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A���&'&/���yJ��9��L*��������!@� ��(^]Z"�B*�R(*%6=[>M��%/-�!³7iJ��2�`��J���>*�9��( >M��%/!M0�Ob>*-.�9���9A���!*A��¼A�-.���9��&/JK� %'-.!
�9L5��A�����-.�9A�-.L�V��»D���e*�ma<JR�C�
� B*-�(¶� B*JK�k����&'%/���N-.!¶� B*�#(*�
� ��A�� %'-.!�J�!M(�J�!bJ�&6V���%'�N-�s�� B*�
(*%6=?>*��%'-.!GF�(M��%6+.��!�A�-.!*A���!@��� JK��%/-.!�O*>*A���>bJK� %'-.!*�}%'!´J��9��JK&/&�-.4*�9���9+�JK� %'-.!�+.-.&/>M�C��-Ks�� B*�
��J��`L*&/�K]^1<�,J¬�9����>M&'��a[� B*�¹!bJK!*-.0.-�&/(yLbJ��9��%/A�&/���<7h���9�`(*�������9�C%'!*��(y� -}�`-�+.�¹4@Vy�9>*45(*%6=[>GF
�9%/-.![a^% ]¤�K]?� B*��%/���C��J�!��9l@>bJ����¹(*%'��L*&/J�A����`��!@��7hJ��Y0.�9-·7u%'!*0f!*-�!*&/%'!*��J��37u%6� BoJXL5-·7h����Fº&WJ�7
�9A�J�&'%/!*0 ∼ tα

a
α p¡q ]E"�BM%/��%'��%/!;��� ��-�!*0yA�-.!@��� J������ -k� B*��(*%'=?>*��%'-.!#-�s�� B*�����fLbJ���� %'A�&/���

%'!g7iJK������7uB*�����
α � q ]h��!¼s�>*��� B*���X�C��J���>M�����`��!�� ��ai�9>*45(*%6=[>*�9%/-.!g7iJ��fJ�&'��-;(M��� ��A�����(

s�-��,z�eG1 L*�9-�� ��%/!*�Y%'!oA���&/&'��]w"�BM�����`�b!*(*%'!*0.�Y��>*0�0.�����Z� BbJ��,��>*45(*%6=[>M��%/-�!2%'��� B*�`�`-�(*�¹-Ks
�`-���%/-.!�s�-.����JK!@VX�CJ�A���-.�`-.&'��A�>*&'����L5��A�%'���u7u%'��B}(*%/J��`����������J�45-.>M�	D�F q 7 !*� %'!¬A���&/&'��]
Db�9-.��� B*�<(*%'=?>*��%6+.�<45��BbJ�+�%/-�>*�h-�sw� BM��!bJ�!M-.0.-.&'(�LbJ���� %'A�&/����� B*�<�C��A�BbJ�!*%'A�J�&5L*�9-.L5���9��%/���i-Ks
��B*��%/!@��� J�A���&'&/>M&/J��$Ob>*%'(*��7h�����uA�J�&/A�>*&WJ�� ��(	%/!�� �����`�x-�s � B*��A�-.�CLM&/�
����B*��J��)�`-�(*>*&'>*�

G(ω)
]

"$-�(*-C��-*a?JK!\J�L*LM��-�JKAmBk0.%6+.��!N4@Vk_NJ���-.!�� �2��%6� HY7iJ��3>*����(^a57uB*%'AmBk�9��&/JK� ���
G(ω)

-�sxJ
�`��(M%/>*��� -�� B*�}�`��JK!R�9l@>bJ����N(M%/��LM&WJ�A����`��!��`-�s<����45��(*(*��(g�9L*B*���9%/A�J�&uL*�9-.45�}LbJ���� %/A�&/���
� q�� ]$1<��JN������>*&6��a$A�V@��-.L*&WJK����J�!*(#!�>*A�&/��-.L*&WJK����-Ks�&/%'+�%'!*0}A���&/&'�,7h������(*�������9�C%'!*��(2� -k45�
+�%'��A�-���&WJ���� %'Ai-.!�� B*��!*J�!*-.�9A�J�&'�i7u%6� B�� BM��A�-.�`L*&'�
����B*��J��x�C-�(M>*&/>*��s�-.&'&/-�7u%'!*0�J�L5-·7h����Fº&WJ�7
�9A�J�&'%/!*0

G(ω) ∼ ωα ][�h-.�`LbJ���JK� %6+.�Y� �������C��J���>M�����`��!�� �<%'!k>*!*��� �������9��(2JK!*(\-.�9�C-K� %/A�J�&'&½V
��� �������9��(¹A���&/&'���9>*0.0.���9����(�� B*JK��a·s��9-.�µJ3�9B*��-�&/-.0�%/A�JK&�L5-.%/!���-�s*+�%/��7Ya�%/!�� ��J�A���&/&'>*&/JK�wOb>*%'(*��A�J�!
45�f(*����A��9%/45��(RL*BM��!*-��C��!*-.&/-�0.%/A�J�&'&½V#J��	(M%/&/>G� ��(;L5-.&'V��`�����9-.&'>M� %'-.!*��-.45��V�%/!M0y� B*�}U[%'�C�
��B*��-��9V.]�Db��-.� ��B*�N(M����A���%'4?��(¼�`��JK��>*�9���`��!�� �`��B*�NA�-.!*A�&/>*�9%/-.!�A�J�!R45�N(*��J�7u!�� BbJK�¹� B*�
Ob>M%/(*��%/!f��B*�Y%'!@� ����%'-.�h-�s$� B*�YA���&/&wJK����>*!*%'s�-����`&6VCA��9-·7u(*��(}7u%'� B¬�CJ�A���-.�`-.&'��A�>*&'���iBbJ�+�%/!*0
JoBM%/0.B�(*��0.�����k-Ks���!���J�!*0�&/���`��!���a�7uB*%'AmBR�
�GL*&/J�%/!M�¹� ��J�A����C�9>*45(*%6=[>*�9%/-.!RJ��`78��&'&dJ��¹� B*�
L*�9-.L5�����TV\-�s8%/!�� ��J�A���&/&'>*&/JK�3Ob>*%'(*��� -¬45�	+�%/�9A�-���&WJ���� %/AK][��!2J�A�A�-.�`LbJ�!�VG%'!*0¬�`��JK��>*�9���`��!�� ��a
�9>*45(*%'=?>*�9%/-.!�-�s�!bJ�!M-.0.-.&'(XJ�!M(X+�%'��A�-���&WJ���� %'A3��B*��-.&/-�0.%/A�J�& LM��-.L5���9� %'���87h������(*�
� ��A
� ��(f� -�45�
A�-.!*�9���9+.��(\%'!f+KJ��9%/-.>M�uA���&'&w&'%/!*����-�s�(*%'=?���9��!��d-.�9%/0.%'!M�uJK!*(}B*��JK&'� B¬����JK������]
�hB*J�LM� ���F<N%/�,��B*������A�-.!*(P�9����>M&'� ��L*J��9��a�BM%/0.BM&/%'0.B�� %6!*0}%/�`L*&'%'A�JK� %6-.!*�,-Ksu�9>*45(*%'=?>*�9%/-.!^]$��!
A�-.�`L*>M� �����9%/��>*&/JK��%'-�!*��� BM�3J�4*%'&/%½�TVZ��-ZJ�L*L*�9-�J�A�B�J��M�G��(�4M%/!*(*%'!*0���JK��0.�
�)7iJ���(*�
� �����`%/!*��(
s�-���LbJ���� %/A�&/�����`-·+�%'!*0�4�V�!*-.�9��JK&G(*%'=?>*��%'-.!�-.���9>*45(*%'=?>*�9%/-.!^]K1<�)J�������>*&6��aK� BM����%'��>*&WJK��%'-�!*�
�9B*-·78��(y� B*JK�<� B*�Z��J��90.���<�*!*(*%'!*0XL*��-�4bJ�4*%'&/%6��V

P
%/�3%/!*A�����J�����(ys�-��<��>M45(*%'=?>*��%6+.��LbJ���� %'A�&/���

JK��A�-.�CL*J�����(#� -\!M-.���CJ�&/&½V�(*%6=[>M��%/!M0kLbJ���� %/A�&/����]$"$� J�!M�9s����9��%'!*0k� BM�����X��%'��>*&WJ�� %6-.!2������>*&6� �
��-PA�-�!*A��9��� �y�m�*JK�CL*&'����s��9-.� 4*%/-�&/-.0KV�%/!M(*%/A�JK� ��(g� BbJK�XA���&/&/��%'!*(*����(��CJ�VR45��!*�
�*�¬s��9-.�
��B*��%'��A���-�7u(*��(k%'!@������!*J�&^�9� JK� �,J�!M(¬� B*�,J��9��-�A�%/JK� ��(}��>*45(M%'=?>*��%'-.!^]
SEJK�9�C�9��-�s<� B*�¬� B*����%/�`(*��JK&/�¹7u%'��B�� B*�¬�T78-KF�(*%'�`��!*�9%/-.!bJK&i(*%'=?>*�9%/-.!�-Ks���J�A���-.�`-.&6��A�>M&/���
����45��(*(*��(;%'!2�`����4M� J�!*����]��hB*J�LM� ��� �¬0.%6+.���ZJ}0.��!*����J�&)%/!�� ��-�(M>*A���%/-.!y� -}��B*�C��� ��>MA�� >M���
JK!*( s�>*!MA�� %'-.!bJ�&'%6��V�-�s��`����4*� JK!*�����`s�>*�9��B*���9�C-�����a`(*%/�9��%'LbJK� %6+.�¶LbJ���� %/A�&/��(MV�!bJ��`%/A��g%/�
%'!@����-�(*>*A���(RJK�`JyA�&/J����	-�s3LbJ��9��%/A�&/�
Fº4bJ��9��(PA�-.�`L*>M�����	��%/��>M&WJK��%'-�!*���9>*%'� J�4*&'�X��-o�m�MJ��`%/!*�

B



�`����4*��J�!*����]8�hBbJKLM� ��� Bo%/�	� BM�N������>*&6� �`LbJ������)BM�����Ka8Jo�9��>*(MV�-�!R��B*�¬�T7h-�F�(*%'�C��!*��%'-.!bJ�&
�`-.4*%'&'%6��V,-�s5�`����4*��J�!*�h%/!*A�&/>*�9%/-�!*�E%/�EL*��������!�� ��(^]@1g��B*��-.�9����%/A�JK&M�
�GL*�9���9��%/-.!	7uB*%/A�B¹�9��&/JK� ���
��B*�¬(*%'=?>*�9%/-.!PA�-��
�`A�%/��!@�

D
-�s�JyA�V�&'%/!*(M��%/A�J�&h�`����4*��J�!*�X%/!*A�&/>*�9%/-.!�����]j0*])Jy�`����4*��J�!*�

L*�9-�� ��%/!b�N��-�%'���y��J�(*%/>M�
R

7iJ��oJ�&'����J�(MV´(*���9%'+.��(µ%/! q C
�8D¼4�VµeGJK=[�CJ�! � :<��&'4*��~*A�I a
L*�9��(*%'A���%/!*0

D ∼ log(1/R)
� 2 � ] �d-·78��+.����a,J���-�4*>*�9���������2-KsC� BM�ReMJK=?��J�!�FT:<��&/4*�9~*AmI

��B*��-��9V�B*J��N!M��+.���N45����! L5����s�-.���`��(¶(M>*�o� -�+�J���%'-.>*�}�m�GL5����%'�C��!@� J�&YA�BbJ�&'&/��!M0.����] �3�����Ka
(*%'���9%/LbJ�� %'+.��LbJ���� %/A�&/��(MV�!bJ��`%/A��#�9%/��>*&/JK� %6-.!M�o78�����g>*����(���- (*�
� ���9�C%'!*��� B*�g(*%6=[>M��%/-�!
A�-����`A�%'��!�� �;-Ksf(*%'=?���9��!@��&'V³�9%/H���(��`����4*� JK!*��%/!*A�&/>*�9%/-.!*��]Y"�B*�g��%'�	>M&WJ�� %'-�!µ(bJK� J¶A�-.!�F
�b�9�C��(µ��B*�geMJK=?�CJ�!GFT:3��&/4M��~*A�I´��B*��-.��V�� -�L*�9-.L5���9&'V�(*����A���%/45��� B*�RJK45-·+.���`��!@��%/-�!*��(
�9%/H��
F�(M��L5��!M(*��!*A���]

C
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SEJK�9� %'A�&'���x�9>*��L5��!*(*��(�%/!¹J�Ob>*%/(¹�9B*-�7¼(*%/�9��A
� %/-�!*&/�����xJ�!*(`%'���9��0.>*&/J��E�`-·+.���C��!@���x7uB*%'A�BCJ�LGF
L5��J��$(*>M����-u� B*�����CJ�&���J�!*(*-���I@%'AmI@�$4@VY�9-.&'+.��!@�$�C-.&'��A�>*&/����]�"�B*%'�$L*BM��!*-.�`��!M-.!Z%/��(*��!*-�����(
JK��zh��-�7u!*%/J�!#�C-K� %/-�!2-��X�»����&'sWFT��(*%6=[>*�9%/-�!^�^� B*��L*J��9��%/A�&'��£j�Z�`-�+.���`��!@�Z%/�Z(*��!*-.�`%/!bJ�� ��(#J
¯9���������e?�����f�]
"�BM���9��&6sWF�(*%6=[>*�9%/-�!Z-�s5J3��� J�A����E%/��A�BbJ�� JKA�� ����%'����(�4@V,� B*�hL*�9-.4bJ�4*%'&/%½�TV�(*%/��� ��%'4*>M� %'-.!,s�>M!*A���%/-.!
P (x, t)

-�s���B*�Y(*%'�9��J�!MA����
x

s���-.�r%6� ���9� J��9��%/!*0	L5-.%/!��
x0
� 7 JKst�����uJ	��%/�`��L5����%'-�(

t
]

P (x, t)
A�J�!P45�X(*����%'+.��(;s���-.���9� -�A�BbJK�9� %'A�� BM��-.��V.]���BM��!P78�f�9��0�JK��(#� B*�X�9%/�`L*&/���9��A�J����

-Ks3-.!*�
Fº(*%/�`��!*��%'-.!bJ�&8(*%6=[>M��%/-�!^a�J\��� J�A����3ª9>*�`L*�	-.!�Jy��� � JK%/0.B��	&/%'!*�X�9��JK&/&8(*%/����J�!MA����¹-Ks
��J�!*(*-��²&'��!*0���B

δ
��%'��B*���<%/!\L5-���%'��%'+.��-���!M��0�JK��%'+.��(*%/�9��A
� %/-�!\%'!\��B*-��9��� %'�C�,%/!@������+KJ�&'�

dt
a

7u%6� B�L5-���%'��%'+.�	J�!M(o!M��0�JK��%'+.�3ª9>M�CL*��BbJ�+�%'!*0f��B*�	� J��`�	L*�9-.4bJ�4*%'&/%½�TV
p � q � 2 ]?"�B*�¹L*��-�4bJ�F

4*%'&/%6��VCs�-��u�m�MJ�A���&'V
k

ª9>*�`L*�dJ�&'-.!*0�� B*�YL5-.�9%'� %6+.��(*%/�9��A
� %'-.!¬%/!
n

� �9%WJK&/�i%'����B*��!N0�%'+.��!}4@V¬J
zh%'!*-.�`%/J�&G(M%/�9����%'4*>M� %'-.![].Db-.�xJY&/J��90.�i!�>*��45���

n
JK!*(CJ��b!*%'����L*��-�4bJ�4*%'&/%6��V

p
-�s5��B*�uL*��-�A����9�

��%¸]j��]
n · p → ∞ J��

n → ∞ �ma�� B*�fzh%/!*-��C%/JK&�(*%'�9� �9%/4*>G� %/-�!;J�L*L*�9-��G%/�CJK� ����Jo­YJ�>*�9��%/J�!
-���!*-.�9��J�&?(*%'�9� �9%/4*>M��%/-�!X(*>*����-	� B*��A���!@��� J�&^&/%'�`%6�8� B*��-.����� � 5 � ]*"�B*������s�-�����a

P (x, t)
s�-��uJ

d
F�(*%'�C��!*��%'-.!bJ�&?L*�9-.4*&'��� J�!*(¬A�-.!�� %/!@>*-.>*����LbJKA��ZJ�!*(¬��%/�`��J����9>*�`���u��B*��s»J��C%'&6%/J��8s�-���� �

P (x, t) =
1

(4πDt)(d/2)
· e− |x|2

4Dt .
� 2 ] q �

�d���9��a
d

%/�8� BM�����	45��(*(*%'!*0	�9LbJK� %/J�&?(*%'�C��!*��%'-.!fJK!*(
D

(*��!M-�� ����� BM��(*%6=[>M��%/-�!XA�-��
�`A�%/��!@��a
7uBM%/&/�

P (x, t)
0.%6+.���i� BM�YL*�9-.4bJ�4*%'&/%½�TVC-KsEJ	(*%'=?>*��%'!*0	LbJK�9� %'A�&'�<� -	4?�YJK�dJ	(*%'�9� J�!*A��

x
s���-��

q 2
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%6� ���9��JK�9� %'!*0fL5-.%'!@� 7 J��,JX��%/�`�
t
]^1�L*&'-����9B*-·7u%'!*0f� BM�¹��+�-.&/>M��%/-.!\-�s

P (x, t)
%'!y��%/�`��%'�

(*%'��L*&/J�V.��(}%'!}DE%/0�>*��� 2 ] q ]

z8VX(*���b!M%'� %'-.!^aG� B*���*���9�d�`-.�`��!��u-Ks
P (x, t)

ab%¸]j��]M��B*�Y�`��J�!f+KJ�&'>*��-�s
x
ab%'���

〈x〉 = 0.
� 2 ] 2 �

"�BM�i�9��A�-�!*(	�`-.�C��!@�$-�s
P (x, t)

%/��� B*��+KJ��9%WJ�!*A��8-�s
P (x, t)

-.��� B*�8LbJ��9��%/A�&/��£j�$�C��J�!��9l�>*J����
(*%'��L*&/J�A����`��!@���

〈x2〉 = 2dDt.
� 2 ] 5.�

�d%/0.BM���f�`-.�`��!@���f-�s,� BM�2­,J�>M����%/J�!�(*%'�9� �9%/4*>M��%/-�!�J��9�ys�>*!MA�� %'-.!*�f-�s,� B*�y�b�9�9�NJ�!M(�� B*�
�9��A�-.!*(k�`-.�`��!��uJ�!*(¬� B@>*�uA�-.!���J�%'!¬!*-`%'!*(*��L5��!*(*��!@�3%/!Gs�-.���CJK��%'-�!^]
"�BM�#(*%6=[>M��%/-�!�A�-��
�`A�%/��!@�

D
(*��L5��!*(*�k��L5��A�%'�*A�J�&'&'Vc-.!�� BM�2L*�9-.L5����� %/���}-�s	J�(*%6=[>M��%/!M0
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� ���9%/�9��%/AZ&/��!M0�� B\-��<A�-.�9����&/JK� %'-.!N&/��!*0���ByJ�45-·+.��7uB*%'A�B\� B*��L5����A�-.&WJ·F
��%/-.!fA�&'>*�9�����u45��A�-.�`���d!M-.!GFºs���J�A�� J�&¸]

"�BM� � ®�� -�s�J�� � JKA����u��A�JK&/���3J�� �

� ®��
(t) ∼

{
t

s�-.�
r > RCr

tα
s�-.�

r < RCr

� 2 ] q 7 �

7uBM�����
RCr

%'�3� BM��A��9-.���9-·+.����&'��!M0�� Bk��-X!*-.���CJ�&$(M%'=?>*��%'-.!^�
α

%'�3� BM��(*��0.�����	-�s�JK!*-.�CJ�&'V�]
"�BM�	LbJK� J��`���������

ξ
J�!M(

RCr

(*��L5��!*(�-.!k��B*��-.4M�9��JKA�&/��A�-.!*A���!�� � J�� %/-�!o��JK!*(\s�-�&/&'-�7 s�-.�
� → CP

��A�J�&/%'!*0	&WJ�7u���
ξ ∼ |C − CP |−µ � 2 ] q�q �

RCr ∼ |C − CP |−µ+β/2 � 2 ] q 2 �
�d���9��aG� B*���m�GL?-�!*��!��

µ
%'�h(*�
�b!*��(¬4@V�v)l@>bJ�� %'-.! 2 ] q.q ]G"�B*��LbJ�� JK�C�
� ���

β
0.%6+.���8� B*��LM��-.4GF

JK4*%/&'%6��V
P∞

� B*JK�3J	&WJ���� %'A����9%'� ��%'�uL*J��9�u-�s$� B*�Y%/!G�b!*%'����A�&/>*��� �����

P∞ ∼ |C − CP |β.
� 2 ] q 5��

RCr

%/�x����&WJK����(	� -Y��B*�uA��9-.���9-·+.����� %'�`�
tCr

J��
RCr

� √D(∞) · tCr

a�7u%'��BC:	�∞ ��45��%/!*0�� B*�
&'%/�`%½� %6!*0�(*%'=?>*��%'-.!fA�-����`A�%/��!@�ds�-��i� → ∞ ]

j�@ 5R���A���10c�����"���Y�����2	��E	��+�=@ �/�C�') �������/�C���+�

"$� JKA����9��A�JK!f��B*-�7�� BM��AmB*J�� J�A
� ����%/��� %'A��h-�s���>*45(M%'=?>*��%'-.!X%'s^� B*�
V��C-�+.�<%/!fJ��9V���� ����7uB*�����
��� J�L*�\-.�k4*%'!*(*%/!M0¼�9%'� ���yJ����;L*�9���9��!���7uB*%'AmB�%/�`�`-�4*%'&6%'���o� B*��� � � JK!*��%'��!@��&'V � 2 q � ]<"�B*�
L*�9���9��!*A��}-Ks�ª9>*���¹J\��%'!*0.&'�C��� J�L;��L5��A�%/����7u%'� BPJ\�9L5��A�%'�bAf4*%'!*(*%'!*0k��!*����0�V

EB

7u%'&/&�&'��J�(
��-��9>*45(*%'=?>*��%'-.!c-.!*&6VRs�-.�fJP�9B*-.���f� %/�`�kL5���9%/-�(^�iJ�st� ���fJPA���-.�9��-�+.���f� %/�`�

tCr

ah!*-.�9��J�&
(*%6=?>*��%'-.!	%/�x�9��A�-·+.������([]�"$-YA�J�>*�9�d�9>*45(*%'=?>*�9%/-.!	s�-.��&/-.!M0.���E��%/�`����a.J�B*%'����J���A�B@V�-Ks[��>M&'� %'L*&6�
��� J�L2��L5��A�%/����7u%6� B2%/!*A�����JK��%/!M0k4M%/!*(M%/!*0}��!*����0.%'���

EB

%'�Z!M��A������ JK�9V.]E"�B*�CA���-�����-�+.���Z� %/�`�
tCr

� B*��!¶0���-·7u�X7u%'� B�%'!*A��9��J��9%/!*0PB*%/��� J��9AmB�V5�i� B*�yA���-�����-�+.���¬��-�!M-.���CJ�&<(*%6=[>*�9%/-.!¼7u%'&/&
� J�I��¬L*&/J�A��¬J�st� ���¹JK&/&8� ��J�L*�	%/!P��B*�¬��VG��� ���¨78�����¬�
�GL*&'-.����(RJ�!*(�-�A�A�>ML*%/��(�7u%'� BP��� J�A����9�
�t� B*�	��� J�A����9�,J������ B*��!o� J�%'(y� -¬BbJ�+.�¹��l@>*%/&'%/4M� JK� ��(\7u%'��By� B*�	��� J�LM���
]^1���>*%6��J�4*&'��%/!M�*!*%'���
B*%'����J���A�B@VX-�s$� � JKL*��7h-.>M&/(}&'��JK(¬��-`�9>*45(*%6=[>*�9%/-.!}JK�dJ�&'&[��%/�`����]
­���!*��� JK&/&'V�a � B*��%'�C�`-�4*%'&6%'��JK� %'-�!N��%/�`�

ti
-�s8JC� � JKLy(*��L5��!*(*�Y-�!y%'���<4*%/!*(M%/!*0���!M����0KV

EB

�
��B*�X��7h-yLbJ���J��`��� �����	JK���X�9��&WJ�� ��(;4@V;Jyzh-�&'� H���JK!*!#s»J�A
� -.� �

ti ∼ exp(−EB/kBT )
]E1<!

JKL*L*��-�L*��%/JK� ��� � JKLoB*%'����J���A�B@Vk� -¬A�J�>*���¹��>*45(*%6=[>*�9%/-�!�7h-�>*&/(�45�¹0.%'+���!�s�-���%/!*����J�!*A��¹4@VyJ
��VG��� ���¢7uB*��������B*��4*%/!M(*%/!*0���!*���90�Vk-�s)��B*��� ��J�Ly�9L5��A�%/���Y%'!*A�����JK������4@V

dE
JK����J�AmBy&/�
+.��&

-Ks3� B*�¬B*%'����J���A�B@V5��� BM�}%'�C�¹-.4*%'&6%'��JK� %6-.!;��%/�`�fJ�A�A�-.��(M%/!*0.&6V27h-.>*&'(�%'!*A��9��J��9�}4�V�Jys»J�A
� -.�
exp(−dE/kBT )

� 2=2 � ]

q B



��� ��� ����� � � � ����
�� �����	��
 � ���

"�BM��(*%6=[>M��%/-�!}A�-��
�CA�%/��!@��:¦-�sE��� J�A����9�ds�-.�d&'-.!*0¹��%/�`����a JK�d7uB*%'AmBN!*-.�9��J�&^(*%'=?>*��%'-.!¬7iJK�
�9��A�-·+.���9��(^ai(*��L5��!*(*�¬-.!¼��B*�\A�-.!MA���!@� ��JK� %'-.!c-�s�� ��J�L*�X%/!g��B*�\�9V��9����� JK!*(c%/�C��VGLM%/A�JK&/&6V
��� ��-�!*0.&'V��9��(*>MA���(�A�-.�`LbJ�����(¹� -Y�9V��9� ���`��7u%'��B*-.>M�x� ��J�L*��]�13�8JYA�-.!*����l@>*��!*A���aGJ�!`%/!MA�����J����
-Ks�� BM�Y��� J�L¬A�-�!*A���!@� ��JK� %'-.!}&'��J�(M��� -`J�!¬%/!*A�����JK���Y-�s���B*�YA��9-.���9-·+.���d��%/�`�

tCr

]

1 �CJK� BM���CJK� %'A�J�&R(*����A���%/LG� %/-�! -�s¶�9>*45(*%6=[>*�9%/-.!¨(*>*�±��-�� ��J�!*��%'��!���%/�`�`-�4*%'&6%'� J�� %'-�!
-Ksd� ��J�A������	%/��0.%6+.��!�4�V#� B*� 	��������t�b� �����a���t��
f¯9��������� ?�����fc� �h"u«w�¶� � q B � ]�1 �h"u«w�
A�J�!#45�C����0�J��9(*��(;JK��J}� JK!*(*-.� 7iJK&/I\7u%6� B#J}�`-�(*%'�*��(�� %/�`�¹�9A�J�&'��aw7uB*%'AmB2�C��J�!*�Y� BbJ��
��B*�k��%/�`�N%'!*A������`��!��

dt
45����7h����!c��7h-;�9� ��L*�f%'��J#� J�!M(*-.� 7hJ�%'��%/!*0o� %'�`�N(M� J�7u!gs���-.�

J���>*%6��J�4M&/�¬LM��-.4bJK4*%/&'%6��V;(M��!*�9%'��VPs�>*!*A���%/-.!
w(t)

]���B*%'&/�X� B*�}������>*&6� %'!*0o��J�!*(*-.� 7iJK&/I;%'�
!*-����CJ�&�%'si� BM���b�9�9�	�`-.�`��!@� 〈T 〉 �t� B*��AmB*J�� J�A
� ����%/��� %'AC7iJ�%6� %'!*0}� %/�`����-�s

w(t)
%'�Z�b!M%'� �Ka

��B*�#��VG��� ��� 45��A�-��C���k��>*45(*%6=[>M��%'+��;J�� 〈T 〉 (M%'+.����0.��� � <Ga 2 5 � ]d1���>M%'��JK4*&/�oLM��-.4bJK4*%/&'%6��V
(*��!*��%6��VfV�%'��&'(*%/!*0���>*45(*%6=[>M��%/-�!}%'!f� ���9�C��-�sEJC�h"u«^� %/�

w(t) = (1− β)t(β−2), 0 < β < 1.
� 2 ] q43 �

�d���9��ab��B*�Y(*��0.�����,-�s�JK!*-.�CJ�&6V�-�s$� B*�Y�9����>M&'� %'!*0¹�9>*45(*%6=[>*�9%/-.!¬%/�
α � q F β � 2=2 � ]1¼�h"u«^� A�J�!�45�h����0�J��9(*��(�J��$� B*�8�C��J�!GF¸�b��&'(Z(*���9A��9%/LM��%/-.!Z-�s J3��V��9� ���µ7uB*�����iJ�!�%/!M�*!*%'���

B*%'����J���A�B@VZ-�s 4*%'!*(*%'!*0<��%6� ���E%/�EL*�9���9��!@� � 2 3 a 2=2 � ]K"�B*��&'-.!*037iJK%'� %'!*0d� %/�`���$� BM��!¹J�L*L5��J���(*>M�
��-C� B*���m�G%/�9����!*A���-�s�+.����Vk(M����Lk� � JKL*�<%'!N��B*���9V���� ���}]?1¦��� J�!M��%'��%/-.!¬� -�!M-.���CJ�&�(*%6=[>M��%/-�!
!*�
+.����B*J�L*L5��!M��45��A�JK>*����� B*�3� � JKLfB*%'����J���A�B@VC%'�h%/!M�*!*%'����JK!*(X� ��J�A����iLbJK�9� %'A�&'���8!*��+.����BbJ�+.�
�m�GL*&/-.�9��(NJ¹(*����L5���9�3��� J�L[]

9 @ 5R���A���10c�����"���Y��� G��"��&7�R�+)"�4�]	��"&�� H��]	��+���

eG>M45(*%'=?>*��%'-.!YBbJ��$J�&'��-u45����!Z-.4*�9���9+.��(�%/!�+�%'��A�-���&WJ���� %'Ax�C��(*%/J��9>*AmB�J�����!@� J�!*0.&'��(,L5-�&'V��C�����
� q a 2 D�a 2 <Ga q.q a 2 � � ]�"�B*�����3�`��(*%/JYJ����uA�BbJ���J�A������9%/����(C4@V	��B*��%'�)�9����L5-�!*���d� -,�9B*��JK���9� �9���9�8%/!
��BbJK�x��B*��V	(*%'���9%/LbJ�� ��LbJK�9�)-�s5��B*�u(*�
s�-.���CJK��%/-.!���!*���90�V	&/%'I���J�+G%'��A�-.>*�xOb>*%'(^a.4*>G�8J�&'��-��9��-.���
LbJK�9�u-Ks$� BM�Y(M��s�-.�9��JK��%/-�!X��!*����0�VX&/%'I���J�!¬��&WJ���� %'A���-.&'%/( � q�� ]*"�B*%/��45��BbJ�+�%'-.>*�uJKL*L5��J��9�u(*>M�
��-Z�
������!*(*��(f��>*&6� %½F�J�� -��CJ����9����>*A
� >*�9���h%'!¹� B*�u+G%'��A�-���&/J��9��%/Au�`��(*%'>*� � 2 D � �@"�BM�<�`-.&'��A�>*&/���
%'!Z��B*�8�C��(*%/>M�³J��9�8LbJ��9��%WJ�&'&½V�%'�����
+.���9��%/4M&'VY�9B*%'st����(�>*L5-.!�(*�
s�-.���CJK��%/-.!���&/%'I��)��B*�h�`-.&'��A�>*&/���
%'!�J�Ob>*%'( �
�[L*J��9��%WJ�&'&6V�a � B*�
VyJ�����%/!�� ���9A�-.!M!*��A
� ��(o4@V\45-�!*(*����%/�`%'&/JK�d� -X� B*���C-�&/��A�>*&/���<%/!
Jf��&WJ���� %/A��9-.&/%'(�J�!*(�A�J�!y� B�>M�Y����&/J��\��-·7hJ���(*��� B*��%/��-���%/0�%'!bJ�&�����JK���	7uB*��!o� B*�	(*��s�-.�9�C%'!*0
s�-���A����`J��9�f�����C-�+.��([]x"�BM�fOb>*%'(P� BM�����
s�-.���fBbJK�`J\�C���C-��9Vo� BbJK�	%/���9��Ob��A�� ��(R%/!�J\!*-.!GF
����%'+�%/J�&[A�������L}s�>*!*A
� %/-�! � 2 B � ]"�BM�<� BM�����CJ�& �C-K� %/-�!C-Ksw��� J�A����8LbJ��9��%/A�&/��������45��(*(*��(f%/!XJ,+�%/�9A�-���&WJ���� %/AuOb>*%'(�A�J�!X45��A�-��C�
�9>*45(*%'=?>*�9%'+.�d��%'!*A���� B*�d��!*���90�V¹�9� -�����(C%'!¹� B*�d�`��(*%/>*��JK=?��A
� �)� B*��� ���`L5-.��J�&bA�-.���9��&/JK� %'-.!*�
-Ksh��B*�`��� -�A�BbJ��9��%/A	s�-.��A����ZJ�A
� %'!*0¬-.!o��B*�`L*J��9� %'A�&'���`�»�9�����hBbJ�LM����� 3 ] 3 s�-.���C-.�9�¹(M����JK%/&/� �
]
­���!*��� JK&/&'V�ah��>*45(M%'=?>*��%'-.!�7u%6� B � ®�� ∼ tα

a
0 < α < 1

A�JK!¶45���m�GL5��A�����(¶� -�-�A�A�>*�
7uBM��!#� B*�`� JK�����Z-�si(*%6=[>*�9%/-�!#J�!M(2+�%/�9A�-���&/J��9��%/A¹����&WJ��MJK��%/-.!oJ����`A�-.�`LbJ���J�4*&'� � 2 < � ]$�ºsh� B*�
+�%'��A�-���&WJ���� %'A¬����&WJ·�*J�� %/-�!�BbJ�L*L5��!*�C��>*A�BR�9&/-·78���	� BbJK!R(*%6=[>*�9%/-.![axJo(M%'=?>*�����¹7u%/&'&i��JK� B*���
45��BbJ�+.�N&'%/I��f%'!RJ�!�+�%/��A�-.>*�¹Ob>*%'(RJ�!*(R�9B*-·7 !*-.�9��J�&i(M%'=?>*��%'-.!P7u%'��B � ®�� ∼ t

�x%'sd� B*�
�9��&/J��MJK� %'-.!fBbJKL*L5��!*��s»J��9�����i� BbJ�!¬(*%6=[>*�9%/-.![a*J�!¬����45��(*(*��(}LbJ��9��%/A�&/�<7u%'&/&?45�Y%/�`�`-�4*%'&'%6����(
&'%/I���%/!}J�!¬��&WJK�9� %'A���!@+�%/�9-.!*�`��!���a*%¸]j��] � ®�� � 7 ]

q C
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1¼LbJK� J��`�������E-�s5A���!@� ��J�&M%/�`L5-.�9� J�!*A���s�-.�xJK&/&�L*��-�A������9����%'!�7uBM%/A�B`JK��&/��JK�9�x-�!*�iLbJ��9��%/A�%/LbJ�!��
A�J�!¬s�������&6VX�C-�+.��%/!f��-.&'>M� %'-.!f%'�i� B*�YJ�4*%'&/%6��VC-�s$� BM%/��LbJK�9� %'A�%'LbJ�!��i��-`J�L*L*�9-�J�A�B}%'�����9L?��A�%6�bA
� J���0.�
��]wDb-.�YJ¬!M-.���CJ�&'&6Vk(M%'=?>*��%'!*0¬LbJK�9� %'A�&'��a?� B*�¹L*�9-.4bJ�4M%/&/%½�TV}� -¬����JKAmB2J¬(*�
�b!*��(o��J��90.���
A�J�!¬45��A�J�&'A�>*&/JK� ��(¬JK!bJ�&'V@��%/A�J�&'&6V`4�VXA�-.!*�9%/(*����%/!M0¹J��9-KF�A�J�&/&'��(X(M%'=?>*���mFº� -�F�A�J�LM� >M�����9A���!bJ���%'-
� 5 � ]^13����>M�C%'!*0f%/��-K� ��-�L@V.a5� B*%'���9A���!bJ���%'-¬BbJK�Y�9L*B*����%/A�J�&���VG�`�`��� ��VyJK!*(�A�J�!y��B*���9��s�-.�9�¹45�
������J�� ��(2%'!o��L*BM����%'A�JK&)A�-�-.�9(*%/!*JK� ����]w��!o� B*�`�9A���!bJ���%'-*a�J}�9%/!*0�&/����J��90.���,�m�G%/�9����a�45��%'!*0}����L�F
�9������!@����(;4�VoJ¬��L*BM����%'A�JK&�J�4*�9-.��45���,-�sh� J�(*%'>*�

a
JK�,L5-.�9%'� %'-.!

r = 0
]$:<%6=[>M��%/!M0}LbJK�9� %'A�&'���

����J����ds���-.�±J`��BM��&'&$�9-.>*�9A��Z��>*�9��-.>M!*(*%/!M0`� B*�Y��J��90.���d%/!NJ`(*%'�9��JK!*A��
r = R

] "�B*�ZLbJ���� %'A�&'���
JK���	JK4*��-.�945��(\7uB*��!y��B*��V\J�LML*��-�JKAmBk� B*��� J���0�����-.�37uB*��!y� B*�
Vk����J�A�BoJ�L5-.�9%'� %'-.!

r > c
a

7u%6� B
c > R

]
­���!*��� JK&/&'V�a %/!\JC(*%6=[>M��%/-�!k��VG��� ���²7uB*�������9-.>*��A�����J�!*(yJK4*��-���45���9��J��9��L*�9������!@��a?� B*�Z�b!*J�&
(*%'�9����%/4M>M� %'-.!

C(r)
-KsiLbJK�9� %'A�&'���YJ�L*L*�9-�J�A�B*����J¬!*-.!�F�>*!*%6s�-.���²�9� ��J�(MV�F�����JK����a$% ]¤�K] ∂C

∂t
= 0

]
"�BM�,(*%'=?>*�9%/-.!f��l@>bJK��%/-.!}vxl5] 2 ]6<	��B*���9��s�-.�9�,45��A�-.�`�����

4C = 0
� 2 ] q D.�

��!}��LMB*���9%/A�JK&wA�-�-.�9(*%/!*JK� ����aM� B*%'�u��l@>bJK� %'-.!¬����JK(*���

1

r2

d

dr
(r2 dC

dr
) = 0.

� 2 ] q <��
��!P��B*�f(M����A���%'45��(��9A���!*J���%'-*a�� BM�fLbJ���� %/A�&/�CA�-.!MA���!�� ��JK� %'-.!

C(r)
BbJK�¹J\��J·�M%'��>*�

C0

JK�
r = R

J�!*(f%'� 7 JK�
r = 0

J�!M(
r = c

]G��%6� B�� BM������45-.>M!*(bJ���V�A�-.!*(M%'� %'-.!*��a���B*����-.&'>M� %'-.!�-�s
��l@>bJK� %'-.! 2 ] q <	45��A�-.�`��� � 5 � �

C(r) =

{
C0

1−a/R
(1− a

r
)

J ≤ � ≤ «
C0

c/R−1
( c

r
− 1)

« ≤ � ≤ A � 2 ] q �.�

��%6� B2� B*��� J�(M%WJ�&xOb>G�
 = −D ∂C

∂r

a$� BM�X(*%6=[>M��%/-�!#A�>*�9����!@�
I = −4πr2 %/!2� BM�X��VG��� ���

A�J�!¼45�kA�J�&'A�>*&/JK� ��(R��-#45�
Iin = 4πDC0

C0

1−a/R

��s���-��¨��B*�k�9-.>*�9A��N� -2��B*�N� J���0.�
�m�¹J�!*(
Iout = 4πDC0

C0

c/R−1

�ts���-.�±��B*����-.>M��A��Z� -���B*��-.>M������J�4M��-.�945�����m]?"�B*��L*�9-.4bJ�4M%/&/%½�TV¬Sd� «3�
-KshJXLbJ���� %/A�&/������J���� %'!*0¬J��

r = R
� -f45�¹J�4M��-.�94?��(2J��

r = a
� B*��!oA�J�!�45�	A�JK&/A�>M&WJK����(\��-

45� �
P (R) =

Iin

Iin + Iout

=
a(c−R)

R(c− a)
.

