.3 Breaking with The Four-Dimensional (Tetraplet) Representation

As the 4 of SU(2) arises from the product of a vector and a spinor, it can be written as a
3 x 2 complex matrix, with one spinor index and one vector index. There must be further
constraints, as such a matrix has 6 complex degrees of freedom. To find them, we take a look
at the Clebsch Gordan coefficients.

Writing the 4 as a matrix, it acts on a spinor and transforms it into a vector. As the
Clebsch Gordan coefficients are normally given in spherical coordinates we start with these,
later switching back to Cartesian coordinates, where the scalar product of two vectors is
simply a matrix multiplication. In spherical coordinates, we can give the four degrees of
freedom of the 4 as ¢; (m=3), ¢o (m=3), ¢3 (m=—3), and ¢4 (m=—3). Correspondingly
we write the two components of the spinor, which we want to transform into a vector, as
(m=%) and ¢ (m=—1). Using the Clebsch Gordan coefficients for SU(2) [46], we find that

2
they combine in the following way to form a vector:

S (VBorn — dan) (m= 1), (16)
56t = dutn) (m= 0). (@7
S (632~ VBoun) (m= -1). (1)
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Switching to Cartesian coordinates, this corresponds to a vector

L=[(d2 — V3da)th1 + (¢3 — V/31)1o]
—(¢2 + V3ha)t1 + (¢3 + V3h1)¢a)] | . (4.9)
%(%wz — ¢391)

3

o

2

This vector arises from multiplying a spinor with the following matrix:

1 3(02 = V3¢1)  5(ds —V361)
2 —5(¢2 +V3¢4) 3(d3+V301) | , (4.10)
—P3 b2
or, in another simpler parameterization
a b
V= ¢ d , (4.11)
—b+1id a+ic

where a, b, ¢, and d are complex. This is then the most general form for the VEV of a 4. It
transforms in the following way:
V-V =0vUT, (4.12)

as it has one vector and one spinor indices. O and U are of course not independent, but
describe a rotation of the same magnitude around the same axis. It can be checked by
explicit calculation that V’ can be parameterized in the same way as V for an arbitrary
rotation.

Again we can reformulate the condition of invariance as a condition on the eigensystem.
Demanding the invariance V' =V, it leads to the condition:

ov=VU. (4.13)
We first observe that we can deduce from Eq.(4.12)) the following two equations:

vvi = ovvioT, (4.14)
viv = vvivoT, (4.15)

from which we immediately deduce that the eigenvectors of VV1 (i.e. the left singular vectors
of V, denoted by u;) must also be eigenvectors of O (with the usual ambiguities for degen-
erate singular and eigenvalues), and the right singular vectors of V', denoted by wj;, must be
eigenvectors of U. Using this knowledge, we find that

VUU?Z = V,u,iwi = O'i,u,ﬂZ; y (4.16)

for i = 1,2, u; being the eigenvalues of U and o; being the singular values of V. Using the
condition in Eq.(4.13]), We also have

VUW; = OVi; = Ooil; = Aoyl (4.17)

with A; being the eigenvalues of O. From the last two equations, we can deduce that \; = y;.
As O and U are rotations by the same angle 6, their eigenvalues are et and 1 for O, and
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%3 for U. How can they be made to coincide? Apart from the trivial case of both being the
unit matrix, we are only left with the possibility of identifying the exponential eigenvalues,
which is only possible for 8 = j:%”. The final left singular vector u3 is then the eigenvector
of O corresponding to the eigenvalue 1, i.e. it defines the axis of rotation. If it is real, we
will then break to all rotations around that axis, with the angles given above. This is a Z3
subgroup of SU(2). If the axis is complex (and real and imaginary parts are not linearly
dependent), no such elements will exist and SU(2) will be fully broken.

Will the subgroup be enlarged if V' has degenerate singular values? We first take the
case 0 = 01 = o9 # 0. u3 is still an eigenvector of O, the @; and w; however need not be
eigenvectors of O and U, respectively. Rather we have

VUw; = V(aiu?i + 511172) =
VUw; = OVw; =00u; =

Biiz) (4.18)
Biiz) (4.19)

from which we can immediately infer that o; = o) and §; = (.. This means that again
their eigenvalues need to coincide, and we again break to Z3 or nothing. Finally, we need to
consider the case, where one of the non-trivial singular values is zero, oo = 0. In this case
O and U need only coincide in one eigenvalue, but this condition is already strong enough
to constrain the elements in the same way, i.e. giving Z3 as the conserved subgroup. We
thus find that a VEV for the four-dimensional representation of SU(2) can never lead to the
conservation of a non-abelian subgroup.

4.1.4 Breaking with The Five-Dimensional (Quintuplet) Representation

The VEV V of a scalar transforming under the five-dimensional representation can be written
as a 3 x 3 traceless, real symmetric matrix. It transforms under SU(2) as

V-V =0ovoTl, (4.20)

with O being a special orthogonal matrix. Again the question of invariance can be reduced to
a question of commutation and hence to coincident eigenspace. We note that the condition
for the invariance of V is:

ov=VoO. (4.21)

For a VEV with nondegenerate eigenvalues the general form of elements in the conserved
subgroup is

(=" 0 0 .
O= (v vy v3) 0 (=™ 0 (o1 0 03), (4.22)
0 0 (—1)ntm

with n, m integers (as V is symmetric it can be diagonalized by a real orthogonal matrix,
and hence O will have only real eigenvectors and therefore only real eigenvalues). After a
similarity transformation this is a representation of Zs x Zy = Dy. However, since we actually
break SU(2) with an unfaithful representation, we actually conserve the double-valued group
Dl. The SU(2) doublet will transform as a doublet in this group as well, while the triplet,
as can be seen from the matrix above, decomposes into the three non-trivial one-dimensional
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representations. D) EI has no non-abelian subgroups, so we will not consider a combination
of this VEV with others.

Next we consider VEVs V' with two degenerate eigenvalues. The elements of the conserved
subgroup must still have v3 as an eigenvector with a real eigenvalue. There are, however, two
cases here. The first case is to assign the eigenvalue 1 to v3. These are all elements having
v3 as axis of rotation. They form SO(2) subgroup. Another case is to assign the eigenvalue
(—1) to v3. The eigenvectors of V' are now no longer uniquely defined. If v7 and v3 are two
orthonormal eigenvectors of V' corresponding to the same eigenvalue, we can find an arbitrary
orthonormal basis of the corresponding eigenspace as (cvi + sv3) and (—svi + cv3), where s
and c¢ are the sine and cosine, respectively, of some undefined angle. The elements of the
preserved subgroup reads

(=)™ 0 0
Y 0o (=t o |YT, (4.23)
0 0 -1
using Y = ( (cvi + sv3) (—svi + cv3) U3 ) By multiplying Eq.(4.23]) on the right by
( V1 U5 U3 ), (4.24)

and on the left by its transpose, we perform a unitary transformation and end up with

(=1)(c* — s?) 2es(—1)" 0
2cs(—1)" (-2 =) 0 . (4.25)
0 0 ~1

Since the above matrix must still have a unit determinant, we know that the upper left
2 x 2 matrix must have determinant (—1) and must also be orthogonal. Combining the
two sets of elements, we find that our representation is reducible, reducing to the defining
representation of O(2) and the one-dimensional representation, where each element is mapped
onto its determinant. As our original group was SU(2), we are actually breaking to the
double covering of O(2), which is the group Pin(2). Combining several such VEVs, they
can coincide in the non-degenerate eigenvector, in which case Pin(2) is conserved, the non-
degenerate eigenvector of one can lie in the degenerate eigenspace of the other, in which case
the conserved subgroup is Dj, or their eigenbasis could be unrelated, in which case only Z,
is conserved.

There are thus only two non-abelian groups which can be the residual subgroup of SU(2)
after breaking with the VEV of a five-dimensional representation: The group D) for non-
degenerate eigenvalues and the group Pin(2) for degenerate eigenvalues. Some of these results
can also be found in [197].

4.2 Flavor Symmetry SU(3)

4.2.1 Breaking with The Three-Dimensional (Triplet) Representation

In the three-dimensional representation of SU(3), the group elements are mapped onto 3x3
unitary matrices with unit determinant. Therefore, each element will have three eigenvalues

'The dihedral group D2 being an abelian group has four one-dimensional irreducible representations. The
order of Dy is 4. The double valued counterpart of the dihedral group D3 is D5, D) has four one- and one
two-dimensional irreducible representations. The order of D5 is 8. D5 is the simplest non-abelian double
valued dihedral group and is also called the quaternion group. For more information see [184].

44



A1, A2, and As. If one of these eigenvalues, A1, is 1, then the other two eigenvalues will have
to fulfill Ao A3 = 1, since the matrix has a unit determinant. This means that if Ay is also
equal to 1, then A3 = 1 as well. That is, the only element with more than one eigenvalue
equal to 1 is the identity element, the only element with three 1 eigenvalues.

This means that each element which is not the identity will have at most one eigenvector
corresponding to an eigenvalue of 1. For a simple example, the matrix

e’ 0 0
0 e 0 (4.26)
0 0 1
will have the eigenvector
0
0 (4.27)
1

corresponding to an eigenvalue of 1. As no direction in three-dimensional complex space
is favored, there will exist for each complex 3-vector non-trivial group elements having this
vector as an eigenvector with eigenvalue 1. These elements form the subgroup conserved by
a VEV proportional to that eigenvector. As each non-trivial element has at most one such
eigenvector, these subgroups will all be disjoint.

What is the subgroup conserved by such a VEV? We can already guess that it will be
SU(2), but this can be motivated by considering the group of elements that leave invariant a
vector ¥. We then make a unitary similarity transformation

v-U=(z g 9)vu(z g ), (4.28)

where U is an element of the group and # and ¢ are arbitrary mutually orthogonal vectors
that are also orthogonal to ¥. We obtain

I __ Ué><2 0
U ( R (4.29)

As U’ is unitary by itself and also has unit determinant, we see that the three-dimensional
representation reduces to the two-dimensional one plus the one-dimensional representation of
SU(2). Since all the SU(2) subgroups are disjoint, introducing two or more triplet scalars
either breaks to an SU(2) (in case their VEVs are linearly dependent) or it will break the
entire SU(3) group (if they are not).

What about anti-triplets? The arguments are the same as for the triplets, if we consider
them separately, as the two representations can only be distinguished if they show up together.
But even if we introduce scalars transforming as triplets and scalars transforming as anti-
triplets, we do not find any new subgroups: The reason is the same as above, each scalar
VEV breaks to a specific SU(2) and they are all disjoint. The only thing we observe is that
if we introduce a scalar triplet and a scalar anti-triplet, they will break to the same SU(2) if
the VEV of the triplet is proportional to the complex conjugated VEV of the anti-triplet. If
this is not the case, they will break to disjoint SU(2)’s, i.e. they will fully break SU(3).

We conclude that an arbitrary collection of scalar triplets and anti-triplets either conserves
an SU(2) subgroup of our original SU(3) symmetry, or it fully breaks that symmetry.
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4.2.2 Breaking with The Six-Dimensional (Sixtet) Representation

Writing the VEV of the six-dimensional representation as a complex, symmetric 3 x 3 matrix
V, it transforms under SU(3) in the following way:

V-V =0vUuT. (4.30)
Demanding invariance can then be rewritten as the condition
uv =vu~. (4.31)

We now note that V' need not necessarily be diagonalizable. However, since V' is complex and
symmetric can be written in the form

WIVW = Vijag (4.32)

with W being unitary [198]. We can write W = (w}, ws,w3). The wj;’s are then singular
vectors of V' obeying the relation
Vu_)} = aiu_fi* s (4.33)

with o; being the diagonal elements of Vs, i.e. the singular values of V. The condition of

Eq.(4.31]) then leads to

If V' has three distinct singular values, this means that all w; need to be eigenvectors of U*.
Also, the corresponding eigenvalue of U* needs to be real. Therefore the discussion is the
same as for the five-dimensional representation of SO(3): The conserved subgroup is Dy. If
V has two degenerate singular values, then U* should act on the corresponding singular space
with only real coefficients, that is it should be block-diagonalizable to give an orthogonal 2 x 2
submatrix. The conserved subgroup will then be O(2). As V need not to be traceless, we
encounter the additional case of three degenerate singular values. Here U* needs to act on
all singular vectors with real coefficients, so the conserved subgroup in this case is SO(3). Of
these subgroups only the last two are non-abelian and need to be considered in combination
with other VEVs.

We demanded above that the eigenvalues of U need to be real. This condition stems from
Eq.: If w; obeys that relation, then aw; will only obey the same relation if « is real or,
alternatively o; must be zero. Thereby VEVs with zero eigenvalues are algebraically special:
The group elements preserving such a VEV can have complex eigenvalues corresponding to
the singular vectors of V' with singular value 0. A special unitary matrix cannot have only
one non-real eigenvalue. Hence the case of interest is a VEV with two zero eigenvalues.
In this case, the singular vectors of V are no longer uniquely defined. If w) and ws are
two orthonormal singular vectors of V' corresponding to the same singular values, we can
find an arbitrary orthonormal basis of the corresponding vector space as (aw] + buws) and
(—bwy + @), with @ and b being two complex numbers obeying |a|? + |b|> = 1. Defining
X = ( (awy +buy) (—bwi + awh) s ), we can therefore write any matrix in SU(3) that
commutes with V' in the following form:

el 0 0
X, [ 0 etmm—a) X!, (4.35)
0 0 (—1)™
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where the eigenvalue corresponding to the non-zero singular value is real.
To reduce this representation, we do a unitary equivalence transformation by multiplying on
the right by

( w] Wy wWs ) , (4.36)
and on the left with the Hermitian conjugate. The resulting matrix is
’a|26ia + |b|26i(m7r—o¢) ag(eioz _ ei(mw—oc)) 0
ab(e'® — elmm=a))  |g|2eimT—a) L |p|2¢ia 0 ) (4.37)
0 0 (=)™

where it can be factorized as

0 0 Ty Y O
0 ™ 0 —yr a0 , (4.38)
0o o (—=ym 0 0 1
where
. (2a—mm) . (2a—mm)
Ty = ]a|26l(2 2 +|b|2eﬂ(2 z (4.39)
Q00 —
Yo = 2iab®sin (O‘Qmﬁ> (4.40)

These two matrices commute. The first matrix is the representation of Z,. If we observe that
|zw|? + |yw|?> = 1, we will see that the second matrix furnishes a representation of SU(2).
Therefore, the conserved subgroup here is SU(2) x Z, where the first two generations form
a doublet of SU(2) and a faithful representation of Z, while the third generation is a singlet
of SU(2) and an unfaithful, non-trivial representation of Zs. We also note that we have the
correct number of free parameters: The absolute value of a (or b), the phase of ab*, and the
phase difference (2ac — m).

What if we combine two six-dimensional VEVs? If they coincide in all three singular
vectors, the subgroup will be determined by the VEV with less degenerate eigenvalues. If
they have only one singular vector in common, we break to the subgroup of elements having
two degenerate real eigenvalues, which is Zs. If they have no singular vectors in common, we
will break SU(3) fully. Zero eigenvalues will only be relevant if the VEVs coincide in all three
singular vectors anyway, and the zero eigenvalues correspond to the same eigenspace. In this
case the full subgroup SU(2) x Z4 is conserved.

We thus have three non-abelian groups that can be conserved by a sextet VEV, O(2) for
two degenerate singular values, SO(3) for three degenerate singular values, and SU(2) x Zy
for two zero eigenvalues.

What if both a 6 and a triplet acquire a VEV? If the triplet VEV is not a singular vector
of the 6, then SU(3) will be fully broken. What if it is a singular vector? If V' has two
degenerate singular values, the triplet can correspond to the non-degenerate singular value.
In this case, the determinant of the 2 x 2 submatrix will be fixed to be one, and the conserved
subgroup is SO(2) or U(1). If the triplet VEV corresponds to a degenerate singular value, the
degeneracy will become irrelevant and the subgroup is Z. If V has three degenerate singular
values, the triplet, which is in the defining representation of SO(3), will break that subgroup
in the usual way down to U(1), or it will fully break it, if the real and imaginary parts of
the triplet VEV are not parallel. If we combine a V with two zero singular values with a
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triplet VEV, we again have two possibilities: The triplet VEV can correspond to the non-zero
singular value. In this case m is fixed to be 0 or 2, and we break down to SU(2) (the former Zy
element can just be multiplied into the SU(2) element, without changing the determinant).
If the triplet VEV is a singular vector of V corresponding to a zero singular value, we will

. (2a—mm)

have to take a closer look. The SU(2) element in Eq.(4.38) has eigenvalues e** 2 . So,
. (2a—mm)
without loss of generality, we must now demand (i)™e" 3 = 1. The resulting element

then has in addition two eigenvalues of (—1), corresponding to fixed vectors. The conserved
subgroup is then Zs.

4.2.3 Breaking with The Eight-dimensional (Octet) Representation

We can write the VEV of a scalar transforming under the adjoint representation of SU(3) as
a traceless Hermitian 3 x 3 matrix V. It then transforms under SU(3) in the following way:

V-V =UVUT, (4.41)

where U is a special unitary matrix. As V is traceless, we need to consider two distinct cases:
Either V' has three distinct eigenvalues, or it has two degenerate eigenvalues A, the third
eigenvalue being (—2)\). The only possible VEV with three degenerate eigenvalues is the zero
matrix, i.e. a vanishing VEV, which naturally does not break SU(3).

Again, we can reformulate the condition of invariance as a condition on the eigensystem.
We note that the condition for the invariance of V reads

Uv =VvuU. (4.42)

In the case of a V' with three distinct eigenvalues, the most general form for an element of
the conserved subgroup is

e 0 0
U= ( U] U3 U3 ) 0 e 0 ( V1 U5 U3 )T. (4.43)
0 0 e Hatp)

This representation is clearly unitarily equivalent to a diagonal representation, i.e. it reduces
to three representations of U(1). As a and (3 are, however, independent, there will actually
be two distinct U(1) groups. Therefore an adjoint VEV with three distinct eigenvalues breaks
SU(3) down to U(1)xU(1). Note that such a VEV can never conserve a non-abelian subgroup
of SU(3) and we do not need to consider it any further.

We now proceed to VEVs V' having two degenerate eigenvalues. The eigenvectors of V
are now no longer uniquely defined. If v and v3 are two orthonormal eigenvectors of V/
corresponding to the same eigenvalue, we can find an arbitrary orthonormal basis of the
corresponding eigenspace as (avi + bvz) and (—bvi + avy), with a and b being two complex
numbers obeying |a|? + [b|* = 1. Defining X, = ( (avi 4+ bv3) (—bvi +avs) v3 ), we can
therefore write any matrix in SU(3) that commutes with V' in the following form:

X, | 0 &¥ 0 X!, (4.44)
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To reduce this representation, we do a unitary equivalence transformation by multiplying on
the right by

(o1 v ©03), (4.45)
and on the left with the Hermitian conjugate. The resulting matrix is
la|2e’® + |b|%e®  ab(e’® — ) 0
ab(e’® — ) |a|?e? + |b]2ei™ 0 . (4.46)
0 0 e—Ha+p)

We now show that this is a representation of SU(2) x U(1). To do this we factorize the
matrix Eq.(4.46):

e 0 0 Ty Yo 0
0 2 0 -y, x, 0 ], (4.47)
0 0 e—i(a-i—ﬁ) 0 0 1
where
(=) o
z, = |a*¢ 2 + |b|26_ZTﬁ , (4.48)
Yp = 2iab"sin (04;5) . (4.49)

These two matrices commute. The first matrix is the representation of U(1), with the first
two generations transforming in the same way, and the third with double and opposite charge.
Since |z,|? + |yu|* = 1, the second matrix is a representation of SU(2), under which the first
two generations form a doublet and the third generation is a singlet. We also note that we
have the correct number of free parameters: The absolute value of a (or b), the phase of ab*,
and the phase difference (o — 3).

