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Radon measures solving the Cauchy problem

of the nonlinear transport equation

Thomas Lorenz !

Abstract. The focus of interest is the Cauchy problem of the nonlinear transport equation
S+ dive(f(u ) w) = glp,-) p (in RN ]0,T7)
together with its distributional solutions u(-) : [0, T — MZF(RY) whose values are positive
Radon measures on RY with compact support. The coefficients f(u,t), g(u,t) are assumed
to be uniformly bounded and Lipschitz continuous vector fields on RY.
Sufficient conditions on the coefficients f(-,-), g(-,+) for existence, uniqueness and even for
stability of these distributional solutions are presented. Starting from the well-known results
about the corresponding linear problem, the step towards the nonlinear problem here relies
on Aubin’s mutational equations, i.e. dynamical systems in a metric space (with a new slight

modification).
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1 Introduction

The scalar transport equation % u + divpu(bu) = ¢u (in RY x [0,7]) is the classical
analytical tool for describing a real-valued quantity u = wu(z,t) while “flowing” (or, rather,
evolving) along a given vector field b: RN x [0,7] — RN and exploiting a form of source
(described by the scalar field ¢ : RY x [0,7] — R). Thus, it is playing a key role in many
applications of modelling like fluid dynamics and, it has been investigated under completely

different types of assumptions about B(, ), ¢y 0).

Due to well-known difficulties in regard to smooth solutions, the values of all solutions
considered here are positive finite Radon measures on RY with compact support (whose set is
abbreviated as M} (R"Y)) and, we are interested in (structurally) simple sufficient conditions
on the coefficients for proving existence, uniqueness and stability of a distributional solution of
the nonlinear transport equation

{ 4ot + diva(Fi(u(),t) p() = Fa(u()t) pt)  inRYx]J0, T
p(0) = po€ MFHRY)
with given F = (F1, Fy) : MF(RY) x [0,T] — WLH2(RN RY) x WLe(RN R).

As a main result in this paper, suitable continuity of the coefficients F'(-,-) implies existence:

Proposition 1.1 (Existence)
Let F: MFRY)x[0,T] — WLeRN RV)x WL(RN R) satisfy the following conditions:

1) sup ([1Fi(uo, t)llwr + [ Falpo, D)llwree) < 00
1o,

2) Fy,Fy are continuous with respect to narrow convergence in M (RY) and
L norm of spatial fields.

Then, for any initial datum vy € MF(RYN), there exists a narrowly continuous weak solu-
tion p: [0,T] — M;“(RN), t — uz of the nonlinear transport equation
O e+ divg (F1(ps,t) pe) = Folpe,t) pg in [0,T]

o = o

(1)

This global existence result has three essential advantages in common with the subsequent
statements about uniqueness and stability: Firstly, the structural conditions on the considered
measures are rather weak. In particular, these positive Radon measures with compact support
need not be absolutely continuous with respect to Lebesgue measure. We can apply all results
of this paper to the evolution of lower dimensional Hausdorff measures (with compact support),
for example. Secondly, there is no restriction imposed on the initial datum — such as “small
norm” (in any sense). Thirdly, the coefficient function F' = (Fi, F3) is assumed to be defined
on MF(RN) x [0,T] in a very general way obeying merely continuity hypotheses. So in
particular, nonlocal information about the Radon measures can be taken into consideration

explicitly (such as nonlinear functions of weighted integral means).
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Solving this nonlinear Cauchy problem (1) is based on a decomposition: The first step

focuses on the corresponding autonomous linear problem

Oy we + divy (b ut) = C in [O,T] (2)
po = v € MHRY)

for given b € WHRN RY) and ¢ € L®(RM,R). Here we investigate the regularity of
the weak solution with respect to time, initial datum vy and coefficients b(-), ¢(-). The bridge
to the nonlinear Cauchy problem is then gapped by a form of “feedback”, i.e. the coefficients
are prescribed as a function of current measure and time. Let us discuss this decomposition in

more detail:

The solution of the corresponding autonomous linear problem can be characterized explicitly
in a rather easy way. Indeed, the Lipschitz continuity of the spatial vector fields implies that
the characteristics are well-defined. So considering the Cauchy problem (2), the weak solution
p: [0, T[— MFT(RN), t — py is uniquely described by

/RN ©duy = /RN o(Xp(t,z)) - exp (/Ot ¢(Xp(s, z)) ds) dpo () for all ¢ € CO(RY)

with Xp(-,-) : [0,00[ xRY — RY denoting the flow along the bounded Lipschitz continu-
ous vector field b. Thus, the autonomous linear Cauchy problem induces a C° semigroup on

M*(RN) (with respect to narrow convergence).

The crucial step to the nonlinear transport equation is now based on a tool that is hardly
known in the PDE community, but we regard it as very useful indeed : Aubin’s concept of
mutational equations [5, 6, 7]. Tts goal is to extend ordinary differential equations to any metric
space (E,d) so that the “derivative” of the wanted curve can be prescribed as a function of
the current state. Thus, it has many similarities with the so-called quasidifferential equations
or funnel equations introduced independently by Panasyuk and others (see e.g. [21, 22, 23]).

For dispensing with any vector space structure, Aubin’s starting point is to introduce “maps
of elementary deformation” ¥ : [0,1] x E — E. Such a so—called transition specifies the point
Y(t,x) € E to which an initial point x € E has been moved after time ¢ € [0,1]. It can be
interpreted as a generalized derivative of a curve § : [0, T[— E at time ¢t € [0, T if it provides

a first—order approximation in the sense of limsup #-d(&(t+h), 9(h,E(t)) = 0.
hlo

So correspondingly to ordinary differential equations in a vector space, such a transition is
prescribed as a function of state and time, i.e. f: (z,t) — ¢, and, we are then interested in
a continuous curve £(-) satisfying the condition

hIleS(l)lp Fod(EE+h), fED),t)(hER)) =0 at each time t.

For succeeding in such a construction, each transition 9 : [0,1] x E — E is to satisfy some
continuity conditions (in both arguments), of course. They will be specified in § 2. As the
new point here in comparison with Aubin’s original version, the continuity parameters of a

transition need not be uniform in the whole set E, but they are the same for all initial elements
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in “closed balls” B, := {z € E||[z] <r} (for each r > 0) where some given function
|-l : E — [0, 00[ is to play the role of a norm (but it does not have to satisfy any structural
conditions like homogeneity or triangular inequality).

For applying this abstract tool to nonlinear transport equations, we need both a metric and
an appropriate “absolute magnitude” |[/-]] for the positive Radon measures that we want to
consider. The linear Wasserstein metric has proven to be a very powerful tool for probability
measures /i, v on RY in connection with the optimal mass transportation problem and gradient

flows (see e.g. [4]). Its dual representation for measures with bounded support, however,
dnr) = swp{ [ v diu—v) | velip @R), Lp o<1
RN

reveals that this supremum might be oo whenever u(RY) # v(RY) (independently from the

additional assumption of compact support). As an extension of di(-,-), we propose here

ol )= sup {5 [ dlu =) | v e Lip (BY.E), Lip v <1, nf [71(0)] <}
r>0 RN
= swp {3 [ (o= olon)) dlu—v) |0 € Lip (R¥R), Lip o <1, Jao] < 7).
r>0 RN

It is finite if p, v have finite first moments and, it coincides with dy(u,v) if u(RY) = v(RY).
Moreover, for all positive Radon measures with compact support in an arbitrarily fixed ball
B.(0) := {z € RN ||z| < r}, r > 0, the convergence with respect to p proves to be equivalent to
narrow convergence. This property — together with an easy compactness criterion — has been
the key motivation for restricting our considerations to positive Radon measures with compact
support and for defining ||| : MF(RN) — [0,00] as

Lal o= |w(®)] + inf{r >0 |supp p CB,(0)}  for ue MER).
Indeed, each “ball” {u € MF(RN) | ||u]] < R} (with R > 0) is sequentially compact with

respect to narrow convergence (due to Prokhorov criterion) and thus with respect to p.

