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1 Introduction

Initially, the Galois theory of ¢-difference equations was built for ¢ unequal to a root of
unity (see for instance [25]). This choice was made in order to avoid the increase of the
field of constants to a transcendental field. However, P.A. Hendricks studied this problem
in his PhD work under the supervision of M. van der Put (see [12]). In Chapter 6 he gave
a notion of Galois groups for g-difference equations over C(z) with ¢ = 1. His idea was to
compare the category Dif fc(.) of g-difference modules over C(z) with the category F'Mod,
of modules over the ring C(2™)[t,¢~']. He thus obtained an equivalence of categories and a
fiber functor from Dif fc(,) with values in the category Vectc.my of vector spaces of finite
dimension over C(z™). However, in his case there is no unique Picard-Vessiot ring of a
g-difference equation. This construction is also not totally satisfying because we do not
want to have such transcendental base fields for Galois groups.

In the same matter, the question of the constant field for differential modules in positive
characteristic has given rise to the construction of a new differential Galois theory in posi-
tive characteristic. The first work in this direction was made by H. Hasse and F.K. Schmidt
[11], but it was only in 2000 when B.H. Matzat and M. van der Put set up a modern and
systematic approach to this theory (see [17] and [16]). The main idea is to consider not
only one derivation but a whole family of derivations, called higher derivations or iterative
derivations. By defining the constants as the elements annihilated by the whole family
of derivations, they succeeded in getting a good constant field, for instance F, instead of

[F,(27). So they were able to give a complete description of the Picard-Vessiot theory of
differential equations in positive characteristic and relate it to a Tannakian approach.

For g¢-difference theory, the problem is not the characteristic but the roots of unity. In-
spired by the work of B.H. Matzat and M. van der Put, we consider in this paper a family of
iterative difference operators instead of considering just one difference operator, and in this
way we stop the increase of the constant field and succeed in setting up a Picard-Vessiot
theory for g-difference equations where ¢ is a root of unity. The theory we obtain is quite
the exact translation of the iterative differential Galois theory developed by B.H. Matzat
and M. van der Put to the g¢-difference world. This analogy between iterative differential
Galois theory and iterative difference Galois theory could perhaps be explained in a more
theoretical way, as it is done in the paper of Y. André [1] for classical theories. But for the
moment, we will only focus on the construction of iterative ¢-difference Galois theory.

The interests of building such a theory are multiple. The first one is to fill in the
gap in the classical g-difference Galois theory for roots of unity. The theory of iterative
g-difference operators developed in this paper encompasses and extends the work of Singer
and van der Put ([25]). For instance, this could provide a good functor of p-adic confluence
from the world of ¢-difference to the world of differential equations, following the work of
A. Pulita ([18]). However, instead of considering a (o,, 0)-module at the roots of unity, (as



it is done in [18]), it will be more suitable to consider an iterative ¢-difference module. In
a similar way, it will be very enlightening to build a confluence functor in characteristic p
from iterative ¢-difference modules to iterative differential modules. Another goal of this
theory will be to obtain an iterative g-difference version of the Grothendieck Conjecture
following the work of L. Di Vizio [8] and the work of P.A. Hendricks [12]. In other words,
we want to prove that our iterative ¢-difference groups are generated by the curvatures,
which are linear operators in characteristic zero in the case of ¢ a root of unity.

For the whole paper, we fix an algebraically closed field C' and ¢ € C' with ¢ # 1. Let
F = C(t) denote the field of rational functions over C' and o, the automorphism of F
which associates to a function f(z) the function f(gz).

In the second section, we introduce the arithmetic basis of iterative g-difference algebra. In
this section we work in all generality, i.e., we do not make any assumptions wether ¢ is a
root of unity or not. With this choice we want to emphasize the fact that we just generalize
the Galois theory of g-difference of M.F Singer and M. van der Put ([25]). From the third
section until the end of the paper, we will restrict ourselves to the case of ¢ a primitive root
of unity, where the most peculiar phenomena appear. In Section 3 we define the category
of iterative g-difference modules and their relation with some specific category of projective
systems. As in [16], the equivalence of categories yields a family of g-difference equations,
related to the fact that an iterative ¢-difference operator is a family of maps. Such a family
of equations can be regarded in two different ways, a general and a relative one using the
projective system. Both formulations are used in later sections.

In Section 4, we build a Picard-Vessiot theory for iterative g-difference equations by using
the classical theory as formulated for instance in [25]. To be a little more concrete, at
the end of the section, we give a method to realize groups in dimension one as iterative
g-difference Galois groups.

In Section 5, we adopt Kolchin’s way of thinking and show how an iterative g¢-difference
Galois group is formed by the C-points of an affine group-scheme. We also obtain the
analogue of Kolchin’s theorem for our theory and the usual Galois correspondence.

As a conclusion to this paper, we state an analogue of the Grothendieck-Katz conjecture
for iterative g-difference Galois groups as in the work of L. Di Vizio.

I would like to thank A. Roescheisen and J. Hartmann for all their help, remarks and so
useful comments. Last but not least, I am sincerely grateful to the Professor B.H. Matzat
for the inspiration his theory has provided to me and for all his help and encouragement
to pursue this study.

2 Iterative ¢-difference rings

In considering an element ¢ of a field C' which may be a primitive root of unity and trying
to construct a ¢-difference Galois theory, we have to deal with the problem that the field
of constants of the usual ¢-difference operator extends to a transcendental field. To avoid
this increase of the constants, we have to consider a more arithmetic approach, such as the
one introduced by H. Hasse and F.K. Schmidt [11] for differential equations. Until the end
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of this article, we let F' = C(t) denote the field of rational functions over C' and o, the
g-difference operator of F' defined as follows : o,(f(2)) := f(qz).

2.1 g¢-Arithmetic properties

In this paragraph, we just recall the most usual g-arithmetical objects.

Definition 2.1 Let k € Z. Put [k], := L=L.

q—1

1. Let [k],! denote the element of C defined by [k|,[k — 1],...[1],. We will say that [k],!
1s the q-factorial of k.

2. Let‘(Z)q ‘denote tﬁe element of C' defined by m We will say that (,:)q is the
q-binomial coefficient of r over k.

3. (1=t =0 —=t)(1—qt)...(1 — g™ 't).

Proposition 2.2 1. (S)q = (:)q = 1.

2. (3), =0 k#0and () =1

3. Assume that q is a primitive n-th root of unity. Then for two integers a > b,

(i)~ () 0

4o D it jmbi<sj<r (;) (j)qqi(“j) = (Tzs)q for all (k,r,s) € N> withr + s > k.

q

Proof of part 4
Let m € N. The function (1 —t),, of C(t) defined in 2.1 part 3 gives

(11, - zm:(_l)j (”?)quu—mtj, (2)

=0 J

Because ¢" = 1 and n is the order of ¢, we have (1 —t),, = (1 —t)%. Using Equation (2),

we obtain . .
Z(_Uj (a”) P02 — Z (“) (= 1) gnn=1il2gns,
q

=0 J =0 \J

an) qbn(bnfl) _ (CL)qbn(n;U.

By comparing the terms in ", we obtain (lm A b

Proof of part 5
Let (k,r,s) € N* with r + s > k. We have

(1 - t)r+s - (1 - t)r(l - th)s- (3>
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By comparing the terms in ¥, we obtain

_ r+s i _ T S\ i(r—i
(_1)qu(1€ 1)/2 — Z (—1) +qu(k vzt _ q( )
k q j q v q

i+j=k,i<s,j<r

Remark 2.3 If C is of characteristic p > 0, then for p’ > i we get from equation (1)
("), = 0.
q

ni

2.2 Iterative ¢-difference ring

In this paragraph, we define the formal properties of the iterative g-difference operator. In
oq—id

the world of ¢-difference the analogue of the derivation % is the operator 9, := = (see for

instance [20]). Heuristically speaking, when ¢ goes to 1, ¢, goes to the usual derivation %.

Thus the main idea of our constructions is to deform the iterative derivations into iterative
difference operators by replacing 0 by d, and all the arithmetical factors occurring in their
Definition 1.1 in [16] by g-analogues. The only change appears at the part 4 of Definition
2.4, where a twist by o, occurs.

Definition 2.4 Let R be a q-difference extension of C(t) in the sense of [25], let o, be the
q-difference operator of R and let 07, :== (51(15))/&61\1 be a collection of maps from R to R. The
family 0%, is called an iterative q-difference operator on R, if for all a,b € R and all
1,7,k € N, the following properties are satisfied

1. 89 = id,

2. 0% = 255,

3. 6 (x +y) =00 (x) + 6% (y),

4. 0W(ab) = 3,4 040 ()35 (0),
5.0 00 = (V) o).

The set of iterative q-difference operators is denoted by ID,(R). For oy, € ID,(R), the tuple
(R, d%,) is called an iterative q-difference ring (ID,-ring). We say that an element ¢ of

R is a constant if 5}?)(0) =0 for all k € N*. We denote by C(R) the ring of constants of
R.

Remark 2.5 1. If R is a ring, then C(R) is a ring. If R is a field, then C(R) is a field.

2. We have for all j,i € N,
o 1 .
J(]I(Sg) = —5}(;)01 (4)

qji q-



Proof

In order to prove Equation (4), it is sufficient to prove it for j = 1, the general case obviously
follows from this case.

For all k£ > 0, we have

59(15) = 0= 00 (7)1 + (68, ©

By part 5 of Definition 2.4, we get 52) o 52) = 51([? o 521) for all ¢ € N. Using part 2 and
4, we obtain that

)(@) =Y ok (05 (o —id) (2))aW (t~)+0) (o —id) ()t~
k=1

70— o5 () = 8o

for all x € R and i € N. By Equation (5), we get

i—1

(@)
g i -1 i—1—k . k), _ 0p 00 (SU)
~ody (x) = — gy Jog(0g o —id) (@) (7] + S0,
k=0
ie.,
(o) i -1 i—1 1 0 : (o)) (I‘)
~ody (1) = —oy (0 0 0 () +
t t t
that is,
i (4)
o ; qg—1 ¢ -1 0y o oy(x)
o0 (@) = =Ty 0 (R (@) + S
This last equation gives
i L i
70 (7) = 03 4()
which concludes the proof.
(1)yF
Remark 2.6 (Classical case) If q is not a root of unity then 555) = (Tllj}q)! and the itera-

tive q-difference rings that we consider are the q-difference rings studied by M. van der Put
and M.F Singer in [25].

Main example : The field of rational functions over C
Definition 2.7 Let k € N. Let 6\ denote the additive map from Clt] to C[t] defined

by (5(5@()\757") = )\(,’;)qt’“_k, for all v € N, and A € C. Using the formula 6* (ab) =
Ditiek aé(ééj)(a))ééi)(b), we extend 5(§k) to FF = C(t).



Proposition 2.8 The collection (5§k))keN of maps from F to F, defined previously, satisfy

1. 6% = id,

(1) _ oq—id
2. o) = it

3. for all k € N, the map 5,§k) 1s additive,

q

Proof

By construction of (5§k))k€N, it is sufficient to prove that all the formulas hold upon
evaluation on t" with » € N.