We consider the case of two adjoint VEVs, where both VEVs have degenerate eigenvalues.
First of all, their non-degenerate eigenvalues could correspond to the same eigenvector. In
this case, they will naturally break to the same subgroup. Then we could have the case,
where the non-degenerate eigenvalue of the second VEV corresponds to an eigenvector lying
in the eigenspace of the degenerate eigenvalue of the first VEV. This, in a way, singles out a
basis of that eigenspace and thereby coincides with the VEV of an octet with three distinct
eigenvalues, i.e. conserves a subgroup U(1) x U(1). Therefore, if there is no relation between
the eigenvectors of the two VEVs, we will only conserve the subgroup Z3, corresponding to
the three third roots of unity, which can never be broken by adjoint scalars.

Combining a degenerate adjoint VEV with a triplet VEV, we find three possibilities: First,
the triplet VEV can coincide with the non-degenerate eigenvector. In this case e~“ @5 must
be equal to 1 and we break down to the same SU(2) conserved by the triplet VEV alone. If
the triplet VEV lies in the degenerate eigenspace, we will break the SU(2) conserved by the
octet VEV and will be left with only a residual U(1). If the triplet VEV is not an eigenvector
of the adjoint VEV we will again break the entire group. Thus, the only new non-abelian
subgroup of SU(3) we can conserve with the VEV of a scalar transforming under the adjoint
representation will be the subgroup SU(2) x U(1), if the VEV has two degenerate eigenvalues.

We proceed further by combining a VEV of an adjoint with a VEV of a 6. The adjoint
VEV must have two degenerate eigenvalues, as only then we have the possibility of conserv-
ing a non-abelian subgroup. If there does not exist a basis of singular vectors for the sixtet
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VEV, which is also a basis of eigenvectors for the octet VEV, SU(3) will be fully broken. In
particular, the eigenvector of the octet VEV corresponding to the non-degenerate eigenvalue,
v3, must always be a singular vector of the sextet VEV. If the sixtet VEV has two degenerate
singular values, v3 can correspond to the non-degenerate singular value. In this case, the
conserved subgroup is O(2). If 43 corresponds to a degenerate singular value, the degeneracy
will become irrelevant and the subgroup is Dy. If the sixtet VEV has three degenerate sin-
gular values, one of the degeneracies will become irrelevant and we break down to O(2). In
the case of a sextet VEV with two zero eigenvalues, we again have two possibilities: v3 can
correspond to the non-zero singular value. In this case nothing changes, and SU(2) x Z4 is
still the conserved subgroup. If v3 is an eigenvector of the sixtet VEV corresponding to a zero
eigenvalue, a specific basis will be singled out for the elements of the conserved subgroup. It
is thus only determined by the possible eigenvalues, and cannot be non-abelian. In this case
it will be U(1) x Z3. Thus, no new non-abelian subgroups can be attained by combining the
VEVs of these different SU(3) representations.

The results of this chapter can be summarized in one sentence: The only non-abelian
discrete subgroup that can be conserved by VEVs of the small representations (dimension
equal or less than five and eight, respectively) of SU(2) and SU(3) is the group D), which has
been used as a flavor symmetry [199], but does not have a rich enough structure to predict
by itself very specific mixing patterns, such as tri-bimaximal mixing for neutrinos [184]. We
note that in case we use a more complicate representation such as the seven-dimensional
representation, we can obtain A4 as the subgroup of SO(3) [19,20]. However, since this
representation cannot couple directly to the three generations of the SM fermions, further
generations of the fermions are required leading to difficulties with phenomenology because
we need to make these fermions heavy in order to avoid being observed at present collider
experiments. Therefore, it seems that the assumption of the origin of non-abelian discrete
flavor symmetries from the breaking of continuous flavor symmetries is disfavored and another
hypothetical origin will be needed, which we will discuss in the next chapter.

50



Chapter 5

Non-Abelian Discrete Flavor
Symmetries from 72/Z, Orbifolds

Two main types of symmetries are needed to construct the Lagrangian of the Standard Model:
Space-time and gauge symmetry. In fact, it is a much simpler task to add an additional gauge
group to the SM than extending the space-time symmetry. However, as discussed in the last
chapter, breaking a continuous flavor gauge group down to a non-abelian discrete subgroup
is a highly non-trivial phenomenological task. Therefore, it is worthwhile to consider discrete
flavor symmetries arising as extensions of the space-time symmetry.

An extension of the space-time symmetry can only be achieved by an extension of space-
time itself. Hence, we need to work in an extra-dimensional framework. Such an extension
of space-time will enlarge the Poincaré symmetry. If the n extra dimensions are compactified
on an orbifold, the space-time symmetry will in general not be the full (4 4+ n)-dimensional
Poincaré symmetry. However, depending on the exact compactification, there may be residual
discrete symmetries, which can then play the role of a flavor symmetry.

This idea was first explored in [28], where two extra dimensions have been assumed. This
can be considered as the minimal number in this setup, as one extra dimension does not lead
to non-abelian symmetries. For a specific 2-dimensional orbifold it was shown there, that the
residual Poincaré symmetry is the group Sy, the group of permutations of four distinct objects
(if discrete symmetries, such as parity, are not taken into account, i.e. if we only consider
proper Lorentz transformations, the residual symmetry will be A4). A4 and Sy are both
popular and phenomenologically successful as flavor symmetries, especially for predicting tri-
bimaximal neutrino mixing. In this chapter, we generalize the discussion of [28] by considering
all possible 2-dimensional orbifolds and calculating the resulting symmetry. As it turns out,
the resulting flavor symmetries are, in addition to A4 and Sy, the three dihedral groups Dy,
D3 2 S5, and Dg =2 D3 X Zs, all of which have been widely used as flavor symmetries.

Another way of obtaining discrete flavor symmetries from orbifolds is inspired by string
theory and uses string selection rules [22]. We will not use this approach and will only use
regular field theory on the orbifold. However, as discussed in [22], the two approaches do not
contradict each other: If we have an orbifold possessing an inherent discrete symmetry, such
as the ones we discuss in this chapter, and then also impose the string selection rules, we will
end up with an enlarged flavor symmetry.

This chapter is organized as follows. In Section we discuss the possible 2-dimensional
orbifolds and review how discrete symmetries can be extracted from them. We also explain,
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why a 1-dimensional orbifold is not sufficient to obtain a non-abelian flavor symmetry. In Sec-
tion we discuss orbifold by orbifold which symmetry group arises from it. In Section
we discuss the relation between flavor group representations and brane fields constrained to
the fixed points in a certain twisted sector.

5.1 Orbifolding

We work in a 6-dimensional framework, where the two extra dimensions are compactified on
an orbifold T2 /Zy [163]. The coordinates in the two extra dimensions are denoted by (x5, 7).

A 2-dimensional torus 72 is obtained by identifying the opposite sides of a parallelogram:

(z5,76) — (v5,76) + €1,
(z5,26) — (z5,26) + €2, (5.1)

where €; = (1,0), €3 = C(cos (a),sin («)) are the basis vectors of the torus. We can always
choose €] to point along the x5 axis and to be normalized, leaving two free parameters defining
€>, C and «, the length and the angle with respect to the x5 axis. In this torus, the origin
(0,0) is identified with all points of the form

aél + béey | (52)

where a, b are integers.

Aside from the torus basis, the orbifold is further defined by the abelian group Zy, which
is modded out of the torus. This means that we further identify points related by a rotation
around the origin through integer multiples of an angle ¢, with N¢ = 2w. The choice of Zy
is strictly constrained, as we discuss in the following [183]. The group Zy is generated by
one element, which corresponds to a rotation by the angle ¢. Its matrix representation in the
Cartesian xs-zg basis is thus

(00 =) 59

Since the origin does not change under the rotation, all the points which are identified
with the origin in the torus should be rotated to points which are also identified with the
origin, i.e.

w(a€1 + béé) = a'é} + blgz , (54)
where a,a’,b, and V' are all integers.

Instead of using Cartesian coordinates we can use the torus basis €1,€s. The matrix
representation of the generating element in this basis reads

@—(”1 ”2>, (5.5)
ng mny4

where & = UwU ™! and U is the similarity transformation relating the Cartesian and the
torus bases to each other. In this basis we have

() (3)=00) &
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Due to the fact that a,b,d’, b’ are integers, the n;’s must also be integers. And since the trace
is a basis-independent quantity, we have

2cos (¢) =Trw=Trwo=n; +nyg, (5.7)

which implies that 2 cos (¢) is an integer and thus cos (¢) = —1,—1/2,0,1/2,1 corresponding
to ¢ = m,2n/3,m/2,7/3,2n. This directly leads to a constraint for the Zy, and we are
only allowed to choose N = 1,2,3,4,6. This then also leads to a constraint concerning our
choice of torus basis vectors, since the rotational symmetry Zy needs to be consistent with
the symmetry of the torus. When modding out Z,, this is no constraint, as any basis is
consistent with reflections. For Z3 and Zg, we can only take the relative angle between the
basis vectors to be 60, 120, or 150 degrees. All three possibilities give the same orbifold. Here,
we choose the 60° lattice with basis vectors (1 = (1,0),é> = (1/2,v/3/2)) |'l Finally, when
modding out Z4, the only possibility is a 90° lattice, with both basis vectors normalized to a
length of 1.

We thus only have to discuss four different cases: T%/Z, T%/Z3, T?/Z,, and T?/Z.
For the last three cases the orbifold is uniquely defined, while for the first case we need to
additionally discuss the effect of choosing a specific basis.

From these four orbifolds, we can then extract the residual Poincaré symmetry, which will
in all cases be a non-abelian discrete symmetry. This is done in the following way: After
choosing the orbifold, we determine the fixed points. A fixed point is a point for which a
rotation by an integer multiple of ¢ is equivalent to a lattice translation. These points are
potential candidates for the localization of 3-branes [ and thus the Standard Model fermions
can be taken to be brane fields, which are non-vanishing only at the fixed points. The fixed
points are divided into several twisted sectors, where the mth twisted sector contains those
fixed points for which a rotation by m¢ corresponds to a lattice translation. A given fixed
point can lie in several twisted sectors.

We assume all fixed points to be physically equivalent. This then means that the remnant
translation and rotation symmetries are those which result only in a permutation of the fixed
points, i.e., only map fixed points to other fixed points. These remnant symmetry operations
are the elements of the residual Poincaré symmetry, and all that remains to be done is to find
the underlying group structure.

One can then immediately see, why we do not need to consider the 1-dimensional orbifold
S1/Zx: Tt has only two fixed points, and thus any symmetry group which permutes them will
be a subgroup of the permutation group for two distinct objects, So >~ Zs, which is abelian.
Since we want to obtain a non-abelian discrete symmetry, we need to consider at least a
2-dimensional orbifold.

5.2 Symmetries from Orbifolding

In our discussion we parameterize the two extra dimensions by one complex number z =
x5 + irg. Analogously to Eq.(5.1]), the torus T2 is obtained by identifying the points in the

'The other two equivalent possibilities are the SU(3) lattice with (& = (1,0),& = (—=1/2,v/3/2)) and the
G- lattice with (&1 = (1,0), & = (—3/2,/3/2)).
2A 3-brane has three spatial dimensions.
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complex plane related by

z — z+1, (5.8)
2 — z+7, (5.9)

where the complex numbers (1, ) correspond to the basis vectors (€1, €3).

5.2.1 T2/7,

If we mod out a Zs reflection symmetry, v can be arbitrary in general. However, in order
to obtain a non-abelian symmetry, we have only two possibilities: The first one is v =
¢'™/3 which gives us an S, flavor symmetry, or an A, symmetry if only proper Lorentz
transformations and translations (i.e. no discrete parities) are considered. The other possible
basis is vy = /2 = .

Case 1: v = ¢/3

This orbifold is shown in Figure The Z5 parity is defined by
z— —z. (5.10)

The fixed points are given by (21, 22, 23, 24) = (1/2, (14+7)/2,v/2,0). Considering only proper
Lorentz transformations and translations, the fixed points are permuted by two translation
operations S;, and the rotation Tg,

Siiz — z+1/2, (5.11)
Saiz — z+7/2, (5.12)
Tr:z — wz, (5.13)

where w = 72. We can write down these operations in terms of the interchange of the fixed
points as following,

Sl[(14)(23)] . (21,22723,24) — (24,23,22721) ,
S2[(12)(34)] : (21,22, 23,24) — (22,21, 24,23) ,
Tr[(123)(4)] : (21, 22,23, 24) — (23,21, 22, 24) - (5.14)

From these elements we can define two generators of A4 as

S = [(14)(23)], (5.15)
T = [(123)(4)) (5.16)
satisfying the generator relations,
s? =1,
T° = 1,
(ST = 1. (5.17)

In case we consider the full Poincaré group, there will be two additional parities,

P:z — 2%, (5.18)
Pz — =2 (5.19)

o4



which can be written in terms of the interchange of the fixed points as

P[(23)(1)(4)] : (Z17227237Z4) - (21,2’3,2’2,2’4) ) (520)
P(23)(1)(4)] : (21,20, 23,21) — (21,23, 22, 24) - (5.21)
In terms of the interchange of the fixed points, these two parities are equivalent. Combining

these parities with the operators given in Eq.(5.14]), we end up with the Sy flavor symmetry
generated by

S = [(12)(34)][(23)(1)(4)] = [(1243)], (5.22)
T = [(123)(4)], (5.23)
satisfying the generator relations
st =1,
T3 = 1,
(ST*)? = 1. (5.24)

Case 2: v =¢™/2 =

This orbifold is shown in Figure 5.2 The Z; parity is defined by
z— —z. (5.25)
The fixed points are then given by (z1, 22, 23, 24) = (1/2, (1414)/2,i/2,0). They are permuted
by the two translation operations
Si:z — z+41/2, (5.26)
Satz — z+1i/2. (5.27)
Moreover, the fixed points are also permuted by the rotation

Tr:z — wz, (5.28)

where w = €™/2 = i. One can also write these operations explicitly in terms of the interchange

of the fixed points,

S1[(14)(23)] = (21, 22, 23,24) — (24, 23,22,21) , (5.29)
S2[(12)(34)] : (21, 22, 23,24) — (22,21,24,23) , (5.30)
Tr[(13)(2)(4)] : (21,22, 23,24) — (23,22, 21,24) - (5.31)
From these elements we can define two generators,
A = [(13)(2)(4)][(14)(23)] = [(1432)] , (5.32)
B = [(12)(34)], (5.33)
satisfying the generator relations,
A = 1,
B> = 1,
ABA = B. (5.34)

This describes the dihedral group Dy, the symmetry group of the square. The group theory
of Dy is discussed in Section [3.1.1] Note that this group is not enlarged if we include parity
transformations.
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Figure 5.1: The orbifold T2/Z, in case 1 with basis vectors €3, €5 and fixed points z;. The polygon formed
by the fixed points, corresponding to the discrete symmetries A4 or S4, are shown with dashed lines.

5.2.2 T2/7,

When modding out Z3 we consider, without loss of generality, only the torus with a 60°
lattice, as already mentioned in Section This corresponds to the choice v = €/™/3. This
orbifold is shown in Figure [5.2 The operation of the generator of the Zs symmetry is given
by

z— €2/, (5.35)
The corresponding fixed points are (21, 29,23) = (0,4/v/3,1/2 4+ i/2y/3). The translation
operations permuting these fixed points are

Siiz — z2+(1/2+1i/2V3) , (5.36)
Sy:z — z+i/V3. (5.37)
Moreover, the fixed points are also permuted by the rotation with respect to the origin
Tp:z — wz, (5.38)
where w = ¢™/3 = i. Again, one can also write the symmetry operations in terms of a
permutation of the fixed points,

S1(321)] = (21, 22,23) — (22,23, 21) , (5.39)
So[(123)] = (21, 22,23) — (23,21, 22) , (5.40)
Tr[(23)] : (21,22,23) — (21,23,22) . (5.41)

A possible parity transformation would be equivalent to the rotation Tk and thus does
not need to be considered separately. We can formulate two generators

A = [(321)], (5.42)
B = [(32D)][(23)] = [(13)], (5.43)
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Figure 5.2: The orbifolds T2/Zg in case 2 (left) and T2/23 (right) with basis vectors €7, €3 and fixed points z;.
The square (left) and the triangle (right) formed by the fixed points, corresponding to the discrete symmetries
D4 and D3 respectively, are shown with dashed lines.

satisfying the generator relations

A3 = 1,
B> = 1,
ABA = B. (5.44)

This describes the dihedral group D3, the symmetry group of the triangle, which is isomorphic
to S3, the permutation group of three distinct objects. As it is a dihedral group, its group
theory can be found in Appendix

5.2.3 T2/Z,

When modding out the abelian group Z4, we have only one consistent choice of basis, v =
¢™2 = i. The torus is the same one we used for T2 /Z5 to obtain the D4 symmetry, as one
can also see in Figure In fact, the fixed points will also be the same and we will thus
obtain the same flavor symmetry. This is due to the fact that we obtain all fixed points of the
orbifold 72 /Z, in the second twisted sector, where we only consider the squared generator of
Z4. This corresponds to a Zy subgroup of Z4 and is thus fully equivalent to our discussion
for T2/Z, with a 90° lattice. The first twisted sector only contains the fixed points zo and
z4; as both of them also appear in the second twisted sector, no new fixed points and thus no
new residual translational or rotational symmetry operations arise due to the larger abelian
group, Z4. Thus, the unique symmetry we obtain is Dj.

5.2.4 T?%/Z

As for T?/Z3 we use the 60° lattice, i.e. v = ¢'™/3. The orbifold is shown in Figure The
operation of the Zg symmetry for the first twisted sector is defined by

z— /65 (5.45)
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Figure 5.3: The orbifolds T2/Z4 (left) and T2/ Z¢ (right) with basis vectors €1, €3 and fixed points z;. On the
left, the fixed points which are both in the first and the second twisted sector are designated by gray points,
those fixed points which are only in the second twisted sector are designated by black points. On the right,
the fixed point which is in all twisted sectors is represented by a circle, those fixed points which are only in
the second twisted sector are designated by red (lighter gray) points, while those fixed points which are only
in the third twisted sector are given by blue (darker gray) points.

For the first twisted sector, we have only one fixed point which is z4 = 0. For the second
twisted sector, the operation of the Zg symmetry reads

z— 23, (5.46)

The fixed points of the second twisted sector are (z4, 25, 26) = (0,i/v/3,1/2(1 +i/+/3) which
are the same as in the case of T?/Z;.
For the third twisted sector, finally, the operation of Zg symmetry is written as

z— —z. (5.47)

The fixed points in this sector thus are (z1, 22, 23, 24) = (1/2,1/4 +iv/3/4, —1/4 + i\/3/4,0).
Combining all fixed points (21, 22, 23, 24, 25, 26 ), we find that the fixed points are only permuted
by residual rotation operations, i.e. translation symmetry is fully broken. These rotations are

Tri:z — €32, (5.48)
Tre:z — €2/3;, (5.49)

Moreover, if we assume the full Poincaré symmetry, we will also have two parity operations
acting on the fixed points

P:z — 2 (5.50)
Py:z — =z, (5.51)

where z* denotes the complex conjugation of z.
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We can write all of these symmetry operations in terms of a permutation of the fixed
points as

Tr1[(123)(56)] : (21, 22, 23, 24, 25, 26) — (23, 21, 22, 24, 26, 25) , (5.52)
Tro[(132)] : (21, 22, 23, 24, 25, 26)  — (22,23, 21,24, 25, %6) (5.53)
P1[(23)(56)] : (21, 22, 23, 24, 25, 26)  — (21,23, 22, 24, %6, 25) (5.54)
P[(23)] : (21, 22, 23, 24, 25, 26) — (21,23, 22, 24, 25, 26) - (5.55)

From these operators, we can form the generators

A = [(123)(56)] , (5.56)
B = [(23)], (5.57)
satisfying the generator relations,
A5 = 1,
B> = 1,
ABA = B. (5.58)

This defines the group Dg = D3 X Zo =2 S3 X Zy. If we do not include the parity operations,
we will effectively lose the generator B. The flavor symmetry then has only one generator
and is the abelian group Zs.

