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Quasilinear continuity equations of measures

for bounded BV vector fields

Thomas Lorenz !

Abstract. The focus of interest here is a quasilinear form of the conservative continuity equation

S+ Do (f(p,) p) =0 (in RVx]0,77)
together with its measure—valued distributional solutions u(-) : [0,7[ — M(RY). On the basis of
Ambrosio’s results about the nonautonomous linear equation £ p + Dy - (b p) = 0 (see [1, 2]),

the existence and uniqueness of solutions are investigated for coefficients being bounded vector fields
with bounded (spatial) variation and £~ absolutely continuous divergence in combination with positive
measures absolutely continuous with respect to Lebesgue measure £,

The step towards the nonlinear problem here relies on a further generalization of Aubin’s mutational
equations that is extending the notions of distribution—like solutions and “weak compactness” to a set
supplied with a countable family of (possibly non-symmetric) distance functions (so—called ostensible
metrics).
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1 Introduction

The continuity equation %y + D, - (bp) = 0 (in RN x[0,T[) is the classical analytical tool
for describing the conservation of some real-valued quantity p = u(t,z) while “flowing” (or, rather,
evolving) along a given vector field b RN x [0,7] — RY. Thus, it is playing a key role in many
applications of modelling like fluid dynamics and, it has been investigated under completely different
types of assumptions about g(, ).

Using the results of Ambrosio [1, 2] later, the values of all solutions considered here are positive finite
Radon measures on RV and, we are interested in structurally weak assumptions about these measures or
the vector fields for proving existence of a distributional solution to the quasilinear continuity equation

& B + Dy (f(u(t),t) u(t)) =0 (in RVx]0,77)
with given f(-,-) : M(RY) x [0,T] — L®(RY ,RY). Basically two cases are investigated more closely:

In [14], all vector fields were supposed to be uniformly bounded and Lipschitz continuous with respect
to space, i.e. f(u,t) € WHe (RN RY) with || f|lwi~ < C < oco. Due to this regularity assumption,
the measure—valued solution to the continuity equation % @ + Dy-(bp) = 0 (with such a
vector field b) can be easily represented by the method of characteristics: p; = Xp(t,-)ypo  with
Xy (+,20) : [0,T] — RN denoting the absolutely continuous solution to the Cauchy problem

. { La(t) = bla(t) ae i [0,T],
z(0) = xo

and the index # abbreviating the push—forward of a measure. In return for this (quite popular, but
restrictive) Lipschitz continuity of vector fields, admissible measures did not have to be absolutely con-
tinuous with respect to Lebesgue, but all positive Radon measures with compact support were taken
into consideration. Their set is abbreviated as MF(RY). So in particular, Hausdorff measures H° of
arbitrary dimension § € [0, N] - restricted to a compact H?-rectifiable subset of RV — can be considered.
For specifying the continuity properties of “velocity” function f: M} (RY)x[0,T] — Wh(RN RYN),
generalized distance functions for finite Radon measures on R are required. In [14], the weak* topology
on Radon measures with compact support was metrized and, one of the main results there is :

Proposition 1.1 Suppose for f: ME(RN) x [0,T] — Whe(RN RN):
13 el If(nt)lwie <C  Jorall (ut) € MEEN) x [0,7],
2. ("weak*” continuity of f) || f(ist) — f(ttn,tn)|loe — O if prn — p (w.r.t. CYRN)), t, — t.

Then for every initial pg € MF(RYN), there exists a distributional solution u(-) : [0,T[— MZFRN)
to the continuity equation % ju(t) + Dy - (f(u(t),t) p(t)) = 0 inRY x [0,T[ with p(0) = po.

In this paper, the regularity condition on vector fields is weakened. We dispense with their local
Lipschitz continuity and follow the track of Ambrosio [1, 2]. So now we use vector fields in

BV (RY) = {b € BVjoo(RY,RN)NL¥RY,RY) | Db = divd LN < £V, divbe Lo([RN)}

loc

and positive measures on R that are bounded and absolutely continuous w.r.t. Lebesgue measure, i.e.

LN RN) = {p LN | pe L'RN)NL>RY), p>0}.
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The gap between BVﬁfc’div(]RN) and WU (RN RN) N L is bridged by Ambrosio’s proof of his

loc

superposition principle [1, Theorem 12]. Indeed, for every function be L'([o, T, BV 4 (RN )) with

loc /

sup, (||Z(t, Moo + [|divy bt Jles) < 00, each distributional solution pu(-) of 4 p + Dy (bp) =0

can be approximated narrowly by the unique solution pus(t) := u(t) * ps of % s + Dy (bs us) =0

with bs(t,-) := W being in L* ([0, T7, WL (RN, RY)) and ps(-) denoting a smooth
Gaussian kernel. So the approximation (with respect to narrow convergence) is the key tool for extending
many estimates concerning vector fields in W, (RN, RN) N L™ to vector fields in BV (RN).
Our main results about this type of continuity equation are consequences of Propositions 3.14, 3.16
using now the pseudo-metrics ge(u, v) = |¢- - (u—v)|(RY) (e € J) with a countable dense family of

suitable Schwartz functions ¢, (-) (specified in Lemma 3.6 below):

Proposition 1.2 Suppose for f:L®"HRN) x [0,T] — BV (RN)

loc

1.3 Cel0,00] ¢ ||f (1 t)loo + [|div f(,1)]| L < C forall (u,t) € LOTHRY) x (0,7,
2. Veed: |oe [F(t) = Fnsta)ll| puany — 0 whenever p, = p (wrt. CORY)), b, \.t.

Then for every pg € LY (RY), there exists a distributional solution u(-) : [0,T[— L®"L(RN) to
the continuity equation 2 p(t) + Dy - (f(u(t),t) p@) = 0 inRY x [0,T] with p(0) = po.

Proposition 1.3 Suppose for f:L®"YRN) x [0,T] — BVZW(RY)
1. 3 Cel0,00] : [f(pst)]loe + ||div fp, t)|| < C for all (u,t) € L="L(RN) x [0,7],
2. VeeJ 3FL.e€|0,00, modulus of continuity we(-) >0:

([0 [/ (s 8) = F@ | oy < Le - e v) +we (|s —t]) for all (i, 5), (v, 1) €L HRYN) x [0, T].
Then for every initial measure g € L= H(RN), the distributional solution u(-) : [0, T[— L>®"H(RN)
of & u(t) + Dy (f(u(t),t) u(t)) =0 inRNx]0,T[ that is continuous with respect to each q- (¢ € J)

1S unique.

In particular, the continuity conditions on f(-,-) are (slightly) weaker in Proposition 1.2 than in
Proposition 1.1 because the weighted L' norms are used instead of the L> norm. Moreover, separating
the time dependence from spatial measures opens the door to taking spatially nonlocal effects into
consideration — to some extent.

Restricting our considerations to measures in L>° " (RY) has two analytical advantages in addition:
The first one is the uniqueness of distributional solutions to the nonautonomous continuity equation.
To be more precise, Ambrosio extends the DiPerna—Lions theory [9] to the case of spatially BV vector
fields. Any distributional solution w € L2 (R¥Nx]0,T[) of 4 w + D, - (bw) = ¢ is shown to be

loc dt
“renormalized” (in the sense of DiPerna and Lions) if ¢ € L (RY x ]0,T[) and whenever the vector field

. loc L -
be L ([0,T], BVioc(RY,RY)) has the distributional divergence D, -b(t,) = div, b(t,-) LY < LV

for £'-almost every ¢ € [0,T] [1, Theorem 34]. Then additional integral conditions on b and div, b

imply the comparison principle for the continuity equation 4 w + D, - (bw) = 0 in the
class {w € L ([0, T]; L*(R™N)) n L>([0, T); L= (RY)) n C°([0, T]; w*~L>(RY))} [1, Theorem 26].
This result is used here for specifying sufficient conditions on f : L®"(RN) x [0, 7] — BVS™(RN)

for the uniqueness of distributional solutions in Proposition 1.3.

The second advantage is provided by the area formula since it leads to an exponential growth condition
of the total variation |u(t)|(RY) and of H%HO@ for a solution pu(-) : [0,T] — L®"HRY) of
% w4+ Dy (Z 1) =0 (i.e. for the solution induced by the Lagrangian flow specified in Proposition 3.3
and proven in [1, 2]). Such a priori estimates lay the basis for applying the compactness criterion of de

la Vallée Poussin.
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So all in all, the aim of this paper to extend Ambrosio’s results of [1] to the quasilinear continuity
equation 4 i(t) + Dy (f(p@),t) p@) =0 (in RV x 10, T7]).
For such a step from a linear to a nonlinear equation, we rely on a technique here that is hardly known
in the PDE community, but we regard it as very useful indeed: generalized mutational equations.
Mutational equations introduced by Aubin [7, 8] are to extend ordinary differential equations to a metric
space (E,d). For dispensing with any linear structure, the key idea is to introduce “maps of elementary
deformation” 9 : [0,1] x E — E. Such a so—called transition specifies the point ¥(¢,z) € E to which an
initial point # € E has been moved after time ¢ € [0,1]. It can be interpreted as a generalized derivative
of a curve £ :[0,T[— E at time ¢ € [0, if it provides a first—order approximation in the sense of

limsup +-d(&(t+h), I(h,E(t))) = 0.
h10
The theory of mutational equations has already been applied to different types of evolution problems

in metric spaces (see [5, 6, 10, 11, 21], for example). So—called morphological equations are a very
popular geometric example and use compact reachable sets of differential inclusions (supplied with the
Pompeiu-Hausdorff distance) as transitions.

Aubin’s continuity conditions on transitions, however, seem to be quite restrictive. So there have been
several approaches of weakening them [12, 13, 16]. The main aspects of generalizing so far have been

1. introduce a separate real component of time, i.e. consider E =R x E instead of the given set F,

2. dispense with the symmetry of the metric d, i.e. we use a countable family (G:).cs of (timed)
ostensible metrics satisfying only the reflexivity condition and the (timed) triangle inequality,

3. extend the notion of distributional solutions to so—called timed forward solutions in such a way
that a (fixed) structural estimate is preserved while comparing shortly with the evolutions of all
“test elements” = € D,

4. implement the notion of Petrov—Galerkin, i.e. “test elements” do not have to belong to the same
set F as the values of generalized solutions (see [12], in particular),

5. permit many parameters of transitions to depend on the “test element” and the index € of (timed)
ostensible metric (in a word, for increasing “degrees of freedom” while extending Euler algorithm).

Up to now, first-order geometric evolutions have been our main motivation for generalizing mutational
equations, i.e. compact subsets of RY are to evolve according to nonlocal properties of both the set and
their (limiting) normal cones at the boundary (see [12, 13], in particular). Now the continuity equation
motivates two further aspects of generalization:

Firstly, we modify the continuity conditions on transitions so that some of their continuity parameters
might have linear growth (with respect to the “initial element”). This feature can be particularly useful
whenever the theory is applied to vector spaces — like the semilinear evolution equations in reflexive
Banach spaces (mentioned in [17]), the positive Radon measures in [14] or the £V absolutely continuous
measures here in § 3.

Secondly, the form of sequential compactness is weakened for proving existence of “right—hand sleek
solutions”. We assume each ostensible metric g to be the supremum of (at most) countably many
generalized distance functions ¢ . (k € Z). In this analytical environment, “weak sequential compact-
ness” is to realize the notion that every “bounded” sequence has a subsequence converging with respect
to each ¢. .. In fact, this concept generalizes the definition of weak compactness in a (separable) real
Banach space (X, - | x) since |[zl|x = sup {y*(2) |y*: X — R linear, continuous, |[ly*||x~ <1}.
With regard to generalized mutational equations, we introduce the more general term “weakly timed
transitionally compact” in Definition 2.20. A more detailed presentation of this theory is given in § 2.
Then, in § 3, we consider positive measures of L>*"'(RY) that are “evolving” along vector fields of
BV (RY)
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Notations

CO(RY) denotes the space of continuous functions RY — R with compact support and CJ(RY) its
closure with respect to the sup norm, respectively. C?(RY ,Ra' ) abbreviates the subset of functions
¢ € CO(RN) with ¢ >0 and correspondingly, CJ(RY,R{) its closure.

Furthermore, M(RY) consists of all finite real-valued Radon measures on RY. As a consequence of
Riesz theorem, it is the dual space of CY(RY™) (see e.g. [4, Remark 1.57]). Similarly M*(R") denotes
the set of all positive Radon measures on RV, i.e. MFTRYN) = {u e M(RY)|u(-) > 0}.