1. Because (ﬁ)q = 1, it is obvious that 550) =1d.

2. For all r € N, we have 5}11)(#’) = (;)qtr’l = q(;t:)t: = Z;__li)dt (t").

wemo- (7))
(D00,

t+J
{

3. Let r € N. We have
and

which gives

5 0 69 (t7) = ( ) ST ().
q

Proposition 2.9 The field F' = C(t) endowed with the collection of maps ((Lsk))ng as in

Definition 2.7 is an iterative q-difference field with 5&")(1&”) =1 for all n € N and thus
C(F)=C.

Tensor product of /D, -rings

Lemma 2.10 Let (Ry,0%,) and (Ry, d%,) be two iterative q-difference rings. We have

ST ol (@) @ (b) = > 0¥ (a) @ o155 (b)) (6)

it+j=k itj=Fk

for all k € N, (a,b) € Ry X Rs.



Proof
The formula (6) is obviously true for k = 1, using the definition of (). If (6) holds for k
and [ in N, we have

(k;rl) > Gl (0W(a) @ o) (0) = <Z ol (08 @ 5;;3) ( 3" Gi(0¥(a) @ 55;2(19))

9 i+j=k+1 r+4s=l i+j=k
that is
OIRACHIEL (Z a;<6§£3<a>>®5§éi<b) (Z 55, ® 7,(0%) ) (Z IHOEEAQ <b>>)
r4s=l i+j=k r4s=l i+j=k
and thus

k+1 i k+1 : e
(7)) T aetaefo-("") T dwoqeio.
9 itj=k+I 9 i+ j=k+l1

Then, if (k+l) # 0, the formula (6) holds for k£ + [. If ¢ is not a root of unity, we can
conclude by mduction‘

Assume now that ¢" = 1. It remains to show that Formula (6) holds for & € nN. We will
first prove it for k = n. . .
Because Y., ;_, 04 (07, () @ 67) (b) = 85 () @b+ a @) (0) + 13 o33z, (a) © 87 (b),
the proof for £k = n will be complete if we show that

n—I1 n—1
> a0 () @ (b) = Y o (a) @ 0% (04, (D). (7)
i=1 i=1
We have 6% = (‘E;i),k and
—1)k i (k J(J 1 1 b i
5(1)k:<— _1](_) gl == i o
A (ES P SN ) I Ak ey DL
J= J=
for 0 < k < n (see [8], Lemma 1.1.10). Then,
o ®5 (b) o 1t K ). (8)
Z =0 = oo ZZ 2 = a4

Ifl #mn, k+#0and [ # k, we have

szn al—i,n—iak,iq_i(n_i) o (— I)Hn e - < ) qi(igl) =0
[n — d]g!i],! [0 — gk d! g

i=k,i£0 z=0




(expand (1 — 1);—g). If I = n, then

Z:fn Qnmimieag ) (SR an feotamstnel
ik a0 [n — d]g![dlg! [K]![n — Klg— i=0.140 [n — d]g!dlg!

(expand (1 — 1), and (1 — 1),1). Because oy = id , it follows that the equation (8) is
symmetric in @ and b. Thus the formula (7) holds and the equation (6) is true for k = n.
For k = 2n, we have

3 e © 5 0) = 657 (@) 9 b+ aw 6 0)+
i+j=n
2n—1 ) .
ZU 52— ) ® 5 (b) 4 5%?(@) ® 5212)(()) + Z 02(55%21”*2)(@)) ® (5%2(19)
i=n-+1

Because 62" = §(=9 o §(" for all 4 = 1,...,n — 1, we obtain by (7)

— -1

Z 2n i) ® 532 Z W 5;; ® 5R2 Zé(nJrz 5%12 i (b))

=1 =1

2n—1

= > 6(a) @ (65" (b))

i=n+1

We also have

2n—1
3 ol (et (a) @ 6% (b) Zé%i 30 (b)).
i=n-+1

This concludes the proof for k = 2n. The same arguments gives the other cases.

Proposition 2.11 (proposition, definition) Let (Ry,0%,) and (R, 0%,) be two iterative
q-difference rings. We define a collection of maps (5%)@32)%1\1 from R ®p Ry to R1 ®p Ry
as follows :
5%?@1%2(7”1 ®To) = Z Jé(égl)(rl)) ® 5}(2(7“2) forallk € N,ry € Ry and r9 € Rs.
itj=k
Then (Ry ®F Ry, 0% 5,) is an iterative q-difference ring.
Proof

It is obvious that the family (§ R1)® Ry Jken satisfies the three first parts of Definition 2.4. By
Lemma 2.10 we have

o @ra) = Y ol (r)) @ 6 (re) = Y 89 (r1) @ 0d (8) (1))
i+j=k i+j=k



for all k € N. Let (a,c) € R? and (b,d) € R3. We have

08 om((a@b)(c®d) = > 085 (ac)) @ 53 (bd),

i+j=k

Som((a@b)cad) = > ol (a)oh 2 (530 () ® ol (352 (6))0%2 (d),
t1tiz+j1+72=k

and thus,

Sor((a@b)(cwd) =Y oi* (69 (a)) @ 65 (d) (0] (65 o, (c @ ))).
i1+jo+i=k

This gives

S ((a@b)(cd) = Y ol ()l (052 (c) @ o T (69Y (b))0yY (d),
i1+ia+j1+je=k

and thus

51(12)@1%2((“ ®b)(c®@d) = Z ‘7;(5%)@32(“ ® b))5§2®g2(0 ® d).
i+j=k

This is part 4 of Definition 2.4.
We now prove part 5. Let (k,1) € N? and (a,b) € Ry X Ry. We have

k ! i [(J1+ 7 1+ i1t s (1+i i1
oot m@ot) = 3 qﬂ( . )( . )a (6979 (a)) ® 68+ ),
q q

i+i=Li1+i1=k )1 !
that is
(k) Q) — r(5(s) (r) r S\ itr—j
om0 Moot = X a@eor X (1) (3) a0
rts=k+l itjmkazsj<r M/ q q

Using part 5 of Proposition 2.2, we obtain

bt o r
5351)@132 © 5%«1@}32 (CL ® b) - ( k ) Z T4 (65%1) (a)) ® 55%2)(17)7

9 r+s=k+1

that is o
+
6g€1)®32 © 552@1%2 (CL ® b) = ( k ) 55%’??8}1)'%2 (CL ® b)
q
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2.3 Twisted ring of formal power series

This paragraph is devoted to the relations between /D, -rings and rings of formal power
series. By encoding all properties of an iterative g-difference operator into twisted formal
power series, Property 2.15 provides us with a very powerful tool for the proofs to come.
This kind of twisted ring appears already in the work of Yves André (see [1]).

Definition 2.12 Let (R,0%) be an iterative q-difference ring. The twisted ring R¢[[T]] of
formal series with coefficients in R is defined as follows : the additive structure of R%[[T]]
is the same as the one of R[[T]], the multiplicative structure is given by

M7 s pT" .= U;(,u)/\TTJr’C
and extended by distributivity to R[[T]].
We will denote by ”.” the usual multiplication law on R[[T]].

Lemma 2.13 The twisted ring (R°[[T]], +, *) as in Definition 2.12 is a non commutative
ring with unity. We will denote by ”.” the usual multiplication law on R[[T1]].

Proof
We have :

AT 1= XT" + T° = ol (AT = XT" = 1« XT" = oy (A\)T" = AT".

Thus 1 is a neutral element for the twisted multiplication .
Let us prove then, that * is associative.

VT® % (\T" % puT*) = vT* * (Jg(u))\Tr+k) = O'L;+S(/L)O';()\)VTT+S+I€

and
(WT* 5 XT") 5 T = (oS (A\)pT" %) 5 pT* = ob () ol (AT

q
give

VTS % (ANT" % puT) = (v % AT") % uT*.
The product * is therefore associative.
Now, we want to introduce an iterative g-difference operator on (R7¢[[T], +,.), that is to
say a collection of maps 07 which satisfies all the properties of Definition 2.4.
First we need an automorphism o, on (R%[[T]],+,.) such that (R%[[T]],+,.) is a ¢-
difference ring extension of F. We put o,(aT") := o,(a)¢’T" for all i € N and a € R.
By extending this definition R-linearly, R?¢[[T']] becomes a g-difference ring extension of F.
We put 5? ) (T7) = (l’;)qT’”*k for all (k,r) € N? and extend this definition by R-linearity.

Obviously ((5(Tk Nen is an iterative g-difference operator over (R%[[T]], +,.) (see Definition
2.4).

11



Definition 2.14 For all a € R,

To(T) =Y oy (a)T*.

keN

is called the g-iterative Taylor series of a. .
Two iterative q-difference operators 63 and 0% are called equivalent (viz 0f ~ 0%), if there

exist numbers n and m in N such that T,(T") = T,(T™) for all a € R, where T, denotes

the q-iterative Taylor series associated to 07,.

Proposition 2.15 Let R be a g-difference ring extension of F' and let 6% = ((5%€))keN be a
sequence of maps from R to R. Let &5 be the iterative q-difference operator of (R%[[T1], +,.)
defined previously, and let 1 denote the map

I: Ro[[T]] — R, > peny T —=ao .
Then 0% s an iterative g-difference operator for R if and only if
1. T is a ring homomorphism from R to (R%[[T]], +, ) , with 1o T = idp,
2. 6% 0T =TodW forallk eN.

Proof
The fact that T is additive is equivalent to statement 3 in Definition 2.4. The compatibility
of T with the multiplication law in R and the twisted law * in R¢[[T]], in the case where
0% is an iterative g-difference operator comes from the equations

Top(T) =Y 6% (ab)TF =" (Y 0i(6%(a)d% (b)T" = Tu(T) + T4(T).
keN keN i+j=k

The second property is equivalent to the property 5 of the same definition.

2.4 Iterative ¢-difference morphisms and iterative ¢-difference
ideals

Definition 2.16 Let (R, d5) and (S,0%) be two iterative g-difference rings. We say that
a ring morphism ¢ from R to S is an iterative q-difference morphism if and only if
8P o =¢ods¥ foralkeN.

The set of all iterative g-difference morphisms from R to S is denoted by Hom;p, (R, S).
An iterative g-difference ideal I C R (IDg-ideal) is an ideal of R stable by (5%) for all £ € N.

Lemma 2.17 Let I be an ID,-ideal of an iterative q-difference ring R, that is to say that
I is stable under the action of 6. Then the radical of I is a ID,-ideal.

12



Proof

Assume that ¢ is a n-th primitive root of unity. From 521) = Zaid

(g=1)t?

we get

oq(a) = (g — D83 (a) — a), for all a € I.

This shows that o,(a) € I for all a € I. Thus [ is a o,-ideal. Conversely, if I is a o,-ideal
then it is a 5g)-ideal. Now, let us consider a € V/I. There exists m € N such that a™ € I.
But, 0,(a™) = (,(a))™ € I. Thus o,(a) € V1.