� 2 ] q B��

"�BM%/�u45��A�-.�`���d%'!f� BM�,&'%/�`%½�
c→∞ a*%¸]j��]Ms�-.��LbJK�9� %'A�&'�����`-�+G%'!*0	%/!}J	%/!M�*!*%'�����`��(M%/>*� �

P (R) =
a

R
.

� 2 ] q C��
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vxl@>bJK��%/-.! 2 ] q Cu0.%6+.���w� B*��L*�9-.4bJ�4M%/&'%6�TV3��BbJK��Ju(*%'=?>*��%'!*0uLbJ���� %/A�&/�x�9��J�A�B*���EJu� J���0.�
�$-�sM� J�(M%/>*�
a

7uB*��!N%6�u����J���� �dJK�dJ¹%'!*%'��%/J�&?(*%'�9��JK!*A��
R

s��9-.��� BM�Y� J���0�����]

��� � � � � �"��� � �
��� " $+�$� � (��"�,� � � ��� 

�"� ��� 

�����
�������

"�BM�<�
�CA�%/��!*A�V¹7u%'��B`� BbJK�hJY��� J�A����8J�L*L*�9-�J�A�B*���hJY��JK��0.�
�8A�JK!�%/!*A�����J����d7uBM��!X%6���C-�+.����4@V
�9L5��A�%6�bA��C-�(M���h-�s�(*%6=[>*�9%/-.![a�%/!�LbJ���� %/A�>*&WJK�)7uB*��!f%'� �8�`-�� %'-.!C%/�8������� �9%/A�����(X��-�-.!*�<-.�8��7h-
(*%'�`��!*�9%/-.!*�i-.�i7uB*��!}��� J�A������u>*���Y��>*L5����(*%6=[>*�9%/-.!¬%/!*��� ��J�(}-�s�!*-.���CJ�&[(*%6=[>*�9%/-�!^]

>;�+����&Q	��"��� �/,K���"�=�+�����"�����4)�� 	IH �4��� &7����@!)��+�Y���10c�����"���

"�BM�Z�C��J�!}��%/�`�
τ

s�-��3J¹(*%'=?>*�9���u��-C����J�A�B\J`�9��JK&/&[��JK��0.�
�3-Ks�� JK(*%/>*�
a

%'!¬� B*�,�`%/(*(M&/��-Ks
J	��L*B*�����,-�s�� J�(*%'>*�

L
(*��L5��!*(M�3-.!¬��B*�Y(*%/�`��!M��%/-�!bJ�&'%½�TVC-�s$� B*�Y(*%6=[>*�9%'+.������J���A�B � 2 C � �

τ1 =
L2

3D1

� 2 ] 2 7 �

τ2 =
L2

2D2

· ln(
L

a
)

� 2 ] 2 q �

τ3 =
L2

3D3

· L
a

� 2 ] 282 �

�d���9��a5��B*�Z%/!*(*�m�
i � q a 2 a65C-�s�LbJ���J��C�
� �����

τi

JK!*(
Di

(*��!*-K� ���3��B*��(M%/�`��!*�9%/-.!*J�&'%6��V�]b"�B*�
LbJK� J��`�������

Di

%/�x� BM�3(M%'=?>*��%'-.!`A�-����`A�%'��!��h%/!
i
(*%'�C��!*��%'-.!*��]�13��� BM�3��l@>bJK� %'-.!*���9B*-·7Ya�� B*�

�9��J��9AmB	��%/�`�
τi

%/�E��BM-.�9�����Es�-.�E(*%6=[>*�9�������`-·+�%/!M0�%'!�-.!*��J�!M(��T78-�(*%/�`��!*�9%/-.!M��J���A�-.�`LbJ�����(
��-f��B*�����¹(*%'�C��!*��%'-.!*��a?7uBM��!�� B*�	(*%6=[>M��%/-�!yA�-����`A�%'��!�� �

D1

a
D2

a
D3

J�����-�s8A�-.�`LbJ�� JK4*&/�
�CJ�0.!M%'� >M(*��]�«u��s�������!MA�� � 2 C � L*�9-.L5-.����(¹� B*JK�x4*%/-�&/-.0�%'A�J�&�L*��-�A����9������A�-�>*&/(	45��!*���*�xs���-.�µ��B*%/�
�9��(*>*A
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p(l) ∼ l−1−µ.
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e1E1 + e2E2 + ... −→ p1P1 + p2P2...
� 5G] q �

�d���9��a
ei
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� ��%'AuA�-��
�`A�%/��!@�h-�s^��B*�3��(*>MA��i�9L5��A�%'���
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J�!*(
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%'�)� B*�3��� -.%'AmB*-�F
�`������%'AhA�-����`A�%'��!��)-�sb� BM��LM��-�(*>*A
�x��L5��A�%/���

Pi

]K"�B*����l�>M%/&'%/4*�9%'>*�³A�-.!*����J�!��)-Ks ��B*�i����J�A���%/-.!
%'��A�J�&'A�>*&/JK� ��(}J����

K =
ap1

P1
· ap2

P2
· · · ·

ae1
E1
· ae2

E2
· · · ·

� 5M] 2 �
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aEi/Pi
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� &6Vys��9-.� � B*�C-�4Gª9��A���L*&/J�!*�`A�JK!;L*J����,� B*�
L*%'!*B*-�&/��]8"�B*�yL*%/!MB*-.&/�k��J�(*%'>*�

L
%'�XA�B*-.����!�%/!c�9>*AmB¶J;�CJ�!*!*����� BbJK�X��B*�y%/�CJ�0.�N-�s

L%'!�� BM�}-.4�ª9��A
�CL*&WJK!*�}J�!M(�� B*�f7u%/(M��B
ω0

-�s3� B*�}%'&/&6>*�`%6!bJK��%'-�!P+.-.&'>*�`�}JK���¬��l@>bJ�& ]x"�B*�
A�-.��4*%/!*JK� %'-�!�-�s$J�B*%'0.B 	M)�-.4�ª9��A���%'+.��J�!*(X��B*��L*%'!*B*-.&'�<J�&/&'-�7u�8-.!*��aG%/!XJ�A�A�-.��(bJK!*A��<7u%'� B
134*45��£j�3�9���9-.&/>G� %/-�!¬&'%/�`%½��a�� -¹-.4G��J�%'!f+.����V¬�9��J�&'&[(*�
� ��A
� %'-.!¬+.-.&/>M�C���u-KsE&'��������BbJ�! q Ow]
"�BM�;L*%'!*B*-.&'�o%/�N�CJ�L*L5��( q � q -.!¶� B*�#LMB*-�� -�! (*�
� ��A
� -.��ad7uB*%/A�B %/�¬�TV�L*%'A�J�&'&'V�JR��%'!*0.&'�
L*BM-�� -�!kA�-.>*!@��%/!*0CJ�+�J�&WJ�!MAmB*�,LMB*-�� -�(M%/-�(*�K] "�B*�,Ob>M-.������A���!*A���%'!@����!*�9%'��V

Iem

%/�u�`��J��9>*����(
JK�	��B*�¬!@>*��45���	-�sdL*B*-���-.!*�N�T£¤A�-.>*!�� �¹L5���¹����A�-.!M(*��£)A�L*������BbJK�¹�9��J�A�B���B*�¬(M��� ��A���-.�¹L5���
��%/�`��>*!*%6��]

"�BM�¶%/!�� ��!*��%6�TV�(*%/��� �9%/4*>M��%/-�!
Iem(x, y, z)

-�sN� B*�����`%'�9� ��(�Ob>*-������9A���!*A��´&/%'0.B@�P%'!���B*�
(*�
� ��A���%/-.!X+�-.&/>*�`�<J��i�9��A�-.��(M��(¬4�VC��B*��(*�
� ��A
� -.�i(*��L5��!*(M�u-.!�� BM��%/&'&'>*�`%6!bJ�� %'-�!C%/!@����!*�9%'��V
(*%'�9����%/4M>M� %'-.!

Iexc(x, y, z)
a�-.!�� B*�PAmBbJK� J�A
� ����%/��� %'A��y-�s`� B*��(*�
� ��A�� %'-.!µ-�LM� %'A��\7uB*%'AmBµ%'�

(*����A���%'4?��(P4@V�� B*��A�-.&'&/��A
� %'-.!o���`A�%'��!*A
V2s�>*!*A
� %'-.! ��� 7 # � :»°�: � (�a�-.!#��B*��L*BM-�� -.!2V�%/��&/(#-Ks
J���%'!*0.&'�XOb>*-.�9-.L*B*-����}L5���`�
�GA�%'��J�� %/-�!�%'!@����!*�9%'��V

Q
J�!*(�-.!�� B*�¬��-���JK&��
�CA�%/��!*A�V�-�s3� B*�

�b&6� �����dJK!*(}L*B*-K� -.!}A�-.>*!�� ���9�
E
�

Iem(x, y, z) = E ·Q · ��� 7 (x, y, z) · Iexc(x, y, z)
� 3 ] ���

"�BM�¢L*��-�(*>MA��r-�s´� B*�²!*-.�9��JK&/%6H���( �
�GA�%6��J�� %/-�! %/!�� ��!*��%6�TV
Iexc(x, y, z)/I0

J�!M( � B*���� 7 # � :»°�: � (,%/��-�st����!}(*��!*-�����(kJ��u�`-.&'��A�>*&/��(*�
� ��A���%/-.!}�
�CA�%/��!*A�V � � � # � :»° : ��(�]
"�BM�hL*B*-K� -.!,VG%'��&'(

Q
-�sbJdO*>*-.��-�L*B*-.�9�8%'�$(*���*!*��(	J���� B*�8��JK� %'-d-�sM� BM�8!�>*��45����-�sbJ�(M��-.�945��(

L*BM-�� -�!*�8� -Z� BM�<!�>*��45���h-�sw���C%6��� ��(�LMB*-�� -�!*��]G"�BM��-.LG� %/A�J�& A�-.�`L5-.!*��!@���8� BbJ��i(M���b!M�<� B*���� 7 JK���d� B*�3-.4�ª9��A
� %'+.�3&/��!*�hJ�!*(C� B*�3L*%/!*BM-.&/�K]@"�B�>M��aG��B*� ��� 7´A�J�!X45�3A�J�&'A�>*&/JK� ��(Cs��9-.�
��B*�<-.4�ª9��A
� %'+.�K£j�iL5-.%'!@�h�9L*����J�(Xs�>*!MA�� %'-.! � ® 7 J�!*(���B*�<L*%'!*B*-.&'�3-���� � JK!*���`%/�9��%/-�!Cs�>M!*A���%/-.!
T (x, y)

]["�B*� � ® 7�(*���9A���%'45����� BM��&/%'0.B@�3%/!�� ��!*��%6�TV}(*%/��� ��%'4*>M��%/-�!k%'!k� B*��%'��JK0.�,L*&WJ�!M�f�»-.!
��B*��(*������A���-.���E������>*&6� %/!M0�s���-.� J�L5-.%/!��x��B*J�L5��(`&/%'0.B@�E��-.>M��A���%/!�� B*��-.4�ª9��A��)��LbJ�A���� BbJ��x7iJK�
�CJ�L*L5��(}4@VX� B*�Y-.4�ª9��A
� %'+.�K]

T (x, y)
(M����A���%'45���d��B*�,�9����� ��%'A���%/-.!¬-KsE&/%'0.B@��(M��� ��A���%/-.!}(*>*��� -

��B*�dL*%'!*B*-.&'��] � ® 7¶JK!*(
T (x, y)

A�J�!`4?�u�
�GL*����������(X4�V¹(*%'��A�s�>*!*A
� %/-�!*�)%/!¹��B*�d-�4Gª9��A��8�9LbJ�A��
� q 5 D�a q 5=< � ]

� ® 7
(~r, ~r′, z) =

circ(~r−~r′

R(z)
)

π ·R(z)2

� 3 ]6B��

T (~r) =
	
�t¯�	

(~r/s0)
� 3 ]6C��	
�t¯�	

(~r/r0) = 1
%6s |~r| ≤ r0,

��&/�9�
0

� 3 ] q 7 �
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~r
%/�3� BM����7h-KFº(*%'�C��!*��%'-.!bJ�&w+.��A
� -.��%'!k� B*�Z�@FºV�F�L*&/J�!*��L5���9L5��!*(*%'A�>M&WJ��3� -X��B*�	-�LM� %'A�J�&�J��G%/��]

1�L5-.%'!@��&/%'0.B@�)�9-.>*�9A��<JK��� BM�3L5-.��%6� %'-.!
~r, z

%/!¹� B*�d-.4�ª9��A��8L*&WJK!*�d%'���CJ�L*L5��(C%/!�� -Y� BM�ds�-�A�JK&
L*&/J�!*�	�

z = 0
�8J���J�(*%/�9A<7u%6� BfJ���J�(*%/>M�8� BbJK�i%'�h(*���������`%/!M��(f4�VC� BM�������9-.&/>G� %/-�!

R0

-�sw� B*�
-�4Gª9��A�� %6+.�Y&/��!*���K]

R0

%'�i� BM�Y� J�(*%'>*��-�s$� B*���b�9�9�d1<%'�9V�(*%/�9A�]*��!NLM&WJ�!*����7u%6� B
z 6= 0

L*J�� J�&'&'��&
��-¹��B*��s�-�A�J�&^L*&/J�!*�Ka*��B*�Y(*%'��AY%'�u�CJ�0�!*%'�b��(}JK�u(*���*!*��(N4@V¬J`§w-�����!�� H�s�>*!*A
� %'-.! �

R(z)2 = R2
0 + z2 · tan2 β.

� 3 ] q.q �

s0 = L/M
%/�i��B*�Y%/�CJ�0.�<-�s���B*�YL*%'!*B*-.&'����J�(*%/>M�

L
%/!f��B*�Y-.4�ª9��A
�3�9LbJ�A��ZJ��u0.��!*����JK� ��(N4@V

��B*�Y-.4�ª9��A���%'+.�Y&'��!*�i7u%'� B¬�CJ�0.!*%6�bA�J�� %'-.!
M

]

"�BM� ��� 7µ%'��%/!¬��J�AmB}L*&WJK!*�
z

A�JK&/A�>*&WJK����(¬4�V¬J�!}%'!@����0.��J�&^-�+.����� BM�,J�����J �

��� 7
(~r, z) =

1

N
·
∫

T (~r) · PSF (~r, ~r′, z)d~r
� 3 ] q 2 �

7uBM�����
N

%/�uJ	!*-.�9��J�&'%'H�JK� %6-.!�s»J�A���-.��]

1���>*&'��%'L*&'%6A�JK��%'-�!\-Ks���B*� ��� 7�-Ks)� B*�	-�4Gª9��A���%'+.�
FºL*%/!MB*-.&'���9V��9������J�!M(y� B*��%/&'&'>*�`%6!bJK��%'-�!
%'!@����!*�9%'��VZ(*%/��� ��%'4*>M��%/-�!

Iexc
��B*-�7u��� BbJK�E��B*�iL*%/!*BM-.&/�8�`-�(*%'�b����� BM���9���9-.&/>G� %/-�!�%'!�(*%/�9��A
� %/-�!

-Ks?� BM�u-.LM� %'A�JK&bJ��G%'��]."�B*�d���C%'���9%/-.!	A�BbJ�� JKA�� ����%'�9� %'A
Iem = κ ·Q · ��� 7 (x, y, z) ·Iexc(x, y, z)45��A�-.�`���¹JkA�-.�`L*&'%/A�JK� ��(;�m�MLM�����9��%/-.!P��BbJK�	A�J�!�45�X��-.&6+.��(P-.!*&6V2!�>*�`���9%/A�J�&/&6V�] �3-�7h�
+.����a

Iem

A�J�!f45��JKL*L*��-��G%/�CJK� ��(X4�VXJ	­,JK>*���9%WJ�!X%'!fJ��G%/J�&?J�!*(f��J�(*%WJK&5(*%'����A
� %'-.!^a�%'s^� BM��L*%/!MB*-.&/�
��J�(*%'>*�

L
%/�dAmBM-.����!�J�A�A�-.�9(*%/!*0`� -C��B*��A�-.!*(*%6� %/-�!

ω0 < L < tan β
2·tan δ·ω0

�
δ

%'�3(M��!*-���%/!*0`� B*�
s�-�A�>*��J�!M0.&/��� � q 58< � ])"�B*%'�CA�-.!*(*%6� %'-.!�0�>bJ�� JK!@� �����`��BbJK��J�st� ���¹��B*�}LbJ�����J�0.�}��B*��-.>M0.B�� B*�
-�LM� %'A�J�&[�9V��9�����
J.�h��B*�Y&WJK����� JK&w­,J�>M����%/J�!¬��BbJKL5�,-�s

Iexc

%'��A�-.!*�9����+.��(\J�!*(
4 �d��B*�¹J��G%/J�&E§w-.����!@� H���BbJKL5�¹-Ks

Iexc

%/�<�C-�(M%'�b��(y%'!�JX�CJ�!*!M���<��BbJK��%6��A�J�!�45�	J�L*L*�9-��G%6F
�CJK����(¬4@V¬J`­,J�>M����%/J�!^]
Iem

��B*��!}45��A�-.�C�����

Iem(x, y, z) = E ·Q · I0 · e
−2(x2+y2+(z/S)2)

ω2
0

� 3 ] q 5��
�d���9��a

S ≈ 5CF q 7 %/�3� B*��A�-.!M�9��JK!@�Y(*%'�C��!*��%'-.!*&'���9�<��BbJ�L5��s»J�A
� -.�3� BbJ�����L5��A�%'�*����� BM�	(*%'��F
��-.�9��%/-.!f-�s

Iem

%/!¬J��G%WJ�&[(*%/�9��A
� %/-�!¬A�-��CL*J�����(¬� -	� B*�Y&/JK� ��� J�&[(*%'����A�� %'-.!*��]

� � � � � � �	��!�%+����� �����*�	�)� �"���,�"�
�������'���"�	��� �8% �*�	�&���	�)�������
�

:<���4�����
��� I!�����
�+��&7�+��&7�P����	��+�����*	IH ���"L����')
"�BM��O*>*-.������A���!*A���%/!@����!*�9%'��V`��%/0�!bJ�&

F (t)
� BbJ��i%/�8(*������A
� ��(fs��9-.��� B*�<-.4*�����9+�JK� %'-.!�+.-.&/>M�C�

nR(M��L5��!M(*�E-.!,� BM�8%'!@����!*�9%'��V
Iem(x, y, z)

-�sM��B*��&/%'0.B@�^7uB*%'AmBZ%/�����`%6��� ��(Ys���-.�´��B*��L5-.��%6� %/-�!
(x, y, z)

JK!*(}-.!¬��B*��Ob>*-.�9-.L*B*-.�9�YA�-�!*A���!@� ��JK� %'-.!
C(x, y, z, t)

%/!
V
�

F (t) =

∫

V

Iem(x, y, z) · C(x, y, z, t)d3r
� 3 ] q 3 �

3=3
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"�BM��Ob>M-.������A���!*A��¹%'!@����!*�9%'��VNJ�!*(\��B*��A�-.!*A���!�� � J�� %/-�!\A�J�!\45������LbJ�� J�� ��(y%'!k��B*��A�-.!*�9� J�!@�
J�+.����J�0.��+KJ�&'>*��� 〈F 〉 J�!*( 〈C〉 J�!*(¬��B*��Ob>*A���>bJK��%/-.!*�

δF (t)
J�!*(

δC(x, y, z, t)
�

F (t) = 〈F 〉+ δF (t)
� 3 ] q D.�

C(x, y, z, t) = 〈C〉+ δC(x, z, y, t).
� 3 ] q <��

: �%	��%&7�/�
�C�+)��
	
�*��� �'���4)*H����"�
"$-C�
�MJ��`%/!*��� BM�ZA�BbJ���J�A�������%'�9��%/A��u-�sE� B*�YOb>M-.������A���!*A���O*>*A���>bJK� %'-.!*�

δF (t)
J�!kJ�>M��-�A�-.�9���mF

&/JK� %'-.!oJK!bJ�&'V��9%/�Y-�s
F (t)

%/�YL5����s�-.���`��(^]$­Y��!*����J�&/&6V.awJ�!#J�>M��-�A�-�������&WJK��%/-�!������9+.���Z� -}A�&/��J�!
J	Ob>*A
� >bJ�� %/!M0¹+KJ��9%WJ�4*&'�

f(t)
s���-�� !*-.%'���,J�!*(¬� -`(*�
� ��A
��J¹L5-.�9��%/4M&/�Y�9��&'sWFº��%'�C%6&/JK��%½�TV�%'!¬� BM�

45��BbJ�+�%'-.>*�u-Ks�� BM��+KJ���%/J�4*&'��]
"�BM�¬J�>G� -�A�-�������&WJK��%/-�!os�>*!*A���%/-.!#-�sdJN� %/�`�
Fº(*��L5��!*(*��!@��s�>*!*A
� %/-�!

f(t)
7u%'��B*-.>M��A�-.!*����J�!��

A�-.�`L5-.!*��!����»% ]¤�K] 〈f(t)〉 � 7 �h%/��(*�
�b!*��(kJ����

) �
(τ) = 〈f(t) · f(t + τ)〉 = lim

T→∞

2

T
·
∫ T

−T

f(t) · f(t + τ)dt
� 3 ] q �.�

"�BM�X�`��JK!*%/!M0N-�si��B*%/�,�CJK� B*����J�� %'A�JK&x-.L5��� JK��%/-.!2%'�,��BbJK�Z��J�A�B#� %'�C�¹L5-.%'!@�
t0

-Ks
f(t)

%'�
A�-.�`LbJ�����(}7u%'��BN��JKAmBk&/JK� ����� %'�C��L5-.%'!@�

t0
�

τ
a*s�-.�

t0
� tmin → tmax

a
τ = 0→ tmax − t0

]
13>M� -�A�-.���9��&/JK� %'-.!2� B*������s�-����fB*%'0.B*&'%'0.B�� �,� B*�X����&'sWF��9%/�`%'&'J��9%6��Vo-�s

f(t)
s�-��	J\A����9� J�%/!;%/!*A����
F

�`��!��
τ
a�7uB*%/A�B;-.!*&6Vo�
�G%/��� ��%'s

f(t)
A�-�!@��JK%/!*��Jk�`��J�!M%/!*0Ks�>*&)%/!Ms�-����CJK� %6-.!2J�!*(;!*-��uª9>*���

��J�!*(*-�� !@>*��45���9��]b"�B*�ZJK>M� -�A�-.���9��&/JK� %'-.!�s�>*!*A���%/-�!E) �
(τ)

� BM��!}(*���9A��9%/45���u��B*��� ���CL5-.��J�&
(*��A�J�Vo-�sh� B*�`%/!Ms�-����CJK� %6-.!y��� J�!*�9L5-.�9����(#%'!

f(t)
]�Db-��ZJ}L5����%/-�(M%/A¹��%'0.!bJK&¸a*) �

(τ)
%/�ZJK&/��-

L5����%/-�(M%/AKa.7uB*%'&/�is�-.��J�!`��+.��!@�h&/%'�`%½� ��(¹%'!¹� %'�C�Ka ) �
(τ)

(*��A�J�V���s���-.��JY�CJ��G%/��>*�µ� -,H�����-*]

"�BM� !*-����CJ�&/%6����( JK>M� -�A�-.���9��&WJ�� %'-.! s�>*!*A
� %'-.! -�s ��B*��O*>*-.������A���!*A���%'!@����!*�9%'��V
F (t)%'���

) �
(τ) =

〈F (t) · F (t + τ)〉√
〈F (t)2〉〈F (t + τ)2〉

� 3 ] q B��

��%6� Bf� BM�Zvxl@>bJK��%/-.!M� 3 ] q43 a 3 ] q DGa 3 ] q <MaM� BM�,!@>*�`����JK� -.�i-�s 3 ] q B	45��A�-.�`��� �

〈F (t)F (t+ τ)〉 = (C ·
∫

V

IemdV )2 +

∫

V

∫

V ′

Iem(~r)Iem(~r′)〈δC(~r, t)δC(~r′, t+ τ)〉dV dV ′

� 3 ] q C��
�d���9��aY� B*���b�����2� ����� %/�2J�A�-.!*�9� J�!@�;JK!*(¦��B*�R����A�-�!*( � ����� %/����B*�gJ�>G� -�A�-�������&WJK��%/-�!
s�>*!MA�� %'-.!c-�sY� B*�\Ob>*-�������A���!*A���Ob>*A
� >bJK��%/-.!M��a 〈δF (t) · δF (t + τ)〉 ]h�º�¬(*��L5��!*(*�¬-.!c� BM�
%'!@����!*�9%'��V�L*��-K�b&/�`-Ksi��B*�C%/&'&'>*�`%6!bJK��%'!M0}&/J������

Iexc

J�!*(#-.!o� B*��JK>M� -�A�-.������&WJ�� %'-.!�s�>M!*A���%/-.!
-Ks�� BM�,A�-.!*A���!�� � J�� %/-�!¬Ob>*A
� >bJ�� %/-�!*� 〈δC(~r, t) · δC(~r′, t + τ)〉 ]
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� � �

d

dt




S0(t)
S1(t)
T1(t)


 =



−k12 k21 k31

k12 −k21 − k23 0
0 k23 −k31






S0(t)
S1(t)
T1(t)


 � 3 ] 2 �.�

�d���9��a
k12

%/�i��B*��� � JK!*��%6� %/-�!f� J�� ��s��9-.�
S0

� -
S1

a
k21

s��9-.�
S1

� -
S0

a
k23

s��9-.�
S1

� -
T1

a
k31

s���-.�
T1

��-
S0

]
��!#��B*�XJK>M� -�A�-.���9��&WJ�� %/-�!�s�>*!*A
� %/-�!#-.!*&6Vo�`-.&'��A�>*&/���,A�-.!�� ��%'4*>M���`7uB*%/A�B#7h�����XJK�

t � 7 %/!
S0

J�!M(2���`%'�9� ��(oJ¬L*B*-���-.!^]$eG-.&'+�%'!*0f� BM�Cv)l@>bJ�� %/-�!*� 3 ] 2 �X7u%6� B�� BM�CJ�L*L*�9-.L*��%/JK���¹%'!*%'��%/J�&
A�-.!*(*%6� %'-.!*�

S0(0) = 1
a
S1(0) = 0

a
T1(0) = 0

V�%/��&'(*�Z��BbJK�Z� B*��L*��-�4bJ�4*%'&/%6��Vy��-\BbJ�+.�fJ
����JK���

X(t)
L5-.L*>M&WJK����(}JK��� B*��� %'�C�

t
%'��0.%'+.��!}4@V¬JK!}�
�GL*�9���9��%/-.!N-�s$� B*�Y�9BbJ�L5� �

X(t) =
3∑

i=1

Aie
λit.

� 3 ] 2 B��

�d���9��a
Ai

JK!*(
λi

J��9�y� B*��A�-��CL5-.!M��!@���}-KsZ� B*����%'0.��!�+.��A
� -.�9�NJ�!*(���%'0.��!�+KJ�&'>*���¬-�s,� B*�
��l@>bJK� %'-.!N��VG��� ���²J�45-�+.��]?eG-.�`�Y%/&/&6>*�9��� JK��%6+.��A�-.!M��%/(M��� J�� %/-�!*�u-.!N��&'��A
� ��-�!}� ��J�!*��%6� %'-.!2�»�9���
«u��s�������!*A�� � q 5 � � �iV�%/��&/(¬� B*�,��%'0.��!@+KJK&/>*�

λ3

� -C45�,����&WJK����(}��-`� BM�ZL5-.LM>*&WJK��%/-.!¬%'!*A��9��JK���Z-Ks
��B*��� ��%'L*&/�
���9� JK� �K]b�º�dA�JK!}4?�,J�LML*��-��M%'�CJK� ��(}J��

λ3 = −k31 −
k12k23

k12 + k21

.
� 3 ] 2 C��

"�BM��s���J�A���%/-.!o-�siOb>M-.��-.LMB*-.������L5-.L*>M&WJK��%/!*0¬��B*�`� ��%'L*&/�
�,�9��J�� �CA�J�!#45�XJ�LML*��-��M%'��J�� ��(24@V
��B*�Y�
�GL*��������%'-.!

fT =
k12k23

k12(k23 + k31) + k31(k21+k23)
.

� 3 ] 5 7 �

�2�YJ��9��>*�`��!*-·7�� B*JK�iOb>*-.�9���9A���!MA��,%/!�� ��!M��%'��VCO*>*A���>bJK� %'-.!*�iA�-.!�� �9%/4*>M��%/!*0Z� -�� B*��O*>*-.������F
A���!*A��hJK>M� -�A�-.���9��&/JK� %'-.!<s�>*!*A
� %'-.!/) �

(τ)
J����xA�JK>*����(Z��%6� B*����4�V�A�-.!*A���!@��� JK��%/-.!�Ob>MA�� >*JK� %'-.!*�

-���4@Vk�C-.&'��A�>*&/���3� BbJK����!@������-.�<&/��J�+.��� B*��� ��%'L*&/�
������JK����]["�B*%/�<V�%/��&'(*�<��BbJK��� BM�¹J�>M��-�A�-.�TF
�9��&/JK� %'-.!ks�>*!*A
� %'-.! ) �

(τ)
(*���9%'+.��(o%'!2e���A
� %/-�! 3 ] 5G] 2 4@V\A�-.!*�9%/(*����%/!M0�ª9>M�9�YA�-�!*A���!@� ��JK� %'-.!

Ob>MA�� >*JK� %'-.!*��BbJ���� -<45�h��>*&'��%'L*&'%6��(Z4@V,��B*�8s�-.&'&/-�7u%'!*0u� �����³��-3��J�I��h%'!�J�A�A�-.>*!��)JK&/��-d� ��%'L*&'���
��� J�!*�9%'��%/-.!*� � q 5
� � �

Ftriplet(τ) = 1− fT + fT e
− τ

τT .
� 3 ] 5 q �

�d���9��a
τT = 1/λ3

(M��!*-K� ���u��B*��� ��%'L*&/�
������&WJ��MJ�� %/-�!X� %/�`��]

3 C
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5R�"L����4)e�4���Y���4& �RL/�C�������
��!C��B*�3(*�
� ��A�� ��(XO*>*-.������A���!*A��<%/!@����!*�9%'��V¹�9%/0.!*J�&

F (t)
a�J�&/�9-Z4bJKAmI@0.�9-.>*!*(�&/%'0.B@�)%'��%'!*A�&'>*(*��([]

�º��%'��0.��!*����JK� ��(�4@Vk���
Ob�
�G%/-�!*��-�s)��B*�	&/J�������45��J��¢JK��-�LM� %'A�J�&�A�-.�`L5-.!*��!@� ��J�!*(y4@Vk&/%'0.B��
�9A�JK�9� ���9%/!*0�-�!	%'�CLM>*���80�&WJ��9�E��>*��s»J�A����x-.�$� B*�h��L5��A�%/�`��![]�"�B*%'��4*J�AmI@0.�9-.>*!*(	!*-�%/���h%'�E>*!MA�-.�TF
�9��&/JK� ��(CJK!*(`BbJ���� B*������s�-����u!*-Y%/!MO*>*��!*A��d-�!¹� BM�u��%/0�!bJ�&MA�-.�9����&WJK��%/-.!*��] �d-·7h�
+.����a��9��&/JK� %6+.��&6V
��� ��-�!*0�!*-.%/�9�i&/��J�(*�E��-YJ�J�L*LbJK����!��)%'!*A��9��J��9��-�s ��B*���`��J���>*�9��(	Ob>M-.��-.LMB*-.���iA�-.!*A���!@��� JK��%/-.!^a
�9%/!*A���� B*��� -K��J�&[�9��A�-.��(*��(¬Ob>*-.�9���9A���!MA��ZB*J���%/!*A�����J�����(}����&WJ�� %'+.��&'V¹� -�� B*����%'0.!bJK&/�8� BbJ��dJ��9�
JK����%'0.!*��(\4@VNJ�>M��-�A�-.�9����&WJK��%/-�!}��-���%'!*0.&'�YOb>*-.�9-.L*B*-�������]?"�B*������s�-����Ka[%'!N��B*��A�J�����-�sx��� ��-�!*0
!*-�%/�9�,J¹A�-.�9����A
� %'-.!}-Ks

AC(τ)
%'��!*��A�������J��9V}4�VX� B*��s»J�A
� -.� �

FBackground = (1− 〈IBackground〉
〈ITotalSignal〉

)2 � 3 ] 5 2 �

Qd��+.���9� BM��&/������a.J<L5-·78����s�>*&*JK!*(��9� J�4*&'�h&/J�������JK!*(�%/!�� ���9s����9��!*A��h�*&'� �����$7uB*%/A�B	J����8-.LM��%/�`%'H���(
��-�� B*�����C%'����%'-.!X��L5��A�����>*� -Ks$��B*��>*�9��(¬Ob>M-.��-.LMB*-.������0.>bJ���J�!@�����YJ�Ob>M-.������A���!*A��YV�%/��&/(X%/!
��B*�,(*������A���%/-.!}+.-�&/>*�`��7uB*%'A�Bk&'%/���uJ�45-.>G�
5`-���(*�����3-Ks��CJ�0.!*%6� >*(M�Y-�+.���u� BM�Z4bJKAmI@0.�9-.>*!*([]
"�B@>*��ab��V�L*%/A�J�&/&6V�!M-`A�-.�9����A�� %'-.!fs�-.��4bJ�A�I@0.��-�>*!*(N&'%/0.B���B*J���� -¹45�,(*-�!*��]

­���!*��� JK&/&'V�ao��B*� Ob>*-������9A���!*A�� Ob>*A
� >bJ�� %/-�!*��A�J�>*�9��( 4�V�A�-�!*A���!@��� JK��%/-.!�Ob>*A
� >bJ�� %/-�!*�
��>*���;45�g&/J���0.����!M-.>*0.B � B*JK�#��B*��V¦(*-´!*-��2+KJ�!*%'��B�%'!¦� B*�g4bJKAmI@0.�9-.>*!*(�!*-.%/�9��],"�B*�
Ob>M-.������A���!*A��,Ob>*A
� >bJK��%/-.!M�u(*>*��� -`A�-.!*A���!�� � JK��%/-�!¬Ob>*A
� >bJK��%/-.!M�dJ�����&WJ��90.������7uB*��!NA�JK>*����(
4�Vks���7¦�`-.&/��A�>*&'�����5� B*������s�-�������B*�	A�-�!*A���!@��� JK��%/-.!y-�s)� BM�	�C-�&/��A�>*&'����L5��A�%'���Y>*!M(*����%'!@+.���TF
��%/0�J�� %'-.!2BbJ��Z� -\45�X�9��JK&/&)%/!#��B*�X��V��9� ��� �»A�] sT]�eG��A
� %'-.! 3 ] 2 �
]�"�BM�f&/J���0����9�ZOb>*A
� >bJ�� %/-�!*�
JK���Z�C��J���>*�9��(k7uBM��!\� BM��-.4*�9����+KJK� %'-.!N+.-.&'>*�C�,%'�3���CJ�&'&/����� BbJ�!N� BM��£ � ���9��%6� -.��%/JK&^+.-.&/>M�C�K£
Vt

-�sEJ��9%/!*0.&'�<�C-�&/��A�>*&/�K]
Vt

%/�i(*�
�b!*��(kJ��
Vt = 1

〈C〉

aM7uBM����� 〈C〉 %'�h� BM�YJ�+.��� J�0.���`-.&'��A�>*&/�
A�-.!*A���!@��� JK��%/-.!¬%/!f��B*�Y-.4*�9���9+�JK� %'-.!¬+.-.&'>*�`��]

d 	������;����� 	
���
������L�@��
�%&7�+�����+�
Db-.��&WJ��90.�X-.4�ª9��A����¹��BbJK�`J����f&WJ�45��&/��(P7u%'��B��CJ�!�V#Ob>*-���-.L*BM-.������ax��-�� JK� %'-.!bJ�&8�`-�� %'-.!*��-Ks
��B*�	-.4�ª9��A
�,J�!*(y%/!*BM-.�C-�0.��!*��-.>*�<�
�GA�%6��JK��%/-.!\(*>*����-f��%/H��	(*-f%/!GOb>*��!MA���� B*��O*>*-.������A���!*A��
Ob>MA�� >*JK� %'-.!*�	(*�
� ��A�����(R%/!;��B*�f-.4*�9���9+�JK� %'-.!P+.-.&'>*�`�fJ�!*(P��B�>*��� B*�¬D���e;�`��J��9>*�����C��!@��]
�d-·7h�
+.����a�� B*%'����=?��A
�iA�J�!�45�3!*��0.&/��A�����(�%'s[-.!*&6V¹�`-.&'��A�>*&/���)7u%6� BC��J�(*%/%b�9��JK&/&'����� B*J�!��9-.�`�
����!}!bJ�!*-��C�
� ���9�dJ�����%/!�+.���9��%/0.JK� ��(^]
13!*-���B*�����9��J��9-.!#s�-.�,%/!�� ��!*��%6�TVyOb>*A
� >bJ�� %/-�!*��JK�Z��B*��(*�
� ��A�� -���%/�,��B*��LMB*-�� -�4*&/��J�A�B*%/!*0N-Ks
Ob>M-.��-�L*B*-.�9����]M"�-¹J�+.-�%/(fJ�s»J�����4*&/��J�A�B*%/!*0Ma�� BM��%'!@� ��!*��%6�TVC-�sw� B*��&WJ��9���h%/&'&'>*�`%6!bJK��%'-�!�%/�h���
�
��-2Jy&'-·7 +KJK&/>*�f(*>*�9%/!*0�D���eP�`��JK��>*�����`��!@����]���%6� B�J�!�J�L*L*�9-.L*�9%WJK���f&'-·7�&/J������	L5-·78����a
��B*�<L*B*-���-�AmBM���`%/A�J�&?J�+.����J�0.�<&'%'s���� %/�`�d-�s^� BM�<�C-�&/��A�>*&/�u%/�8��>*A�BXBM%/0.B*����� B*J�!�� BM�3�TV�L*%'A�J�&
(*%6=?>*��%'-.!f��%/�`��-�s�J	�C-�&/��A�>*&'��]M"�B@>*��a !*-¹A�-.�9����A�� %'-.!¬s�-���L*B*-���-.4*&'��J�A�B*%'!*0¹%'��!*��A�������J��9V.]
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�aU � � �Id �IXOc `S^�b d*`SZ�^ Z�� b ���a` ��� � � Z/c ��� �	� � ���=bNX c Z ���
� � � �

1 s�>*!*(bJK�C��!@��JK&N�C��AmB*J�!*%/A�J�&NLM��-.L5���9��Vr-�soJ�!@V���J�� ���9%WJ�&¬%'�g%'���g������L5-.!*�9����-��9B*��JK�
��� ������� � q � ]�z8V��m�MJ��C%'!*%/!M02Jo��JK�����9%WJ�&»£¤�¹45��BbJ�+G%'-.>*�`>*!*(*�����9B*��J��C(*�
s�-.���CJK��%/-.!P7h�NA�J�!
(*%'�9��%/!*0�>*%/�9BR��B*�N�T78-;4bJ��9%/A�JK&/&6V�(*%6=[������!@��A�&/J����9���X-�s���-�&/%/(gJK!*(gOb>*%'(¼�CJK� ����%/J�&'��]8eG-.&'%/(*�
JK���c��&/J��9��%/AcJK!*(��9� -����¼� B*�c(*�
s�-.���CJK� %'-.!���!*���90�V�7uB*%'A�B %'�P%'!*(*>*A���( 4�V�J�L*L*&6V�%/!*0�J
�9B*��JK���9��� J�%'!^aZ7uBM������J��POb>*%'(*��J��9�¼+�%'��A�-�>*��J�!M(�(*%/�9��%'LbJK� �g��B*�c(*�
s�-.���CJK� %'-.! ��!*����0�V�]
_kJK!@V³�CJK�����9%WJ�&'��a<B*-·78��+.����a,��BM-·7�45-�� B³+�%/��A�-.>*�2J�!M(¦��&WJ���� %'AP45��BbJ�+G%'-.>*� ��� B*�
V³�9��-.���
J¼L*��-�L5-.�9��%/-.! -�s¹� B*�P(M��s�-.�9��J�� %/-�! ��!*���90�V³JK!*(³(*%'����%'LbJK���#� B*�P�9���9���<� B*��������J�� ����%WJK&'�
JK����A�J�&/&'��( "��/��	���

�6���
����	
]w1r�CJK� ����%WJK&)A�&WJ��9�Z7uB*%'AmB;�9B*-·7u��+�%/�9A�-���&WJ���� %/A`45��BbJ�+�%/-.>M��%/��a�s�-.�
�m�MJ��CLM&/��a5��B*��A�&/J����<-�s�A�-.�`L*&/�m�NOb>M%/(*��a?7uB*%'AmBy%'!*A�&'>*(*����A�-.&/&'-.%'(bJK&�(*%/�9L5�����9%/-.!M��a[L5-.&6V��C���
�9-.&/>G� %/-�!*��-��u�9-.&/>G� %/-�!*��-KsE����&'sWF�J����9����4*&'��(¬��>*��s»J�A�� J�!@����]
"�BM�g+�%'��A�-���&WJK�9� %'A�45��BbJ�+�%/-.>*�o-�s¬J¶�CJK� ����%/J�&	A�J�!�45�Rl@>bJ�!�� %'�*��( 4@Vµ(*�������9�C%'!*%/!*0�%6� �
A�-.�`L*&/�m����B*��J��`�C-�(M>*&/>*�

G(ω)
7�B*%/A�BR�C��J���>M�����¹� B*�}��� �������C%/!*(M>*A���(g%'!�� B*�}�CJK� ����%/J�&

7uBM��!¦J�!�-���A�%'&/&/JK��-.��V���B*��J��y��� � JK%/! -�s¹s�����l@>*��!*A
V
ω

%'�yJ�LML*&/%'��(^]
G(ω)

%/�\J¼A�-��CL*&'�
�
LbJK� J��`��������-�s8� B*�	s�-.���

G(ω) = G′(ω) + iG′′(ω)
]w"�B*�`����J�&xLbJ����

G′(ω)
%/��� B*�¹��&/J��9��%/A

��� -.��J�0.�i�`-�(*>*&'>*��7uB*%/A�B¹�`��J���>*�9������B*��L*B*J������9����L5-�!*���u-�s ��B*���`��(*%/>*�³��-YJ�!	-.�9A�%'&/&/JK��-.��V
��� � JK%/!´JK!*(¶� B@>*�N��B*-�7u�N� B*�o� JK��%/-�-Ks���B*�2��&WJ���� %/A�A�-.�CL5-�!*��!��k-Ks���B*�2%/!M(*>*A���(´�9� �9���9�
��-���B*��J�L*LM&/%'��(��9��� J�%'!^]�"�B*�c%/�CJ�0.%6!bJ���VµLbJ��9�

G′′(ω)
%'�#� B*�¼+�%'��A�-�>*�P&/-.�9�P�`-�(*>*&'>*�

7uBM%/A�B#�C��J���>M�����,��B*�C-.>G�Z-�siL*BbJ��9���9����L5-�!*���XJ�!M(2� B@>*�Z0.%6+.���Y� B*�C��JK� %'-}-Ksi��B*�`+�%'��A�-�>*�
A�-.�`L5-.!*��!��¹-Ksd��B*�f%/!M(*>*A���(��9� �9�����	��-y��B*�¬J�LML*&/%'��(;�9� ��J�%'!^]�Sx>*�9��&'V2+�%/�9A�-.>*�	�`��(*%/Jk&/%'I��
7hJK� ���d7u%6� BNJ	+G%'��A�-.��%6�TV

η
J��9�,A�BbJ���J�A�������%'����(k4@V

G′(ω) = 0
JK!*(

G′′(ω) = iηω
ab7uBM������J��

L*>M����&6VN��&/J��9��%/AZ�CJK� ����%/J�&'�d&/%'I��Z��>*4M45�����
�GB*%'4*%'�
G′′(ω) = 0

]?��!\+�%'��A�-���&WJK�9� %'A��`��(M%WJMa 45-�� B
G′(ω)

J�!M(
G′′(ω)

BbJ�+.�;+KJ�&'>*���y�9%/0.!*%6�bA�JK!@� &6V¶&/J���0����N� B*J�!³H�����-*a<7�%'� B � BM��%/�k����&/JK� %6+.�
A�-.!@����%'4*>M� %'-.!R45��%/!*0#(M��L5��!M(*��!��¬-.!R� B*�}s�����l@>*��!*A
V¼-KsY�9B*��JK��%/!M0*]���!gs»J�A
��a

G(ω)
%'�`� BM�

s�-�>*��%'���`� ��J�!*�9s�-���� -Ks�� B*�k�9� �9�����X����&/J��MJK� %'-.!R�C-�(*>M&/>*�
Gr(t)

7uB*%/A�BcL*J�� JK�C�
� ��%'�����C� BM�
�����`L5-.� J�&8�9���������¹����&/J��MJK��%/-.!;45��BbJ�+�%'-.>*��-�s3Jy�CJK������%/J�& ]EeG%'!*A���� B*�f�9%/!*0�&/������J�&hs�>M!*A���%/-.!
Gr(t)

(*���������`%'!*����45-�� B ����J�&}JK!*(�%'��JK0.%'!*J��9V LbJK�9��-�s
G(ω)

a
G′ J�!*(

G′′ J�����!*-K�
%'!*(*��L?��!*(*��!@�34*>M�dJ����Y�9��&/JK� ��(}4�VX� B*� ��� JK�C������F ����-.!*%'0�����&WJK��%/-�!*��]

"�BM��A�-��CL*&'�
����B*��J��¼�`-�(*>*&/>M�
G(ω)

A�J�!±45� �`��J��9>*����(±��%6� B*���¼%'!r��B*� 4*>*&'I -�soJ
�`��(M%/>*� -.�¹&'-�A�J�&'&6V�]�"�B*�}&/-�A�J�&i�C-�(M>*&/>*�	%'�	�TV�L*%'A�J�&'&'V#%'(*��!�� %/A�J�&h��-o��B*�}4*>M&/I;�`-�(*>*&'>*�
-KsC�9��JK&/&,� J��`L*&'���yJK!*(�V�%'��&/(M�\%/!Gs�-.���CJK��%'-�!�JK45-.>M�\� BM�P���CJ�&'&½Fº��A�JK&/�2��� ��>*A
� >*�9��-Ks¹� B*�
�`��(M%/>*�}]d"�B*�;4*>*&'I��`-�(*>*&/>M�k-�s`Jg�`��(*%'>*� %/�k>M��>*� JK&/&6V¶(*�
� ���9�C%'!*��( 4�V´�`��J��9>*��%'!*0
(*%'����A���&'Vc��B*�2�9������!M0�� B*�k-Ks¹J�(*��s�-����`%/!*0���� � JK%/!´J�LML*&/%'��(�� -�� B*�2�`��(*%'>*� JK!*(´-�s�� B*�
%'!*(*>*A���(`�9�������9��a�7uB*%'AmB`A�J�!`45�u(*-.!*�Ka.s�-.�x�m�*JK�CL*&'��a�7u%6� B`J��9� ��J�%/!	��B*��-.�C�
� ���)-.�)J�� -.�9��%'-.!
L5��!*(*>*&'>*�}]G§w-�A�J�&5�`-�(*>*&'%bA�JK!X45�3�`��J��9>*����(X4�V`����45��(M(*%/!*0,� ���9�hLbJ��9��%/A�&/����%/!�J,�C��(*%/>M�
JK!*(f(*�
� ��A
�u��%'� BM���8� BM��%/�hJ�A���%'+.�<45��BbJ�+�%/-.>M�i>ML?-�!f��JK!*%/LM>*&WJ�� %6-.!`7u%'��BfJ��*��&'(f0.��J�(*%'��!��i-.�
��B*��%'��LbJ����9%'+.��� B*�����CJ�&[Ob>MA�� >*JK� %'-.!*� � q.q D � ]��!���B*�oL*��������!@�N� BM����%'��au�`��JK��>*�9���`��!@���}-�sZ� B*�o!bJK!*-.��A�J�&/�y+�%/�9A�-���&WJ���� %/A�%'��V¼-Ks�A���&/&'�}J��9�
L*�9���9��!�� ��(\7uB*%/A�Bk7h������(*-.!*�Z4@VN(M��� �����`%/!M%/!*0¹� B*�Z�C��J�!k��l@>bJ��9��(M%/��LM&WJ�A����`��!�� � ®�� -Ks

D q
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L*�9-.45�<L*J��9��%/A�&'����(*%6=[>M��%/!M0,7u%'��B*%/!`��B*�<A���&'&/�8J�!*(�A�-.!�+.����� %'!*0���B*� � ®�� +�%WJZJZ��J�� B*����J�� %½F
A�J�&?����&WJK��%/-.!¹� -

G(ω)
]G"�BM%/�h�C�
� B*-�(C7iJ��hL*��-.L5-.�9��(f%'! q C=C D,4@VX_kJK��-.!fJ�!*(��2��%'��H � q�� J��J	� ��AmBM!*%/l@>*�,��BbJK�d%/��ab%/!¬L*��%'!*A�%'L*&/�Ka*0.��!*����J�&'&'VfJ�L*LM&/%/A�J�4*&'����-`�C��J���>*�9�Y� BM�,&/-�A�J�&wA�-.�`L*&/�m�

�9B*��JK�d�`-�(*>*&/>M��-�s$+G%'��A�-���&/J��9��%/A��`��(*%/JM]
Db-.&'&'-�7u%/!M0¶_kJ���-�! � �2��%'��H � q � a�� B*������&WJK��%/-.!³-�s���B*� � ®�� ��-�� B*�RA�-.�`L*&/�m�µ�9B*��JK�
�`-�(*>*&'>*�

G(ω)
%'��(M-.!*�	>*!*(*������B*�¹J����9>*�`LM� %'-.!\� BbJ�����B*�	�����9L5-.!*�9�`-�s8Jf�9��JK&/&�LbJK�9� %'A�&'�

��-f��B*��� B*�����CJ�&E��� -�A�BbJ���� %/A�s�-���A����Y&'��JK(*%/!*0���-¬zh��-�7u!*%WJ�!y�`-���%/-.!k%/��(*�
� �����`%/!*��(�4�Vk� B*�
4*>M&/IP�C��AmBbJK!*%/A�J�&u��>*�9A���LG� %/4M%/&'%'��V�-Ks�� B*�N����45��(M(*%/!*02�C��(*%/>*� �»�����k(*���9%'+KJK��%/-.!�45��&'-·73�
]
"�BM�,����&WJK��%/-.!X%/���

G̃(s) =
s

6πa
·
(

6kBT

s2 · ˜� ®��
(s)
−m · s

)
.

� 3 ] 585��

�d���9��a
G

J�!M(�� BM� � ®�� JK���845-�� B�%/!,� BM�i§�J�L*&/J�A���(*-.�CJ�%/![a�7uB*%/A�B�%'��(*��!*-�� ��(	4�V,��B*�8��%/&/(M��]
"�BM�}LbJK� J��`�������

s
%/��� B*�¬§$JKL*&WJKA��Xs��9��l@>*��!*A�V�a

kB

%/�	zh-.&6� H��CJ�!M!PA�-.!M�9��JK!@��a
T

(M��!*-������
��B*�}J�4*��-�&/>M���f�����`L5��� J�� >*���K]x"�B*�¬�*���9�¹� ������%'!�4*� J�A�I��
� �C(M����A���%'45���¹� B*�¬(*%'����%'LbJK��%/-.!P-Ks
��B*���9��JK&bO*>*A���>bJK� %'-.!*��%'!¹� B*�d�`��(*%'>*�}]."�B*�3����A�-.!M(�� ������%'��(M>*�d��-Z%'!*����� %WJYJK!*(C45��A�-��C���
%'�CL5-��9��J�!��)-.!*&'V¹JK��+.����VCB*%'0.B`s��9��l@>*��!MA�%/����]MQ3��0.&/��A���%/!*0Y� B*�3%'!*����� %WJK&*� �����}a@��l@>bJ�� %/-�! 3 ]65=5A�J�! 45�#����0�J���(M��(�J��\JR0.��!*����J�&/%'����(^aus�����l@>*��!*A
V@Fº(*��L5��!*(*��!@��v)%'!*�9����%'!GF�e���-.I����k����&/JK��%/-.!^]
Db-.�}J�L*J��9��%/A�&/�y(*%'=?>*��%'!*0�%'!´J�L*>*����&'Vc+�%'��A�-�>*�}Ob>*%'(´J�!M(´BbJ�+�%/!*0�� B*�o(*%6=[>*�9%/-.!�A�-��
sWF
�bA�%/��!@�

D
a ˜� ®��

(s) = 6D
s2

J�!*(Z��B*��s�����l�>M��!*A
V@Fº%/!*(*��L5��!*(*��!��xA�JK���h%'�$����A�-�+.���9��( �
η0 = kbT

6πaD

]

"$-�(*�
� ���9�C%'!*�
G̃(s)

-�s}J A�-��CLM&/�
�µOb>*%'(�%'!�L*� JKA�� %'A��KaZ��B*� � ®�� # � (�-�s¬L*��-�45�cL*J���F
��%/A�&/���3����45��(M(*��(�%'!k� B*��Ob>M%/(\%/�<�`��JK��>*�9��(^]["�B*%'��A�JK!^a[%'!\L*��%'!*A�%'L*&/�Ka545��(*-�!*��7u%'� ByJ�!�V
�`����B*-�(^a@LM��-�+G%'(*��(`� B*JK����B*�3�`��JK��>*�����`��!@�8(M-����8!*-���(*%/��� >*�94`� B*�d��B*��-.&/-�0.%/A�J�&*L*�9-.L5����� %'���
-Ks?��B*�u�CJK������%/J�& ]�"�B*�uL*��-.45��LbJ���� %/A�&/����a�B*-�7h��+.����a�JK��������l�>M%/����(¹� -Y45����L*B*����%'A�J�&bJ�!*(¹��%'0.%/(^]
1dst� ����BbJ�+�%'!*0f����A�-.��(M��(�� BM� � ®�� # �5(�a[%'����§$JKL*&WJ�A���� ��J�!*�9s�-����¡� - ˜� ®��

(s)
%'��L?���9s�-����`��(

JK!*(
G̃(s)

%'�)A�J�&'A�>*&/JK� ��(¹7u%'��BC��l@>bJK� %'-.! 3 ] 5=5G]�"�-Z0����
G(ω)

a@-�!*�u7h-.>*&'(C%'!`L*��%'!*A�%'L*&/�iBbJ�+.�
��-2A�J�&'A�>*&/JK� �f��B*�N��� ������������&WJ·�*J�� %/-�!��`-�(*>*&'>*�

Gr(t)
4@VP��J�I@%'!*0o��B*�N%'!@+.�������N>*!*%'&WJ�� ����J�&

§�J�LM&WJ�A���� ��J�!*�9s�-�����-�s
G̃(s)

]E1±Db-.>*��%'���Z��� J�!M�9s�-.�9��-�s
Gr(t)

� BM��!P7h-.>M&/(;V�%/��&/(
G(ω)

]
13&'������!*JK� %6+.��&'V�a

G̃(s)
A�JK!´45�o�*������(¶7u%'��B J�s�>*!*A
� %'-.!bJ�&�s�-.�9� %/!���B*�2����J�&�+KJ��9%WJ�4M&/�

s
]

G(ω)
%/�<� BM��!o-�4M��J�%'!*��(y4�Vy>M��%/!M0}J�!*J�&'V@� %'A�A�-.!�� %/!@>bJK��%/-.![a?��>*4M�9� %6� >M��%/!*0

iω
s�-.�

s
%/!\��B*�

�*�9� ��(¼s�-.���}]�"�B*�\L*�9-.L5-.����(�LM��-�A���(*>*�9��J�&'&/-�7u�`� -;(M��� �����`%/!*�kJ#�C��(*%/>*�`�C�9B*��-.&'-.0.%'A�J�&
45��BbJ�+�%'-.>*�Y-.!2(*%6=[������!@�,&/��!*0���Bo��A�JK&/������(*��L5��!*(*%'!*0N-.!o��B*�`L*�9-.45�`LbJK�9� %'A�&'����£^� JK(*%/%W�<J�!*(
-�+.���ZJ}4*��-.J�(2� J�!M0.�`-�si�m�MA�%'� JK� %'-.!�s�����l@>*��!MA�%/���f�»(M��L5��!M(*%/!*0N-.!o� B*�¹� %'�C�	������-.&'>M� %'-.!o-Ks
��B*��� ®�� �C��J���>*�9���`��!��m�
]
"�BM�	J�LML*&/%'A�J�4M%/&6%6��Vf-�s���B*%/�d����A�B*!*%'l@>*��7hJ��<(*���`-.!M�9� ��JK� ��(\%/!N���
+.����J�&E��� >*(*%'��� � q a 2 D�a 2 < � ]��!�«u��s�������!*A�� � q�� � B*�RA�-.�`L*&/�m�µ�9B*��JK�#�`-�(*>*&'%

G(ω)
-�sX+�J���%'-.>*��+�%/�9A�-���&WJ���� %'A��`��(*%/J

78�����C(*�������9�C%'!*��(o7u%'��B2��7h-N(*%'=?���9��!����`����B*-�(*� ��J����9��A�-.��(*%'!*0}� BM��� ®�� -�si����45��(M(*��(
�����9��LbJ��9��%/A�&/���Z4@V#Jk��A�J���� ����%'!*0\&/%'0.B@�Y� ��A�B*!M%/l@>*�fJ�!*(;4 �,4@V#J�!;-.�9A�%/&'&WJ�� -��9Vy�C��AmBbJK!*%/A�J�&
4*>M&/I\�`��J��9>*�����C��!@�,7u%6� B2J}��� � JK%/!o��BM��-.�`��������]$Db-.����B*�¹� B*�9���¹� ������A�J�������-Ks�J¬A�-.&'&/-.%6(bJ�&
�9>*��L5��!*��%/-.![a$J¬L5-.&'V��`�����9>*��L5��!*��%/-.!#J�!*(2J�!o����>*&/�9%/-.!^a?��B*�`�9���9>*&'���,-�s845-�� Bo�`��J��9>*��%'!*0
����A�B*!*%'l�>M���PJ�0.�9����( +.����Vµ7h��&'&¸]Z©<� BM���2�9� >*(M%/��� � 2 D�a 2 < � ��BM-·7h��(�� BbJ��#����A�-.�9(*%/!*0�� B*�

D 2
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� ®�� -�s������9�NLbJ���� %'A�&/���¬%/!�L5-.&6VG�`���¬��-.&'>M� %'-.!*�f7u%6� B��T7h-R(*%6=?������!@�}����A�B*!*%'l@>*���P��&WJ��9���
(*�
Ob��A�� %'-.!^a)&/%/0�B@�¹�9A�JK�9� ���9%/!*0��	&/��(�� -�� B*�N��J��`�

G(ω)
7uB*%'AmBgJ�0�JK%/!�7hJ��C%/!RJ�0.�9�����C��!@�

7u%6� B¬��B*��-.�`��� �9%/A�J�&^4M>*&/I��`��J��9>*�����C��!@����]
"�BM�´(M����A���%'45��(r�C�
� B*-�(rJK&/����J�(MV�7iJK�R>*�9��(rs�-���+�J���%'-.>*���C��J���>*�9���`��!�� ������&/JK� ��( ��-
4*%'-.&'-.0�V�].vE�MJ��`L*&/���)%'!*A�&'>*(*����� >*(*%'���)-.!	� B*��+�%'��A�-���&WJK�9� %'A�%6�TVZ-�s^:<Q31 � 2 D � a@JKA�� %'!¹��-�&/>M��%/-.!M�
� q 5=BGa q.q43 � J�!*(¬� BM�,A
V@� -.LM&WJ��9� � q.q a 2 � � JK!*(¬� B*�Y!@>*A�&'��-.LM&WJ��9� � q.q 5 � -�s�&/%6+G%'!*0�A���&/&'��]

� � � � $ � ������� �������+�	� � ����� � � � �

"$-µ�9B*-·7 ��B*������&WJ�� %/-�!�45�
�T7h����! J�(*%6=[>M��%/!M0³L*J��9��%/A�&'��£j� � ®�� JK!*(�� BM������45��(M(*%/!*0
�`��(M%/>*�}£¤�

G(ω)
a*7h��7u%/&'&?s�-.&/&'-�7�� B*�Y(*����%6+KJK��%/-.!f-�s�_kJ���-�! �µ�2��%6� H � q�� ]"�BM�N�`-�� %'-.!P-�s�JoLbJK�9� %'A�&'�f%/!�J�+�%'��A�-���&WJK�9� %'A¬�`��(*%'>*� A�J�!�45�N(M����A���%'45��(R7u%6� BRJ�0.��!�F

��� J�&'%/H���(g§�J�!*0���+�%/!R��l@>bJK��%/-.![a�%'!*A�-���L5-.��JK� %'!*02Jo�`���`-.�9V;s�>*!MA�� %'-.!�� -#J�A�A�-.>*!���s�-��¹� B*�
+�%'��A�-���&WJ���� %'A�%'��V � q 5=CGa q43 7 � �

m · v̇ = fR(t)−
∫ t

0

ζ(t− τ)v(τ)dτ
� 3 ] 5 3 �

7uBM�����
m

%'�¹��B*�NL*J��9��%/A�&'�f��J��9�CJ�!*(
v(t)

� B*�}LbJ���� %'A�&'�f+.��&/-�A�%'��V.]
fR(t)

����L*��������!@� �C� BM�
��J�!*(*-���s�-���A�����J�A���%/!*0}-.!2��B*�CLbJK�9� %'A�&'��aw%'!*A�&'>*(*%'!*0}45-K� B2��B*�CA�-�!@� �9%/4*>G� %/-�!�s���-.� (*%/�9��A
�
s�-���A����345����7h����!\��B*�ZL*J��9��%/A�&'���dJ�!M(N� BM�Z��� -�A�BbJ��9��%/AZzh��-�7u!*%WJK!}s�-.�9A�����]5"�B*�Z%/!�� ��0.� JK&^� �����
�9��L*�9������!@���C��B*�¬+�%'��A�-.>*�`(bJ��`L*%'!*0y-�s3� BM�¬O*>*%/(�J�!*(�%/!*A�-.��L5-�� JK�����`Jy0.��!*��� J�&'%/H���(P� %'�C�mF
(*��L5��!*(M��!@�3�C���C-.��VCs�>*!*A
� %/-�!

ζ(t)
]

eG%'!*A��¹� B*�`��!*���90�Vy7uB*%/A�B2%/�Y��� -.�9��(2%/!���B*�`�C��(*%'>*� &'��J�(M�Y��-NA�BbJ�!M0.���Z%'!�� BM�¹� ���`L5-.��J�&
A�-.���9��&/JK� %'-.!*��-�s8��B*�¹�9��-GA�BbJK�9� %'A	s�-.��A����,J�A���%/!*0¬-�!�� B*�¹LbJK�9� %'A�&'�¹J��Y��B*���9��JK&���l@>*%/&'%/4*�9%'>*�}a
��B*�dJ�L*LM��-.L*�9%WJ�� �hOb>*A
� >bJK��%/-.!�F�(*%'����%'LbJK��%'-.!�(*%6=[������s���-��¦��B*�uA�J����u-�s[J�L*>*�9��&'V�+�%'��A�-�>*�xOb>*%/(
JK!*(}BbJ���� BM�Ys�-���� � q 5=C � �

< fR(0) · fR(t) >= kBTζ(t).
� 3 ]65 D.�

�d���9��a
kB

%/�uzh-.&6� H���JK!*!^£j��A�-�!*�9��JK!@�3J�!*(
T

%'�i� B*�������`L5��� J�� >*�9��]
"�BM�y+�%'��A�-���&WJ���� %'Ak�C���C-��9V�s�>M!*A���%/-.!

ζ(t)
A�J�!�45�\����&WJK����(¼��-;� B*�\LbJ���� %'A�&'��£j��� ®�� 4@V

� J�I@%/!*0�� B*��>*!*%/&/JK����� JK&5��� J�!M�9s�-.�9� � q 3*q � -�s�� B*��0.��!*��� J�&'%/H���(¬§�J�!M0.��+�%/!f��l�>*JK� %'-.!¬vxl5] 3 ]65 3JK!*(}>*��%'!*0¹��B*��Ob>*A
� >bJ�� %/-�!GF�(*%'���9%/LbJK��%'-.!�� B*��-.�����±v)l ] 3 ]65 DG]"�BM��JK����>M�CLM��%/-.!¬%/���CJ�(*��� BbJK�
ζ(t)

%'�uL*�9-.L5-.��� %/-�!bJ�&?� -	� B*�Y4*>*&'I�s�����l@>*��!*A
V�F�(*��L5��!*(*��!@�
+�%'��A�-���%'��V

η
-�s���B*��Ob>*%'( �

η̃(s) =
ζ̃(s)

6πa
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7uBM�����
s
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�`��JK!*%/!*0�� BbJK����B*�¹4*%'!*(*%'!*0fL*�9-�A����9�Y7h-.>M&/(�BbJ�+.�¹��-¬45�`J�A
� %'+.��&'VN� >M��!*��(2-�!2J�!M(o-�=;4@V
��B*�ZA���&/& � 2 q a 2=2 � ]b�2��A�J�!\J��9��>*�`�,� BbJK�3%/!}A���&/&/�u!*��%6� B*���<J�!k%'!M�b!*%6� ��� ��J�LkBM%/��� J���A�B�V}!*-��
JK!NJ�A���%'+.��4*%/!*(M%/!*0	�`��A�BbJ�!*%'����s�-.�uJ�!¬>*!*��L5��A�%6�bA,-.4�ª9��A��d&'%/I���!bJ�!*-.0�-.&/(f�
�G%'�9� ��]

�T���2�4���O���4)�H ���+L/�
���
α
�'�U���=���4�����
�P,.�/� � I!���"��� �U&7�
�+W0���"��L=�]	��
	��

1�A�A�-.��(M%/!*0#� -;L5���9A�-.&/JK��%/-.!R��B*��-��9VR��B*�yJ�!*-���JK&'V�(*��0.�����
α

-�s,J#LbJ���� %/A�&/�N(M%'=?>*��%'!*0#%/!
JK!µ-.4*�9����>*A
� ��(¦��!@+�%/�9-.!*�`��!@��(*��A�����J������27u%6� BµJ�!µ%/!MA�����J���%'!*0�-.4*����J�A�&/�PA�-.!*A���!�� ��JK� %'-.!
��%¸]j��]���>*45(M%'=?>*��%'-.!¶45��A�-.�`���N��� �9-.!*0.�����
]u"�BM�#&'-·78���9�

α
F¸+KJ�&'>*�y� BbJ��NA�JK!´45�oA�J�>M����(´4@V

-�4*�9� �9>*A���%/-.!X%/!fJ���B*�����
Fº(*%/�`��!M��%/-�!bJ�&5��!�+�%/��-�!*�`��!@�i%/�
αP

� 7 ] D 2 <Ma@7uB*%/A�Bf%/�h����J�A�B*��(fs�-.�
B*%'0.BX-.4M�9��JKA�&'��A�-.!*A���!@��� JK��%/-.!*�

C
JK�h� B*��A���%'��%/A�J�&5L5����A�-�&WJK��%/-.!C��B*������B*-�&/(

CP

�»AK]jsT]G����A�� %'-.!
2 ] 2 ] 2 �m]
��!���B*�cLM�����9��!���7h-.�9I a��TV�L*%'A�J�&`+KJ�&/>M���;-�s

α ≈ 7 ] D8D¶7h�����c�C��J���>*�9��(�s�-.�#!bJ�!M-.0.-.&'(
�9>*45(*%'=?>*�9%/-.!�%'!cA���&/&/��a87uB*%/A�B�%/��+.����VcA�&'-.���\��-

αP

]i"�B@>*��ai� B*�yA���-·7u(M��(�%/!@��� J�A���&'&/>M&/J��
Ob>M%/(f�������C����-`J�LML5��J��uJ��uJK!¬��!�+G%'��-.!M�C��!@��-�s$+.���9VfB*%'0.Bf-.4*����J�A�&/��A�-.!*A���!�� � J�� %/-�!f� -�� B*�
!bJK!*-.0.-�&/(k45��JK(*��]["�B*�	J�>M��B*-.�9��-�sx��B*����� >*(GV � 3=3 � %/!\J���%'�C%'&/JK�dA�-�!@� �m���Y�9>*0.0.���9����(

α
��-

45��J`�C��J���>*�9�,s�-.�u��B*�ZA��9-·7u(*%'!*0C(*��0.�9���Z-�sxJ`Ob>*%'(^a %'!}� B*�Z�`��JK!*%/!*0¹��BbJK�d� B*�Z(M��0.�9����-Ks
A���-�7u(*%/!*0�%'�hB*%'0.B�7uBM��!¬L*�9-.45��L*J��9� %'A�&'���8��B*-�7¶�9��JK&/&

α
+KJ�&'>*����]M"�BM��(*��0.������-Ks�A���-�7u(*%'!*0

-Ks$J,Ob>*%'(^a�B*-�7h�
+.����aM%'�hJZ�C-����3l@>bJK&/%'� JK� %½+.�u� BbJK!Xl@>bJ�!�� %6��JK� %6+.�d�C��J���>M����]��º�i%'�8%/!MO*>*��!*A���(
4�V ���
+.����J�&yLbJK� J��`����������a���]j0*]���B*��%'!*(*%6+G%'(*>bJ�&}A�-.!*A���!@��� JK��%/-.!M�c-�so(*%6=[������!@�cA��9-·7u(M���
�`-.&'��A�>M&/�,��L5��A�%/����L*�9������!@��%/!\JCOb>*%/([a?4*>M��J�&'��-�4@V}� B*��%/�30.��-��C�
� ��%'A�JK&$�9BbJ�L5����a^��%'H�����J�!*(
�`-�(*����-�sY%'!@����� JKA�� %'-.!^]x��B*��!cA��9-·7u(*%'!*0;%'�CL*��-.45��(c4�VR�C��J���>*�9%/!*0o� B*�k(*%6=[>M��%/-�!g-�sYJ
��� J�A����<LbJ���� %'A�&/�ZJK&/��-C��B*��L*��-.L5���9��%/���3-�sx� BM%/�d� � JKA����37u%/&/&�45�����
Ob��A
� ��(�%/!N� BM��-�4*�����9+.��(

α�9%/!*A���J�!X��!@+�%/�9-.!*�`��!��87u%/&/& J�L*L5��J��h(*%6=[������!@� &6V¹��-���� J�A����9�i-Ks�(*%6=?������!@�h��%'H�����J�!M(X��BbJKL5����]
"$-g(*-g!*-·7�JRl@>bJ�&'%'��J�� %6+.��A�&/J����9%'�bA�JK� %'-.!¶-Ks�� BM�#A���-·7u(M%/!*0g(M��0.�9���#-�s���B*�2A�V@� -.LM&WJ��9�
JK!*(�� B*��!�>MA�&/��-.L*&/J���� -�!�4bJ�����-�s,� B*��L5����s�-.���`��(�D���ec�`����>M�����`��!�� ��a�� BM�oJ�!*-.�CJ�&6V
(*��0.�9�����

α
-�sh!bJ�!*-�0.-.&/(�(M%'=?>*��%'-.!�%/!�A���&/&/��7h�����CA�-.�`LbJ��9��(�7u%'��B

α
+KJ�&'>*���Y-�sh!bJ�!M-.0.-.&'(

%'!�A��9-·7u(*��(o� ���9�YOb>*%'(*��a[7uB*-.�9�`A�-�!*A���!@� ��JK� %'-.!*�Y-KshA���-�7u(*���Y�C-�&/��A�>*&'����A�-�>*&/(�45�	+KJ��9%/��(
4�Vf(*%/&'>M� %'-�!^]
"�BM�f�b�����`�9���9%/���	-�su� ���9�¹�C��J���>*�9���`��!�� ��7iJ��	(*-.!*�f%'!P��-.&'>M� %'-.!*��-�s3>M!*&WJ�45��&/��(�(M�
��� ��J�!
�`-.&'��A�>M&/���2�»�`-.&/��A�>*&/J��f78��%'0.B@���	< 7 F C 7 IG:�J.�}%/!´S)z�e¶4*>M=?���;� J�! JKl�>M��-.>*�k��-.&'>M� %'-.!
7u%6� B}L*B@V���%'-.&/-�0.%/A�J�&[L � � ��] 3 �m] :<�
��� ��J�!*�<J����,%'!*�����dB@V�(*��-�L*B*%'&/%/A���&/��A�� �9-.!*��>M� ��J�&¸abBM%/0.B*&6V
4*��J�!*A�B*��(2L?-�&'V��`������-Ksh0�&/>*A�-.���K�wA�-.!*A���!@��� JK����(2��-�&/>M��%/-.!M��-Ks8��B*���9�`�C-�&/��A�>*&'��������LM�����9��!��
A���-�7u(*��(N��!�+G%'��-�!*�C��!@���uA�J�>M��%/!M0`��>M45(*%'=?>*��%'-.!¬-�sE!bJK!*-.��%'H���(}��� J�A����9� � 3=3 a <=B � ]"�BM�#� ���9�\�`��JK��>*�����`��!@���N7h�����;L5���9s�-.�9�C��(´%/!´(M�
��� ��J�!��9-.&/>G� %/-�!*�¬7u%'��B´(*�
��� ��J�! A�-.!�F
A���!�� � J�� %/-�!*��45����7h����! 5 7 J�!M( 58< 7 0 � &¸]?1i�H5=< 7 0 � & a^Jf(M�
��� ��J�!o��-.&'>M� %'-.!\%/��A�&/-������ -X� B*�
��JK� >*��JK� %'-.!f&/%'�`%6��]���%6� B}D$��e?ab!*J�!*-.0.-�&/(f45��JK(*�u78���9�,-.4*�9����+.��(}� -¹��B*-�7 �9>*45(*%'=?>*�9%/-.!}JK�
JK&/&^A�-.!*A���!�� � J�� %/-�!*��ab7u%6� BNJ�!*-.�CJ�&6VX(*��0.�������

α
��BbJK�d(*��A�����J�����(\7u%6� B}%/!*A�����JK��%/!M0`(*�
��� ��J�!

A�-.!*A���!@��� JK��%/-.!M�us���-.� 7 ] B=C	��- 7 ] � 2 ��������D�%/0.>M���HDG] B	s�-.�u�9��L*�9������!@� JK� %6+.��D���e¬A�>M�9+.���<J�!*(
J���JK4*&/�37u%'��BX� B*���`��JK��>*�9��(f+KJ�&'>*�����
]M"�B*���C��J���>*�9��(¬������%'(*��!MA�����%/�`���

τs
%'!*A��9��J��9��(f7u%'� B

%'!*A��9��J��9%/!*0	(*�m�G��� J�!}A�-.!*A���!�� � J�� %/-�!fs���-.�
τs
� q D 7 µs

� -
τs
� 2 7=7=7

µs
]M"�B*���9�Y�b!*(*%'!*0.�

JK���Y%'!}J�0.�������`��!��u7u%6� B¬��J��9&/%'���i�9��>*(*%'��� � 3=3 a <=B � ]
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�?�(fR	��
�4�Y����)��%	
���O�
� ����&7�+��	��
�
	
���O�

τs

�
µs � α5 7 0 � & q D 7 7 ]6B=C

q 7=7 0 � & 5 7=7 7 ]6B D
q 3 7 0 � & <
� 7 7 ]6B 2
58< 7 0 � & 287=787 7 ] � 2
q 7=7 0 � & aM��-.&6+.��!�� �*7iJ�� ��� �¦v��m© � � < 7 � 3 7 � C=< 7 7 ]6C
�

D�%/0.>*�9� D�] B ��«u��LM�����9��!���JK��%'+.�2D$��ecA�>*��+.���N-KsFD;!*� 0�-.&/(c45��J�(M�}(*%6=[>*�9%/!*0P%/!�(M�
��� ��J�!
�9-.&/>G� %/-�!*�d7u%'��B\A�-�!*A���!@��� JK� %'-.!*�<-�s�5 7 0 � & a q43 7 0 � &¸a&5=< 7 0 � &i��4*&/>M��(*%/J��C-�!*(*��a ����(y(*-�����a
4*&/J�A�I#�9l�>*J��������
])DE%'�9� %'!*0k7�%'� B�v)l@>bJ�� %/-�! DG] q V�%/��&/(*����>*45(*%6=[>M��%/-�!P7u%'��B�J�!�J�!*-���JK&'V

α��BbJK�u(*��A�&/%'!*����7uBM��!}� B*�YA�-.!*A���!@��� JK��%/-.!¬%/!*A�����J���������s�>*&'&[&/%/!M�����m]

"�BM�¬�9��A�-�!*(�������%'���	-�su�����9�¹�`��JK��>*�9���`��!�� ��7iJK�	(*-.!*��s�-.��!*J�!*-.0.-�&/(;%'!�JkOb>*%'(P�
����� J�A
�
s��9-.�r��0.0`A���&'&/��-Ks���B*��s��9-.0 �<��!*-.LM>*�3§�J���+�%'��] ����!M-.L*>*�d��0.0¹�
��� ��J�A��d%'�i�TV�L*%'A�J�&'&'VC>*�9��(}��-
(*-�%'!GFº+�%6� ��-,��� >*(M%/���8-�sw4*%/-�A�B*���C%'A�J�& J�!M(X4*%'-.L*B�V���%/A�J�& L*��-�A������9����>*!M(*���hA�-.!*(*%6� %/-�!*�)7uB*%'AmB
JK���¹��%'�C%'&/JK�3� -}&'%'+�%'!*0fA���&'&/��]^"�BM�`�
��� ��J�A��,%/��-.4M��JK%/!*��(o4�Vy4*����J�I@%/!*0¬&WJ��90.�	��0.0}A���&/&'�YJ�!*(
L*�9���9���9+�%'!*0�� B*��%/�3A�-.!@����!�� ��a?%¸]j��] L*��-�����%'!*��a5&/%'L*%'(*�dJ�!*(\-K� B*���<�CJ�A��9-.�`-.&'��A�>*&'����ab%/!k�9%/�`%/&'J��
A�-.!*A���!@��� JK��%/-.!M�dJ���� BM��Vf-�A�A�>M�d%'!¬A���&/&/��]
�d���9��a�!*J�!*-.0.-�&/(o(*%'=?>*��%'-.!o7hJ����`��J���>*�9��(27u%'� B#D���eo%'!#>M!*(*%'&/>M����(#J�!*(#(*%'&/>M����( �<��!M-KF
L*>M�<��0.0C�
��� ��J�A��	��������DE%'0.>*�9��DG]6C¹s�-.�d�9��L*�9������!@� JK� %6+.��D$��e}A�>*��+.����J�!*(kJ¹��JK4*&/��7u%'��B}� B*�
�`��JK��>*�9��(P+KJ�&/>M�����m]xDb-.�Z� B*�f>*!M(*%/&'>M� ��(P�
��� ��J�A���axJ�!�J�!M-.��JK&'Vo(*��0.�����

α � 7 ] D 2 J�!M(�J
�9����%'(*��!*A���� %/�`�

τs
� 5
� 7

µs
7iJ���(M��� ��A�����(^a*7uBM%/A�B¬%'�i�9%/�`%/&'J��)� -���B*��+�J�&/>M���i%/!�� B*��A�V@��-KF
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Egg cell extract

�?�+���/@���� ��L�L�&7�+)")c��fZ	��
�4&Q	
� ����&7�+�O	��
�
	��"���

τs

�
µs � α G′(100Hz)

� SEJ � G′′(100Hz)
� SEJ �

q 7=7 % 5
� 7 7 ] D 2 q ] q�q q ] 2=2D 7
%

2 B=5 7 ] D 3 7 ] B � q ] 7=72 D
%

2 3=3 7 ] D � 7 ] < � 7 ]6B=<
q 2 ] D % q � 2 7 ]6< 7 7 ] 3 < 7 ]6< 3<M] 2 D

% q 287 7 ] D8C 7 ] 3 7 7 ] D 35M] q 2 D % q 2 3 7 ]6<=B 7 ] 2 q 7 ]65=C
q ] D % q43*q 7 ] � 3 7 ] q D 7 ]65 D
q % q 287 7 ]6B 7 7 ] 7 B 7 ] 2 37 ] q % q 2 q 7 ]6C q 7 ] 7=2 7 ] q D7 ] 7 q % q 2=2 q ] 7=7 7 ] 787 7 ] q 7

D�%/0.>*�9� DG]6C �)«d��L*��������!���JK��%'+.�kD��ie�A�>M�9+.���X-Ks D�!*�¨0.-�&/(�45��J�(*�C(*%6=[>*�9%/!*0�%/!´�»(*%'&/>M����( �
�<��!*-�L*>*�k��0.0RA���&/&Y�m�G��� J�A
� �}7u%'��B¶A�-.!MA���!�� ��JK� %'-.!*�}-�s 7 ] q % a 5M] q 2 D % a D 7