2 Generalizing evolution equations to ostensible metric spaces:

Mutational equations

In this section, the definitions and main results are presented although the measure—valued examples
ensuing here do not require this concept in its most general form. There are basically two reasons for
the complete presentation. Firstly, we want to present two additional steps of generalization motivated
by both the measure-valued flow along vector fields (in § 3) and the semilinear evolution equations in
reflexive Banach spaces (mentioned in [17]): allowing a form of “linear growth” for some parameters of
transitions and assuming a “weak(er)” form of sequential compactness for proving existence.

Secondly, all previous versions prove to be special cases of the subsequent modification. So in particular,
the examples of [7], [12, 13] and the ensuing section can be combined in systems arbitrarily. From our
point of view, this property of generalized mutational equations is an essential advantage in comparison
with viscosity solutions (and other concepts based on the maximum or inclusion principle).

General assumptions for § 2.

1. Let E and D denote nonempty sets (not necessarily D C E),
EXRxE, DYRxD, m:(DUE)—R, (t,z) — t.

2. J # 0 abbreviates a countable index set.

3. G :(DUE) x (DUE) — [0,00[ satisfies the timed triangle inequality (for each ¢ € J),
e, @((no), (L) < @((rno). (s9) + @), (12)
for all (r,z),(s,y),(t,2) e DUE withr <s <t.

4. Fix |-]c : DUE — [0,00] foreache € J.

5. iz:D—FE fulfills G.(Z,i52) =0, m2=mi52 |2Z]c>|isZ]e
for every z € D,e € J.

Assumption (4.) lays the foundation for the first new aspect in comparison with earlier definitions.
For allowing a form of “linear growth” for some parameters of transitions, we need a counterpart of
norms. Roughly speaking, it is to measure the absolute magnitude of any element = € D U E whereas
each ¢. rather “compares” two elements with each other. Dispensing with any vector space structure,
however, this counterpart is supposed to be just a nonnegative function that might even depend on
e € J, namely |-].: DUE — [0, 0.

Generalizing mutational equations, the key idea is now to preserve the following structural estimate for
comparing transitions 9,7 : [0,1] x (DUE) — (DUE)

G- (V(t1+h,2), T(t2+h,7))

< G0t 3), 7ty p) - AR 4
he (@e@75)- (Lt il SO0 L (5) - (12 + 1) + 76(7) ) - eneT 1



2.1 Transitions as “elementary deformations” )

for all 565, Yy E E, ceeJ and 0<t; <ty <1, h>0 with mz<my and t; + h sufficiently
small (depending only on 9, %). In comparison with the last modification (in [12]), the new feature is
the factor (1+ |y %™ (2Hh) 4 ¢ (F) (ta+h)) < 14 |§]). €% +(.(7) allowing the second summand
on the right-hand side to share the “linear growth” of the compared element y (with respect to [-]¢).
A corresponding dependence on |Z]. can be regarded as part of Qs (19 T Z

For the subsequent definition of solution, this modification will be hardly relevant. Indeed, a tran-
sition 9 again induces a “first—order approximation” of a curve Z : [0,T] — E at time t € [0,T]
according to the following (still vague) idea: Comparing Z(t 4+ -) with 5(,2’) shortly (for any test
element Z € D, m Z < m Z(t)), the same structural estimate ought to hold as if the factor Q.(-,-; 2)
was 0 (see Definitions 2.10, 2.12 for details).

2.1 Transitions as “elementary deformations”

Now we specify the new definition of “timed sleek transition” for the tuple that has an additional
component in comparison with earlier versions (see [12] in particular): (E, D, (Ge)eca (Hg)sej)

Definition 2.1 A map 9 :[0,1] x (DUE) — (DUBE) s called timed sleek transition on
(B, D, (¢)ecg, ([-le)eeg) if it fulfills for each € € T
L 9(0,)) = Idz 5

2. 3 7)) >0: limsup -G (d(h, 9(t,7)), O(t+h 7)) < @) VieDUE,telo,l]
n%}glp LG +h,7), Oh, 9(t,7)) < %(0) VY ieDUE,telo,1],
3. VZeD 3 a.(0,2) e[0,00], T.=T.(d,2)€]0,1]:
lim sup (q~€ (5(t+h’a’5~(h’~g)) 7%(5@@! v 75(5)h>+ < a.(9,%) VO<t<T. §eFE
) h (qs(ﬂ(t,z)ﬁyH%(ﬁ)h) (t4mZ<mi),
430020 q(0(s,9), It9) < F0)-(t—s)- 1+ [Fl) Vs<t<l Jek,
5. 3¢ >0:  [0tD)]. < |F)e-eSDt 1+ (D)t VieDUE, telo,1],
6. VZeD: I(t,3) €D V te o, T-(9,2)],
7. limsup qE( ( —h, 2), ) > q~€(1§(t,5), fj) v 565 ﬂEE t < T,
R0 (t+mz<my),
8. 9(h, (t,y)) € {t+h}xE C E V (t,y) € E, hel0,1],
m O(h, (t,2)) < t+h nondecreasing w.r.t. h V (t,z) € D, hel0,1].
9. limsup L-g (d(h, U(t,iz2), O(h, 9(t2))) < -(J) VZeD, t<T.(J,7),
11%%21;) LG@t+h, izz), 9t+h, 2)) < 7(0) VZeD, t<T.(9,3).
Remark 2.2 Conditions (4.) and (5.) provide the only new features in comparison with earlier

concepts [16, 17, 12]. Roughly speaking, property (5.) bounds the “absolute magnitude” of 5(,5) to
uniform exponential growth for each initial element = € DUE. As its main advantage, we can always
restrict our considerations to bounded subsets of E (with respect to |-].), so for example, the Euler
approximations for proving existence.

Condition (4.) now allows 9(-,y) that the Lipschitz constant (with respect to time) has linear growth
with respect to the initial element y € E.
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The other conditions have already been explained in earlier concepts. For the purpose of a self-
contained presentation here, we briefly motivate their key points:
Condition (2.) can be regarded as a weakened form of the semigroup property. It consists of two de-
mands as ¢: does not have to be symmetric. Condition (3.) specifies the continuity property of ¥ with
respect to the initial pomt In particular, the first argument of ¢. is restricted to elements z of the
“test set” D and, a. (19) may be chosen larger than necessary. Thus, it is easier to define a.(-) < oo
uniformly in some applications.
Condition (6.) guarantees that every 2 € D stays in the “test set” D for short times at least. This
assumption is required because estimates using the parameter a.(-) can be ensured only within this
period. Further conditions on T, (5, ) > 0 are avoidable for proving existence of solutions, but they
are used for uniqueness (as in [16] and subsequent Propositions 2.14, 2.23).
Condition (7.) forms the basis for applying Gronwall’s Lemma that has been extended to semicon-
tinuous functions in [16] (see Lemma 2.6 below). Indeed, every function § : [0,1] — E with
G (y(t—h), y(t)) — 0 (for h | 0 and each t) satisfies

(762, 5(0) < tmswp @ (9~ h2), G- m).

for all elements Z € D with m J(-,2) < m §(-) and times t € |0, T.(9,2)].

Condition (8.) describes the real “time” component of J(-,7). For initial elements § € E, the time
component has to be additive whereas for “test elements” z € D the time component of 19( Z) might
increase more slowly.

Finally, condition (9.) provides a counterpart of the general assumption g.(Z,iz2) =0 for each z € D.
As ¢. does not have to be symmetric, it is required for estimating the distance between a timed sleek
transition J(-, ) and a timed right-hand sleek solution (see proofs of Proposition 2.22 and Lemma 2.19).

Definition 2.3
O(E, D, (Ge)ees, (|']c)ecs) denotes a set of timed sleek transitions on (E, D, (q), (|:]c)) assuming

(qz (3+n2), 7)) — 7 (3.2, 7) -e%<?’5)'h>+

Q:(9,7:2) = sup lim sup
t<Te(9,%), §EE hlO
thm 2 < w1 G

to be finite for all 9,7 € O(E, D, (¢)ecs (|-|c)ecs), €D, c€ J.

h 1+ [y]e)

Remark 2.4 Due to the dependence on the initial “test element” of 15, the triangle inequality
for Q.(-,-;%) cannot be expected to hold in general. The factor (1 + |J].) in the denominator
is a new feature in comparison with earlier concepts and again takes the (possible) linear growth into
consideration. Its consequences for the structural estimate are specified in Proposition 2.5.

Proposition 2.5  Let 0,7 : [ 1]x(DUE) — (DUE) be timed sleek transitions on (E, D, (g.), (L-]e))-
Suppose € € T, zED yEE and 0<t; <ty <1, h>0 with mz<my, t1 +h<T, (19,%’)7
to+h<1. Then,

@ (9(t1+h,2), F(t2+h,7))

< G(0(t,3), F(ta,§)) Db 4
(Ge0.7:2) - (14 (e <O 4 C3) - (124 1) +7:(7)) ) - e 1.
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Proof is based on the subsequent version of Gronwall’s Lemma for semicontinuous functions. The
auxiliary function ¢, : h — G(9(t1 + h, 2), 7(ta + h,7)) satisfies o (h) < lim supy, 1o @e(h —k)
due to property (7.) of Definition 2.1.
Moreover it fulfills for any h € [0, 1] with t; +h < To(J, %)
hrlrcllsup Wg(h+k)/c_ e() < (7, %’) '905<h) + @a ({91 T; 5") ) (1+ nga eSe(Mt2+h) +Ce (;) (t2+h)) + (7).

0
Indeed, for all k£ > 0 sufficiently small, the timed triangle inequality leads to

pe(h+k) < G@Ot+h+k 2), 7k, T(ta+h, 7))
+ - (7(k, T(t2+h, §)), T(ta+h+k, 7))

< Q0,77 (1+ [F(ta+h,)]e) T+ pe(h) e TR 4 A (F) k+ ofk)
< Qe(0,72) (L4 [gle e A 4 C(7) (t2+h)) k+ () e TIF + 7.(7) k + o(k).
a
Lemma 2.6 (Lemma of Gronwall for semicontinuous functions [16])
Let v :[a,b] — R, f,g € C°[a,b[,R) satisfy f(:)>0 and
P(t) < limsup ¢(t — h), YV t €la, bl
h10
P(t) > limsup ¥(t+ h), Y te€la, b,
hloO
lim sup w < f(t) - limsup ¥(t —h) + g(t) vV t €la, bl.
hl0 hl0
Then, for every t € [a,b], the function ¥(-) fulfills the upper estimate
t t
U(t) < ¥a) - eV 4 / eHD=1) g(s) ds with p(t) == / f(s) ds. O

Lemma 2.7 Forall ¥ € é(E, 25, (@)eer, (I']e)ecs), Z € D, ce J, @s satisfies
Q-(0,0:%) < 27.09).

Proof  follows exactly the same track as in Proposition 2.5. Fix € J, z € 15, y € E and
t€[0,T.(¢,2)] with t+m z < m § arbitrarily. Considering now

gt [0, Te(0,2)=t] — [0,00[,  hr—@(I(t+h,Z), (7)),
the semicontinuity ¢.(h) < limsupy |, @-(h—k) again results from property (7.) of Definition 2.1.
Moreover we obtain for all h € [0, T.(¢,2)—¢[ and small k >0

pe(h+k) < G(It+h+k Z), Ik I(h, D))

+ @ (0(k, 9(h, ), Ih+k, 7))
(ac(9,2)+o0(1)) - k - (soe(h)Jr%@) k) + @e(h) +7:(9) k

+ (@) +o(1)) -k

and thus, lhills(l)lp M < @(9,2) - pe(h) + 27.(9).

Gronwall’s Lemma 2.6 guarantees  ¢.(h) < ¢c(0) A CERI A 2 7. (d) - e (03) h

. _ .eag(E,E)-h ~
and finally, hrillsgp pelhl - @Zl(o-&)- []-) < 27:(9). O

IN

Here we briefly mention two more transparent characterizations of Q. (-, -;-) for the case a.(-,-) = const.
The first one clarifies the link with Aubin’s original definition of the distance between two transitions ¥, 7
on a metric space (M,d), i.e. sup,c,, limsupy, 1-d(W(h,y), 7(h,y)) (see [7, Definition 1.1.2]).
In particular, the first upper bound of Q.(¥,7;Z) does not depend on z € D.
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Such a dependence on the “test element” is preserved in the second estimate stated in Lemma 2.9. It
is based on comparing only the evolutions of “test elements” 9(t,%) € D for t € [0,Te(J,z)[. This
time however, we dispense with all additional advantages of bounded growth that |- |. might provide.