Now, we will prove by induction that for all i < n, 62) stabilizes v/I.

It is true for ¢ = 1. If it is true for £ < n — 1, then £ < n and we have :

- k
3 04 = <1) 3y
q

where (lf)q # 0 because k < n. We have that 55%1) and 5%6_1) stabilize v/T (by first step and

by inductive assumption). Thus (555) stabilizes v/I. This concludes the proof by induction.
It remains to consider the case where k = n. Let a € VI and m € N such that ™ € I. We

have:
5gm)(am) _ Z U;2+...+zm (5%1)(@)...0;'” (5%”71)(@))5%7”)(@)' (9)

i1+...+im=nm

Because o] = id, we can rewrite the equation (9) as follows 5ng)(am) = (0p ' (a))" + B
with

B = Z O.éz+...+im (5%1)(61/))0.2711 (6}(;77171)(@))(51(;”,)(&)

11+ Fim=nm

where > 7, ., _ . means that we only consider the (i1, ..., i) such that there exists at

least one j with i; < n. We have already proved by induction that V1 is stable by o
and by 51%) for i < m. This implies that B € v/I. Then (5?((1))’” belongs to v/ since
5gbm)(am) € I because [ itself is an ID,-ideal. It follows (5}(;?)(@) c VI

So we have proved that v/I is stable under 51(5) for all k& < n. Using the formula
59 o g1 — (k)ng) and an inductive proof, we casily show that /7 is stable under 85"

for all k ¢ nN. The proof for k € nN is an analogue of the case k = n. Therefore v/T is an
ID,-ideal.

Remark 2.18 (Classical case) Forq not equal to a root of unity, the proof of the previous

lemma is more elementary (see Lemma 1.7 in [25]). The reason is that if I is a o4-ideal
then its radical is obviously a o4-ideal because o, is an automorphism.
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2.4.1 Extending iterative ¢-difference operator

Proposition 2.19 Let R be an integral domain, and let S C R be a multiplicatively closed
subset of R stable under the action of o, such that 0 ¢ S. Let &}, be an iterative
q-difference operator on R. Then there exists a unique iterative q-difference operator 6§, 5
extending 0% to ST'R.

Proof
Because d}, is an iterative ¢-difference operator, the application T : R — (R2[[T]], +, %)
defined by a +— T,(T) is a ring homomorphism (see 2.15). Since R is commutative, we
have

Tuw(T) =Tu(T)* Ty(T) = Tp(T) * To(T) for all a,b € R.

%g)) " of T.(T) by Ty(T') with respect to the multipli-

cation * for all (a,b) € R x R*. Thereby, the map T uniquely extends to a homomorphism

T : SR ((ST'R)™[[T]], +,%) via & > Ta(T) = 120", Define 63", (4) to be the

coefficient of T* in ’i‘% (T). Then the collection of maps (5;@1 R)ken of STIR to itself satisfy

conditions 1 and 2 of Proposition 2.15. Thus (5;@1 r)ken is an iterative g-difference operator
for ST'R. We also have

T

S—1R

This allows us to define the quotient

(T) =0 (To(T)) for all a € R, k € N,

The Taylor series associated to both sides of the previous equation extend uniquely to
(S7IR)°¢[[T]] and since they coincide on R°¢[[T]], they have to be equal. Then

T

S—1Rr

o (T) = 09 (To(T) for all a € ST'R, k € N.

By Proposition 2.15, we get that (5;@1 rJken is an iterative g-difference operator of SR

which uniquely extends (5?) keN-

Remark 2.20 Let (R, 6},) be an integral iterative q-difference ring. It is obvious that the
set S of non zero divisors of R is a multiplicatively closed set and moreover stable under
the action of oy.

Remark 2.21 In this paragraph we did not mention the possibilities of extending an iter-
ative q-difference operator over a field K to a finitely generated separable field extension
E/K. In fact, this problem appears already in the classical q-difference Galois theory : ex-
tending o4 to an algebraic extension gives rise to uniqueness problems. Here is an example.
Consider a difference field (K, o,), where o, is the identity on some algebraically closed
field C' containing Q, K contains a solution y of o(x) = cx, where ¢ € C' is non-zero and
1s not a root of unity. Moreover assume that K does not contain the n-th roots of y for
some n > 1. Consider the extension of K given by b" =y. Then o(b) = rb, where r™ = c.
The possible choices for o on K(b) depend on the choices of r, and there are n possibilities,
which give rise to n non-isomorphic difference field extensions of K.

But by chance, we will not have to handle such kind of extension till the end of the paper.
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2.5 The Wronskian determinant

In classical Galois theory of g-difference equations, there exists an analogue of the Wron-
skian called the g-Wronskian or the Casoratian. If we consider a o,-module M over a field
K and a family F := {yi, ..., ym} of elements of M, we will define the g-Wronskian of the
family F as

Wo(y1, oo ym) = det((oy  (y;)1<ij<m)-

The nullity of the ¢-Wronskian gives a criterion for linear independence of the y;’s (see for
instance [15]). But when g is a root of unity, the g-Wronskian could vanish for other reasons
(for instance because o} = id). Thus, we have to change the notion of g-Wronskian for
iterative ¢-difference operators in order to get a similar criterion to the one in the classical
theory.

Theorem 2.22 Let (K,d3) be an iterative q-difference field with field of constants C.
Then for any elements x1,...,z, of K linearly independent over C', the iterative Taylor
series Ty, ..., Ty, are linearly independent over K.

Proof

This statement is obviously true for r = 1. We will proceed by induction on r. Let (H,)
be the hypothesis of induction, i.e., for any elements z1, ..., x, of K linearly independent
over (', the iterative Taylor series T, ..., T,, are linearly independent over K. Suppose
that (H,_1) is true and let z1,...,x, € K be linearly independent over C. Assume that
T,,,...,T,, are linearly dependent over K, i.e. :

r—1
TxT: E aij].
=1

where a; € K not all equal to zero. This relation implies that

r—1
0W (2,) =Y " a;6®) (ay) for all k € N (10)

j=1

We will prove that o,(a;) = a; for all 1 < j <r —1. First of all, let us remark that if
T1,...,T,—1 € K are linearly independent over C' then o,(x1),...,04(x,—1) € K are linearly
independent over C.

oq—id
Because of §(1) = =T

and from Equation (10), we have :

r—1

0,(6®(x,)) — 6® Zaﬂq )= a;00(z)

J=1

and

o,(0%™(x,)) Zaq a;)o, (8% (x)).

15



We also obtain that

1
—_

3)7q(0% (25)) =0

(]!

(o4(ay)

I
q

Ah

for all k € N. Because 0,(6® (z;)) = %W (0,(z;)), we get

,_n

rT—

(04(ay) — a;) (6™ (oq(x;))) =0

1

j
for all k& € N. This means that Z;;}(aq(aj) —a;)Ts, ;) = 0. Since zy,...,2,_1 € K are
linearly independent over C, 0,(z1), ..., 04(z,—1) € K are linearly independent over C. Thus
we can apply the induction hypothesis (H,_1) to the set of elements o,(z1), ..., 04(z,—1) of
K and so o,(a;) = a; for 1 <j <r —1 as desired.

For all k,7 € N, we have

i+k\ — i+k—1\
("5F) o = a5 B (T 8
q q

7=1 1=0
and ,
i+ k\ i+ k\ <
(i+k) _ (k:
( I )q5 (x,) = ( i )q;aﬁ ().

Because o,4(a;) = aj for 1 < j <r — 1, the term for [ = 0 on the right hand side is equal
to the left hand side, thus

(2

>3 o t0an(* ) 50 <o 1)

j=1 =1
For i = 1, we deduce from equation (11) that

r—1

Z 6W(a;)0® () = 0.

J

By applying 61, we obtain :

Tz_: 0 (60 (a;))8M (69 () + z_: 0061 (a;))0® () = 0,

i.e., since o, o) = 15(5 (g g for all s € N, and the a;’s are fixed by o,

r—1 k+1 1 r—1

500 a,)600 ;) + 3 (g + 1)(6® (7)) () = 0.

J

q(q
qg—1
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For i = 2, we deduce from equation (11) that
r—1 L —I—l r—1
o)1) V) + 3 6 a5 ) <o
J q J

By subtracting this from the equality above, we find :
r—1
> 6®(a;)8M ;) = 0.
J

By induction, the same arguments yields

r—1
Zd(i)<aj>5(k)<$j) =0 fork>0andi>1.
J
This leads to

r—1
> 69a;)T,, =0.
j
By hypothesis of induction (H,_ ), this implies that 6®)(a;) = 0 for all i > 1 and all
1 <j <r—1. Hence all the a;’s are constants and lie in C'. But we have z,, = Z;;} a;T;
(see equation (11) for £ = 0) and thus by assumption of C-linearly independence of x1, ..., z,,
we get that a; = 0 for all 1 < j <r — 1. This is the end of the proof.

Corollary 2.23 In the notation of Theorem 2.22, there exist numbers dq, ...,d, € N such
that

det((6'") ()i j=1) # 0.

Definition 2.24 Let (K,0}) be an 1D, field with C(K) = C and let xy,...,x, € K be
linearly independent over C'. The smallest numbers dy, ...,d, € N (in lexicographical order)
such that det((8\4) (x;)) ._,) # 0 (which exist by Corollary 2.23) are called the difference

ij=1
orders of x1,...,x,.. The determinant

wr(Ty, ..., ) 1= det((é(di)(xj))zjzl)

1s called the Wronskian determinant of x4, ..., z,.

3 Iterative g-difference modules

Until the end of this article, we will assume that ¢ is a n-th primitive root of unity con-
tained in an algebraically closed field C. But we do not make any assumption about the
characteristic of the field C.

In Section 2, we have defined iterative g¢-difference rings. Following the classical way, we
extend this concept to modules, in order to get a suitable notion of iterative ¢-difference
equations associated to these modules.
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Definition 3.1 Let (R, d},) be an iterative g-difference ring. Let M be a a free R-module
of finite type over R. We will say that (M,d3},) is an iterative q-difference module if

there exists a family of maps 0%, = (55\?)%1\;, such that for all i,7,k € N
1.8 =idy,

2. ¢y = (q— 1)t5](\}) +idys 1S a bigective map from M to M,

3. (51(\? is an additive map from M to M,
400 (am) =, 0109 (a)85) (m) for a € R and m € M,
5. 84 085 = (") o4,

The set of all iterative q-difference modules over R is denoted by IDM,(R).

Remark 3.2 (Classical case) If g is not a root of unity, it is easy to see that ¢pr(am) =

(nk
‘;M

oq(a)pr(m) for alla € R and m € M. Moreover, 5](\];) =
not a root of unity, an ID,-module is nothing else than a q-difference module in the sense

of [25].

Thus, in the case where q is

As in 2.5, we easily show that we have for all j,7 € N,
jos@) _ L)
Pp0n = ﬁdquM' (12)

Definition 3.3 Let (M, d3,) and (N, 6%) be two iterative q-difference modules over R and
let p € Homgr(M, N). We will say that ¢ is an iterative q-difference homomorphism

if 6 op=¢os" forallk eN.

