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Momentum Theory with Slipstream Rotation
Applied to Wind Turbines

D. F. Hunsaker and W. F. Phillips’
Utah State University, Logan, Utah 84322-4130

A momentum theory which includes the effects of slipstream rotation for wind turbines is
presented. The theory accounts for the axial and radial pressure gradients within the
slipstream as well as the wake expansion caused by wake rotation. Because of the limiting
approximations of previous methods, the effects of slipstream rotation have not been
accurately realized. The method included here, which does not suffer from the unrealistic
approximations of previous methods, predicts that the effects of slipstream rotation are
manifest entirely through an increase in the turbine thrust coefficient. The method predicts,
as previous methods do, that the Lanchester—Betz—Joukowski limit of 16/27 is an upper limit
for the maximum efficiency, or power coefficient, of a wind turbine. Unlike the results from
classical methods that are traditionally reported in terms of the axial induction factor,
results of this work are presented in terms of two independent variables, the tip-speed ratio
and the torque coefficient. The results included here allow the dependent variables including
the thrust coefficient, power coefficient, axial induction factor, and circumferential induction
factor to be evaluated in terms of the tip-speed ratio and torque coefficient. Additionally,
relationships for the ideal operating conditions of a wind turbine are presented.

Nomenclature

= variable defined in Eq. (66)

cross-sectional area of the ultimate slipstream

= area of the turbine disk

axial induction factor, a=V,; [V,
circumferential induction factor, a’ =V, / (w,1,)
= variable defined in Eq. (66)

power coefficient defined in Eq. (13)

0 torque coefficient defined in Eq. (58)

T = thrust coefficient defined in Eq. (12)

ultimate slipstream enthalpy

freestream enthalpy

= mass flow through the turbine disk

power extracted from the fluid by the turbine
pressure

d = pressure immediately downstream of the turbine disk
pressure in the ultimate slipstream

pressure immediately upstream of the turbine disk
= freestream pressure

torque produced by the fluid on the turbine
radius of the ultimate slipstream

= radius of the turbine disk
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7y = radial coordinate in the ultimate slipstream

7 = radial coordinate at the turbine disk

T = thrust or axial momentum deficit caused by the turbine

u = variable defined in Eq. (63)

V, = total velocity immediately downstream of the turbine disk

V; = total induced velocity immediately upstream of the turbine disk

v, = radial component of velocity

V. = radial component of velocity immediately downstream of the turbine disk

V. = radial component of induced velocity immediately upstream of the turbine disk
Vs = radial component of velocity in the ultimate slipstream

V, = total velocity in the ultimate slipstream

V. = axial component of velocity

Vi = axial component of velocity immediately downstream of the turbine disk

V. = axial component of induced velocity immediately upstream of the turbine disk
Vi = axial component of velocity in the ultimate slipstream

Ve = circumferential component of velocity

Voa = circumferential component of velocity immediately downstream of the turbine disk
Vo = circumferential component of induced velocity immediately upstream of the turbine disk
Vop = circumferential component of induced velocity in the plane of the turbine disk
Vs = circumferential component of velocity in the ultimate slipstream

Ve = freestream velocity

A = tip-speed ratio, A= R,®, [V,

Yo = fluid density

i/ = variable defined in Eq. (67)

o} = fluid angular velocity in the ultimate slipstream

o, = angular velocity of the turbine disk

I. Introduction

The ideal efficiency of a wind turbine is often referred to as the Betz limit named after the German scientist
Albert Betz who published his findings on the theory in 1920." However, two other researchers published very
similar results about the same time as Betz. Frederick Lanchester, an English scientist, was the first to publish the
result in 1915.% It is unclear whether or not Betz was aware of the development of Lanchester and therefore it has
been suggested that the limit be referred to as the Lanchester—Betz limit.* In 1920, the Russian scientist N. E.
Joukowski (Nikolai Zhukovsky) also developed the theoretical limit.* According to Kuik,’ there seems to be no
reason to assume that Joukowski was aware of the development of Lanchester. Because it is possible that each of
these scientists developed this theoretical limit independent of the others, it has been suggested that the ideal
efficiency be referred to as the Lanchester—Betz—Joukowski limit in scientific writing.’