Lemma 2.8 If a.(-,-) = M. = const, then
. +
~ . 3= (9(h.9), 7(h,7) 5 ~
Q:=(9,7;2) < sup llr’?lsgp (W) + 27:(0) + 7 (7)
ES
fOT’ all 5a7A: € é(E> 5a (66)5637 (L'JE)EEJ)7 ERS 'ZS, eeJ.

Proof. It is not restrictive to assume additionally that the right —hand side is finite. For an upper
bound of Q. (¥,7;-) on the basis of Def. 2.3, we choose j € E, Z € D, t € [0, T.(J,2)[ with t+m2 < my
arbitrarily and consider now the auxiliary function ¢, : h — g (¢ (t—l—h7 Z), 7(h,y)). Property (7.) of
Definition 2.1 again implies ¢.(h) < limsup, o, ¢-(h —k) and thus enables us to apply Gronwall’s

Lemma 2.6 later. As an abbreviation, set here 55(5, T) := sup limsup (W) < 0.

yEE h10
Choosing any h € [0, (19 Z) —t[ and any small § > 0, the timed triangle inequality ensures for all
k > 0 sufficiently small (depending on ¢, h, §)
ve(h+k) = G (5(t+h +k, 2), 7(h+ k, @)
< @(U+h+k D), Ok, (E+h,E)
+ @ (Ik, I(t+h2), Ik, T(h, 7))
+ G (0k, T(h, }), Tk, T(h, D))
+ @(Fh FhD), Tk D)
< (=) +5) k N N
+ (Mo 40) -k (pe(h) +7:(0) - k) + @e(h) +7:(9) &
+ (Ac(?, 7) +6) - k (1+[7(h, y)]c)
+ (e ?) ) k
and thus, o
lirl?lsélp M < (Ms + 6) : Sos(h) + (As(ﬂa ?) + 6) (1 + ngs cebe(M)-h + CE(%:) h)

+ 29:(0) + 7 (F) + 26,
So Gronwall’s Lemma 2.6 and § | 0 imply
(Pa(h> < (Pa(o) ceMeh g eMeh (85(’5, ) (1 + I_gja ceSe(™)h g CE(T_) h) + 2 7&(5) + 75(77))
Finally we conclude from Definition 2.3

~ o~ e h ~ o~ ~ ~
Q-(0,72) < limsup eelh) —ee® e 0 < KD, 7) +27(0) + 7 (7) O

Lemma 2.9 If a.(-,-) = M. = const, then

~ ~ +

~ o~ . 4= \9(h, 9(t,2)), 7(h, 9(t,2)) 3 ~

Q:(0,7;2) < sup(~ ) hr}ILliS(l)lp (q ( z ) z )) + Ye(9) +27.(7)
0<t<T.(9,%

fO’f' all 57’7: € é(Ev 57 (66)6637 (L'JE)EGJ)v zZe 57 eeJ.

Proof follows essentially the same track as for Lemma 2.8. Again y € E z e D tel0,T (19 Z)[ with
t+mz < my are chosen arbitrarily, but now the auxiliary function ¢, : h — g (9 (t—i—h, z), 7(h,7))
is estimated in a slightly different way:
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From now on, let ﬁg(ﬁ, T;Z) denote the supremum on the right—hand side of the claim. Fixing any
h € [0, T.(9,2) —t[ and any small § > 0, we obtain for all k¥ > 0 sufficiently small (depending on ¢, h, d)

pe(h+k) < G (O(t+h+k, 2), I(k, O(t+h,2))

+ ¢ ( 9k, O(t+h,3), Tk, I(t+h,32))
+ @ (O O(t+nD) Rk 7 D)
+ @ (F R D). Rk D)

< (0)  +0) -k

(.
+ (A9, 7:2)+0) - k
+ (Ms +6) -k (Sas(h)JrfYE(?)'k) + @E(h)+7€(?)'k
+ (7e(7) +6) - k
and thus, limsup M < (M:+9) - pe(h) + 55(5, T; 5)+’Ys(1’9v)+275(7~')+35~

)
Again Gronwall’s Lemma 2.6 and ¢ | 0 lead to

pe(h) < @e(0)- Mt 4 heeMeh (AL 7 2) + 7e(0) +27.(7))
and, the claim results from Definition 2.3 due to |-]. > 0. O

2.2 Defining timed right—hand sleek solutions

Now timed sleek transitions are used for specifying “first-order approximations” of a curve Z(:) :
[0, T — E. Proposition 2.5 has just provided the structural estimate that we want to preserve. So
replacing 7(ty + -, ) formally by Z(t+-), a sleek transition ¥ € O(E, D, (¢:)ecs, (|-]c)ecs) can
be interpreted as “first-order approximation” of Z(-) at time ¢ € [0,T] if for all test elements z € D
(m 2z < mZ(t)), infinitesimal h > 0 satisfy the corresponding estimate with the “distance term”
@5(5, 7;Z) equal to 0. This notion motivates the following definition:

Definition 2.10 The curve Z(-) : [0, T[— (F, (Ge)ees) s called timed right-hand sleek primitive
of a map 9(-): [0,T[— O(E, D, (¢)ees, (|-]:)ecs), abbreviated to T(-) > 9(-), if for each € € T,

1.V tel0,T] V €D with m% < mI(t):

3 a:(tz) >2a:(9(),2) I A(t,2) = 70(1)):
timsup & (7 (9(0) (s+0,2), (t+0)) = @ (9() (5,2), 3(1)) - ™) < 5.(¢,2)
h10 B
for every s € [0, T.(9(t),2)[ with s+ m z < m Z(t),
2. Z(-) is uniformly continuous in time direction with respect to g,

i.e. there is we(Z,-) :]0,T[— [0,00[ such that limsup wc(Z,h) = 0,
hlo
a=(Z(s), T(t)) < we(T, t—s) for 0<s<t<T.

3. ma() = t+ mz(0) for all t €[0,T].

Remark 2.11  Considering 9(-,7) : [0,1]— E for any 9 € O(E, D, (¢-), (|])) and § € E fixed,
timed sleek transitions induce their own sleek primitives — as a direct consequence of Definition 2.1,
Proposition 2.5 and Lemma 2.7. Correspondingly, each piecewise constant function R [0,T] —
é(E , 25, (¢=)) has a timed right—hand sleek primitive that is defined piecewise as well.

Definition 2.12  For f: E x [0,T[— O(E, D, (§.)ecs, (|-]c)ecs) given, a map T : [0,T[— E

is a timed right—hand sleek solution to the generalized mutational equation Z(-) > f(Z(),-) if Z() is

timed right-hand sleek primitive of f(Z(-), -) in [0,T].
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2.3 Existence of solutions due to timed transitional compactness

In particular, the new aspect of the additional term (1 4 [-].) does not have any consequence for
verifying the solution property if we suppose the parameter (.(f(Z,t)) to be uniformly bounded for all
x e E‘, t € [0, T[. Briefly, all Euler approximations satisfy an obvious a priori estimate with respect to
|- (for each given initial element in E) as stated in Lemma 2.16.  So the proofs of [12] lead directly

to the following Proposition 2.14 about existence:

Definition 2.13 Let © denote a nonempty set of maps [0,1] x E—E.

(E, (@)ecr, (I']e)ecr, (:j) is called timed transitionally compact if it fulfills the following condition:
Let (Zp)nen, (hj)jen, (9n())nen be any sequences in E, 10,1] and [0,1] — © respectively satisfying
1.) sup, |m Tn| < oo, sup, |Tn]e < o0, sup, ¢-(To,Tn) <00 for eache € J,

2.) hj—0 for j— o0,

)
5) sup,, B0a(1) < oo,
4.)  each 9,(:):[0,1] — © is piecewise constant, i.e. for each n € N, there exists a finite partition
0=5n0<5n1< ... <Snk, =1 such that V,(-) is constant in each [sp_ i, S i+1]-
For each n € N, define the function §(-) : [0,1] — E with §,(0) := %, in the piecewise way as

Un(t) == Op(sni) (E — Snyiy Un(Sni)) Sfor all t €spni, Snit1]-
Then there exist a sequence ny /" 0o and T € E satisfying for each € € J,

lim T Ty = mz, ~ o
koo ~ ~ X e
llim sup &, e > |7, Xy e
> = . <
limsup e (Fn,, %) ~ 0, Y2 )
k — oo Xy
lim sup sup (T,  Yn,(h;)) = 0. —
j—oo k> 0 hy hy hy h

A nonempty subset F C E is called timed transitionally compact in (E, (¢z), (|-]c), ©) if the same
property holds for any sequence (Tp)nen in F (but T € F is not required).

Proposition 2.14 (Existence of timed right—hand sleek solutions)
Assume that (E, (@2)ees, (|]o)ecs, OFE, D, (@), (|-].))) is timed transitionally compact. Let
f:Ex[0,T] — O(E, D, (), (|-]e)) fulfill for every e € J, Z€ D

1. Mc(2) = tl,tsztlg?,m {ae(f@t1), F@2ta)(7,2)) |0 < h < To(f(fo,t2),2)} < oo,
2. e = sup Be(f(y,1)) < o0,

3. 3R : sup  %(f(F1) < R. < o0,

4o g = up ¢ (F(7,1)) < oo,

5.30.0) ¢ Q(F@n), Jant): 2) < Re + 0(@G00) +12—h)
forall 0<t, <to <T and J1,92 € E (m1 91 < m1 Pa),
@e(+) > 0 nondecreasing, limsup .(s) = 0.
s|l0

Then for every xg € E, there is a timed right-hand sleek solution T : [0,T[— E to the generalized

mutational equation T(-) > f(Z(-), ) with Z(0) = Zp.
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Remark 2.15 The basic notion of its proof is easy to sketch. Indeed, we again start with Euler
approximations Z,(-) : [0,7[— E (n € N),

ho = t = jhy for j=0...2",
Tn(0) = To, To() = 7o,
To(t) = f(@n(t)), th) (t—t), Zn(t))) for t € |, ti+1], j <2m.
Assumption (4.) and subsequent Lemma 2.16 imply the uniform estimate
\_in(t)JE < (L-%OJE +2g. T) e9= T forneN, te [O,T[

As a key point, it lays the basis for applying earlier conclusions to the “bounded” subset {|:|. <
(|Fole +29-T) 9T} C E (see [12] and references there). Roughly speaking, moduli of continuity
and the distances like Q.(-, -;Z) occurring now just have to be multiplied by (|Zo|c +2g.T) e% T
(depending on the initial element) before applying former results. This is a basic idea for verifying most
of the subsequent propositions in § 2. It has already been mentioned just briefly in the example of
semilinear evolution equations in a reflexive Banach space, see [17].

With respect to the existence in Proposition 2.14, we proceed with the Euler approximations: As J
is assumed to be countable, Cantor diagonal construction in combination with timed transitional com-
pactness leads to a function Z(-) : [0,T] — E satisfying: For each £ € J and j € N, there exist
K; € N (depending on ¢, j) and N; € N (depending on ¢, j, K;) such that N; > K; > N;_; and

q~5(§Nj(s—2th), E(s)) %

NS @ (@), TN, (t+2hk,)) <3
[Z(s)]e ([Zo]e +29.T) e T

for every s,t € [0,T[. Due to subsequent Proposition 2.18 applied to for Zy,(- +2hn, +2hk,), the

limit function Z(-) is a timed right—hand sleek solution. (For further details, see the proof of Prop. 36

VANRVANNVAN

in [16] or the detailed proof of Proposition 2.17 postponed to the end of this subsection 2.3.)

Lemma 2.16  Under the assumptions of Proposition 2.14, the Euler approzimations T,(-), n € N,
defined in Remark 2.15 satisfy at each time t € [0, T+hy]

Lg"(t)JE < Liojs ed=t + e * (t+hn) et

Proof  results from condition (5.) of Definition 2.1. Indeed, for every j € {0...2"} and t € |, ti+1],
[Zn(t)]e < Lfn(t%”e cege () ge - (t — t%)
< |Za(t))]e - €9 P + ge by
By means of induction with respect to j, we obtain (for each t € JtJ, t/T!] again)

J
[Fat)]e < (Fole €' 4 Y gehn 9RO
k=0

< |Zole €%t + g. (t+hy) €%t O

IN

Some examples show, however, that the continuity assumption of Proposition 2.14 might be diffi-
cult to verify — particularly if Q. (f(71,t1), f(F2,t2); 2) can be estimated just independently of Z,e.
So we present an alternative hypothesis motivated by the notion to exploit information about distances
with respect to all € € J simultaneously.
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Proposition 2.17 Assume that (E, (@)ecs, (|-]e)ecr, O(E,D,(q),(|-]c))) is timed transi-
tionally compact. Let f: E x [0, T] — O(E, D, (q:), (|-]¢)) fulfill for every e € J, Z€ D

1. M.(2) := . tsu~p~ {as( f (@2, t2)(h, Z))|0<h<T. (f(@2,12),2)} < o0,
v = GG <
5. 3R SF} T (F,1) < R. <o,
boeo= s GG <
5. tmswp Q-(f@t), F@h ) 2) < R
T for any t, € [0,T], 1 € E and sequences (té)]eN in [0, T, (ﬂ%)] cn in E satisfying
h<th mp<mPB VieN  [h-#=F0, @@, B0 ved

Then for every Ty € E, there is a timed right—hand sleek solution % : [0,T]— E to the generalized
mutational equation T(-) 3 f(Z(-), ) with Z(0) = Zo.