Definition 3.4 Let (R,05) be an iterative q-difference ring. Let (M,d},) be an iterative
q-difference module over R. The C'(R)-module

Vi = ﬂ Ker(dj(\?)
keN

1s called the solution space of the iterative q-difference module M. We will say that M
is a trivial iterate q-difference module if M ~ Vi @c(ry R.

Theorem 3.5 Let (L, ;) be an iterative q-difference field. Let us denote by IDM,(L) the
category with objects the iterative q-difference modules over L and morphisms the iterative
q-difference morphisms. Then IDM,(L) is a neutral Tannakian category over C'(L). The
unit object is (L, 07).

18



We refer to [16] for the fact that IDM,(L) is an abelian category, the case for iterative
differential modules being the same as the one of iterative ¢-difference modules. For M
and N two objects of IDM,(L), we define the tensor product M ® N := M ®, N by the
usual tensor product as L-modules and turn it to an /D, -module via

51(;@1\/ (z®y) Z G031 (1)) © 0% ()

i+j=k

for all x € M,y € N. The proof that (5M®N)keN is an iterative g¢-difference operator on
M ® N is analogous to the proof of Proposition 2.11.
The dual of an object M of IDM,(L) is then given by M* = Hom(M, L) together with

S =Y (~1)iq T 0l (6 0 fo bl o 6y

i+j=k

for all f € M*. The proof that (M, d},.) is an iterative g-difference module is left to the
reader. We just recall that if (M, ¢y) is a ¢-difference module in the sense of [25], then the
M* is endowed with a ¢-difference module structure via

o+ (f) = aqofogh]&l.

The evaluation € : M ® M* — 1;pp ) = L sends 2 ® f to f(x), and the coevaluation
n:L— M* ®M is defined by mapping 1 to > ", zf ® z;, where {z;}; denotes an L-basis
of M and {x;}! , the associated dual basis of M*. Note that the deﬁmtlon of n does not
depend on the chosen basis. It remains to show that € and 7 are /.D,-homomorphism and
that they satisfy (e ® idy) o (idy ® 1) = idy and (idy= @ €) o (n @ idy+) = idy+ for all
objects M of IDM,(L). We have

€00 ia- (2@ 1) = ¢ ( Ty 001 (@) © G (651, <f>>)—zz+j L0 (657 (1)) (87 )
= Yoo LoD o (5 o f 0 83 0 6y (83 (@)
_ ZH_] kz ( )l 1(1+1)/2 l+z(5(] l) foq(z-l—l)(l-i-l) 5(+)<¢ (z+l)( ))

and thus
s * — - 1 i(i— Z*
codpoar (@ f)= 3 oy (7))o fo (63 (1)) (§j<—1>q< ”())

By expanding (1 — 1),,, we see that the inner sum equals zero if and only if i, # 0. We
thus get

o8 (@@ f) =P f(z) =6 o e(z ® f).

The proof for 7 is analogous.
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Let x = )" | a;x; bein M, then (e®idys)o (idp@n) () = eRidpy (z@ (D) 2f @) =
eQidy (Y (x@af) @) =Y 0 wi(x)®x; = Y, a;x; = x. Again, the second statement
is proved analogously. Finally,we note that

Endrpa,y(Lipm, ) = Endrp,(L) = C(L),
finishing the proof.

3.1 Iterative g-difference modules and projective systems

In this paragraph, we will show that iterative ¢-difference operators and iterative derivations
are closely related. First of all, let us consider the following proposition :

Proposition 3.6 Let q be a n-th root of unity. Let (L,67}) be an iterative q-difference field
and let (M, &3,) be an iterative q-difference module over L. Set Ly = ﬁj¢nNK€T(5(L])) and
My = ﬂjgnNKer((S](\j)). Then (M, (5(Mnk))keN) is an iterative differential module over Ly (see

[16]).

Therefore, one could hope to get as in [16] some projective system deeply associated to
our iterative ¢-difference module. But the problem is the following. In the case of charac-
teristic zero we may regain all the iterative ¢-difference operators only with the knowledge

of 5%}) and 51(\3). This is due to the formula ((5](\2))"’“71 = (nk—l)w(M”k) and to the fact that

the family {5](\}), (5§\Zk))keN} generates the iterative g-difference operator. But in positive
characteristic, we have to consider the whole family {55\}), (5(an k))keN} to recover the iter-
ative g-difference operator. Therefore, we can only obtain projective systems in positive
characteristic. But, this fact is not a hindrance to the construction of iterative g-difference
equations in characteristic 0.

As we have mentioned in the introduction, we will show that in positive characteristic, the
category of iterative g-difference modules is closely related to the category of some specific
projective systems. In this paragraph we obtain an equivalence between these two cate-
gories. This is a very nice tool because it allows us translate our computations from the
non commutative world of iterative g-difference modules to the world of linear algebra, via
the vector spaces associated to the projective systems.

This comparison between iterative differential modules and specific projective systems ap-
pears already in the work of B.H. Matzat and M. van der Put. But to obtain an equivalence
of categories between the projective systems linked to iterative derivations and the ones
associated to iterative g-difference, we need to have ¢? = 1 and this assumption makes no
sense. A hope for realizing this equivalence will be perhaps to rebuild both theories over
non-algebraically closed base rings, such as Z/p™Z and try to reach the Witt vectors. But
this is a a future research topic.

However, it is very easy to obtain from a iterative ¢-difference module an iterative differ-
ential module (see 3.6).
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3.1.1 Case of characteristic p

Let (L, d3) be an iterative g-difference field of characteristic p and let (M, d3,) be an iter-
ative ¢-difference module over L. In positive characteristic, we have the exact analogue of
the equivalence of categories obtained by Matzat in [16] Theorem 2.8.

Put Ly = Ker(8y)) and Ly, = NocjexKer(80™)) N Ly for k> 1 and Lo = L.
Put M; = Ker(6\)), My = No<jerKer(607) N My for all k> 1 and My = M.

Proposition 3.7 1. My, is an Ly-vector space of finite dimension,

2. (Mg, ¢r)ren, where ¢y, denotes the obvious injection from My 1 to My, is a projective
system,

3. the map ¢y extends to an isomorphism of Ly-vector-spaces from M1 @ Ly to M.

Proof
The two first statements are obvious. Let us prove the third one. Let (mq,...,ms) be s
elements of My, linearly independent over Ly ;. Suppose that there are linearly dependent

over L; and let
> ami=0 (13)
i=i0,i€T
be a non trivial linear combination of the m;’s over L, where 7 denotes a set of index of
minimal length. Without loss of generality we may assume that \;, = 1.

k+1

For np* < j < np**!, apply 55\? to Equation (13). We thus have, since m; € My,

> ia;(ég_s)()\i))égj)(mi): > 6P (N)mi = 0. (14)

i=ig,i1€Z s=0 1=10,i€L

Substracting (17) from (16), we obtain

> (67 () = Ayms = 0. (15)

By minimality, we have 5(Lj)(x\i) — X = 0 for all i > iy and for all np* < j < nptth.
That is to say that \; € Ly,,. Because (myq,...,ms) are linearly independent over Ly,
we get that A\; = 0 for all 7. This is a contradiction. We thus have dimy, , (Mpy1) <
dimy, (My). For all k € N, the application 5(ank) is Ljo-linear on M, and (6(ank))p =0,
. . n k . .

50 dlmLm—z (M/C-l—?) = dszk+2 (Ker((sl(\/lp ))|Mk+1) > ldlmLk+2 (Mk-i-l) > dlmLk+1 (Mk-&-l)’ where
the last inequality comes from the fact that 5(an ") is an Ly o-linear endomorphism of Ly,
of order of nilpotence p.

But we also have (5](\2 )" = 0. Therefore, we have dimp, (M) = dile(Ker(ég\})]M) >
Ldimp, (M) > dimg(M), where the last inequality comes from the fact that 6(;) is an
Li-linear endomorphism of L of order of nilpotence n (g is a n-th primitive root of unity).
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3.1.2 Case of characteristic 0

Let (L, 67 ) be an iterative g-difference field of zero characteristic and let (M, 03,) be an itera-
tive g-difference module over L. Put, for all k € N*| L, = ﬂ0§j<kKer(5(Ln])), Ly = Ker(é(Ll))
and Ly = L. _

Put, for all k € N*, M), = m03j<kKer(5§}“)), M = Ker(éj(\})) and My = M.

Proposition 3.8 1. M, is a Li-vector space of finite dimension.
2. My = M forall k> 1.

3. Let ¢y be the obuvious injection from My to M}. Then the map ¢, extends to a
monomorphism of Li-vector-spaces from My & L{, to M.

4. Let ¢y be the obvious injection from M/} to My. Then the map ¢y extends to an
isomorphism of L-vector-spaces from M} & L to M.

Proof
The first statement is obvious. Because (5](\2))”k_1 = (nkil)!ég\zk) for all k > 1 (see part 4 of
Proposition 2.2), we have My = M, for all £ > 1. The third statement is obvious.
We now prove the fourth statement. Let (my,...,ms) be s elements of M| linearly indepen-
dent over Lj. Let us assume that they are linearly dependent over L and let us consider a
non trivial linear combination of the m;’s over L where Z denotes a set of index of minimal
length :

> ami=0. (16)

Without loss of generality we may assume that \;, = 1.
Let us apply 5](\}[) to Equation (16). We then have, since m; € M|,

1
S N a0 m) = Y 8 (\)my =0, (17)
i1=10,0€Z s=0 1=10,0€ZL

By subtracting (17) from (16), we obtain :

> (657 (\) = Ai)ym; = 0. (18)

i>i0,i€T

By minimality, we have 5(Ll)()\i) — \; = 0 for all i > ip, that is to say that \; € L. Because
(my, ..., ms) are linearly independent over Lj,, we get A\; = 0 for all . This is a contradiction.
We then have dimp, (Mg) < dimy(M).

Conversely, from (6](\}))” =0 and (5(;))" = 0 follows

: . 1 .
dimp, (M) = dszé(Ker(5§\})|M)) > ﬁdlng(M) > dimy(M).
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3.1.3 Equivalence of categories in the case of positive characteristic
In this paragraph, we keep the notation of Paragraph 3.1.1.

Notation 3.9 Let (L,d7) be an iterative q-difference field of characteristic p. Let us denote
by Proj,(L) the category of projective systems (Ni, Yx)ken over L with the properties:

1. Ni 1s an Li-vector space of finite dimension and 1y is Lyyq1-linear,

2. each Yy uniquely extends to an Li-isomorphism

Ut Ly @y, Mypr — M.

Theorem 3.10 Let (L, §}) be an iterative q-difference field of positive characteristic. Then
the category Proj,(L) is equivalent to the category IDM,(L).

Proof

We already saw in Proposition 3.7 how an object of I DM, (L) leads to an object of Proj,(L).
Conversely, let us consider (N, ¥y)ken in the category Proj,(L). We will now construct
its associated iterative g-difference module.