After supplying M (RY) with the metric p and the “absolute magnitude” ||-||, the Cauchy
problem (2) of the autonomous linear transport equation lays the basis for transitions ¥y .(-, -)
on MF(R¥) depending on the coefficients b(-), ¢(-). For ensuring appropriate continuity prop-
erties, we assume b € W (RN RY) and (slightly stronger than before) ¢ € WH°(RY R).

Prescribing these coefficients as a function of the current measure and time
F=(F,R): MfRY)x[0,T] — WES(RN,RY) x WLe(RN R),

leads to mutational equations whose solutions p : [0, T[ — M (RY), ¢ +—— p; prove to be
weak solutions of the nonlinear transport equation (1).

So in this setting, the existence of a weak solution mentioned in Proposition 1.1 results
directly from the counterpart of Peano’s theorem about mutational equations. Furthermore,
Gronwall’s inequality ensures that “local” Lipschitz continuity of the coefficient function F
implies uniqueness of the (mutational) solution. Exploiting now the well-known result that the
corresponding nonautonomous linear Cauchy problem has unique weak solutions [1, 4, 20], we

can even draw conclusions about the uniqueness of weak measure-valued solutions:
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Proposition 1.2 (Uniqueness)
Let F: MFRN)x[0,T] — WLoRN RV)x WL(RN R) satisfy the following conditions:

1) sup ([1Fi(uo, t)llwro + [ Falpo, D)fwree) < 00
1o,

2)  for any R > 0, there is a constant Ly > 0 and a modulus wr(-) of continuity with
[F1(p,8) = Fi(v, )|loo + [[F2(pt, 8) — Fa(v,t)|loo < Lir - p(p,v) +wr(|t = s|)
for all p,ve MFRN) with ||ul,|v] < R.

Then the narrowly continuous weak solution p : [0,T[ — MZF(RN), t— p; of the Cauchy
problem (1) with sup, ||l < co is unique.

Last, but not least, solutions of mutational equations are stable with respect to the coefficients.
This rather simple consequence of Gronwall’s inequality implies an interesting statement about

the stability of weak solutions of the nonlinear transport equation:

Proposition 1.3 (Stability)
Assume for F,G: MF(RN) x [0,T] — W (RN RY) x Whe(RN R):

1) Mpi= sw (IFi(uo,Ollw + [Fauo, ) < o0
10,

Mg = sup (|G (o, D) [wre + || Galpo, )llwroe) < 00
1o,

2) for any R > 0, there is a constant Ly > 0 and a modulus wr(-) of continuity with
1F1(1,8) = Fi(v, )[loo + [[F2(pt, ) — Fa(v,t)|loo < Lir - p(p,v) +wr(|t = s|)
for all v € MFRN), [l [v] < R.

3) G1,Go are continuous with respect to narrow convergence in M (RY) and
L norm of spatial fields.
Let v:[0,T[ — MZF(RYN), t— v be a narrowly continuous weak solution of
vy + divy (Fi(v,t) ) = Fa(u,t) v
with sup, ||vt] < oo.

Then, for every initial measure pg € MT(RYN), there exists a narrowly continuous weak
solution ju: [0, T[ — MF(RN), t — u; of

O+ divg (Gr(pe,t) ) = Go(pest) pe in [0, 7]
satisfying sup, || pe] < oo and for all t € [0,T]

pliies ) < (plo, v0) + t-const(Mr, Mo, 1o, 1v0l) - (Il Fi=Ghllootl| Fo=Gallos) ) e,

If the function G(-,-) satisfies even a Lipschitz condition corresponding to hypothesis (2.),

then the weak solution y is unique, of course, due to preceding Proposition 1.2.
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This stability with respect to coefficients belongs to the main results of this paper and
demonstrates an essential advantage of the presented approach. As mentioned before, it is
based on a decomposition of the nonlinear problem into the autonomous linear problem (being
easy to solve properly) and a form of “feedback”.

The characteristics lay the foundations for solving the linear Cauchy problem and thus, former
results about the Glimm scheme, wave-front tracking algorithm etc. are not used. We are
free to consider arbitrary space dimension instead. Although it is not presented explicitly in
this paper, all the following results can be extended to systems easily because the systems of
mutational equations can be solved in exactly the same way.

Furthermore, the form of decomposition reflects the key difference from the so-called Stan-
dard Riemann Semigroup (SRS) that considers a hyperbolic n x n system of conservation laws
Owu + 0, F(u) =0 in one space dimension. In a word, the values of SRS are usually Lebesgue-
integrable functions R — RY of (sufficiently) small total variation. The existence of such an
appropriate semigroup (with additional continuity conditions) was first proved for 2 x 2 systems
in [13] and then extended to general n x n systems in [12]. The Standard Riemann Semigroup
takes the full nonlinearity into consideration immediately and thus, its stability with respect to
coefficients is not easy at all to investigate (e.g. [8, 16]). In [10], Bressan suggests how to com-
bine the Standard Riemann Semigroup with the quasidifferential equations of Panasyuk. His
goal there is to draw conclusions about uniqueness — rather than proving existence of solutions
(see also [15]). Due to SRS as starting point, however, Bressan needs a rather complicated met-
ric on the domain of SRS for obtaining a “locally nonexpansive” semigroup (roughly speaking)
and, he makes several suggestions seizing notions of Riemannian metrics on a manifold (see
also [9, 11, 14], for example).  In this paper, we prefer a rather simple metric on M} (RY)

(independent of the transport equation) and exploit then the regularity of the linear Cauchy
problem as preparatory step for solving the full nonlinear problem. (To the best of the author’s

knowledge, mutational equations for solving PDEs were first proposed in [18, 19].)

Coming to the end of this introduction, we briefly sketch the next paragraphs: § 2 provides
a short, but self-contained survey of mutational equations. In § 3, we introduce the metric p on
MF(RY) and investigate the relation between (M7 (RY), p) and the more popular topology of
narrow convergence. Finally, in § 4, more detailed results about the autonomous linear Cauchy

problem (2) lay the basis for solving the nonlinear Cauchy problem (1) by the means of § 2.

Notation C?(RY) denotes the space of continuous functions RY — R with compact
support and Cy (]RN ) its closure with respect to the sup norm, respectively.

Furthermore, M(R™) consists of all finite real-valued Radon measures on R". As a consequence
of Riesz theorem, it is the dual space of Co(R"™) (see e.g.[3], Remark 1.57). MT(RY) denotes
the set of all positive finite Radon measures on RY : MH(RN) := {u € M(RY) | u(-) > 0}.

Finally, MZ*(RY) consists of all positive Radon measures on R with compact support

and  MEY) = {pe M@y /RN (14 [z dux) < oo}
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2 Mutational equations on a metric space

Assumptions of § 2 E is a nonempty set and d: E x E — [0,00[ a metric on F.
Furthermore let [|-]] : E — [0, 00[ be an arbitrary function (that is to play the role of a norm

on F, but need not satisfy structural conditions like homogeneity or triangular inequality).

Now we specify the primary tools for describing deformations in the tuple (F,d,|]|). A map
¥ :[0,1] x E — FE is to define which point ¥(¢,x) € E is reached from the initial point x € F
after time ¢. Of course, ¥ has to fulfill some regularity conditions so that it may form the basis

for a calculus of differentiation.

Definition 2.1 A function 9 : [0,1] x E — E s called transition on (E,d,|-]) if it
satisfies the following conditions:

1) 9(0,)) = ldp,

2) Ilzi?(l) F-d((t+h,x), 9(h,I(tx)) = 0 forall x € E, t €0,1],

3) there exists a parameter function a(d; ) : [0, 00— [0,00[ such that
lim sup d@(h.z), ﬂ(};;y)) —dey) < a(O;r)-d(x,y) forall x,y € E, r with ||z],[y] <,

h1o
4.) there exists a parameter function B(9; -) : [0, 00[— [0,00[ such that
d(9(s,z), Ht,x)) < B r) - |t—s] forall x € E, r;s,t with ||z|| <,
5.) there exists a constant ((9) € [0,00[ such that
[9(h, )] < |z -eDh + ¢ h forallx € E, h € [0,1].