%
�»4*&'>*�o(*%/J�F

�`-.!*(M��aM�9��(¬(M-�� ��a*4M&WJ�A�I`��l@>bJ��9�����m] DE%6����%/!M0Z7u%'��B¬vxl@>bJK��%/-.! D�] q VG%'��&'(*�i�9>*45(*%6=[>*�9%/-.!�7u%'� B
JK!NJ�!*-.�CJ�&6V

α
��BbJK�u%/!*A�����JK�����u>*!*(*���d(*%'&/>M��%'-.!f-Ks���B*�Y�
��� ��J�A�����s�>*&'&^&'%/!*�����m]

� 3



��� � ��� � 
 � � � 


L*&/J��9� J�!*(���B*�<!�>*A�&/��-.L*&/J�����-Ks�&'%'+�%/!M0ZA���&'&/��] �3L5-.!X(M%/&/>G� %'-.!`-�s^� B*�<�m�G��� J�A
��a
α

%/!MA�����J�����(
��-·7iJK��(*�u>*!*%6�TV�aM7uB*%/&'�

τs

��>M4*��%'(*��(;�������ZD�%/0.>M���HD�] C¹J�!*(ND�%/0.>*�9�HD�] q 7 �
]zh-K� BY�`��J��9>*�����C��!@���9���9%/���w%/!�(*�m�G��� J�!,�9-.&/>G� %/-�!*�wJK!*(,��0.0u�m�G��� J�A
�$�9B*-·72� B*JK�w��B*�)J�!*-.�CJ�&6V
(*��0.�9���

α
-�sh!bJ�!*-.0�-.&/(�(M%'=?>*��%'-.!�(*��L5��!*(*��J��,&/��JK�9�,LbJK�9� %/J�&'&6Vk-.!�� B*�¹�C-.&'��A�>*&/��A�-.!MA���!GF

��� JK��%/-.!2%/!;J�!;�
�MJ��`%/!M��(#Ob>M%/(PJ�!M(PA�J�!;��B�>*��45�X>*����(P��-\����� %/�CJK���`� B*�k£¤A���-�7u(*��(M!*������£
-Ks���B*�COb>*%'(^a$%/!#J�0.�������`��!���7u%6� B � 383 � ]�"�BM�X�`��J��9>*�����C��!@����>*!*(*����&/%'!*�`� B*JK��A�V@� -.LM&WJ��9�
JK!*(o!@>*A�&'-.L*&WJK���²-�s8A���&/&'��BbJ�+.�	� -¬45�¹�9��0�JK��(*��(2J���+.���9VyA��9-·7u(*��(2��!�+�%/��-�!*�C��!@����]^"�B*��%'�
£jA��9-·7u(*��(*!*��� ��£[%'�dA�&/��J��9&'VfB*%/0.BM���u� B*J�!N� BbJ��<-�s�(*�
����� J�!\�9-.&/>G� %/-�!*���5_kJ�A���-.�`-.&/��A�>M&/�YA�-.!�F
A���!�� � J�� %/-�!*��%'!gA���&/&/�C&'%/�¬��V�L*%'A�J�&'&'VP45����7h����! q 7=7 J�!M( 3 7=7 0 � & � 5=< � ahJ�!*(¼A���&'&/�C�9B*-·7

α
≈ 7 ] D8DGaw7uB*������J���(M�
��� ��J�!;�9-.&/>G� %/-�!*��7u%'� B2�9%/�`%/&'J���A�-.!*A���!@��� JK��%/-.!M�X� 5 7 F
5=< 7 0 � &t��LM��-KF
(*>MA���-.!M&'V

α ≈ 7 ]6B=C	F 7 ] �G] 1¦����J���-�!ks�-.�u��B*%/�d��!MBbJ�!*A���(yA���-�7u(*%/!*0C(*��0.������%/!NA���&/&'�d��J�V
45��� BbJ��u� BM�,(M%'=?������!@��&'VX�9%/H���(kJK!*(¬�TV�L*%'A�J�&'&'V�A�-.�`LbJ�A
�d�CJ�A���-.�`-.&'��A�>*&'���i%/!¬A���&/&'��A�J�>*�9�ZJ
B*%'0.B*����+.-.&/>M�C�)-�A�A�>*LbJ�!*A
V,� BbJ�!,� B*�8&'-.!*03J�!*(�4*��J�!*A�B*��(	L5-�&'V��`�����$%'!Z(*�
����� J�!���-.&'>M� %'-.!*��]
Db>*��� B*����a�%/!�� ��� J�A
� %/-�!*�Z45����7h����!���B*�X%'!@� ��J�A���&/&'>*&/JK�,�CJ�A��9-.�`-.&'��A�>*&'���Z�CJ�VoA�-.!@����%/4M>M� �C��-
A���-�7u(*%/!*0M]."�B*��&WJK�9� ����J����9>*�`LM� %'-.!	%/����>ML*L5-.�9����(`4@V���B*��-.4*�9���9+�JK� %'-.!	� B*JK�)%'!	(*%/&'>M� ��(	��0.0
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!bJK!*-.0.-�&/(^a*Ob>*-������9A���!@� &6VN&WJK45��&/��(kz�eG1¦L*�9-�� ��%/!;�»(M%WJ��`������� <C!*���i7iJ��3�C%'A��9-.%'!�ª9��A
� ��(N%/!
�d��&/J�A���&'&/�iJ�!*(¬%6� �i(*%6=[>*�9%/-.!�7iJK�u�`��JK��>*�9��(f7u%'��B}D$��e��»�9���,DE%'0.>*�9� D�] q.q s�-���J	�9��L*�9���9��!GF
� JK� %6+.�3A�>*�9+.���
]M"iB*��J�+.����J�0.�3(*%'=?>*��%'-.!`� %'�C�u-�s�z�eG1¶%/!`� B*�3A�V@� -�L*&WJ��9��7iJ��

τs ≈
5 287

µs
a

��B*��J�!*-���JK&'V\(*��0.�����C7iJK�
α ≈ 7 ] DGaw7uB*%'A�B#%/�,A�-.�`LbJ�� JK4*&/��� -}� B*�¹+KJ�&/>M���Z-Ks�!*J�!*-.0.-�&/(^]

Db>*��� B*���C-.!^a)� BM�NOb>*-������9A���!@�fL*��-K� ��%'!g��­,D�S �»(M%WJ��`������� 5�F 3 !*���	7hJ����
�GL*�9�����9��(c%/!
�d��&/JfA���&'&/��J�!*(�%6� ��(*%6=[>*�9%/-.!k7iJ����C��J���>*�9��(y7u%'��BoD��ie?]^1<�YJf������>*&6��a[��­YD�S���B*-�7h��(o%/!
��B*�ZA�V@� -�L*&WJK��� J�!\J�+.��� JK0.�Z(*%6=[>*�9%/-.!¬��%/�`�Y-�s

τs ≈
D 787

µs
J�!*(\J�!kJ�!*-���J�&6V

α ≈ 7 ]6C DG]
"�BM%/�d�b!*(M%/!*0C-�s�!*��JK��&'V¬!M-.���CJ�&w(*%'=?>*�9%/-.!}-�sx��­,DES¼%/!NA���&/&'�3J�0.�9�����37u%6� Bk«d�
s�������!*A�� � <
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������(R�9l@>bJ��������¹(*%'=?>*�9%/!*0�%/!P� B*�}A�V@��-.L*&/J�����-�s �3��&/J�A���&/&'��])DE%6����%/!M0y7u%6� BRvxl@>bJK� %'-.! DG] qV�%'��&/(M�8�9� �9-.!*0���>*45(*%6=[>M��%/-�!C7u%'� B

α � 7 ] DYs�-.�hzieG1�a�4*>M�i-�!*&'V	7h��J�I`��>*45(*%6=[>M��%/-�!C7u%'� B
α� 7 ]6C D�s�-.����­,DES��ts�>*&/&[&'%/!*�����
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� ��� D#!M�X�`��BM-·7
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α ≈ 7 ] D8D.��%/!	� B*�dA
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L*�9-�� ��%/!´�»(M%WJ��`������� ≈ <o!*������>M45(*%'=?>*��%'-.!�7u%'� B
α ≈ 7 ] D\7iJK�C(*�
� ��A
� ��(³�»�����kJ�45-�+.���
a

7uBM%/&/�Y%'!kJ�!N��J���&'%/���u��� >*(MV¬s�-.��� BM�Z��0@­�J�!�� %/45-�(GV¬LM��-�����%/!#�»(*%/J��`������� ≈ q 7 !M�X�i��>M4?(M%'sWF
s�>*�9%/-�!y7u%'��B

α ≈ 7 ] D=D�7hJ��Y�`��J��9>*����( � 383 � ]^1<&'��-f��B*�¹(M%'=?>*��%6+.�	45��B*J�+�%/-.>M��-�s8!bJ�!M-.0.-.&'(
%'!\(*�m�G��� J�!y��-�&/>M��%/-.!*�3-Ks�(M%'=?������!@��A�-.!*A���!@��� JK��%/-.!M��%/�3A�-.�`LbJ���J�4*&/�Y� -X�`��J��9>*�����C��!@����-.!
L*�9-�� ��%/!M��%/!\(M�
��� ��J�!��9-.&/>M��%/-.! � 7uB*%'&/�Zs�-���!*J�!*-.0�-.&/(kB*���9�	�9>*45(*%6=[>*�9%/-.!k7u%'��B

α ≈ 7 ] � 2 F
7 ] B=C,7iJK�i-�4*�����9+.��([aM� BM�<�9� �9��LM� J�+�%/(M%/!�L*��-K� ��%'!y�»(*%/J��`��� ��� ≈ DZ!M�X�)�9B*-·78��(f��>*45(*%6=[>M��%/-�!
7u%6� B

α ≈ 7 ] �XF 7 ]6B � <8B � ]w�#�`A�J�!2A�-.!MA�&/>M(*�`s���-�� ��B*���9�XJ�0�������%/!*0}�`��J��9>*�����C��!@���,� BbJ��
�CJ�!�V¹%/!�� � J�A���&'&/>M&/J��x�CJ�A��9-.�`-.&'��A�>*&'���x7uB*%/A�BXJ����dA�-.�`LbJ���J�4*&'�d%'!C��%'H��d7u%'&/&b��BM-·7�JZ�9%/�`%/&'J��
�9>*45(*%'=?>*�9%'+.�	45��B*J�+�%/-.>M�YJ���!bJ�!*-�0.-.&/(\(*-�����]^"�B*%'��%/��JK!�%/�`L5-.����J�!��<A�-.!*�9%/(*��� JK��%/-.!\��%'!*A��
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� %/-�!*�)A�BbJ�!*0��
�9%/0.!M%'�bA�J�!@��&'V � � q a � 2 a �85Ga � 3 a �8< � J�!*(g� BM�ks�-.�9��J�� %'-.!R-KsYLbJK�9� ���9!*�X%/�C�9� J�4*%'&/%'����( � B85 � ]13!*(^a@JK��JYJ�!*-���B*���x!*-�����7h-��9� B�V	��=?��A
��a�%'��7u%'&/&G4?����B*-�7u!C%/!`�hBbJ�LM������<�� BbJ��)��>*45(*%6=[>M��%/-�!
s»JKA�%/&'%6� JK�����i>*!*(*���d��>M%'��JK4*&/��A�-�!*(*%'��%/-.!M�i� BM�Y� J���0������b!*(*%'!*0¹-�s�J	(*%6=[>*�9����]
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A
V@� -.L*&/J���� JK!*(�!�>*A�&/��-.L*&WJK��� -.!�� BM�c!bJK!*-.��A�J�&/�R7h���9�c(*���������`%/!M��(^]�"$-�(*-��9-*aZ� B*�
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G(ω)
-�s�J}�C��(*%/>M��%'�,-.4G��J�%'!*��(o+�%/JNJ}0.��!M��� JK&/%'����(#vx%'!*�9����%/!�F�e���-.I����,����&/JK� %'-.!

s��9-.�¡� B*�	�`��J�!y��l@>bJ��9�¹(*%/�9L*&WJ�A����`��!���� ®�� -Ks8(*%6=[>*�9%/!*0XL*��-�45�¹LbJK�9� %'A�&'���¹��A�] sT]�eG��A
� %'-.!
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�9��l@>*%'�����`��!�� �Y� -}45�`��L*BM����%'A�JK&�J�!*(2��%'0.%'(��CJ�(*�¹4�V2_kJ���-�! ���2��%'� H � q�� ]�"�B*��� ®�� -Ks
��B*�X!bJ�!*-.0�-.&/(#LbJ��9��%/A�&/���,7iJ��	A�J�&'A�>*&/JK� ��(#s���-.��� BM�f(*%6=[>M��%/-�!;LbJ���J��`��� �����

τd
a
τs

J�!M(
αJK�	�`��JK��>*�9��(P7u%6� B�D$��ec�»A�] sT]x_N�
� B*-�(*�`eG��A�� %'-.! DG]65��m]E�º�	%'��%'�CL5-��9��JK!@�Z��-y�9��J�&'%/���CB*���9�

��BbJK�	� B*�f+KJ�&'%/(*%6��V#-Ks
G(ω)

J��¹(*�������9�C%'!*��(Ps���-.� (*%6=[>*�9%/-�!�(bJK� J�(*��L5��!*(M�C-.!�� B*�¬�9%/H��
-Ksu� BM�fLM��-.45�XLbJK�9� %'A�&'����]��ºsu� BM�X�C��(*%/>*��>*!*(M����%/!@+.���9��%/0�J�� %/-�!#%/��!M-��	BM-.�`-.0.��!M-.>*��4*>M�
BbJK�C(*%6=[������!��`�TV�L5����-�s��9����>*A
� >*�9%/!*02��&'���`��!�� �`-.!R(*%'=?���9��!��C&/��!*0�� B���A�JK&/����a�%'�¹7u%'&/&�J�&/�9-
�9B*-·7µ(*%'=?���9��!�����B*��-.&/-.0�%/A�J�&�45��BbJ�+�%/-.>M�<7�B*��!��m�MJ��C%'!*��(\-�!y(M%'=?������!@��&'��!*0K� B\��A�J�&'����a?%¸]j��]
7u%6� B2LM��-.45�`LbJ���� %'A�&/���Y-�sh(*%'=?���9��!@�,��%'H�����]���%6� B�� B*�`!bJ�!M-.0.-.&'(oLbJK�9� %'A�&'���Y>M����(#B*������aw� B*�
�9B*��-�&/-.0.%'A�J�&?45��B*J�+�%/-�>*�u-�s�A���&/&'��-.!¬��B*�Y!bJ�!*-.�9A�J�&'��7iJK�dLM��-.45��(^]
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�3G�����&7�R�+)��4�]	
�"&;���$	����P���4���O��&7�')"�
�iJK&/A�>M&WJK��%/!*0

G(ω)
s���-.��� B*��� ®�� -�sd!bJK!*-.0.-.&'(;45��JK(*�	V�%'��&/(M��(;s�-.��J�&/&8�m�MJ��`%/!*��(PA���&'&

&'%/!*����� BbJ��3A�V@��-.L*&WJK��� J�!M(k!@>*A�&'��-.L*J����±BbJ�+.�,� BM�ZA�BbJ���J�A�������%'�9��%/A��u-�sE+�%/�9A�-���&/J���� %/A�O*>*%/(*��]
"�BM��%/����&WJ���� %'A��C-�(*>M&/%

G′(ω)
J�!M(y��B*��+�%/�9A�-.>M���C-�(*>M&/%

G′′(ω)
7h�����	A�&'��J��9&'V}&WJ��90.���3��BbJ�!

H����9-¶s�-��oJ�&/&Zs�����l@>*��!*A�%'���245����7h����!
101 J�!M(

105 �3HK],zh-�� B
G′(ω)

J�!*(
G′′(ω)

7h�����
(*����A���%'4?��(�4�V´JRL5-�7h���TF�&/J�7��9A�J�&'%/!*0 �

G(ω) ∼ ωα au7u%'��B
α ≈ 7 ] D=D´�������#"�J�4*&'� DG] 2 �
a

% ]¤�K]8A�V@� -�L*&WJK��� J�!*(c!@>*A�&/��-�L*&WJK��� 45��A�-.�`�\��� %'=?���XJK!*(c�`-.�9�N+�%/�9A�-.>*��7u%6� B¼%/!MA�����J���%'!*0
s��9��l@>*��!*A�V}-�sE��B*��J���%'!*0*]b")V�L*%/A�J�&/&6V.a*A
V���-.L*&/J����±J�!M(N!�>MA�&/��-.L*&/J�����7h���9�Z0.-�+.���9!*��(N4@VX� B*�
+�%'��A�-�>*�d�`-�(*>*&'>*�

G′′(ω)
s�-.���9��JK&/&?s��9��l@>*��!*A�%'���

ω p q �dH�a*7uBM%/&/�<s�-.�i&WJ��90.���hs��9��l@>*��!*A�%'���
��B*�Y��&/J��9��%/AYJK!*(¬� B*��+�%'��A�-�>*�d�`-�(*>*&'%?7h�����,-�s$� B*�Y� JK�C��-.�9(*���u-�s��CJ�0.!*%6� >*(M��]
"�BM��(M��� ��A�����(k+�%/�9A�-���&/J��9��%/AY45��BbJ�+�%/-�>*�d-�s

G(ω)
7iJK�3��%'�C%'&/JK�is�-��3J�&'& q 7 � ���9����(kA���&'&�&'%/!*����a

7u%6� Bc��&'%/0.B��X(*%6=[������!MA����f%/!¼��B*�y��A�J�&/%'!*0;�
�GL5-.!*��!@� �}J�!*(c��B*�y����&WJK��%'+.�k�9������!M0�� B*�f-�s
G′JK!*(

G′′ �»�9���,��JK4*&/��DG] 2 �
]5�h>*��+.���<-Ks
G′(ω)

J�!M(
G′′(ω)

s�-.�uA�V@� -.LM&WJ��9� J�!*(N!�>MA�&/��-.L*&/J����
-Ks �d��§�JcA���&/&/�yJ��9�P��B*-�7u!¦%'!µDE%'0.>*�9� DG] q 2 ]<"�V�L*%/A�J�&�+KJ�&'>*���y-�s`� BM���`-�(*>*&/%�JK�

ω �
q 7 �3HN7h�����

G′ ≈ G′′ ≈ 7 ] 5#SEJGa�7uB*%'A�B¼A�-.�`LbJK�����`s»J�+.-�>*� J�4M&'VP� -#�`��J��9>*�����C��!@����%/!
A�-.!*A���!@��� JK����( � A���-�7u(*��(\J�A
� %/!¬�9-.&/>G� %/-�!*� � q D q � ]

Sx���
+�%/-.>M�2�`��JK��>*�9���`��!�� �o-.!µA���&/&	��BM��-.&'-.0�V (*�
� ���9�C%'!*��(¦J�&'����J�(MV ��BbJK�oA���&/&'�oJK���P+G%'��F
A�-���&/J��9��%/A�-.!µ� B*�R�`%/A���-.!µ�9A�J�&'��aY7�B*���9�g��B*��%'�o��B*��-.&'-.0.%/A�J�&�45��BbJ�+�%/-.>M�2%/�o(*�
� �����`%/!*��(
�CJ�%'!*&6V	4@V`� BM�<A�V@� -���I���&'����-.!^�*J�&'��-Z!�>*A�&/��%57h�������9B*-·7u!X��-�4?�3+�%'��A�-���&WJ���� %'A3-.!C� B*�<�`%/A���-.!
�9A�J�&'��],1<4M��-.&'>M� ��+�J�&/>*��� |G(ω)| -�sX��B*�g%'!@��� J�A���&'&/>*&'J��\+�%/��A�-���&/J��9��%/A�%6�TV�-�!¦� B*�R�C%'A��9-.!
�9A�J�&'�NJ����¬&WJ��90.���	4@VPs»J�A
� -.�9�`-�s 287 F$D 7 � BbJK!�� B*�NJ�4*�9-.&/>G� �¬+�J�&/>*���`-�s |G(ω)| �`��J���>*�9��(
B*�����;-.!´� B*�;!*J�!*-.�9A�J�&'��]3��!���-.�`�#-�s	� B*�;�`%'A���-�!GF��9A�J�&'�2��� >*(M%/����a3� B*�;A�-.�`L*&/�m�´�9B*��JK�
�`-�(*>*&'>*��7iJ��3-.4M������+.��(k� -`s�-.&'&/-�7´-�+.���3�9��+.��� J�&$(*��A�J�(*���<%'!

ω
J`L5-�7h���TF�&/J�7

G(ω) ∼ ωx a�9%/�`%/&'J��#� -µ��B*�¶45��BbJ�+�%/-�>*��(*������A
� ��(±BM�����¶-�!���B*�¶!*J�!*-.�9A�J�&'��]C_N��J���>*�9%/!*0¦�`����B*-�(*�
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D�%/0.>*�9�HD�] q 2 �*1$+.��� J�0��,����J�&)�»��&/J��9��%/AK�*4M&WJ�A�I���l@>bJ��9��� �dJ�!M(}%/�CJ�0.%6!bJ���Vy�t+�%/��A�-.>*��� �9��(}(*-������
LbJK�9� ��-�s���B*�XA�-.�`L*&/�m�#�9B*��JK���C-�(M>*&/>*�

G(ω)
%/!2� B*��A�V@� -.LM&WJ��9��J�!*(;!�>*A�&/��>*��-�s �3��§�J

A���&'&/��]M"�B*�,(bJ��9B*��(N&'%/!*����B*%'0.B*&/%60.B@�h� BM�YL?-�7h����F�&/J�7¶%/!*A�����J����
G(ω) ∼ ωα ]
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� �+)")e)��"��� � HR	��/@!)��4���

α G′(100Hz)
� SEJ � G′′(100Hz)

� SEJ �
�d��§�JN�»B@>*�CJ�!¬A����9+�%6�¬A�J�!*A������ 7 ] D q q ] 7=7 q ] 7 <z���S�� �»B�>M��JK!NJK(*��!*-�A�J���A�%/!*-���J.� 7 ] D 2 q ] 3 7 q ] D8D"uS�5=<8<N�»B@>*��JK!}0�&/%'-.4*&/JK�9��-.�CJ.� 7 ] D=D 7 ] � � 7 ] C 2
"uS�C=B.­±��B�>*�CJ�!¬0.&'%/-�4*&/JK�9� -��CJ�� 7 ] D8< 7 ]6B 2 q ] 7 q
� 2 ©Yeo��B�>*�CJ�!¬-.�9����-.��J���A�-.�CJ�� 7 ] D85 7 ]6B=B 7 ] C8C
S)§$� ��B�>*�CJ�!¬B*��L*JK� -.�CJ�� 7 ] D 2 7 ]6< D 7 ] � q
�d��L ­ 2 ��B�>*�CJ�!¬B*��LbJK� -���J�� 7 ] D 2 q ] 2 < q ] B 2"�BM&/�C��B�>*�CJ�!¬&/%6+.��� � 7 ] 3 B q ] 2 B q ] 2 35K" 5N�»�`-.>*�9���b4M��-.4*&/J��9����� 7 ] D8C 7 ]6C=< q ] 5 q� �<© ��AmB*%'!*�����,BbJK�C��� ����-·+�J��9VM� 7 ] D 2 q ] 3 � q ] <85

� �+)")e)��"��� 12��&()"���/@!)��4���

α G′(100Hz)
� SEJ � G′′(100Hz)

� SEJ �
�d��§�JN�»B@>*�CJ�!¬A����9+�%6�¬A�J�!*A������ 7 ] D8< 7 ] D � 7 ] � 7
z���S�� �»B�>M��JK!NJK(*��!*-�A�J���A�%/!*-���J.� 7 ] D8< 7 ] �=D 7 ] C 2
"uS�5=<8<N�»B@>*��JK!}0�&/%'-.4*&/JK�9��-.�CJ.� 7 ] D=D 7 ] <=5 7 ] �8D
"uS�C=B.­±��B�>*�CJ�!¬0.&'%/-�4*&/JK�9� -��CJ�� 7 ]6<=5 7 ] D 2 7 ] B 7
� 2 ©Yeo��B�>*�CJ�!¬-.�9����-.��J���A�-.�CJ�� 7 ]6< 2 7 ] D 7 7 ] �8D
S)§$� ��B�>*�CJ�!¬B*��L*JK� -.�CJ�� 7 ]6< 2 7 ] 2 C 7 ] 3 5
�d��L ­ 2 ��B�>*�CJ�!¬B*��LbJK� -���J�� 7 ] D8B 7 ] C=< q ] 2 B"�BM&/�C��B�>*�CJ�!¬&/%6+.��� � 7 ] D85 7 ] C 7 q ] 7 q5K" 5N�»�`-.>*�9���b4M��-.4*&/J��9����� 7 ]6< 7 q ] 2 3 q ] � <� �<© ��AmB*%'!*�����,BbJK�C��� ����-·+�J��9VM� 7 ] D 3 q ] D8C q ] B8B

"�J�4*&'�'DG] 2 �KeGA�J�&/%'!*0u�
�GL5-.!*��!@�
α
a·����J�&?�»��&WJ���� %/A��^LbJ����

G′(100Hz)
J�!*(Z%/�CJ�0.%6!bJ���V¹��+�%/�9A�-.>M���

LbJK�9�
G′′(100Hz)

-Ks�� BM�,A�-.�`L*&/�m�f��BM��J��u�C-�(M>*&/>*�
G(ω) ∼ ωα s�-.� q 7 A���&/&^&/%'!*����]

�9��&6VG%'!*0;-.!¼� B*�\�
��� ����!bJ�&�(*�
s�-.���CJK��%/-.!g-�s,��!@��%/���\A���&'&/��a8&'%/I��\JK��-.�C%'A}s�-.��A��y�`%/A���-���A�-�L@V
-�����J�0�!*����%/Ac��7u%/��� %'!*0µA�V@� -.�`�����9V�a`(*�
� ��A�� ��(±L5-�7h���TF�&/J�7 �
�GL5-.!M��!�� �

x
45�
�T78����! 7 ] qJK!*( 7 ] 3 � q 7 2 a q 7 B � ai7uB*������J��N%/!@��� J�A���&'&/>M&/J��X�`��JK��>*�9���`��!�� �}(*�
� ��A
� ��( �m�ML5-�!*��!�� �

x ≈7 ] �=D � q.q � ]<��!�� B*�������`%/A��9-.! ��A�J�&/�;�C��J���>M�����`��!@� ��a<� B*�P��&WJ���� %/A#A�-��CL5-�!*��!��y��VGLM%/A�JK&/&6V
7hJ������ ��-�!*0.���;��BbJ�!���B*�¼+�%/��A�-.>*�PA�-.�`L5-.!*��!@��aZ7uB*%/&'�¼%'!�� B*�c�`��J��9>*�����C��!@����-.!�� B*�
!bJK!*-.�9A�J�&'��LM�����9��!�� ��(NB*������45-�� BfA�-.�CL5-�!*��!�� �i7h�����YJ�45-.>G����l@>bJ�& ]*Db-.�h&/-�7

ω
+KJK&/>*����aG� B*�

�`%/A���-.!¬��A�J�&/�Y�9� �9>*A���>*���Z-�sEA���&'&/��7iJK�3(*�
� ���9�C%'!*��(¬� -C�9���9L5-.!*(\J�&/�`-.���uL*>*����&'Vf��&/J��9��%/A�JK&/&½V
� q.q � a·7uB*������J��E� B*�8&/-�7iF

ω
F��9����L5-�!*���8%/!,� BM�h!bJ�!M-.��A�J�&/�8�`��J��9>*�����C��!@����7iJ��E�CJ�%'!*&6V�+�%/��A�-.>*��]
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�T����� ����� ���%���+)%,.�/�T����)"��	���� @ ��)�H%�=��� ����)��%	
�"����� H����+)����K�?���+���C�"�]	
�"&X���+��&7�C��@�B
	
����� �/,6G�����&7�R��)��4�]	
��&��"�O	��
�4&7�+)")"��)��'�JI!�������
_N��J���>M��%/!M0,� B*�d!bJ�!*-���A�JK&/�u+�%/�9A�-���&WJ���� %'A�%'��V�0.%6+.���8J,l@>bJK!@� %6��JK��%'+.�u(M����A���%'LM� %'-.!C-Ks[� BM�3�9B*��-KF
&'-.0.%'A�JK& LM��-.L5���9� %'���8-�s�%'!@��� J�A���&'&/>M&/J��xO*>*%/(*�hJ��hA�J�>*�9��(f4@V`(*%/�9��-.&6+.��(X�CJ�A���-.�`-.&'��A�>*&'����]@"�B*�
L*�9��+�%'-.>*�XA�-.!MA�&/>M��%/-�!g� BbJK��� BM�\(*��0.�9���\-�s,�CJ�A���-.�`-.&'��A�>M&WJ��`A���-�7u(*%/!*0;%/�C+.���9VgB*%/0�B¼%/!
%'!@��� J�A���&/&'>*&'J���Ob>*%'(*�)����L*��������!@� �hJ��C-�����l@>bJ�&'%'� JK� %6+.�i����JK�����`��!���]�"�B*�u��B*��-.&/-.0�%/A�J�&M(M����A���%'LGF
��%/-.!k��!*B*J�!*A������ BM��A���-�7u(*%'!*0fL*%'A���>*������%'!*A���� BM��+G%'��A�-���&WJK�9� %'A�%6�TV¬-�s�J�Ob>*%'(\(*��L5��!*(*�Y!*-K�
-�!*&'V�-.!#��B*��!�>M�	45����-Ksu(*%'���9-.&'+.��(;�CJ�A��9-.�`-.&'��A�>*&/���,4*>M�	JK&/��-N-.!2� B*��%/�Z�`-.4*%'&'%6��%'���ZJ�!*(
��B*��%'����>M� >bJK&^%/!�� ����J�A���%/-�!*��]
"�BM�fL5-·78����Fº&WJ�7�%/!*A�����J����X-Ks

G(ω) ∼ ωα 7u%6� B
α ≈ 7 ] D=DN�`��J��9>*����(P%/!;A���&'&/�Z%/!*(*%'A�JK�����

J�L5-·7h����Fº&WJ�7³(*%'�9� �9%/4*>G� %/-�!k-�s)����&WJ��MJK��%/-.!N��%/�`���ds�-.�3� B*��%'!@��� J�A���&/&'>*&'J��uOb>*%'(*� � q D 2 � ]w­���!GF
��� J�&'&'V�a ��J�AmB\�CJ�A���-.�`-.&'��A�>M&/�Y%/!kJCA��9-·7u(*��(\Ob>*%'(k%/�d-.4*��� ��>MA�� ��(�J�!*(k�CJ�V¬45��A�-.!*!*��A�����(
7u%6� Bf-���B*���i�`-.&'��A�>M&/���8+G%/J�78��J�I�>M!*��L5��A�%'�*AY4*%'!*(*%/!M0.��aG% ]¤�K]G7u%6� Bf��!*���90.%/����-�s���B*��-���(*����-Ks
��B*���9��JK&b��!*����0�V�]�"�B*�3�`-·+.���`��!@��-�s^J,�CJ�A���-.�`-.&'��A�>*&'�i� BM�����
s�-.���d����l@>*%/�9����>*!*��!���J�!M0.&/%'!*0*a
�9��LM� JK� %'-.!^a.(*%/�9��-�A�%WJK��%/-.!¹J�!*( � -.�x� BM�dA�%'��A�>M��+.��!@��%/-.!¹-�s[-.4*����J�A�&/����]@"�B*�����<J�A���%/-.!*�xL5-.���������
&'-�A�J�&�����&/J��MJK��%/-.!Y� %'�C�)�9A�J�&'���$� BbJK��(*%6=[����0�����J�� &'VYJ�!*(��CJ�VY&'��J�(,� -<J3L5-·78����Fº&WJ�7P�9L5��A�����>*�
-Ks8����&WJ��MJK��%/-.!N� %/�`����][1�LbJ��9��%/A�>*&WJK�<����J�&'%/� J�� %'-.!k-�s8JfA�-��CLM&/�
�NOb>*%'(y7u%6� B�Jf4*�9-�J�(y��L5��AmF
����>*�²-Ks�����&/J��MJK� %'-.!N� %'�C���<%/�<0.%'+.��!�4�VN� B*�¹U[%/�`� �`-�(*��&$s�-.�<(*%/&'>M� �ZL5-.&'V��`���<��-�&/>M��%/-.!M�
� q D85 � a*7uB*%'AmB}L*�9��(*%'A�����s�-.�i� B*�Y�9A�J�&'%/!*0	-�s$� B*�YA�-.�CLM&/�
�X��B*��J��d�`-�(*>M&/>*� �

G(ω) ∼ B

{
(τRω)5/9 0.-�-�(¬��-.&6+.��!��
(τRω)2/3 Θ

F��9-.&'+.��!@� � DG]6C��

7u%6� B
B ≈ 1

J�!*(
τR =

ηR3
g

2kbT

] �3������a
η

(M��!*-���������B*�	L*>*�9�	��-.&6+.��!@��+G%'��A�-.��%6�TV\J�!M(
Rg

� B*�
��J�(*%'>*�3-�sx0�V�� JK��%/-.!N-�s���B*��L5-.&6VG�`���9��]51�£j0.-�-�(^£5�9-.&'+.��!@��%'�3%'!N� B*��U[%/�`� �C-�(M��&$(*�
�b!*��(
JK�NJPO*>*%/(c7uB*���9�o��B*�o�9-.&'+.��!@�}�`-.&/��A�>*&'���fJ�!*(���-.&'>M� �y�C-�&/��A�>*&'���¬JK�9� � JKA��¬��J�A�B¶-���B*����a
7uBM������J��¬��B*�y��-�&/>M���y�`-.&'��A�>M&/��������L5��&���J�A�B�-K� B*����]i1�£¤4bJK(^£i��-�&'+.��!@�f7h-�>*&/(c�C��J�!¼� B*�
-�L*L5-.��%6� � ����-.&6+.��!���J�!M(R��-�&/>M���¬����L5��&u��J�A�BR-���B*���	7uB*%/&'�X� B*�¬��-.&6+.��!��C�`-.&/��A�>*&'���¹JK�9� ��J�A��
��J�A�B;-�� BM���X����B�>*�Z&/��J�(*%'!*0¬� -\JK!;J�0.0.&'-.�`��� JK��%'-�!o-�s��9-.&/>G� �C�`-.&'��A�>*&/�����
]w"�B*�

Θ
Fº��-.&6+.��!��

(*����A���%'4?����� B*��%/!�� �����`��(*%/JK� �,A�J��9�	45����7h����!o0.-�-�(yJ�!*(y4*J�(y��-�&'+.��!�� �[BM����������L*>*&'��%/-�!yJ�!*(
J���� ��J�A���%/-.!f4bJ�&/J�!*A��Y��J�A�BN-���B*�����
�MJ�A���&'V�]
�h-��CLbJK��%/!M0y��B*�}A�-.�`L*&/�m���9B*��JK�`�C-�(M>*&/>*�

G(ω) ∼ ωα a
α ≈ 7 ] D=D\7�B*%/A�BR%'�	��V�L*%/A�J�&/&6V

�`��JK��>*�9��(g%'!�A���&/&'�	7u%'��Bgvxl@>bJK��%/-.! DG] CyV�%/��&/(*�`J���>*�9L*��%'��%/!M0.&'V;0�-�-�(gJK0.�������`��!@�`-�s3� B*�
A���&'&¸£j��!*J�!*-.�9A�J�&'�u+�%/��A�-���&/J��9��%/A�%6��V�7u%'� B¹� B*�<U[%'�C�¦�C-�(M��&b>*!*(*���80.-�-�(`��-.&6+.��!��hA�-.!*(M%'� %'-.!*��]
"�BM%/�C-�4*�����9+KJ�� %/-�!g�9>*0.0.���9���C� BbJ��`� B*�kU[%/�`� �`-�(*��&u0�%'+.����JoB*��>*��%'�9� %'A}(*����A���%'LM� %'-.!�s�-.�
��B*�¹A�V@� -.LM&WJ��9��J�!*(���B*�¹!�>*A�&/��-�L*&WJK���¢-�sh&'%'+�%'!*0fA���&'&/��a^% ]j��][� BbJ��Y� BM�`%'!@��� J�A���&'&/>*&'J��3Ob>*%'(*�
45��BbJ�+.�C��%/�`%'&/J��<� -N(*%'&/>M���¹L5-.&'V��`���Y�9-.&/>M��%/-.!M��]w"�J�I@%/!*0}��B*%/�Y%/(*��J}������%'-.>*��JK&/&'-·7u�Y-�!*�`��-
�CJ�I�������+.��� J�&iL*�9��(*%'A���%/-.!M��s��9-.��� BM�}U[%'�`���`-�(*��&�s�-�����B*�X45��BbJ�+�%/-.>M��-�su%/!@��� J�A���&'&/>M&/J��
Ob>M%/(*��]
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D�%/0.>*�9�*DG] q 5 �GJ��8:<%/��� �9%/4*>M��%/-.!C-�sw��B*��������%'(*��!*A���� %'�C���
p(τs)

�C��J���>*�9��(f%'!�� B*�<A�V@� -�L*&WJ��9�
-Ks5>*!*��� �9�����9��( �3��§$J�A���&'&/��]�"�B*��(M-���� ��(	&/%'!*�8%/!M(*%/A�JK� ����J�!	�m�GL5-.!*��!�� %/J�&M(*%'�9� �9%/4*>G� %/-�!

p(τs)
]

4 ����! �d��§�J�A���&'&/�8�9�������9����(f7u%'� B D 7=7 ��_²�9>*A��9-.���KaM� B*�<(*%/��� ��%'4*>M��%/-�!
p(τs)

4*�9-�J�(*��!*��J�!*(
JKL*L*��-.J�AmBM����J`�`-.���Y>*!*%'s�-���� (*%'�9� �9%/4*>G� %/-�!^] �
�M��

�t���EJ.��"�B*��(*%'�9����%/4M>M� %'-.!¬-�s)JK!*-.�CJ�&'%6� %6���
p(α)

%'���9-.>*0.B*&6V\­YJ�>*���9%WJ�![][4b� �dL5-.!y-.���`-�� %'A���� �9������a�JX�9B*%'st��-�s)��B*�	�`��JK!
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45���m�GL5��A�����(
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�m�GL?-�!*��!�� %/J�& � 3=3 � a�� B*�#U[%/�`� �`-G(M��&YLM����(M%/A����

p(τs) ∼ exp(λτs)/τ
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�GL5���9%/�`��!@� J�&,(bJK� JR-.!¶� B*�
(*%'�9����%/4M>M� %'-.!f-KsE�`��J��9>*����(

τs

%'! �3��&WJ	A���&/&'�,�»�9���ZDE%'0.>*�9�HDG] q 5��m]"�BM�oU[%/�`�¨�`-�(*��&us�>*�9��B*����L*����(*%/A
� �fJ#AmB*J�!*0.�\%'!g� BM�\��A�JK&/%'!*0#-�s�� B*�\A�-.�`L*&/�m�g�9B*��JK�
�`-�(*>*&'>*�

G(ω)
7uBM��!y��B*����-.&6+.��!@��A�-.!*(*%6� %/-�!*�345��A�-.�`��78-.���9��a[%¸]j��] 7uB*��!y��B*����� J�!*�9%'��%/-.!

s��9-.�¦J�0.-�-�(���-.&6+.��!@����-YJ
Θ
Fº��-.&6+.��!�����JKI����xL*&/J�A��K]�"$-�� �����x� BM��45��BbJ�+�%'-.>*��-�s %/!�� � JKA���&'&/>M&/J��

Ob>M%/(*��>M!*(*���2J�A�BbJK!*0.��-�s��9-.&'+.��!@�oA�-.!*(M%'� %'-.!*��a<��B*��J�+KJK%/&WJK4*&'�#��-.&6+.��!@��%/! �d��&WJcA���&'&/�
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]�e�����-.!M0.����-.�9�C-���%/A
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G(ω)

� -N��B*�CL*����(*%/A
� %/-�!2-�si� BM�
U[%'�C� �C-�(*��&xvxl ]ADG]6CMa^BM-·7h�
+.����awV�%/��&'(*�YJf0�-�-�(oJ�0.�9�����C��!@� �

G(ω)
AmB*J�!*0.��(2%6� ����A�J�&/%'!*0
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7u%6� B*%'!C� B*�<A��9-·7u(*��(fOb>M%/(*�iJ��9�<����(*>*A���(^] eG%'!*A���J�L*J��9��%WJ�& A�-�&/&WJKL*��� � J�0.0�����0.JK� %6-.!CA�BbJ�!*0����
��B*�,(*%/��� �9%/4*>M��%/-�!¬-KsE��B*�,� J�(M%/%^-�sE0�V�� J�� %/-�!