Put My := Ny and define My, := g 0 ¢y o ...¢hp_1(Ng). Then My C My C ... C M. Let
By = {b1,...,b,,} be an Ly-basis for My, then by property 2, By is an L-basis of M. Let

77777

m

051 (x) = 87 ()b
=1

This is possible because we want Bj to lie in the kernel of 6](5[) for j < k. Obviously
the definition is independent of the choice of the basis. Therefore, (Mo, d},) is an object
IDM,(L).

Let us consider two objects M := (M, ¢x)ken and N := (Ni, ¥y )ren of Proj,(L) and « a
morphism from M to N in the category Proj,(L), i.e. ay is Ly, linear and the diagram

(875

M, Ny
d’kT TlikT

Q41
M1 — Nia

is commutative. Then we have 0} o ap = ag 0 d},. Also, with this property, it is then easy
to verify that
Proj,(L) ——= IDM,(L)

(Nk‘7 ?/)k) — <M07 5?\/[0)

(with 03, as defined above) is in fact an equivalence of categories.
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3.2 Iterative g-difference equations

As we expect from standard g¢-difference Galois theory, any iterative g-difference module
should give rise to an iterative ¢-difference equation consisting of a family of equations.
Proposition 3.12 in the case of positive characteristic and Proposition 3.17 for characteristic
zero show how to obtain this equation from a given I D ,module.

3.2.1 Case of the characteristic p

Proposition 3.11 Let (L,07) be an iterative q-difference field of characteristic p, and
let (M,d3,) be an object of IDM,(L). Let us consider the canonical projective system
(Mg, or)ren associated to M. For all k € N, let us choose an Ly-basis By of My with
¢ By = By1 and let Dy € Gl,(Ly) denote the matriz of ¢x with respect to that basis, i.e.,
ByDy, = Bj1.

Then, for any l € N and for any X € L™, we have :

1. By X = B, X; where X; = Dlill...DalX,
2. 6M(ByX) = BoW™ (X)) for k <.

Proof
Part 1 is obvious by definition. Part 2 follows from

s (Byx) = 6 (B.X,) = B (X)) for k < 1.

Proposition 3.12 With the previous notation, and a basis By = {by,...,b,} of M, the
following statements are equivalent

1. Boy =Y 1 yibi € Var = NigenMj,.

2. For alll € N, we have 58)(y1) =0 and 52”pk)(yl) =0 for 0 < k <1, wherey, =

D '..Dyly.
3. .
5(an )(Y) = Apy1y,
for all k > 0 where Ag4q = 5énpk)(DO...DkH)(DO...DkH)*l and 521)(y) = A1y where
Al = (S(Ll)(DoDl)(DODl)il.
Proof

First, we show that statements 1 and 2 are equivalent : Byy € V), if and only if 6](\2)(Boy) =
0 for all £ € N*. The claim is obvious by using the equation

3% (Boy) = Bio (y1)
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which holds for k < [ (see the previous proposition).
Finally, the equivalence of 2 and 3 is obtained using:

8 (y) = 8 (Dijayits) = 85 (Do...Disy)yisa+ Do Dig10y™ ) (yira) = Apry+00") (yi42)

and
(521) (y) = 521)<D1YQ) = 5(Ll) (D()Dl)yg + DoDldg) (yg) = Aly + 521) (yQ)

Definition 3.13 The family of equations {0\ (y) = Aly,é(ank)(y) = Apy }iso related to
the I DM,-module (M, &3,) by Proposition 3.12 is called an iterative q-difference equa-
tion (ID,E).

We now give some examples of iterative g-difference equations over fields of positive
characteristic.

Example 3.14 Let p be a prime number, let C' = E be an algebraic closure of I, and
let ' = C(t) be the rational function field with coefficients in C. Let (a;);>0 be a set of
elements in C. Let M = Fby. Suppose that, D;,1 = (t‘””pl) € Gly(Fi41) for 1l € N and
Dy = (1). We have

ag
tnp

A1 = 5(ank)(Do---DkH)(Do---DkH)_l = 5(Lnk)(t2f:° ey Eicoamy' —

P
because (Zj:opi]np]) = ay. Hence 5§\Zpk)(y) = ey for all k € N.
n q

tnpk

Example 3.15 Let p be a prime number, let C' = IFT) be an algebraically closure of I, and
let = C(t) be the rational function field with coefficients in C. Let (a;);>0 be a set of
elements in C. Let M = Fby @& Fby. Suppose that,

nl
Dyyy = <(1] altlp )for all €N

10
b (30)

1 a
Ak+1:<0 1k)

and Ay = 0. So, the associated 1D E associated to M is

and

Using the formula (1), we obtain,

Oak

(np*) _ _
) (Y)=AY = < 0 0

)onrallk‘GN.
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3.2.2 Case of characteristic zero

Let (L,07) be an iterative g-difference field of characteristic zero and let (M, d3,) be an
iterative g-difference module over L. As in Paragraph 3.1.2, L1 = Nogjc1 K er((S(L"J)),
Ly = Ker(8W), Ly = L, My = No<jc1 Ker(6\7)), M} = Ker(8\") and My = M.

Notation 3.16 Let B = {b},...,b),} (resp. By) be a L{-basis of M (resp. a Lo-basis of
My ). Because of Proposition 3.8, we have M{® L ~ M. Now let us denote by Dy € Gl,,(Lj)
the matriz of ¢o with respect to the basis B, and By, i.e., ByDy = Bj,. Let Cy, be the matriz

of (5]((;) with respect to the basis By and let ® € Gl,,(L) be the matriz of the action of o, with
respect to the basis By. Set

1. Ag:=1Id, A, .= —®~1Cy, and
2. Ap = —@*k(z;’:é PICy_;A;) for k > 1 inductively.
Proposition 3.17 Using the previous notation, the following statements are equivalent:
1. By = > yibi € Var = Nigen M.
2. For k € N, we have (5(Lk) (v) = Apy, with Ay defined in Notation 3.16.

Proof
If Boy = 3.7, yib; € Vi, then for all k € N we have 6\ (Byy) = 0.
Let us first consider the case k = 1. We have

83 (Boy) = 04(Bo)dW(y) + 6 (By)y,

and thus
5(1)(}’) = —(13_101.

We will proceed by induction and assume that we have 5(Lj)(y) = A;y for all j < k. Then

k k—1
00 (Boy) = 0= 0d(a\; 7 (Bo))dD(y) = Y Bo®ICyjAjy + By®* 6™ (y),
j=0 j=0

and thus 1
s (y) = —CI)*k(Z PIC, Ay = Ary.
=0

Hence the first statement implies the second. By going through the computation back-
wards, we obtain the equivalence between the two statements.
Definition 3.18 The family of equations {5(Lk) (y) = Ary tren related to the I DM, -module
(M, d3,) by Proposition 3.17 is called an iterative q-difference equation(ID,E).
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Remark 3.19 We shall recall the introduction of Paragraph 3.1.2 : in the case of charac-
teristic zero we may reqain the iterative q-difference operator from the knowledge of V) and
58" . Therefore, for the study of an iterative q-difference equation in zero characteristic, it
1s sufficient to know the iterative q-difference equations at level 1 and n.

Remark 3.20 We keep using Notation 3.16 and we will show how to compute C; by in-
duction for j < n. We have by definition Cy = %. This implies

Jg—1 . .
q—l‘sg‘?(Bo) = 050057 (By) = 65 (C5-1By) = (04(C5-1)C1 + 8V(C;_1)) By,

and thus

-1
Cj = =7 (o Ci)Cr + 60 (Cs)) (19)

Example 3.21 Let L = C(t) and let q be a n-th primitive root of unity. Let M = Fby be
a rank one IDM,(L)-module and suppose that ®(by) = by. Then an easy computation leads

to C; =0 foralll < j<mnand A; =0 for1 <j <n. Now, let a; be an integer and set
Cn = 4t. Then A, = $+. By induction we get
Ay = ;—I:L, for all k € N where agy1 = k——|—1<kak + agay).

4 Iterative g-difference Picard-Vessiot extensions

In this section, we develop a Picard-Vessiot theory for iterative ¢-difference equations. We
build the Picard-Vessiot ring inspired by the usual construction, but we have to adapt our
construction to a infinite set of variables, and thus some modifications are necessary.

4.1 Iterative Picard-Vessiot rings
Notation 4.1 Let (L,07) be an iterative q-difference field. If,

1. the characteristic of the constants field C' of L is zero then let us denote by (ko) the
family (k)ken,

2. the characteristic of the constants field C' of L is positive equal to p then let us denote
by (kc) the family {1, (np")en}-

Remark 4.2 (Classical case) As mentioned before, when q is not a root of unity, an
iterative q-difference module is the same object as a q-difference module. Moreover, in this

case the iterative q-difference equation is just obtained by considering the equation of level

1 and if there exists Y € Gl,(R) such that 6(Ll)(Y) = AY then for all k € N we have
5(LkC)(Y) = A.Y. Thereby, when q is not a root of unity, an iterative q-difference equation

is simply a q-difference equation in the sense of [25].
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Definition 4.3 Let (L,6}) be an iterative q-difference field, let (M, &%) be an object of
IDM,(L), and let {6(Lk0)(y) = Ary}ren be an iterative q-difference equation related
to the IDM,-module (M, &}4,), denoted by ID,E(M).

Let (R, 0%) be an iterative q-difference extension of (L,d3). A matriz Y € Gl,(R) is called
a fundamental solution matriz for ID,E(M) if 5%60)(}/) = ALY, for all k € N.

The ring R is called an iterative q-difference Picard-Vessiot ring for 1D, E(M)
(IPV,-ring for short) if it fulfills the following conditions :

1. R is a simple ID, ring (that means that R contains no proper iterative q-difference

ideal ),
2. ID,E(M) has a fundamental solution matriz'Y with coefficients in R,
3. R is generated by the coefficients of Y and det(Y)™,
4. C(R)=C(L).

Remark 4.4 (Classical case) As in Remark 4.2, we easily see that if q is not a root of
unity, the notion of an iterative Picard-Vessiot ring is exactly the same as the notion of
Picard-Vessiot ring in the sense of Singer, van der Put ([25]).

Proposition 4.5 Let (L, ;) be an iterative q-difference field, with algebraically closed field
of constants C(L), and let R/L be a simple ID,-ring. Then R is a reduced ID,-ring.
Moreover, if R is finitely generated over L, we have C(L) = C(FE) where E denotes the
localization of R by its set of non zeros divisors.

Proof
The fact that R is a reduced ID,ring is a consequence of Lemma 2.17 where it is shown
that if [ is an ID,-ideal the same is true for its radical. For the second statement, let us

assume that R is finitely generated over L. Let ¢ be a non zero constant of E and put J =

{a € Rla.c € R}. First of all, because 0% = (U;:fﬁ, we have that o7 (c) = ¢ for all k € N. It

is then quite clear that J is an I Dg-ideal of R because of 5g€)(a.c) = 05(0).5? (a) = c.5g€)(a)
for all £ € N. Since R is simple, and J is a non trivial I D,-ideal, we have J = R, and thus
l.c = ¢ € R. Suppose that ¢ ¢ C(L). Thus for all d € C(L) the ideal (¢ — d)R is a non
trivial /D,-ideal in R and also equal to R. This means that (¢ —d) € R* for all d € C(L).
Let ¢, : Spec(R) — Al be the morphism induced by

o : LT] —R, T+ c.