Remark.  The first two conditions are very similar to the definition of a semigroup. The only
difference here is that a condition on the “first—order change” (with respect to time) suffices
completely.

Property (3.) is to ensure an appropriate form of continuity with respect to the initial element.
It implies that the initial distance of two points =z, y € E may grow at most exponentially
in time while evolving along the same transition 1 and, the corresponding exponent can be
chosen uniformly on each “ball” {z € E||z] <r}, r>0.

Property (4.) ensures Lipschitz continuity of ¢(-,x) for each initial point € E. Similarly
to property (3.), the Lipschitz constant may depend on ||z|| and, these dependencies are the
new aspects of this paper in comparison with Aubin’s original definition of transitions [5, 6].
Last, but not least, we need a bound of the “absolute magnitude” |¥(h,z)|| depending on
both arguments. The combination of exponential and linear growth mentioned here has the
key advantage that for any continuous curve x : [0,7] — E defined piecewise by finitely
many transitions 9 ...9, with (:= sup; ((J;) < co (as in the proof of Theorem 2.7 later),
we conclude from Gronwall’s lemma: lz(t)]] < [z(0)] et + Ct for all ¢ € [0,T7.
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Definition 2.2  O(E,d,|-]]) # 0 denotes a set of transitions on (E,d,|-]]) assuming
D(¥,7; r) := sup {limsup 3 -d((h,z), 7(h,z)) | v € E, [z] < T} < 00
h10
for any 9,7 € O(E,d,|-||) andr>0. (If {z€E||z]] <r}=0, set D(-,-;r) :=0.)

Obviously, D(-,7) : ©(E,d,|-])) x O(FE,d,[-]]) — [0,00[ is symmetric and satisfies the
triangular inequality for each r > 0. Moreover, it lays the basis for estimating the distance
between two initial points z, y € E after evolving along two transitions o, 7 € O(FE,d, |-]]),
respectively, for some time h € [0,1]. The way how to derive this estimate from (a not very
popular form of) Gronwall’s Lemma is very characteristic for mutational equations and will be

reused for similar inequalities later (see Lemma 2.8).

Lemma 2.3 Let 9,7 € O(FE,d,|]||) be any transitions. ~ Then for every time h € [0,1]
and initial points x,y € E with |z, |yl < 7, the distance between I(h,z) and T(h,y)
satisfies (with the abbreviation R :=r e™®{¢W): (M} 4+ max{¢(¥), ¢(1)})

d(W(h,z), 7(h,y)) < (d(w,y) + h-D(@,; R)) (iR h

Proof.  According to property (5.) of transitions, ||z||, |y|| <r implies [|J(h,z)|] < R and
I7(h,y)|]] <R for all h € [0,1].

The auxiliary function ¢ : [0,1] — [0,00[, h —— d(¢(h,x), 7(h,y)) is continuous due to
property (4.) and the triangular inequality of d. Furthermore, we obtain for every h € [0, 1]
and k € [0,1 —¢]

eh+k) < dW(h+k,x), vk, 9(h,z)) + dOk, d(h,z)), T(k, O(h,z)))
+ d(r(k, 9(h,x)), 7(k, 7(h,y))) + d(T( (h7 y), T(h+k,y))
< ok) + D@, R) - k + ofk)
+ @(h) + k-a(r;R) o(h) +o(k) + o(k)
and thus, lim sup M < ar;R) - p(h) + D, T; R).

kO
The claimed estimate results now directly from subsequent version of Gronwall’s Lemma. O

Lemma 2.4 (Lemma of Gronwall for upper Dini derivatives)
Let v, f,g € C%a,b[,R) satisfy f(-)>0 and
limsup LU0 < ph) g(t) + g(t) for all t €]a, b[.

h10
Then, for every t € [a,b[, the function ¥(-) fulfills the upper estimate

V() < ¥la) et 4 /t eh(t)—p(s) g(s) ds
with  p(t /f
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Proof. Let § > 0 be arbitrarily small. The proof is based on comparing 1 with the auxil-
iary function ¢s : [a,b] — R that uses ¥ (a) + 9, g(-) + ¢ instead of ¥(a), g(-):

os(t) == (P(a) +6) e + / © n-nts (9(s) +9) ds.

Then, ¢j5(t) = f(t) ps(t) +9g(t)+9d in[a,b] and, @s(t) > ¥(t) for all t € [a,b] close to a.
Assume now that there is some tg € Ja,b] with ¢s(to) < ¥ (to). Setting

ty »= inf {t € [a,to] | ps(t) <(t)},

we obtain  ¢s(t1) = ¥(t1) and a<t; <ty because
ps(t1) = lim @s(ti—h) > limsup ¥(t1 —h) > (1),
h10 10O
ps(t) = lim @s(ti+h) < limsup ¢t +h) < ¥(t).
h>0 Z;g
Thus, we conclude from the definition of #;
lim inf ps(tith)—ps(t1) lim sup Yt1th)—p(t)
hlO h - R10O h
e5(t) < f(ta) - ¥(t) + g(t)
ft) ps(t) +g(ti) +6 < f(ta) - ps(ta) + g(t1)
— a contradiction.  So ¢s(-) > () for any 6 > 0. O

A transition ¥ € O(F,d,|-||) can be interpreted as “time derivative” of curve x(-) :
[0,T[— E at time t € [0,7] if it induces a first-order approximation, i.e. the evolution of z(t)
along ¥ differs from the curve x(t+-) “up to order” f : }Li?% +-d(9(h, z(t)), z(t+h)) = 0.
This condition may be fulfilled by more than one transition, of course. So we collect all these
transitions in the so-called mutation of x(-) at time ¢. The main notion of a mutational equation
is then to prescribe a transition in the mutation (of the wanted continuous curve) as function

of the current state and time.

Definition 2.5 Let z(-) : [0,T7[— E be a curve in E. The so-called mutation :%(t) of
x(-) at timet € [0,T[ consists of all transitions 9 € O(E,d, ||-]]) satisfying
limsup 7 -d(J(h, 2(t)), z(t+h)) = 0.
h10

Definition 2.6  For a given function f:Ex[0,T[— O(E,d,|-]]), a curve z(-):[0,T[—
E is called solution of the mutational equation :%() S f(z(v),) m [0, T[ if it fulfills the

following conditions:

1) for every t € [0,T[, f(x(t),t) € z(t), i.c. }Li?% F-d(f(z(t),t) (h, z(t), z(t+h))=0,

2)  x(-) is continuous with respect to d,

3)  sup |z(t)| < oo.
0<t<T
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Remark.  For any transition ¢ € O(E,d,|-]]) and initial element xg € E, the curve
[0,1] — E, h — 9(h,z) is a solution of the mutational equation #(-) > ¢ in [0,1] (with
constant right-hand side). This results directly from property (2.) of transitions in Def. 2.1.

Proposition 2.7 (Existence) Let (E,d) be a metric space and || : E — [0,00[ such
that each “ball” {x € E | ||z]] <7}, r >0, is compact in (E,d).
Furthermore suppose f:(E,d) x [0,T[— (O(E,d), D(-,-;r)) to be continuous with

a(r) == sup a(f(z,t);r) < oo,
x,t
B(r) = sup 3(f(z,1); 1) < oo,

¢ = sup ((f(@.1) < oo
z,
for each r > 0.
Then for every initial element xy € E, there exists a solution z(-) : [0,T] — E of the

mutational equation  T(-) 3 f(z(-),)) n [0,T[ with 2(0) = xo.

Proof is based on Euler approximations x,(:) : [0,7] — E (n € N) in combination with

the Arzela—Ascoli theorem (see [17], for example).  Indeed, for each n € N, set

hn = 2%, t = j hy for j=0...2"
zn(0) = xo, zo(+) == o,
an(t) = flea(td), t%)(t—t%, xn(t%)) for t € Jth, th], j < 2m.