5.3 Group Representations

To construct a full model, one now needs to assign the fermion generations to representations
of these flavor groups. The orbifold fixed points are interpreted as 3-branes, on which the
fermion fields are localized. The flavor symmetry operations which permute the fixed points
then act non-trivially on the fermion fields. Irreducible representations correspond to relations
among the field values at different fixed points; these relations are invariant under symmetry
operations. In general, this means that one or more fermion generations transforming under
an irreducible representation of the flavor group will be “smeared out” over all available fixed
points. All representations can be reproduced in this way, and the origin of the flavor group
from orbifolding thus does not offer any restrictions on the choice of representations. Also,
all representations will correspond in general to the field(s) being non-vanishing at all fixed
points. Thus, although the flavor symmetry as a whole has a straightforward interpretation
in the geometry of the orbifold, the different representations do not.

This is at least a bit different for the last orbifold we have discussed, 72/Zs. The resulting
flavor symmetry was Dg, which is isomorphic to D3 x Zs. We observe that all symmetry
operations leave the origin, the fixed point z4, invariant. Thus, a field which is localized at
the origin will transform trivially under the flavor symmetry. In addition the subgroup Djs
generated by A% and B leaves the fixed points 25 and zg, i.e. the fixed points of the second
twisted sector, invariant. Fields localized only on these two fixed points thus transform
non-trivially only under the Zy factor of the flavor group. Similarly, the fixed points of
the third twisted sector, zi, z2, and z3 are not permuted by the group element A3, which
generates Z5. Fields localized in this sector will thus only transform non-trivially under the
D3 factor of the flavor group. Fields transforming non-trivially both under D3 and Zy will
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necessarily be non-vanishing in both the second and the third twisted sector. For more details
on the representation theory of Dg and the transformation properties of representations under
subgroups, see [184].

The orbifold T2 /Zg thus is so appealing that different representations correspond to dif-
ferent localizations in the orbifold and therefore have a more intuitive interpretation in terms
of the orbifold geometry. However, also here all representations can be reproduced, and the
orbifold origin of the flavor symmetry does not offer further input as to which representations
to use for model building.

We have discussed all possible non-abelian discrete symmetries arising from 2-dimensional
orbifolds. In this context the flavor symmetries arise as a remnant symmetry of the full 6-
dimensional space-time symmetry. This remnant symmetry can then be interpreted as the
permutation symmetry of the orbifold fixed points. These fixed points, in turn, are taken to
be 3-branes, on which the three generations of Standard Model fermions reside. The flavor
symmetry then has a straightforward interpretation in terms of the geometry of the orbifold.
As in crystallography, the number of possible lattice structures and symmetry groups is
strictly limited for orbifolds. The resulting flavor symmetries are all crystallographic point
groups, as was to be expected. The possible flavor groups we obtain are Sy, A4, S3, D4, and
D¢ ~ D3 x Zy, where the first two have already been discussed in [28]. All of these groups
have been widely used as phenomenologically successful flavor symmetries.
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Chapter 6

Flavored Orbifold GUT

In the last chapter, it has been shown that a non-abelian discrete flavor symmetry can arise
as a result of an orbifold compactification. In order to give a prediction for the neutrino
mixing, the flavor symmetry has to be broken by a certain VEV alignment of flavons. To
obtain a viable VEV alignment of flavons often requires a complicated structure in the flavon
superpotential (see the discussion in Chapter . However, in the orbifold context, the VEV
alignment of the flavons can be easily obtained from orbifolding without dealing with a com-
plicated flavon superpotential [40]. Moreover, an orbifold compactification of a GUT can lead
to its breaking and nicely solve, e.g., the doublet-triplet splitting problem [30-34]. Recently,
the idea of combining the flavor symmetry originating from an orbifold compactification with
an orbifold GUT has been studied [37].

In this chapter, we propose the idea of combining the breaking of a GUT by boundary
conditions on an orbifold with the breaking of the flavor symmetry arising from the orbifold.
We demonstrate this idea with a simple model in the context of a 6d SUSY SO(10) orbifold
GUT with an Sy flavor symmetry. We assume that the orbifold parities act on gauge, SUSY
as well as flavor space. Hence, the zero modes are determined by the overall parity.

6.1 Flavor Symmetry from Orbifolding

We study the breaking of an SO(10) GUT and its flavor symmetry on the T?/(Z{ x 255 x 2§
orbifold (see Figure with radii R = Rs = Rg, which we choose such that 2nR = 1 for
simplicity. The orbifold is defined by

Ty :z—z+1, Ty :z —z+7, Z:z— — 2. (6.1)
where z = 25 + 2% and v = ¢/3. As has been shown in the last chapter, the breaking
of Poincaré symmetry from 6d to 4d through compactification on the orbifold leads to a
remnant Sy flavor symmetry. We note that the additional modding out of groups, Z&’ s, Z2G G
does not change the structure of the orbifold. Concretely, the orbifold has four fixed points,
(21,22, 23,24) = (1/2, (1 +7)/2, v/2, 0), which are permuted by two translation operations
S;, the rotation T, and two parity operations P():

)

S1:iz—2z+4+1/2, So iz — z+7/2, Tr 1z — %z,
P:z— 2z Pliz— 2", (6.2)
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One can also write these operations explicitly in terms of interchange of the fixed points,
S11(14)(23)], S2[(12)(34)], Tr[(123)(4)], P[(23)(1)(4)], and P’[(23)(1)(4)]. From these ele-
ments we can define the two generators of Sy as S = So P and T' = Tg, satisfying the generator
relation, $* = T3 = (ST?)? = 1. The localization of a brane field defines its representation
of S4. The generators S, T can be represented by the matrices,

0 010 0010
1 000 1 000

5= 0 00 1] = 010 0] (6.3)
0100 00 01

acting on the brane field ¥(z*) = (1, v2,13,%4)T, where ¥; = ¥(xH, z;) is a field localized
at the fixed point z;. We denote this basis as localization basis. The characters of S and T
show that the four dimensional representation generated by (S, T') can be decomposed as

and the explicit unitary transformation is

S UtsU = <5§l 1) TS UTU = (T:fl 1) with U= ((ag) () (6.5

1 1 1
1w w? 1
and (aij): 2\1/§ \U_{Qg \Lg ) (ﬁl): i ) (6'6)
T 2/3 V3 V3 7
V3o 0 2

where w = €2™/3 and S:{ l, T3f ! are the three-dimensional generators of Sy acting on a triplet
37 in flavor basis. The transformation of a brane field ¢ (x) is accordingly related to the
flavor basis /! (z*) = Uty (2*), as well as the Clebsch-Gordan coefficients. The first three
components of 17! form a triplet 31 and the last one forms a singlet 1. The representations
15 and 39 are obtained analogously by using the freedom to change the phase of each brane
field in a symmetry transformation. Concretely, by replacing S with (—S), we obtain a
representation of Sy which decomposes as (=S5, T) = 39 ® 1o. Similarly, the 2 of Sy can be
obtained from the four dimensional representation <S = T}% PTRr, T:=T 12%> =2®11d1y.
Bulk fields By (z#, z) are coupled to brane fields 1;(x*) in localization basis and form a trivial
singlet via

J(ah) = / 43 ik Bic(a?, ()3 z - 2) (6.7)

as it is described explicitly in [28]. We assume that (bulk) flavons obtain a constant VEV in
the following. Furthermore, we will work in the flavor basis with irreducible representations
only and omit the superscript ! for simplicity in the following.

6.2 Symmetry Breaking by Boundary Conditions

6.2.1 Gauge Symmetry Breaking

In order to demonstrate how the flavor structure can be obtained and broken appropriately
from an orbifold, we implement it in a 6d SO(10) model with a breaking of gauge symmetry
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Figure 6.1: The Orbifold T?/(Z4 x Z£° x Z§%) with its four fixed points (z1, 22, 23,24). The symmetry of
interchanging the fixed points forms the discrete group Si.

and N =2 SUSY down to N =1 SUSY, which nicely leads to a splitting of the doublet and
triplet components in H, 4 similar to [177,200]. We neglect the anomaly cancellation [201,202]
for the purpose of this study.

If we begin with N = 1 SUSY in 6d, it will give N = 2 SUSY in 4d. The gauge vector
multiplet, (Var, A12), can be decomposed in terms of one vector and one chiral multiplets of
the unbroken N=1 SUSY in 4d as

V= (V/M)\l) 3 Y= (‘/5,67>\2) 3 (68)

where V' and ¥ transform in the adjoint representation of SO(10).

The gauge fields transform under the orbifold parities as

PV (zH, —Z)P;l =n;V (2", z),
PpsV (z#, —z + zl)Pgé =npsV(xt, z+ 1),
PocV (2", —2 + 23) Po =naaV (2", 2 + 23) (6.9)

where the matrices Py = I, Ppg, and Pgg act on the gauge space and are given by [176]

-0 0 0 0 0 o2 0 0 0 0
0 - 0 0 0 0 ¢2 0 0 O
Ppg = 0 0 - 0 0 . Poc=| 0 0 o> 0 0 , (6.10)
0 0 0 o 0 0 0 0 o2 0
0 0 0 0 oY 0 0 0 0 o2

where ¢ is the 2 x 2 unity matrix, while o2 is one of the Pauli matrices. The parities of
the gauge field V' are chosen as n; = nps = nge = +1, while for 3, we choose the parities
nr = nps = nac = —1. The first parity (corresponding to fixed point z4) is used to break
N =2 SUSY to N =1 SUSY [176,203], and the remaining two parities are used to break the
gauge symmetry. The zero modes of the gauge fields, V' and X, are given in Table

The GUT scale Mgyt is determined by the compactification scale. The unbroken gauge
group of the effective 4d theory is Ggppr= SU(3)xSU(2)xU(1)y xU(1)x, which is given by
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(Vs A1) (Vs,6, A2)
Gsmr Gaa Gps zi 2§66 zPs ||zt z§G  zPS
(8,1,0)0 | 24, | (15,1,1) || + + i _ B
(3,250 | 249 | (6,22 || + + - |- - +
(3,2,5)0 24, | (6,2,2) | + + - - - +
(1,800 | 249 | (1,3,1) || + + + | - - -
(1,1,0)0 | 24y | (1,1,3) || + + + | - - -
(3,2,1)44 |10, | (6,2,2) | + — - || - + +
(3,1,-4)44 | 104, | (15,1,1) || + - + - 4 _
(1,1,6)44 |10, | (1,1,3) ||+ - + | - + -
(3,2,-1)-4 |10, | (6,2,2) || + - — || - + +
(8,1,4)-4 |10, | (15,1,1) | + — + | = 4 _
(1,1,-6)-4 |10, | (L,1,3) || + ~— + - ¥ _
(1,1,0)0 | 1, | (5L | + + + |- - -

Table 6.1: Parity assignments for the components Vi3 = %tr(TAVM) of the 45-plet of SO(10). Gspr =
SU(3) x SU(2) x U(L)y x U(1)x, Gee = SU(5) x U(1), and Gps = SU(4) x SU(2) x SU(2). [176]

the intersection of the SO(10) subgroups at the fixed points. The remaining U(1)x is broken
by the left-handed conjugate neutrino mass term.
Moreover, the Higgs fields also transform under the orbifold parities as

PrH(zH, —2) =nrH (2", 2) ,
PpsH(xt, —z 4 z1) =npsH (z", 2 + 21) ,
PocH (2!, —z + z3) =ngcH (2", 2z + z3) , (6.11)

where we choose n! = 1 for all Higgs fields. We choose parities as nps = ngg = 1 for Hy, and
nps = 1,nge = —1 for H, in order to obtain the two Higgs SU(2) doublets of the SUSY SM
as the zero modes, while the color Higgs triplets are massive, and their masses are at the GUT
scale. This gives a solution to the doublet-triplet splitting problem. Furthermore, we choose
the parities for the Higgs fields A1 2 as nps1 = —1,nqe,1 = —1, and npg2 = 1,n6G6,2 = —1,
respectively. These lead to Majorana mass terms for the neutrinos. The zero modes of the
Higgs fields, 10, and 16 are summarized in Table The mode expansion of the fields can
be found in Appendix [Bl We note that all flavons have positive gauge parities.

6.2.2 Flavor Symmetry Breaking

The mechanism to obtain the VEV alignment of the flavon fields has been firstly discussed
in [40]. By assigning parities to the flavons living in the bulk, one can single out a zero mode
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SO(10) 10
Gps (1,2,2) (1.2,2) (6,1,1) (6,1,1)

GGG 572 §+2 572 §+2
GSM’ (l,2771/2)72 (lag7+1/2>+2 (37l7+1/3)*2 (&al771/3)+2
zPs  z§e | zbs  ZGG | zbs  zge | zPS  zZ§¢

H |+ + [+ - - + |- -
Hy, + — + + — - - +
S0(10) 16
Gps (4,2,1) (4,2,1) (4,1,2) (4,1,2)
Gaa 10, 5_3 10, 5 3,15

Gsmr || (3,2,=1/6)41 | (1,2,+1/2) 3 | (3,1,4+2/3)41 | (3,1,-1/3) 3

®@1,1,-1)11 | ©(1,1,0)45
zbs  zGG | zPS  ZGG |\ zPS  zGG | zPS  76C

Ay - - - + + — + +
Ay + - + + - - - +

Table 6.2: Parity assignments for the bulk 10 and 16 hypermultiplets. [202]

and determine the flavon VEVs by their transformations under the orbifold parities. We
assume that flavons transform non-trivially,

Pz, —2) = m o(zH, 2), (6.12a)
Pop(at', =z + 21) = 2 ¢(a, 2 + 21), (6.12Db)
P3¢(J)M, —z+ Z3) =13 ¢({I;M7 z+ 23)7 (6120)

where the P1 23 = Z, T1Z, 157 can be formed by combining the translation operators 71 o
and parity operator Z acting on flavor space. The first parity (corresponding to fixed point
z4) is used to break N = 2 SUSY to N = 1 SUSY [176,203] and the remaining two parities
are used to generate the VEV alignment of the flavons by singling out the appropriate zero
modes.

The VEV alignment of flavons plays an important role in predicting neutrino mixing
angles. Here, we give a simple example to demonstrate it in an extension of SM by the flavor
symmetry Sy. Assuming the neutrino mass is generated by an effective dimension-5 operator,
the relevant term in the Lagrangian will be given by

LTGHu)(LTGHu) (ya¢u + ybnu)
A A

where the fields transform under Sy as L,¢, ~ 37 and 7, ~ 17 [204]. When the triplet
obtains the VEV (¢,) ~ (1,1,1)7v, the neutrino mass matrix reads

c, =t

(6.13)

2a+b —a —a
m, = mg . 2a b—a| , (6.14)
2a
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¢ | 3 [ a 3] 8 [ 2 |

EV 1 EV [ -1] 1 1

52 (1 1 1) TST (—2 1 1) (1 1)
TS*T? 1 W w 725 -2 W w (1 w)
CRUACE 1 w w? ST? -2 w Ww? (1 w?

TSTS? (0 -1 1)
ST S? 0 —w? w
$21S | (0 —w w? (1 w2)

1 w

e
—_
—_

N —

Table 6.3: Eigenvector structure of the elements of the conjugacy classes C24 in representation 2 and 3;,
where S, T are generators of Ss in the notation given in Appendix and w = e>™/3. EV denotes a/the
non-degenerate eigenvalue.

with a = ya (¢v) /As, b=yp () /Ay, as well as mg = (H,)* /A which can be diagonalized by
the tri-bimaximal mixing matrix.

In general, the flavon VEV alignment is determined by a possibly complicated flavon
potential (see the flavon potential discussion in Chapter . However, in an orbifold context,
the VEV alignment can be obtained from the fixed points of the action of parity operators on
the fields, i.e., the simultaneous eigenvectors of the set of orbifold parity operators. Therefore,
the flavon potential can remain simple. Parity operators can be formed by elements of order
two of the flavor group [40]. Hence, the eigenvalues are +1. The elements of order two in
Sy are in the conjugacy classes Co and C4. VEVs originating from the same set of parity
operators are orthogonal. Since the parity operators can be chosen differently for different
representations of Sy, VEVs of fields in different representations do not have to be orthogonal.

In the following, we discuss the eigenvalue and -vector structure of the elements of Sy.
The non-degenerate eigenvalues of a conjugacy class can be inferred from the corresponding
character, which is the sum of the eigenvalues. The eigenvalues or the representation 2 of
the conjugacy class Cy are degenerate and equal to 1. Hence, it is not possible to single out
only one zero mode. The eigenvalues for the conjugacy class C4 are non-degenerate and the
eigenvectors to the eigenvalue 1 are shown in Table They differ only by a phase factor
w = €2™/3_ As can be seen, the eigenvectors of the non-degenerate eigenvalues of S2, T'ST,
and T'STS?, respectively, form a tri-bimaximal mixing matrix. Hence, by choosing two of
the three elements as parity operators, we can obtain a neutrino mass matrix which leads to
a tri-bimaximal mixing matrix. The corresponding combinations with factors of w lead to
the same mixing angles but different phases. Any other combination of two arbitrary distinct
elements leads to one single zero mode which is orthogonal to both given eigenvectors. The
structure for the representation 39 can be easily obtained from the structure of 31, as they
are related by S < —S.

Concretely, in order to obtain the VEV alignment for the triplet 31, we choose

P =1, P, =TST , Py =T'STS? (6.15)
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i.e. PQZ -1 9 P3:

W =
o O =
= o O
o = O

where S,T are generators of S; in the notation given in Appendix P, and P3 are
simultaneously diagonalized by the unitary matrix U

1 2
12
v veove UTRU = diag(1, —1, 1), (6.16)
- \{g \{é \/il 7 UTP?)U = dlag(lv 1, _1) ) ‘
Vi V6 V2

Hence, a field ¢y, .y, ~ 37 where 7; denotes the parities introduced in Eq.(6.12)), can have
the following possible VEV configurations:

(D+++) = (1 1 1)T/\/§> <<f~>+++> ; (6.17a)
(+—+) = (2 -1 —1)T/\/6<€5+—+> ; (6.17b)
(o) =(0 1 —1) V2(durs) . (6.17¢)

with <Z~>Z denoting the single zero mode of ¢;, and lead to a viable neutrino mass matrix

Ea.(F19)

In order to obtain the VEV alignment for the triplet 39, we choose the parity operators
in flavor space as

P =1, P, =STS? Py =TSTS?, (6.18)
-1 0 0 -1 0 0
ie. Pob=| 0 0 —-wl, Ps=(0 0 -1
0 —w? 0 0 -1 0

Obviously, there is only one zero mode and the VEV alignment of Xi,o,o is given by

(xioo) = (1 0 O)T (Xi00) - (6.19)

Similarly, the VEV alignment of the doublets can be achieved by choosing the parities

01
Pi=1, Py3=TST=TSTS>=5= (1 o) , (6.20)

which result in two possible VEV alignments,
(pra1) = (L, ED)T/V2(Gr41) - (6.21)

Note that the VEVs (1,0) or (0,1)7 cannot be achieved for the doublet in this basis of Sj.

67



Field SO(10) || Sa | ZN | ZN || nim | mpsm2 | naan3

(U 16 321 010

v, 16 |1, | 0 | 1

v, 16 11| 0 | -1

Wy 16 )10

Ty 16 1 1-1] 0

H, 10 1] 0 | =2} + -

Hy 10 [19]-2]0 || + + +
X100 1 82 0 1 1+ - -
X‘li,o,o 1 32| 1 0 + — _

o 45 |17 22| + ] + +
$1,11 1 31| 0 | 2 + + +

©2,-1,-1 1 311 0 2 + - +
©0,1,~1 1 311 0| 2 + + -

®1,1 1 2|0 | 2 + + +
©1,-1 1 2 0|2 + - -

Ay 16 11 0 0 + — -

Ay 16 11| 2 2 + + -
$11.1 1 | 3p | 44| + | + +

¢ 1 1| -4 | 4| + + +

Table 6.4: Particle content of the model. Bulk fields are classified by three orbifold parities in addition to the
symmetry groups.