Since Im(¢p.) N A} (C(L)) is empty, Im(¢.) does not contain any open subset of Al.
Therefore the image of ¢. in Al is finite and closed. This implies that c is algebraic
over L. Let P € L[X] be the minimal monic polynomial annihilating ¢. We have
5(Lk)(P(c)) = pi’ (¢) = 0 where P’ denotes the element of L[X] obtained from P by
applying 5(Lk) on the coefficients of P. By minimality of P we conclude that P € C(L)[X].
Because C(L) is algebraically closed, we then have ¢ € C'(L). This is a contradiction!
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Proposition 4.6 Let (L,0}) be an 1Dy-field and (R, 0%) be an IDy-ring with q-difference
operator extending the one given on L. Let Y and Y be two elements of Gl,(R), funda-

mental matrices of solutions for the ID,F, 5?0)(y) = Apy. Then, there exists a matriz
P € Gl,(C(R)) such that Y = Y P. Moreover, if both L and R satisfy the conditions of
Proposition 4.5 then P € Gl,,(C(L)).

Proof

It is obvious that there exists P € Gl,(R) such that Y = Y P. We want to show by
induction that for all £ € N*, we have (55?(P) = 0. For k =1 we obtain

o (V) = 0 (V)P 4 0g(Y)0} (P) = AiY + 0y ()0} (P).
Thus, 5]%)(13) = 0 (because o0, is an automorphism of G, (R)). Using the formula

SR (Y) =D a0 (¥))e(P),

it+j=k
we get by induction that 5g€)(P) = 0 for all £ € N*. This implies that P € G1,,(C(R)).

Theorem 4.7 Let (L,0}) be an iterative q-difference field with C(L) algebraically closed
and let (M, d03,) be an object of IDM, (L) with iterative q-difference equation (5](—Jk0)(y) = Ary
(ID,E(M)). Then there exists an iterative q-difference Picard-Vessiot ring for the iterative
q-difference equation which is unique up to iterative q-difference isomorphism.

Proof

Let m be the dimension of M over L and set U = L[z, det(xi;)""]. The algebra
Uo := Lz ;] is given a structure of ¢-difference extension of L via o4(X) := ﬁX +X
where X = (z(;))u;)- DBecause o, is a ring-automorphism, we have that the ideal S

generated in Uy by det(x; ;) is a o,-ideal and a multiplicatively closed set. U, has a non
trivial I Dg-structure via

0p, = 05 (X) = A4 X, for all k € N,

Because S satisfies the condition of Proposition 2.19, there exists a unique iterative g¢-
difference operator 05, extending d7, on U = S™1Uy. Let P C U be a maximal 1D,
ideal of U. Then R := U/P is a simple ID,ring and Y := X, the image of X under
the projection of U to R, is a fundamental solution matrix of /D, E(M). Moreover R/L
is generated by the coefficients of Y and det(Y)™. Thus R is an iterative g-difference
Picard-Vessiot ring.

Assume that (R1,d%,) and (R, d3,) are two iterative g-difference Picard-Vessiot rings for
M with fundamental solution matrix Y7 (resp. Y3) in Ry (resp. Rs). Put N = R; ®p Rs.
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As in Proposition 2.11 we endow N with an /D, -structure. Let P C N be a maximal
ID,ideal, then R’ := N/P is a simple D, ring. The two maps :

o1 : R — R/, T (r; ® 1)

and
P2 Ry — R/, T2 (1®ry) -

induced by the natural inclusions are I D,-monomorphisms, and ¢;(Y;) and ¢»(Y2) are two
fundamental matrix solutions for M in R’. By Proposition 4.6, there exists P € Gl,,(C(L))
such that ¢1(Y1) = ¢2(Yo)P (C(L) = C(Ry) = C(R2) = C(R')), which implies that
¢1(R1) ~ ¢2(Rs). This concludes the proof.

4.2 The iterative ¢-difference Galois group

In this section, we will define the iterative ¢-difference Galois group associated to an iter-
ative ¢-difference module. The way of describing such a group is the exact translation in
the g-difference world of the work of A. Roescheisen (see [19]) in the case of iterative differ-
ential Galois theory. Until the end of this section, (L,d}) will be an iterative g-difference
field with algebraically closed field of constants C, (R, d},) an iterative g-difference Picard-

Vessiot ring for the iterative ¢-difference equation {52%)}/ = AY, k € N} defined over
L.

Notation 4.8 Let S be a ring. We denote by Loc(S) its localization by its set of non-zero
divisors.

4.2.1 Functorial definition

First of all, let us remark that, given an algebra A over C' and an iterative g-difference ring
(S,0%), we define an iterative g-difference operator on S ®c A by setting (5&2014(3 ® f):=

5?(3) ® f for all k € N. As in [19], we say that 0% is extended trivially to S ®¢ A.
Definition 4.9 Let us define the functor

Aut(R/L) : (Algebras/C) — (Groups), Ar— Autp (R®c A/L ®c A)
where 0, (resp. 0}) is extended trivially to R @c A (resp. L ®@¢ A).

In the following, we will show that the functor Aut(R/L) is representable by a certain
C-algebra of finite type and hence is an affine group-scheme of finite type over C.
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Lemma 4.10 Let R be a simple I1D,-ring with C(R) = C, let A be a finitely generated
C-algebra and Ry == R ®c A with I Dg-structure trivially extended from R. Then there is
a bijection

I(A) Tip,(Ra)

I———RA(l®cI)=R®c 1,

JN (1 XKoo A) 1 J
between the ideals of A and the ID,-ideals of R4.

Proof
Obviously, the two maps are well defined, and we only have to prove that they are inverse
to each other.

1. We will prove that for I € Z(A), we have (R®¢ I)N (1 ®c A) = I. It is obvious that
I is contained in the ideal on the left side. Now let us consider a C-basis {e;|i € N}
of I ; then R ®¢ I is a free R-module with basis {1 ® ¢;|i € N} and an element
[ =2 enTi®e € R®c I is constant if and only if all the ;s are constants, i.e., if

fel.

2. Conversely we have to prove that for J € Z;p, (R4), we have R®@c J N (1®c A) = J.
It is clear that J contains the ideal on the left side. Now, let {e;|i € N} a C-basis of
A, where N denotes an index set. Then, {1 ® e;]i € N} is also a basis for the free
R-module R,4.

For any subset Ny of N and iy € Ny, let Anny,,, be the ideal of all r € R such
that there exists an element g = Zie N Si ® e € J with s;, = r. Since the iterative
g-difference operator of R4 acts trivially on A and J is an /D, -ideal, it is clear that
Annpy, 4, is an ID,-ideal. Because R is simple, Anny, ;, is equal to (0) or R.

Now, let Ny C N be minimal for the property that Anny,;, # (0) for at least one
index i € Ny (minimal in the lattice of subsets). So there exists g = >,y si®e; € J
with s;, = 1 and by minimality of Ny we conclude that for all & € N*, §*)(g) =
D e Novitio 5g)(si)®ez~ = 0. This implies g € JN(1®cA). Nowlet g = >\ 5:®e; € J
be an arbitrary element and denote by Ny the set of indices ¢ with s; # 0. It follows
from the definition that Anny,; # (0) for all ¢ € Ny. Hence there exists Ny C Ny
minimal as above, ig € Ng and f =), .y 1 ®e; € JN (1 ®c A) with r;, = 1. By
induction on the cardinality of Ny, we may assume that g—s;,f € RQcJN(1RcA) C
J. Therefore g = g—s;, f+5siyf € R®cJN(1®@cA) and hence R@cJN(1®cA) = J.

Proposition 4.11 Let R/L be an iterative q-difference Picard-Vessiot ring associated to
an iterative q-difference equation and let T' be a ID,-simple ring containing L with C(T') =
C = C(L) such that there exists a fundamental matriz of solutions Y € Gl,(T). Then
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there ezists a finitely generated C-algebra U (with trivial ID,-structure) and a T-linear
ID,-isomorphism
YT ot T®L RHT(@C U.

where the ID,-structure is extended trivially to T ®@c U.
(Actually U is isomorphic to the ring of constants of T @, R.)

Proof
R is obtained as a quotient of L[X; ;, (det(X))™'] with iterative g-difference operator given
by 0% (X) = A, X for all k € N by a maximal ID,-ideal P C L[X,;, (det(X))~!]. We then

define a T-linear homomorphism
yr: T ®p LIX; j,det(X) ] —=T ®@c C|Z; ;,det(Z) 7]

by X;; — > p_ Yir ® Zy ;. The morphism 77 is indeed a T-linear isomorphism and if we
extend the ID,-structure trivially to L[Z; ;, (det(Z))™!], yr induces an I D,-isomorphism.

By the previous lemma, the ID,ideal v7(T' ® P) is equal to T'® I for an ideal I C
C|Z;;, (det(Z))~. So for U := C[ iiy (det(Z2))7Y/I, yr induces an I D -isomorphism

’}/TZT®LR4>T®CU.

Theorem 4.12 Let R/L be an iterative q-difference Picard-Vessiot ring. Then the group
functor Aut(R/L) is representable by the finitely generated C-algebra U = C(R®p R), i.e
Aut(R/L) is an affine group-scheme of finite type over C.

Definition 4.13 We call the affine group scheme Aut(R/L) the Galois group scheme
Gal(R/L) of R over L.

Proof of theorem 4.12

First we will show that for every C-algebra A any L 4-linear I D,-homomorphism

f i1 Ra—— R4 is an isomorphism. The kernel of such a homomorphism f is an I.D,-
ideal of R4. So by Lemma 4.10, it is generated by constants, i.e., elements in 1 ® A.
But f is A-linear so its kernel is zero. If X € GI,(R) is a fundamental solution matrix,
then f(X) € Gl,,(R4) is also a fundamental solution matrix and so there exists a matrix
D € Gl,,(Cg,) = Gl,,(A) such that X = f( )D = f(XD). Hence X, j,det(X)™' € Im(f)
and since R is generated by X; ;, det(X)™! over L, the homomorphism f is also surjective.
Using the isomorphism ~ := ~z of Proposition 4.11, for a C-algebra A, we obtain a chain
of isomorphisms

Aut'Pi(Ra/La) = Homp,"(Ra,Ra) =~ Homp"(Ra®p R, Ra)

~ Homp, "(Ra ®c U, Ra) =~ Homg (U, Ra) ~ Home(U, A).

Hence U represents the functor Aut(R/L).
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Remark 4.14 By taking a closer look on the isomorphisms in the previous proof, we
see that the universal object idy € Home(U,U) gives birth to the ID,-automorphism

pRidy : RcU— R®cU where p=7go(1®1idg): R—> R, R——= RQcU .