For the purpose of a self-contained presentation here, we postpone a detailed proof of Proposition 2.17
till the end of this subsection 2.3. Using the same Euler approximations as in Remark 2.15, the key tool
now is to guarantee that the “limit function” z(-) : [0,7[ — E is a timed right-hand sleek solution of

o ~
Z(-)  f(z(-), :). So we need a new convergence theorem with an adapted continuity assumption:

Proposition 2.18 (Convergence Theorem) For each e € J and z € 15, assume the following
properties of fm, f E x 0,7[ — @( ,D, (@e)ees, ([-]e)) (m € N)
Tm, T: 0, 7] — E :
LOME) = s {0 (fu@0. FEO.OM.D)10< < TU(FED.0.9) < o,
m,t,y _ _
R, > SI}prh {as(ta fm(gmv ')7 f(g(t)at)(h’z))v ’Ys(fm(ga t))’ Va(f(gv t)) }7
m,t,y,z, _
9 > sup {G(fm(@ 1)}
m,t,y

[e]

2. Zm () 3 fm(@m(),:) in [0,T[, (in the sense of Definition 2.12)

3. We(h) := sup we(Tpm,h) < o0 (moduli of continuity w.r.t. q.), limsup @.(h) = 0,
m h|O
Ne = sup [Tm(t)]e < oo,
m,t

4. Y O<ti<to<T 4 (mj)jeN, (55-)]‘61\1, (5j)jEN with m; o, 5j,5; N0
(Z) hmsup Qa(f('%(tl)atl)a f?rzj(gjwsj); E) S RE7
J—00
for any sequences s; | t1 and (Y;)jen in E with m Ui\ Z(t1), ¢ (Z(t1), ¥j) =0 ve
(ZZ) ae’ (f(tl), /Lfmj (tl—l—(S;)) —0 Ve e J, T /-'Emj (t1+6§) N 71 :’f(tl),
(ZZZ) ijs (5mj (tz*(Sj), f(tg)) — 0, s Emj (t275j) / st f(tg)

Then, %(-) is a timed right-hand sleck solution of Z(-) 3 f(Z(-),-) in [0,T].
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Proof of Proposition 2.18. The uniform continuity of Z(-) results from assumption (3.):
Each Z,,(-) satisfies e (Em(tl), Em(tg)) < Ge(ta —t1) for t1 <ty < T.
Let e € J, 0 <t <tz <T be arbitrary and choose (d});en, (d;)jen, for ti, t2 € [0,T] according to
condition (5.ii), (5.iii). For all j € N large enough, we obtain #; +d; <ty —d; and so,
& (T(t), T(t2)) < @ (F(t), Ty (1 407)) + @ (T, (t1407), T,y (t2=05)) + (T, (t2—0;), T(t2))
< o(1) + @e(te —t1) + o(1) for j — oc.
Nowletee J, Z€D and t€[0,T], 0<s<s+h< T.(f(Z(t),t), Z) be chosen arbitrarily with
s+mz<m z(t). Condition (7.) of Definition 2.1 guarantees for all k& €0, h[ sufficiently small

@ (f(@(1),t) (s+h,2), T(t+h)) < q@(f(@Q),t) (s+h—k,2), Z(t+h)) + h>
According to assumptions (4.ii) — (4.iii), there exist sequences (m;)jen, (d;)jen, (0})jen satisfying
mj /oo, 6; 10, 0510, 0;4+d7 <k and
55 (Em] (t—|—h—5j), 5(t+h)) — 0, T imj (t—|—h—5j) / st i(t—Fh),
a= (Z(1), Im,(t46}) — 0 V€T, m Iy, (t+0) N a(t).
Now subsequent Lemma 2.19 implies for all large j € N (depending on ¢, 2, ¢, h, k),

@ (f(@(t),t) (s+h, 2), Z(t+h))

< G(f@EW,) (sth—k, Z), T, (t+6, +h—k))
+ G (T, (t+0; + h—k), T, (t+h —6;))
+ qﬁ(‘%mj( +h— 6j)a f(t-l—h)) + A2
< (F@),1) (5,2), T, (t+0))) - M@= I
h—k

M R (Q(FE (), ), Fomy @myo )51 2) - (L4 [Ele €% "hge h) + B Re) do
+ Qe(k—6; o))
+ G (@, (t+h —6)), I(t+h)) + n?

_|_
—

< (@GED.0(57), 70) + T3, Tn,(45))) - MG0b

h o~ ~
+ / M) QU (F@W), ), Fony @y gy s B) do - (14 |Z) €% 4 g h)
0 J

+ (k) + 2h? + const(e,2) - h R
< ?ja(f(g?(t),t) (s,2), T(t)) - M + @.(k) + 3h® + const(e,2)-h R,
+ h M@k s Q=(fE®): 1), fony @omys ) i5r40 s 2) - (A [Z]e €5 "+ g- )

First j — oo and then & — 0 provide the estimate

@ (f(@(t),t) (s+h, 2), T(t+h))
< @@, 1) (s,2), F)) - eMe®h 4 0 + const(e,Z)- h (R +h)

+ h 6M5(2) ho. lim sup sup ée(f(f(t),t), fmj (imja ')|t+5/‘+0 ; E) : (1+LEJE eg€h+gs h)
j— o0 0<o<h j
Finally, assumptions (4.i),(4.ii) and the equi-continuity of (Z,,) ensure indirectly
limsup limsu sup Q ~5§t,t,~.% . . :2z) < R
thp j*’cxl? OSapghQE(f( ©:2), oy (@, )|t+5a‘+” ) = R
and thus,

tmsup & (& (70, 0) (5., 7)) — @TE.0 (5,9, 70) - MO8 < consi(e, ) R
O
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This lemma extends the structural estimate of Proposition 2.5 to the comparison between a test element
Z € D (evolving along a fixed transition ¢) and a timed sleek primitive Z(-):

Lemma 2.19 Suppose J € é(E 5 (¢e)ee (L'JE)EEJ) t1€[0,1], €[0T, Z¢€ D.
Let () : [0,T[— E be a timed sleek primitive of 9(-) : [0,T[— O(E, D, (q.),(|]c)) such that for

each ¢ € J, t € [0, T[, their parameters fulfill

sup a:(t.9(s,2) < M(t),
0< s <min{t,T.(¢,2)} B
A sup Fe(t, ¥(s,2)) < Re(t),

0< s <min{t,T.(¢,2)}

ée({/zv 5“); E) < Cs(t)
ta+h
with upper semicontinuous M, R., ¢ : [0,T[— [0,00[. Set pu.(h):= M_(s) ds.
to

Then, for every ¢ € J and h €0,T[ with t1 +h < TE(J,E), to+h<T, t1 +m 2z <m Z(t2)
G (V(tr+h, 2), T(t2+h))
< @ (P(t,2), B(ta)) - et 4 /h e M=he() (¢ (ty+s) - (14 |Z]. S (tt) 4 ¢ (4) - (t1+5))
’ + 3R.(ta+s)) ds.

Proof. ~ We follow the same track as in the proof of Proposition 2.5 and consider the function ¢, :
h v+ q-(¥(t1+h, 2), T(t2+h)). Firstly, @c(h) <limsupy o @-(h — k) results from condition (7.) on
timed sleek transitions (Definition 2.1) and the continuity of Z(-).

Moreover we show for any h € [0, with ¢; +h < ']I‘E({/;, zZ),

limsup £Vt —eet) < £p (44 h) - oo (h) + co(tath) - (14 [(t+h, 2)]c) + 3 Re(ta+h).
k1O

In particular, it implies @.(h) > limsup, o @(h + k) since its right-hand side is finite. Thus,
the claim results from Gronwall’s Lemma 2.6 — after approximating M, (), R:(-), cc(-) by continuous

functions from above.
For small k > 0, the timed triangle inequality and Proposition 2.5 guarantee
pe(htk) < G(P(ti+h+k, 2), Itz +h) (k, i d(tith, 2)))
+ @ (0t h) (k, isd(ti+h,2),  Ota+h) (k,  b(ti+h, 2)))
+ @ (Ot h) (k,  ti+h,2),  F(t2+h+ k:))

< {Qe(, Flta+h); 2) (1Dt 2)). - eSO E 4 ¢ (F(t24h)) k)
3t h, 2) | Motk g

+ 7 (D(t2+h)) b+ ofk)
+ e (h) eBeltath b(tth. 2) -k L 5 (1o 4 b (ty+h, 7)) k + o(k)
< @o(h) eMe(tath) -k + e (t) - (14 [ (t1+h, D) +3R(M)|, . -k + ok)
since t; +h+k < To(1,%) <1 implies ®(t;+h,3), p(ti+h+k,Z) € D. O
Proof of Proposition 2.17 is again based on Euler method for an approximating sequence (Z,(-))
and Cantor diagonal construction for its limit Z(-). For neN (2" >T) set
hn = 2, th = jh, for j=0...2
En(O) = fo, %0() = 50,

To(t) = f(a:n(t ), ) (t—th, Tn(t)) for t € Jt, t3TY], j <2m.
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Since J is countable there is a sequence (jx)ren with {ji,j2 ...} = J. Now for every ¢t €0, T,
choose a decreasing sequence (0x(t))ren in Q- T satisfying

0 < Jk( ) < %, t+0x(t) < T, ey Op(t) < hy for any j € {j1...jk}-
Then, (x Tt + 0k (t ))) < hg forany j € {j1...7x}, k,neN
and so @z (Tn(t), Tn(t+ k() — 0 (k— o0) for every € € J, uniformly in n.

For each t €]0, T[ nd any fixed € € J, the timed transitional compactness provides sequences my /" 0o,
<n

ng /oo (my

») of indices and an element Z(t) € E (independent of ¢) satisfying for every k € N

sup G (Tn, (1), Z(t)) < 1
. sup 3-(T(t),  Tn,(t+6m, (1)) < =

(In particular, each my,n; may be replaced by larger indices preserving the properties.) For arbitrary
k € N, these sequences my, ni /' 0o can even be chosen in such a way that the estimates are fulfilled
for the finite set of parameters t € Q. = 10,7 NN-h, and ¢ € J. = {e;,, €, ... €j.} C T
simultaneously.

Now the Cantor diagonal construction (with respect to the index k) provides subsequences (again
denoted by) myg,ni /" oo such that my < ng,

sup G (Tn, (1), (1)) < %
L
sup T(F(s),  Tn(s+0m(s) < =

for every k € N and all € € J., s, t € Qu, k> k.
In particular, g-(Z(s), Z(t)) < c.(t—s) forany s,t € Qn = {J, Qx with s <t and every € € J.
Moreover, the sequence (Z,, (-))ren fulfills for every xk € N and all t € Q,, € € T, k1> K

E]Vg(fnk(t), Em(t—i_éml(t))) < %—’_%

For extending Z(-) to t €]0,T[\ Qn, we apply the timed transitional compactness to ((Z,, (t))ren
and obtain a subsequence n;; /oo of indices (depending on ¢) and some Z(t) € E satisfying Vee J
zj& (gmj (t)’ i(t)) - 0’

Sl>1p Qe (f(t), %mi (t + O, (t>)) — 0

for j — oo.

This implies the following convergence even uniformly in ¢ (but not necessarily in e € J)

lim sup sup qe (Enk (t—2 hli)7 E(t) ) = 0,
K — 00 k>kK
A o (%)
limsup sup ¢ (x(t), Ty (t+2hy) ) = 0.
K — 00 k>kK

Indeed, for k € N fixed arbitrarily and any t €10, T, there exists s = s(t, k) € Q, with

t—2h, < s < t—h, and Ge (T, (), Ty (54 0m,(s)) < ++ 7 for all k,1> k.
So for any k,l; > k, we conclude from 6mlv(-) <1 hml <53 hl <41 5 he
4= (T, (t — 2hy), 2(t)) < 4= (Tn, (t— Tn, (3))
+ E(‘T’ﬂk (8 inzj (S + 6mlj (S)>)
+ s(xm (5 + 5mz (s)), %nzj (t))
+ s(xnl f(t))
< ce(hi) + 1+ 1 + ce(2he) + 4= (T, (1), 2(1))
and j—— oo leads to the estimate ¢, (%nk (t—2hy), T(t )) < 2¢(2hy ) %

The proof of  limsup sup ¢ (E(t), T, (E+2 h,i)) = 0 is analogous.