6.3 Model: SO(10) x S,

In the following, we sketch a model that is based on the previous discussion. Besides the
gauge field, we introduce a 16 brane field ¢, which leads to the SM matter, the bulk Higgs
fields H, q ~ 10 generating fermion masses and breaking electroweak symmetry, the bulk
Higgs fields A; ~ 16 giving Majorana mass terms for neutrinos, and the bulk Higgs field
® ~ 45 leading to the Georgi-Jarlskog factor [167]. Furthermore, there are heavy vector-like
fermions ¥, 4 + \Tluﬂd on the brane, and the flavon fields y;, ;, as well as ¢; in the bulk. We
denote the flavon fields according to their VEV alignment, i.e., (¢zy..) x (z, y, z)T. The
complete particle content is presented in Table The transformation with respect to the
orbifold parities determines the zero modes of the bulk fields. The leading order terms of the
superpotential read

Weo = Y vi(¥xi00) Wi + YW H W; + My, 0; (6.22)

i=u,d
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After the heavy vector-like fields are integrated out at the scale M‘Iuj’d, they lead to the effective
terms

ylyz 7 i
Wett 2 M2 (¥X1,00)(¥X100)Hi , (6.23)

i=u,d

which will generate the third generation masses after the flavons obtain a VEV [152,205]. Be-
sides the terms generating the third generation charged fermions masses, there are subleading
terms from effective operators,

Waro = Z B b Hu + Z e Yot + B PV + 55 O A, (624)

where A with R™! < A < My, E| is the cutoff scale of this model. They contribute subdom-
inantly to the mass matrices and lead to the masses of the first two generations as well as
the mixing angles. The third term can be neglected, as its contribution to the up-type quark
masses is subdominant to the first one. After exchanging the first and third generation, the
charged fermion mass matrices are described by

My,=m,| . B Ev : (6.25a)
1—-2C
Ad Cd _ Fd Dd
Mg=mj | . B¢ E? : (6.25b)
1-2C%42F¢
344 304 —pd 3 D¢
My=mj | . 3 B4 3B : (6.25¢)

1-6C%+2F

where m;b = yidyf’d <qu”6{0>2 (H;)/ (M:f,’d>2. The coefficients A, ..., F can be easily in-
ferred from Eq. by inserting the flavon VEVs. Note that the top mass m; is approxi-
mately given by m; and the bottom mass by my, ~ mj as well as m, ~ mj. In order to obtain
the Georgi-Jarlskog relations [167] at the GUT scale, m, ~ mq/3, my, ~ 3, ms,m; ~ my, we
assume that A%, C?, D! B < F% < B* < 1. Hence, the Cabibbo angle 6, is approximately
given by sinf, = —F%/B9,

Neutrino masses are generated by the terms

- Yy
W, = %%Almw + ( VRN qh) A A1) . (6.26)

The first term generates left-handed conjugate neutrinos masses, which contribute to the
light neutrino mass matrix via the standard seesaw mechanism. However, this contribution
can be neglected compared to the type Il seesaw contribution from the remaining terms
if A < 3miMgyp/mi ~ 10 (m1/(1072eV)) GeV coming from the bound on ;3. In the
following, we neglect the standard contribution. This can be also achieved by introducing

'The Planck mass is given by My ~ 1.2---10' GeV [46].
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additional gauge singlets s transforming in the same way under Sy x Zy x Zy as Aq1),
and by replacing the term ypyA1Ap/A with yspAys. Hence, the left-handed conjugate
neutrinos form pseudo-Dirac particles with s. The type II seesaw contribution is of the
form of Eq.(6.14) with mo = <A2>2 /A as well as a = yi; 1 (d1,11) /A and b = y{ (é1) /A.
m, is diagonalized by the tri-bimaximal mixing matrix and the neutrino masses are given
by <Ag>2 /A% (3a +b,b,3a — b). As the structure of the charged lepton matrix Eq. is
connected to the down-type mass matrix My and the CKM mixing is mainly generated by
My, there is a correction to the tri-bimaximal mixing matrix which results in a small deviation
from tri-bimaximal mixing

o 120 A2, A2,

C
9

1 L A2
12T 37 T T BT g

1
= - == 6.27
523 97 36 ( )

with sgj = sin? 0;; and M. being the Cabibbo angle. Depending on the absolute scale of
the neutrino masses, the angles are further corrected by renormalization group evolution.
However, we can neglect it in case of a hierarchical spectrum [206].

Finally, we have to show that all flavons can obtain a VEV. After introducing the charge
conjugate field ¢ for each field ¢, the resulting superpotential of the zero modes of the flavons

is given by

A )\ = ~ = ~
We= > me(@p) + ) g011;"2(4;71901)(@2@2). (6.28)
wE{Pi,0isxi} ©1,2€{Pi,0i,xi }

As it can be easily checked, there is a region of parameter space where all flavons obtain finite
VEVs.

In this chapter, we have presented the idea of combining the breaking of a GUT by
boundary conditions on an orbifold with the breaking of a flavor symmetry arising from the
orbifold. All possible VEV alignments of the two- and three-dimensional representations of
Sy have been summarized in Table Finally, we gave a simple example in the context
of SO(10) x Sy, which the smallness of neutrino masses is obtained by the type-II seesaw
mechanism and the neutrino mixing is tri-bimaximal. Moreover, we have also shown that the
model can fit the quark sector and charged lepton masses. We state that the VEV alignment
mechanism can be also used for flavor symmetries arising from different orbifolds as well as
for models with flavored Higgs fields. In conclusion, the flavored orbifold GUT is a simple
and promising possibility to obtain the required fermion mass structures.
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Chapter 7

Confronting Flavor Symmetries
with Lepton Flavor Violation

In this chapter we study the difficulties arising when one tries to combine a model with
an extended scalar sector with a discrete flavor symmetry. The key point is that there
are actually strong constraints on models with extended scalar sectors. Since, however, the
Yukawa sector of a theory is in most of the cases poorly known (meaning that there are a
lot of free parameters), such a model can usually not be excluded easily, because of internal
cancellations between several of the parameters that may cause some observables to nearly
vanish. If, on the other hand, some additional structure is imposed on the model (by, e.g.,
a discrete flavor symmetry), then additional relations between some of the parameters can
easily rule out the corresponding model or to at least restrict its parameters to very narrow
ranges.

This chapter is organized as follows: In Section[7.I} we introduce the argumentation which
lead us to our statement that models with extended scalar sectors may get into trouble by
the introduction of an additional flavor symmetry. This is exemplified in Section where
we present two particular models for which our logic clearly works. The numerical results
that we have obtained are presented and discussed in Section [7.3

7.1 The General Arguments

A natural way to extend the SM is to add further scalar particles, which have not yet been
discovered. These could, e.g., be additional SU(2)-singlets [207], doublets (Two Higgs doublet
model, THDM), or triplets [208]. Depending on the model, it can then be the case that more
than one Higgs field contribute to the masses of all particles, or that certain Higgses only give
masses to a particular choice of particles [209]. These models will then, however, generically
lead to FCNCs [210] and hence to lepton flavor violation (LFV) [211], which are quite strongly
constrained [212]. It is, however, also not easy to rule them out that way, since they will in
general yield complex 3 x 3 Yukawa coupling matrices, which hold a lot of freedom in their
18 parameters. So, in most of the cases, such a model will be able to fit all neutrino data
without any problems, even if it is strongly constrained.

On the other hand, as it has been discussed in the former chapters, imposing a non-abelian
discrete flavor symmetry on the SM leads to more structure in the Yukawa coupling matrices
in the sense that we obtain relations between different entries of the Yukawa matrices. From
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this, we can obtain the neutrino oscillation parameters as well as the charged lepton masses
as functions of only a few parameters, which can then be checked on whether they are in
accordance with data, or not. We note that we assume that the flavor symmetry is broken at
a high energy scale, so the flavons are decoupled from the model at low energy.

We now apply the following logic:

1. We impose a flavor symmetry and decouple the flavons in order to end up with an
effective low energy model with a scalar sector that is slightly extended compared to
the SM. This could, e.g., be a THDM or something similar.

2. Since we have gained predictivity by imposing the flavor symmetry, we can fit the model
to neutrino data, which allows us to extract certain ranges for the model parameters.

3. The model has additional scalars compared to the SM, which will be able to mediate
LFV-processes, whose branching ratios can be predicted using the fitted parameter
values.

4. If this prediction does not fit with present (future) LEV-bounds, we are (will be) able
to exclude the particular flavor symmetry imposed (in a certain scenario). Note that
this logic will also hold in the non-decoupling case if no extreme fine-tuning is involved.

In principle, this could work for any model with a slightly extended scalar sector. If
the structure of the model is not extremely peculiar, which is rarely the case in the scalar
sector of a theory, the additional scalars (compared to the SM) will unavoidably lead to LFV-
processes, which are already strongly constrained. The key point is that these constraints are
so strong, that imposing some more structure by adding a flavor symmetry can easily destroy
the consistency of the model with all data.

Here, we want to present such an analysis for one particular example, namely for Ma’s
scotogenic model [6], as this consists of a very minimal extension of the SM. Furthermore,
it does not have too many possible LFV-diagrams, so that our logic is not shadowed by a
heavy calculational apparatus. In this model, one can see immediately the effect of certain
symmetries: Without imposing a flavor symmetry, one constrains quantities like

[hi1ho1 + hizhas + highos| (7.1)

by LFV-processes like p — ey [213], where h is the Yukawa coupling matrix involved. Such
a combination can easily become zero for unfortunate values of some phases, exactly as
the effective neutrino mass in neutrino-less double beta processes [214]. Imposing relations
between certain elements of h hinders such cancellations to appear, and the term in Eq.
will generically be much larger than zero.

We want to stress, however, that this particular model is just an example and that our
approach works for a much wider class of models.

7.2 Constraining Particular Models

7.2.1 One Possible Example: The Scotogenic Model

There are a lot of different models for neutrino mass generation on the market [7]. A difficult
task for all of them is to explain the smallness of neutrino masses compared to other particles
we know in Nature.
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One way is to forbid a tree-level mass term for neutrinos and generate neutrino masses only
by radiative corrections, as done in several models [6-11]. Out of those, Ma’s “scotogenic”
model [6] (that we call “Ma-model” for simplicity) is particularly attractive: By adding only
one additional Higgs doublet and 3 heavy left-handed conjugate neutrinos to the SM, as well
as imposing an additional Zs-symmetry, it allows for sufficiently small neutrino masses. These
masses are generated radiatively, because the additional neutral Higgs does not obtain a VEV
that could lead to a tree-level neutrino mass term. Furthermore, due to the Zs-symmetry,
this model also provides a stable dark matter candidate, namely the lightest of the heavy
neutrinos [215] or the lightest neutral scalar [216]. Constraints on the model arise from
various different sources as, e.g., lepton flavor violation or the dark matter abundance [213].
In that sense, this model is very “complete”.

The basic ingredients apart from the SM are:

e 3 heavy left-handed conjugate (Majorana) neutrinos Ny, which are singlets under SU(2)
and have no hypercharge

e a second Higgs doublet n with SM-like quantum numbers that does not obtain a VEV

e an additional Zs-parity under which all SM-particles are even, while N; as well as ) are
odd

The corresponding Higgs potential looks like

V = mialotmnint o (610)+ 32 (') A1)t )+ (o ) 0)+ 5 [(6hn)? + he]

(7.2)
where ¢ is the SM-Higgs. If m?3 < 0 and m3 > 0, then only ¢° will obtain a VEV v = 174 GeV,
while (n°) = 0. Then, the Yukawa Lagrangian is given by

[,Y = fij(gi)_yi + (qbo)*ll)ej + hij(nol/i — 77+li)Nj + h.C‘, (73)

which does not lead to a tree-level neutrino mass term due to the vanishing VEV of n°. The
neutrino masses can, however, be generated radiatively, which gives a natural suppression of
the neutrino mass eigenvalues and can exploit the heaviness of the Nj (with masses My) as
well. The mass matrix of the light neutrinos reads

3
(M) = Z hirhji Ay, (7.4)
s}

where

Ay =

M (A%) — M M

Note that we have named the Higgses like in the general THDM, with oo = 8 = m12 = g7 =
0 [217]. The resulting Higgs masses are given by

m2(h%) = 20102, m2(H®) = m3 + (A3 + Ay + X5)v?, m2(A%) = m2 4+ (A3 + Ay — A5)0,
and m2(H*) = m2 4+ Agv2. (7.6)
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A | 3 |1l v] 8 [1l1] 383 1
Zy 1 ) ) /) —1 111 ) 112

Table 7.1: The particle content of model 1: The SM particles are the three left-
handed lepton SU(2)r doublets l;, the left-handed conjugate charged leptons ef, and
the SM-Higgs ¢. The BSM particles are the left-handed conjugate neutrinos NN, the
second Higgs doublet 7 (which does not obtain a VEV), and the flavons ¢g, pr, and
X, that only transform under As X Z4.

7.2.2 The Flavor Symmetries Considered

In the following, we will present two models which constrain the structure of the Yukawa cou-
pling matrix i in Eq.(7-3), without discussing a particular mechanism for vacuum alignment. |
The first one, based on [119], represents the class of models which predicts tri-bimaximal mix-
ing. The second one represents the class which predicts p — 7 symmetry.

The A;-Model (Model 1)

The particle content of this model is given in Table We note that the group theory of Ay
can be found in Appendix The Lagrangian which is invariant under the flavor symmetry
Ay X Zy readsE]

L, = yf%(h‘PTl + laprs + lspra)ef + yg%(li’m@ﬁi + liora + lar)es

+y§%(l2SDT2 + Lipers + lsor)ef + % [y1[(2l1N1 —1aN3 — [3N2)ps1
+(2l3N3 — [1 N2 — [aN1)pss + (2loN2 — 11 N3 — I3N1)ps2]

+y2(l1 N1 + loN3 + l3N2)X} + M(N1Ny + NaN3 + N3No). (7.7)

Let us assume that the flavons obtain their VEVs as follows,

(@s1) 1 (o11) 1
(ps2) | =ws | 1 ) (pre) | =wr | O , and (x) =u, (7.8)
(©s3) 1 (or3)

and the SM Higgs gets the VEV (¢) = v. Then, the Yukawa coupling matrix and the left-
handed conjugate neutrino mass matrix for model 1 can be written as

2a +b —a —a 1 00
h=| -a 20 b—al| ,and Mrp=M|0 0 1], (7.9)
—a b—a 2a 010

'In general, the vacuum alignment can be achieved by a minimization of the scalar potential.
2Here, we neglect the anti-symmetric part of the coupling between ! and N, or assume that the anti-
symmetric coupling vanishes, which is done similarly in [119,218].
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where a = y1 5% and b = 12 %
The charged lepton mass matrix in this model is diagonal,

v v v
me = KyTwT7 mll = Kyng7 mr = Kygle‘ (710)

Here, the hierarchies in the charged lepton masses are determined by the Yukawa couplings.

Assuming that the Yukawa coupling of the 7, y§, is of O(1) and the Higgs VEV v is 174 GeV,

we can determine the ratio of the flavon over the cutoff scale A (%) as being of the order of

the Cabibbo angle squared, A2 ~ 0.04.

In order to make the discussion easier, we go to the basis where the left-handed conjugate
neutrino mass matrix is diagonal. The matrix M RM;[2 is diagonalized by the unitary matrix
U,,

0 0 1
U.=10 1 0 (7.11)
100
Note that the left-handed conjugate neutrino masses are degenerate, My 23 = M.
The Yukawa coupling in this basis reads
—a —a 2a+b
B =hU,=|b—a 2a —a |- (7.12)
20 b—a —a
Using Eq.([7.4]), the neutrino mass matrix can be written as
(6a® + 4ab+b*)  —a(3a + 2b) —a(3a + 2b)
M, =MApg3 —a(3a+2b)  (6a% —2ab+b%)  a(—3a+ 4b) ; (7.13)
—a(3a + 2b) a(—3a+4b)  (6a® — 2ab+ b?)

where A1 23 = A; = Ay = A3, and the neutrino masses are given by the eigenvalues of M,,MJ:
mi = (3a+b)'AT 55, m3=0b'A%,3, andm3 = (=3a+0b)'A%,5, (7.14)

which correspond to the eigenvectors (—2,1,1)T/v/6, (1,1,1)7/v/3, and (0, —1,1)T/v/2, re-
spectively. In this model, the neutrino masses obey normal mass ordering.
The neutrino mixing observables look like:

1
Amé = (b4—(3a—|—b)4)A%7273, Am? = —24ab(9a2+b2)A%72,3, tan @19 = ﬁ’ 013 =0, and o3 = %
(7.15)

In this model, we have only three free parameters (a,b, M) to fit all observables. Therefore,
this model is quite predictive (and hence harder to fit).

The D,~-Model (Model 2)

The particle content of this model is given in Table We note that the group theory of Ay
can be found in Section The Lagrangian which is invariant under the flavor symmetry
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Table 7.2: The particle content of model 2: Th SM particles are the three left-handed
lepton SU(2)r, doublets I;, the left-handed conjugate charged leptons ef, and the SM-
Higgs ¢. The BSM particles are the left-handed conjugate neutrinos NV;, second Higgs
doublet n (which does not obtain a VEV),and the flavons ., Xe, ¢v, and 1);, that
only transform under D4 X Zs.

Dy x Zy reads

Lo = gl e+ usliach + 1ac§) Spe + v (lacs — se) T xe
+Z/111N1%90u + yo(l2th1 + l3¢2)N1% + y3(lathe — l3¢1)N2% + ya(l2rpr — 13¢2)N3%
1 1 1
+§M1N1N1 + §M2N2N2 + §M3N3N3. (716)

Let us assume that the flavons obtain their VEVs as follows:

(pe) = Ue, (Xe) = —We, (pv)=u, and ( EZ;; ) — ( 1 ) , (7.17)

and the SM Higgs gets the VEV (¢) = v. Then, the Yukawa coupling matrix for model 2 can
be written as

a 0 O
h=11b —c dJ|, (7.18)
—-b —c d

where a = y1 5, b=y2{, c = Y37y, and d = y4 {.
The charged lepton and left-handed conjugate neutrino mass matrices in this model are
diagonal,

v v v
Me = YTUe, My = +(YaUe — Yswe), My = +(Youe + Y5we). (7.19)

A A A
Here, the hierarchy between the masses of e and (u, 7) arises from the smallness of the Yukawa

coupling y{. As we did for model 1, we assume that the ratio (<Ai>) is of order A\? ~ 0.04.

Using Eq.(7.4), the neutrino mass matrix can be written as

a2A1 abA1 —abA1
M, = abAq b2A1 + 62A2 + dQAg —b2A1 + C2A2 + d2A3 . (720)
—abAq —b2A1 + 62A2 + d2A3 b2A1 + C2A2 + d2A3

The neutrino masses are given by the eigenvalues of M,,MJ,

m? =0, ms=(a®+2b*)2A2, and m3 = 4(c’*Ay + d*A3)?, (7.21)
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| Scenario || m(h%) | m(HO) | m(A%) | m(H*) |
120.0 32.9 84.5 93.0
120.0 60.4 101.5 111.5
120.0 946.8 950.0 950.3
120.0 548.9 549.4 550.6

=2 || L

Table 7.3: The Higgs masses (in GeV) for the different scenarios defined in Eq.(7.27).

’ Quantity H Am? ‘ (Am?)nor. ‘ 012 ‘ 013 ‘ 023 ‘
Best-fit || 7.67-107° eV? | 2.46- 1073 eV? | 34.5° | 0.0° | 42.3°
lo 2.15-107%eV? | 0.15-1073 eV? | 1.4° | 7.9° | 4.2°

Table 7.4: The neutrino mixing parameters (best-fit values and symmetrized 1o-ranges) obtained by a global
fit [219].

which correspond to the eigenvectors

a b
- (2/a,-1,1)T, ——(~b/a,1,1)7, and (0,1,1)T/V?2, 7.22
s /L) e (e L) and (01,1)7) (7.22)
respectively.

In this model, the neutrino masses will obey normal ordering. The neutrino mixing observables

look like:

Am% = (a2 + 262)21\%, Ami = 4(62/\2 + d2A3)2, tan 912 = %, 913 = 0, and 923 = %
(7.23)

In this model, we have 7 free parameters (a, b, ¢, d, My, My, M3) to fit all neutrino observables.
This makes model 2 much easier to fit, but we of course pay the price of losing predictivity.