Rg

a J�&/�9-CJ¹A�BbJ�!*0.�,%'!}L��
τs

�iA�J�!N45�,�
�GL5��A
� ��(
s�-��u� B*�,�C��J���>*�9���`��!�� �3%'!N-.���`-���%/A�J�&'&6VX��� ����������(yA���&/&'��]b��!*(*����(^a5� BM�Z(*%/��� �9%/4*>M��%/-�!}-�s��9���9%6F
(*��!*A���� %'�C���

τs
�9B*-·78��(¬!M-��i-.!*&6VCJ�A�-.!*��%'(*����J�4*&'�<%/!MA�����J����<%/!C� BM���`��J�!�(M7h��&/&5� %'�`��a@4*>M�

JK&/��-�J�4M��-�JK(*��!*%'!*0�-�sw� BM����!@� %'���3(*%/��� ��%'4*>M��%/-�!`� -·7hJ���(fJ��`-.�9�3>*!*%'s�-�����J�L*L5��JK� J�!*A��¹�»�9���
D�%/0.>*�9�HD�] q 5.�
]��!���B*�i�`��J��9>*�����C��!@���x%'!�-.�9�C-K� %/A�J�&'&½V,��� �9�����9��(`A���&/&'��a·� B*�i�9���9%/(*��!*A��i��%/�`���

τs

BbJK(¹J�&'����JK(MV
%'!*A��9��J��9��(¹JK�EA�-��CLbJK� JK��%'+.��&'VY&'-·7PA�-.!MA���!�� ��JK� %'-.!*�E-�s ��� �������xJ�0.��!�� ��aK7uB*������J�����B*�iJ�!*-.�CJ�&6V
α

BbJ�(f0�-.!*�<>*Lf-.!M&'V`��&'%/0.B�� &6V.]@��!X�����9�C�h-�sw��B*�YU[%'�C���C-�(*��&¸a�� B*%'�h45��BbJ�+�%/-.�h�CJ�VC�9��Ob��A��
��BbJK��� BM��%/!�� � J�A���&'&/>M&/J���A�-.!*(*%6� %'-.!*�E(*%/(�!*-��xAmB*J�!*0.�uJ�4M��>*LM��&'VZs��9-.� J�0.-�-�(���-,J

Θ
Fº��-.&6+.��!��

B D
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ω 0.66

HeLa cytoplasm
+ sucrose
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a]

ω [Hz]

ω 0.63

HeLa nucleus
+ sucrose

D�%/0.>*�9�HD�] q D �*1$+.��� J�0��,����J�&)�»��&/J��9��%/AK�*4M&WJ�A�I���l@>bJ��9��� �dJ�!M(}%/�CJ�0.%6!bJ���Vy�t+�%/��A�-.>*��� �9��(}(*-������
LbJK�9� �¹-�s<��B*�}A�-.�`L*&'�
���9B*��JK�C�`-�(*>*&'>*�¹%'!�� B*�}A
V@� -.L*&/J����¨J�!*(R!@>*A�&'��>*�`-�s �3��§$JoA���&'&/�
��� �������9��(N7u%'��B D 787 �X_ ��>*A���-.�9��]

B=<
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� �+)")e)��"��� �e�
�+��	
��"�� ��:�� � HR	��/@!)��4���

τs

�
µs � α G′(100Hz)

� SEJ � G′′(100Hz)
� S�J �

�d��§�J !*-�!*� 2 � 7 7 ] D q q ] 7=7 q ] 7 <
�d��§�J �9>*A��9-.���Ka�5 787 B D85 7 ] D8< q ] 3*q q ] �8B
�d��§�J �9>*A��9-.���Ka,D 787 C D 3 7 ]6<=< 7 ]6C 3 q ]6< 3
�d��§�J �9>*A��9-.���Ka q 787=7 q C=585 7 ]6<=B q ]65 2 2 ] D 2
�d��§�J ��JK�`!*-.���Ka�D 7=7 q D 2 7 7 ]6< D 7 ]65 q 7 ] D q
�d��§�J Q3J��h&¸a 2 D 7 � 3 2 7 ] D 2 q ] D � q ] � 3
�d��§�J Q3J��h&¸a D 7=7 < 2 C 7 ]6<
� 7 ] �85 q ]65 7
�d��§�J >*�9��JMa 5 7=7 5=< q 7 ] D q ] 2 < q ]6B 2
�d��§�J >*�9��JMa D 7=7 5=C=C 7 ] 3 C q ] 2 < q ]6B 2
�d��L ­ 2 !*-�!*� �8<
� 7 ] D 2 q ]6< 7 q ] �8B
�d��L ­ 2 �9>*A��9-.���Ka,D 787 C=< 2 7 ]6< 7 q ] 2 < q ]6B q"�BM&/� !*-�!*� 5 2 C 7 ] 3 B q ] 2 B q ] 2 3"�BM&/� �9>*A��9-.���Ka,D 787 q.q < 3 7 ]6< 7 q ] 3*q 2 ] 7 2

� �+)")e)��"��� �e�
�+��	
��"�� ��:�� 12��&()"���/@�)"�4���
τs

�
µs � α G′(100Hz)

� SEJ � G′′(100Hz)
� SEJ �

�d��§�J !*-�!*� q < 2 7 ] D8< 7 ] D � 7 ] � 7
�d��§�J �9>*A��9-.���Ka�5 787 q B=5 7 7 ] D=D 2 ] q B 2 ] � q
�d��§�J �9>*A��9-.���Ka,D 787 q �8C8C 7 ]6<=5 q ]6< 7 2 ] D=D
�d��§�J �9>*A��9-.���Ka q 787=7 287 2 7 7 ]6<=C q ]65 7 2 ] D8B
�d��§�J ��JK�`!*-.���Ka�D 7=7 2 5=B � 7 ]6< D 7 ] 3*q 7 ]6<=B
�d��§�J Q3J��h&¸a 2 D 7 C=5 2 7 ] D q q ]6B=5 q ]6C=B
�d��§�J Q3J��h&¸a D 7=7 < D=D 7 ]6< 7 7 ] D8C q ] q B
�d��§�J >*�9��JMa 5 7=7 5=C=< 7 ]6< 7 ] �8< q ] 7 �
�d��§�J >*�9��JMa D 7=7 2 q 2 7 ]6< D 7 ]65=B 7 ]6<=5
�d��L ­ 2 !*-�!*� D 7 2 7 ] D8B 7 ]6C=< q ] 2 B
�d��L ­ 2 �9>*A��9-.���Ka,D 787 q B 3 7 7 ] D85 2 ]65=5 2 ] � 3"�BM&/� !*-�!*� 2 � 7 7 ] D85 7 ]6C 7 q ] 7 q"�BM&/� �9>*A��9-.���Ka,D 787 C 3 7 7 ]6<=B q ]6B 3 q ] D �

"�J�4*&'�'DG]65 �K_}��J�!�������%'(*��!*A��8��%/�`�
τs

J�!*(�J�!*-.�CJ�&6V�(*��0������
α

-�s Du!*��0.-.&'(,45��J�(M�E(*%6=[>M��%/!M0
%'!N-.�9�C-K� %/A�J�&'&½VX�9� �9���9����(\A���&'&/��a �9��J�&8����&WJK�9� %'A��iL*J��9�

G′(ω
�uJ�!*(k%'��JK0.%6!bJ���V���+�%/�9A�-.>*� �uLbJ����

G′′(ω
�h-�s$� B*�YA�-.�CLM&/�
�X��B*��J��d�`-�(*>M&/%

G(ω) ∼ ωα -KsE-.�9�C-K� %/A�J�&'&6VC�9������������(\A���&'&/��]

B
�
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�t7uB*%/A�B`AmB*J�!*0.���
α
�
a�4M>M��� JK��B*����� B*������7iJ��8J����`-�-�� B	��� J�!*�9%'��%/-.!�7u%6� B`J�!`%'!*%'��%/J�&G%/!MA�����J����

%'!¬A���-�7u(*%'!*0k�t� B�>M��a J¹�`-.�9��B*%/!M(*���9��(}(*%'=?>*��%'-.! �m]
13�8(*����A��9%/45��(fJ�45-�+.��a�D���e¹�`��J��9>*�����C��!@� ��-�s^!*J�!*-.0.-�&/(`(M%'=?>*��%'-.!`%'!C��0.0Z�
����� J�A
�8V�%/��&/(*��(
�9%/�`%/&'J���������>*&6� �ZJ��Y%/!oA���&/&'��a^%¸]j��]

α � 7 ] D 2 ]$�iJK&/A�>*&WJK��%/!M0f��B*�CJ����9-�A�%/JK� ��(2A�-.�`L*&'�
���9B*��JK�
�`-�(*>*&'>*�

G(ω)
�9B*-·7u�8� B*JK��� B*�3��0.0��m�G��� J�A
�i%'�8J�&/�9-,+�%/�9A�-���&WJ���� %/Au-.!C��B*�3!bJ�!*-���A�JK&/�Ka@7u%'��B

G(ω) ∼ ωα a
G′(100Hz) � q ] 7=7 Pa

a
G′′(100Hz) � q ] 7 C Pa

]$"�B*����%'�C%'&/JK��%½��Vy-�s�A���&/&
�m��� � J�A
����-,&'%'+�%/!M0�A���&/&'�x%/�x��+�%'(*��!���a���%'!*A���� BM�d�m��� � JKA��8B*J��x� B*�u� J��`����J�A���-.�`-.&6��A�>M&/�iA�-.�¹F
L5-.�9%'��%/-.!�JK!*(¹J<��%/�`%'&/JK�$�9��J�� �i-�s (*%'&/>M��%'-.!�JK�E� BM�i%/!@��� J�A���&'&/>M&/J���O*>*%/(*�E-�sb� B*�i��0.0�A���&'&/��s��9-.�
7uBM%/A�B}%6��%/�h��JKI���!^] �3L5-.!¬(*%/&'>M� %'-�!X-�s$��B*���
��� ��J�A���7u%'� BX7iJK������a

α
%/!*A�����J�����(}-.!*&6V���&/-�7u&'V�a

% ]¤�K]*��B*�,�9>*45(*%6=[>*�9%'+.�,J�!*(¬+�%/��A�-���&/J��9��%/A�s���JK� >*�9���u78�����,-.!*&6VX��&'-·7u&6VX����L*&WJKA���(}4@Vf(*%6=[>M��%'+.�
JK!*(`L*>*�9��&6V�+�%'��A�-�>*�x7iJK� ����Fº&/%/IK��45��BbJ�+�%'-.�d�»�9���3D�%/0.>*�9����DG] q 7 J�!*( D�] q <��
]�"�B*%/�x-.4*�9���9+�JK� %'-.!
B*%'0.B*&'%'0.B�� �8��BbJK�i� B*��A�-.�`L*&'�
�G%'��VC-�s$%/!@��� J�A���&'&/>M&/J���Ob>*%'(*��%'��!M-��dJ��C�������
�GA�&'>*(*��(�Fº+.-.&'>*�`�
�
=[��A���]?eG%'!*A�����>*45(M%'=?>*��%'-.!}J�!*(¬+�%/�9A�-���&WJ���� %'A�%'��VC�9� %'&/&[J�L*L5��JK�u>*L5-.!}��� ��-�!*0`(M%/&/>G� %'-.![aG��B*��V
�9����� J�&/�9-	� -	��J�I��Y%'!@� -¹J�A�A�-.>*!��d��B*�Y&WJ�� ����J�&x� JK�9� ��J�A���%'+.���8%/!�� ����J�A���%/-.!M��-�s�L*��-K� ��%'!*��]
"$-�s�>*�9��B*���<�
�MJK�C%'!*�Z��B*����=?��A���-Ks�J��9-.&'+.��!@��A�BbJ�!*0.��J��<L*����(*%/A
� ��(y%/!N��B*�¹U[%'�C� �`-�(*��&
vxl ]"D�] CMa5%6�37hJ��<����%'��(N� -�%/!M(*>*A���JC��-.&6+.��!���(*�
� -.�9%WJK��%/-.!}%/!N��B*����0.0��
��� ��J�A���J�!*(\%'!k(*�m��F
��� J�!`��-�&/>M��%/-.!¹4�V`J�(M(*%'��%/-.!	-�s[����BbJ�!*-�&¸]���!¹� B*�d��0.0Z�m��� � JKA���a���B*�3J�(M(*%'��%/-.!	-�s[��+.��!X�`%'!�>M���
JK�C-.>M!@� �<-�s�����BbJ�!*-�&�&'��(\��-f��J��9��%6+.��Ob-�A�A�>*&WJK��%/-�!^a?�CJ�I@%/!*0XD���e\�`��J���>*�9���`��!�� ���`��J�!�F
%'!*0.&'������]M"�B*%'��-.4*�9����+KJK��%/-.!f��>*L*L5-��9� ��%/!*(M%/����A���&'V¹� B*���9��J��9-.!*%'!*0�� BbJK�uJ�A�BbJ�!*0��Y%'!f��-�&'+.��!@�
%'!fA���&'&/�h(*>*����-	-.���`-�� %'A<��� �9�����u�CJ�V�&'��JK(X� -¹Jf�»LbJ���� %/J�&W�)L*�9-�� ��%/!fA�-.&'&WJ�L*�9��J�!*( � -.��J�0�0.���mF
0.JK� %'-.!^a?��B�>*�Y&'��J�(M%/!*0�� -}JfAmB*J�!*0.�¹%'!

α
��BbJK�,J�0.�9������7u%'� Bovxl ]ADG]6CM]^1<�,Jf�9>*4*�9��%'��>M� �Ka�J

(*�m��� � JK!C�9-.&'>M� %'-.!}��(*�
����� J�!`A�-�!*A���!@��� JK��%/-.! q 787 �`0 � �`&W�w7u%'��B¹L*>*�9��7iJK�����)J��)�9-.&'+���!@�x7iJK�
A�-.�`LbJ�����(¹��-,(*�m��� � JK!C��-�&/>M��%/-.!�7u%6� B`J�7hJK� ��� � �
� BbJK!*-.&b�`%6��� >M���,� < 7 � 3 7 �EJ��)�9-.&'+.��!@��]@D���e
�`��JK��>*�9���`��!@����-�!;!bJ�!*-.0�-.&/(2(*%'=?>*�9%/-.!2����+.��J�&/��(�JN�9� �9-.!*0\A�BbJ�!*0��X%'!#��B*����>*45(*%6=[>M��%/-�!
JK!*(�� B@>*�h%/!C��B*�<��A�J�&/%'!*0Z-�s

G(ω)
7uB*��!X� B*�37hJK� ��� � �
� BbJ�!M-.&?��-�&'+.��!@�h7hJ��h>*����(o�»�����<��JK4*&/�

JK����-�A�%WJK����(N� -�DE%'0.>*�9� D�] B��m]?©�!\J�+.��� J�0���a 7iJ�� ���<JK�3��-.&6+.��!��3V�%/��&'(*��(
α � 7 ]6B DGa

τs
� 5 7=7

µs
a^7uB*������JK�,7iJK����� � ����BbJ�!*-�&�J��Y�9-.&'+.��!@�,������>*&6� ��(2%/!

α � 7 ] C
��a
τs
� C=< 7

µs
]w1<&6� B*-�>*0.B

��B*�YU[%/�`���`-�(*��&?v)l ] DG]6C�%/�h!M-���J�0�-�-�(Xl@>bJ�!@��%'� JK� %6+.�<(M����A���%'LM� %'-.!XB*���9��JK�i&/��J��9��J�0.-�-�(
l@>bJK&/%'� JK� %6+���J�0.�������`��!���7u%6� Bk� BM���b!*(*%'!*0.�<-.!\%/!@��� J�A���&'&/>M&/J��uO*>*%/(*�<A�JK!y45���9��J�� ��([]w_N-.�9�
&'%/I���&'V�a���B*�3>M� %'&/%'H���(k� J�&'�C-��9���`-.!*-�(M%/��L5�������3J�!*(�&/-�7iFº78��%/0�B@�m��(M�
��� ��J�!X(*%'(�!*-K�h��l�>M%/LC� B*�
A���-�7u(*��(¬O*>*%/(X7u%6� Bf��!*-.>*0�B¬(*��0��������u-�s�s��9����(*-.� � -¹J�A
� >bJK&/&'V`�9��J�A�Bf� BM��s�>*&'&'V`(*�
+.��&'-.L5��(
4*�9-�J�(¬� J�!*0��Y-�s�����&WJ��MJK��%/-.!X��%/�`���h� BbJK�u>*!*(M����&'%/���dvxl ]�D�] CM]
��!RA�-.!*A�&/>M��%/-�!^ax��B*�N�m�GL5����%'�C��!@����J�!*(R-.4*�9����+KJK��%/-.!*�`(*����A��9%/45��(¼B*�����N��>ML*L5-.�9�C�9� �9-.!*0.&6V
��B*�<B@V�L5-���B*���9%/�8� BbJ��8� B*�<A
V@� -.L*&/J���� J�!M(�� B*�3!�>*A�&/��-.L*&/J�����J����3L*B*��!*-.�`��!*-�&/-.0.%'A�JK&'&6V	(*�mF
�9A���%'45��(	4@VZ� B*�uU[%/�`� � B*��-.�9V5�K� B*�i%/!�� � JKA���&/&'>*&/JK�$Ob>M%/(*��45��BbJ�+.�i� B@>*� 	Ys���-.�¦J��9B*��-.&'-.0.%'A�J�&
L5-.%'!@�u-�s�+�%/�
7 	X��%'�C%'&/JK�h� -¹+�%'��A�-���&WJ���� %'AY(M%/&/>G� ��L5-.&6V��C���u�9-.&'>M� %'-.!*��]*"iB*%/�uA�J�!}45�,>*!*(*����F
��� -�-�(¼%'!R��B*�k�9��!*�9�\��BbJK��(*%'����-�&'+.��(¼�CJ�A��9-.�`-.&'��A�>*&'���`%'!gA�V@��-.L*&WJK��� J�!*(g!�>*A�&/��-.L*&WJK���
JK����A�-.!*!M��A
� ��(}+�%WJ�7h��J�IX!*-�!*��L5��A�%6�bA,%'!@� ��� J�A
� %'-.!*�h� -¹!M����7h-.�9I�Fº&/%'I���+KJ��9%WJ�4M&/��!*J�!*-.��� ��>MA
F
��>*�����<7uB*%/A�B\L5-.���9���9�Y%'!N� B*��%/�3��!�� %'������V}��B*�Z+G%'��A�-���&WJK�9� %'AZL*�9-.L5����� %/���<45��%'!*0X(M����A���%'45��(y4@V
G(ω) ∼ ωα a

α ≈ 7 ] D=DG]ivx�9L5��A�%/J�&'&'VR��7h-�-Ks,��B*�y-.4*�����9+KJ�� %/-�!*�f�C��!@��%/-.!M��(�J�45-�+.�oJK���
%'!¼J�0��������C��!@�C7u%6� BR� BM%/�CL*%'A���>*���K]hD�%/����� &6V.a�� B*�N��A�JK&/%'!*02�
�GL5-.!*��!@�

α
7iJ���%/!MA�����J��9��(¼%/!

B�V�L?����-����`-�� %'A�J�&'&'V��9������������(RA���&'&/��A�-.�`LbJ�����(;��-y>*!M�9� �9���9����(�A���&/&/���EJ�!;-.4@+�%'-.>*���
�GL*&WJK!bJ�F
��%/-.!Ns�-.�3��B*%/�345��BbJ�+G%'-.>*�<%/�<JXA�BbJ�!M0.��-�sx� B*��J�+.����J�0.��!*-.!*�9L5��A�%6�bA	%'!@� ��� JKA�� %'-.!*�345����7h����!

B=B
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�CJ�A���-.�`-.&'��A�>*&'���i(*>*�Y��-CJ¹�9��(*>*A
� %'-.!}-�s���B*��7iJK� ���d�9-.&'+.��!@��ab&/��J�(*%/!M0	��-CJ¹A�BbJ�!M0.�,-�s$� B*�
!*�
��7h-.��I £j�

G(ω)
]GeG��A�-.!*(*&6V.a�%'�)7iJ��8-.4M������+.��(X��BbJK�8%/!�� � JKA���&'&'>*&/JK�xO*>*%/(*��I�����LX��B*��%'���9� �9-.!*0

+�%'��A�-���&WJ���� %'Ai45��BbJ�+�%/-.>M�x��+.��!C>M!*(*���)J�(M%/&/>G� %'-.!�>*L	� -YJ�s»JKA�� -����x&/J���0������ B*J�! q 7 �K��B*%/�E�b!M(GF
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G′(ω)
��-N� B*�`+�%/��A�-.>*���`-�(*>*&'>*�

G′′(ω)
-�s

A���&'&��
��� ��J�A���]E"�BM�X��JK� %'-}� ��!*(*�Z� -kH�����-\>*L5-�!;(*%/&'>M� %'-�!o-�si� B*���m��� � JKA���a�% ]¤�K]���B*���
����� J�A
�
45��A�-.�`����L*>M����&6V}+�%/�9A�-.>*��]

c/c0
� q 787 � �»4*&/J�A�I}�9l�>*J��������
a q 2 ] D � ��4*&/>M��(*%/J��C-�!*(*���ma q �������(}(*-K� ���Y�t7u%'��B

c0
45��%/!M0¹��B*�Y%/!*%6� %/JK&?A�-.!*A���!�� ��JK� %'-.! �
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"�BM�	�C��J���>M�����`��!�� ��L*��������!@� ��(o%/!k� BM%/�37h-.�9I}7h���9�	(*-.!M�	%'! q 7 (*%'=?���9��!@��A���&/&�&/%'!*��� � ��-Ks
��B*����7h������A�J�!*A�����A���&/&)&/%'!*����aA5¬7h���9��(*���9%'+.��(#s��9-.��B*��JK&'� B�Vy� %/�9��>*�K]$"�B*��A���&/&)&/%'!*���Y%/!GF
A�&/>*(M��(`��J��CLM&/����s���-.�¦(*%6=[������!��)-.�90�J�!*�)J�!M(¹��%/���9>*���3��A�����+�%6�?a�4*��J�%/![a�45-.!*��a.&/%6+.����a���>*��A���&'��a
-�+KJ��9%/��� �EJ�!M(	s��9-.�µ(*%'=?���9��!��x�CJ��C�CJK&'%'J�!��9L5��A�%/���d�»B@>*�CJ�!^aK�C-�>*���Ka�AmBM%/!*������BbJ��`�9����� �
]���!
JK&/&�A���&/&x&/%'!*����aw�`%/A���-.%'!�ª9��A�����(o!bJK!*-.0.-�&/(���B*-�7h��(;�9����-.!M0N��>M45(*%'=?>*��%'-.!o%/!�� BM�`A�V@� -.LM&WJ��9�
JK!*(c��B*�y!@>*A�&'��-�L*&WJ��9�N]�1<�fJ;A�-.!*�9��l@>*��!*A���ai��B*�y%'!@��� J�A���&/&'>*&'J��`O*>*%/(M�f%'!�JK&/&dA���&'&/�C7h�����
(*�
� �����`%/!*��(X��-�45�<+�%/��A�-���&/J��9��%/A3-.!�� B*��!*J�!*-.�9A�J�&'��a�7u%'��BfJ�L5-·7h����Fº&WJ�7���A�JK&/%/!M0�-�sw� B*�3+G%'��F
A�-���&/J��9��%/A�%6�TV

G(ω) ∼ ωα ]@"�B*�3+�%/��A�-.>*�hJ�!*(���&WJ���� %/AuA�-.!�� �9%/4*>G� %/-�!*�)7h�����3��V�L*%/A�J�&/&6V	�9%/�`%/&'J��
J���B*%'0.Bos�����l@>*��!*A�%'���¬�

ω

 q 7=7 �dH��
a�7uB*������J���+�%/�9A�-.>*��45��BbJ�+G%'-.>*�,7hJ���(*-.�`%/!*JK� %'!M0¬s�-.�

&'-·7¼s��9��l@>*��!*A�%'����aG7u%6� BXJ,+�%/�9A�-.>M�i�`-�(*>*&'>*�)� BbJ��87iJ��h%/!C��J·�M%'��>*��J�45-�>M�8�*+.��s�-�&/(�&WJ��90.���
��BbJ�!¬� BM�Y��&WJK�9� %'A��`-�(*>*&'>*��]
�h-��CLbJK��%/!M0N� B*� q 7 %/!�+.����� %/0.JK� ��(PA���&'&h&'%/!*����%'!;(*��� J�%/& a$-.!*&6V2�`%/!*-��Z(*%6=[������!MA����¹45��A�JK�C�
+�%'��%/4M&/�us�-.�)� B*�<L*J�� JK�C�
� ���9�

τs

J�!*(
α
]G"�BM��J�!*-���JK&'V	(*��0.�����

α
+KJ���%'��(�45����7h����! 7 ] 3 B�J�!*(

7 ] <=5}%/!o� B*�C(*%'=?���9��!���A���&/&�&'%/!*�����w� B*�C������%/(M��!*A���� %'�`�
τs

7iJ����`��JK��>*����(#� -k&'%/�¹45����7h����!
C8B

µs
��- �8B 7

µs
�������N"�J�4*&'� DG] q J�!*(gJK����-�A�%WJK����(R(M%WJ�0�� J��`�`� �
]E1 A�-.�9����&/JK� %'-.!P-�s3� B*�

A���&'&6Fº��-KFºA���&/&�+�J���%/JK� %'-.!*�Y-�s
α

J�!*(
τs

7u%'��B2� B*��B*��J�&6� B#�9� JK� �C-�s�A���&'&/�,-.�,7u%'��B2� B*�`� %/�9��>*�
s��9-.�¡7�B*%/A�By��B*��VN7h���9�¹(*����%6+.��(�A�-.>*&/(\!*-���45�	(M%/��A�-·+.������(^]w��!\� B*��� B*�9���	&'%'+.���<A���&/&E&'%/!*���
"�BM&/��a.S)§$��JK!*( �d��L ­ 2 �»-�s 7uB*%'A�B`S)§$��J�!*( �3��L ­ 2 JK���iA�J�!MA����)A���&/&'���maKs�-����m�*JK�CL*&'��a�� B*�
+�J�&/>*���u-�s

α
J�!*(

τs

(*%/(¬!*-��d�9B*-·7�J¹�9L5��A�%'�bA,�9%/�`%/&'J��9%6��V.aM4M>M�d� JK��B*���uA�-·+.������(kJ�&/�`-.���i� B*�
��!@��%/����� J�!*0���45����7h����!o��B*�	�CJ��G%'��>*�¡J�!*(y�`%/!*%'��>*�±+�J�&/>M����(M��� ��A�����(o%/!yJ�&'&�A���&'&E&/%'!*����]
1�A�A�-.��(M%/!*0.&6V.a���B*�<+�%/��A�-���&/J��9��%/A<45��BbJ�+�%/-�>*��J��i�`��JK��>*�9��(¬4�VC� B*��A�-��CL*&'�
�C��B*��J����`-�(*>*&'>*�
G(ω)

7iJ���+.����V¬��%'�C%'&/JK����� -¹%/&'&'>*�9��� JK���<� B*%'��aM� B*�,J�4*�9-.&'>M� ��+KJ�&'>*� |G(ω)| JK!*(¬� B*�Y� J�� %/-	-Ks
��B*�	��&WJ���� %/AZ��-X� B*��+�%/��A�-.>*���`-�(*>*&'>*�

G′/G′′ J��9�	LM&/-��9� ��(\s�-.�3�T78-¬(*%6=[������!���A���&/&E&'%/!*���<%/!
��B*�,DE%/0�>*����� DG] q �¹JK!*( DG] q BM]Sx���
+�%/-.>M�)�9� >*(M%/����-�!`A���&'&*�C��AmBbJK!*%/A��)(M���`-.!*�9��� JK����(¹��BbJK�x��B*�u�CJ�A��9-.��A�J�&/�h+�%/�9A�-���&WJ���� %/A�%'��V
-Ks���!@��%/�9��A���&/&'�i7hJ��u����(*>*A���(N%/!f�CJ�&/%60.!bJK!@�iA���&'&/�iA�-.�`LbJ��9��(f��-¹B*��JK&'� B�VX�9L5��A�%/�`��!^aM7uB*%'AmB
7hJ��kJ��9A���%'45��(�� -gJ��`-.�9��(*%/�9-.��(*������(´�9����>*A
� >*�9�#-Ks�� B*�oA�V@��-.��I���&/����-.!´%/!�A�J�!MA����NA���&'&/�
� q 2 q a q 7 5Ga q 2=2 � ]G��!fLbJK�9� %'A�>*&/J���a.� B*�<�9� >M(MV�-�s�­�>*AmI`�
�uJK&¸] � q 287 � (M��� ��A�����(f� B*�<�`����JK�9��J�� %/A
L5-�����!�� %/J�&*-�s[A�J�!MA�����A���&/&'�x��-,45�d���
Ob��A
� ��(�%'!CJY��L5��A�%'�*A3�CJ�A���-.�9A�J�&'��+�%'��A�-���&WJK�9� %'A�%6�TV�]�zh��J���F
%'!*0f��B*%/��%'!��`%/!*(^a[J¬A�-.�`LbJ���%'��-.!y-�s�� BM�¹!bJ�!*-.�9A�JK&/��+G%'��A�-���&WJK�9� %'A�%6�TVN-�s8A�J�!*A����YA���&/&/��J�!*(
B*��J�&6� B@V	-.!*����7iJK��� �9%/��(`B*�����K]���!�A�J�!*A����8A���&/&'�x� B*�d!�>MA�&/��>*�8%'�)��V�L*%/A�J�&'&'V���!*&WJK��0.��(�J���A�-.�¹F
LbJK����(C� -ZB*��J�&'��B@V	A���&'&/��]@"�B@>*��a@� B*�d� J�� %/- R -�s[��B*�3A���-.�9�8����A
� %'-.!�-Ks[� B*�d��!@��%/�9�dA���&/&b��-,� B*�
A���-.�9�3����A
� %'-.!N-�sE� BM�Z!@>*A�&'��>*�3%'�3J¹��%/�`L*&'���C��J���>M���Ys�-.��� B*�ZJ�0.0.�9���9%'+�%'��Vf-KsxJ¹� >M�C-.��A���&/&¸]
�d���9��a�� B*%'�,� J�� %/-f7iJ��Z(*�
� �����`%/!*��(2s�-��ZJ�&'&xA���&/&)&'%/!*���Ys��9-.���`%/A���-���A�-�L@V�%'��JK0.����]w1 A�&'��J��
(*%6=?������!*A���7hJ���+�%/��%'4*&/�3s�-.��A���&'&/�h7uB*%/A�B¬78�����Y-.�9%/0.%'!bJK&'&½VC(*���9%'+.��(¬s��9-.��B*��J�&6� B�V�� %'����>M�C� R
≈ <M] D − �.�uJ�!*(NA���&'&/��s���-.� A�J�!*A����d� %'����>*��� R ≈ 5G] 5 − 3 ] D��,�»������"�J�4*&'� DG] 3 �
] �d-·78��+.����a
L*&'-��9� %/!M0

τs

J�!M(
α

-Ks8� BM�¹(*%'=?���9��!@�YA���&/&�&/%'!*����%/!�(*��L5��!*(M��!*A��C-.! R (*%'(o!M-��,�9B*-·7�JK!@V
A�-.���9��&/JK� %'-.!*���»�9���	D�%/0.>*�9� D�] q C��
�5J�����&WJ�� %/-�!N45����7h����!y��B*��!bJ�!*-���A�JK&/�,+G%'��A�-���&WJK�9� %'A�%6�TV¬J�!*(
A�J�!*A����d����JK� �Y-Ks�J	A���&'&[� B*������s�-����Y(*-����u!*-��u������� � -¹�
�G%/����]
"�BM�<A�-.!*A�&/>*�9%/-.!¹s���-.� � B*�d(*����A��9%/45��(X-.4*�9����+KJK� %'-.!*��%/�x� BbJ���� B*�d!bJ�!*-���A�JK&/�u+�%/�9A�-���&WJ���� %/A�%'��V
JK!*(}��B�>*�u��B*�,A���-�7u(*%/!M0`�9��J�� �Y-�sEA�V@� -�L*&WJK���±J�!*(}!�>MA�&/��-.L*&/J���� J��9�YB*%/0.BM&'V�A�-�!*�����9+.��(k%/!
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P (R)

7hJ��d(*�������9�C%'!*��(}%/!¬���
+.����J�&�� ���9�3�9%/��>*&/JK��%'-.!M�i7u%'��B
�M�G��(

α
J�!M(

tmax

s�-.�$LbJ���� %/A�&/�)!�>M�	45������-�s
N � q 787 a q 787=7 a q 7=7=7=7 a q 7=7=7=7=7 ]�"�B*�h������>*&6� %'!*0

P (R)
7hJ��$J�&67iJ�V��w-.4M������+.��(,� -�4?��� B*�x� J��`�x�9�C-�-���BYA�>*�9+.�xs�-.�

N � q 7=7=7 a q 7=7=787 a q 787=7=7=7 a7uBM%/&/�<%'�i��BM-·7h��(N��� �9-.!*0	O*>*A���>bJK� %'-.!*�hs�-.�
N � q 7=7 ]M"�BM�����
s�-.�9��a J�!�>M�	45����-�s

N � q 787=7LbJK�9� %'A�&'����%'����>*%6��J�4M&/�<� -	VG%'��&'(¬0.-�-�(¬�9��JK��%/��� %/A���%/!f��B*�Y��%'��>*&WJ�� %6-.!*��]

C
�
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� ��� � �


 ��� $�� � ������� ��� � � �	�
� ���

"�BM�¹A�-.!@+������9%/-.!y-�s)� BM�	�9%/��>*&/JK� %6-.!N(bJK��JC� -}e��d>*!*%6� �<7hJ���(*-�!*�¹JK�<s�-.&/&'-�7u��]?"iB*����J��90.���
��J�(*%'>*�

a
7iJK�Y>*�9��(2J���>M!*%'��-Ks8&'��!*0���By%/!\� BM�	L5���9s�-����`��(��9%/��>*&/JK��%'-�!*��a?% ]¤�K][(*���*!*%/!*0X� B*�

�9����L5��A���%'+.�¬� J���0���� �¹J.��:�Qd1 -.L5����-.!¶�
a � 2 !M�X��J�!M(�4b�	­Y-.&'0.%8�`����4M� J�!*�XLbJ�� A�B´�

a� q 7=7 !*�X��J�>M��-.�CJK� %'A�JK&'&6Vo�G�M��(�� BM�¬&/��!*0���B���A�JK&/�K]x"$-o0.J�>*0.�X��B*�f��%/�`�X��A�J�&/�Ka�%'��7iJK�
JK����>*�`��(¶� B*JK�}��>*45(*%6=[>M��%/-�!¶�CJ�Vc!*-K�N-�A�A�>*�¬s�-.�X+.����V����CJ�&'&<� %'�`�yL5����%'-�(*�}JK�¬7uB*%'AmB
Jo�C-�+�%/!*0oLbJK�9� %'A�&'�¬(*-����C!*-���J�L*L*�9-�J�A�B¼J�!�V�-.4*����J�A�&/��� � 2=2 � -.��a)%'!�� B*�}+�%/�9A�-���&WJ���� %/A�%'��V
L*%'A���>*���Ka@�����9��!�� %WJK&/&6V	�
�GL5���9%/��!*A�����JY� BM%/!C&/J�V.����-�swJ,BM-.�C-�0.��!M-.>*��a.+G%'��A�-.>*��Ob>*%'(^]@1���� J�A����
�CJ�V#� B�>M�C45�N�9��0�JK��(*��(¼J��`45��%/!*0o!*-.�9��J�&i(*%6=[>*�9%'+.�¬(*>*�9%/!*0�� %'�C�fL5����%'-�(*�`%/!�7uB*%'AmBR%6�
�`-·+.����&'�����Z� BbJ�!;%'����-�7u!P� J�(*%'>*��]$�º��7hJ���� B*�����
s�-.���fJK����>M�C��(�%'!#��B*�X��%'��>*&WJ�� %6-.!*�Y� BbJ��
!*-����CJ�&8(M%'=?>*��%'-.!;0�-·+.����!*��(���B*��� � JKA������`-���%/-.!2-.!;� %'�C�C�9A�J�&'�������CJ�&/&'���,� BbJK!�J\��%'!*0.&'�
����>*4 �T(*%'=?>*�9%/-.!��9����L	%/!Z��B*�h��%'��>*&WJK��%'-�!*�h�

t p�q �ma�7uBM������J��xJ�!*-.�CJ�&'-.>*�$(*%6=[>M��%/-�!�J�LML?��J��9��(
s�-��

t

 q ]�"�B*�hA���-�����-�+.���E��%/�`�

t � q a�% ]¤�K]KJ<�9%/!*0�&/��(*%'=?>*�9%'+.��� %'�C�)�9� ��L	%'!Z� B*�8��%/��>*&/JK��%'-�!*��a
7hJ���� � JK!*��&/JK� ��(#� -\�9��J�&���%/�`�`+�%WJ}� B*�C� %'�C�

τ
JN� ��J�A�����!*����(*����-\�`-·+.�XJ�45-.>G��%'����-·7u!

��J�(*%'>*�
r
]*"�B*%'��� %'�C��A�J�!}45�,A�J�&/A�>*&WJ�� ��(X7u%'��B¬� BM�,v)%'!*�9����%'!GF�e���-.I����u��l@>bJK� %'-.!}J����

τ =
r2

6D
=

r3πη

kBT
.

� <M] 2 �

�d���9��a
kB

%'����B*�Czh-.&6� H���JK!*!�A�-.!M�9��JK!@��a
T

(*��!*-������,��B*�CJ�4M��-.&'>M� �	�����`L5��� J�� >*�9��a
r

0.%6+.���
��B*�,��J�(*%/>M�u-�s���B*�,(M%'=?>*����������]j0*] J¹L*��-K� ��%'! �iJ�!*(

η
%'����B*�Y+�%'��A�-���%'��Vf-�s���B*�YO*>*%/(^]M��%'��B

η
≈ 5 · q 7 3 SEJC�3s�-.�d��B*��A
V���-.L*&/J���� � q D=D � a[JC��%'!*0.&'�,��%/��>*&/JK��%'-�!}��%/�`�,�9����L\A�-.�9������L5-.!*(*��(
��-`J.�

τ � 7 ] 7 2
µs

s�-.��§�J�A��<�
r � 2 !*���hJK!*(¬4 �

τ � 7 ]65
µs

s�-.�h� BM��A�-�J�� -.�`���hA�-.�`L*&'�
�
�
r � q 7 !*�X�m]

C=B
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D�%/0.>*�9� <M] q �5eGA�B*���CJK��%/A�%/&/&6>*�9��� JK��%'-.!f-�s���B*�,(*%6=[>*�9�
F¸� -KFºA�J�LG� >*������A���!bJK��%/-M]5SEJK�9� %'A�&'���,�»����( �
����J����Es��9-.�³(*%6=[������!@�E%/!M%'� %½��JK&�(*%/����J�!*A����

R
����%/!M0.���^� -3� BM�8��J��90.����%/!Z��B*�hA���!@�������»4*&'>*���m]�"�B*�

s���J�A���%/-.!`-�swL*J��9��%/A�&'����J�L*L*�9-�J�A�B*%/!M0,� B*�d��JK��0.�
�8+�%/J,!*-.���CJ�&b(*%6=[>*�9%/-.!CJ�!*(��9>*45(*%'=?>*��%'-.!C%/!
��B*��� B*�9���Y(*%/�`��!*�9%/-�!bJ�&[�9LbJ�A��,%/������A�-.�9(*��(kJ��

P (R)
]

�6U
	 � � � � �
d �

"$-;(*�������9�C%'!*�}� B*�kL*��-�4bJ�4*%'&/%6��VP-�s,J2LbJ��9��%/A�&/�¬� -#����JKAmBcJ2�M�G��(�4*%'!*(*%'!*02� J���0����C7uB*��!
�`-·+�%'!*0o��%'��B*���¹4@V�!*-����CJ�&�(M%'=?>*��%'-.!�-.�¹4@V��9>*45(*%'=?>*�9%/-.!^axA�-.�CLM>M� ���`��%'��>*&WJ�� %6-.!*�	-�s�J
(*%6=?>*���mFº� -�F�A�JKLM� >*�9���9A���!*J���%'-	78���9�YL5���9s�-.�9�C��(o�»�����,D�%/0.>M���*<M] q s�-.�h%/&'&'>*��� � J�� %'-�! �
]@1�!@>*�	F
45����-�s

N
!M-.!GF�%'!@������J�A���%/!*0}L5-.%'!@�ZLbJ���� %/A�&/���Y7h���9�X�9����-.!;JN��LMB*���9�X-�si� B*�C� J�(M%/>*�

R
]���!