This piecewise construction of each z,,(-) implies firstly [z, ()] < [xo] - €T 4 (T = R
for all t € [0,T], n € N. So all values of the Euler approximations z,(-),n € N, are contained
in the compact set K :={y € E | |ly]]| < R}. Secondly, the triangle inequality ensures
d(zn(s), za(t)) < B(R) |t — s for all s,t € [0,T], n € N

and thus, the sequence (z,(:))nen is equicontinuous.
The classical Theorem of Arzela—Ascoli states that the set {xz,(-) |n € N} ¢ C°([0,T], Kg) is
precompact (with respect to uniform convergence) and so, there is a subsequence (:Enj ())J N
converging uniformly to a function z(-) € C°([0,T], Kg).

Finally, we verify that z(-) solves the mutational equation (-) > f(z(-),-) in [0, T].
Indeed, z(-) is continuous with respect to d and, it satisfies sup, ||z(¢)]] < R due to its

construction. Furthermore, using the notation 6, := sup d(z,(-),z(:)), we conclude from

subsequent Lemma 2.8 for any times t € [0,T[, h € [0,T—t[ and arbitrary n € N
d(f(z(t),t) (h, z(t)), z(t+h))

< d(f(x(t),t) (h, z(t)), a:n(t—I—h)) + d(za(t+h), x(t+h)
< (5n + h- sup D (f(z(t),t), fly,t+s), R)) SR 4

—hnp <s<h (t+s5>0)
y: d(y,@(t+s))<dn
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Due to the continuity of f with respect to D(-,-; R), the limit for n — oo implies

d(f(:n(t),t) (h, =(t)), x(t+h)> < h- sup D(f(x(t),t), flz(t+s),t+s), R) P

0<s<h

and thus, limsup # - d(f(:n(t),t) (h, z(t)), x(t+ h)) < 0. 0
h|0

Lemma 2.8  Assume for f,g: Ex[0,T[— ©O(E,d,|]]) and the curves x,y :[0,T|— E
that z(-) is a solution of the mutational equation =(-) > f(z(),-) in [0,T] and

y() 9() 2 g(y(-),) in 0,7
Furthermore, let R >0, M >0 and ¢ € C°([0,T]) satisfy
lz(®)], ly@®)] < R
alg(y(t),t); R) < M for all t € 10,77
D (f(z(t),t), g(y(t),t); R) < (1)
Then,  d(z(t), y(t)) < (d(q:(O), y(0)) + /0 W(s) e~ Ms ds) Mt for any t € [0,T].

Proof  follows exactly the same track as for Lemma 2.3 (comparing the evolutions along fixed
transitions): The auxiliary function ¢ : [0,1] — [0, 00[, t — d(z(t), y(t)) is continuous due

to the triangular inequality of d. Furthermore, we obtain for every ¢t € [0, T and h € [0,T —¢t[

o(t+ h)

< d(z(t+h), flz(t).t)(h, z(t))) + d(f(z(t),t) (h, z(t), g(y(t),t)(h, x(1)))
+ d(g(y(t),t)(h, z(1), g(y(t),0)(h, y(?)) + dlg(y@),t)(h, y(t)), y(t+h))

< ofh) + D(f(z(t),t), g(y(t),t); R) - h + o(h)
+ p(t)+h-M @(t)+ o(h) + o(h)

and thus, limsup w < M-p(h) + ¢(t). So the claim results from Gronwall’s
hlo
Lemma 2.4. O

Proposition 2.9 (Uniqueness)  Suppose f:(E,d)x [0,T[— (O(E,d), D(-,-; 7)) to be
Ar—Lipschitz continuous in the first argument with a(r) := sup «o(f(x,t); r) < oo for any r>0.
t

Z,

Then for every initial element xg € E, the solution x(-):[0,T] — E of the mutational
equation () 3 f(x(-),)) in[0,T[ with x(0) =z is unique and, it depends on xo in a

locally Lipschitz way.

Proof is based on the estimate in Lemma 2.8. Let z(-),y(-) : [0,7[— E be two solutions
of the same mutational equation 9%() > f(z(-),-) in [0,7] (but not necessarily with the
same initial element). Then, R := sup, {[z(¢)], y(t)[]} < oo (due to the definition of

solutions) and, ¢ +— d(x(t),y(t)) is continuous. As a consequence of

D(f(x(t),t), f(y(t)7t)) < )‘R'd(x(t)v y(t))v
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Lemma 2.8 implies for any t € [0,7]

t
d(x(t), y(1)) < d(@(0), y(0))- SRt 4 / A - d(x(s), y(s)) (=) gy
0
and, Gronwall’s Lemma (in its well-known integral form) guarantees

d(z(t), y(t)) < d(z(0), y(0)) - e@FE+Ar) -1 for all ¢ € [0,T7. O

Proposition 2.10 (Stability)  Suppose f : (E,d) x [0,T[— (O(E,d), D(-,-; 1)) to be

Ar—Lipschitz continuous in the first argument with a(r) := sup a(f(x,t); r) < oo for any r>0.
x,t

Assume for g: Ex[0,T[— O(E,d,|-||) that sup D(f(z,s), g(z,s); ) < oo for eachr>0.

=
.
3
=)
=3

(@) Let y(-): [0, T[— E be a solution of the mutational equation ?j() > g(y(-
Then, every solution x(-):[0,T[— E of the mutational equation () > f(z(),) in [0,T]
satisfies the following estimate for allt € [0,T]

A@(®), y(®) < (da(0). ) + t swp  D(f(z9). glzs)i B)) - @Rt

z: || z]|I<R
0<s<T

with the abbreviation R := sup, {||z(t)], |y(t)]]} < oco.

)  Let x(-): [0,T[— E be a solution of the mutational equation () > f(z(-),-) in [0,T].
Then, every solution y(-): [0,T[— E of the mutational equation ?j() 5 9(y(-),:) n[0,T]
fulfills for all t € [0,T]

d(t), y(t) < (d(0), y(0) + t- sup  D(f(25), glzs); R)) - @@

z: [ z]][<R
0<s<T

using again the abbreviation R := sup, {[[z(t)], |ly(t)]} < oo.

Proof  results from Lemma 2.8 similarly to the preceding Proposition 2.9 because D(-,-; R)

satisfies the triangular inequality (as an obvious consequence of its Definition 2.2) and thus,

D(f@®),6), gy(®),0; B) < D(f@®),0), F®)th R) +  D(F(t)0), gly(t),0): R
< Ak - d(a(t), y(t)) + s D(f(zs), glzs)i R

z: [ z]]<R
0<s<T

a
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3 A metric for positive Radon measures on R"
with compact support
Motivated by the dual representation of the linear Wasserstein metric on probability measures

with compact support, we introduce

Definition 3.1  The distance function p: M(RY) x M(RY) — [0,00] is defined by

plav) = swp {2 [ (0= vl@) dp-v) [ 6 € Lip (RY.R), Lip ¥ < 1, [zo] <1}
r>0 RN
= swp {5 [ (o= elen)) dln—) | ¢ € Lip (&Y. R), Lip o <\ Jao] < v}
A,r>0 RN
Furthermore, set |p] = / (I+|z|) du(x) for p € MHT(RN),
RN

Ll = [u(RY)] + inf{r >0 | supp i C B (0)} for j€ M (RY),

Lemma 3.2

1) plu,v) < oo forany u,v € M{(RY), i.e. Radon measures p,v > 0 with |pu]+|v] < oo

2)  For probability measures p, v on RN with compact support, the distance p(p,v) coincides

with the linear Wasserstein distance (in its dual representation)

p(p,v) = sup / Y d(p—v) ‘weLlp(RN,R), Lipwél}.