7.2.3 Phenomenological Analysis
The General Procedure

In this section, we describe the analysis procedure we have applied. The first thing to say
is that there are constraints that are required for a THDM like in Eq. (A >0, A2 >0,
A3 > —V A1), and A3 + Ay — [A5| > —V/A1)2; they keep the potential stable) as well as
consistency conditions for a Ma-like model (m? < 0 and m3 > 0; these are necessary in
order for ¢¥ to obtain a VEV, while n° obtains none). Furthermore, there are limits from
direct searches at collider experiments [220]: m(h°) > 112.9 GeV and m(H*) > 78.6 GeV,
both at 95% confidence level)] Further constraints arise from the W- and Z-boson decay
widths, namely m(HT) + m(H®), m(H*) + m(A%) > My, and 2m(H*),m(H°) + m(A°) >
My, as well as from the requirement of perturbativity for the Higgs potential, Ao < 1 and
A+ (A3 + A)? 4+ A < 1277 [216).

3Note that these constraints do not apply to the “inert” Higgses H° and A°. They are constrained much
less severely by the current limits, differently from a normal THDM.
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Strong constraints also come from the correction to the p-parameter [221]. The explicit
formula for this correction reads

« Mz)
Ap = % - [F(m3,m*(H")) + F(m3,m*(A%) — F(m*(H),m*(A°))], ~ (7.24)
167syy, My,
where
T T n T for x £y,
Foy)={ 2 =" (7.25)
0, for z =y,

and a(Myz) = 1/127.9. The experimental constraint is [46]
Ap = —0.0006 + 0.0008, (7.26)

which cuts the allowed parameter space for the Ma-model. Since we want to focus on neutrino
physics and lepton flavor violation, we do not try to fit the Higgs sector as well, but rather
use four different benchmark scenarios that all fulfill the consistency conditions, as well as
the experimental bounds from direct searches and from the measurement of the correction to
the p-parameter (at 30). In the form (mq,ma, A\1, A2, A3, A1, A5), these scenarios are:

(100:GeV, 75GeV, 0.24,0.10,0.10, —0.15, —0.10),

(100:GeV, 98.5GeV, 0.24,0.30,0.09, —0.18, —0.11),
(100:GeV,950GeV, 0.24,0.50,0.02, —0.12, —0.10),
(

o
0
v
d: 100iGeV, 550GeV, 0.24, 0.30,0.02, —0.05, —0.01). (7.27)
The corresponding Higgs masses are given in Table We have chosen these four scenarios
such that they are also consistent with the 3o-range of WMAP-data for H° being the dark
matter candidate, which cuts the allowed parameter space significantly [216]. This leads to
some more consistency conditions, as H° has to be the lightest of all scalars and it also has
to be lighter than the heavy left-handed conjugate neutrinos.
For all these scenarios, we do the following:

1. First, the models are fitted to neutrino oscillation data, i.e., mixing angles and mass
square differences [219]. This is done by the y2-function

eXP)Q

N
X2 = Z 7" 27' 5 (728)

i=1 i
where ¢; are the observables obtained from neutrino oscillations (612, 613, 623, Am?,
Am?), which are calculated in terms of the model parameters (see Section [7.2.2)). ¢;*?
are their measured counterparts and o; are the corresponding (symmetrized) standard
deviations. The best-fit model parameters are determined by a minimization of the y?-
function. By projection on the different directions in the parameter space, we determine

the 1o- and 3o-ranges of the model parameters.

2. Next, we calculate the maximum and minimum values of the quantities measured in
different LFV-experiments (u — ey, 7 — wy, 7 — ey, and p-e conversion for four
different nuclei) by varying the model parameters within their 1o- and 3o-ranges.

3. Finally, we compare how well different past and future LFV-experiments are able to
constrain or exclude the particular model in the four scenarios.
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The x2-Fit

After outlining the general points, we will explain the procedure in more detail using scenario
o (see Eq.(7.27)) in connection with model 1 (see Section as example.

The y?-function has already been given in Eq. and the experimental values and
errors of the neutrino observables are summarized in Table [[.4l These observables in terms
of model parameters have been given in Eq.. The minimization of the y?-function then
yields the following best-fit values for the three parameters:

a=0.0189, b= —0.691, M = 2.42-10° GeV. (7.29)

Note that the parameter b is negative to fit the normal mass ordering, see Eq.. In the
minimization we have required Mj 23 > m(H 0) and M 23 > My /2 for consistency reasons.

The 1o-(30-) values for the model parameters are obtained by inserting all values from Eq.
into the y2-function, except for the one parameter that is to be constrained, and by deter-

mining the intersections of the remaining 1-dimensional function Ax? = x? — x2. with 1(9).
+1o0,+30,

For the above parameters, this yields in the form 1o —30"

+0.0003,+0.0009

a: —0.0003,—0.0009°
b - +0.003,4-0.009
: —0.003,—0.009°
.02,40.
M:  Toatoos - 105 Gev. (7.30)

These are the ranges that we will use in the subsequent analysis. Note that in this model,
they are already quite narrow, which is a manifestation of the fact that this model holds a
lot of structure.

Predictions for Various LFV-Experiments

The most important types of LE'V-experiments are rare lepton decays, e; — e;7, as well as con-
versions of a bound muon to an electron for some nucleus N, uN — eN. In a Ma-like model,
the decisive quantities for both types of processes are [222] (ij = e; — e;7v/e;-ej-conversion):

i< M} M}
i = h* hz i 1 Ia M I 5 . 1
Oij QmQ(Hi)’; gk k|:(m —i—m]) <m2(Hi)>+ kb(mQ(Hi))] (7.31)
where

Ia(t)

1 [2t2+5t—1 t2Int 1 t+1 tint
1672 [ 120617 20t 1)4] and Ip(t) = 762 [Q(t —12 (- 1)3] (7:32)

Using these, the branching ratios for the processes are given by

|0ij|2 m DJQV
Br(e; —e;7) = ——=——————~ and B —eN)= —5—"F—
r(e; eﬂ) an r(uN eN) 25m;21 capt(N)

2
. 7.33
81 I'(e; — ejvivj) e (7:33)

In the first formula, we have neglected the final state lepton mass. The quantities Dy and
Weapt (IV), as well as a general expression for the second formula are given in [223].
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Experiment H Status Process BR-Limit /Sensitivity

MEGA Past w— ey 1.2-10~1
MEG Future n— ey 1.0-10713
BELLE Past T — [y 4.5-1078
Babar Past T — ey 1.1-1077
MECO Cancelled | pAl — eAl 2.0-10717
SINDRUM II Past uTi — eTi 6.1-10713
PRISM/PRIME || Future | pTi— eTi 5.0-1071°
SINDRUM II Past pAu — eAu 7.0-10713
SINDRUM II Past uPb — ePb 4.6-10711

Table 7.5: Limits on the branching ratios for several past and future LFV-experiments [212].
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Figure 7.1: The numerical results of our analysis for model 1.

Past and Future LFV-Experiments for Model 1

We then use the parameter ranges from Eq. to make predictions with Eq.. The
result is included in Figure Furthermore, we have put in the limits/sensitivities of several
past/future experiments, all listed in Table A further discussion of the results will be
given in the next section.

7.3 Results

We will now discuss how the general conflict between an extended scalar sector and flavor
symmetries looks in our example models. Let us first start with model 1. The numerical
results can be seen in Figure On the left panel, we present the 1o (black) and 30 (gray)
predictions of model 1 for the processes u — ey, 7 — pvy, and 7 — ey, as well as different
present and future bounds from several experiments, see Table The right panel shows
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Figure 7.2: The numerical results of our analysis for model 2.

the same for p-e conversion on the elements Al, Ti, Au, and Pb.

Model 1 is the prime example that our logic works: As explained in Section[7.2.2] there are
only 3 free parameters in the model. Still, it is able to fit the neutrino data well. Actually, the
only deviations from a perfect fit arise from the very accurate prediction of the mixing angles
(e.g., the experimental best-fit value of a3 is not exactly maximal; see Eq. and Table
7.4). The obtained parameter ranges are, however, quite narrow, as can be seen from the
example given in Section [7.2.3] This is exactly the point, where the experimental limits on
LFV-processes get really powerful: Because of the stiffness in the model parameter space, the
prediction of, e.g., the branching ratio y — e is so clear, that only a very narrow window is
left for parameter variations. Accordingly, this model is actually already excluded by the past
MEGA experiment (see Figure for all four Higgs scenarios from Eq.. We want to
stress again, that these four scenarios belong to the few regions in parameter space that are
indeed consistent with all the data and constraints mentioned in Section [7.2.3] The branching
ratios for p-e conversion are in general lower, and pass all current constraints. However, in
this sector PRISM/PRIME will provide another future bound that will be able to exclude
this model.

The remaining questions is how far we can stretch this logic for models with less and less
predictivity. As example for that case we can use model 2, which has seven free parameters
to fit the data (see Section[7.2.2)). This more than doubles the degrees of freedom in the fit.

The numerical results for this model are given in Figure First of all, it may look odd
that here, all 10 and 30 regions are somehow narrow, except for 7 — py. This is simply
because all branching ratios are essentially functions of the product |ab| (where a and b are
model parameters), while the one for 7 — py is given by the sum of three contributions, which
are proportional to |b|?, |c|?, and |d|?, respectively. This numerical example nicely shows
how more freedom blows up the regions which are predicted by a certain model. Turning
this argumentation around, a certain limit on some observable will be weaker the more free
parameters there are that influence the observable in question.

However, even this model with much less predictivity than the one before can be excluded

81

107

4 10712

110714

{107

110~ 18

4 10—20

110%



for some scenarios: Scenario § has already been excluded by the MEGA-experiment and sce-
nario v can be tested by MEG. This shows the strength of our considerations: Even for a
model that has a lot of freedom our logic still applies in suitable settings, which are here
given by the scenarios v and 6. Actually, even the scenarios a and 3 are not that far below
the future MEG-bound, and especially a hypothetical future experiment aiming at 7 — vy
might be very suitable to exclude this particular model.

In this chapter we have studied the conflict arising in models with an extended scalar sector
and discrete flavor symmetries when confronted with LFV-bounds. We have illustrated this
using two examples based on the Ma-model, one with an A4 and one with a Dy symmetry.
Since the first model exhibits a relatively rigid structure (only three free parameters), it is
already excluded for all four scenarios by existing bounds. Even though the second model has
more than twice as many free parameters, it can still be strongly constrained and two of the
scenarios can either be excluded or tested in the near future. We want to stress, however, that
our considerations are not at all restricted to Ma-like models, but should apply to a much
wider class of theories. Models with a lot of structure (meaning few parameters) may easily
be excluded by existing or future LF'V-bounds although they have no problems without the
flavor symmetry. Even models with many parameters can at least be strongly constrained, if
not excluded as well.
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Chapter 8

Radiative Transmission of Lepton
Flavor Hierarchies

In this chapter, we present a bottom-up one-loop scheme in the left-right symmetric (LR)
model (Grr x Z4) which leads to an effective Ma-model (Ggpr x Z3), discussed in the last
Chapter, after the left-right symmetry is broken. Therefore, we call this model the LR-
extension of the Ma-model. We obtain the following seesaw-like formula even though the
Dirac mass matrix vanishes to all orders in perturbation theory:

25

diag y7r—1 3 rdi
M, = 167r2Ml PEMy M, e (8.1)

where MlGl 198 is the diagonal charged lepton mass matrix Mg 9 — diag(me, my,m:) and As
is a Higgs self coupling. As a result, the flavor structure of the RH neutrino mass matrix is
completely determined. We find a stronger hierarchy in the RH neutrino sector compared
to the charged leptons. Thus the radiative corrections transmit the charged lepton mass
hierarchy into the RH neutrino sector (radiative transmission of lepton flavor hierarchies).
Furthermore the hierarchy in the RH sector is such that it can be easily obtained from a
simple U(1)y family assignment. As an application, we study the phenomenology of the
model.

We also discuss how the quark sector can be made realistic since the Z4 symmetry leads to
vanishing down quark masses at tree-level. Two ways to generate realistic down quark masses
and CKM angles are: (model 1) introduction of color triplet isospin singlet fields that give
radiative masses to down quarks or (model 2) the addition of three isospin singlet vector-like
down quarks which generate a tree-level masses for the down quarks.

This chapter is organized as follows: In Section we discuss the neutrino sector of the
model. In Section lepton flavor violation (LFV) of the model is investigated. In Section
B.3] we discuss lepton number violation (LNV) of the model. In Section [8.4] we discuss two
models of down quark masses and also their consequences to flavor changing neutral currents
(FCNCs). We note that the discussion of the Higgs sector can be found in Appendix

8.1 Neutrino Masses and Mixing

We construct a model based on the left-right symmetric group [224-226] SU(2)1, x SU(2)r X
U(1) p—r supplemented by a discrete symmetry group Z4. The quarks and leptons are assigned
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Field Qr Qr Ly, Lgr o) ¢ = 020" 02 Ap AR

Grr || (2,1,3) | (1,2,3) | (2,1,-1) | (1,2,-1) | (2,2,0) (2,2,0) (3,1,2) | (1,3,2)

Z 1 —1 1 7 1 —1 1 -1

Table 8.1: The particle content of the model.

as in the minimal LR model to left-right symmetric doublets. The symmetry breaking is
implemented also as in the minimal LR model by the Higgs fields ¢(2,2,0) and Ar(1,3,+2)®
Ar(3,1,+2).

In the leptonic sector of the model, the SU(2)r x U(1)p—_, breaking by the right-handed
triplet with B — L = 2 gives large Majorana masses to the RH neutrinos [227]. Unlike in
the usual implementation of the seesaw formula, however, in our model, the Dirac mass for
neutrinos vanishes to all orders in perturbation theory due to the Z; symmetry. The particle
content of the model is given in Table The gauge invariant Yukawa couplings of the above
Z4 supplemented LR model are

Ly = (QLgf)thR + [_/Lg?)hlLR—f—h.C.) +
+ [fab ((LR)EC_l(Z’UzAR)(LR)b + (LL)gC_l(Z'UQAL)(LL)b) + h.c.] (8.2)

where f and f are symmetric 3 X 3 matrices in flavor space.
The most general potential for the LR model has been discussed in the literature before [228].
The presence of the Z; symmetry in our model forbids terms linear in the invariant Tr(¢f¢)

in the potential, so that the minimum energy configuration corresponds to the following VEV
for the ¢ field (instead of the general one in [224-226]):

(9) = (13 8)- (8.3)

For the Ay, g fields we have:

(Ag) = (0 0>, (A) = 0. (8.4)
vp O

After the SU(2)r x U(1) p—r, breaking by the right-handed triplet with B— L = 2, the particle
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content with respect to (SU(2)r,U(1)y)z,—+ is given by

QL=<ZE> — (2,1/6)4
_ (ur) (1,2)4
o (in) = (050)
u:(“) — (2,-1/2)4

er
Ng (1,0)_
e () <<L 1>+>
AN (2,;>>
’ <¢> <<2,_;>+
5+
AL: (52_ - (3,1)+
)
st 1,2)4
Ap=|dF | — |@1)- (8.5)
59% (17O)+

The generators from Grrp X Z4 to SM x Zy are
eiTSL’YL eiTgLaRei(B*L)ﬂekﬂ' N eiTSL’YL eiﬂlyei(T3R+k)7r, (86)

where ' =28, Y = T3 + (B — L)/2 and the electrical charge is defined as Q = T3 + Y.
Note that the bi-doublet can be written in the 2 x 2 matrix form as

¢r o= 1
@0* ) 77+ 1 o
where o ~(2,—3)+and | ' | ~ (2, 3)- (under (SU(2)L,U(1)y)z,) are similar to the
n
two Higgs doublets from the Ma-model (see Section [7.2.1]).

By an appropriate choice of the basis, we can choose both h,; to be diagonal matri-
ces without loss of generality. It is easy to see that, with the above assignment, we get
the Dirac neutrino mass mp = 0 and the diagonal Yukawa coupling matrix h; is given
by hy = diag(me,my, ms)/vi. We also note that there is no type II seesaw [229-232]
contribution to the neutrino masses unlike in usual LR models due to the vanishing VEV
of Az in Eq.(8.4). Moreover, the diagonal Yukawa coupling matrix h, can be written as
hy = diag(my,me,m¢)/v1, and the down quark masses are vanished due to the Z; symme-
try.

8.1.1 A Seesaw-like Formula for Neutrino Masses

The tree-level neutrino Dirac mass vanishes. The neutrinos pick up their masses at one-loop
level from the diagram in Figure[8.1] The light neutrino mass matrix is given by the one-loop
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Figure 8.1: The diagrams responsible for neutrino masses in a Ma-like model [6]. We note that this diagram
is given in the right-handed neutrino mass basis.

formula
di di
Myij = M Nij(Ns, M) M52, (8.8)
here M328 — dj d Aj [Y is given by 24 ¢;
where M, = diag(me, m,, m;) and Ay; ['|is given by <53 times

m?(v/2Rn") 1<m2(\/§9‘3770))_ m?(v/23n") 1<m2<mnﬂ>>]
og 5 m2( og

m?(v2Rn°) — MR, Nyij V231°) — M, Nij
(8.9)
and My is the heavy neutrino mass matrix. The Higgs masses are given by E|
m2(V2R¢°) = 2003, m*(V2R1°) = m3 + (A3 + Mg + A5)0s,
m?(V231°) = m3 + (A3 + M\ — X5)v?, and m%(nF) = m3 + A0 (8.10)

Note that these couplings A; are the effective couplings which we get at the low energy when
the left-right symmetry is broken, see Section and Appendix

We assume that m?(v2Rn°) < MJQVM-, Aij(Xs, My ) ~ 2M?2V5ij log(MJZ\,,ij/mflo) [6], where

m7270 = 1(m?(V2R¢") +m?(v/23n°)). Then, the light neutrino mass matrix can be written as
25 . diag (171 di
My = oM™ (MN )J M (8.11)

where (Mgl)ij = log(MZ; ;;/m20)/ (Mn.;;)-

8.1.2 Reconstructing the Heavy Neutrino Mass Matrix

Since we have a rough idea about the form of the neutrino mass matrix in the limit of zero
CP phase and small reactor angle 613, we can use it to get an idea about the elements of
the RH neutrino mass matrix. It is interesting that all elements of this mass matrix can be
determined, up to an overall constant.

'Ayj is similar to Ay in Eq.(7.5) except for being in different basis.
2We assume a3 ~ 0 for a phenomenological reason, see Appendix
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To see analytically why this happens, let us try to reconstruct My from the tri-bimaximal
form for the PMNS-matrix given in Eq.(2.26)). Using this and Eq.(8.11), we can write down

(M §1> ~as function of A5 and of the light neutrino mass eigenvalues m1 3. It is given by
ij

472 .
3 times

2(2my +ma)/(m7) 2(mg — m1)/(memy,) 2(mg — my)/(mems)
2(mg —ma)/(memy)  (ma +2mg +3mg)/(m2)  (m1+ 2mg — 3mgz)/(mum;) |,
2(mg —m1)/(memz) (M1 +2mg —3ms)/(mums)  (mq + 2ma + 3mg)/(m?)
(8.12)
The form of (]\Zf ]\_[1) is hence roughly given by
2 O(me?)  O((memy)™!)  O((mem-) ™)
T o(mem) ) OmgY)  O(mam) |- (833)

O((memy)™1) O((mMmT)_l) O(m;1)

We can calculate My ;; by solving the equation log(M?V’ij/m??O)/MN’ij = (M&I)”
In order to demonstrate the size of the right-handed neutrinos, we assume the normal

hierarchy, m; = 1074 eV, ma = \/m? + Am3,, and mg = \/m? + |Amg1 |2, where Am2, =
7.65 x 1075 V% |Am2,| = 2.40 x 1073 eV? [47]. Assuming that A5 = 1 and m(v2Rn°) =
300 GeV leads to m,o ~ 244.39 GeV and the right-handed neutrino mass matrix reads

7632.44 4.68 x 106 1.03 x 108
(MN)NH = X 1.36 x 10° —3.64 x 10° | GeV. (8.14)
X X 5.61 x 1019

The right-handed neutrino masses can be calculated as

Mpy1 = 1.41 x 10° GeV, Mpyo =9.96 x 107 GeV, and My3 = 5.64 x 10'° GeV. (8.15)

For the inverse hierarchy, we use m; = \/mg + Am%l, mo = \/m% + Am%l, and m3 =

10~* eV. The right-handed neutrino mass matrix then reads

664.31 6.63 x 107 1.39 x 10°
(My)ir=| x  1.52x10% 3.15x 107 | GeV. (8.16)
X X 6.24 x 100

The right-handed neutrino masses can be calculated as
My = 6.48 x 105 GeV, Myo = 3.13 x 10" GeV, and My3 = 6.26 x 10'° GeV.  (8.17)

Here, we see that there is a strong hierarchy in the RH neutrino sector in a way similar
to the charged lepton sector. This is what we label as the radiative transmission of hierarchy,
from charged leptons to the RH neutrinos. Note that this mechanism, given a certain form of
My (with small mixings), naturally allows for large mixing angles in the SM lepton sector that
are not necessarily maximal. This is different from many other models, where in most cases
only zero or maximal mixing is predicted. Note, however, that there are also exceptions to this:
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E.g., the size of the mixing angle could be determined by underlying discrete symmetries [86],
or it could arise from an anarchical pattern of the neutrino mass matrix [233].