K—00 k>k
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We reformulate the convergence property (x) in the following notation: For each € € J and j € N,
there exists some K. ;€ N satisfying K.; > K. j_1 and forall s,t e [0,T], k>r > K.,

4c(Tn, (s —2hy), Z(s))
3= (Z(t), Tn,(t+2hy))

Now Cantor diagonal construction provides a sequence K; /' oo with the corresponding property
independent of £ € J (in addition), i.e. for each ¢ € N, the index K; € N has to satisfy for all

Def.

st€0,T) e€Ji = {ej .5} CT, k2r2K
@ (Tnp(s —2hy), T(s)) <
G(Z(t), Tn,(t+2hy)) <

IN

A

IN
Q= S

A

S [S N

Convergence Theorem 2.18 states that Z(-) is a timed right—hand sleek solution to the generalized

o
mutational equation () 3 f(Z, -).

Indeed, set N; :=ng, as an abbreviation. Define g; : (y,t) — f(%Nj (t’]lvt2—|—2 hi,), t’}jj‘z—!—Q hk,) for
t}‘\,j §t<t?\;§1 and consider the sequence ¢ — Ty, (t+2 hy; +2 th) of solutions.

Obviously conditions (1.), (2.), (3.) of Proposition 2.18 result from the hypotheses here. For verifying
its assumption (4.), we benefit from the convergence properties of the subsequence (Zy;); <y mentioned
before. It ensures that for any 7 € E,Z€D and s,te€ [0,T[ (with ty, St < t’}v'rl),

Q:(F(@(s), ), G 1) 2) = Qe(F@(s), 5), f(En, (147 +2hx,), th>+2hx,); Z)
and, ¢ (Z(s), 5Nj(t7vt2+2h1(j)) < @ (Z(s), T, (s+2hk,)) + co(t—s+2hy,) — 0 V€T

s — (1552 +2hx,)] < |s—t| + 2hn, + 2hg, — 0

for t] s, j— oo. So the last (missing) assumption (4.i) of Convergence Theorem 2.18 results
directly from hypothesis (5.) and, the proof of Proposition 2.17 is finished. O

2.4 Introducing “weak” transitional compactness

Now the example of § 3 demonstrates the key role of sequential compactness. In fact, it might be
very difficult (or even impossible) to take the convergence with respect to each g into consideration
simultaneously. Thus, we weaken previous definitions of “timed transitionally compact” — following an
idea that has already been initiated in [12, Definition 5.3].

Usually the concepts of “weak” convergence and “weak” compactness are closely related to linear forms
in a topological vector space. But linear forms do not provide an adequate starting point for extending
these concepts to ostensible metric spaces. Thus, we suggest another well-known relation of linear
functional analysis as motivation: In every Banach space (X, |- ||x), the norm of any element z satisfies

|z]|x = sup {y*(z) | y* : X — R linear, continuous, |ly*||x- <1 }

So the key notion we seize here is to represent each ostensible metric as supremum of (at most count-
ably many) generalized distance functions, i.e.  ¢. =sup,cz G-x. Considering the convergence with
respect to each ¢., (instead of g.) lays the basis of “weak compactness”.

In return for weaker conditions on convergence, more “structural” assumptions about each g. and a

“retraction” iz : E — D are used for proving existence of solutions.
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Definition 2.20  Let © denote a nonempty set of maps [0, 1] x E—E. Suppose §= = SUP.c7 Ge,x
with (at most) countably many gz : (DUE) X (DUE) — [0,00[ (¢ € J,k € 1).
(E, (Ge)ec 7, (q~87,€)seg, (I']e)ecas é) is called weakly timed transitionally compact if it fulfills:
KE
Let (Tp)nen, (hj)jen and 9, :[0,1] — O, y,() : [0,1] — E (for each n € N) satisfy the
assumptions of Definition 2.18.  Then there exist a sequence ny /' oo and T € E such that for each

eeJ, keI, klimoo 1 T, = mu,
limsup |Zp, |e > |z,
k — oo
limsup  Gex(Tpn,, T) = 0,
k — oo
lim sup sup Ge (T,  TUn,(hy) = 0.
J — 00 k>3

A nonempty subset F C E is called weakly timed transitionally compact in (E, (), (@ers), (17]e), o)
if the same property holds for any sequence (T )nen in F (but z € F s not required).

Proposition 2.21 (Existence due to weak transitional compactness)
Assume G = SUpP,cr Qe with (at most) countably many ¢ . : (DUE)? — [0,00[ (¢ € T,k € T)
such that each k € T has counterparts k1,ke € L fulfilling for all §1,Y2,ys € DUE (my; < m1Yjt1)

Z]vs,n(glagS) < q~5,n1(§1»§2) + Z]vs,nz(g%gS)'

Moreover let iz : E — D be a “retraction” in the sense that forall 4,y € E, ceedJ, keT
iﬁ ZE y =y, z]vs,n(ié v, ZE g/) < const(s,n) : as,rc(gv g/)a LZE gjs < ngea Te('a iE g) > T. e ]07 1[

Suppose (E, (@=)ec T (qNE,,i)seé, (|]c)ees, O(E,D, (qNE),(HE))) to be weakly timed transitionally
compact. Let f:E x[0,T] — O(E,D,(q.),(|-])) fulfill for every e € T,k €T, €D, h € [O,'ﬁ‘;]
1. a) Gex (f(@ t) (h,2), f(ﬂ, t) (h75n)) "Z30  for every § € E t €0, T and any (Z)nen in D with

Gt (Z,20) =30 and sup |Z,]o < oo Ve, K
by M. := tsup ae(f(ﬂ,t), E) < 00, mer
2. cc = s;:p Be(f(@.1) < oo,
3. 3 R.: St“} Ve (F(F.1)) < R. < oo,
booeo= s GGy <o
5. tmswp Q(F(0), F@ity) i5%) < B forany t;\ct and §,3;, 5 €E (jEN)

j—

with  Geiw (¥,95) — 0, Qe (¥, U;) — 0, sgp {lyjlers lvjle} <00 Ve e T,k €I,
TLY; N T Y, T N\ T Y
Then for every Ty € E7 there is a timed right—hand sleek solution % : [0,T]— E to the generalized
mutational equation %() 5 f(E(), ) with #(0) = Zo.

The proof is based on the same Euler approximations Z,(-) : [0,7[ — E (n € N) as in Remark 2.15
— again in combination with Cantor diagonal construction (see the proof of Proposition 2.17). Due to
the “weak” form of compactness (i.e. with respect to every g, instead of ¢.), we only have to modify
the conclusion that the limiting function Z(:) : [0,7[ — E is a timed right-hand sleck solution.

So an adapted convergence theorem is required. Its proof would like to follow the same track as for
Proposition 2.18 — just implementing the index x € Z (and its dependence on other indices) in addition.
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The obstacle, however, is that the structural estimate (as in Proposition 2.5 or Lemma 2.19) is only
available with respect to ¢z, Q. and, roughly speaking, there is no obvious way “back” to some ¢ ., for
which the convergence of sequences is assumed. Thus, the “retraction” iz : E — D is introduced.

Proposition 2.22 (“Weak” Convergence Theorem)
In addition to the general assumptions at the beginning of § 2, suppose . = SUP,c7 {ew With (at
most) countably many G, : (DUE)? — [0,00[ (¢ € J,k € Z) such that each k € T has counterparts
Kk1,k2 € L fulfilling for all 1,92,y3 € DUE (m1y; < T1Yj+1)

as,n(glagS) < q~5,n1 (fl/vlvg2) + as,nz (§27§3)'
Moreover let iz : E — D be a “retraction” in the sense that forall y, y' € E, eedJ, kel

Zﬁ Zﬁg = v, E]ve,n(iﬁ v, ZE' g/) < const(s,/i) ) E]Vs,n(gvgl)v LZE gjs < ngea Te('v Z@ﬂ) > T, 6]071[~

For each e € J,k € Z, assume the following properties of
fma f: E x [O’T[ I Q(E7D’ (66)66\77 (L'JE)EEJ) (m € N)

Ty T 0.7 — E:

1. M. = sup {ac(fm@ 1), 2)} < oo,
. m’”upmt Fon @ ). 2. AT @), 4= (FG0) ).
9: 2 s {G(Fu@1)

ek (f(ﬂ, t) (h,2), f@, t) (h, Zn)) —0 foranyh < ﬁ‘; and (Zp)nen in D such that

Qetn' (Z,2n) — 0, sup;|Zj|e <oo Ve,
[e]

2. T () 3 fu(@m(),:) in [0,T[, (in the sense of Definition 2.12)

3. We(h) == sup we(Tm,h) < o0 (moduli of continuity w.r.t. q), limsup @.(h) = 0,
m h10
ne = suft) [Zm(t)]e < o0,
4. YOSt <te<T 3 (mj)jeN, (5;‘)j€Na (5j)j6N with m; /00, 5]‘,(5;- N O
j—00

for any sequences s; | t1, (¥j)jen in E such that m ;i \\m1Z(t1) and

J—oo

gdﬁ'(‘%(tl)v gj) I 07 Sup L?j_jJE’ < 0 VE/ S jv K:/ el
J
(ll) 675;,4 (%(fl), Efmj (t1+63)) — 0 Ve e J, k'€ 7, T fm]. (t1+6;) N 71 i(t1)7

(ZZ’L) Z]vs,,.c (Emj (tgfaj), %(tQ)) — O, 1 Emj (tgfaj) / st 5(t2)

Then, z(-) is a timed right-hand sleek solution of Z(-) > f(Z(-), ) n[0,T].

Proof of Proposition 2.22 The uniform continuity of Z(-) w.r.t. each g. results from assumption (3.):
Each Z,,(-) satisfies e (%m(tl), %m(tg)) < Wel(te —t1) for0<t; <ty <T.
Let e€ J, ke€Z, 0<1t <ty <T be arbitrary. Choose k1, ko, k3 € Z as counterparts of k € Z due
to applying the timed triangle inequality twice. Furthermore ¢, t5 induce sequences (5})]-61\;, (0;)jen,
according to condition (4.ii), (4.ili). For all j € N large enough, we obtain #; + ¢} <tz —d; and so,
gs,li (E(tl)v E(tQ))
< Qe (T(t1), Ty (11405)) + e (Tony (B140)), T (b2—05)) + e (T, (E2—05), T(t2))
< o(1) + @e(te —t1) + o(1) for j — oo.
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First we focus on the “test element” iz Z(t) € D for any t € [0,7] and choose ¢ € J, 0 < h < T.
arbitrarily. Condition (7.) of Definition 2.1 ensures for all k €10, h[ sufficiently small

G (F@@),t) (h, ipE(t), Tt+h) <  @&(f@W).0) (h—k, iza(t), T(t+h) + Ln2
Now fix k € T (depending one,t, h,k) such that

G- (F@EW),) (h igB(t), F(t+h) < Gn(f@E)1) (h—k, igF(), F(t+h) + h?
and, K1, Ko, K3, k4 €T denote its counterparts due to applying the timed triangle inequality three times.
According to assumptions (4.i) — (4.ii), there exist sequences (m;)jen, (0;)jen, (dj)jen satisfying
mj /oo, 6;10, 0510, 0;4d; <k and

65754(%mj(t+h_5j), %(t—l—h)) — 0, T 5mj(t+h—6j) S m 5(t—|—h),

derer (Z(2), Tm,;(t46}) — 0 Ve eT, K e,  m T, (t+5)) N, T 2().
Thus, Proposition 2.5 and Lemma 2.19 imply for all large j € N (depending on ¢, &, t, h, k),
@ (f@W),0) (b, ig &), Tt+h) < Gen(f@E),1) (h—k, izF(t), F(t+h) + h?