3)  For any sequence (fn)nen in M (RY) and p € M7 (RY) with p,(RY) — p(RY) > 0,
the convergence p(pn, ) — 0 is equivalent to p(u (1]RN) Uns u(IéN) ,u) —0

4)  For any measures ju,v € MF(RY) and radius R >0 with supp p U supp v C Bg(0),
plsv) = sup {xd=r / (¢ —la0)) du—v) | ¢ € Lip (RY,R), Lip ¢ < A, |oo] < 3R+2]
> R
> e [u(RY) —v(RY)].
5)  Let (jin)nen be a sequence in ME(RN) with sup,, ||pn]] < 0o. Then (pn)nen converges
to p € MI(RN) with respect to p if and only if p, — p narrowly, i.e.

o diy, — / o du for all bounded ¢ € C°(RN).
RN RN

6)  For each 6 >0, the set {u € MF(RN) |||l <0} is sequentially compact w.r.t. p.
Proof. 1.) Let p be any positive Radon measure with |u| < co. Then we obtain for any
¢ € Lip (RY,R) and z € RY with Lipp <\, |z| <r
/ (¢ = p(w0)) dp < / Lipp- |z =20l du(z)
RN RN
< [ (el du
N

and thus, p(p;0) < é-f(ll‘!ﬂ“) dp(z) < |n] < oo
RN

Finally, statement (1.) results from the obvious triangle inequality of p(,-).
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2.)  For any u, v € MT(RY) with u(RY) = v(RY) < oo, we obtain

p(p,v) = sup {Aler / (¢ — @(x0)) d(p—v) | ¢ € Lip (RY,R), Lip ¢ < A, |zo| < T}
A,r>0 RN
—sw {4 [ du—v) | ¢ € Lip (RY,R), Lip o< A}
A>0 RN
— s { v d(p—v) | ¢ € Lip (RN, R), Lip ¢ < 1}.

3.)  results easily from Definition 3.1 of p(un, 1) and the following relation for any measures
fins b € MY (RY) with 1, (RY), p(RY) > 0

e [ Go—sla) d (e — b)
- xe /KN (o= wla0)) d (Gl — ey + iy — i)
= ) Yo f , (o= w0) dlm —p)
+ (W‘W) e /i (o = @(x0)) dp
< @ Ne /i (o = @(x0))  d(pn — p)
+ (e — ) v f C Al 4 duGe) - LY
= Y Ne . (¢ — @(z0)) d(ptn — p) + (m—m) L] - [=1,1]

with arbitrary ¢ € Lip (RV,R) and x¢ € RV satisfying Lip ¢ < A, |xo| < 7.

4.)  For p,v € MFHRY) and R >0, assume supp pu U supp v C Bg(0).

The estimate QR% |n@RN) —v(RM)| < p(u,v) is an obvious consequence of Definition 3.1

due to 1 if lz| <R
o: RV —R 2+—<{ 1+R—|z| if R<|z|<R+1.
0 if lz| > R+ 1

Now choose ¢ € Lip (RY,R) and zo € RV arbitrarily with Lip ¢ < A, |zg| > 3R + 2,

/ (¢ — @(x0)) d(pr — v) > 0. The key idea is to construct a Lipschitz continuous function
RN

¥ : RY — R with compact support in Bar(0) and

[ et du-) < gt [ @ - 6GRO.0) ),

o) — p(z0) it <R
2
Indeed, set P(z) = (o(z) — p(x0)) (QR%?"’”‘) if R<|z|<2R.
0 if |z| > 2R

Obviously, 1 € C°(RY) has compact support in Bap(0) and is differentiable almost everywhere
with .
V() if lz| < R

Veola) (251" 4 (o@) — plan) -2 2l 2 it R<lal <2R

]

Vip(z) =

Thus, v is Lipschitz continuous with Lip ¢ < A+ A(2R+|zl|)-2. Due to supp (u—v) C Br(0),
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1 _ 1
N elzol /RN (o —(x0)) d(p—v) = N elzol /N@Z’ d(p—v)
XA (1+4R+2|xg)) - 2B 1
= > olzol X (I+4R+2[zo]) - 27 j b d(p—v)

N
1+ 4R + 2|xo| 1 _
< JJzo—2R X (1+4R+2[z0]) - 2R Z;N Y d(p—v)

The auxiliary function [3R+2,00[— R, &+— % has negative derivative and thus,

it is strictly decreasing. So its upper bound is % = %7;55 <1 for any R > 0.

£=3R+2

5.)  The assumptions sup,, |[n]] < oo and p € MF(RY) imply
(%) suppp U U, supp un C Bgr(0) ¢ RY for some R € )0, o0l
So the property is obvious if 4 = 0. In case of u # 0, the equivalence is based on the link
with the linear Wasserstein metric (in statement 2) and subsequent Proposition 3.3. Indeed,
(34,
ppn, p) — 0 &= p(W Hns @y u) —0 and 1, (RY) — p(RY)
(2.)
S m oy, — m p narrowly and g, (RY) — p(RY) and

W Ln has uniformly integrable first moments

Hn n

== Ay — iy p narrowly and g, (RY) — pu(RV)
pin (RN) 5T n(RY) "

= Up — W narrowly

with the last step resulting from estimates similar to the preceding ones for statement (3.).

6.) results from statement (5.) and subsequent Proposition 3.3.  Indeed, let (un)nen be
any sequence in M7 with | u,]] < 4. In particular, supp p, C Bs(0) for all n € N.

Then, either  liminf p,(RY) =0 (and thus, pin; — 0 narrowly for some subsequence)
n—a~oo

or liminf z,(RY) > 0. In the latter case, there exists a subsequence (#in; ) jen
n—aoo

such that ji,,(RY) — p >0 and inf{r > 0|supp s, CB,(0)} — ¢ < §—p for j — oo.

According to Proposition 3.3, {m pm; | J EN } C Pi(RY) is relatively compact with

respect to the linear Wasserstein metric. So, there exists a probability measure v € MT(RY)

and an infinite subset J C N with W
n

In particular, this characterization implies supp v C B4(0) and, p(ﬁ o V) — 0
due to statement (5.) ’
So finally, p:=pv e MH(RYN) satisfies p(RY) =p= lim P, (RY) > 0 and, statement (3.)

J—00

pn; — v narrowly  for j — oo (j € J).

ensures  p(pin;, ) — 0 for j — o0 (j € J). O

Proposition 3.3  The subset of probability measures on RN
PuRY) = {ue MA@ | u®Y) =1, [ ol duta) < o} © ME®Y)
RN

endowed with the linear Wasserstein metric is a complete separable metric space.
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A set KK C Pi(RYN) s relatively compact if and only if it is tight and its first moments are

uniformly integrable. In particular, for a given sequence (pin)nen in P1(RY), we have

— narrowl orn 00
pn — o in PRY) <= A Hin a vy ) 7
(tn)nen  has uniformly integrable first moments.

Proof  results directly from [4], Proposition 7.1.5. O

4 The Cauchy problem for positive Radon measures on R

with compact support

Assumptions of § 4 Let b:RY — RV, ¢:RY — R be bounded and Lipschitz
continuous. For given 1y € M(RY), the linear problem here focuses on a measure-valued
distributional solution  : [0,T] — M(RY), t +— py of

{atut + divy (b)) = cp in [0,7]
Ho =

3)

e, [ vl) du@) — [ o) dute / . (Velw) -b(a) + ex)) duss(z) ds

for every t € [0,T] and any test function ¢ € (RN R

Definition 4.1 Xy, : [0,7] x RY — RY s induced by the flow along b, i.e. Xp(-,x0) :
[0, T] — RY s the continuously differentiable solution of the Cauchy problem

A{ 4x(t) = b(z(t) in [0,T],
z(0) = xo.