��B*�,��LMB*���9�ZA���!@� ����a5J`4M%/!*(M%/!*0	� J���0.�
�d-�sE� JK(*%/>*�
a

7iJ��dL*&/J�A���(^]b"�B*��!}� B*�,L*J��9��%/A�&'���i7h�����
JK&/&/-�7h��(}� -��`-�+.�Z%/!}� B*�9���mF�(*%'�C��!*��%'-.!bJ�&w��L*J�A�����%6� B*���34�VN!*-����CJ�&�(*%6=[>M��%/-�!N-.�d4@V}��>*45(GF
%6=[>M��%/-�!^]*��B*��!\JCLbJK�9� %'A�&'�YB*%'�u� BM�,��J��90.����a %'�u7iJ��<J�4*�9-.��45��(^]513st� ���

tmax
��%/�`����� ��LM��ab� B*�

s���J�A���%/-.!f-Ks�JK4*��-.�945��(}LbJ���� %/A�&/���h7iJ��u����A�-.�9(*��(NJ��
P (R)

aM7uB*%'AmB¬(*��!*-K� ����� B*��L*��-.4*J�4*%'&/%6��V
s�-��¹J�L*J��9� %'A�&'��� -�����J�A�B���B*�f��JK��0.�
�¹%/!�(*��L5��!*(M��!*A��N-.!�%'� ���9��JK�9� %'!*0�(M%/�9� J�!*A��

R
]x"�BM%/�

L*�9-�A���(*>*���u7hJ����9��L5��JK� ��(`s�-.��+KJ��9%/-.>M�
R

JK!*(¹s�-.�xLbJ���� %'A�&/����7uB*%'A�BC�`-�+.��(`4�V	��>*45(*%6=[>M��%/-�!
7u%6� B¬(*%'=?���9��!��

α
]

��!\� BM����%/��>*&/JK��%'-�!*��a ��B*����>M45(*%'=?>*��%6+.��LbJK� B\-�s�%'!*(*%6+G%'(*>bJK&$LbJ���� %'A�&'���37hJ���A�J�&'A�>*&/JK� ��(k+�%WJ
��B*�<�#��%/�����9��� J��9��FT_kJ�!*(*��&/4*�9-��is�>*!MA�� %'-.!����¶_kD���7uB*%'AmBXV�%/��&/(*�iJ�LbJK��Bf-�s$%'!*(*%6+G%'>bJ�& �9����L*�
��BbJK�xJK���h!M-����9� JK� %'�9��%/A�JK&/&½VY%'!*(*��L?��!*(*��!@�x4*>M��A�-.���9��&WJ�� ��(^]K"�BM�iAmB*-�%/A��h-�s5J3!*-.!GFT_kJ���I�-�+�%WJ�!
L*�9-�A������8�������`��(XJKL*L*��-�L*��%/JK� ����%'!*A��u��B*�d�m�ML5����%'�C��!@��JK&/&6V�-.4M������+.��(���>*45(*%6=[>M��%/-�!C%'��JYA�-.!�F
�9��l@>*��!*A��,-�sw� BM��+�%'��A�-���&WJ���� %'A�%'��V`-Ks�� BM��%'!@��� J�A���&'&/>M&/J��)Ob>*%'(*�Y��A�] sT]beG��A�� %'-.! D�] 3 ] 2 �maG%¸]j��]6a�� B*��¶_kDyB*�����u�`-�(*��&'�E� B*�iOb>*%'(^£¤�x�`���`-.��VZ� B*JK�)%'�x���
Ob��A�� ��(C%/!¹J�!*-.!�� �9%'+�%WJ�&GA�������L`s�>M!*A���%/-.!
� 2 B � ]M��!}LM��%/!MA�%/LM&/�KaG-.!*��7h-�>*&/(fBbJ�+���� BM�,JK&'� ����!bJ�� %'+.�3��-¹�`-�(*��&[�9>*45(*%'=?>*�9%/-.!X7u%'��B}J�A�-.!�F
��%/!@>*-.>*�8��%/�`�3��J�!*(*-���7iJ�&'Ik� �h"u«w�¶�)� BbJK�h(*���9A���%'45���i��>*45(*%6=[>*�9%/-�!X(*>*�<��-�%/!�� ���9�C%6�9� ��!@�

C=C
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M
S

D
(t

)/
a2

t/τ

t

t0.7

t0.5

D�%/0.>*�9� <M] 2 � _N��JK!N��l@>bJK���,(*%/�9L*&WJKA����`��!@�u-�s�!*-.���CJ�&[(*%'=?>*�9%/-.!¬J�!*(}��>*45(M%'=?>*��%'-.!NJ��u>*�9��(
%'!g��B*�\�9%/��>*&WJ�� %6-.!M���)��>*45(*%6=[>*�9%/-�!¼%/���`-�(*��&/��(cJ��Cs�� JKA�� %'-.!bJ�&dzh�9-·7u!*%/J�!¼�`-���%/-�!g>M��%/!M0
��B*�u�#��%/�����9��� J��9��FT_kJ�!*(*��&/4*�9-���s�>*!MA�� %'-.!Cvxl5]�<M] q ]�"�B*�3(bJ��9B*��(�&'%/!*���)B*%'0.B*&/%'0�B@��� BM�3�9A�J�&'%/!*0
� ®�� ∼ tα

]i"�B*� � ®�� -�s�J;��%/!M0.&/�N� %/�`���9� ��L � ®�� # ���>'S(y7iJ��fAmB*-�����!���l@>bJ�&<s�-.�fJ�&/&
�9%/��>*&/JK� %6-.!M��]."�B*�dLbJ���J��C�
� ���

a
(*��!*-K� ���)� B*�u� J���0.�
��� J�(M%/>*��a

τ
%/�x��B*�u� %'�C��JY��� J�A�����!M����(M�

��-`�`-·+.�YJ�45-.>M�u%'����-·7u!}� JK(*%/>*��]

4*%'!*(*%'!*0*]@��!�� B*���h"u«^�³aM��>M45(*%'=?>*��%'-.!XJ�L*L5��JK���i(M>*�<��-	JZL5-·7h����Fº&WJ�7c(*%'�9� �9%/4*>G� %/-�!C-�s^� B*�
7hJ�%'��%/!*0<��%/�`����-�s � � JKA������)45�
�T78����!C(*%6=[>M��%'+.�i�9����L*�3�»AK]jsT]@e���A���%/-.! 2 ] 2 ] 2 �m].zh��JK��%/!M0Y%'!	�C%'!*(^a
B*-�7h�
+.����a � BbJK�3�9>*45(*%6=[>*�9%/-.!N-Ks���J�A���-.�`-.&6��A�>M&/���u%/!}A���&'&/�u-�A�A�>*���3(*>*�,� -`-.4*�9����>*A
� %'-.!N4@V
�CJ�A���-.�`-.&'��A�>*&/J��EA���-�7u(*%/!M0Y-.��� BM��+�%/�9A�-���&/J��9��%/A�%'��V�-Ks5� B*��%/!@��� J�A���&'&/>M&/J�����!@+�%'��-.!M�C��!@��aK� B*�
�2��%'���9�9� ��J����TF�_kJK!*(*��&'4*��-K�us�>*!*A
� %/-�!}�9�����C�u��-`45����B*�Y�C-�������>M%'��JK4*&/���C-�(M��&^B*������]
"�BM�y��%'�	>M&WJK��%'-�!*�C-�sY��>M4?(M%'=?>*��%'-.!¼>*��%'!*0;��B*�k�¶_kD V�%'��&/(M��(¼��B*�\�
�GL5��A�� ��(���A�JK&/%/!M0;-Ks
��B*��� ®�� ∼ tα

�������fDE%'0.>*�9� <M] 2 �
]$"�-\��!M��>*�9�¬JNs»J�%/�,A�-.�CL5�
� %6� %/-�!245����7h����!���B*�X(M%'=?����F
��!@�Y� J�!M(*-.�¡7iJ�&'I���a[� B*�	�`��J�!y��l@>bJK���¹(*%/�9L*&WJKA����C��!@��� ®�� s�-.��Jf�9%/!*0�&/�Z� %/�`���9����L^a^%¸]j��]
� ®�� # ���>'
(�a�7hJ���A�B*-.����!P��l@>bJ�&�s�-���J�&'&)��%'�	>M&WJK��%'-�!*���������fJ�&'��-kDE%/0�>*��� <M] 2 �m]$"�B*�C��J��90.���
��J�(*%'>*�

a
7iJ�����J�I���!RJK����B*�f>*!M%'��-�sd&/��!*0�� B[a�J�!M(P� BM�X� %'�C�`7iJ��	�`��JK��>*�9��(�%/!;!�>M�	45���

-Ks)(*%'=?>*��%'-.!k��� ��LM��]^"�BM��LbJ��9��%/A�&/�,!�>*��45���
N

s�-.�3��J�A�By�9� J��9��%/!*0���J�(*%'>*��JK!*(y��J�A�B
α

7iJK�
�9���d� - q 7=787 aM7uB*%/A�BN%'�u��>M�`A�%/��!��d� -¹VG%'��&'(NJ¹0.-�-�(}�9� JK� %'�9��%/A���] Db-.�i� BM�,� J�I��,-�sE��%/�`L*&'%'A�%6�TV�a
%6��7iJK�d!*��0.&/��A�����(¬� BbJK�u��>M4?(M%'=?>*��%6+.�,LM��-�A������9���d�TV�L*%'A�J�&'&'V�J������ � JK!*��%'��!��3J�!M(}AmBbJK!*0.��� -`J
!*-����CJ�&^(*%6=[>M��%'+.��45��BbJ�+�%/-.>*�dJK�dJ��9V��`LM� -K� %/A�J�&/&½V�&WJ��90.����%/�`��� � q D 7 a 2=2 � ] 1³A�-.!@+.������%'-.!}��-
eG�8>*!*%6� �i7u%/&'&[45�,(M-.!*�Y45��&'-·7´%'!f� B*�YA�-.!@���
���3-�s�4*%/-�&/-.0�%'A�J�&?�
�MJ��`L*&/����]
Db-.��LbJK�9� %'A�&'�����`-·+�%/!*0	4@Vf!*-.�9��JK&^(*%'=?>*�9%/-.!f��B*�,�9��&/JK� %'-.!

P (R) ∼ a/R
7iJK�d(*�������9�C%'!*��(

q 7=7
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10-3

102101100

P
(R

)

R/a
D�%/0.>*�9� <M]65 �)S)�9-.4bJ�4M%/&/%6��V

P (R)
� BbJK�`LbJ���� %/A�&/���¹����J�AmBgJ���J��90.���¹7uB*��!g� BM��V�����J����`s���-.�

JK!g%/!M%'� %'J�&i(M%/�9� J�!*A��
R

J�!M(gBbJ�+.�kJ2�CJ��G%/��>M� ����JK��A�Bg� %'�C�
tmax

� 2 · q 7 6 τ
]8Qd-.���CJ�&

(*%6=?>*��%'-.!	V�%'��&'(*�
P (R) ∼ 1/R

�»4M&WJ�A�I��9l@>bJ��������
]�Db-��x��>M45(*%'=?>*��%'-.!¹-�s?(*%'=?���9��!���(M��0.�9�����
α
a

��B*�ZL*��-�4bJ�4*%'&/%6��VX%/�d��� ��-.!M0.&'Vf%/!*A�����J�����(��
α � 7 ] � � ����(kA�%/��A�&/�����

α � 7 ] D � 4*&'>*�Y� ��%/J�!*0.&'�����
]
"�BM�,LbJ���J��C�
� ���

a
(*��!*-������u� B*��� J���0.�
�u� J�(*%'>*���*(*J���B*��(N&/%'!*���uJK���,J	0.>*%'(*��� -	� B*�Y�
V.����]
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R � q 7 a
45�
�T78����!}��B*������J�A���%/-.!

LbJK�9� !M�����)%/�)J��9��>*�`��(CJ�!*(¹� BM�d!@>*��45���)-�s?�9� JK� ����%/�x�9���9����%/A
� ��(`��-
i ≤ 5Ma.!*-.�9��JK&*(*%6=[>M��%/-�!

V�%'��&/(M�)J�+.����V	&/-�7RL*�9-.4bJ�4M%/&/%½�TV
p � 7 ] 7 3 5 3 ≈ < · q 7 −5 ��-,J�L*LM��-�J�A�B	� B*�i�b!bJ�&*����JK���

A3
].��!

A�-.!@��� J�����a.�9>*45(*%'=?>*�9%/-.!�7u%'��B
α � 7 ] D�JK!*(`J��9��J��9AmB¹��%/�`�

tmax
� 2 · q 7 6 VG%'��&'(*�)J���-�>*0.B*&6V

q 7=7 Fºs�-�&'(kB*%'0.B*���<L*�9-.4bJ�4M%/&/%½�TV
p � 7 ] q 5=5 3 ≈ 2 · q 7 −3 � -X�9��J�A�B

A3
a?%¸]j��]5��%/0�!bJ�&$L*��-.L*J�0�J�F

q 7 3



��� ����� � 
 � � � 


��%/-.!}J�!*(NA�-.�`L*&/�m�fs�-.�9��JK��%'-.!f45��A�-.�C�,��>*A�BN�`-.�9�Y����&/%/J�4*&'��]M"�B*�Z�
=[��A��3-�sE��>*45(*%6=[>M��%/-�!
45��A�-.�`���Y�
+.��!2�`-.������%'0.!*%6�bA�J�!���7uB*��!o� B*�	!�>*��45���Y-Ks8%/!�� ���9�C��(*%WJ�� ���9��J�� ���Y45�
s�-.����� B*�
�b!*J�&E�9� JK� ��%/!*A�����J�������][��%'��B

i � B�s�-.�<�
�MJ��`L*&/�Ka[�9>*45(*%'=?>*�9%/-.!\V�%'��&'(*��J q 7 4 Fºs�-�&/(kB*%/0�B*���
L*�9-.4bJK4*%/&'%6��VC� -¹����J�A�B}��B*���b!bJ�&^�9��J�� �

A8

]
Qd�
����aE�T7h-��m�MJ��CLM&/����s���-.��A���&'&i4*%'-.&/-�0�V�7u%/&/&845�fA�-�!*��%'(*���9��(�7uB*%'AmB��CJ�V#45��!*���M�`s��9-.�
�9>*45(*%'=?>*�9%/-.!\JK��JC�9��J��9AmB\�9��� JK����0�V��?J���� BM���9��J��9AmB\-�s���B*�Z� ��J�!*�9A���%'LM� %'-.!}s»JKA�� -��<§�J�A��is�-.�
%6� �E:�Qd1¼-.L5����-.! � q D8< � J�!*(�4 �w� B*�h4*%'!*(*%/!M0<-Ksb� BM�iA�-�JK��-.�`����A�-.�`L*&/�m�Z4@V�­�-.&/0�%@A�%/��� ���9!bJ��
� q D � � ]*��!}45-�� B¬A�JK������ab��� J�A�������7u%'&/&?45�,J��9��>*�`��(¬� -¹�`-�+.����>*45(*%6=[>M��%'+.��7u%'� B¬J�!}J�!*-.�CJ�&6V
α � 7 ] D�]M"�B*��A�-.!�+.�����9%/-.!Xs���-.� ��%'��>*&WJ�� %6-.!�>*!M%'� �8� -`e���>*!*%6� �87iJ���(*-�!*�YJK��(M����A���%'45��(¬%/!
��B*�Z_N����B*-�(*�<eG��A�� %'-.! <G] 2 ]
Db-.��� B*�`§$JKA��<L*�9-�� ��%/!g�»��J�(*%'>*� ≈ 2 !*���
a[� B*�`J�+.��� J�0.�¹��%/�`��s�-.�YJ�L*L*�9-�J�A�B*%/!M0}%'���,:�Qd1
-�L?����-.!2�

a � 2 !*�X�8A�J�!¬45�Y���9��%/�CJK� ��(X� -¹45�YJ�45-.>G� q ��+�%/J���B*��� >*��4*&'%'!*0�s��9��l@>*��!*A�V¬-Ks
��B*��4bJ�A
� ����%/>M� � q D8B � aG7uB*%'AmBfA�-.�9�����9L5-.!*(*����- D · q 7 7 ��%/��>M&WJK��%'-�!X��� ��L*��]*�cB*��!f� B*%'�h� %/�`�
%'�����
�)JK��� BM�h����&/��+�J�!@�

tmax

-Ksb��B*�hL*�9-.4*&'���}a�� B*�8A���-�����-�+.������J�(*%/>M�$7u%'��B*%/!,7uB*%'AmB��9>*45(*%6=[>GF
�9%/-.!�%/�E�`-.�9�h���`A�%'��!��x��BbJ�!	!*-����CJ�&�(*%'=?>*��%'-.!�45��A�-��C���

Ri
� D 787 !M�µ+�%WJ

Ri = c ·a ·tα/2
max

]
­�%'+.��!`� B*JK�8-.!M&'V¹J�45-.>G� q 7 A�-.L*%'����-�s[��B*�3§$JKA���LM��-�����%/!CJ��9�dL*��������!��i%'!�JY4bJ�A
� ���9%/>*� 7u%'� B
Jy+.-.&'>*�`� q µm3 a���B*�¬��V�L*%/A�J�&�(*%'�9��JK!*A��¬45����7h����!cJo§�J�A���L*��-�����%'!RJ�!*(�� B*�¬-.L5���9-.!R-Ks
%'!@���������9�Y%/� 3 D 7 !*�}]^"�BM%/��+KJ�&'>*�	%/�����CJ�&'&/���3� BbJK!

Ri

a[%¸]j��][��>*45(*%6=[>M��%/-�!�%/�<� B*�	�C-��9�YJ�(GF
+�J�!@� J�0.��-�>*�C�9��� JK����0�VPs�-.�`§�J�A���� -o����JK��A�Bgs�-��¹��B*�N-�L5����-�!^])��s<��B*�N!@>*A�&'��-�L*&WJ��9��78-.>*&'(
45���C-�����(*%/&'>M� ��(^a57u%6� B\��B*��A�-.!M����l@>*��!*A��	� BbJ���L*��-K� ��%'!*���`-·+.��4@Vk!*-.�9��JK&�(*%6=[>*�9%/-.!k%/!GF
��� ��JK(;-Ks��9>*45(*%6=[>*�9%/-.![a$§�J�A����CJ�Vy!*-K��4M%/!*(o��B*�C-.L5����-.!o7u%'� B#J}�9>M�`A�%/��!@��L*�9-.4bJ�4*%'&/%½�TV�a
��B�>*��A�-��CL*�9-.�`%/�9%'!*0}� B*��A���&'&/�Z0.��!*�X�m�MLM�����9��%/-�!�LbJK�9� ���9!^] �d���9��aE��>*45(M%'=?>*��%'-.!�JK&/-.!M�XJ�&½F
�9��J�(GVNL*��-�+�%/(*����J�!k%/�`L*��-�+.��(k�
�`A�%'��!*A
Vk-�s��b!*(M%/!*0C��B*��������L5��A�� %6+.��4*%/!M(*%/!*0`� J���0�����a 4*>M�
-Ks8A�-.>*���9�`J�&'��-f-K� B*�����`��A�BbJ�!*%'���`��a[�K]¤0M][� BM�¹�9��(*>MA�� %'-.!y-�s8(M%/�`��!*�9%/-.!bJK&'%6��VNJ�!*(�A�-.>*L*&'��(
(*%6=?>*��%'-.! � 5 7 � �CJ�V�A�-.!�� ��%'4*>M������-CJ�!}J�(M+KJK!*A���(k�9��J��9AmBN%'!f� B*�YA�-.!*��%'(*���9��(N�m�MJ��CLM&/����]
Db-.�)A�-�JK��-.�C���3�»��J�(*%'>*� DY!*���
a.� BM�d��V�L*%/A�J�&b����JK��A�B���%/�`�is�-.��J,�`����4*� JK!*�uLbJK��AmBC-.!X­�-.&/0.%
A�%/��� ���9!bJ��}�

a � q 7=7 !M�X�3%'��0.%'+.��!�4@Vk��B*��� >*�9!*-�+.������%/�`�
t � q 7 �Y-Ks8%6� ��J�(bJKLM� -.��L*�9-KF

����%'!¬1�«dD$F q � q D=D � aM7uB*%/A�B¬A�-.�9������L5-.!*(M�u� -J5M] 3 · q 7 7 ��%'��>*&WJ�� %6-.!���%/�`�<�9� ��L*��]5eG�
��� %'!*0�� B*�
��>*��!*-�+.����� %'�C�dJ��

tmax

a@� B*�3A���-.�9��-·+.���i��J�(*%'>*��45��A�-��C���
Ri ≈ q 5 µm

7uB*%'AmB�A�-.��������L5-.!M(*�
JKL*L*��-��G%/�CJK� ��&'V¹� -���B*��� JK(*%/>*�h-�s�� B*����!@��%/����A���&'&¸]G"�B*��A�-.!MA�&/>M��%/-�!f%/�h��BbJK�uJ�&'��-�B*���9�Y�9>*4GF
(*%6=?>*��%'-.!fV�%/��&/(M����B*�Y�C-��9��s»J�+.-�� J�4*&'���9��J��9AmBM%/!*0`��� � J�� ��0KV.]
1���� �9-.!*0¬J�!M-.��JK&'V2�»&/-�7

α
�3!*-���-.!*&6VN%/��J��9��-�A�%WJK����(\7u%'��B�J�!\%/!*A�����JK��%/!M0XL*��-�4bJ�4*%'&/%6��V}-Ks

� J���0.�
�C�b!*(*%'!*0;4*>G�fJ�&/�9-27u%'��BcJ#&'-.!*02����J���A�B¼� %/�`��])13!c-�LM� %'��J�&�����J��9AmB*%'!*0;���`A�%/��!*A�V
7u%6� B�s�� JKA���%/-.!bJK&?zh�9-·7u!M%WJ�!��C-���%/-�!��`%/0�B@��� BM�����
s�-.���<45��0.%'+���!fJK�

α � 2 � 5X�»% ]¤�K]
dF = 3

�m]
1i�,� B*%'�Y+KJK&/>*�Kaw� B*�¹� B*�9���mF�(*%'�C��!*��%'-.!bJ�&���LbJKA��C%/��s�>*&/&6V\�
�GL*&/-�����(o7uB*%/&'�	� B*�`��>*45(*%6=[>M��%'+.�
�9L*����J�(*%'!*0f%/�<!*-���� -�-X��&'-·7Y]["iB*�

α
+KJ�&'>*�����`��J��9>*����(ys�-.�<L*��-�����%'!y(*%6=[>M��%/-�!\%/!\A���&/&'��JK���

JK4?-�>M�E� B*%'�E-.LM� %'��JK&
α
a�%¸]j�K]K%/!�� � JKA���&'&/>M&/J���O*>*%/(*�E%/!�� ��������� %/!M0.&'VY�������¦��-�B*J�+.�$ª9>*�9����B*�i��%'0.B@�

JK�C-.>M!@�u-KsEA���-·7u(M%/!*0	� -¹0.>bJ���J�!@�����,J�!¬-.LM��%/�CJ�&?����JK��A�B*%/!M0`���`A�%'��!*A
V¬-�s���� J�A����9��]

q 7 D
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� U�V � ^ `S^Ld<X[Z ��� �3d*`SZ�^ d*Z c �=c ��XOb/^�� �

zh%'-.&'-.0.%6A�JK&��`����4*��J�!*����J��9�N��!�� %6� %'���`-�s�A���!@� ��J�&d%/�`L5-.�9� J�!*A��¬s�-���JK&/&�&/%6+�%/!*0�-.�90�J�!*%'���`��]
"�BM��VC��!MA�&/-����3��!�� %/�9�dA���&'&/�8JK!*(���>*�9��-.>M!*(XA�-.�CL*J��9���C��!@� �x7u%'� BM%/!`A���&'&/��a@&/%'I��d-���0�J�!M��&'&/���)-.�
+.����%'A�&/����]M1<&'&?4*%'-.&/-�0.%6A�J�& �`����4*� JK!*���hBbJ�+.�YJ�A�-.�`�`-.!�0.��-.�9�i�9� �9>*A���>*���K]bv)J�A�B¬�`����4*� JK!*�
%'�\Jg�b&'� -�s¹&/%'L*%'(´�`-.&'��A�>M&/���}7uB*%'AmB³J��9�PJ��9� J�!M0.��(³JK�yJ¼A�-.!@��%/!@>*-.>*�\4M%/&/J�V.���}7u%6� B�J
��V�L*%/A�J�&`� B*%'A�I�!M�����P-�s ≈ D¶!*� � q D8C � ]�§�%'L*%'(*�#J����g�C-�&/��A�>*&/���2A�-.!M��%/��� %/!M0 -�s}J´L5-.&WJ��
B*��J�(*0���-.>*LµJ�!*(���7h-�B@V�(*�9-�A�J��945-.!³��JK%/&'��]3"�B*�
V³B*J�+.��JK!µJ�L*L*�9-��G%/�CJK����&6V¶A�V�&'%/!*(*�9%/A�J�&
�9BbJ�L5�¹JK!*(�J��9�	J��`L*BM%/L*B*%'&'%6A�a %¸]j��]5��B*��%'�<B*��J�(*0.�9-.>*Ly%/�3B@V�(*��-�L*B*%/&'%/AZJ�!*(\��B*��%'�3s»JK����VkJ�A�%/(
� J�%/&'�YJK���¹B@V�(*�9-.L*B*-�4*%/AK]$:<>*�¹� -f� B*��%/�,JK�CL*BM%/L*BM%/&'%6A�!bJK� >M����aw&/%'L*%'(*�<s�-.���¢��L5-.!���J�!M��-.>M��&'V
�`����4*��J�!*���u-.���`%/A���&/&6���h7uB*��!N��B*��V¬J��9�Y(*%'����-.&6+.��(}%'!f7iJK������]
��!C�`����4*��J�!*����a�&/%/LM%'(*�)J��9�d-.�9(*���9��(�%'!`��>MAmBXJ�7iJ�V	��BbJK�)� BM�dB@V�(*��-�L*B*%/&'%/A�BM��J�(*0���-.>*LM�hJ��9�
�m�GL?-�����(yJK�345-���Bk4M%/&WJ�V.���u�9>*�9s»JKA����d� -`� B*�,��>*�9��-.>*!M(*%/!*0`7hJK� ���d7uB*���9��JK�<��B*�ZB�V�(*��-.LMB*%/&'%/A
� J�%/&'�¬J����o4M>*��%'��(¶%/!���B*�2A�-.���o-�s���B*�o4*%/&/J�V.���}J�!*(�� B@>*�kJK���oL*�9-�� ��A�� ��(¶s���-.� A�-�!@��JKA��
7u%6� Bg7iJK�������»�9����DE%'0.>*�9� �G] q s�-��XJ;�9AmB*����J�� %/Ak%'&/&'>*��� ��JK� %'-�! �m]�"�B*�ks�-.��A�����7uB*%/A�Bc��JKI��
&'%/L*%'(M�`s�-.��� �`���	4M� J�!*���fJK���k��J�%'!*&6V�-�sY��!�� ��-�L*%/A�J�&3-.�9%/0.%'!^])"�B*�yB�V�(*��-.LMB*-.4*%'A\0.�9-.>*L*�
-Ks2&/%'L*%'(*�gBbJ�+.�³(*%'����>MLM� %6+.���
=[��A�� ��-.!±��B*��B@V�(*��-�0.��!GFº45-.!*( !*����7h-.�9I -�s�� B*� 7iJK�����
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D�%/0.>*�9� �G] q ��eGAmBM���CJK� %'A�%'&/&'>M�9� ��JK� %6-.!�-�s?J�&/%'L*%'(�4*%/&/J�V.�����`����4*��J�!*�Y�»A���-.�9�)����A
� %'-.! �
]�§w%'L*%/(M�
�m�GL?-����)� BM��%/�^L5-.&WJK�^B*��J�(*0.�9-.>*L*�8�»�9��( �?� -���B*�)�9>*���9-.>*!*(*%'!*0�7iJK������a�7uB*%'&/�E� B*�xB@V�(*�9-�A�J��945-.!
� J�%/&'�Y�»4M&WJ�A�IG��JK���Y4M>*��%'��(}%'!f� B*�Y�`����4*��J�!*��A�-.���K]

�9>*���9-.>*!*(*%'!*0*a�J�!M(�%'�;%/�;��!@����-.L*%'A�JK&/&6Vµs»J�+.-.>*��J�4*&'�gs�-.�#��B*�c�9V���� ��� � -��`%/!*%'�¹%'�9�R� B*�
(*%'���9>*LM� %'-.!�4�V��9��L5����JK� %'!*0³� BM��&'%/L*%'(�� J�%/&'�#s���-.� 7iJ�� ��� � 5 3 � ]	"$- J�A�������J�%'! �m�G����!���a
JK&/��-f!*-.!GFºA�-�+KJ�&'��!@�,J���� ��J�A���%'+.��%/!@������J�A���%/-.!*��45�
�T7h����!2��B*�¹&'%/L*%'(k��J�%'&/�<��J�V\A�-.!@����%'4*>M� ����-
L*�9���9���9+.�i� B*�i�`����4M� J�!*�8%/!�� ��0���%'��V�a���]j0*]Kn)J�!GF�(M����F¸�#J.J�&/�$s�-���A�����-.�EB@V�(*�9-.0.��!¹45-.!*(M� � q < 7 � ]

zh%'-.&'-.0.%6A�JK&E�`����4*� JK!*���YJ����¹%'!oLM��%/!MA�%/LM&/��%/�`L5���9�C��J�4*&'����-}�`-.&/��A�>*&'�����9-.&/>M4*&/�	%'!�7hJK� ����a
(*>M�,� -¹� B*��%/�u�9����>*A
� >*����J��d&'%/L*%'(¬4M%/&WJ�V.���9��7u%'� BNJ`B@V�(*�9-.L*B*-�4*%/A,A�-����K][_N����4*� JK!*���3�9��L*�9�
F
�9��!�����B�>*�iJ�!X%/(*��J�&5��J�� ���9%WJ�&*� -���!*A�&'-.���<A�-.�`LbJ���� �`��!�� �8&/%'I��3A���&/&'��a�A���&/&/>M&WJ��)-.��0.J�!*��&/&/���8-.�
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B�V�(*��-.LMB*-.4*%'A;45��J�(*�yJ�!M( 7hJK� ���\�9��L5��&���JKAmB -�� B*���k�9� �9-.!*0.&6V.]3§w%/LM%/(*�NJ����#A�-.!*��� ��>MA�� ��(
4�V�A�-�!*!*��A�� %'!*0 q B@V�(*�9-.L*B*%'&/%'A¬J�!M( <�B@V�(*�9-.L*B*-.4M%/A}L*J��9��%/A�&'����+�%WJ �d-�-.I���J�!R��L*�9%/!*0��¹��-
JNA�BbJ�%'!^]$"�BM�XBbJK���`-.!*%'A`LbJ�%'�,L5-�����!@��%WJ�&)45�
�T78����!;��7h-yJK(�ª�J�A���!@��45��J�(M��%'!2��B*��A�BbJ�%'!#%/�
0�%'+.��!¬4@V��

Uharm(i, i + 1) =
1

2
kharm(|~ri,i+1| − l0)

2.
� �G] q �.�

"�BM��%/!M(*%/A����
i
a
i+1

����L*��������!���BM������J�(·ª�J�A���!@�x45��J�(*��]�"�B*�i��L*��%'!*0�A�-�!*�9� J�!@�
kharm

J�!*(�� B*�
>*!M�9� �9����AmB*��(¬45-.!*(X&/��!*0�� B

l0
J����3AmB*-�����!¬��>MAmBX� B*JK�h��B*��J�+.��� J�0���45-�!*(f&'��!*0K� B�%/���M�G��(f��-

��B*�i(*���9%/����(	+�J�&/>M��]K"�B*���9��%'=?!*���9�x-Ks?J<&/%/LM%'(�A�BbJ�%/!�%'���`-�(*��&/&'��(�4�V�J<��B*�����
F�45-�(GV�L5-�����!�� %/J�&
JKA�� %'!*0¹45����7h����!\JK(�ª�J�A���!@�d45��J�(}����%'L*&/�����

Ustiff (i− 1, i, i + 1) = kstiff (1− cos(φ− φ0))
� �G] q B��
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"�BM��%/!*(*%'A����
i − 1

a
i
a
i + 1

J�0�JK%/!}����L*��������!��YJK(�ª�J�A���!@�<45��J�(*�<%'!}� B*�Z&/%'L*%'(^]*"�B*��JK!*0.&/�
φ%'��(*���b!M��(\JK�

φ =
~ri−1,i·~ri,i+1

|~ri−1,i|·|~ri,i+1|

]
φ0

�9L5��A�%'�b���d��B*�YL*���
s����9����(kJK!*0.&/��45����7h����!N��7h-`45-.!*(*��]

:<>M�g��-¶� B*��%/�2J��`L*B*%/LMB*%/&6%'A�!bJK��>*���Ka�:<S�: &/%/LM%'(*�o�9��&6sWFTJ��9������4*&'��7uB*��! � B*�
V J����R%'!*%6F
��%WJ�&'&6Vk(*%/��� �9%/4*>M����(o� JK!*(*-.�`&'Vk%/!�7iJK������]�"�B*�C�9����>*A
� >*�9���Z7uBM%/A�B#J����¹s�-����`��(o(*��L5��!*(#-.!
��B*��&/%'L*%'(X(*��!*��%6�TVX%'!X� B*���9V���� ���±J�!*(¬A�J�!¬45�Y�`%/A���&'&'����aG��%/!M0.&/�<4*%/&/J�V.�����i-.�h+.����%/A�&/��� � q C 2 � ]"�BM�C����&'sWFTJK��������4*&'V\��!M��>*�����Z� B*JK�Z:�S):r�`����4*��J�!*���ZJK���`����J�4M&/�¹�9� �9>*A���>*������]E_N����4*��J�!*�
L*�9-.L5����� %'���i&'%/I��3��B*��&WJK������J�&5�9� �9������L*��-K�b&/�KaMJ�����J��9��������A�B}�`-�(*>*&'>*�h-.�h45��!M(*%/!*0���%/0�%/(*%½�TV`J��
(*�
� �����`%/!*��(#s�-.��:�S):±4*%'&WJ�V.���9��JK����A�-.�CL*J�� JK4*&/�¹� -k�
�GL5���9%/�`��!@� J�&�+�J�&/>M�����C��J���>*�9��(;%/!
��V�L*%/A�J�&^&/%/LM%'(f4*%'&WJ�V.����� � q C 2 � ]��!y� B*�¹:�S): &'%'������JK� >*�9��a5+KJK��%/-�>*���`����4M� J�!*���`-�(*��&/��BbJ�+.�¹45����!o%/!@����-�(*>MA���(y7uB*%'A�B2J��9�
4bJK����(#-.!�� B*�CeGB*%'&/&'A�-�A�Ik�`-�(*��&¸a^4M>M�Z�`-�(*%'stVNs�-��Y�
�MJ��`L*&'�	� BM�`A�BbJ�%/!�&/��!M0�� B � q C=5 � a^� B*�
!@>*��45���u-KsEB*��J�(}0.��-.>ML*� � � J�%/&[0���-.>*LM�u-.�i� B*�Y!@>*��45���u-KsEB@V�(*�9-.L*B*-�4*%/A�� J�%/&'�Y��-.!*� � �T78-@�
� q C
��a q C 3 � ] "�B*�ZA�B*-.%'A��,-KsE� BM�Z�`-�(*��&w(*���������`%/!M���u��B*�Y+KJ�&'>*���d-�s�� B*�,LbJK� J��`���������

kharm

a
l0
a
kstiff

J�!M(
aij

]
��!���B*����� >*(MV�LM�����9��!�� ��(�B*���9��a�� BM��&/%'L*%'(��C-�(M��&X-Ksk§$JK� J�(�ª9% � q C=5Ga q C=B � 7hJ���>*����(^a
7uBM%/A�B#%/�ZJ}A�-�JK�����mF�0.��J�%'!*��(o+.������%'-.!#-�sh� B*��eGB*%/&'&'A�-�A�I\�C-�(M��&3��%¸]j��]$J}&/%'L*%'(�B*���9��A�-.!*��%'�9���
s��9-.� -.!*��B@V�(*��-�L*B*%'&/%/A�B*��J�(*0.�9-.>*L � ��� J�!*(�-.!*&'V¢��B*����� B@V�(*�9-.L*B*-�4*%/A���JK%/&'0.�9-.>*L*�
��"d���
a3J�&/&'-�7u%'!*0���B�>*�N� BM�#%/!@+.���9��%/0�JK��%/-�!¶-�s	A�-.�`LbJ���JK� %6+.��&6V�&/J���0��2��VG��� ���C��]�"�BM�;45��JK(
(*��!*��%6��V�%'!P� BM�}��V��9� ��� B*�����¬%/�	A�B*-.����!¼JK�

ρ = 3/r3
0

a���B*�¬&/%/LM%'(P(*��!*��%6�TVP%'!P� B*�¬�`���	F
4*��J�!*��BbJ��f� -�45�

ρlipid = 2.5
]�"�B*�o%'!@� ��� J�A
� %'-.!�A�-.!*����J�!�� �}45����7h����!´��B*�o45��J�(*�NJ��9� �

aWW = aHH = aTT = aWH = aHW = 25kBT
a
aWT = aTW = aHT = aTH = 200kBT

a
kharm = 100kBT

a
kstiff = 20kBT, l0 = 0.45r0

])"�BM�N&/�
��� ���¹� %/!���B*�}%/!*(*�m��-�s3� B*�
�9��L*>*&'��%'-.! A�-.!*����J�!�� �\(*��!*-K� ���k� B*�g£j7iJ�� ����£<45��J�(���L5��A�%/����]���!´� B*�;-���%'0.%'!bJ�&�+.������%'-.!�-Ks
��B*�`§�J���J�(�ª9%E�`-�(*��& a?��B*�¹45��!*(*%/!M0}L5-K� ��!�� %/J�&E-�s���B*�Ce�B*%/&'&/A�-�AmI}�`-�(*��&E%/��&WJ�A�I@%/!*0M][�º��7iJK�
%'!@����-�(*>*A���(}B*�����,>M��%/!M0¹��B*�YLbJ�� JK�C�
� ���������9� %/!M0`-KsxeGB*%'&/&'A�-GA�I ]

�]�O	���L/�
�
	
�����
"$-¹J�(G+KJ�!*A�����B*�����
��-�s�LbJ��9��%/A�&/�3L5-���%'��%/-.!M�iJK!*(X+.��&/-�A�%'� %'����aMQd��7���-.!*����l�>*JK� %'-.!X-�s��C-K� %/-�!
!*����(g� -245�k%'!@����0.��JK� ��(^])"�B*���9�\�m�G%/�9���9��+.��� J�&3%/!�� ��0.� JK��%/-�!���A�B*���`������>M%'��JK4*&/�¬s�-��C:�S):
� q C D � a�4*>M����V�L*%/A�J�&'&'V�� B*��:�S):c+.��&/-�A�%'��V�Fºn)����&/�
�u�»:�S):dFºn3nY�EJ�&/0.-���%6��B*�³%'�E>*����( � q C=CGa q C D � �

q ]5�iJ�&'A�>M&WJK����s�-.�9A���� � ~FC
i =

∑
i6=j

~FC
ij

a ~FD
i =

∑
i6=j

~FD
ij

a ~FR
i =

∑
i6=j

~FR
ij

2 ]5�iJ�&'A�>M&WJK����!*�
7 +.��&/-�A�%'��%/���
~vi

�

~vi ← ~vi +
1

2m
(~FC

i dt + ~FD
i dt + ~FR

i

√
dt)

� �G] q C��

5G]5�iJ�&'A�>M&WJK����!*�
7�L5-���%'��%/-.!M�
~ri

�

~ri ← ~ri + ~vidt
� �G] 287 �
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3 ]5�iJ�&'A�>M&WJK��� ~FD
i