< e (f(~( t), )(h k, igZ(t)), F@E@),t) (h—k, ig 5mj (t+5))))
+ Qe (FE@),1) (h=k, i T, (E+07)), T, (t+0) + h—F))
T, (t+h — 65))

+ Gera (T, (t4+Dh — 6), Z(t+h)) + h?
< g, " kf(ir( k, igZ(t)), F@E®),t) (h=k, ig T, (t+5})))

+ A eMe (h=k=s) {@6 (f(f(t),t), fmj(gmj,')|t+§;_+s; ZE %m_j(t+5§')) ’

(14 [ip T, (t4+8)) ) €90 4 g (h—k)) + SRE} ds

+ ©e(k=06;—05) 4 Gews (T, (t+h —08;), T(t+h)) + h?
Now j — oo (with ¢,¢, h, k still fixed) leads to an estimate not depending on x any longer
G (f@®),1) (h, igT(t), T(t+h))
< 0+ (k) + KA+

+ h EME h hmsup sup ée (f(ff(t)vt% fmj (%mj7')}t+5/_+s ; IE Emj (t+§;)> (1 + ne e’e 4 +gE h)

j— o0 s<h

(f(

+ q- N‘,,(alcm](t—ké’ + h—k),
(@m, (
(

and, convergence assumption (4.i) implies (indirectly)
lim sup lim sup sup és (f(f(t), t)a ]?mj (%m7 ) .)|t+6’ +s ) iE 5mj (t+6;)) < R..
10  j—oo 0<s<h T i
So after k£ — 0, we obtain limsup 7 -G (f(f(t),t) (h, iz 2(t), Z(t+h)) < R.-(1+n.).
hl0

For verifying the solution property of Z(-) at time ¢, let 2 € D and s € [0, T-(f F(E(t),1), Z)[ be
arbitrary with s+ m z < m; Z(t). Then, Proposition 2.5, Lemma 2.7 and conditions (2.), (9.) of
Definition 2.1 (applied to izig Z(t) = Z(t)) imply

w4+ (20,0 (0.2, Fe+m) — ETED.0 6D, T0) ")
< lirl?ls(l)lp % ) ((75 (f:(%(t)at) (s+h, 2), (.’L‘(t),t) (h, :L‘(t))) — Qe (f(N(t)vt) (s, 2), 5(t)) -eMeh
+ @ (F(@ (), 1) (h, Z(1)), #(t),t) (h, ip T(t))) +
+ @ (F@),6) (i 7(0), t+ h)))
f t); E) 1+ [z®)]e) + 3 '76 (t)vt)) + Ro-(1+ne)

IAINA
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2.5 Estimates comparing solutions

Finally, we are interested in bounds of the distance between solutions. However, estimating the distance
between points of timed sleek transitions is available only for “test elements” of D in the first argument
of g (as in Proposition 2.5 and Lemma 2.19). So we are using an auxiliary function instead of the
distance. In the example of the next section, the following estimate implies uniqueness of solutions.
Here assumptions about the time parameter T.(-,-) > 0 play a decisive role for the first time.

Proposition 2.23 (Estimate between timed right—hand sleek solutions)
Assume for f:(DUE) x[0,T] — O(E, D, (¢:),(|:]¢)), Z,y:[0,T[— E and somee € J, p>0

1 ()3 @), ) §6) 3 F@0), ) in [0,T[ (in the sense of Def. 2.12), m1 #(0) = 11 §(0) = 0,

2. M. > sup - {046 ), 2), Q:(t,%(-),2), a:(t,5(-),2)},
3eDUE, t<T, Ze€D

3. R, > _ sup _ {’76 @ 1), Ye(t, 2(+),2), Ye(t,y(: A)}
3eDUE, t<T, Z€D _

4 ge > sup {¢(f(@,1)}
FeDUE, t<T

5 30.()=0(1), Le: Q(f(Z,5), f(W,1); 2) < Re+ Le-Ge(3,0) +0c(t — 5)
forall 0<s<t<T and 5657 7D with m 21 < m U,

6. Y tel0,T]: the infimum @.(t) = _inf (2=(Z, Z(t)) + =(Z, 9(t))) < o0
zeD: m 2<t,
[Z]e < p-exp(ge t)+ge t

can be approzimated by a minimizing sequence (Z;);en in D with
S o q:(Zj,2k j — 00
Upg > 5 Ge(Z5,2k) 0

ngj < 7T1§j+1 st LEjJE < pegg~t_|_g€ 2 Te(f(%5,1), %)

Then, we(t) < (<p5(0) + 8R. (1+p) -t) . e(Le (Hp) + Me) -t

Proof is based on a further subdifferential version of Gronwall’s Lemma quoted in Lemma 2.24.
e () satisfies ¢ (t) < lirhnli(r]lf we(t—h) for every t €]0,T[ due to the timed triangle inequality and
the continuity of Z(-), y(-) (in time direction).

For showing li inf et =) < (L (14p) + M.)-oc(t) + 8R. (1+p),

let (%;);en denote a minimizing sequence in D such that

mz; < mzp <t [Zj]e < petltget

o L ~ ~ for all j <k,
A QE(zj7Zk) < ETE(f(Zjvt% Zj)
ez, 2(t)) + ¢=(%5, (1)) — (1) (j — 00).
For all h < Te(f(zj,t), Zj), j <k, Lemma 2.19 and assumption (5.) imply
@ (7G0 05), #0+n) — @, a) - Mt
h
< / eMe - (h=s) {(RE + Le - Ge (25, Z(t+s)) +®5(s)) (14 (e e +ge-8) + 3R€} ds
0
h
< / eMe - (h=s) (4R8+L8 e (zjv f(t+5))+ae(3)) : (1+ P egah+g5 h) ds.
0

Setting the abbreviations h; := min{1 ’]I‘g(f(zj, t), Z5), %} >0 and §; := 1+ped"i+g.h; iy 1+p,
the approximating properties of (Z;); e n and the timed triangle inequality guarantee for any index k > j
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@ (F.0 (. 3). F(t+hy))

< G(Ek B() Mot 4 CEE=L (LG, B(t) + Le - L hy + AR.) 6
h;
+ % hj -eMehi 4 / eMe(hi=9) (L, - w.(T,s) + @.(s)) ds d; .
0

The same estimate for g (f(Ej,t) (hj,z;), ﬂ(t—i—hj)) and k — oo, 7 — oo lead to

lin in et =) < (L (14p) + M.)-pc(t) + 8R. (1+p). O

Lemma 2.24 (Lemma of Gronwall for semicontinuous functions II [16])
Let i : [a,b] — R, f,g € C%[a,b],R) satisfy f(-)>0 and

¢(t) < lllglll(l)lf ¢(t - h’)ﬂ Vite ]aa b]a
() > lignliglf P(t+h), Y t € la, b,
L b —u) i _
hlgll%lf i < f(®) hlglil(l)lf Pt —h) + g(t) Y t €la, bl.

Then, for every t € [a,b], the function ¥(-) fulfills the upper estimate
t t
V() < Yla) - "D + / etM=1E) g(s) ds with p(t) := / f(s) ds. O

Remark 2.25  All these results are easy to apply to sets without separate “time” component, i.e.
consider just nonempty E, D (instead of E, D). Indeed, every ostensible metric ¢. : E x E — [0, 00|
induces a timed ostensible metric . : E x E — [0,00[ according to

Ge ((s,x), (t,y)) = |s—t|+ q(z,y) for all (s,), (t,y) € E.
Then every map ¢ : [0,1] x (DUE) — (DU E) satisfying the conditions (1.)—(7.), (9.) for the tu-
ple (E,D, (¢:)ecs, (|']e)ecs) induces a timed sleek transition J [0,1] x (DUE) — (DUE) on
(E,D,@)eer, (')e)ees) by O (h, (t,z)) = (t+h, 9(h,x)) forall (t,z) e DUE, he[0,1].
So skipping the separate “time” component consistently, all conclusions of this section can also be drawn
for sleek transitions on a given tuple (F, D, (¢.), (|-]¢)) (as used in the next section). These counter-

parts are usually denoted without tilde.
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3 The continuity equation with bounded BV vector fields

Now the results of § 2 are applied to measure—valued solutions g : [0,7[ — M(RY) to the continuity
equation 4y + Dy-(bp) = 0 (in the distributional sense)
with a given vector field b. We suggest a family of pseudo-metrics (¢.).cs on M(RY™) motivated by
vague convergence and a corresponding family (|:|c)ec7-

Assuming b € W12 (RN RN)NL> for the moment, measure—valued solutions to the continuity equation
can be characterized explicitly via the flow along b :

Definition 3.1  For any b € L ([0, T, Wli)’COO(RN,RN)), the function X5 : [0,T] x RY — RY is
induced by the flow along b, i.e. X; (- wo) : [0,T) — RY is the absolutely continuous solution to the

Cauchy problem
R 4oty = bz(t), t) ae in [0,7T],
z(0) = xg.

Proposition 3.2 ([1, Proposition 4 & Remark 7])
Assume for b e L([o, 7], Wl’m(RN,RN)) that Lt e L ([0, 77, L= (RY)) .

loc 1+|z|
For any initial datum po € M(RYN), the unique solution p : [0,T] — M(RYN), t — u; to the
continuity equation % e + Dy-(bu) = 0 (in the distributional sense)

is given by the push-forward — py = Xz(t,-)g o at each time t €)0,T7], i.e.
[, o@ du@ = [ o) duot@)  foral pe CXRY). O
R R

In [14], a metric on the space M (RY) of positive Radon measures with finite first moment has
been proposed so that these measure-valued solutions to the linear problem induce sleek transitions on
the set M} (RY) of positive Radon measures with compact support. Applying the theory of mutational
equations, sufficient conditions on the bounded Lipschitz vector fields are specified in [14] for ensuring
existence and uniqueness of measure-valued solutions to the nonlinear continuity equations. (Meanwhile
the restriction to compact supports of positive Radon measures has proved to be dispensable. All finite
Radon measures can be considered instead.)

The main goal here is to weaken the regularity conditions on the vector fields considered as coefficients
in the continuity equation. In particular, spatial vector fields b(-) of bounded variation have aroused
interest for weakening the assumption of (local) Lipschitz continuity.

Recent results of Ambrosio [1, 2] make a suggestion how to specify a flow X : [0,7] x RY — RY
along certain vector fields of bounded (spatial) variation in a unique way. This uniqueness is based on
an additional condition of regularity, i.e. the absolute continuity with respect to Lebesgue measure £V
is preserved uniformly: For any nonnegative function p € L*(RN)N L (RY), the measure pg := p LY
satisfies X(t,-)spuo < C LN for all t € [0,T] with a constant C independent of ¢.

After summarizing some features of this so—called Lagrangian flow in subsequent Proposition 3.3, we
exploit the corresponding vector fields of bounded variation for inducing sleek transitions on measures.
In contrast to [14], however, the tools of Ambrosio require the restriction to finite positive measures
being absolutely continuous and bounded with respect to £V.

Although limiting the class of admitted Radon measures, this assumption has the advantage in sub-
sequent Proposition 3.14 that applying existence results to the continuity equation here requires the
continuity of the vector fields (representing the right-hand side) with respect to L' whereas in [14,
Theorem 4.6], continuity with respect to L>° was assumed.
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Proposition 3.3 Assume b:[0,T] x RN — RN o be in L'([0,T], BViec(RN,RY)) satisfying
1. 1‘+b\|$| € L'([0,7], L'(®M)) + L*([0,T], L=(RY)),
2. D,-b(t,:) = div, b(t,-) LN < LN for L' -almost every t € [0,T),

3. [div, 0] e L'([0,T], L>(RN)).

Then there exists a so—called Lagrangian flow X :[0,T] x RN — RY such that
(@ X(-,x):[0,7] — RY is absolutely continuous for LN-almost every x € RN with

t
X(t,x) = x—!—/ b(s, X(s,z)) ds for all t € 10,7,
0
(b)  there is a constant C > 0 with X(t,-); (0 LY) < C |pllec LY V p € LYRYN) N L>®(RY), ¢

Furthermore, X(t,-) : RN — RN s unique up to LN-negligible sets for every time t € [0,T]
and, w(t) :=X(t, - )gpo s the unique distributional solution to the continuity equation

4y + Dy-(bp) = 0 in 10, T[ x RN
for every initial datum po = p LN with p € LY(RY) N L=(RY), p > 0.

Mollifying each u(t) with a common Gaussian kernel p € C*(RY 10, 00|), the measures ps(t) := p(t)+*ps

solve the continuity equation % us + Dy - (55 us) = 0 (in the distributional sense)
with bs(t,-) = W being in L'([0,T], WL (RN, RY)) and, ps(t) 210 w(t) narrowly

(i.e. with respect to the duality of bounded continuous functions) for every t € [0,T].

Proof is presented in [1] (and in [2]). Indeed, extending [1, Theorem 30], to vector fields of bounded
spatial variation (as stated in the end of [1, § 5]), there exists a Lagrangian flow X : [0, 7] x RY — RY
with the claimed properties (a),(b) and, it is unique (up to £N-negligible sets).