Corollary 4.15 Let R/L be an iterative q-difference Picard-Vessiot ring over L and G :=
Gal(R/L) the Galois group scheme of R. Then Spec(R) is a Gr-torsor.

Proof
The isomorphism v := g of proposition 4.11, determines an isomorphism of schemes

Spec(y) : Spec(R) x 1, G, = Spec(R) X¢ G — Spec(R) x 1, Spec(R).

By the previous remark and R-linearity of -y, the composition of Spec(vy) with the projection
on the second factor gives the action of G, on Spec(R) and the composition with the
projection on the first factor equals the map Spec(R) x G — Spec(R). In other words,
Spec(R) is a Gp-torsor.

4.2.2 Galois correspondence

Proposition 4.16 (Structure of the iterative ¢-difference ring) Let R/L be an iter-
atiwe q-difference Picard-Vessiot ring over L. Then, there exist idempotents eq,..,es € R
such that

1. R=R ® .. ® R, where R; = ¢;R and is a domain,

2. The direct sum E of the fraction fields of the R;’s is an iterative q-difference ring. E
is called the total iterative q-difference Picard-Vessiot extension of R.

Proof
Here, we give a partial analogue of Corollary 1.16 of [25]. We will thus follow the proof
of Singer, van der Put. But because we work in any characteristic, it will be necessary to

appeal to the book of Demazure, Gabriel ([7]) to assure smoothness. B
Let L be an algebraic closure of L and R = O(Z) for some Gr-torsor Z. Since Gr(L)

acts transitively on Z(L), this latter algebraic subset must be smooth ([7]). Therefore the
L-irreducible components Z, ..., Z; must be disjoint. Thus O(Z) is equal to the product
of the integral domains R; = O(Z;). Now let us consider the set S of non zero divisors in
R. Tt is a multiplicatively closed set which does not contain 0, stable under the action of
o,. By Proposition 2.19, the ring RS~ is endowed with an iterative g-difference structure
and it is obvious that RS™! = @;_, Frac(R;) where Frac(R;) denotes the fraction field of
Ri.

The next proposition shows that to be a torsor for an I D,-simple ring means, roughly
speaking, to be an iterative g-difference Picard-Vessiot ring.
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Proposition 4.17 Let R/L be a simple I D,-ring with algebraically closed field of constants
C(R) = C. Furtherlet G C Gl, ¢ be an affine group scheme over C. Assume that Spec(R)
is a Gp-torsor such that the corresponding isomorphism v : R ®;, R — R ®c C[G] is an
ID,-isomorphism. Then R is an iterative g-difference Picard-Vessiot ring over L.

Proof
Since Spec(R) is a Gp-torsor, the fiber product Spec(R) xg, Gl,, 1, is a Gl,, p-torsor.
(Spec(R) xg, Gl, 1 is obtained as the quotient of the direct product by the Gr-action
given by (z,h).g := (zg,¢g 'h) and is a right Gl, ;-scheme acting on the second factor.)
By Hilbert’s Theorem 90, every Gl,, p-torsor is trivial, i.e., we have an G, ;-equivariant
isomorphism

SPSC(R) Xgr GanL — Gln,L .

Then the closed embedding Spec(R) —— Spec(R) xg, Gl,,.;, — Gl, 1 leads to an epi-

morphism L[X; ;, (det(X))™'] — R, which is G;-equivariant. Denote the image of X by
Y. Then we obtain that the action of G on Y is given by Y +— Yg for any L-valued point
g € Gr(L). Since by assumption for every C-algebra A with trivial /D, -structure, the
action of G(A) commutes with the iterative g-difference operator 6*)(Y).Y ! is G-invariant
for all k € N. So d*)(Y).Y ™! = A; belongs to Gl,(L) and Y is a fundamental solution
matrix for the equation {0%®)(Y).Y ~1},cn. Hence R is an ID,-Picard-Vessiot ring.

In order to get a convenient Galois correspondence, we are obliged to define the notion
of an invariant in a functorial way. Let S be a C-algebra and H/C be a subgroup functor
of the functor Aut(S/C), i.e., for every C-algebra A, the set H(A) is a group acting on
S and this action is functorial. An element s € S is called invariant if for all A, the
element s ® 1 € Sy is invariant under H(A). The ring of invariants is denoted by S™. Let
E = Loc(S) be the localization of S by all non zero-divisors. We call an element e = £ € E

invariant under H, if for each C-algebra A and all h € H(A),

h(ir®@l)(s®1)=(r®l).h(s®1).

E™ denotes the ring of invariants (for the independence of this definition of the choice of
representation of e see [19]).

Lemma 4.18 Let R/L be an iterative q-difference Picard-Vessiot ring over L, let E denote

its total iterative q-difference Picard-Vessiot extension and G := Gal(R/L) the Galois group
scheme of R. Let H C G be a closed subgroup-scheme. Denote by ﬂ% : ClG] — C[H]
the epimorphism corresponding to the inclusion H~——=G . Then an element of ~ € E is
wnwvariant under the action of H if and only if r ® s — s @ r is in the kernel of the map

(idp @ 7§) oy : R®, R— R®c C[H].
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Proof
The following proposition is a special case of the Galois correspondence stated in Theorem
4.20.

Proposition 4.19 For every closed subgroup scheme H C G, the ring E™ is an ID,-ring
in which every non zero divisor is a unit. Furthermore we have E™ = L if and only if

H=g.

Proof
By the previous lemma, it is obvious that E™ is an I D,-ring in which every non-zero divisor
is a unit. Next, let = € E’. Then for all k£ € N, we have

Fros—sor).(sf o) =
L T . . . . L T
Z 021“3(5(”)(—))skaff(é(“)(s)) ®5(Z3)(s)sk — 5(”)(8)sk ®0;1+z3(5(’2)(—

N S
i1+i2+iz=k

D))stor (049)(s))

= > (@RE(s) 60 (s) (o T (00 (5))st @ 5F)

i1+ia+iz=k ’
>0 (0 (s) @0 (69 ()) (5" @ 0 (602 (2))sh) =
i1+io+iz=k ’
Z ((5(i)(8 ® s))(aé(é(j)(g))sk @ s — s aé(a(j)(g))sk).
it+j=k

The left hand side lies in Ker(idg ®75,), since this kernel is an 1 D-ideal . So by induction,
we get that (s®s)(0®(2)s" @ s —sF @60 (L)s*) € Ker(idr®75,) and hence 6% (Z) € E™.
For the second statement : if H = G, then W% = 1dg(g) and the considered kernel is trivial.
Hence r ® s = s®@r € R®g R is trivial for all £ € EY. Thus, there exists ¢ € L such that
r=cs,ie, ;=ce L.

Assume ‘H C G.Since Z = Spec(R) is a Gp-torsor, the quotient scheme Z/G; is equal
to Spec(L), in particular it is a scheme, and since G and Hy, are affine, G /H,, also is
a scheme. So by [13],1.5.16.(1), Z/H ~ Z x9 (G./H) is a scheme. According to
Proposition 4.16, Z is equal to the disjoint union of its irreducible components {Z;},—; ;.
Let pr : Z — Z/H; denote the canonical projection. Now let U C Z/H be an affine
open subset such that its inverse image {4 by pr has a non empty intersection with all the
Z;. We have a monomorphism pr, : Oz, (U) — Oz(U) whose image is Oz(U)™. By
construction of U, we have Oz(U)" C EM™. If E" = L, then also Oz(U)" = L. So, for
every affine open subset U C Z/H, such that its inverse image U by pr has a non empty
intersection with all the Z;, we have Oz, (U) = L, i.e., U ~ Spec(L) is a single point.
Hence Z/H = Spec(L), which contradicts the assumption H C G.

Theorem 4.20 (Galois correspondence) Let R/L be an iterative q-difference Picard-
Vessiot ring over L, let E denotes its total iterative q-difference Picard-Vessiot extension
and let G := Gal(R/L) be the Galois group scheme of R.

35



1. Then there is an antiisomorphism of lattices between:
$ = {H|H C G closed subgroup scheme of G}

and

T:={T|L C T C E intermediate I D,—ring s.t. any non zero divisor of T is a unit of T}

gen by ¥: 9 — %, H— E" and ®: T — 9, T — Gal(RT/T).

2. If H C G is normal then R™ is an iterative q-difference Picard-Vessiot ring over L
and E™ is its total iterative q-difference Picard-Vessiot extension; the Galois group
scheme of R™ over L is isomorphic to G/H.

3. For H € §), the extension E/E™ is separable if and only if H is reduced.

Proof

1. Let T' € T be an intermediate /D, ring such that any non zero divisor of T is a unit of
T. Then the compositum RT C E' is a I D -Picard-Vessiot ring over T". Furthermore,
the canonical IDg-epimorphism RT ®¢ C[G] — RT ®¢ RT gives rise to an 1D,-
epimorphism

-1
RT ®¢ C[G] 22> RT @ LR—> RT @1 RT .

By Lemma 4.10, the kernel of this epimorphism is given by RT ®¢ I for some ideal
I C C[G]. Denote by H the closed sub-scheme of G defined by I, then ygr induces a
isomorphism

By construction, this isomorphism is the isomorphism for the base ring 7', hence
the sub-scheme H equals the Galois group scheme Gal(RT/T). Thus Gal(RT/T) is
indeed a closed subgroup scheme of G.

Now let us apply Proposition 4.19 to the extension E/T. It follows that EEUET/T) —
T, so ¥ o ® = idsz. On the other hand, for given H € $ and T := E™, we get an
ID, epimorphism RT ®7 RT — RT ®¢ C[H] induced by yry. This embeds H as a
closed subgroup scheme in Gal(RT/T). But the localization Loc(RT) of RT by its
set of non zero divisors is equal to E, so Loc(RT)™ = E™ = T and so by Proposition
4.19, we have H = Gal(RT/T). Thereby ® o U = idg,.
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2. Let ' H C G be normal. The isomorphism ~ is H-equivariant and hence we get an
ID,-isomorphism
R®; R" ~ R®¢ CG)".

Since R is normal, G/H is an affine group scheme with C[G/H] = C[G]"* ([7], 11T,
Sec. 3, Thm. 5.6). Again by taking invariants the isomorphism above restricts to an
isomorphism

R" @y R" ~ R" @¢ C[G/H].

The ring R is I D,-simple, because for every ID,-ideal P C R™, the ideal P.R C R
is an ID,ideal, hence equals (0) or R and so P = (P.R)" is (0) or R™. Since
L C R™ C R, we also have C(R™) = C. So by proposition 4.17, R™ is an ID,
Picard-Vessiot ring over L with Galois group scheme G/H. It remains to show that
E™ = Loc(R™).

Let L := Loc(R™) and G := Gal(E/L). Then H is a normal subgroup of G and by
the previous (R.L)™ is a G /H-torsor. But (R.L)" = R".L. = L, so G = M, and hence
E™ = E9 = L = Loc(R™).