These mass matrices for RH neutrinos have a structure that can be easily obtained from
the Froggat-Nielsen (FN) mechanism [50] with a U(1)y family symmetry with H charges
(0,1,2) for the third, second, and the first generation right handed lepton doublets. The
left-right and U(1)y invariant Yukawa couplings in this case can be written as

_ ~ _ ~ _ ~ 2
Lyy = h3l3p¢Llsr+ hl,2L2,L¢L2,R% +hi1L1,poLi g (%) (8.18)
L o \ 6-(a+d)
| S fwLlpC N (i0*AR) Ly g (M) the

a,b=1,2,3

where ¢ is the SM singlet with the H charge (—1). For an appropriate choice of % (roughly

1/20 in the normal hierarchy case), we get the desired hierarchy in both the charged lepton
masses as well as in the RH neutrino sector. This hierarchy then translates into a structure
of the light neutrino mass matrix that naturally yields large mixing angles.

8.2 Lepton Flavor Violation

The main ingredients of the model that induce lepton flavor violation are the additional Higgs
triplets Az g. The most important process is pt — eTeTeT, which is already mediated at
tree-level. Further processes are e; — e;7 and the related p-e conversion, which is less strongly
constrained as long as it only consists of the diagram for u — ey attached to the nucleus.
Therefore, we will only study the y — 3e and p — ey in more detail here.

8.2.1 u— 3e

The u — 3e process is depicted in Figure [8.2 The corresponding couplings might arise
through terms in Eq.(8.2):

fan(Lr,R)YC7 (io0* AL R)(LL.R)p D fabéz’E(eL,R)?;Cil (er,R)b- (8.19)

Taking mg ~ m((SfiR) (see Eq.(C.15)) and applying the standard Feynman rules, it is easy to
work out the expression for the decay width, which is given by

My | fel?lfeel®
T'(p— 3e) ~ 57 57r3 . eumj% =2 (8.20)

The corresponding branching ratio,

o fenl*| feel®

B 3e) ~ 8.21
r(u — 3e) 2GZmi (8.21)

is known experimentally to be less than 1.0 - 107'2 [234], which leads to a bound on mgs >
2-10° GeV for Yukawa couplings of |f| ~ 0.1.
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Figure 8.2: The LFV-diagram for p — 3e.
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Figure 8.3: The LFV-diagrams for p — e.
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8.2.2 u—ey

The p — ey process does, differently from p — 3e, already occur in the Ma-model itself (see
Section . In the LR-symmetric extension, however, there are more diagrams that can
contribute, see Figure A model-independent treatment of e; — e;7 (and related processes)
is given in [222]. Let us concentrate on p — ey here, as this process is much more strongly
constrained by experiments, and let us focus on specific limiting cases. The loop-functions
resulting from the diagrams in Figure depend on the ratios of the squared mass of the
internal fermion to the squared mass of the internal scalar that are involved. Going through
all examples, these ratios are

2
N; .
ta = ZZQ Eﬁ) (upper left diagram),
2(q.
tg = mn (]ﬁ) (upper right diagram),
m?(47,)
2
N; . .
to = m( _) (upper right diagram),
m2(0)
20+
tp = M (lower diagrams), and
m2(5L )
2/, ,+
tp = m (e_l_) (lower diagrams). (8.22)
m2(5R )

As all these diagrams lead to the same final state, the corresponding amplitudes have to be
summed before squaring the total amplitude.

From the known masses of the charged leptons and from the bounds on the light neutrino
mass scale, as well as the bounds on the scale of the heavy neutrinos and scalars involved, we
can easily conclude that tp p g ~ 0 and only t4 and tc are sizable. Using [222], it is easy to
see that the current limit of 1.2- 10! [235] on the branching ratio for u — evy translates into

ler|? + lerl® < 3-1071/GeV, (8.23)

where (taking ms to simply denote the mass scale of all the §’s and similar for my and m,,)

1 _ 3 -
€, = mig . |:1 +6- <_C(t) + 2d(t)> |t:m?v/m§:| ) and
3 10 [ _. 3.
= gzt (‘C“) ! 2d“)) ety o (&2

The exact definitions of ¢ and d can be found in [222]. Depending on the sizes of the different
mass scales one can have several limiting cases that lead to different bounds:

e light Ma-scale (less realistic, N too light): m, < my < ms
This yields €, ~ ﬁ <K €ER ~ ﬁ and hence a limit of m,, x 2 300 GeV.
5 mn

e intermediate N-scale (realistic): m, < my < m;
This yields €7, =~ ﬁ <L €ep~ and hence a limit of my 2 550 GeV.
5

2
3m3y,

e N at the LR-scale (realistic): m, < my = ms
19

This yields €, ~ ﬁ ~ ER ~ 6m? and hence a limit of ms ny 2 800 GeV.
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e heavy N-scale (unrealistic, N too heavy): m, < ms < my

This yields e, ~ # ~ €R ~ ﬁ and hence a limit of mgs 2 600 GeV.
[ 5

We note that since the Higgs triplets do not appear in the pure Ma-model, the chance to detect

these particles lead to a way to discriminate the pure Ma-model from the LR-extension of the
Ma-model.

8.3 Lepton Number Violation

There are also lepton number violating processes that can be mediated via the Higgs triplets.

8.3.1 Neutrino-less Double Beta Decay

The first possibility one might think of when talking about LNV is neutrino-less double beta
decay. The doubly charged components of the scalar triplets could indeed contribute to
this process. An expression for the effective neutrino mass in case of the triplet-mediated
mechanism is given by [236],

'1}2

|mee| = Nfeeigv (825)
ms

where p is the effective coupling of the triplet to two W-bosons and ms is the mass of the
doubly charged triplet component. The only origin of a coupling i1 can come from the Higgs
potential itself, and the only terms that could potentially do this job are the ones proportional
to a3 and (37 in Eq. and Eq., which do, however, not yield any term of the form
vrotdT AL (as (Ar) = 0), and hence 1 = 0 in our case. Neutrino-less double beta decay
will not be ’changed by our model.

8.3.2 u-Decay

Another LNV-contribution is from pu-decay. Actually, one would assume this decay to be
lepton number conserving. However, by taking a look at the couplings of the Higgs triplets
in Eq.(8.2)), one can see that the corresponding decay (see Figure is actually given by

P —Uue v . (8.26)
The decay rate of this process reads

5
e Ul
T 28.3x3 mg ’

I'(p~ —vue ve) (8.27)

where explicit expressions for the mass scale ms = ms(d; ) can be found in Eq.. Com-
paring this to the rate for ordinary p-decay yields a correction to the Fermi constant, which
amounts to

| fups* | fee |

4dms

Experimentally, the Fermi constant is determined to be [46]
G2 =1.16637(1) - 107> GeV 2, (8.29)

which leads to an uncertainty of §(Gr) = |G — Gr| = 10710 GeV~2. Taking the Yukawa
couplings to be both around 0.1, this yields a lower bound on the triplet mass of mgs =
400 GeV.
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Figure 8.4: The LNV-diagram for u-decay.

8.3.3 N-Decay

Decays of heavy neutrinos N are among the most interesting processes in the Ma-model in
what concerns phenomenology [213]. When considering the LR-extension of the model, it
might be that there are additional decay modes, driven by the Yukawa couplings of the Higgs
triplets in Eq.. We can treat them by simply integrating out the heavy triplets, as the
dominant decay modes are tree-level processes, and although the triplet contributions are also
not loop-suppressed, they are small because of the large triplet masses. Integrating out the
triplets yields the following effective operator:

1

= g

Nifi (1 —5)eq) (€fi(1+5)Np) - (8.30)

The corresponding decay would look like
Ni — Nje,:“el_, (831)

with m(N;) > m(N;), which would only yield another heavy neutrino, which is barely de-
tectable. On the other hand, the charged lepton pair (that does not necessarily have to have
the same flavor!) plus missing energy might be an interesting collider signature. Other decays
like N; — noyj or N; — niej are sufficiently treated in [213] and are, of course, also present
in the LR-extension of the Ma-model.

8.3.4 Leptogenesis

According to Ma, the normal leptogenesis is possible in the pure Ma-model [237,238]. In order
to see whether the leptogenesis is possible or not in the LR-extension of the Ma-model, we
calculate the CP-violation and the baryon asymmetry using the fitting parameters in Section
We assume the neutrino mixing matrix is nearly tri-bimaximal, but 613 and the C'P
phase ¢ are not fixed.

The CP-asymmetry from the decay of the lightest right-handed neutrino can be calculated
by [239]

 3Mpy 3 Im[(hin)3) 1

167 5 (h;hl)ll My’

eny = (8.32)

92



Field wr, WR
GLR (Lla_%) (171a_%)
Zy 1 -1

Table 8.2: The particle content of model 1. Note that wr, g are triplets under SU(3).

where the Yukawa coupling between the left-handed lepton and the right-handed neutrino in
the right-handed neutrino basis is &y = (M /v;)Ug, and Ug is the unitary matrix which
diagonalizes My. Inserting the fitting parameters, we obtain |y, | = 2.99 x 1072 for normal
hierarchy and |ey,| = 3.38 x 107! for inverse hierarchy. The baryon asymmetry relative to
the entropy density can be written as

ny
YAp ==~ Tl sphalXN1|6N1|a (833)

where n% is of order 4 x 1073, Cophal = % and the efficiency factor 0 < n < 1. We see
that the CP-violation we get is too small to explain the observed baryon asymmetry of the
Universe (Y = (8.75 & 0.23) x 10711) [239].

Note that in the pure Ma-model, the Yukawa couplings h; are not fixed, so we can vary
them to increase the C'P-violation. This is, however, not possible in our case because the
Yukawa coupling h; is already determined by the masses of the charged leptons due to left-
right symmetry.

8.4 Masses for The d Quarks and Their Consequences

8.4.1 Model 1
Masses for The d Quarks

The problem is that the term th€¢Q r from Eq.(8.2) does not lead to a down-quark mass
term due to Eq.(8.3). This can be cured by introducing the scalar color triplets wy, g and
using part of the Zy soft breaking term. The quantum numbers of the scalar color triplets are
given in Table The Yukawa couplings between the scalar color triplets and the quarks
read

Ly = fu(Qp)TC™ Y (i0®)(Qr)owr + (Qr)LCT (i0®)(QR)pwr) + h.c. , (8.34)

where io? acts on SU(2)r, g space.
After the LR symmetry is broken, the quantum numbers of the scalar color triples with
respect to (SU(2)r,U(1)y)z, read

w, — (1,-1/3)4
wp — (1,-1/3)_. (8.35)

Another important ingredient of the model is the Z5 soft breaking mass terms of the scalar
color triplets,
Veott = (5m3) [wrwr, + Wrwr] + 5mfj,m[wLwR + Wrwr]. (8.36)

93



Both these contributions are necessary for two reasons: First, it would be highly unnatural to
forbid only one of them and second, both contributions are necessary lead to non-degenerate
w mass eigenstates (whose mass squares are proportional to dm?2 =+ (5m3,7m), which is required
for a non-zero d-quark mass.

The mass eigenstates wi o are given by

wi) L 1 1 wr,
G e

Note that the the minus sign is crucial for the cancellation of the divergent parts of the
diagrams between w; and wy. The way how the w’s can generate a mass for the d-like
quarks is shown in Figure By the structure of the diagram (namely by the complex
conjugations), this cancellation does not appear between real and imaginary part, as, e.g.,
for the light neutrino mass. Note that, at both vertices, the Yukawa coupling is just given by
the symmetric matrix f from Eq.. We note that there is no factor of three to be added,
since the w’s form a color triplet as well as the quarks themselves. The result for the d-quark
mass matrix is given by

1 . -
(Ma)ij = Wfikf;‘kk(mu)k

(mu)i log(mu)i - (mu)i + le - M(?Jl log (Mu211)

— (w2) ],

(8.38)
with (my)1,23 = Myct. We would actually get a factor of two as we add the diagrams for
real and imaginary parts, but this factor is exactly canceled by the mixing angle contribution

2
(%) from Eq.(8.37), as it should (it does not matter if we imagine one complex scalar

or two real ones propagating). Since the w’s are colored, one can derive a mass of M, =
O(TeV) > my ¢t from hadronic FCNC limits (B- and K-mixing, see Section [8.4.3]). Using

this, one can simplify Eq.(8.38)) to

M? > AM,
@i~ y (8.39)
M32

L - %

If strictly ML%I = M32, then Mg will be zero since L = 0, so there must be a difference in the
masses of the real and imaginary parts (this statement is trivial, since for both masses being
identical we would need (5mi7m = 0, in which case the above diagram does not exist). If there
is such a difference, the log-term in Eq. will be of O(0.1 — 1), or so. Note that the loop
suppression factor 1/167% renders it natural for the down quarks to be lighter than those of
the the up quarks.

The d quark mass matrix can be written as
L - .
My=——=fD,f" A4

where D,, = diag(my,, me, my).
Using the down quark masses and CKM matrix given in Eq., the symmetric Yukawa
coupling f can be calculated as
1.4558 0.0613 0.0005 9
f= X 0.2809 0.0063 7 (8.41)
X X 0.1564

where we neglect the C'P phase in Vo and L is taken from Eq.(8.39)).
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Figure 8.5: The diagram giving mass to the down quarks due to soft Zs-breaking.

The Resulting Correction for The Neutrino Mass

The diagram leading to the masses of the down quarks can actually translate into a Zs-
breaking correction to the neutrino mass depicted on the left panel of Figure This
correction could be potentially dangerous, if it was larger than the 1-loop correction to a zero
neutrino mass at tree-level coming from the Ma-model itself [6].

When calculating this diagram, one can take the effective version drawn on the right panel
of Figure where simply a massive d-like quark propagates leading to an effective VEV of
the nV. Note that this diagram can actually exist, no matter if we exchange the scalar or the
pseudo-scalar part of 1%, leading to a complex VEV. The correction to the self-energy of the
neutrinos looks like

, —i i —i d*k i(f 4 my)

0 = 2 s 3 (0 Yl [ s

q=d,s,b

—(S(no)—part), (8.42)

where the factor 2 in front originates from the different structure of the Majorana mass term
compared to a Dirac mass term, 3 is the color factor that has to be included, and (—1) comes
from the fermion loop. The integral over the loop momentum can be calculated easily by
performing a Wick-rotation and introducing a cutoff A. As the Zs-breaking is assumed to be
soft, the quadratically divergent part will not contribute to the physical correction, and what
remains amounts to (taking only into account the dominant b-quark contribution)

ooy 3()ij(hg)zzmy . A 1 B 1
[%i;(0)] = 513 1g(1+m§> <m2(ﬂ%(170)) gy 2%(770))). (8.43)

Assuming a cutoff of A ~ M, ~ 10 GeV, Yukawa couplings of 0(0.1), a Higgs mass scale of
my, ~ 100 GeV, and no fine-tuning between the mass of the real and imaginary part, which
is more or less an upper limit on this correction, the resulting contribution to the neutrino
mass is roughly O(10~"eV), and hence completely negligible.

8.4.2 Model 2
Masses for The d Quarks

There is another possibility to obtain the down quark masses without introducing the Zs
soft breaking terms as in model 1. We extend the model by adding the three heavy quarks
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Figure 8.6: The translation of Figure into a correction for the neutrino mass, in its fundamental (left) and
effective (right) version.
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+ +
. u u
Field || Qo= "| | Qr=| " dr Dy XL = Xé XR = Xé%
dL DR XL XR
GLRr (2,1,1) (1,2,1) (1,1,-2) | (1,1,-3) (2,1,1) (1,2,1)
7, 1 —i 1 —i 1 1

Table 8.3: The particle content of model 2.

(denoted by Dy, r) and two Higgs doublets under the SU(2), r group with B—L = 1 (denoted
by xr,r). The heavy down quark Dp is the second component of the SU(2)r quark doublet
Qr where the down quark dp is considered as SU(2)y, g singlet. Under the Z; symmetry, the
Xr,r and dg are invariant, whereas Dy, — —iDr. The particle content of this model is given
in Table [R.3l

It is easy to write down a potential for xr, g with asymmetric mass terms for them so that
they have non-equal VEVs. Since the discrete symmetry does not permit the term XTL@(R
term in the potential, the additional fields do not destabilize the ¢ VEV pattern assumed in
the bulk of the paper.

The Yukawa interaction that is invariant under Z, and gauge symmetry is given by

L = fp(Qrxrdr + QrxrDL) + h.c.

After spontaneous symmetry breaking the down quarks have masses proportional to the VEV
of xz. And the heavy down quarks are also obtained masses proportional to the VEV of ygr
which is supposed to be at the LR-breaking scale. The mass of D is in the 10 to 100 TeV
range. We emphasize that there is no direct mass term between Dy and Dgr. We also note
that after the LR symmetry is broken, the Z4 symmetry is broken down to Z symmetry in
the lepton sector (see Eq.(8.5) and Eq.(8.6)) and the Z) symmetry in the quark sector where
the additional Higgs doublets transform as

+
XL:<XS> - (2,1/2)1
X

L

. XE - (1’1)+i
X (X%) ((170)—i> .

Using the down quark masses and CKM matrix given in Eq.(2.6)), the Yukawa coupling readsE]

(8.44)

(8.45)

0.89 24.7 14.1 .
o= x 1065 169.9 ot (8.46)
X X 4192.9

where vy, is the VEV of xr and the C'P phase in Vog s is neglected.

New Heavy Hadrons

Note that the existence of the heavy D quarks in model 2 leads to new heavy hadrons. It is
easy to see from Eq.(8.44]) that the mass terms for the heavy D quarks are (after LR breaking)

3Here, we assume that the Yukawa coupling is symmetric.
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Figure 8.7: The diagrams for K-, B4-, and Bs-mixing.

given by B
Lheavy = DrwrfpDr + h.c. (8.47)

If wg is assumed to be at the LR breaking scale, O(10°GeV), and fp ~ 0.1, then the mass
scale of the heavy new quarks (and hence of the heavy new hadrons) will be O(10*GeV), as
there is a binding force stronger than strong interactions themselves.

The particle spectrum will consist of all physical combinations that can appear. As all
quarks in the model are triplets under SU(3), we can form any of the usual mesons and baryons
by replacing down quarks by their heavy counterparts, as long as the resulting particle has
an integer electric charge. Completely neutral possibilities are, e.g., D .rRDr r (heavy pions
or p mesons) or urDrDp (heavy neutrons and hyperons). Note that some of those particles
might not only carry electric charge, but might also be non-singlets under Z4. Detecting these
states would be a clear signal of model 2 that is well in the range of LHC.