As a well-known result about ODEs, b € W1°(RY R¥) and Gronwall’s Lemma imply

Lemma 4.2 Xy :[0,7] x RN — RN s continuously differentiable with
Llp Xb(ta ) eLipb-t’

HXb(t7 ) - Xg(tv )HOO Hb - EHOO -t et-LipE fOT’ any B € WLOO(RN7RN)D

<
<

Proposition 4.3  For any initial datum py € M(RYN), a solution p : [0,T] — M(RN),
t —— ug of the linear problem (3) (in the distributional sense) is given by

/RN pdpy = /]RN ©(Xp(t,x)) - exp </Ot c(Xp(s,x)) ds) dpo(z) for all ¢ € CORN),

If the initial Radon measure g € M(RN) is positive with compact support then so are all

these measures py and supp py C IB%”b”OO,t(supp o) C RV,
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Proof. First, we verify that the right—hand side provides a distributional solution of the
linear problem with the initial datum pg. In fact, it is absolutely continuous with respect to ¢

because for any subinterval [s,t] C [0,T],

)/ sodut—/ © dpys
RN RN

— | [ (ot - efi 0 Xy (s,2)) - el KDY o)
RN
o o=t
< /R (et ) = o (Xp(s,2)] et Il [p(Xp(s,2))]| [ XKora) dr)™ alpuo o)
< (10l Pl (t=5) e+ gl ! 1 oo (£ = 5)) |1l BY)

At Lebesgue-almost every time ¢ € [0,7], the weak derivative of the right-hand side is

/]R (VeXp(t2) - bXp(ta) + 9(X(t2)) e(Xp(ta)) el Xl i duq(a)

— /R N (w(y)-b(y) + ¢(y) C(y)) dpue(y)-

and thus, it solves the linear problem (3).
In case of g € MT(RY), the positivity of measures is obviously preserved. Finally, the pre-
ceding representation implies for all ¢ € [0, T

supp iy C Xp(t,-)~" (supp po) C X p(t,-) (supp po) C By ¢(supp ko)
So in particular, the compactness of supp pg € RV is also preserved. O

Remark.  The uniqueness of this distributional solution and more details about its represen-

tation are given in [20], § 3 (quoted here in subsequent Lemma 4.8, see also [24]).

Lemma 4.4  For eachb € WHo(RY RY) ¢ € WH(RN R), the measure-valued solutions
of the linear problem % pe + divg - (b uy) = ¢ iy mentioned in Proposition 4.3 induce a map
et [0,1] x MFRN) — MFRN), (t, o) — wz satisfying the following conditions for any
o, vo € MFI(RN), t,h e 0,1, b e Wb (RN RN), e WL(RN R) with t+h <1,
supp po U supp vg C Bg(0)

1. ﬁb,c(o’ ) = Ide(RN)a

2. Upe(h, Op.c(t, o)) = Ipe(t + h, po)

3. Ope(h, po) (RY) < pp(RN) - ellelleeh
19b,c(hs p20) ] < o) - elldleh 4 |Ibllog R
4. p (o, Ype(h, po)) < h (Ibllos + llcllso) el ([Luo ]l + IIb|so + 1)?

Rtblloo+1) (Iblly1,00 +Hlelly,00) - 2

IN

5. pOpe(h, o), Up.e(h, 1)) p(o, o) - el

6. P(ﬁb,c(ha,uo)a Uqgg(h,uo)) B - (Hb—gHoo+HC—E||oo) . eLipg+max{||c||00,||5||oo}+LipE

(o)l +1+max{|[b]loc. [Bloc})?

IN
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Proof.  As a direct consequence of Proposition 4.3, U : [0,1] x MF(RY) — MF(RY)
satisfies the semigroup property and thus statements (1.), (2.).

Furthermore, the constant function ¢ =1 in a sufficiently large ball leads to

h
Jne(h, p10) (RY) = /RN el oo ds gy < ellelet o (RY)

and thus, statement (3.) results from supp Up c(h, o) C By n(Supp po)-

For proving estimate (5.), choose any g, vg € MF(RN), \,R >0, h € [0,1], 29 € RV,
@ € Lip (RY,R) with Lip ¢ <\, supp p U supp v C Bg(0), |zo| < 74 := 3(R+ [|b||lec h) + 2.
Then Proposition 4.3 implies supp ¥y (h, po) U supp Up c(h, v0) C Bryp|j.. n(0) and

[ 6@ @) dOnlb) = Onlhn) (@
= o /RN (p(Xp(h,2)) — p(xg)) - o “Xolsmds g (40 — 1) ().

The latter integrand, 4y, : RN — R, z — (o(Xp(h,z)) — ©(z0)) - el c(Xp(s2)ds g
locally Lipschitz continuous for each fixed h € [0, 1], z¢ € RY and, restricted to the closed ball
Br(0) C RY, its Lipschitz constant satisfies
Lip ¥nlB 4 (0)
h
< Lip ¢ - Lip Xp(h,-) - ell=h4 sup  |p(Xp(h,-)) — @(a0)|- ell=h / Lip ¢ - Lip Xp(s, ) ds
0

Br(0)
< Lip ¢ - elip b celldle 4 Lip - (R4 ||blloc h 4 14) - el Lip ¢ . elipb-h I
< XA -elipbh celldle iy X (R4 ||bllec b 41p) -l Lip ¢ . elip Pl h
< A elbrleldh (14 - Lipe - 4(R+ [l h+ 1))

as a consequence of the product rule (applied to the partial derivatives with respect to =) and
Lemma 4.2. Furthermore, ¢, has a root at Xp(h,-)"'(z0) = X_p(h,20) C Blyy|1|b)e-n(0)-
So Definition 3.1 of p(uo, o) implies

/RN Un(z) d(po — v0)(z) < Lip Yl el Pl pug, 1)

and thus,

s [, (@) = @) dOnclhpo) = duelh) 1)

< elblyrectlicle)-h (1 +h - Lipec - 4(R+|blloc h+ 1)) p(o, vo)
< eUPlyroctlilec) b gh-Lip c- 4 (R+|[blloct1) o110, o)
< A BHBllootD) (IBlly1,00Hilyro) - b o110, 0).

As a consequence of Lemma 3.2 (4.), p(¥pc(h, po), Upc(h,10)) has the same upper bound,
i.e. estimate (5.) holds.

In regard to statement (6.), choose any b,b € WLo(RN RY) and ¢,¢ € WH(RN R).
Furthermore, let pp € MF(RY), AR >0, h€[0,1], 2o € RY and ¢ € Lip (RV,R) satisfy
Lip ¢ <A, supp 1 C Bg(0).
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Then,
. /R ele) — pla0)) d (b o) — B (o)) (@)
P(Xn(h,2)) — p(an)) - e Kolea)ds _
(¢(Xp (i) = plao)) - e TN o) g ()
For h € [0,1], « € Br(0) fixed, the auxiliary function ¢ : [0,1] — R (in the last integrand)
(t) = (o (- Xn(hyw) + (1= ) - X (h,2)) = p(o) ) - €S cKuoa) doot (1=0:f5" e (o)) ds

5

A e‘ZO‘ RN

is continuously differentiable and using b := max{||b|so, [[bllsc}, € := max{]|c|so, [|&]|so
W(t) _ tfo c(Xp(s,x)) ds + (1—t) fo (X (s,x)) ds

(v‘p‘t-Xb(h,x)Jr(lft)-Xg(h,w) ‘ (Xb(h,x) - Xg(hvx)) +

h
(Pl -0 xymm — #(0)) - /0 (c(Xp(s,2)) = X5 (s,2)) ds)
Lip @ (R+5h+ laol) - b (Jle=@loe + Line - max [Xp(hz) - Xg(h,)]))
< el (Lipgp -h ||b—'t~)|\<><> eh-Lipb
Lip g (R+Dh+[zo)) -k (o=l + Lipe - b =Dl e 1PP R)).