3. Without loss of generality we may assume that H = G. Let us denote by G,.q C G the
closed reduced subgroup given by the nilradical ideal . Since G4 is normal in G, by
the second statement L := Loc(R% <) is an I D, Picard-Vessiot extension of L with
Calois group scheme Gal(L/L) = G,eq. But this group scheme is infinitesimal and so
by [4], Cor. 1.12, L/L is purely inseparable. On the other hand, if F/L is inseparable
and p = char(L), then L=FEnL> # L is a finitely purely inseparable ID,-ring
extension of L. Since every such extension is an D, Picard-Vessiot ring with an
infinitesimal Galois group scheme, G has a non reduced quotient and therefore G is
not reduced.

4.2.3 Examples of Galois groups

The Galois group G,, in characteristic p Let us denote by C = ]ITp the algebraic
closure of IF,, where p is a prime number. Let F' = C(t) be a rational function field with
coeflicients in C. Let (a;);>0 be a set of elements in F,. Let M = Fb; be the I D;,-module
with corresponding 1D, F:

npk Ay
o () = prot]
where k£ € N and y
1
5 () = .

Theorem 4.21 Let M be as above with its associated ID,E, and let o =} aip’ € Q.
Then for an iterative Picard-Vessiot extension E/F for M, we have

Gal(E/F) ~ Z/mZ for some m if a« € Q and Gal(E/F) ~ G,, if a ¢ Q.
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Proof
First of all, let us show that Gal(£/F') is a subgroup of G,,. Let y be a solution of the /D FE

associated to M, then E' = F(y). Let 7 € Gal(E/F) and | € N, we have (5(””1)(%) =0 and

5(1)(%) = 0. Thus, there exist ¢ € C* such that 7(y) = cy. Therefore, Gal(E/F) C G,,.

Let us assume that o = = where (a,m) € Z x N*. Put z = /™. Because z = t, we

have 69)(z) = 0 if j # n*. We have
np*) m 2. tim ( §(i1 im ( §(im—1 im
sy = Y ot (0 (2)) Lot (50 (2)) 60 ().
i1+...Fim=npk

If one of the i; is not equal to np”, there exists i; such that i; # p’ for j < np®*. Then, an
easy computation shows that for all k£ € N,

5 () = mzm 1) (2).
It follows that
mz" 150 () = ( ¢ ) ot
q

npk

By Proposition 2.2, we have (nzk)q = may, and thus 5(ank)(z) = 2z, Because E = F(z)

tnp
and 2™ € F, we get that Gal(E/F) is a cyclic group.
Conversely, suppose that y is an algebraic solution of the I.D,E associated to M, then
E = F(y) is algebraic over F' and Gal(E/F)(C) € G,,(C) is a cyclic group of order m. So
there exist s € Z and (b;);>s with bs = 1 such that y™ = ".._b;it* € F. Thus,

— n ma’ n m Z i—n
my" 15 (y) =y =6y ):Zbi(n> £,
i>s q

By comparing the coefficient of ¢, we obtain

ma, = bZ-(Z) for alli > s.
n
q
Since b, = 1 and because of the properties of g-binomials coefficients, we obtain
1. s =k with k;, € Z and ag = %,
2. b; =0 for all 7 # 0 mod n.

Induction using the higher iterative differences shows that b; = 0 for all 7+ > s and hence
that y™ = ¢°. By an argument used in the first part of the proof it follows that a = =.
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The Galois group G,, in characteristic 0 Let L = C(¢) and let ¢ be a n-th primitive
root of unity. Let M = Fb; be a rank one I DM, (L)-module and suppose that ®(b;) = b;.
Let a € C. Then, let us consider the ID,E associated to M, that is §V(y) = 0 and

0"M(y) = =y

Theorem 4.22 Let M be as above with its associated ID,E. Then for an iterative Picard-
Vessiot extension E/F for M, we have
Gal(E/F) is finite cyclic if a € Q and Gal(E/F) ~ G,, if a ¢ Q.

Proof
First of all, let us show that Gal(E/F) is a subgroup of G,,. Let y be a solution of the
ID,E associated to M, then £ = F(y). Let 7 € Gal(E/F). Then, we have

1.
M%) — 0,78V +60C)r(y) =0, (3(y) =0)
> ), 1 1 y) 1
n T y . n n . a T y a o
o )(7) = (;)7(5( Jy) + 4 )(Q)T(y) =Ty + ET(%Q) =0

Thus, there exist ¢ € C* such that 7(y) = cy. Therefore, Gal(E/F) < G,.

Let us assume that a = %b where (b,m) € Z x N*. Put z = t"/™. Because z = t*, we
have §U)(z) = 0 if j ¢ nN. We have

s = Y et (50 (2)). o (80 (2))60) (2).

i11+...+im=n

If one of the 7; is not equal to n, there exists ¢; such that ¢; # n. Then, an easy computation
shows that

6 (z™) = mzm 1M (2).

b
mszlé(n)(z) — (’I’L ) tnbfn.
q

It follows that,

n

By Proposition 2.2, we have (Zb)q =b=m% and thus §(Mn)(z) = %2 Thus F = F(z) and
2™ e F. It follows that Gal(E/F) is a finite cyclic group.

Conversely, suppose that y is an algebraic solution of the ID,E associated to M, then
E = F(y) is algebraic over F' and Gal(E/F) C G,, is a cyclic group of order m. So there
exist s € Z and (b;);>s with by = 1 such that y™ =Y _.. b;it" € F. Thus,

1>s

a 7 .
my™ 6" (y) =y — =6y =) b, (n) £

ntm
>SS q
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%
n

because of properties of the ¢g-binomials coefficients, we get that:

By comparing the coefficient of #!, we obtain that e = bi( )q for all ¢ > s. Since by = 1 and

1. s =ken with k, € N and a = 2k

m

2. b; =0 for all 7 # 0 mod n.
Induction using the higher iterative difference shows that b; = 0 for all ¢ > s. It follows

that y™ =t° and a = %

The Galois group G, in positive characteristic Let us denote by C' = IETP the alge-
braic closure of I,,, where p is a prime number. Let F' = C(t) be a rational function field
with coefficients in C. Let (a;);>0 be a set of elements in F,. We choose ¢ € C' a n-th
primitive root of unity with n prime to p.

Let M = F'by © Fby be the I D;module with corresponding 1D, E:

k 0 a
(np®) — — k
) (V) =AY < 0 0 >Y

for k € N.

Theorem 4.23 Let M be as above with its associated 1D E. Let o = leo apt € Q,.
Then for an iterative Picard-Vessiot extension E/F for M, we have

Gal(E/F) is a finite subgroup of order r of G, if « € Q and Gal(E/F) ~ G, if o ¢ Q.
For the proof, we need the following lemma.

Lemma 4.24 Let (a;);>0 be a sequence of elements in F,. The following statements are
equivalent :

1. The sequence (a;);>q is periodic from a certain rank;
2. 9= ien at™ e C((t)) is separable algebraic over C(t).

Proof

see [16] p.30 and replace ¢ by ¢".

Proof of Theorem 4.23

We start with the iterative differential equation,

(npk) - . 0 Qe
g a9 )

for k£ € N.
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Writing YV = ( zl ), we find that 6% (y,) = 0 for all k¥ € N, which implies y, € C.
2

Using this result we obtain (5(”pk)(y1) = agy, for all k € N and 6 (y;) = a_1y,. Thus, the
formal solution ¥, is equal to
n )
Y= yz(z at™).

leN
Then F = F(y1,y2) = F(y1), and for any 7 € Gal(E/F') we get

3T (7 (y1) — 1) = (6" (1)) — 6P (1) = T (o) — 207 = 0.

thus there exists d € ¢ such that 7(y;) = y1 + d. Therefore Gal(E/F) is a subgroup of G,.
Using Lemma 4.24, we obtain

1. the solution y; is separable algebraic over F if a € Q (the sequence (a;);>0 is periodic
from a certain index if and only if a € Q), so the Galois group is actually finite.

2. If a ¢ Q, then y; is transcendent over F', and hence E/F is purely transcendental of
degree 1, showing that Gal(E/F) ~ G,.

Remark 4.25 These examples of iterative q-difference equations are obtained by q-deformation
of the examples of B.H. Matzat in [16] example 2.14 and 2.15. The Galois groups obtained
here are the same as those obtained by Matzat. The fact that simple Galois groups such as
G,, and G, do not degenerate by q-deformation give us a nice hope for confluence studies.

5 An analogue of the Grothendieck-Katz conjecture

In this section, we state an analogue of the Grothendieck-Katz conjecture for iterative g-
difference equations. In [8], L. Di Vizio proves this conjecture for g-difference equations
with ¢ non equal to a root of unity. Briefly, she shows that given a g-difference equation,
Ly = 0 with coefficients in Q(¢), one can describe the behavior of the solutions of £ by
considering the reduction of £ modulo the prime numbers.
Here is the iterative g-difference version of this conjecture.

Let K be a number field and O the ring of integers of K. We choose an element ¢ in
K*, non equal to 1. We denote by X the set of all finite places v of K. The uniformizer
of the finite place v is denoted by m, and ||, denotes the v-adic absolute value of K. We
denote by p, be the characteristic of the residue field k, of m,. For almost all finite places
v, let Kk, be the multiplicative order of the image of ¢ in k,. If ¢ is not a root of unity, let
T,o be the integer power of m, such that |m,,|, = |1 — ¢"™],. If ¢ is a root of unity, let
Tgw = Ty-
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Conjecture 5.1 Let (M, ¢ar,05,) be an iterative q-difference module defined over K (t).
The iterative q-difference module M is isotrivial, i.e. becomes trivial after a finite base
field extension if and only if for almost all finite places v, the reduction modulo m,, of ¢y}

is the identity and the one of ((5](\2”))7’“ is equal to zero.

If ¢ is not a root of unity, Conjecture 5.1 is equivalent to Theorem 7.1.1 in [8] and when
q goes to 1, we retrieve the classical Grothendieck’s conjecture on p-curvatures, which pre-
dicts :

The differential equation Ly = 0 with L € Q[0] has a full set of algebraic solutions if
and only if for almost all primes p € Z the reduction modulo p of Ly = 0 has a full set of
solutions in F,(¢) i.e. the p-curvature of L is equal to zero.

Here is an example where Conjecture 5.1 holds.

Example 5.2 (Example 3.21) Let a € K. Then, let us consider the ID,E : §Y(y) =0

a

and 0" (y) = -%y. Let v be a place of K. A simple calculation shows that the reduction

nt™
of 55\;”))“ modulo 7y, is equal to a(a — 1)...(a — (p, — 1)). If, we assume that for almost
all finite places v, the reduction modulo m,, of ¢; is the identity and the one of (51(\';“))7’“
s equal to zero, we get that for almost all finite places v there exists a, € Z such that the
valuation of a — a, in m, is strictly positive. By the Density Theorem of Chebotarev, we
obtain that a € Q. We have proved in Theorem 4.22 that a € Q if and only if M has a

finite Galois group.
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