8.4.3 Hadronic FCNCs
Model 1

The colored scalars wy, g will, of course, in general transmit flavor-changing processes in the
hadron sector. As example for this (and because they are well investigated experimentally),
we consider oscillations of K- and By ,-mesons. The diagrams arising from wy, g-exchange are
drawn in Figure

Let us start by considering K° — K oscillations. Assuming M,,, ~ M,,, and dominance
of the top mass, the transition amplitude can be read off from the diagrams as

. d*k i(k +my) i(k 4+ my) i 2
_ 20 ¢/ |2 - _
iMig = 8|fisl*| fas] /27r4 [v(s)PL K —m? PLu(d)HU(S)PRik/Q - Pro(d)] 7432—7]\43
= 8|f13?| f2s I (me, mo) Qg (8.48)
m? . om? _ _
where f]; = V2fi5, I(mg,my,) = g%’i(kQ_m%)Q(tkg_ME)Q ~ i g2z, and Qr = [0(s)Pru(d)][u(s)Prv(d)].
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The factor 8 is the total number of the contributing diagramsﬁ

From Eq.(8.37)), one can see easily that wy, r can be decomposed in terms of mass eigen-
states as

1
wr = ﬁ(wl—m),
1
Wr = ﬁ(wﬁrﬁ%)- (8.49)
The transition amplitude reads
2mg 2 2
My = WgMélflsl | f23]" Q- (8.50)

The mass difference of KK is given by [240]

2
4ms

Amg = 2Re[(K°|HA9=2K0)] = 3 | f13)%] fas|* Re[(Qx )], (8.51)
where H25=2 = My and
(Qr) = (K°[[o(s) Pru(d)][u(s) Pro(d)]| K°) = (K°|[5Prd][sPrd]| K°). (8.52)
The matrix element (Q ) can be written as [240]
1 m 2
(@) = Q") = 1 (oo ) ™ FRBE" () (8.53)

Using Fx = 155.74 MeV P| my = 498 MeV [46], and [BEE(u = 2GeV)| g1 = 1.03 [240F] we
obtain (Qx) = 0.064GeV?. The mass of the scalar triplet is constrained by

1672

L]

4m?
M, > Q/M|f13|2]f23|2<QK> = 38.3754 x GeV, (8.54)

where we have used Amy = 3.483 x 10712 MeV [46].

In the same way, we can also calculate the By — By and the B, — B, oscillations. The
transition amplitudes are given by
iMp, = 8‘f{3‘2’fé3|21(mt7mw)Qde
iMp, 81 f3s?| f33I* 1 (me, me) Q. (8.55)

with .
L - mp,
(@B,) = (Bgl[qPLbqPrd||By) = —

4 (mb(wrwmeqFéqBZ(u), (8.56)

4Two from the rotated part and four from all possible combinations of W o
°Fi = 1.198 x Fr = 1.198 x 130 MeV.
SLRI stands for Landau RI scheme.
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Figure 8.8: The diagrams for K-, B4-, and Bs-mixing.

where we have made use of the formulae from Ref. [241].

The decay constants have been calculated using lattice QCD: fp, = 216 MeV, fp, =
1.20fp, [242,243] and the non-perturbative B-factors are B = 1.16 and Bj = 1.17 [244].
The mass difference Amp, is given by [240]

—o, = 4m?
Armp, = 2B HAP=2 B, = <t faf? ol (@1, (5.57)

where i = 1 for By and i = 2 for Bs.
The experimental values are [46]

Amp, = 3.337x 107" MeV,

Amp, = 117 x107 MeV,
mp, = 5279.50 MeV,
mp, = 5366.3 MeV, (8.58)

so the constraints on the w masses arising from By and B mixings are given by

2

16
(M), > 70.4 x ﬁ GeV,

167

L]

2
(M) B, > 356.6 x

GeV, (8.59)

whose second line yields the strongest constraint. Assuming a typical value of |L| ~ 0.1, one
can derive a lower limit of M, > 6105 GeV.

Model 2

In this model, we have new contributions to K" — K° oscillations from X% exchange at tree-

level which dominate over other loop diagram Note that X% = %(XOLT—H'X({"). The diagrams
Il

arising from XOL—exchange are drawn in Figure

"We also have another contribution from X%’ 1, exchange at loop-level, but we do not consider it here as it is
small compared to the tree-level contribution. Apart from the K° — K° oscillations, we can also have D° — D°
oscillations due to the exchange of the charged Higgses X;, , in the loop.
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The transition amplitude can be read off from the diagrams as

2
ID12

Mg = 4
MK \/é

006) Pre(d)] a(s) P ()] (,HW)

1
~ —2|fpaal? <M2 ) @k, (8.60)
X

where Qi = [0(s)Pgru(d)][u(s)Prv(d)] and at low energy we assume that Mio >> k2. The

L

factor 4 is the total number of the contributing diagramsﬂ

The transition amplitude reads

1
My = —2|fpzl? <M2 ) Qk- (8.61)
0
XL
The mass difference of K;—Kg is given by [240]
Amy = 2Re[<K0]HAS:2]f(O>] — _4|fD’12|2 <M2 ) Re[(Qk)], (8.62)
Xi,

where H25=2 = My and

(Qrx) = (K°|[v(s) Pru(d)][u(s) Pro(d)]| K°) = (K°|[5Prd][sPrd]| K°) = ((5.dR)(5LdR))-

(8.63)
The matrix element (Q ) can be written as [240]
5 2
(@) = @00 = =55 (G ) R G0

Using Fx = 155.74 MeV, my = 498 MeV [46], and [BY™F(u = 2GeV)|rr = 0.66 [240], we
obtain (Qx) = GeV®. The mass of x{ is constrained by

1
Mo > 1.55 x 10— GeV?, (8.65)
L wi,
where we have used Amy = 3.483 x 10712 MeV [46].

In the same way, we can also calculate the B;— By and the B, — B, oscillations. The transition
amplitudes are given by

iMp, ~ —2’fD,132< v )Qde

iMp, =~ —2!fD,232< ' )QBS, (8.66)

8Two from the rotated part and two from the interchange of real and imaginary part of x7.
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With QBd = (ELdR)(l_)LdR) and QBS = (I_)LSR)(Z_)LSR).
The matrix elements of the operators (), and (), are given byﬂ

(@i, = (Bl BPrgbPral| By = (" Vo B3 BYw), (867

24 <mb(ﬂ) + mg (1)

where we have made use of the formulae from Ref. [241].

The decay constants have been calculated using lattice QCD: fp, = 216 MeV, fp, =
1.20f5, [242,243] and the non-perturbative B-factors are B = 0.82 and B = 0.83 [244].
The mass difference Amp, is given by [240]

=25 1
Amp, = 2(By|H}P=2|B,)| = —4| fp,i3/? <M2 ) (@By)- (8.68)
X4,

where ¢ = 1 for B, and i = 2 for Bs.
The experimental values are [46]

Amp, = 3.337x 1071 MeV,

Amp, = 1.17x1071% MeV,

mp, = 5279.50 MeV,

mp, = 5366.3 MeV, (8.69)

so the constraints from By and B, mixings are given by

1
7 2
(Mx%)Bd > 2.8 x10 WL GeV~,

1
(Myg)p, > 6.1x10°— GeV?, (8.70)

wr

whose second line yields the best constraint. Assuming the VEV of X9 as, wy &~ 100 GeV,
one can derive a lower limit of MQL > O(10 GeV).

In this chapter, we have constructed an LR symmetric model for the radiative neutrino
masses. The neutrinos obtain their mass at one-loop level. Assuming that the charged lep-
ton mass matrix is diagonal, the hierarchy structure in the charged lepton mass matrix is
transfered to the right-handed neutrino mass matrix. We called this observation: Radiative
Transmission of Lepton Flavor Hierarchy. We have also discussed the phenomenological as-
pects of the model such as lepton flavor violation and lepton number violation. Moreover, in
order to make a realistic model that includes non-zero down quark masses, we have extended
the model in two ways: (model 1) introduction of color triplet isospin singlet fields that give
radiative masses to down quarks or (model 2) the addition of three isospin singlet vector-like
down quarks, which generate a tree-level mass for the down quarks. These two models lead
to an interesting phenomenology which might show up at the LHC. In model 1, the hierar-
chy between up quark and down quark masses is explained, and the scalar color triplets can
contribute to the new heavy bound states such as wQQ, ww, www, etc. The generic feature of

9Their structure is the same as the Q2 given in [241].
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model 1 is that the masses of the scalar color triplets are not determined by the symmetry
breaking scale (normally, the mass of particle is corresponding to the symmetry breaking
scale) and seem to be the free parameters which have to be constrained by experiments. In
model 2, the additional particle content (dr and Dy ) does not lead to a new anomaly. How-
ever, it leads to a new source of the FCNCs, which can be used for constraining the parameter
space of this model.
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Chapter 9

Conclusions

In this thesis, we have discussed two important problems of the Standard Model of Particle
Physics, which are the flavor problem and the reason for the smallness of neutrino masses.

After discussing some aspects of model building in Chapter 2] we have presented two flavor
models based on non-abelian discrete flavor symmetries. The first model was constructed
based on D4 flavor symmetry, which predicts the yu— 7 symmetry in the neutrino mass matrix
leading to maximal atmospheric mixing 93 = 7/4 and vanishing ;3. The second model
was based on Dy flavor symmetry, which leads the golden ratio prediction for solar neutrino
mixing, i.e. cos(f12) = ¢/2, with the golden ratio ¢ = ¢?—1 = 3 (1++/5), and also vanishing
013. In order for the flavor symmetries to give these predictions for the neutrino mixing, they
have to be broken by flavons with a certain VEV structure, which arise as the result of the
minimization of a scalar potential. We have also investigated the flavon superpotential of these
models, and showed that these VEV structures are obtained. Furthermore, we have observed
the connection between the mismatch of subgroups and the neutrino mixing prediction, i.e.,
a neutrino mixing pattern is a result of the breaking of the flavor symmetry down to different
preserved subgroups in charged lepton and neutrino sectors.

As the SM is constructed based on two important symmetries, i.e., gauge symmetry and
space-time symmetry, therefore, it might be an interesting task to embed the non-abelian
discrete flavor symmetry into one of these symmetries. In Chapter 4l we have discussed the
case where a non-abelian discrete flavor symmetry might arise as a subgroup of a continuous
symmetry, i.e., SU(2) or SU(3). We have considered all possible cases, where the continuous
symmetry is broken by the small representations of the flavons, which can couple directly to
the three generations of fermions at leading order. As a result of this, the only non-abelian
discrete group which can arise as a residual symmetry is the quaternion group D), which
cannot be used for predicting very specific mixing patterns, such as tri-bimaximal mixing.
In Chapter 5], we have investigated the possible origin of non-abelian discrete flavor symmetries
from an orbifold compactification. We have discussed all possible 2-dimensional orbifolds,
which are T2/Zy,T?/Z3,T%/Z,, and T?/Zs. We have found out that all non-abelian discrete
flavor symmetries that can arise from these orbifolds are A4, Sy, D4, D3, and Dg, which have
been widely used for flavor model building. We note that the first two, A4 and S4 have already
been discussed in [28]. Moreover, we have shown that all representations of these groups can
be realized as their localization on the orbifold fixed points. In Chapter [6] we have pursued
the idea of an orbifold compactification further. We have discussed that not only the non-
abelian discrete flavor symmetries can arise from the orbifold compactification, but they can
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be broken by the orbifolding as well. Moreover, if we combine this model with an orbifold
GUT, the GUT group can also be broken by the orbifold. We called this idea: the flavored
orbifold GUT. We have demonstrate this idea by constructing the model based on SUSY
SO(10) x Sy in 6-dimensions. SO(10) is broken to Ggpp = SU(3) x SU(2) x U(1l)y x U(1)x
by a certain choice of the orbifold parities, where the additional U(1)x was broken further
by the left-handed conjugate Majorana neutrino mass term. We have shown that in the same
way non-abelian discrete flavor symmetries can be broken by the orbifold. By choices of the
orbifold parities, the VEV alignment of flavons can be determined without dealing with a
complicated flavon potential. We have discussed all possible VEV alignments of the two- and
three-dimensional representations of Sy, which have been listed in Table Eventually, we
have shown that this model leads to the smallness of neutrino masses by the type-II seesaw
mechanism and predicts the tri-bimaximal mixing. We also note that the model can fit the
quark sector and charged lepton masses.

In Chapter [7], we have performed a study on a model with an extended scalar sector and
a flavor symmetry. The extended scalar sector model leads to lepton flavor violation (LFV),
which results in the constraints on the parameter space of Physics Beyond Standard Model.
However, when we impose a flavor symmetry to generate a certain structure of the mass
matrices leading to the prediction of the neutrino mixing, the extended scalar model might
be ruled out by the LFV constraint. We have illustrated this using two examples based on
the Ma-model, one with an A4 and one with a D4 symmetry. For the Higgs sector of the
models, we have used the four different benchmark scenarios that all fulfill the consistency
conditions, as well as the experimental bounds from direct searches and from the measurement
of the correction to the p-parameter (at 30). Since the first model exhibits a relatively rigid
structure (only three free parameters), it is already excluded for all four scenarios by existing
bounds. Even though the second model has more than twice as many free parameters, it can
still be strongly constrained and two of the scenarios can either be excluded or tested in the
near future. We want to stress that our considerations are not at all restricted to Ma-like
models, but should apply to a much wider class of theories. Models with a lot of structure
(meaning few parameters) may easily be excluded by existing or future LFV-bounds although
they have no problems without the flavor symmetry. Even models with many parameters can
at least be strongly constrained, if not excluded as well.

In Chapter [§], we have proposed a one-loop neutrino mass model in the left-right symmetric
framework. The model leads to the effective Ma-model after the LR symmetry is broken. As-
suming that the charged lepton mass matrix is diagonal, the hierarchy structure in the charged
lepton mass matrix is transfered to the right-handed neutrino mass matrix. We called this
observation: Radiative Transmission of Lepton Flavor Hierarchy. We have also discussed the
phenomenological aspects of the model such as lepton flavor violation and lepton number
violation. In the lepton sector, we have found out that the strongest constraint of the scale
of the LR symmetry breaking stems from the lepton flavor violating process, u* — eteTeT,
mediated by the Higgs triplets. Assuming the couplings between charged leptons and the
Higgs triplets are of order O(0.1), it leads to a constraint on the masses of the Higgs triplets
as ms > 2-10° GeV, which can be considered as the LR symmetry breaking scale. We have
also discussed leptogenesis in our model and found out that it does not work in our model
because of the constraint on the Dirac Yukawa coupling. In the quark sector, the up quark
masses are obtained at leading order, however, the down quark masses are forbidden due to
a Z,4 symmetry. Therefore, we have extended the model in two ways: (model 1) introduction
of color triplet isospin singlet fields that give radiative masses to down quarks or (model 2)

106



the addition of three isospin singlet vector-like down quarks, which generate a tree-level mass
for the down quarks. These two models lead to an interesting phenomenology which might
show up at the LHC. In model 1, the down quark masses are obtained at one-loop, therefore,
the hierarchy between up quark and down quark masses is explained. Moreover, the scalar
color triplets can contribute to the new heavy bound states such as wQQ, bw, www, etc. We
have also studied flavor changing neutral current processes such as K° — K°, B; — By and
B, — Bj oscillations induced by the exchange of the scalar color triplets. Assuming a typical
value of |L| ~ \AM—]VU{“\ ~ 0.1, we obtained a lower limit on the mass of the scalar color triplet
as M, > 6-10% GeV. In model 2, we have introduced two additional Higgs doublets, XL,R>
which obtain VEVs and give masses to the light (d) and heavy (D) down quarks respectively.
The additional Higgs xr, leads to the flavor changing neutral current processes at tree-level.
Considering these processes, we have obtained a constraint for the mass of the Higgs x, as
MQL > O(10° GeV). Moreover, we also have new heavy hadrons due to the existence of
the heavy (D) quarks in this model, which might be detected at the LHC. Combining the
constraint from the lepton sector and the quark sector, the LR symmetry breaking scale in
model 2 is of order O(10° GeV).

In summary, two important problems of the SM have been investigated. The first problem
has been discussed in the context of non-abelian discrete flavor symmetries and their origins.
We have shown that a promising origin of non-abelian discrete flavor symmetries is the orbifold
compactification. Moreover, we have shown that the idea of a flavored orbifold GUT is
a simple and promising possibility to obtain the required fermion mass structures. Since
orbifolds often appear in heterotic string theory model building, it might be an interesting task
to embed the flavored orbifold GUT into the string context. The second problem is concerning
the reason for the smallness of neutrino masses. We have proposed a one-loop neutrino mass
model in the LR symmetric framework, which leads to an interesting observation, which we
called: Radiative Transmission of Lepton Flavor Hierarchy. The result of this observation
stems from the fact that the Dirac Yukawa coupling of neutrinos are embedded into a bigger
gauge group, in this case LR symmetry. Therefore, it might be an outlook of this study to
consider other classes of models, in which this observation might show up. Moreover, the

model has provided a dark matter candidate, and many interesting phenomenological aspects
at the LHC.
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Appendix A

Group Theory

A.1 Group Theory of Dihedral Groups D,,

In this section, we briefly discuss the group theory of dihedral groups, D,,. For more detail
discussion, we refer to [184,195,196]. The dihedral group is the group of regular two-sided
polygon with n corner and n edges. If the index n is even, the group D, has four one-
dimensional representations denoted by 1; 53, and § — 1 two-dimensional representations
denoted by 2;, where j = 1,..., 5 — 1. If the index n is odd, the group D), has only two one-

dimensional representations denoted by 1, 5 and "7_1 two-dimensional representations denoted
n—1

by 2;, where j = 1,...,"5=. The 1, is always the trivial one. The order of the D,, group

is 2n. The D, group is generated by two generators, A and B, where the one-dimensional
representations transform as:

e1:A=1B=1
el, A=1,B=-1
el A=-1B=1
el A=-1B=-1.

The generators of the two-dimensional representations are given by [183]

(228)j
e\ n 0 0 1
A= ( 0 e—@ﬁ) , and B = (1 0) ’ (A1)

where j is the index of a two dimensional representation 2;.
The generator relations are given by

A"=1, B*=1, and ABA = A. (A.2)

A.2 Group Theory of D

The group Djg is a group which describes the symmetry of a ten-sided polygon. It has two
generators, A and B, which fulfill the relations

AV =pB?=1 and ABA=B. (A.3)
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X
1;
19 |10 17 14 13
=3
1y

X 21 22 23 24

21 |11 +19+ 29 271 +23 29 +24 13 +14 + 23
29 27 +23 11 +10+24 13+14+2q 29 +24
23 29 +24 13+14+27 17 +19+24 21 + 23
24 | 13 +14 +23 29 +24 27 +23 11 +19+29

172 % 2j = Zj ; 13 4 % Zj 225_j

Table A.1: Multiplication rules for the dihedral group Dip, which has four two-dimensional and four 1-
dimensional irreducible representations.

The multiplication rules for the Kronecker products are given in Table For s; ~ 1; and
(al, ag)T ~ 23 we find

(51”1)~2j, ( = >~2j, (83@2)~25.j, and ( o >~25-j‘
51G2 —S52a2 S3a1 —S4a1

The Clebsch-Gordan coefficients for the product of (a1, az)” with (b1,b2)”, both in ~ 2;, read

aibs + agby ~ 17, ajbs —agby ~1g,

aib ~2 or azby ~ 2
asbo J a1b J

depending on whether i = 1,2 or i = 3,4. For the two doublets (a1, az)’ ~ 2; and (b, bo)T ~
2: we find fori+j#5

J
aiby .. azby .
~ 2 k=1i—j) or ~ 2 k=j-1i),
( aobs ) 2; j) ( oib ) 2, (k=j—1i)

(‘“bl>~21 l=i+j) or <a2b2>~21 1=10—- (i+j).

asbs aiby
If i + j = 5 holds the covariants read

aiby +agby ~ 13, aiby —agzbe ~ 1y,

b b
aby ~2 o asby ~ 2.
asby a1bs

Again, the first case is relevant for k =i — j, while the second one is valid for k = j —i.
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A.3 Group Theory of Ay

In this section, we use the Ay basis given in [104]. The group Ay is a group which describes
even permutations of four objects. It has two generators, S and 7', that fulfill the relations

S*=(ST)* =T° =1.

(A.1)

The group has four inequivalent irreducible representations, 1,1’,1”, and 3, which transform

under the generators, .S and T as follows:
1: S=1, T=1,
1 S=1, T =uw?
17 S=1, T=uw,

1 0 0 ) -1
3: T=|0 w* 0], S= 3
0 0 w
where w = ¢2™/3 (which implies w?* = w).
The product rules for the singlets are the following:
1'x1'=1", 1'x1"=1, 1"x1"=1", 1x1=1,

Consider now two triplets:

a=(a1,az,a3)’, b= (by,ba,b3)".