Thus,
m /N (p(z) — p(w0)) d(ﬁb,c(}huo) —ﬁf”g(h7 HO)) (x)
= o /R (1) = $(0)  dpuolz)
RN .
= X el /]R R /0 W'(t) dt dpo(x) ) ~
< m pio(RY) ech </\ h b= bl el LiPb 4

N(R+5h+1zo]) b (lle =l + Lip & Ib = bllog e 1P P 1) )
< b ppRY) PP (b~ bl + [l ~ Cloc)  (R+D+1) (1+Lip?)
ensuring estimate (6.):
p (Po.clh o), O o(hoi0)) < - (1D =Bl + lle = Elloc) - €T LPEHLPE (]| 5+ 1)2.

Statement (4.) is an immediate consequence (using b =0, ¢=0) due to Yo,0(h, ) = Idgn.
a

This Lemma 4.4 lays the basis for identifying the parameters of ¥y, . as transition on
(MFRY), p, [[-]]) . So seizing the notation of Definition 2.1 (and taking the bounds of
|9b,c(-, po) ]| on [0, 1] into consideration properly), we obtain:
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Proposition 4.5  For any functions b € Wh(RY RY), ¢ € WL*(RN R), the map
et [0,1] x MFRY) — MFRN), (¢, u0) — e defined by the solutions of the linear prob-
lem % i + divg - (b py) = ¢ py s a transition on (MTIRN), p, [|-]]) in the sense of Def. 2.1
with

1) a(lpe; r) < A+ (bl + 1) (Ibllwree + llellwee)

2) Bpe; ) < (Ibllsstllelloo) el (- elldle 42 |b]oc + 1)

3) (V) < max{||blloo, [lcfloo}

4) DWpe O5z3 1) < (b= Dlloo + e = Eoc) - bbbt max{lellmi[Eloc} +Lip

(r + 1+ max{|[bl|oc, || })? O

Theorem 4.6 (Existence) Let F: MF(RY)x[0,T] — WL(RN RN)x Whe (RN R)
satisfy the following conditions:

1) M= sup ([[Fi(po,t)lwre + [1Fa(no, t)[wree) < 00
110,

2) [IFu(jimr5n) — Fi(si0, oo + [Pl 50) — Falio, )loe — O whenever pljim, pio) — 0,
Sp — t (for n — 00) and sup ||un ] < 0.
Then, for any initial datum vy EnMj(RN), there exists a narrowly continuous weak solu-
tion p: [0, T[ — MI(RN), t — 1y of the nonlinear transport equation
{ O e + divg (Fi(pe,t) pe) = Falpest) pe in [0,7]
o = 10

(4)

Remark.  Due to Lemma 3.2 (5.), hypothesis (2.) of this existence theorem can be reformu-
lated in the following way: F : M (RY)x[0,T] — (WH(RN,RY) x WE2 (R R), | - |le)
is assumed to be continuous on all “cylinders” {u € MIRN) | |ul <} x [0,T], & >0,

with respect to narrow convergence on M7 (RY).

Proof. Choose the initial datum vy € M (RY) arbitrarily. After identifying each value
F(u,t) € WHR(RN,RN) x WL (RN R) with the corresponding transition on MF(RY)

Dy () Faut) 105 1] X MFRYN) — MF(RY),
Proposition 2.7 (about mutational equations) ensures the existence of a Lipschitz—continuous

solution g : [0, 7] — (MZF(RY),p), t — p; of the mutational equation T F(pe,t) with

1o = g, i.e. according to Definition 2.6
1) hr}?f(;lp % P (ﬂFl(pt,t),Fg(p,t,t)(h7,U’t)7 Ht-l—h) =0 for every ¢ € [OaT[v

2.) there is a constant L > 0 with p(us,pt) < L|s—t| for any s,t € [0,T],

3.)  sup |l < oo
0<t<T

So p:tr—— py is narrowly continuous due to Lemma 3.2 (5.) and, we still have to verify that

p is a weak solution of the nonlinear transport equation (4). Choose any ¢ € C°(RY,R). Then,
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Y [0,T[— R. t — @(z) dug(z) is Lipschitz continuous since for any zq € RV \ supp ¢,
RN

‘/ @ dp —/ © dps
RN RN

= (/RN (o = (x0)) d(pe — ps)

IVlloo el - p(pue, s)
IVl el - Lt —s|.

So choosing now t € [0,7[ as a point of differentiability of 1, we obtain for h € |0, 1]

/ e dugen — / © duy
RN RN

= /RN @ d (pern — O p(up (b ) + / © d(pgu ) (h, pe) — )

IN A

= [IV¢lloc €1 p (s Vpiuey (s o)) / . (V@) - Filu, t)(@) + Falpu t)(a) )

AV p (e 1) (55 1) () ds
After dividing by h > 0, the first summand is tending to 0 for ~ | 0 due to property (1.) of p.

Thus, ¥'(t) = 1&?8 7 / / Veo(z) - Fi(pe, t)(x )+F2(,Ut7t)(37)> A1) (8, 1t) () ds.
Finally, v/(t) = / ( o(x) - Fi(pe, t)(z) + Fo(p, t)(z )) dui(z). Indeed, choose R > 0
RN
such that U supp U p(u,,s) (75 f1s) U supp ¢ C Bg(0) (depending only on ||vo]|, M, ).
s€[0,T|
T€[0,1]

Then, for any s €]0,1] and 29 € RV with |zo| > 3R+ 2, Lemmas 3.2 (4.) and 4.4 (4.) imply

Lo (V9) Alu@) + Pl @) dOr(soin) = ) (@)

const (M, |||z ) el®ol - p (O p(ue) (55 10)s 112)

<
< const(M, ||¢||2ee) e®ol - const(M,sup, ||, ]]) s

So the last representation of ¢’(t) at every point t of differentiability leads to

/RN ¥ dp = / v dvo / o W ) Fi(pe, t) (2 )+F2(ut,t)<a:)) dus(z) ds

for every time ¢ € [0,7] and any test function ¢ € C®(RY,R), ie. uis a weak solution of
Cauchy problem (4). O

Theorem 4.7 (Uniqueness) Let F: MT(RY)x[0,T] — WLeRN RN)xWho(RY R)
satisfy the following conditions:
1) sup ([|Fi(uo, B)llwree + [ Falpo, D)llwree) < 00
1o,
2)  for any R > 0, there is a constant Lr > 0 and a modulus wg(-) of continuity with

13 (s 8) = Fr(v, ) l[oo + 12y 8) = Fa(v,t)lloo < Lir - p(p, v) + wr([t = s])
for all p,ve MIRN) with ||ul,||v] < R.

Then the narrowly continuous weak solution p : [0,T[ — MI(RYN), ¢ —— py of Cauchy
problem (4) with sup, ||p]] < oo is unique.
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Remark.  Correspondingly to the remark about Theorem 4.6, assumption (2.) can be reinter-
preted in the following way: Local Lipschitz continuity of the vector fields F'(-,-) (with respect

to p and || - ||eo) implies uniqueness of the “bounded” weak solution with values in MI(RY).

Proof. Let v:[0,T[ — MZF(RY), t+— 1, be any weak solution of
vy + divy (Fy(ve,t) 1) = Fo(v,t)

that is narrowly continuous with R := 14 sup [ < oo. Exploiting the uniqueness
0<t<T
statement about nonautonomous linear transport equations in subsequent Lemma 4.8, we now

prove that v is a solution of the corresponding mutational equation v, 5 F (v, t) in [0,T7]
and thus, Proposition 2.9 ensures its uniqueness for the initial datum vy € M (RY).
v is continuous with respect to p according to Lemma 3.2 (5.). So the composition
0,T[— (WE2(RN,RY) x WL (RN R), |- [lo) t — F(v,t)

is continuous and, Theorem 4.6 provides a continuous solution s : [0, 7] — (M (RN),p) of
the mutational equation ftt > F(y,t) in[0,T[ with po=wg, sup, |[ue]] < oo that is
also weak solution of the nonautonomous linear transport equation

Op e + divy (Fy(vg,t) ) = Fa(vg,t) .
Subsequent Lemma 4.8 (2.) guarantees the uniqueness of weak solutions of the linear Cauchy
problem and thus, p = v, i.e. v is solution of the mutational equation Uy D F(v,t) in [0,T7.