D�]5�iJ�&'A�>M&WJK����!*�
7 +.��&/-�A�%'��%/���
~vi
�

~vi ← ~vi +
1

2m
~FD

i dt
� �G] 2 q �

<G]5�iJ�&'A�>M&WJK����!*�
7�L5-���%'��%/-.!M�
~ri

�

~ri ← ~ri + ~vidt
� �G] 2=2 �

"�BM��:�S):dFºn3n�J�&/0�-.��%6��B*��%/�u(*����%'+.��(Ns��9-.�r� BM�Z����J�!M(bJ���(}+.��&/-�A�%6�TV�n)���9&/�
����n3nY�i��A�B*���`�
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��!¼LbJ���� %/A�>*&WJK�¹� B*�k%/!�� ��0.� JK��%/-�!�� %/�`�}�9����L

dt
%/!R� B*�\:�S):dFºn3n�A�J�!¼45�\A�B*-�-.�9��!c4@VgJ

s»JKA�� -��<-�s ≈ D 7 &WJ��90.���d��BbJ�!\%/!yJK!�vx>*&'���<%/!�� ��0�� JK��-.� � q C=< � ]?�T!y:�S):dFºn3n�a[�9��JK!*(bJ��9(\n<n
7hJ��Y�
��� ��!*(*��(#4�V\� BM�¹�9� ��L*� 3 ] �dF	<M] �<7�B*%/A�Bo%/!*A�&/>M(*���YJ�!2JK(*(*%'��%/-.!*J�&�>*L5(bJ�� �¹-�s ~FD

i

��-
JKA�A�-�>*!@�hs�-.�)� B*�<��>G� >bJ�& (*��L5��!*(*��!*A���-�s

~vi
J�!*( ~FD

i

7uB*%'AmB�A�J�!X45�<L*�9-.4*&'���CJK� %'A�J�&b%/!`� B*�
%'!@����0.��JK� %'-.!^]
��!g� B*�kA�B*-.%'A��k-�s���B*�k%/!�� ��0�� JK��%/-�!�� %/�`�}�9����L

dt
-.!*�kBbJ��C��-;4bJ�&/J�!*A��k45����7h����!�J2s»JK�9�

�9%/��>*&/JK� %6-.!�J�!M(R� BM�N����l@>*%/�9���`��!@�`��-2I�����L¼��B*�N��V��9� ��� s»J�%'��BMs�>*&'&6V;�9��L*�9-�(*>*A��}� B*�}����JK&
(MV�!bJK�C%'A���]���!X«u�
s�������!*A�� � q C=< � a@%'��%/���9��A�-.�`�C��!*(*��(`� -ZAmBM-�-.���

dt p 7 ] 7 D�� -�J�+.-.%/(`�����9-.���
-Ks

T
7uB*%'AmBNJK���Y&/J���0.���h� BbJ�! 2

%
]

��!\��B*��%/!�� ��0.� JK��%/-�!k-Ks)��B*��� JK!*(*-.� s�-.�9A�� ~FR
ij

a5� BM��s»J�A���-.� √
dt

-�A�A�>*����%/!*��� ��J�(y-Ks
dt

a[J��
A�J�!}45�,(M����%6+.��(¬s���-.����B*�Y>*!*(M����&6V�%/!*0¹�9��-�AmB*J��9��%/AY(*%6=[������!�� %/J�&[��l@>bJ�� %/-�!*� � q B=C � ]"$-���J�+.�yL*��-�A������9%/!*0P��%/�`��a)� B*�y��J�!*(*-�� !�>*��45�����

ξij

A�J�!�45�\� J�I���!cs���-�� J;>*!*%6s�-.���
(*%'�9����%/4M>M� %'-.!�%'!*�9����J�(f-�s$J¹­,JK>*���9%WJ�!X(*%/��� ��%'4*>M��%/-�!^]�"�B*%'�i%/�iJ�&/&'-�7h��(X�9%/!*A�����B*��!�>*��45���i-Ks
ξij

>M����(`%/!¹J��9%/��>*&/JK��%'-�!�%/�E+.����V	&WJK��0.�iJ�!*(	� B*��%/��(*%'�9� �9%/4*>G� %/-�!	J�L*LM��-��M%'��J�� ����J,­,JK>*���9%WJ�!
(*%'�9����%/4M>M� %'-.!oJKA�A�-���(*%'!*0¬� -¬� B*�`A���!@��� J�&)&/%'�`%½����B*��-������}]�«d�
s����9��!*A�� � q C=< � (M���`-.!*��� � J�� ��(
%'!`��B*%/�)A�-.!�� �m�G�8��BbJK����B*���9�3%/�)!*-Z�9� JK� %'�9� %'A�J�&*(*%6=[������!MA��3%'!�:�S):´�9%/��>*&/JK��%'-�!*�x7uBM��!X>M��%/!M0
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7hJ���(*��+.��&/-.L5��( s�-.��_N: ��%'��>*&WJ�� %6-.!*� � 287 q � ]�"�B*�¶:�S): 4bJK��-.����JK��%'�P%/�`L5��&'���`��!@� ��(

q.q C



� � ��� � � 
 
 � � �	��� � � � � � ��� � � � �����
� � � ��


4�V�%/!�� ��-�(M>*A�%'!*0¼� B*�9����!*�
7�(*��0.�9�����2-KsCs��9����(*-.� ��-���B*���9V��9�����}a�7uBM%/A�BµA�-.�9������L5-.!*(
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LbJK� J��`������%'����(f4�V¬J	A�-�-.��(M%/!bJK���

~ε
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Lx

a
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a
Lz
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��� ��!*(*��( � -¶%'!*A�&'>*(*�P� B*�
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~vε

J�!*(k+�%'A��Z+.����� JG]["$-fJ�A�A�-.>M!@�<s�-.�
��B*%/��abJ�!}%'������JK� %6+.��LM��-�A���(*>*���Ys�-��i� B*�YA�J�&/A�>*&WJK��%'-.!f-Ks

~vε

JK!*(¬� B*�
~vi

BbJ���� -¹45�Y>*����(^]
"�BM�\A�-��	4M%/!bJK��%'-.!�-�s�� B*�\:�S):dF¸n<n %/!�� ��0�� JK��-.�CJ�!*(R� B*�k%6� ��� JK� %6+.�}L*��-�A���(M>*���ks�-��`� B*�
4bJK��-.����JK�E&/��J�(Z� -3� B*�8s�-.&'&/-�7u%'!*0d%/!�� ��0�� JK��%/-.!,��A�B*���`�hs�-.����l�>M%/&'%/4*��JK� %'-�!,7u%6� BZ� B*�h4bJ��9-.�9� JK� �

q ] ~v′′
ε ← ~v′

ε, ~v′
ε ← ~vε, ~ε′ ← ~ε

2 ]
~vi ← ~vi + 1

2mi
(~FC

i + ~FD
i − 2vj

ε~vi)dt + ~FR
i

√
dt)

5G]
~vε ← ~vε + 1

2W
(dV (P − P0) + d

Nf

∑
i

p2
i

mi
− γp

~vε

W
)dt + σpξp

2W

√
dt

3 ] ε← ~ε + ~vεdt

D�]
rj
i ← eεj−ε′j(rj

i + vj
i dt)

�dL5(bJK� ����B*�Y��%/��>*&/JK��%'-�!f45-��¬��%'H�� �
Lj = Lje

εj−ε′j
a�ª �G�?abV�abH�F�A�-�-���(*%'!bJK� �

�dL5(bJK� ����B*�Y��%/��>*&/JK��%'-�!f45-��f+.-.&/>M�C� �
V = Lx · Ly · Lz�iJK&/A�>M&WJK����� BM�,:�S):µs�-.�9A���� ~FC

i

a ~FD
i

a ~FR
i�iJK&/A�>M&WJK����� BM�YL*��������>M���

P

<G]
~̃vi ← ~vi, ~̃vε ← ~vε

��]
~vε ← ~v′′

ε + 2
W

(dV (P − P0) + d
Nf

∑
i

p2
i

mi
− γp

~vε

W
)dt + 2σpξp

W

√
dt

BG] J��
vj

i ← {eεj−ε′j ṽj
i + 1

2mi
(FC

i
jdt + F D

i
jdt + F R

i
j
√

dt)}/{1 + vj
εdt}

BG]¤4 �
~vε ← ~̃vε + 1

2W
(dV (P − P0) + d

Nf

∑
i

p2
i

mi
− γp

~vε

W
dt) + σpξp

2W

√
dt
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j

(*��!*-�� �c��B*�¼�@F�a�V�F�a�H
FºA�-�-.�9(*%/!*JK� ����]�"�B*���9����L*� BG] J��#J�!*( BG]¤4 �;J��9�
%6� ��� JK� ��(�� -�A�-.!�+.����0���!*A���ad7uBM%/A�B¶BbJ�LML5��!*�}7u%6� B*%'! D;� - q 7 %6� ��� JK��%/-�!*��]h"�B*�24*J���-.����JK�
�CJ��9��%/�<A�B*-.����!2JK�

W = (Nf + d)kBTτ 2
p

]?"�B*�	LbJ���J��C�
� ���
Nf = dN − d

(*��!*-K� ����� BM�
!@>*��45���`-�s�(*��0���������-�s<s�������(*-.�¨-�s<� B*�N��V��9� ���N]

d
%'�¹� BM�N(*%/�`��!M��%/-�!^a

N
��B*�N!@>*��45���

-KsY45��JK(*�X%'!R� B*�k45-��?]
τp

%'�`� B*�kA�BbJK� J�A
� ���9%/��� %/A}��%/�`�}-�s�� B*�k4*J���-.����JK�XJ�!M(¼BbJ��C��-;45�
A�B*-.�9��!���%'�C%'&/JK�¹� -#� B*�\�9��J�&'&'���9�C��%/�`�N��A�J�&/���f-Ks,LbJK�9� %'A�&'�N�C-K� %/-�!^]

σp

%'�C� B*�\��� �9��!*0���B
-Ksu(M%/���9%/LbJ�� %/-�!2-Ksi� B*�CL*%/��� -.!#A�-�-.��(*%'!bJK����a

ξp
%/�,��B*����� ����!*0���BP-KsiOb>*A
� >bJK��%/-.![�$45-���BPJ��9�

�9��&/JK� ��(}4�V¬J	Ob>*A
� >bJ�� %/-�!GF�(*%'���9%/LbJ�� %'-�!X� B*��-.�9���±J��
σ2

p = 2γpWkBT
]

"�BM�,L*��������>M���
P

%/!f� BM�Y4?-��¬%'�uJ	� ��!*��-��3J�!M(}(*���*!*��(kJ����

P jk =
1

V
(
∑

i

vj
i v

k
i

mi

+
∑

i

FC
i

jrk
i )

� �G] 2 5��

7u%6� B
j
a
k

45��%/!M0f��B*���@FYajV�F,ajH
F�A�-�-.�9(*%/!bJ�� ����]
P0

%'����B*����J��90.����L*�������9>*���`%'!y��B*�	45-��?]wDb-.�
��l@>*%/&'%/4*��JK� %'-�!¹7u%6� B`� BM�34bJ��9-.�9��J���a�� BM�3LbJ���J��C�
� �����)7h���9�<A�B*-.����!XB*���9�<%'!�J�0.�9�����C��!@��7u%'� B
� 287=7 � �����u� - �

d = 3
a
P0 = 23.649kBT/r3

0

a
τp = 2

a
γp = 10/τp = 5

]
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� 287 2 a 2 7 5Ga 287 3 � ]["�B*%'���`-�(*��&E&'��J�+.����-�>M��� BM��7iJ�� ������-.&6+.��!���-�s�A�-�!@+.��!@� %'-.!bJ�&�:<S�:�J�!*(
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� %6+.�
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~FC

ahJ#(*%/�9��%'LbJK� %6+.�}s�-.��A�� ~FD
J�!*(cJ;��J�!*(*-�� s�-.��A�� ~FR

�t� B*�k&WJK�9� ���`��7h-#s�-.���`%'!*0o� B*�
��B*���9�C-��9��JK���
��45��J�(*�87uB*%/A�B�s�-.����&/%/LM%'(*��-.�8-���B*���h&/J���0��3-�4Gª9��A�����J��9�<&/%'!*I���(�+�%/JZBbJ��9�C-.!M%/A
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%'!y!*-.���CJ�&E:�S):�a^7u%'��By��B*�	A�-��
�CA�%/��!@� �Y-Ks8����L*>*&'��%/-�!

aij
a^BbJ��9�C-�!*%/AZs�-.�9A��

kharm
a^J�!*0.&'�

s�-���A��
kstiff

J�!*(�� B*�}��l@>*%/&'%/4*�9%'>*��(*%'�9��JK!*A��
l0

(*%'=?���9%/!*0y��&'%/0.B�� &6V2s���-�� � B*��%/��+KJ�&'>*���¹%/!
!*-����CJ�&3:�S):�45��A�J�>*�9�y��B*��VR78���9��J�(*J�LM� ��(¼� -#��B*�\(*����JK!*(*�X-�s���B*�\%'�CL*&'%6A�%6�C�`-�(*��&¸]
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J�A
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r0 < rij < r0 + w
�

~FA
ij =

{
−~eijπε sin(

π(rij−r0)

w
)/(2w)

s�-.�
r0 p rij p r0

�<7
0

s�-.�
rij ≤ r0

J�!*(
rij ≥ r0

�³7 � �G] 2 3 �
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%/�Y��B*��JK�9� � J�A
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kBT

J�!*(
w

%/�Y��B*�`��V�L*%/A�J�&)&/��!*0�� B2�9A�J�&'�
-Ks)��B*�	J���� ��J�A���%/-.![]5"�B*��%'!@� ��� J�A
� %'-.!kA�-.!*�9� J�!@����%/!\%'�`L*&'%'A�%½�3��-.&6+.��!��Y:�S):�JK����AmBM-.����!oJ��
aHH = aHT = aTH = 48kBT

a
aTT = 96kBT

a
kharm = 120kBT

a
kstiff = 20kBT, l0 =

0.6r0

a
w = r0

a
ε = 1.4kBT

]
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��� ��!*(*��(y4@V ~FA
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�9%/H��d-Ks?� B*��� %'�C���9����L`A�J�!C45�uA�B*-.����!��9%/�`%/&'J��9&6VZ��-,!*-����CJ�&b:�S):�]@1<&'��-�� B*�d:�S):¶4*J���-.����JK�
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�6U�T � `Sc ���Sb d*`SZ�^ �aX[Z � � ���1X �

�=� (*!��/���"� � � ������� ��� � � �

"�BM�o:�S):�J�&/0�-.��%6��B*� J��X(*����A���%/45��(�%'!�eG��A
� %/-�! �G] 527iJ��f%'�`L*&'���`��!�� ��(¼%/!cJ;�9-�st�T7hJ����
L*�9-.0.��J�� 7u��%6��� ��!¬%/!¬Db-.��� � JK! C 7 ]M"�B*�Y0.��!*����J�&[s�>*!*A
� %/-�!bJ�&/%6��VC-Ks$� BM�,:�S):µLM��-.0.��J�� 7iJK�
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〈kBT 〉 =
m

3N − 3
〈

N∑

i=1

~v2
i 〉

� BM] q �

��>*���Z45�`A�-�!*�9� J�!@�,s�-.�,J¬A�J�!*-�!*%/A�J�&x��!M������4*&'�CJ�!*(2B*J�+.�¹� B*�`� JK�C�	+KJ�&'>*�`J��,���
��%'!�� B*�
�9%/��>*&/JK� %6-.![]

F�"�B*�YA���!@� ���d-�s�0.� J�+G%6�TV

~Rcenter =
N∑

i=1

~rimi/(
N∑

i=1

mi)
� BM] 2 �

-Ks�� BM�,��!@��%/�����9V���� ���±��>*�9�u45�YA�-.!*�9����+.��(k%/!f��B*�YA���!@� ���d-�s$� B*�Y45-��?]
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< ~v >=
1

N

N∑

i=1

~vi

� BM]65��

-Ks�J�&'&^45��J�(*�d��>*���d45�YA�-.!*�����9+.��(k��- 7 ]

F;"�BM� (*%'�9� �9%/4*>G� %/-�!
p(v)

-Ksy��B*� J�4*�9-.&/>G� ��+.��&'-�A�%6� %/���
v =

√
v2

x + v2
y + v2

z

-�s\� B*�
45��J�(*�d��>*���dA�-.���9����L5-�!*(}� -	� B*�Z_kJ·�G78��&/&½FTzh-�&'��H��CJ�!M!f(*%/��� ��%'4*>M��%/-�! �

p(v) =

√
2

π
(

m

kBT
)3/2v2e

−mv2

2kBT
� BM] 3 �
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���9V���45-.&/� �
]@1dst� ���hJK!���l�>M%/&'%/4*��JK� %'-�!	� %/�`��-�swJ�45-.>M�+D 7=7 ��� ��LM��a���B*�3A�-.!*�9� J�!@��+KJ�&/>M� 〈kBT 〉
≈ q %/������J�A�B*��([]

Db-.��JXL*>*����7hJK� �����9V��9����� -�s8J�+.-.&/>*�`� q D · q D · q DC� BbJ���7hJ�����%'�	>M&WJK����(Ns�-.� q 7 6 � %/�`�
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~Rcenter

� � �G] DGa ��] DGa �G] D.�
a � BM�	J�+.����J�0.��+.��&/-�A�%'��V}7iJ��
< ~v > � � 7 a 7 a 7 �m]?"�B*�	(*%'�9����%/4M>M� %'-.!
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ρ
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%'!*A�&'>*��%'-.!*�¦7iJ���%'!@+.���9� %'0�JK����(^];Db-.� ��B*%/��LM>*��L5-.�9��aP%'!*(*��L5��!*(M��!@� �9%/��>*&/JK��%'-�!*�¦7h�����
L5���9s�-.�9�C��(\7u%6� Bk� B*�	§�J���J�(�ª9%�&'%/L*%6(k�`-�(*��&i��&/%/LM%'(k&'��!*0K� B 3 � � q C=5 � ]?1��9%/!*0.&'�Z&/%/LM%'(\J�!M(�J
�9��&6sWFTJ��9������4*&'��(¬�`����4*��J�!*��%'!f� B*�,§�J���J�(�ª9%^�`-�(*��&wJ��9�Y�9B*-·7u!N%'!}DE%/0�>*��� BM]65M]

"�BM�u�C����4*� J�!M�i%/!*A�&/>*�9%/-.!M��%'!�� B*���9%/��>*&/JK� %6-.!M��7h���9�u�C-�(M��&/��(¹J��xA
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�MJ�0.-�!bJ�&
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7hJ��

N = 8
45��J�(*��]G"�BM�3�*���9�hJ�!*(`� B*�d&WJ�����45��J�(�%'!C�
+.����VCA�BbJ�%'!\����-.L�J�!*(C45-�����-.��-�s[� B*�

A
V�&/%/!M(*��� �i7h�����ZB@V�(*�9-.L*B*%'&/%'A�aM� B*�
(N − 2)

45��J�(*�345����7h����!k7h���9�ZB@V�(*�9-.L*B*-.4M%/A�] ��!}� -�� J�&¸a
JK!2%'!*A�&'>*��%'-.!yA�-�!*��%'�9� ��(2-�s

2 · N · (3 · K · (K + 1) + 1)
45��J�(*��aw7uB*�����

(K + 1)
%'����B*�

��(*0.��&'��!*0K� B#-�sh� B*�CB*�
�MJ�0.-�!^]�"�B*��45��J�(*��%/!#J�!#%/!MA�&/>M��%/-�!o78������%'!@� ����A�-.!*!*��A�� ��(�J�&'-.!*0
��B*�<AmB*J�%/!*�hJ�!*(�7u%'��B*%/!C��JKAmBf&/J�V.����7u%'� B �3-�-�I���J�!X��L*�9%/!*0��h-�sw��B*�<L5-�� ��!@��%WJ�&

Uharm
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Ustiff

]?v)J�A�B
%'!*A�&'>*��%'-.!o7hJ���J��9��%'0.!*��(;JN� J�(*%'>*��]�"�B*��� J�(M%/>*�Y7iJ���(*�
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4�VX�`��J��9>*��%'!*0���B*��(*%'�9��JK!*A���-�s�-�L*L5-.��%6� ��A�-.��!*����45��J�(M�u%'!¬J�4?��J�(¬&WJ�V.���i-Ks$��B*��B*�m�*JK0.-.!^]
"�BM�¬�
�MJ��`%/!M��(�%'!*A�&/>*�9%/-.!*��BbJK(���(*0��¬&'��!*0���B*��-�s

(K + 1) � 2 a 5Ga 3 a)<Ga)BGa q 7 a q DGa 28745��J�(*��] vE�*JK�CL*&'��L*%/A
� >*�9���u-�s�(*%'=?���9��!�� &'V���%'H���(}%'!*A�&'>*��%'-.!*��J�����(*%/�9L*&WJ�V.��(¬%/!}DE%'0.>*��� BM] 3 ]13&/&$�`����4*��J�!*�Z��%'��>*&WJ�� %6-.!*�u7u%6� B\%'!*A�&'>*��%'-.!N-�s�JK!\��(*0.��&/��!*0�� B
(K + 1) � 2 F q D`78�����
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Lx = 40r0

a
Ly = 40r0
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Lz = 16r0
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(K + 1) � 287

78�����C(*-.!*�`%/!#J}�9%/��>*&WJ�� %6-.!�45-���7u%'��Bo� B*�`%/!*%6� %/JK&�(*%/�`��!*��%'-.!*�
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a
Ly = 45r0

a
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dt � 7 ] 7 q 7iJ���A�B*-.�9��!ys�-.�
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%'!*A�&'>*��%'-.!^£j��A���!@�����d-�sE�CJ����uJ�!*(¬� B*�¹£¤�9L*%/!¬+.��A�� -���£ -Ks�� B*�Y%/!*A�&/>M��%/-�!f78�����,�9��A�-���(*��(^] "�B*�
£j��L*%'!\+.��A���-.��£[(*��!*-�� ����� BM��+.��A
� -.�<7uB*%'AmB\L?-�%/!�� �3s���-�� ��B*��� BM��A���!@� ��J�&E45��J�(y%/!k��B*����-.L
45��J�(k&/J�V.���d-�sE��B*�,%/!*A�&/>*�9%/-.!f� -¹� B*�,45��JK(N7uB*%'AmBN%/�dJK�u� B*�,45��0.%'!*!*%'!*0`-�sE��B*�,��%/��>M&WJK��%'-�!
J��u��B*�Y&/�
st�uA�-.�9!*���u-�s$� BM�Y��-.L}45��J�(}&WJ�V.���,�»�����ZDE%'0.>*��� BM] 3 �
]

� �,��� � �����
� ������� ��� �$�	�,!��	������� � ��

���

"�BM�f� JK(*%/>M�
R

-�sdJ�!;%/!MA�&/>M��%/-�!27iJK�	(M��� �����`%/!*��(#s���-.��� B*�X�9%/��>*&/JK��%'-�!*�Z4�V#�`��J��9>*��%'!*0
��B*�N(M%/�9� J�!*A��

δ
-�s�-.L*L5-���%'���}A�-���!*���C45��JK(*�C%/!�� B*�}>*L*L5���C&WJ�V.���¹-�s<� B*�}B*�m�*JK0.-.!^�x� B*��!

R = δ/2
]MDb-.�8��J�AmBX� J�(*%'>*��a@��B*��J�+.��� J�0.�<-�+.���+B 7 � %/�`�d�9����L*�i%/!C��B*�<��l@>*%/&'%/4*��JK� ��(C�9V��9� ���

7hJ��u� J�I���![] "�B*�Y�����9>*&'��%/!*0	� J�(M%/%[%/!¬�9%/��>*&/JK� %6-.!X>*!*%'���dJK���Y�9B*-·7u!N%'!f� B*�Y"�J�4*&'�HBG] q ]

� �,��� � �����
� ������� ��� 

��� �	���$��� ��� ��� �,���"� ���

"�BM�`&WJK������J�&E(*%'=?>*�9%/-.!yA�-��
�`A�%/��!@�
D

-KsiJK!o%/!*A�&/>M��%/-�!\7iJ��Y�
��� ��J�A�����(os���-��¢%'��������A�-.�9(*��(
��� J�A��

~x(t)
ai7uB*%'&/�\� B*�o�9-���JK��%/-.!*J�&<(*%'=?>*�9%/-.!�A�-��
�`A�%/��!@�

Drot
7iJ��}-.4M� J�%/!*��(�s���-.� � B*�

�9-���JK��%/!*0���L*%'!¬+.��A
� -.� ~S(t)
]

q 2 B
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 � � � � � ��� ��� � � � �
� ��� � �

�A�'�
�4����� �=�%���+)
� � � q � R

�
r0 � D

�
r2
0/(100dt) � Drot

� 2 ·π/(100dt) �2 7 ] D 2 7 ] 7 q.q 5 7 ] 7=7 � C=<
5 q ] 7 3 7 ] 7 q 7 D 7 ] 7=7 3 5=5
3 q ] D < 7 ] 787 C 7 7 ] 7=7 q D8C< 2 ] < 2 7 ] 787 �=D 7 ] 7=7=7 B 7
B 5M] < � 7 ] 7=7 D 7 ] 7=7=7 q <
q 7 3 ] � 2 7 ] 787 3 5 7 ] 7=7=7 5 2
q D �G] 5 3 7 ] 787 2 B 7 ] 7=7=7 q 2287 CM] C8< 7 ] 787 2 D 7 ] 7=7=787 D

"�J�4*&'� BM] q �.�h-����`A�%'��!�� �x-�s5&/JK� ��� J�&�(*%'=?>*�9%/-.!
D

J�!*(	��-K��JK��%/-.!bJK&�(*%6=[>*�9%/-�!
Drot

-Ks?J�B*�m�*JK0KF
-�!bJ�&wA�V�&/%'!*(*����7u%6� B}��(*0.�,&/��!*0���B

(K + 1)
J�!M(k��J�(*%'>*�

R
%'!NJ`&'%/L*%'(f4*%/&/J�V.���u%'!¬� B*�Z:�S):

�`-�(*��&w-Ks�§�J���J�(�ª9%)�»:�S):¦>*!M%'� � �
]

"�BM� +KJ�&/>M��� -�s³��B*� �C��J�! �9l@>bJ�����(*%'��L*&/J�A����`��!@� 〈∆x2(τ)〉 JK� LbJ���� %/A�>*&WJK� � %'�C�
��� ��LM�

τi
A�J�!}45�YA�J�&'A�>M&WJK����(f+�%WJ �

〈∆x2(τi)〉 =
m−i∑

j=1

∆~x2
j

m− i

� BM]6<��

�d���9��a�� B*�
τi = i · dt

(*��!*-K� ��� BM��� %'�C�`%/!*A������C��!@����45����7h����!
i
�9%/��>*&/JK� %6-.!2��� ��LM��]�"�B*�

+�J�&/>*���
∆~xj = ~x(tj + τi) − ~x(tj)

(*��!*-�� �¬��B*�
j = (m − i)

(*%'�9��JK!*A����¹7uB*%/A�BRA�J�!R45�
�m��� � J�A
� ��(Ns��9-.��� BM�,%'!*A�&'>*��%'-.!^£j�h� � J�A���s�-.����J�AmB

τi

]

"�BM��&/JK� ��� J�&w(*%'=?>*�9%/-.!NA�-����`A�%'��!��
D

7iJ��3(*���������`%/!M��(k4@V}A�-��CLbJK��%'!*0`��B*�ZA�>*��+.��V�%/��&/(*��(
s��9-.��vxl@>bJK��%/-.! BG] <\7u%6� BP� BM�f� BM��-.�9��� %'A�J�&'&'V2�m�GL5��A
� ��(g�`��JK!���l@>bJ��9�}(*%'��L*&/J�A����C��!@��s�-.�
(*%6=?>*��%'-.!¬%'!f�T78-`(*%/�`��!*�9%/-.!M���

〈∆x2(τ)〉 = 4Dτ.
� BM] ���

D�%/0.>*�9� BM] Dk�9B*-·7u��� B*�X�`��J�!;��l@>bJ��9�¬(*%'��L*&/J�A����`��!��	-Ks3J�!P%/!MA�&'>*��%'-.!#7u%6� B;��(*0.�X&/��!*0�� B
(K + 1) � 2 J�!*(R%'� �	�*�`7u%'� Bgvxl@>bJK��%/-.! BG] �G]x��!R� B*�}L*&/-���ax%'�`A�J�!g45�N������!g��BbJK�`� BM�
�`-���%/-.!N-�sx��B*��%'!*A�&'>*��%'-.!k%'�<4bJK&/&'%'�9��%'A,s�-��<�9B*-.�9�<� %'�C���<J�!*(\45��A�-��C����(*%'=?>*��%6+.�Zs�-.�3&WJ��90.���
��%/�`����a$%¸]j��] 〈∆x2(τ)〉 ∼ τ

]�1i��B*%/0�B
τ
a$�9��J�� %/��� %'A��Z45��A�-.�C��4bJK(^a$7uB*%'AmB;A�J�!;45�X�9����!�%/!

JXO J���� ��!*%/!M0¬-.�<Ob>*A���>bJK��%/-.!M�Y-Ks�� B*�	A�>*��+.��]w"�B*�`(M%'=?>*��%'-.!yA�-��
�`A�%'��!@������%/!�:�S): >*!*%6� ���
-Ks�J�&/&<%/!*A�&/>*�9%/-.!M�¬J��¬(*���������`%'!*��(�4�Vc�*�9� %'!*0P� B*��%/�f�C��J�!��9l�>*J����o(*%/�9L*&WJKA����C��!@� �X7u%'� B
vxl@>bJK��%/-.! BM] �¹J��9�Y�9B*-·7u!N%'!f� B*�Y"�J�4*&'�HBM] q ]

"�BM�}�9-���J�� %/-�!bJ�&�(*%'=?>*��%'-.!PA�-����`A�%'��!��
Drot

-Ks<J�!�%'!*A�&'>*��%'-.!#7iJ��	(*���������`%/!M��(Ps��9-.��� B*�
JK!*0.>*&/J��d�C��J�!\�9l@>bJ�����(M%/��LM&WJ�A����`��!��<-�s�� B*��%/!MA�&/>M��%/-�!^£¤�,£j��L*%'!k+.��A
� -.��£']?"�B*����L*%'!k+.��A�� -��

q 2 C
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τ [DPD units]
D�%/0.>*�9� BM] D �3_N��J�!´��l@>bJ��9�#(M%/��LM&WJ�A����`��!�� 〈∆x2(τ)〉 -Ks	J��C����4*� J�!M�o%'!*A�&'>*��%'-.! ��(bJK� J
L5-.%'!@�����
�M�M�u7u%'��B}��l@>bJK� %'-.! BG] �¬�»4*&/J�A�I�A�>*��+.���m]

L5-.%'!@����(�s���-.��� BM�)45��J�(,%'!�� B*�x%/!MA�&/>M��%/-�!�A���!�� ���w� -dJi��L5��A�%'�*A)45��J�(,JK�w��B*�x%/!*A�&/>*�9%/-�!^£¤�[��(*0��
JK!*(o�9-���J�� ��(y(*>*��%'!*0X� B*�	��%'�	>M&WJ�� %'-�!*��J�45-.>M�YJ�!oJ��G%/��L5����L5��!*(*%'A�>*&/J�����-f� B*�	�`����4*��J�!*�
L*&/J�!*�K]*"�B*�ZJ�!M0.>*&WJK���`��J�!}�9l@>bJ����,(M%/��LM&WJ�A����`��!��u-�s���B*�Y��LM%/!¬+.��A�� -��d%'���

〈∆φ2(τi)〉 =
m−i∑

1

∆φ2
j

m− i

� BM]6B��

�d���9��a�� B*�
τi = i · dt

(*��!*-K� ��� BM��� %'�C�`%/!*A������C��!@����45����7h����!
i
�9%/��>*&/JK� %6-.!2��� ��LM��]�"�B*�

+�J�&/>*���
∆φj = φ(tj + τi)− φ(tj)

(*��!*-�� �Y� B*�
j = (m− i)

����&WJK��%'+.�YJ�!*0�&/���u45�
�T7h����!k��B*�
�9L*%/!f+.��A���-.���us�-.����J�A�B

τi

]
"�BM�k��-K��JK��%/-.!bJK&i(*%'=?>*��%'-.!�A�-��
�`A�%/��!@�

Drot
7iJK��(M��� �����`%/!*��(R4@V�A�-.�`LbJ���%'!*0���B*�NA�>*�9+.�

-�4M��J�%'!*��(¼+G%/J�vxl@>bJK��%/-.! BG] B;7u%6� Bc��B*�y��B*��-.�9����%/A�JK&/&6VR�
�GL5��A
� ��( J�!*0.>M&WJ����C��J�!���l@>bJK���
(*%'��L*&/J�A����`��!@�is�-.����-�� JK� %'-.!bJK&[(*%6=[>M��%/-�!¬%'!f�T78-`(*%/�`��!*�9%/-.!M���

〈∆φ2(τ)〉 = 2Drotτ
� BM]6C��

��BM��!#L*&/-K��� %'!*0 〈∆φ2(τi)〉
J�0�J�%'!*�9�

τi

s�-.�Y% � q aj�Na[-.!*�`A�J�!2�M�,7u%'��B2��l@>bJ�� %/-�! BM]6CM]w"�B*�
�9-���JK��%/-�!bJ�&?(*%'=?>*��%'-.!fA�-����`A�%/��!@� �d-.4G��J�%'!*��(fs���-���� B*���*�dJ�������B*-�7u!N%/!¬"�J�4*&'�HBM] q ]

q 5 7
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:�S):¦(*JK��J¹J����YA�-.!@+.���9� ��(N� -CeG�h>*!*%6� �u4�V¬A�-.�`LbJ��9%/!*0�+KJK&/>*���us��9-.�r��B*�Y��%/��>*&/JK��%'-�!X7u%'� B
�m�GL?����%'�C��!@� J�&/&6V;�`��J��9>*����(R+KJK&/>*��� � q C � � ]�Db-��¹(*���������`%/!M%/!*0y��B*�}-.4*�9���9+.��(¼&/��!*0���BR�9A�J�&'�
%'!P� B*�¬��%'��>*&WJK��%'-�!^a$� B*�¬�C����4*� JK!*�X� B*%'AmI@!*�����`(*������A�����(g%'!�:�S):¡7iJK�`A�-��CLbJK����(P7u%'� B
��VG!�� B*�
� %'A}4*%/&/J�V.�����	BbJ�+�%/!*0oJy� BM%/A�I�!M�����`-�s*5G] D\!*� � q D8C � ]�"�B*�¬� B*%'A�I�!M�����`-�s3��B*�}:�S):
�`����4*��J�!*���`7iJ��C-.4M� J�%/!M��(R4@VRJ�+.��� J�0�%/!*0o��B*�N(*%/����J�!MA��N-�sYJK&/&�B@V�(*�9-.L*B*%'&/%/A¬&'%/L*%6(�B*��JK(
45��J�(*�¹%/!;� BM�¬-.LML5-.��%'!*0�&'��J�Ob�����¹-Ksd� B*�f4*%'&WJ�V.���¬�T£¤LMB*-.��LMBbJK� �mFº��-KF�L*BM-.��L*B*JK� �¬(M%/�9� J�!*A���£ �
]
"�BM��%/!@�����9!bJ�&Z� %'�C����A�J�&/�27iJK��(*�
� ���9�C%'!*��(³4@V A�-��CL*J���%'!*0g� B*�P!@>*�C����%'A�J�&'&6V¶-.4G��J�%'!*��(
(*%6=?>*��%'-.!#A�-����`A�%/��!��	-�sdJ\�9%/!*0�&/�C&/%'L*%'(o7u%'� B#��B*�X�m�ML5����%'�C��!@��JK&/&'V��`��J��9>*����(;+KJ�&'>*��-�sdJ
&'%/L*%'(X(*%'=?>*��%'-.!fA�-����`A�%/��!@�

DExp
� 3 µm2/s

� q < 2 � ]��!c��B*�y��%'��>*&WJ�� %6-.!*��a���B*��J�+.��� J�0��y�`����4*� JK!*�k��B*%/A�I@!*���9�f7iJ�� ≈ 5M] 2
r0

]h"�B*%'�f���
�f� B*�
%'!@������!*J�&,&'��!*0K� B´�9A�J�&'�o� -

r0
� q ] q !*�}]u"�B*�#(*%'=?>*��%'-.!¶A�-����`A�%'��!��\-�s¹JR��%'!*0.&'�o&/%'L*%'(

DDPD = 0.03
r2
0

100dt

V�%'��&/(M��(¬��BbJK�dJ¹�9%/!*0�&/�<� %/�`���9����L
dt = 0.01

A�-.���9����L5-�!*(*��(}� - C q LM��]

� �����,����� �8% ��� � � � � �)��� �

Db-.�)�`��J��9>*��%'!*0Y� B*�d+�%/�9A�-.�9%'��V¹-�s[� BM�<:�S):´��-.&6+.��!�����7hJK� �����
a�� BM�d� ��J�A����h-KswJZ�9%/!*0�&/��7iJK�����
45��J�(�JK!*(`-�s?(*%'=?���9��!�� &'V���%'H���(CB*�m�MJ�0.-.!bJK&bA�V�&/%'!*(*�����)(M%'=?>*��%'!*0�s��9����&'V�%/!`J���%'��>*&WJ�� %6-.!	45-��
�b&'&/��(X7u%6� BX7iJK������45��J�(*�Z��45��J�(¬(*��!*��%6�TV

ρ = 3
r3
0

�878�������C-�!*%'��-.����(^]MDb�9-.� ��B*��� � JKA�����aM� B*�
(*%6=?>*��%'-.!¬A�-����`A�%'��!�� �d-�s$� B*�YA�V�&'%/!*(M�����i7h���9�,�
��� ��J�A�����(^]
"�BM�\A
VG&'%/!M(*���9��BbJK(g� BM�k� JK�C�N�9BbJ�L5�\J��`� B*�N�C����4*� J�!M�N%'!*A�&'>*��%'-.!*�`(*����A���%/45��(�J�45-�+.��a
4*>G�X78�����\A�-.�CL5-�����(¼-.!*&6V�s���-.� B�VG(M��-.L*BM%/&/%'A}45��J�(*��]h"�B*�\45��J�(M�X78���9�yA�-.!*!*��A�����(c+�%WJ
�d-�-.I���JK!f��L*�9%/!*0���aG>*�9%/!*0���B*�<��L*��%'!*0�L5-K� ��!�� %/J�&5-�sw��B*��§�J���J�(�ª9%5�`-�(*��&E�

kharm = 100kBT
a

l0 = 0.45r0

�m]b"�BM�,��(M0.�,&'��!*0K� B*��-�s���B*�YA�V�&'%/!*(M�����i7h���9�
(K + 1)

45��J�(*��7uB*%/A�B¬V�%/��&'(*��(NJ
(*%/J��`��������-�s

(2K + 1)
45��J�(*��aG��B*�<A
VG&'%/!*(M���8B*��%/0�B@� ��7h�����<AmBM-.����!

(2K + 1)
45��JK(*��]MDb-.�8J

�9%/!*0�&/�<45��J�(^abJ���J�(*%/>M�
Rbead = ( 1

ρ
)1/3/2

7iJ��uJ��9��>*�`��(^aM7uB*%'A�BfVG%'��&'(*��(f%/!}e��8>M!*%'���
Rbead� 7 ]65=B�!*�}]x"�BM�NA
V�&/%/!M(*���9�¹78�����}����0�J��9(*��(gJK�`�9L*B*���9���C-�s<(*%6=[������!��`��%'H�����a)��%'!*A��f� B*��%/�

&'��!*0K� B*�h7h������AmBM-.����!}��%/�`%'&/JK��&½V¹� -�� BM��%/�h(*%/J��`��� ������a*J�!M(¬�9%/!*A���� B*�
VXA�-.>*&/(X��-�� JK� �<s��9����&'V�]
v)J�A�ByA�V�&'%/!*(*���37iJK��J����9%/0.!M��(�JC� J�(*%'>*�

R =
√

2 · (Kl0 + Rbead/2)
a57uBM%/A�ByA�-���������L5-.!M(*�

��-f� B*�¹(M%/�9� J�!*A��	s���-��²��B*�¹A���!@��� J�&�4?��J�(o-�s���B*�¹A
VG&'%/!*(M����� -¬J¬45��J�(o%/!�JfA�-.�9!*����-�s�� B*�
B*�m�MJ�0.-.![]
"�BM�	(*��L5��!*(M��!*A��¹-�sx��B*��%'�<(M%'=?>*��%'-.!kA�-��
�CA�%/��!@����-.!\��%'H��Z7iJ��<�*�9� ��(\7u%'� BN� B*��v)%'!*�9����%'!GF
e���-.I���������&WJK��%/-.!