The product of these two triplets can be decomposed as

3x3=1+1+1"+3,+3,,

where
1 = ((lb) = a1b1 + aob3 + asbs,
1" = (ab)’ = asbs + a1by + agby,
1" = (ab)" = asby + a1bs + asby,
and
1
3, = (ab)s = 5(2a1b1 — agbs — agby, 2azbs — a1by — agby, 2asby — arbs — asby)’,
1
8, = (b= §(a2b3 — agba, arby — asby, arbs — azby)”.
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n|h|xi| x| x| x3| x| Example
Ch|1]|1]1 1 2 |3 3 1
C 3|21 1 2 | -1 -1 S2
C3 8|31 1 |-110 0 T
Cyh| 621 |-1|07]1]-1 ST?
Cs| 641 |-1]0]|-1]1 S

Table A.2: Character table of Ss. C; are the conjugacy classes, n the number of
elements in each class, h the smallest value for which x* = 1. In the last column we
have reported an example of the elements for each class.

A.4 Group Theory of Sy

In this section, we use the Sy basis given in [204]. The character table of the group Sy is

given in Table
The generators, S and T, obey to the following rules

St =13 =(8T%%*=1 (A.9)
and can be written in the different representations as
representation 1y: S=1,T=1

representation 19: S=—-1,T =1

0 1 0
representation 2: S = , T'= @
10 0 w?

. -1 2w 2w 1 0 0
representation 3¢: S = 3 2w 2w? -1 , T'= 0 w? 0
2w? -1 2w 0 0 w
1 —2w  —2uw? 1 0 0
representation 39: S =- | —2w —2w? 1 , =10 w? 0
202 1 —2w 0 0 w

The 24 elements of the group belong to five conjugacy classes
Ci: 1
Co: S% TS*T? S?°TS*T?
Cs: T,T? S?°T, S?T? STST?, STS, STS2, S3TS
Cy: ST? T%S,TST,TSTS? STS? S°TS
Cs: S, TST? ST, TS, S3, S3T? .

In the two-dimensional representation the elements are
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C'Ol 0 w 0 w?
Prlro0) 0\ o) e o)

while for the three-dimensional representation 31 the elements are

1 00
Cr: 010 ],
0 0 1
-1 2 2 -1 2w 2w? -1 2?2 2w
1 1 ) 1 )
Cy: = -1 , =1 2w -1 2w , = 2w -1 2w
3 3 3
2 2 -1 2w 2w? -1 22 2w -1
1 0 0 1 0 0
Cs : 0 w? 0 ;| 0 w O )
0 0 w 0 0 w?
. -1 2w? 2w . -1 2w 202 . -1 2
- 2 —w? 2w , —w 2w , = 2?2 —w? 202
3 3 3
2 w2 —w 2 2w —w? 2w 2w  —w
-1 2w? 2w -1 2w 2uw? -1 2
1 ) 1 ) 1
— 2w —w 2 , = 2w —w 2 , = 2w  —w
3 3 3
2w 2 —w? Qw? 2 —w 2w?  2w?
-1 2w? 2w -1 2w 2uw? -1 2
1 1 ) 1
Cy: = 2w 2 —w , = | 2w 2 —w , = -1
3 3 3
22 —w 2 2w —w? 2 -1 2
1 00 1 0 0 1 0 0
001,10 0 wl!|,]l00 |,
010 0 w2 0 0 w 0
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-1 2w 2w? -1 2w? 2w -1 2 2

Cs : % 2w 2w? -1 , é 2 2w —w , % 2w 2w —w ,
2w? —1 2w 2 —w? 2w 2w? —w? 22
. -1 2w 2uw? . -1 2w? 2w ) -1 2 2
3 2 2w —w? '3 2?2 2w -1 '3 202 2w? —w? ,
—w  2w? 2w -1 2uw? 20 —w 2w

and finally for the 3three-dimensional representation 39, the matrices representing the ele-
ments of the group can be found from those just listed for the representation 3: for Ci 23
are the same, while for C; 5 are the opposite. It is connected with the generator S, which
changes sign in the 31 and 39 representations: the elements in C; 2 3 contain an even number
of S, while those in C45 contain an odd number of it.

We now report the Clebsch-Gordan coefficients for our basis. In the following we use «;
to indicate the elements of the first representation of the product and (; to indicate those of
the second representation.

We start with all the multiplication rules which include the 1-dimensional representations:

11 ®n = n®1ly=n with n any representation
1lo®1ly = 17 ~ap
ez = 2~ 7
—afs
ab
1p®31 = 32~ | abk
afs
ab
1o®39 = 31~ | ab
afs
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The multiplication rules with the two-dimensional representation are the following:

1y ~ a1 + B

1o ~ a1 — apfr

2~ ( a3 >
a1

o132 + azf3
31~ | a1B3+
a181 + a3

22=11 919D 2 with

no

®31=31©32 with
a1f2 — azf3
32~ | a1f83 —aefh
a1 — azf2

a2 — anf33
31~ | Bz — B
a181 —

2®39 =31 ©39 with
a1 + azfB3
32 ~ | a1z +axbh
a1f1 + azf2

\

The multiplication rules with the three-dimensional representations are the following:

(
11 ~ a1 + B3+ azf

9~ afy + 183 + azf
B a3fl3 + a1 B2 + s

200131 — aafB3 — a3
31~ | 203083 — a1 — afh
20082 — o133 — azfh

31®31=39®32=11 02D 371 D39 with

o33 — 32
39 ~ | a1 —axf
azfi — a13

119



1o ~ a1 1 + a3 + a3fs

y ( s + a3 + asfr >

—as3fs — a1 — asfy

- anfl3 — a3
31®39=19®2® 31 © 39 wit 31~ | a1l —
azf — a13

20181 — aff3 — a3
§2 ~ 2a333 — a1 B — s By
20030 — 133 — a3
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Appendix B

Mode Expansion

The possible boundary conditions of functions on the orbifold 72/(Z1 x ZF9 x Z{%) defined
in Eq.(6.1]) are characterized by three parities [245], (a,b = +, —),

¢iab(_z) = igbiab(z) )
Gatp(—2+21) = Eoaxp(z +21),
Papt(—2+23) = FEdapt(z + 23) . (B.1)
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The mode expansion of functions with the boundary conditions given in Eq.(B.1) reads

Gyi+(2,2) = - [0m2+z > ] fjrrfn

\/207.00m.0 s Ls sin 6 m=1n=—00
2mm Te 2nm
2mm, B.2
X cos < Ls (w5 tanH) * Lg sin 9366) ’ (B2

Gry—(2,2) = m[w{HZ Z]¢E—T—2n+l x)

m=1n=—o0

X COS (211:(335 — t;ﬁe) + (QLTZ ;;11()977956> , (B.2b)
by (,2) = \/m [z:on;oj (2m+1 2n (z)

o8 <(2mLJ;1)7r(”ﬂ’"5 - t;rfe) + L:Z;H%) - (B.2)
b (2,2) = m [ZO_ZJ P a)

X COS ((QmLJ;l)Tr(m’g, - t;vrfﬁ) + (2;6 ;Linl)ewl’ﬁ) , (B.2d)
Oty (x,y) = \/m [zjon_z_:oj (2m+1 2n+1)($)

X sin <(2mL—Zl)7r(aj5 - tzfrfﬁ) + (QLT; —Si_inléﬂ%) , (B.2e)

Lm=0 n=—o0

X sin <(2m+1>7r(m5_ L6y, _2nm a:6>, (B.2f)

_ 2 (2m+1, 2n
¢_+_($,y) - \/m Z Z ] (b )

Ls tan @ Lgsinf
2 2m2n+1
) I — §:+§:§: 5
¢y (z,y) Tlosmd |0 2. 2. ¢++ (z)
. (2m7 x6 2n+1)m
—_— — B.2
. sm< Ls (%5 tam&)jL Lgsin 6 x6>’ (B-2¢)

b a) = mlaomz+z z] o)

m=1n=—o00

2 2
X sin <m7r(w5 _ 8 )+ o x6> , (B.2h)

Ls tan 6 Lgsinf

where 0 = 7/3, Ls = Lg = 27 R, and the wave functions are normalized by integrating over
the fundamental region.
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Appendix C

The Higgs Sector

In this appendix, we discuss the Higgs sector of the models where the formulae we use can
be found in [228] and [242].

C.1 Model 1

The Higgs Potential

The Higgs potential in model 1 can be written as

Vo= —d[Tr(010)] — p3Tr(ALAL) + Tr(ARAR)) + [ Tx(! )]

o {[Te(@oN)) + [Tr(67¢)*} + A3[Tr(9") Tr(¢9)]

o {[Te(ALAL)? + [Tr(ARAR)2} + oo Tr(ALAL) Tr(ALAL) + Tr(ApAR) Tr(ALAT)]

+p3[Tr(ALAD) TH(ARAR)] + pa[Te(ALAL) TH(ALAL) + Tr(A] AT Tr(ARAR)]

+a1 Tr(670)[Tr(ALA]) + Tr(ARAR)] + a3[Tr(¢d A LAT ) + Tr(¢TpARAL)]

+O[Tr(0ARGTAT) + Tr(o! ALdAR)

[T (@¢") + Tr(dT )| [wrwr +Orwr] + Viets- (C.1)
The general formula of Higgs potential for the LR model with two additional Higgs triplets
is given in [228] (in this model, some terms are forbidden due to the additional Z, symmetry:

o = A = ag = (o = B3 = 0). Viopy breaks the remnant Zs softly (see Section . We
note that the triplets, Ay g, can be written as

5+ 5++
AL,R = ( LR _L’R > . (02)

The Higgs Masses
e The Neutral Scalar Higgs Mass Matrix
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In the basis {v/2R¢", 287", ﬁ?ﬁé%, \/5?)?(5%} the mass matrix can be written as

Agr 0 201 V1VR 0
0 B 0
R Brv1vR 7 (C.3)
2001 V1 VR 0 Cgr 0
0 ﬁlvlvR 0 DR

where Ag = 6A\v7 + v} — 13, Br = 2(M1 + 4da + 203)v7 + (1 + az)vd — pi, Or =
6p11)]2% + a1v? — p2, and Dy = ,03’[)%% + ayv? — p2. Already anticipating the results from
the next point, these expressions can be simplified to look like

Ar = 4\0?,

Br = 4(2\ + A3)v? + azvd,

Cr = 4p1v123, and

Dr = (p3—2p)v5 (C.4)

The Neutral Pseudo-Scalar Higgs Mass Matrix
In the basis {v/23¢°, v/237°, \/5%5%, ﬂ%ég} the mass matrix can be written as

Ap 0 0 0
0 By 0 Bivivg
0 0 Cr 0
0 pivyvg O Dy

, (C.5)

where Ay = 25\111% + alv% - u%, B = 2(5\1 — 4 + 25\3)1)% + (a1 + ag)vl%i — u%,
Cr = 2p1v%% + oqv% — u%, and D; = ,03’[)?% + oqv% — u%. Looking at the matrix in
Eq.(C.5)), one can immediately see that V23¢? and \/535% are already mass eigenstates
with quantum numbers corresponding to the Z- and Z’-gauge bosons after symmetry
breaking. Consequently, these fields must be the corresponding Goldstone bosons that
are eaten by the gauge fields, and their masses must be equal to zero. This leads to
equations for u? and u3:

1 = 2007 + aywk, 12 = 2p10% + arv?, (C.6)
which in turn yield:
Ar = 0,
Br = —4(2\y — A\3)v? + aszv%,
Cr = 0, and
D = (ps— 200 (©7)

The Singly Charged Higgs Mass Matrix

In the basis {¢",n", 67,67} the mass matrix can be written as

Ay 0 0 0
0 B_|_ Q3V1VR ,311}11]1{ (C 8)
0 azvivg Cy ﬁw% ’ '

0 (v Bio? Dy
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where Ay = 2\0? + avh —pi, By = 2207 + (a1 + az)vy — u3,Cy = 4p1v% + 2(aq +
Byof —2p3, and Dy = 2p3v% 4 2(a1 + % )v} — 2u3. Using Eq.(C.6), one obtains:

Ay = 0,

B, = azv,

Cy = agvi, and

D, = 2(ps—2p1)vh + asvi. (C.9)

This already yields one massless Goldstone boson ¢ that gives mass to the W. There is
no second Goldstone boson yet for the W/, but the 5§—entry of the matrix is significantly
smaller than the others (EW scale vs. LR scale). By diagonalizing the matrix, it turns
out that one gets another massless Goldstone boson that consists mainly of 5}; and gives
mass to the W'.

The Doubly Charged Higgs Mass Matrix

In the basis {657,071} the mass matrix can be written as

(2(/)1 +202)0% + (a1 + ag)v} — 3 0 ) (C.10)

0 p3v + (a1 + az)vi — u3

Using Eq.(C.6|) yields:

4,021)?% + 013’0% 0 (C.11)
0 (p3 — 2p1)1)123 + Oé31)%

The Physical Higgs Masses

It is easy to diagonalize the squared mass matrices from Egs. (C.3)), (C.5), (C.§]),
and ((C.10). All rotations are small and result in admixtures of O (%) <1073, We

R
name the physical Higgses accordingly to their dominant components, adding a prime

to make clear that they are mass eigenstates. Moreover, for phenomenological reasons
(namely for the radiative transmission to work), we assume a3 ~ 0 in order for the
masses of the scalar Higgs (v/2Rn°)" and (v/231°)’ to be at the electroweak scale. This
yields the following physical scalar Higgs masses:

m2[(VZRO)] = o2 (<4X1 - a%> +0 (”% )) :

P1 %
m?[(V2R°)] = o2 ((—ﬁ% + 8o + 45\3) +0O (U%>)
! (p3 —2p1) vh 7
2 2
m2[(V2R0%)] = 4pivk + 03 <<Opé11> +0 (%)) , and

W VIR)] = (o= 2k of (oa = 2o+ (@fzp)) e (R)) .
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After having got rid of the Goldstone bosons, we remain with two neutral pseudoscalar
and two singly charged Higgses, which are physical. Their masses are given by

(V2] = o ((-wfim) 8% +4x3> 1o (;’;)) ,

R
it = 43 () 10(3)

W (V)] = (2ol () o ().

VR

m2[(5F)] = 2(ps — 2p1)0% + 207 (; <(ﬁ1)> e (“5)) L (C.13)

p3 — 2p1 vg

Note that, for the Ma-model, (v2R1°)" and (v/237°)’ must have different masses (the
loop-induced neutrino mass would vanish if the masses of the scalar and the pseudoscalar

4
n" were exactly equal, see Ref. [6]). Here, their masses are naturally split at O (;%)
R

2 2 0y/ 2 0y/ 2 3 165\25% vf vy
Am (n)Em((ﬁﬂ‘En))—m((ﬁ%n)):vl 160 — 55 TO|
(2p1 — p3) VR VR
} (C.14)
Keeping this difference non-zero in particular requires Ao # 0, exactly as in the pure

Ma-model. The doubly charged Higgs masses finally can be read off directly from
Eq.(C.11)):

w55 = 4pwd and

m?[(05)] = (ps—2p1)vR (C.15)

p-Parameter and EW-Boson Masses

A general formula for p-parameter in multi-Higgs models is given by [208]

o= m%/[/ ZTY[ (T + 1) - YQHUT,Y|20T,Y (C 16)
m?, cos? Ow YTy 2Y2|upy |? ’ :
where ¢7y =1 for a complex scalar and cry = 1/2 for a real scalar (Y = 0).
The corresponding W-mass is
miy = g* Z[T(T +1) = Y?ryPery (C.17)
and Z-mass is
my = (9> +47)) 2V (C.18)

TY

In this model, the VEV of Agr does not modify the p-parameter and also the W-boson
mass due to the fact that (Y,T) VRS, = (0,0) after LR breaking. Also the second Higgs

doublet (which is identified with the 1 from the Ma-model) and the Ay, have no effect due to
their vanishing VEVs.
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C.2

The Higgs Potential

Model 2

The Higgs potential in model 2 can be written as

Vv

— 13 [Tr(¢7¢)] — p3[Tr(ALA]) + Tr(ARAR)] + A {[Tr(¢'¢)]?}
e {[Tr (@602 + [Tr(670)12} + As[Tr(6¢)) Te(6' )]
+p{[Tr(ALA])? + [Tr(ARARP} + pa[ Tr(ALAL) TH(A AL) + Tr(ApAR)Tr(ALAL)]
+p3[Tr(ALAD) TH(ARAR)] + pa[Te(AL AL TH(ALAL) + Tr(A] A Tr(ARAR)]
+on Tr(¢7¢)[Tr(ALA]) + Tr(ARA}L)] + as[Tr(¢p  ALA]) + Tr(¢lpARA)]
+A1[Tr(pARrdTAL) + Tr(pT ALpAL)]

—12(Exr + xhxr) + M Te(0T) (X xr + xhxr)

e Tr(ALAL) + Te(ARAR) (XExe + xhxr)- (C.19)

Note that we have also added the two Higgs doublets x 1, r to the model.

The Higgs Masses

Because of the VEVs of the additional Higgs doublets, the parameters u?, /Lg are shifted as
B = 17 = M (] +wg) = [if and (3 — @3 — A, (v} +w}) = i3

e The Neutral Scalar Higgs Masses

The mass matrix for the scalar Higgses looks exactly as the one from Eq.(C.3)), except for
p1,3 — fi1,3 and for an additional diagonal block corresponding to \/iﬁ%x% and \/§§RX0L.
The masses of these two new physical Higgses are given by

m2(\&§RX%,L) = )‘xﬂ’% + )‘xzv% - Miu (C.20)
while the other masses do not change compared to Eq.(C.12]).

The Neutral Pseudo-Scalar Higgs Masses

Also here, the diagonalization is in principle the same as in Eq.(C.5). The physical
masses of ﬁ%x%y ;, are the same as the ones of ﬂ?Rx% ;- The other physical pseu-
doscalars have the same masses as the ones given in Eq.(C.13).

The Singly Charged Higgs Masses

Again there are no changes compared to Eq.(C.13) and the singly charged scalars XJ}E I
have the same masses as ﬂ%XOR I

The Doubly Charged Higgs Masses
These masses are the same as the ones from Eq.(C.15)).
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p-Parameter and EW-Boson Masses

In this model, the VEVs of Ag, xg do not modify the p-parameter (see Eq.) and also
the W-boson mass due to the fact that (Y,T) VIR, = (0,0) after LR breaking. Also the
second Higgs doublet (which is identified with the 1 from the Ma-model) and the Ay, have
no effect due to their vanishing VEVs.

Although the VEV of x; does not modify the p-parameter, it modifies the mass formulae

for W-boson, Eq.(C.17)), and Z-boson, Eq.(C.18]):

92 4 9/2

5 (v} 4+ w?). (C.21)

2
2 g, 9 2 2
myy = 5(”1 +wg), my =

C.3 The Correspondence to The Ma-model

Writing the ¢-part of Eq.(C.1) and Eq.(C.19)) and comparing it to the potential of the Ma-
model given in Eq.([7.2]), one can derive the correspondence of the Ma-model parameters m%z

and )\17%3,475 with the ones in the LR symmetric potential (model 1: p; and 5\1,273; model 2:
fi1 and A 23). The result is, at the LR breaking scale and above:

miz = —,u% (—ﬁ%), )\1’2,3 = 25\1, )\4 = 45\3, and )\5 = 85\2. (0.22)

Of course, these parameters have to run down to the low energy scale, which will lead to some
changes. m1 and mo will evolve differently, which is required by the Ma-model itself, as we
need m? < 0 and m3 > 0 in order for the SM-Higgs to obtain a VEV, while the 1 gets none.
As the Higgses do not take part in strong interactions, one can expect the change of their
masses due to the running to be moderate. Since m? and m3 need, however, a different sign,
it is natural to assume them to be relatively small. Going back to Eq., this requires a
very small a; for y? to be small. Also A12,3 are equal at the LR breaking scale and should
hence have similar values at the electroweak scale. A4 and A5 can, however, have different
values.
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