The proof of [1, Theorem 19] bridges the gap between the Lagrangian flow and the measure—valued
solution to the continuity equation (by means of push—forward). The uniqueness of u(-) results from
the comparison principle of the continuity equation (due to the assumptions about 5) according to
[1, Theorem 26]. Finally proving [1, Theorem 12] implies the narrow sequential compactness of
ns == (=, X55<"$))u 1s(0) (using Prokhorov compactness theorem). So equation (9) there implies the
narrow convergence of us(t) to its unique limit point p(¢). O

Lemma 3.4 For any b e LY([0,T], W5 (RN, RN)) with div,be L'([0,T], L=®(RN,RY)), the

loc
flow X;, : [0, T] x RY — RN specified in Definition 3.1 satisfies for all t € [0,T] and LN-a.e. x € RY
t t ~
exp <—/ I div, b(t, )]~ H ) < det D, Xp(t,z) < exp (/ || [diva b(t, )]t HOO dt) .
0 0

Moreover, for all = p LN with p € LY(RYN)N L, the total variation of Xy(t,-)s pu fulfills
t
Xo(t e nl®Y) < ) - exp(2 [ i Bt )

Proof of the first part is mentioned in [2, Remark 6.3]. The second part results from the area
formula and the transformation of Lebesgue integrals. Indeed, for p = p LY with p € LY(RN) N L,

e ) = P X Lt
X (t, )z | (RY) /RN |det D, Xb(t - ot ’ -

t
/ oo (Xy(t,)Y)| deN .exp(/o | [div, b(t, N o )
t
/ pldc™ - || det D, Xo(t, )] -exp(/ | v, 5z, 0) |, de). ©
RN 0

IN

IA



24 § 3 BOUNDED VECTOR FIELDS OF BOUNDED VARIATION

These (mostly quoted) results motivate the following choice of vector fields and finite Radon measures.
Using the notation of following Definition 3.5, the results of [1] guarantee for each Lagrangian flow X
X(t, )y L HRY) ¢ Le"H(RY).

Definition 3.5 BVT;C’diV(RN) denotes the set of all functions b € BVio.(RY,RV) N L (RN, RY)

satisfying D-b = divb LN < LN and divb € L®(RY).
Furthermore, set LY RN) := {p LY | p € L'RN) N L>®RY), p>0} ¢ MT(RY) and,
for each b € BV (RN) define 9y : [0,1] x L2 HRY) — LOVY(RN),  (h, po) — X(h, )4 o

with X(-,-) denoting its Lagrangian flow according to Proposition 3.3.

Moreover, the proof of Lemma 3.4 indicates an adequate choice of the “distance” between two measures
of L®MH(RY). We use the weighted total variation — with a countable family (¢, ). of smooth positive
weight functions whose gradient can be estimated by the function itself.

Lemma 3.6 There is a countable family (¢c)ecs of smooth Schwartz functions RN — [0, oo
such that (¢c)eeg is dense in (CQ(RY, [0,00]), || [|lo) 5
C2 (RN, [0,00[) is contained in the closure of (p:)eceg with respect to the C* norm and
it satisfies |V oo()] < Ao - :(-) in RN with a constant \. >0 for each e € J.

Proof. Such a . € C®°(RY,[0,00[) can be generated by means of convolution.

Indeed, C§°(RN,[0,00[) is known to be separable with respect to || - ||oo. Now consider a countable
dense subset (fi)ren of C2°(RY,[0,00[) together with es : RN — ]0,00[, @+ csn - exp(— 4 l‘il‘;)
(for arbitrarily large § > 0 and the constant c; 5 > 0 such that [[es]| 11 (my) = 1).

Then, each fj x es is smooth, nonnegative and satisfies |V(fx xes)] = |fi * (Ves)] < 0 fr*es
since the auxiliary function €5 : [0,00[ — ]0,1], T — csN - exp(—6 1’fr) is smooth with
4 gs(r)=—96 T(T(:BQQ) es(r) € [-6,0]-€5(r) and thus L &s(r) =O(r) for r — 0%,

Furthermore, fi*es is a Schwartz function because so is es and fj is assumed to have compact support.
(fe*es)koen is dense in (CY(RY, [0,00[), || - [ls) since so is (fi)ren and (e5)sen is a Dirac sequence.
Finally it satisfies the second required property because for any g € C°(RY, [0,00[) and subsequence
(fi)jen with [lg = fi, oo == 0, we obtain  V(fi, xe5) = fi, * (Ves) == g (Ves) = (Vo) * &5
uniformly and the last convolution converges uniformly to Vg for § — oo. O

Definition 3.7  Let (ve)ecs be a countable family of Schwartz functions as described in Lemma 3.6.
For each e € J, define q.: M(RN) x M(RY) — [0, ],

G, v) = o (n—v)|[(RY)

(oo}
= sup { > | / e d(p—v)| ‘ (Ex)ren pairwise disjoint Borel sets, RY = | ] E’“}
k=0 7 Ex *

Remark 3.8  Obviously, Gronwall’s Lemma implies ¢. > 0 in RY unless ¢, = 0.
So assuming ¢. #Z 0 for all e € J from now on, each pseudo-metric ¢. takes all points of RY into

consideration — in a weighted form.

Now we first investigate the regularity features of 95 : [0,1] x LM HRY) — L>*"YRY) for more
regular vector field b € VVILOO(]RN ,RNV) N L> with respect to each pseudo-metric q.(¢ € J). Afterwards

ocC
the approximation via convolution (mentioned in Proposition 3.3) lays the basis for extending the

estimates to b € BVY(RY) in subsequent Proposition 3.12.

loc
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Lemma 3.9  For each b€ W2 (RN, RN)NL®, 9 :[0,1] x L YRN) — L®"Y(RN) satisfies

loc

1. 191)(07') = Id]Looml(RN),

2. q= (p(h, Oo(t,p0)), Ot +h,po)) = 0 = ge(Fo(t+h,po), To(h, Ip(t, po)))
for any initial datum po € L1 (RN) and t,h € [0,1] witht+h < 1.

3. limsup a=(9u(h,p0), 1917(}};71/0)) — qe(po,0) < A blloo -+ ge (0, 10) for po, v € LOOOI(RN)’
h10
4. |<p€ Ip(t, ,uo))| RY) < }4,05 H0| (RY) . ere l1Bllos - ¢ for po € L*"L(RN), t € [0,1],

qe (005, 10), Do(t, o)) < [t — s - Ac [[blloo €™ 1Pl | oo | (RY)  for s, € [0,1], po € LM H(RN),

. Vv, (Ryio), 9oy (h,
6 timsup ECL L) < o bl o] BY) < Aol - e By~ ol ey

for all bounded vector fields by, by € W,o° (RN, RN) N L® and po = p LN € LCNH(RN).

Proof.  The measure-valued flow ¥ : [0,1] x LM HRY) — L*"L(RY) still satisfies the semigroup

property and thus statements (1.), (2.).

For any po = p LY, vy =0 LN € L®"(RY), the definitions of total variation and push—forward imply
e (Vo (h, o), 9p(h,1v0)) = | e - (Xp(hy ) o — Xp(h,-)g o) | (RY)

< [ eXuth)) lp—of LY

et = el lo=ol dLY + [ (o = )] (BY).

So the choice of ¢, (in Lemma 3.6) has the consequence

IN

lim sup ECHUNTOR ﬁb(f;lalfo)) — 4= (1o,v0) < limsup % . / |<P5(Xb(h; D) — 905| lp—o| dcN
h 10 hloO RN
< [ IVodla) - v@)l o of L
RN
< Bl [ 2w p—of dc¥
RN
< bl Ae - qe(po, o).

Applying this estimate to vy = 0 and 9(t, pg) (instead of pg), we conclude property (4.) from Gron-
wall’s Lemma 2.6 because the lower semicontinuous auxiliary function

5 :[0,1] — R, t— |pe Do(t, po)| RY) = |p=(Xp(t,-)) po| (RY)
is one-sided differentiable and satisfies ;t = 0:(4) < A2 ||b]|oo - 0 (4)-
In basically the same way, we obtain statement (5.) considering the auxiliary function

0ot [s,1] — R, tr— [ (9n(t, 10) = Vo(s,10)) | (RY) = [(pe(Xp(t=s5,")) = ¢:) Vo(s,p0)| (RY)
with s € [0,1] fixed and jt—: 5:(t) < Ac |1blloo [ Du(t, po)| (RY) < A [|blloc €2 [1Blloc = po| (RY).
Last, but not least, choose any by, by € Wb (RY, RN) N L*® and initial datum gy = p LN € LM H(RN).
Then, for every h € [0, 1],

7 4e (1917107”:“0)’ 19b2(h7u0)) < % /]RN |906(Xb1(ha')) — (X, (R | |p| dch
fim sup 1Oy Bura) D) Ae e [br—ba| o] dLV
0
< A [pllos HSOE b1 — b2|HL1(]RN)'



26 § 3 BOUNDED VECTOR FIELDS OF BOUNDED VARIATION

In regard to the choice of |-]., there are even two candidates now. The first is the weighted total
variation (as mentioned in Lemma 3.9 (4.)). Lemma 3.4, however, provides an alternative whose growth
is also bounded in the required way: the total variation — not weighted by . and thus, independent of
€ € J. For applying the compactness criterion of de la Vallée Poussin later, we prefer the total variation
|- [(RY) and then rely on the results using “weakly transitionally compact” (presented in § 2.4).

In particular, subsequent Lemma 3.11 lays the basis for taking also the L*° norm into consideration and
thus, we define  |p] = || (RY) + || & = lollpi@y) + llolle  for p=oLN e L*"Y(RY).

Lemma 3.10  For every u € M(RY) and open set A C RN, the total variation satisfies

ula) = sp{ [ wu | ve ek, 1ole <1}

and thus, q-(p,v) = super  Per(ptsv) for all v € M(RYN)
with T C J? denoting the set of all indices Kk = (k1,k2) € T2 satisfying 0 < o, (), Or,(-) <1,
De,r (1, V ’/ Ve (Pr; — Prsy) d(u—y)’ forall e€ J, keT.

Proof of the first equality is given in [4, Proposition 1.47].
As a consequence of Lemma 3.6, the set {¢x, | K € Z} is dense in (CJ(RY, [0,1]), || ||) and thus,
{@r, — @u, | K €T} is dense in (CY(RYN, [—1,1]), || - [[o) - So the first equality implies for p € M(R")

¢e dlp| = sup / e (Pry — Pry) dp. O
RN (k1,k2) €T JRN

Lemma 3.11  For every vector field b € BV YY(RY) and initial measure p = o LN € LN HRN),

loc

the Radon-Nikodym derivative o, = ﬁbﬁ( ) of ¥y (t, i) with respect to Lebesgue measure LN satisfies
lotlloe < lofloo elltivell=t
95t W[(RY) = lollr < loflgs e 4Pl
Proof. The second statement results directly from Lemma 3.4 (applied to mollified vector fields bs)
and the narrow convergence for 0 | 0 because the total variation is lower semicontinuous with respect
to weak* convergence (see [4, Theorem 1.59]).  For proving the first statement, we exploit first the
duality relation between L' and L and then use the area formula
lotlloc = sup { / Y oy dlN P € C(RN), ||z §1}
— sup {nmsup/ b Ay (t, ) b e CRRY), ¢l < 1}
510
— : o N 0o N < }
sup {hnﬁsli%up/ (G (det D. xb5<t,-)) ’Xbé (t)-1 AL [ € CE(RT), [l <1
< sup {limsup/ Y ||0]|eo elldivoslies t dCN | € C&RY), ¥l < 1}
510
< ||U||oo 6Hdiv blloc t ) O

Proposition 3.12  For any C € [0,00] fized, each b € BV ™™ (RN) with [|b] + ||div b]| < C
induces the sleek transition 9, on (L®"HRN), LY RN), (¢o)ees, (['))ees) with

ac(Oy, ) = A C, Be() = A lleellos C,
Ye() =0, () = 20,
Def. . Def.
TE (19(,, /,L) = 1, (%) = Id]Loo N1(RN)

Qe Vi) < A 2 (14 [ul®Y)-e2€) [ 2l llee 1o el [l s,

for all b,c € BV ™ (RN) with [|b]lo + ||div b]| _ < C, |lcflee + [|dive| < C and pe Le"YRY),
eeJ, tel0,1]. The set of all these sleck transitions ¥, is abbreviated as Topyv(RY).
Ip(h, )+ (L VHRN) weak*) — (L YRN), p. ) is continuous for every h € [0,1],e € J,k € L.