D = kBT
cπηcR

a 7u%6� B
c � <`s�-.�3��� %'AmI¬45-.>M!*(bJ���VNA�-�!*(*%'��%/-.!M�3J�!*(

c � 3 s�-.�
�9&/%'L}45-�>*!*(bJ���V¬A�-.!*(*%6� %'-.!*��] e�������%/!*0

c � <	V�%/��&/(M��(NJ¹0.-�-�(}(*����A���%/LG� %/-�!}-�s�� BM�,(bJK� J`J�!*(
(*�
� �����`%/!*��(	��B*�i+�%/�9A�-.�9%'��V�-�s?:�S):�7hJK� ����� -�45�

ηc ≈
7 ] 7 3 SEJK�d�»�����dDE%'0.>*�9�+BM] <.�
].zh��J���%'!*0

%'!Z�`%/!*(Y� BM�8��-.�`��7uB*JK��+KJK0.>*��&'VY(*���*!*��(�� JK(*%/%
R

��(*>*��� -d��B*�8>*���8-�s*��-�st��F�A�-.����L5-�� ��!@��%WJ�&'���
JK!*(C��B*�3>*!MA�������J�%'!@��V¹%'s[�9��%/A�I	-.���9&/%'L`45-.>*!*(*J��9V¹A�-.!*(M%'� %'-.!*��JK���d�C-����dJ�L*L*�9-.L*�9%WJK���u%/!¹� B*�
vx%'!*�9� ��%/!�F�e�� -�I����<s�-.�9��>*&WJ¹s�-��3�*����%/!*0C� B*�	:<S�:�(bJ���JMa5��B*��+KJ�&'>*�Zs�-.�

ηc
��J�VN45���9&/%'0.B@��&6V

B*%'0.B*����-.��&/-�7h����]
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]

R [nm]
D�%/0.>*�9�*BM] < �*§�JK� ��� J�&[(*%6=?>*��%'-.!fA�-����`A�%/��!�� �

D
-�s$B*�m�MJ�0.-.!*J�&^A
VG&'%/!*(M�����i%/!fJ�7hJK� ����45-��X%/!

(*��L5��!*(M��!*A��Y-�s�� B*��A�V�&'%/!*(*���i��J�(*%/%E�»(bJ���J�L5-�%/!�� ���m�G�M��7�%'� B�� B*��vx%/!*��� ��%'!GF�e@� -.I������9��&WJ�� %/-�!
��4*&WJKAmI�A�>*�9+.���
]
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"$-`%/!�+.����� %'0�JK� �<� B*�Y(*%6=[>M��%/-�!¬-�s�&WJK��0.��%/!MA�&'>*��%'-.!*�i%/!}J	�C����4*� JK!*��4*%'&WJ�V.����aM%'!¬LbJ���� %/A�>*&WJK�
��-}�
�MJ��`%/!*��� B*�`LM����(M%/A���%/-.!M�Y-�s8� BM��eMJK=?�CJ�!GFT:3��&/4M��~*A�Ik��B*��-��9V.awA�-.�`L*>M�����Y��%'��>*&WJK��%'-�!*�
-Ks^� BM��:<S�:´�9AmB*���C�d7h���9�<L5����s�-.���`��([]�"�BM�<�C-�(M��& �9V���� ��� >*�9��(XB*���9�<A�-.!*��%'�9����(X-Ks^��B*�����
��V�L5����-�s�45��J�(*� ��7hJK� ���C45��J�(M��a�B@V�(*�9-.L*B*%'&/%'A¬0.�9-.>*L*�CJ�!*(RB@V�(*��-�L*B*-.4*%'AN0���-.>*LM��]8§w%'L*%/(M�
78������A�-�!*�9� �9>*A�����(¬s���-���-.!M��B�VG(M��-.L*BM%/&/%'A<45��J�(¬����L*��������!@� %'!*0	� B*��L5-.&WJK�hB*��J�(¬0.��-�>*L¬J�!*(
��B*�����oB@V�(*��-�L*B*-.4*%'Ao45��J�(*�}����L*��������!�� %'!*0�� B*��B@V�(*��-�A�J���45-�!´A�BbJ�%'!*��]d_N����4*� J�!M���¬7h�����
��!*��>*�9��(N��-`45�Y����&'sWF�J����9����4*&'%/!*0	J�!*(}����J�4M&/��]
_N����4*� JK!*��%'!*A�&'>*��%'-.!*��7h���9���C-�(*��&/��(�JK� �C���	4M� J�!*� �9LbJ�!*!M%/!*0±A
VG&'%/!M(*���9� 7u%6� B�J
B*�m�MJ�0.-.!*J�&xA���-.�9��Fº����A
� %'-.!^awA�-.!*�9%/�9��%/!*0Xs���-��¢�9%/!*0�&/��A�BbJ�%'!*��-�s8(*-�>*4*&/��&/%'L*%'(\&/��!*0���B^]wvx(*0��
&'��!*0K� BN-�sE� BM�ZB*�
�MJ�0�-.!bJ�&�A�V�&/%'!*(*���u7iJ��

(K + 1)
4?��J�(*��]?"�BM�Z� -�L\JK!*(k45-��9� -.� L*&WJ�!M�,-�s

��B*�fA
V�&/%'!*(*���9��A�-.!*�9%/��� ��(Ps��9-.��B@V�(*��-�L*B*%'&/%/AC45��J�(*��axJK!*(;� B*�X��%6�#A�-����XL*&WJ�!M����A�-�!*��%'�9� ��(
s��9-.�rB@V�(*�9-.L*B*-�4*%/AY45��J�(*���������,DE%/0.>M��� BM] 3 s�-.��%'&/&'>M�9� ��JK� %6-.! �m]

"$-�(*�
� ���9�C%'!*�R� B*�¼&/JK� ��� J�&CJ�!M(���-�� JK� %'-.!bJ�&¹(*%6=[>*�9%/-�!�A�-����`A�%'��!@���P-�s¬�C���	4M� J�!*�R%/!GF
A�&/>*�9%/-.!M�h7u%6� Bf(M%'=?������!@�i� J�(*%'%¸a@%/!*(M��L5��!M(*��!��d�9%/��>*&/JK��%'-.!M�878���9�YL5���9s�-.�9�C��(X7u%6� BZª9>M�9��-.!*�
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D�%/0.>*�9�*BM] � �b��VG&'%/!*(M��%/A�J�&5%/!*A�&/>*�9%/-.!y�»(M%/��LM&WJ�V.��(f%'!f0.�9��VM��7u%'� BfJ�!f��(*0���&/��!*0�� B
(K + 1) �

3 (*%'=?>*�9%/!*0	%/!}J	�C����4*� J�!M��]

%'!*A�&'>*��%'-.!}����45��(*(*��(\%'!kJC&WJK��0.�Y�C����4*� JK!*�,LbJK��AmB^]5"�BM���C����4*� J�!M�Y7u%'� B}� BM��%'!*A�&'>*��%'-.!
7hJ��X��J�(M�N� ��!M��%/-�!*&/�����X4�Vg��l@>*%'&/%'4*� JK��%'-�!R7u%6� BcJ;4*J���-��9��JK� � 287=7 � ]h��!¼��B*�\��l@>*%'&/%'4*� J�� ��(
��VG��� ���Na�� B*�d&/JK� ��� J�&*�`-���%/-�!`J�!*(¹� B*�d�9-���J�� %/-�!¹-�s?� B*�d%'!*A�&/>*�9%/-.!	7hJ�������A�-.��(M��(Cs�-.�)J,&/J���0.�
��%/�`�	L5���9%/-�(^]w"$-N45�CJ�4M&/�	��-N�9��&/JK� ��� B*�`�9����>M&'� ��� -}4*%/-�&/-.0�%'A�J�&E�9V��9�����`��a�� BM�`��%/��>M&WJK��%'-�!
>*!M%'� �`7h�����k� ��J�!*�9s������9��(¼� -PeG�¹>M!*%'����] �d���9��ah�9%/��>*&/JK��%'-�!*�`&WJ���� ��( ≈ C 7

µs
�8�`����4*��J�!*�

LbJ�� A�B*����BbJ�(PJk��%'H���-�s ≈ 3 7 · 3 7 !*� 2 J�!M(;� BM�X�m�*JK�C%'!*��(;%'!*A�&'>*��%'-.!*�ZBbJK(P��J�(*%/%
R �

7 ] D �ZF q 7 ] C=<�!*�N]
��!NDE%'0.>*�9� BG] �GabJ	��!*J�L*��BM-��3-�sEJ�!¬%/!*A�&/>*�9%/-.!f����45��(*(*��(N%/!}J	�`����4*��J�!*��%'����B*-�7u!^]5Db�9-.�
JK!¼%/!*A�&/>*�9%/-.![£¤�`����A�-.�9(*��(¼� ��J�A��kJ�!*(¼��-K��JK��%/-.!^a�� B*�kA�-����`A�%'��!�� �X-�s�&WJK����� JK&u(*%'=?>*��%'-.!

DJK!*(¬�9-���J�� %/-�!bJ�&5(M%'=?>*��%'-.!
Drot

7h���9��-.4M��JK%/!*��(f4�V��M��� %'!*0�� BM����� J�!*�9&WJK��%/-�!bJ�&5J�!*(¬J�!*0.>M&WJ��
�`��JK!k�9l@>bJ����Z(*%/�9L*&WJ�A����`��!�� ��]5"�BM��������>*&6� %'!*0C(M%'=?>*��%'-.!}A�-����`A�%/��!�� ��JK���,��B*-�7u!k� -.0���� BM���
7u%6� Bf� B*�Y%'!*A�&'>*��%'-.!f� J�(M%/%[%/!¬"�J�4*&'�HBG] 2 �»%'!NeG�8>*!*%'�����
]
"$-}�
�MJ��`%/!*����B*�`LM����(M%/A���%/-.!M�Y-KshB@V�(*�9-�(MV�!bJ��`%/A	��B*��-��9V � 2 � -.!���B*�`��J�(*%'>*��(*��L5��!*(*��!MA��
-Ksk(*%'=?>*�9%/-.!�A�-����`A�%/��!@� ��a	� B*��(*�������9�C%'!*��(

D
J�!*(

Drot

7h���9��L*&/-K��� ��( J�0�J�%'!*�9�;� B*�
%'!*A�&'>*��%'-.!g��J�(*%'%

R
]8"�B*�\������>*&6� %/!M0;A�>*�9+.���X7h���9�yA�-��CL*J�����(¼� -#��B*�\L*�9��(*%'A���%/-.!*�C-�s�� B*�

eMJ�=[�CJ�!GF�:<��&'4*��~MAmI´��B*��-��9V � 2 � s�-���&WJK����� JK&�(*%'=?>*��%'-.!r�»vxl�>*JK� %'-.! ��] 3 ��JK!*(¦��-�� JK� %'-.!bJ�&
(*%6=?>*��%'-.!��»v)l@>bJ�� %/-�! �G]65��m]G"�B*��A�-��CLbJK��%/�9-.!C7iJ��i(*-.!*��4@V�-�LM� %'�C%'�9%'!*0,� B*������L*J�� J��`�
� ���9�
%'! ��B*�ceMJK=?��J�!�FT:<��&/4*�9~*AmI³��l@>bJK� %'-.!*� �Z��B*�g�C����4*� J�!M�R��B*%/A�I@!*���9�

h
a,� BM�¼�`����4*��J�!*�

+�%'��A�-���%'��V
ηm

J�!*(¬��B*��7iJK������+�%/�9A�-.�9%'��V
ηc

]
13�#J��9���9>*&'��aY45-�� B¦&/JK� ��� J�&	J�!*(¦��-K��JK��%/-.!bJK&�(*%6=[>M��%/-�!µA�-��
�CA�%/��!@���278�����R-.4M������+.��( ��-
45�k(*����A���%/45��(c�
�GA���&/&'��!�� &'V�4@V���B*�yeMJK=?�CJ�!GFT:3��&/4M��~*A�I��9��&WJ�� %/-�!*��]x"�B*�\(bJ���Jos�-.�C&/JK� ��� J�&
(*%6=?>*��%'-.!P%/�	(M%/��LM&WJ�V���(�%/!�DE%/0.>M��� BM]6BM]�"�B*�¬45���9�¹�*�`-Ksd� B*�¬&/JK� ��� J�&8(*%'=?>*��%'-.!PA�-.>*&/(�45�
(*-�!*�¬7�%'� BP� B*�¬LbJ���J��`��� �����

h � 5M] DGa
ηm

� 7 ] q C�SEJ���a
ηc
� 7 ] 7 5=C�SEJ���]x"�B*�}��-�&'+.��!@�

+�%'��A�-���%'��V
ηc

��J�� A�B*��(g7h��&/&u7u%'� BR� B*�N+KJK&/>*�k(M��� �����`%/!M��(¼%'!*(*��L5��!*(*��!@� &6VRs�-��C��B*�kL*>*���
�9-.&'+.��!@��]*"�B*���`����4*� JK!*�<+�%'��A�-���%'��V

ηm

A�-�>*&/(f!*-K�u45��(*���������`%/!M��(f%/!*(M��L5��!M(*��!�� &'V�a*4*>M��%/�

q 5=5
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�A�'�
�4� ��� �=�%����)
� � � q � R

� !M� � D
�
µm2/s � Drot

�
2π/µs �2 7 ] D � q ] D 7 7 ]6B
�

5 q ] q 3 q ] 3 7 7 ] 3 � <
3 q ] � 2 q ] 2 7 7 ] q �8D< 2 ] B8B q ] 787 7 ] 7 B8B
B 3 ] 7 3 7 ] < � 7 ] 7 q B
q 7 DG] q C 7 ] D � 7 ] 7 5=D
q D BM] 7 � 7 ] 5 � 7 ] 7 q 52 7 q 7 ]6C=< 7 ] 585 7 ] 7=7 <

"�J�4*&'� BM] 2 �.�h-����`A�%'��!�� �x-�s5&/JK� ��� J�&�(*%'=?>*�9%/-.!
D

J�!*(	��-K��JK��%/-.!bJK&�(*%6=[>*�9%/-�!
Drot

-Ks?J�B*�m�*JK0KF
-�!bJ�&wA�V�&/%'!*(*����7u%6� B}��(*0.�,&/��!*0���B

(K + 1)
J�!M(k��J�(*%'>*�

R
%'!NJ`&'%/L*%'(f4*%/&/J�V.���u%'!¬� B*�Z:�S):

�`-�(*��&w-Ks�§�J���J�(�ª9%)� eG�h>M!*%'�����
]

%'!�0�-�-�(�J�0��������C��!@�	7u%6� BP��V�L*%'A�J�&h(bJK��Jks���-.��� BM�¬&'%'� ��� JK��>*���Cs�-.�	J���� %'�*A�%/J�&8�`����4*��J�!*���
� q D8C � ]"�BM��45���9�f�*�f-�sY��B*�\��-�� JK� %'-.!bJ�&u(*%'=?>*��%'-.!³��������DE%'0.>*�9� BM]6C��`A�-.>*&'(c45�y(M-.!*�k7u%'� Bg� B*�
L*�9��s»JKA�� -�� kBT

4πηmh
� 7 ] D

µm2/s
ah7uB*%'AmB�%'�f%'!�JP0.-�-�(�J�0.�9�����C��!@�X7u%'� B¼� B*�\+�J�&/>*� q ] q

µm2/s
-�4M��J�%'!*��(¦s���-��

h
J�!*(

ηm

JK�;(M��� �����`%/!M��(�4�V¦�M��� %'!*0¶��B*�¼&/JK� ��� JK&`(*%6=[>M��%/-�!
A�-����`A�%'��!���]

"�BM�´eMJK=?��JK!GFT:<��&/4M��~*A�I¦� BM��-.��V�%/�;+�J�&/%'(�-.!*&'V¦s�-.�P%'!*A�&'>*��%'-.!�� JK(*%/%
R < Rc

a�7u%'� B
Rc

45��%/!*0}(*��L5��!*(*��!���-.!o� B*�`�`����4*��J�!*�	� B*%'A�I�!M������J�!*(o� B*�¹+�%/�9A�-.�9%'� %'���Y%/!�� BM�C��VG��� ���
��A�] sT]�vxl�>*JK� %'-.! �G] D��
]<zh�
V.-.!*(

Rc

ad� BM�;�
��� ��!*(*��(³��B*��-��9V´-�s �3>M0.B*���\����J�& ]d45��A�-��C���
+�J�&/%'(¼�»v)l@>bJ�� %'-.! ��] <��m]w��%'� Bo��B*�`+KJ�&'>*���,s�-.�

h
a
ηm

a
ηc

J��Z(*�������9�C%'!*��(os�-.�Y� B*�CL*�9���9��!@�
�9%/��>*&/JK� %6-.!c�9V��9�����`��au� BM�2A���%6� %/A�J�&���J�(*%'>*�¬%/�

Rc ≈ q �G] 7 DP!*�}]�"�B*�2&/J���0.���9�}%'!*A�&/>*�9%/-.!
7uBM-.����(*%6=?>*��%'-.!�7hJ����
�MJ��`%/!M��(³%/!���B*����%'��>*&WJ�� %6-.!*�kBbJ�(¦Jc� JK(*%/>M�

R ≈ q 7 ] C=<¼!*�
JK!*(;7iJK��� B�>M��45��&/-�7

Rc

]�"�-\%/!�+.����� %/0.JK� �`� B*��(*��L5��!*(*��!MA��¬-�s
D

-.!
R

s�-.�Z&WJ��90.�C��J�(*%/%
45�
V.-.!*(

Rc
a8��%'��>*&WJ�� %6-.!*�¹7u%'� B¼%'!*A�&'>*��%'-.!g��J�(*%'%u7h-.>*&'(c45�\!M��A������ JK�9Vg� BbJK�X�m�MA�����(�� B*�

L*�9���9��!��`�CJ��G%/��>M��� JK(*%/>M��4�V2s»J�A
� -.�9��-�s��T78-*a���B*�����¬J�!M(P�C-.�9��]���!;��B*��s�� J��`��78-.��Io-Ks
��B*��LM�����9��!���� BM����%'��a � BM���m�*JK�C%'!bJK� %'-.!}-Ksx��>*A�B\&WJ��90.�,%'!*A�&'>*��%'-.!*�u7hJ��<!*-K�<L5-.���9%/4*&'��a ��%'!*A��
J�+KJ�%'&WJ�4M&'�uA�-.�`L*>M�������8(*-�!*-��iJ�&'&/-�7g� -�L5���9s�-.�9� :�S): ��%'��>*&WJK��%'-�!*�)-�s�J�L*L*�9-.L*�9%WJK��&'V	&/J���0.�
��VG��� ���C�f7u%6� B*%'!cJP�9��J��9-.!bJK4*&/�k� %'�C�NL5���9%/-�(^]h��!cLbJ��9��%/A�>*&WJK��a�%/!cJ;��>*%6��J�4*&'�k��%/��>M&WJK��%'-�!
45-��X��B*��&/��!*0���B*��%'!��@F�J�!*(fV�F)(*%'����A
� %'-.!*�i��>M�9��45��&WJ��90.���8��BbJ�! 2 ��%/�`���8� BM��(*%WJK�C�
� ���h-Ks
��B*�`%/!*A�&/>*�9%/-.![a^%/!�-.��(*���Y� -NJ�+.-.%/(2JK!2%/!�� ����s����9��!*A��C-�s8� BM�`%/!*A�&/>*�9%/-.!y7u%6� Bo%'������&6s8+�%/Jf� B*�
�9-.&'+.��!@��]�eG%/!MA��XJK&'7iJ�V��Z��7h-\45-��2&/��!*0���B*��BbJ�+.�C� -k45��%/!*A�����JK����([a���B*��!�>M�	45����-�s�45��J�(*�
%'!*��%'(*��� BM�,45-��¬0.�9-·7u�ul@>bJ�(M� JK��%/A�JK&/&6V.aMJ�!*(¬� BM�Y� J��`�Y%'�i� ��>M��s�-.�i� B*�Y�9%/��>*&/JK� %6-.!�� %/�`�K]

��! ��>*�`��JK�9V�aY��B*�RL?���9s�-����`��(�:�S): �9%/��>*&/JK� %6-.!M�o-.! �`����4*��J�!*��%/!MA�&'>*��%'-.!*�o(*���`-.!GF
��� � J�� ��(�� B*��eMJK=?��J�!�FT:<��&/4*�9~*A�I¹��B*��-.��VC��-�(*����A��9%/45�<� BM��� JK(*%/>*�8(*��L5��!*(*��!*A��Y-�s�(*%6=[>M��%/-�!
A�-����`A�%'��!�� �,�
�GA���&/&'��!@��&'V�]�zh-���B�� B*�¹L*����(*%/A
� %'-.!*��-�siJ¬�9A�J�&'%/!*0

D ∼ log(1/R)
s�-.��&WJK������J�&

q 5 3
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10−810−9

D
(R

) 
[m

2 /s
]

R [m]
D�%/0.>*�9� BM]6B �$§�JK������J�&)(*%6=?>*��%'-.!oA�-��
�CA�%/��!@���

D
-Ksi�C����4*� J�!M�`%'!*A�&'>*��%'-.!*�Y%'!o(*��L5��!*(*��!MA��

-Ksd��B*�f%/!*A�&/>*�9%/-�!;� J�(M%/%
R

�»(*JK��J\L5-.%'!@�����
�$�*�	7u%6� B;� B*�¬eMJK=?��J�!�FT:<��&/4*�9~*AmIo����&WJK��%/-.!2s�-.�
&/JK� ��� J�&[(*%6=[>M��%/-�!2�»4M&WJ�A�I�A�>M�9+.���m]

(*%6=?>*��%'-.!�JK!*(
Drot ∼ 1/R2 7h���9�¼����L*��-�(M>*A���(�A�&/��J���&6V³%/!¦��B*�g��%'��>*&WJK��%'-�!*��s�-.�2J�&/&

JKA�A������9%/4*&'��%/!MA�&/>M��%/-�!N�9%/H�����a 7uB*%/A�BkA�-�+.������(y���CJ�&'&�J�!*(k%/!�� ���9�C��(*%WJ�� �Y� JK(*%/%w-�s ≈ Rc/2
%/!

�CJ��G%/��>M�}]M"�B*�����Z-.4*�9����+KJK� %'-.!*�u����LM�����9��!���J¹A�-.!G�b���CJK� %'-.!}JK!*(NJ�!}�
��� ��!*��%'-.!k-KsE��J��9&/%'���
�m�GL?����%'�C��!@� J�&x�9� >M(*%/���Y7uB*%/A�B#J�&'����JK(MVy(M��� ��A�����(2� B*�¹+�J�&/%'(*%6�TVk-�s8��B*��eMJK=?�CJ�!GFT:3��&/4M��~*A�I
��B*��-��9VXs�-.�i+.���9V¬�9��JK&/&[� JK(*%/% ]

�6U � W � 	�Z/^ � d ��� � b �
` �a`
d 	 X����
`�c � Z�� d � � �6b � c b/^��
� � � �aX�� ��� d ���MZNX 	

SEJK� J�&'&/��&'&½VY� -�� B*�u:�S):��9��>*(MV�L*��������!�� ��(C%/!`e���A���%/-.!JBM]65Ma.J���%/�`%'&/J������ >*(GV�7iJK�)L5���9s�-.�9�C��(
7u%6� B�%'�CL*&'%6A�%6��Fº��-.&6+���!@�h:<S�:´4@V�_kJK����B*%WJK���2��%'����]����CLM&/%'A�%6��Fº��-.&6+.��!@�h:<S�:´78-.��I@�87u%'��B*-.>M�
��B*�f7iJ�� ���	��-.&6+.��!��`-�s3!M-.���CJ�&i:�S):�ax�C%'�`%'A�I@%/!M0\%'� ��%/!GOb>*��!MA��¬4@VPJ�!�JK����� J�A
� %'+.��s�-.�9A��
45�
�T78����!XB@V�(*�9-.L*B*-�4*%/Ad0.��-�>*L*�8%'!`��B*�3��V��9� ���Na��K]¤0M]�&'%/L*%'(	��JK%/&'��]�:<>*�d� -,��B*�3��� �9-.!*0Z����(*>*A
F
��%/-.!y-�sh45��J�(*������]j0*]^s�-��YJ 5 7 · 5 7 · q DX!*� 3 45-��?a/5 � 3 -�s8��B*�¹45��J�(M�ZJ�����7iJK�����Y45��J�(*���ma
%'�CLM&/%6A�%6��Fº��-.&½+.��!@�x:�S):�L5�����`%6� �E� -,J�A�A���������>*A�B`&/J���0.�����`����4*��J�!*�iLbJK��AmB*���)��BbJ�!¹!*-.�9��J�&
:�S):�]
��!�� B*�f7h-.�9I;-�s�_2]��2��%'���¹��B*�¬%/�`L*&'%'A�%6�9Fº�9-.&6+.��!��¹�`-�(*��&�-�s<«d�
s�������!*A�� � 2 7 3 � 7iJK�`>*����(^]
�d���9��a &'%/L*%'(M��(*%6=?���is���-.����B*�Y�9��JK!*(bJ��9(k:�S):¦�`-�(*��&/��>*�9��(N%/!f� BM�,�9%/��>*&/JK� %6-.!M�uJK45-·+.�Y%/!
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R [nm]
D�%/0.>*�9� BM]6C �?«d-K��JK��%/-.!*J�&�(M%'=?>*��%'-.!kA�-����`A�%'��!�� �

Drot

-Ks)�`����4*� JK!*�Z%/!*A�&/>*�9%/-.!M�3%'!\(M��L5��!�F
(*��!*A��Y-�s�� B*��%/!*A�&/>*�9%/-.!�� J�(*%'%

R
��(bJK��J�L5-.%/!�� ���m�G�*�i7u%'��BX� B*�YeMJK=?��JK!GFT:<��&/4*�9~*A�IC�9��&WJ�� %/-�!

s�-��u�9-���J�� %/-�!bJ�&?(*%'=?>*�9%/-.!o�»4*&/J�A�I�A�>*��+.���m]

��BbJK��� B*�
V¬A�-.!*�9%/�9�us��9-.�r-.!M�YB*��J�(M0.��-.>MLkJK!*(}-.!*&6V���7h-¹��JK%/&'0.��-�>*L*��]
��!\� BM���9� >M(MV\-�s8_2]?�2��%'����a[&WJK����� JK&�J�!*(y��-K��JK��%/-.!bJK&$(M%'=?>*��%'-.!\A�-����`A�%'��!�� ��-�s)(*%6=[������!�� &6V
�9%/H���(��`����4*��J�!*��%/!*A�&/>*�9%/-.!*�d7h���9�¹(M��� �����`%/!*��(y4@Vk����A�-.��(M%/!*0X��B*��%'�<��� J�A��¹JK!*(��9-���JK��%/-.![a
�9%/�`%/&'J��9&6V}� -f��B*�¹��� >*(MVyL*�9������!@����(;JK45-·+.�K]w1<�Y%'!*A�&'>*��%'-.!*��a5� B*�¹BM�
�MJ�0.-�!bJ�&xA
V�&/%/!M(*���9�Y(*�mF
�9A���%'45��(�%/!Re���A���%/-.! BM] 2 7h�����}>M����([]8eG%/!MA��¬&/%'L*%'(*��%'!P� BM�}%'�CLM&'%'A�%6��Fº��-�&6+.��!��`:�S):¡�`-�(*��&
BbJ�+.�}-.!*&6V#�T7h-oB@V�(*�9-.L*B*-�4*%/Af��J�%'&/0���-�>*L*��aE� BM�}45��JK(RAmB*J�%/!*�¹A�-.�CL5-���%/!M0y� B*�¬%/!*A�&/>*�9%/-.!M�
A�-.!*�9%/�9����(NJ�A�A�-.��(M%/!*0.&6VCs��9-.�r-�!*&'V���%½�f45��JK(*�d%'!¬&'��!*0K� B^aG7u%'� Bfs�-�>*��B@V�(*�9-.L*B*%'&/%'A�45��J�(*�u%/!
��B*�Y�C%'(*(*&'��J�!M(N-�!*�YB@V�(*�9-.L*B*-�4*%/AY45��J�(kJ��d��J�A�BN��!*(N-�s$� B*�YA�BbJ�%'!^]
"�BM�f��%/��>*&/JK��%'-�!#L*�9-�A���(*>*���f%'!#� B*��7h-���I2-�s3_2]��2��%'����7iJ���� B*�X� JK�C�XJ���(*����A���%/45��(�%/!
eG��A���%/-.! BM] 2 ]G��!*%6� %WJK&'&6V�a@��B*����%'��>*&WJ�� %6-.!C45-��C7iJ��i��l@>*%'&/%'4*� JK����(C7u%6� BfJ�4bJ���-��9��J��hs�-.�+5 · q 7 4��%/�`����� ��LM�i� -	0.���uJ�� ��!*��%'-.!*&'������4M%/&WJ�V.����]M"�BM��!¬� B*��45-��f��%'H���7iJK���M�G��(kJK!*(f� B*��L5-.�9%'� %'-.!
-Ksb��B*�h(*%6=[>*�9%/!*03%'!*A�&'>*��%'-.!�JK!*(�%6� ���9L*%/!Z+.��A
� -.��7h�����h����A�-.��(M��(	(*>M��%/!M0�J3��%/��>M&WJK��%'-�!Z-Ks q 7 6��%/�`����� ��LM��]^"�B*�`&/JK� ��� J�&EJ�!*(o�9-���J�� %/-�!bJ�&�(*%6=[>M��%/-�!�A�-����`A�%/��!�� ��7h���9�`(*�
� ���9�C%'!*��(2J�!*J�&/-KF
0�-.>*��&6V`� -���B*��(*����A���%/LG� %/-�!X%/!¬e���A
� %/-�! BM] 2 ]*�8-.!@+.���9� %'-.!Xs��9-.����B*���9%/��>*&WJ�� %6-.!C>*!*%6� �8� -¹e��
>*!M%'� �d7hJ��<(*-.!M��J��3(*���9A���%'45��(y%'!yeG��A���%/-.! BM] 2 4@V}A�-��CLbJK��%/!M0`��B*��4*%'&WJ�V.���u��B*%/A�I@!*���9��J�!*(
��B*��(*%'=?>*�9%/-.!�A�-��
�CA�%/��!@��-�s�J�&/%'L*%'(�%'!�� BM���9%/��>*&/JK��%'-�!C7u%'��Bf�m�GL5����%'�`��!@� J�&/&6V`(*�
� �����`%/!*��(
+�J�&/>*����] "�B*%/�d������>*&6� ��(k%/!

dt ≈ B 7 L*��a
r0 ≈ q !*�}]b1¦�9%/��>*&/JK��%'-�!}&/J��9����(}� BM�����
s�-.��� ≈ B 7

µs
]

"�BM�u%/!*A�&/>*�9%/-.!�� JK(*%/%MJ�A�A����9��%'4*&/�i� -Y%'�`L*&'%'A�%6�9Fº��-�&6+.��!��):�S):c7h���9�uA�-.!M��%/(M��� JK4*&'V�&WJK��0.���E��BbJ�!
��B*�d� J�(*%'%bJ�A�A������9%/4*&'�u� -Z!M-.���CJ�&b:�S): JK!*(C&/%'��(`JK�

R ≈ 7 ] � <�F D 7 !M�N]�"�B@>*��a@��B*�u+KJ�&'%/(*%6��V
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�9��0.%'�C����-�s345-�� BP� BM�NeMJ�=[�CJ�!GF�:<��&'4*��~*A�Io� B*��-.�9VPJ�!*(�%'���	�m��� ��!M��%/-�!R4�V �d>*0.BM���¹���`J�&¸]
78�����,A�-·+.������(^]
"�BM�CA�-��
�`A�%'��!@���Z-�sh&/JK� ��� J�&E(*%'=?>*��%'-.!

D
J��Y�
��� ��J�A�����(2s��9-.�¢��B*�`%'�CLM&/%6A�%6��Fº��-.&½+.��!@�Y:�S):

�9%/��>*&/JK� %6-.!M��J�������B*-�7u!o%'!�DE%/0�>*��� BM] q 7 ]?"�B*�¹A�-����`A�%'��!�� ��78�����	L*&/-K��� ��(y%/!\(*��L5��!*(*��!MA��
-Ks�� BM��A
V�&/%'!*(*���h� JK(*%/%

R
a*JK!*(X� B*��LM&/-����87h���9��A�-.�`LbJK����(�� -�� B*��L*�9��(*%'A���%/-.!*�h-KsEeMJK=?�CJ�!GF

:<��&/4M��~*A�I}J�!*(N-�s �3>*0�B*���3���<J�&¸]6]b1<�d%/!}��B*�Z��� >*(MV¬7u%6� BN!*-����CJ�&�:�S):�a � B*�ZA�-.�`LbJ��9%/��-�!
7hJ��u(*-.!*��4@VX�M��� %'!*0�� B*�Y�`���	4M� J�!*�<� BM%/A�I@!*���9�

h
aM� BM�Y�`����4*� JK!*��+�%'��A�-.��%6�TV

ηm

J�!*(f� B*�
�9-.&'+.��!@�u+�%/�9A�-���%'��V

ηc

]
Db-.�d� BM��&WJ�� ����J�&$(*%6=[>M��%/-�!\A�-����`A�%/��!�� ��a[� BM�¹eMJK=?�CJ�!GFT:3��&/4M��~*A�I}�9��&/JK� %'-.!}V�%/��&'(*��(yJ�0.-�-�(
�*�Ys�-��Y%'!*A�&'>*��%'-.!*��7u%6� B����CJ�&/&E� JK(*%/%�s���-.� ≈ 7 ] �8<XF	<¬!*�}]^"�B*�`45�����,�*�,A�-.>M&/(o45�¹(*-.!*�
7u%6� B

h = 3.3
a
ηm = 0.25

SEJK��a
ηc = 0.056

SEJ���]�"�B*���9�N+KJ�&'>*���CJ����¬+.���9V��9%/�`%/&'J���� -
��B*�d+KJK&/>*���8(*�������9�C%'!*��(`7u%'��BC!*-.�9��J�& :<S�:Z]*eG&/%'0.B���(M��+�%WJK��%/-�!*���CJ�V¹J�L*L5��J��845��A�J�>M���3� B*�
�`-�(*��&/�d-Ksx%'�CLM&/%6A�%6��Fº��-�&6+.��!��<:<S�:�J�!M(k!*-.�9��JK&$:<S�:�J��9�Z!M-��3L5���9s���A���&'V}A�-.!*0.�9>*��!���a5(*>M�
��-�(*%'=?���9��!@�h&'%/L*%'(`�`-�(*��&'�hJK!*(�+KJK�9V�%/!*0�L5-�����!�� %WJK&5L*J�� J��`�������9��]GDb>*�9��B*���9�C-�����a

ηc
%/�8!M-��iJ

78��&/&½F�(*�
�b!*��(}l@>bJ�!�� %'��VX%/!f� BM�Y%/�`L*&'%'A�%6�9Fº�9-.&6+.��!��dJKL*L*��-.J�A�B^a J���7u%'&/&[45�Y�
�GL*&/J�%'!*��(¬45��&/-�7Y]

D�%/0.>*�9��BM] q 7 �·§�JK� ��� JK&@(*%6=[>M��%/-�!,A�-��
�CA�%/��!@���
D

-Ks*�C����4*� JK!*�)%/!*A�&/>*�9%/-.!M��%/!,(*��L5��!*(M��!*A��i-Ks
��B*�d%/!*A�&/>*�9%/-.!	� J�(*%'%

R
��(bJK� JYL?-�%/!�� ���ma@J���(*�
� �����`%/!*��(C%/!	� B*�d�9��>*(MV	7u%'� B`%'�CL*&'%6A�%6�x�9-.&'+.��!@�

:�S):µ-�s�_2]M�2��%/�9���*�M� ��7u%'��Bf� B*�,eMJK=?��J�!�FT:<��&/4*�9~*A�I�����&WJ�� %/-�!Xs�-���&WJK������J�&[(*%6=[>*�9%/-�!2�ts�>*&/&
&'%/!*���[J�!*(Y7u%'��BY��B*�)�
�GL*�9������%'-.!Z-�s �3>*0�B*���$�
��J�&¸]�A�-�������A�����(,7u%'��BZJi� ���9�´��JKI�%'!*0u%'!ZJKA�A�-.>*!@�
%'!@������!*J�&^�C-�(M���u-Ks�� BM�,%'!*A�&/>*�9%/-.!*�Y�»(M-�������(}&/%'!*���m]

D�%'����%/!M0o��B*�\��!@��%/���N!�>M�C����%/A�J�&d(*JK��Jo7u%'��B�eMJK=?�CJ�!GFT:3��&/4M��~*A�I�������>*&6� ��(c%/!¼Jo+.����Vg4bJ�(
(*����A���%'LM� %'-.!^a�7u%'� B`+KJ�&'>*���8-�s

ηm

J�!M(
ηc

(M��+�%WJK��%/!*0,�9� �9-.!*0.&6V	s���-.��� BM�<������>*&6� �8-�s^��B*�<�9%/�	F
>*&/JK��%/-.!M�i7�%'� B¬�9� J�!*(bJ��9(N:�S):�]
"�BM����-K��JK� %'-.!bJK&�(M%'=?>*��%'-.!NA�-����`A�%/��!@�<7iJ��3s�-.�<JK&/&�%'!*A�&'>*��%'-.!N��%'H����<78��&'&�(M����A���%'4?��(y4@V¬� B*�
eMJ�=[�CJ�!GF�:<��&'4*��~MAmI�� BM��-.��V`s�-��8�9-���JK��%/-�!bJ�&b(*%6=[>M��%/-�!\��7uB*%'A�BX%'�84�VC(M���b!*%6� %'-.!`+KJ�&'%/(¹s�-.�8J�&/&
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]b"�B*��L*���
s»J�A���-.�<-�sx��B*��45���9���*�<� -C� B*��(*JK��JCV�%'��&'(*��( kBT
4πηmh

= 0.45µm2/s
a57uB*%'AmB

%'�¹%'!��m�GA���&'&/��!@�CJ�0.�9�����`��!��¹7u%'��B�� BM�¬+KJK&/>*� 7 ] 3*q µm2/s
-.4M� J�%/!*��(�s��9-.�

h
J�!*(

ηm

J��
(*�
� �����`%/!*��(}4�VX�*��� %'!*0	��B*�Y&WJ�� ����J�&[(*%'=?>*�9%/-.!fA�-��
�CA�%/��!@�us�-.�����CJ�&/&?� J�(*%'%¸]
��%6� BX��B*��(*���������`%/!M��(X+KJ�&'>*���is�-.�

h
a
ηm

a
ηc

a�� B*��A���%6� %'A�J�&5� JK(*%/>*�8s�-.�8� B*�<� � JK!*��%6� %/-�!�s��9-.�
��B*��eGJK=[�CJ�!�FT:<��&/4*�9~*AmI�+�J�&/%'(*%6�TV�����0�%/�`����-,� BM�ds�-.�9��>*&WJ�-�s �d>*0.B*���8���hJ�&¸].45��A�-.�`���

Rc ≈
q 3 ] � 5�!M�N]���!	� B*�

D(R)
F$LM&/-�����%/!*(*����(¹�9����-.!*0Y(M��+�%WJ�� %/-�!*�Es���-.��eMJ�=[�CJ�!GF�:<��&'4*��~MAmI,7h�����

-�4*�����9+.��(�s�-��)%/!*A�&/>*�9%/-.!¹��J�(*%'%b&/J���0.����� BbJ�!
Rc/2

] �d-·7h�
+.����a�7uBM%/&/�i� B*�us�-.�9��>*&WJ�-�s �3>*0.BM���
�
��]^J�& ]5L*����(*%/A
� �

DHughes ∼ 1/R
� q �8< � a?��B*��&WJK����� JK&�(M%'=?>*��%'-.!\A�-����`A�%'��!��Y�9�����`��(���-f(M�
F

A�����J����Ys»J���� ������BbJ�!}&'%/!*��J��9&'V`7u%'��Bf� B*�Y� JK(*%/>*��-�s$� B*�Y%'!*A�&'>*��%'-.!^]
"�BM%/�u-.4M������+KJK��%/-.!f7iJ��u� JK��%/-.!*J�&'%'H���(f4@VX��B*�YA�-�!*��%'(*����JK� %'-.!f��BbJK��� B*�YB�V�(*��-�(MV�!bJK�C%'AYA�J�&6F
A�>*&WJ�� %/-�!*�x-�sweGJK=[�CJ�!�FT:<��&/4*�9~*AmI�J�!M( �d>*0.B*���8�
�hJK&¸].B*J�+.�d>*�9��(C%/!*A�-.�CLM�����9��%'4*&/�iA�V�&/%'!*(*�����
JK��J��`-�(*��&Ms�-�����B*�u�`����4*��J�!*�i%'!*A�&'>*��%'-.!^]K��!	� B*�u:�S):���%'��>*&WJ�� %6-.!*��a�BM-·7h�
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p(ω) =
2ω0

πω2
0 + ω2

� BM] q�q �

�d���9��a
ω0 = kharm
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f =

∫ ωmin
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p(ω)dω = 2 arctan(
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)/π
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