Due to Proposition 2.9, Cauchy problems of this mutational equation have unique solutions. O

Lemma 4.8 Let v:t+—— v be a Borel vector field in L' ([0,T]; WL>(RN, RY)) and ¢

a Borel bounded and locally Lipschitz continuous (w.r.t. the space variable) scalar function.

(1.)  For each vy € MFT(RN) with vo(RN) =1, there exists a unique narrowly continuous
p:[0,T] — MFTRN), t — u; solving the initial value problem (in the distributional sense)
O e + divy (ve i) = cp e in |0, T[xRY, 1o = V-

(2.)  The comparison principle holds in the following sense: Let o :t+—— oy be a narrowly
continuous family of signed measures solving 0y oy + divy (vs 0r) = cp oy in |0, T[xRY
with o9 <0 and

T
/OT/RN <’vt(x)\ + ]ct(x)\) dlog|(z) dt < oo

/ (]0t|(B) + sup |vy| + Lip vt|B) dt < o0
0 B

T
/ (|crt|(B) + sup |e¢| + Lip ct|B) dt < oo
0 B
for any bounded closed set B C RN.  Then, o; <0 forany t€[0,T].

Proof is given in [20], Lemma 3.5 and Proposition 3.6, for example (see also [1, 4]).
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Theorem 4.9 (Stability)
Assume for F,G: MF(RN) x [0,T] — WE(RN RY) x WHe(RN R):

1) Mp:= s ([|Fi(uo,t)llwre + [ Falpo,)wnee) < o0
Ho,

Mai= s (G0, llwie +Galpos i) < oo
1o,

2)  for any R > 0, there is a constant Lr > 0 and a modulus wg(-) of continuity with
1E1 (1, 8) = Fi(v, 8)[[oo + | P21, 8) = Fa(v, B0 < L - p(p,v) + wr(|t — s])
for all p,v € MFRN) with ||u]],|v] < R.

3)  NG1(pn, sn) — G1(po, t)lloe + |G2(pns sn) — G2(po,t)[oc — O whenever p(pin, po) — 0,
Sp — t (for n — o0) and sup,, |[un] < co.
Let v:[0,T] — /\/lC*(RN), t — vy be a narrowly continuous weak solution of
Oy + divg (Fi(v,t) vy) = Fa(u,t) v
with sup, ||[v1] < oo.

Then, for every initial measure g € MFT(RYN), there exists a narrowly continuous weak
solution ju: [0, T[ — MF(RN), t— u; of

Oppe +  divg (G1(pe,t) pe) = Galpe,t) g in [0,T]

satisfying sup, ||pe]] < oo and for all t € [0,T]

pue, ve) < (p(,uo,l/o) + t-const(Mp, Mg, || 1o, o] - (‘|F1_G1H00+‘|F2_G2Hoo)) e const(F) -t

Proof results directly from Proposition 2.10 (b) about the stability of solutions of mu-
tational equations — in the combination with Proposition 4.5 (4.) estimating the “distance”
between two transitions here. Indeed, due to assumption (2.), v solves the correspond-
ing mutational equation with the coefficient function F' = (Fy, F5) as shown in the proof of
Theorem 4.7. So there exists a solution p of the mutational equation with the coefficients G
satisfying the claimed estimate, and finally, u is a weak solution of the corresponding nonlinear

transport equation according to the proof of Theorem 4.6. O

Acknowledgments.  The author would like to thank Piotr Gwiazda (University of War-
saw) for the inspiration how to extend correctly earlier results about the nonlinear continuity
equation of measures in combination with mutational equations [18]. His outlooks and remarks
about hyperbolic equations provided interesting insight. Furthermore, he is grateful to Irina

Surovtsova and Daniel Andrej for fruitful complementary discussions.



REFERENCES 23

References

1]

[14]

[15]

[16]

Ambrosio, L. (2005): Transport equation and Cauchy problem for non-smooth vector
fields, Lecture notes of the C.I.M.E. course “Calculus of variations and non linear PDE”
2005 (to appear)

Ambrosio, L. (2004): Transport equation and Cauchy problem for BV vector fields,
Invent. Math. 158, No.2, pp. 227-260

Ambrosio, L., Fusco, N. & Pallara, D. (2000): Functions of bounded variation and free
discontinuity problems, Oxford Mathematical Monographs

Ambrosio, L., Gigli, N. & Savaré, G. (2005): Gradient flows in metric spaces and in
the space of probability measures, Birkhduser, ETH Lecture Notes in Mathematics

Aubin, J.-P. (1999): Mutational and Morphological Analysis : Tools for Shape Evolu-
tion and Morphogenesis, Birkhduser, Systems and Control: Foundations and Applica-
tions

Aubin, J.-P. (1993): Mutational equations in metric spaces, Set-Valued Analysis 1,
pp. 3-46

Aubin, J.-P. (1992): A note on differential calculus in metric spaces and its applications
to the evolution of tubes, Bull. Pol. Acad. Sci., Math. 40, No.2, pp. 151-162

Bianchini, St. & Colombo, R. (2002): On the stability of the standard Riemann semi-
group, Proc. Amer. Math. Soc. 130, No.7, pp. 1961-1973

Bressan, A. (2000): Hyperbolic Systems of Conservation Laws: the One-Dimensional
Cauchy Problem, Oxford University Press

Bressan, A. (1998): On the Cauchy problem for nonlinear hyperbolic systems, Preprint
S.I.S.S.A.

Bressan, A. (1995): A locally contractive metric for systems of conservation laws, Ann.
Scuola Norm. Sup. Pisa Cl. Sci.(4) 22, No.1, pp. 109-135.

Bressan, A., Crasta, G. & Piccoli, B. (2000): Well-posedness of the Cauchy problem
for n X n systems of conservation laws. Mem. Amer. Math. Soc. 146, No.694

Bressan, A. & Colombo, R. (1995): The semigroup generated by 2 x 2 conservation
laws, Arch. Rational Mech. Anal. 133, No.1, pp. 1-75

Bressan, A. & Fonte, M. (2005): An optimal transportation metric for solutions of the
Camassa-Holm equation, Methods Appl. Anal. 12, No.2, pp. 191-219

Bressan, A. & LeFloch, Ph. (1997): Uniqueness of weak solutions to systems of con-
servation laws, Arch. Rational Mech. Anal. 140, pp. 301-317

Colombo, R. & Corli, A. (2004): Stability of the Riemann semigroup with respect to
the kinetic condition, Quart. Appl. Math. 62, No.3, pp. 541-551

Green, JJW. & Valentine, F.A. (1961): On the Arzela-Ascoli theorem, Mathematics
Magazine 34, No.4, pp. 199-202



24

[18]

[19]

[20]

[21]

[22]

23]

[24]

REFERENCES

Lorenz, T. (2006): Quasilinear continuity equations of measures for bounded BV vector
fields, IWR Preprint

Lorenz, T. (2004): First-order geometric evolutions and semilinear evolution equations:
A common mutational approach. Doctor thesis, University of Heidelberg

Maniglia, S. (2005): Probabilistic representation and uniqueness results for
measure-valued solutions of transport equations, Submitted preprint available at
http://cvgmt.sns.it/papers/man05/

Panasyuk, A.I. (1995): Quasidifferential equations in a complete metric space under
conditions of the Carathéodory type. I, Differ. Equations 31, No.6, pp. 901-910

Panasyuk, A.I. (1995): Quasidifferential equations in a complete metric space under
Carathéodory-type conditions. II, Differ. Equations 31, No.8, pp. 1308-1317

Panasyuk, A.I. (1985): Quasidifferential equations in metric spaces, Differ. Equations
21, pp. 914-921

Poupaud, F.& Rascle, M.(1997): Measure solutions to the linear multi-dimensional
transport equation with non-smooth coefficients. Comm. Partial Differential Equations
22, No.1-2, pp. 337-358.