§ 3 BOUNDED VECTOR FIELDS OF BOUNDED VARIATION 27

Proof is based on the tools of approximation provided by Proposition 3.3 and Lemma 3.9:

Indeed, choose a Gaussian kernel p € C*(RY, ]0,00[) and set ps(z) := 6~ p(%) for § > 0. Fixing
p € LY RYN) arbitrarily, each vector field bs := % belongs to W2 (RN RY) and satisfies
(65l < [|blloe < C. So Lemma 3.9 motivates the choice of ae(9p,, 1) = Ae C, Ye(9p,) = 0 and,

as in the general framework of § 2.1, we conclude from Proposition 2.5 and Lemma 2.7

Ge (90 (b 1)y Oy (hy ) < gelpy v) - €CXeh

Considering now § | 0, the narrow convergence (mentioned in Proposition 3.3) and the lower semicon-
tinuity of total variation (with respect to weak* convergence) provide the same estimates with b instead
of bs for all u,v € L*"1(RY) and, we obtain C'\. as an admissible choice of the parameter a. (9, ).
Thus, the first three conditions on sleek transitions (stated in Definition 2.1) are obviously fulfilled.

Moreover, Lemma 3.4 states |0, (t, )| (RY) < [p|(RY) - €2¢t forall pe L®"HRN), t € 0,1],
0 >0 and so, the lower semicontinuity of total variation again implies

|19b(t7:u)’(RN) < |M|(RN) : EQCtv
i.e. condition (5.) of Definition 2.1 is satisfied with (.(9) = 2 C' (independent of ¢ € 7).

Considering the continuity w.r.t. time, we obtain for every s,t € [0,1], p =0 LN €¢ L*"YRN), e € J
g= (Vo (s, 1), Ot ) < limsup - gc (95 (s, 1), Dy (t, 1))

< hr?félp /N 0= (Xp, (5,2)) — 0= (Xp, (t,2))| |o(z)] dLN x
R

< limsup IV @elloc lbslloc [t — sl o]l e

< Ae lellee € [t =] || (RY),

ie. B.(95) = A ||l@elloo € is the relevant part of a Lipschitz constant as required in condition (4.) of
Definition 2.1. The rest of these conditions on sleek transitions is trivial.

Now we specify an upper bound of

Def. .
Qe (Vp, Vs 1) = sup lim sup
0<t<1 h|O
v eLoN1ERN)

with b, ¢ € BV (RN) satisfying [[b]|sc+||div ]| _, [lc/lsct]||dive]| . < C and p=0 LN € L H(RN).

qe (ﬂb(t-i-h,u), ﬁc(h,u)) — Qe (ﬁb(t,p,), 1/) Lere Ch\
( h (1+ [v[(RY)) )

loc

Mollifying b, c in the way described above, we again obtain vector fields bs,cs € Wli)’coo (RN, RYN) with
165]l00s |Ics]loc < C. and, Lemma 3.9 (6) states for all v € LM H(RY)

lim sup qe(ﬁba(h’y,)l’ G) < Ac e [bs — sl v| (RY).
R0
So Lemma 2.9, the area formula and Lemma 3.4 imply
QE(ﬁbéaﬁQs;u) < sup Ae |<PE |bs — ¢s5 Vs (t,ﬂ)| (RN)

0<t<1

= sup A / pe bs — ¢l |Gy OXbﬁ(t")A’ dLt
0<t<1 RN o e

< s A e s — el raXwoT=

< Ae H‘Pe |b6 - Cg| HLI(]RN) HUHOO e

Now Proposition 2.5 and the narrow convergence of @y, (¢, 1), Ve, (t, ) for 6 | 0 (as stated in
Proposition 3.3) bridge the gap to Q- (9, 9.; 1). Indeed, for all h €]0,1],

QE(ﬁb(ha/U')a ﬁc(ha,u')) < lingfé)up QE('&b(s(hvﬂ)a 7‘905(]?’3#))

< Bmsup - Qe(Wy,0esin) (L4 [ul(RY) 200 420 R) X Ch
510

A



28 § 3 BOUNDED VECTOR FIELDS OF BOUNDED VARIATION

g (9 (h, ), De(h, )

IN

tim ey - folloe ¢ [l 105 = sl ey (1 1IE)) (140()

< B e lolloo € floe b=l | iany (L [0l(EY)) (1+0().

due to the construction of bs,cs. Thus, we conclude from Lemmas 2.9 and 3.11

Qe(ﬁbﬂ?c;’u) < sup lim sup %'QE(ﬁb(hv ﬁb(tvﬂ))v 190(/1, ﬂb(thu)))
0<t<1 h10
< s A ‘%Hmec [0 1=l | @ny (14 [0t )|(RY))
< Ao ol €@ e e Ib—cl || Ly gny (14 1u(RY)-€2).

Finally, we have to verify that J;(h,-) : (L= H(RY), weak*) — (L>®"Y(RY),p. ) is continuous
for every h € [0,1],e € J,k € T.
Let (py = on EN)neN be any sequence in LM} (RY) converging weakly* to u = o LV € L>®°"1(RY).
Choose h €]0,1], § > 0 and ¢ € CJ(RY) arbitrarily. Using the same Gaussian kernel p €
CH(RN, ]0,00]) as before, we conclude from the well-known features of convolution and Proposition 3.3

/RN xps dOy(h,p) = /RN @ d(9p(h, 1) * ps) = /RN @ d Oy, (h, )
_ /RN o(Xp,(h)) o dLN

= lim / (X, (h,")) op dLY =
RN

n— oo

= lim /(w*pa) d Uy (h, pn).-
RN

n — oo

Due to the uniform bound of total variation, i.e. sup [94(h, pn)|(RY) < sup |pa|(RY)-e*¢ < oo,
neN neN

we obtain  Uy(h, pun) — Up(h,p)  weakly* (with respect to CJ(RY)) for n — oo and, thus the
claimed continuity of J,(h,-) with respect to every pe . O

Using the total variation |-|(RY) for the measures in L>°"!(RY) proves to be particularly helpful in
regard to “weak” compactness. Indeed, the classical criterion of de la Vallée Poussin has the following
immediate consequence:

Lemma 3.13 The tuple (L7 (RY), (¢:)ccr, (Pe) e, (I'))eeg, Tev(RY)) is weakly tran-
KE
sittonally compact. O

Proposition 3.14 Suppose for f:L®THRN) x [0,T] — BV (RN)

loc

13 Ce 00t [ F(u Dl + v F(mB)] . <C for all (nt) € LN (®Y) x [0,7],
2. VeeJ: H‘Pe | f(pst) = fpn, tn) ||L1(RN) — 0 whenever py, = po (w.r.t. Og(RN))v tn \

Then for every initial measure g € L>° " H(RN), there exists a sleek solution u(-) : [0, T[— L>®"HRY)

to the generalized mutational equation ,loi() 3 Vp(u(y,) with u(0) = po. Moreover, u(-) is distribu-
tional solution to the continuity equation % w(t) + Da- (f(u(t),t) pt) =0 inRY x [0,T].

Proof. The existence of a right—hand sleek solution u(-) results from Proposition 2.21 applied to
(LN L(RN), LY RY), (¢o)eer, (Pew) ce7, (J'lRM))ceg, Tev(RY))  due to the characterization
of sleek transitions in Proposition 3.12.

Now we verify the claimed distributional property of ¢+ u(t) = o(t,-) LY. Indeed, the Lagrangian
flow X ()0 1 [0,1] x RY — RN of each f(u(t),t) € BVSY(RN) satisfies for all h € [0,1] and £V~
almost every x € RY
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h
Xi(ue).ty (hsx) = ﬂf+/ F(u(): ) (X gy, (5,2)) ds.
according to Proposition 3.3. As pu() is congtructed by Euler approximations being equi-Lipschitz
continuous w.r.t. each ¢. (¢ € J), it is also Lipschitz continuous w.r.t. to each ¢. and, we obtain at
every time t of differentiability

4 / 0. du(t) = limsup %/ (e (Xyputy,ny(hy2)) — pe(x)) o(t,z) dLNz
RN h10 RN
= /RN Vee(x) - f(p(t), t)(z) o(t,z) dCNz.
Now every ¢ € C2(RY, [0, oo[) can be approximated by (¢¢)ecs with respect to the C! norm due to
Lemma 3.6. Thus, [0,7][— [0,c0][, t— L¥ du(t) is also absolutely continuous and satisfies
4 /R o dup(t) / Vo(z (u(t), t)(x) dp(t)(x) for almost every ¢ € [0, 7.

Moreover the condition ¢ > 0 is not required, i.e. the same features are guaranteed for any p € C°(RY).
Indeed, choosing any auxiliary function ¢ € C®(RY, [0,00[) with ¢ = ||¢]lec + 1 in B;(supp ¢), we
apply the previous results (about absolute continuity and its derivative) to () +£&(-) >0, £(-) >0
In regard to a solution in the distributional sense, let 1 € C°(RY x [0,T[) be any test function. Then,
the subsequent Lemma 3.15 implies

S G / JIRE >) @
/OT(RNM( 0 dut) + F [ 00 duts)| )

/0 ( RN“)””( / Vetp(x,t) - f(ult), t)(x) du(t)(x)) dt.

a

Lemma 3.15 ([15, Lemma 2.5])  Suppose h:R? — R" to be locally absolutely continuous in each
component and

hkmsup [O1h(, k+-) = Orh(, ) Lo 0
fmsup [02n( k+-) = h( ) Lo 0

Then [0,T] — R™, t+— h(t,t) is absolutely continuous and
L h(t,t) = (aitl h(ti,t2) + at h(tl,tz))

t=t1=t2

Restricting our considerations to measures in L™ 1(R") has now the additional advantage of a closer
relationship between distributional solutions (to the continuity equation) and right—hand sleek solu-
tions (to the corresponding mutational equation). The key tool here is the maximum principle for
distributional solutions quoted in Lemma 3.17.
Proposition 3.16  Suppose for f:L®"YRY) x [O T) — BVO™Y(RY)
1. 3 Cel0,00] : [f(pst)lloo + ||div fm, t)]|| , < for all (p,t) € LY RN) x [0,7],
2. VeeJ 3FL.€[0,00, modulus of continuity we(-) > 0:

o= 1£1.8) = F@D] oy < Le - ) + e (fs = 1) for all (n,5). (v,£) L= (®N) x[0,7].
Then for every initial measure g € L° Y (RN), the right-hand sleek solution u(-) : [0, T[ — LM L(RY)
to the generalized mutational equation ,lol() 3 Vf(uy,) with p(0) = po is unique.
So every distributional solution pu(-) : [0,T[— L®"YRN) of & pu(t) + Dy (f(u(t),t) pu(t) =0
in RV x ]0,T[ that is continuous with respect to each q. (€ € J) is unique.
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Proof.  The uniqueness of right—hand sleek solutions results from Proposition 2.23. Indeed for right—
hand sleek solutions fi1, u : [0, 7] — L®"H(RY) with the same initial datum 1y (0) = p2(0) = po €
LML (RY) and for sufficiently large p > 0, define the auxiliary function

6.(t) = inf {au(v, m(®) + (v, p2(t) | v €L=TURY), [v)e < (oo +p) -t 42Ot}
The symmetry and triangle inequality of g-(-,-) imply d.(¢) = g-(p1(t), p2(t)) and, Proposition 2.23
(with R, =0, 6:(0) =0) ensures .(-) =0 for every ¢ € J. Thus, p1 = uo.

Now suppose pu(-) : [0, T[ — L®"YHRY) to be distributional solution of

L) + Dy (F(ult),t) plt) = 0 in RN x 0,7
that is continuous with respect to each ¢. (¢ € J). Then for each ¢ €0, T, the restriction 1)l 0,5
is uniformly continuous with respect to each ¢. and thus, f(u(-),) : [0,7] — BV (RY)
satisfies the assumption of Proposition 3.14. So there exists the unique right—-hand sleek primitive
v(:): [0,t] — L YRN) of f(u(-),-) with v(0) = po and, v(-) is also distributional solution of
% v(t) + Dy - (f(u(t),t) v(t)) = 0 in RVx]0,Z[. The comparison principle of Lemma 3.17 implies
v(-) = p(-). So p(-) is right-hand sleek solution of #(-) > ¥(,(.),.) and thus unique. O

Lemma 3.17 Let b:[0,T] x RN — RN satisfy the assumptions of Proposition 3.3.
Then the comparison principle for distributional solutions to the continuity equation

4y + Dy-(bp) = 0 in )0,T[ x RN
holds in the class {w LN |w € L>([0,T]; L*(RN)) N L>*([0,T]; L>=(RY)) n C°([0, T]; w*—L>*(RN)) }.
In particular, distributional solutions are unique in this class.

Proof results from [1, Theorems 26, 34] (see also [18]). O
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