The original momentum and blade element theories used to predict the efficiency of any system of rotating
blades were based on the development of propellers, and are thus often termed propeller momentum or propeller
blade-element theories. However, the theories are well known to apply to the reverse problem of a wind turbine
where power is extracted from the flow rather than imparted to the flow.® A critical component of any propeller
theory is the prediction of the axial component of induced velocity on the turbine disk as a result of lift developed by
the blades. This is termed the axial induction factor and is defined as the ratio of the axial component of induced
velocity at the turbine disk to the freestream velocity. In most momentum theories, the axial induction factor is
denoted by the symbol a and is generally treated as an independent variable. The power coefficient of a wind turbine
is commonly referred to as the efficiency of the wind turbine and is defined as the ratio of the power extracted by the
turbine from the fluid to the power available in the freestream integrated over the area of the turbine disk,
Cp= P/ (% pVOg’A,) . Classical momentum theory predicts that the optimum operating condition exists at an axial
induction factor of 1/3 which corresponds to a maximum power coefficient of 16/27 and a thrust coefficient of 8/9.

Interest in the theoretical ideal efficiency of wind turbines has escalated recently as evidenced by the increased
number of publications on the subject. This interest is likely due to the heightened awareness of the need for clean
energy and has renewed studies in the development of wind and water turbines. The original developments of the
classical momentum theories were published in the early 1900s, and recent work has endeavored to increase the
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fidelity or expand the application of the original models. For example, Gorban, Gorlov, and Silantyev’ use a type of
conformal mapping to obtain an improved approximation for the flowfield from which the efficiency can be
obtained. They conclude that the maximum efficiency of a conventional horizontal axis turbine is 30.1%, and that of
a vertical axis turbine is 35%. Cuerva and Sanz-Andrés® suggest that the optimum axial induction factor varies
slightly from 1/3 when operational conditions such as the cost of energy and the degradation of the turbine are taken
into account. Jamieson’ extends momentum theory to account for the influence of diffusers, ducts, or other objects
that affect the flow and concludes that the ideal operating condition is always at a thrust coefficient of 8/9 regardless
of the surrounding objects. Okulov and Serensen'’ build on the work of Goldstein'' to develop a model that is
capable of predicting the theoretical limit for a turbine with a finite number of blades and claim that it is consistent
with models based on momentum theory. Huleihil'? suggests that the ideal efficiency of a turbine should be closer to
47.7% based on an analogy with heat engines. Werle'’ applies a form of classical momentum theory to evaluate
blockage effects that can be used to correct performance parameters measured on wind turbines in wind tunnels.

Models such as those discussed above have been very helpful for designing and operating propellers and wind
turbines for many years. However, many of the models in use today are based on the original momentum theory
which tacitly neglects slipstream rotation. There appears to be no physical basis for neglecting slipstream rotation.
Clearly, the turbine must extract power from the flow through the torque applied to the turbine, and that torque must
result in rotation of the fluid within the slipstream. Those models which do attempt to include the effects of
slipstream rotation are commonly based on the original work of Joukowski'* and Glauert'> which suffers from
unrealistic approximations for the rotating wake. A brief discussion on this classical work is insightful.

Joukowski,'* and later Glauert,"” included the effects of wake rotation in a momentum theory model for
propellers. However, in order to obtain a closed-form solution for the propeller torque, it was assumed that the flow
in the slipstream is irrotational except along the axis. This assumption led to the approximation that the rotational

momentum per unit mass, wr’,in the slipstream is independent of radius. Such an approximation results in a model
which predicts that the circumferential velocity in the slipstream is inversely proportional to radius, as would be the

case if a single potential vortex filament were placed along the axis of the propeller in the slipstream. For such a
model, rotational velocities near the centerline of the slipstream exceed the rotational velocity of the turbine, and the
rotational velocity at the slipstream centerline becomes infinite. This is clearly an unrealistic model for the flowfield
behind a propeller or a wind turbine. Alternatively, Glauert suggests an approximate solution which is obtained by
assuming that the angular velocity imparted to the wake is small compared to the angular velocity of the turbine
disk. While this may be true, application of this assumption led to the approximation that the pressure in the fully
developed wake is uniform and equal to the atmospheric pressure. Again, this is clearly an unrealistic approximation
for the flowfield behind a propeller or wind turbine. The rotation in the wake requires a pressure gradient to balance
the centrifugal force on a rotating mass of fluid, causing a decrease in pressure with decreasing radius. Application
of either of these two classical approximations results in a model not fully capable of correctly accounting for the
physics of wake rotation.

Although some have pointed out the unrealistic nature of these approximations, subsequent models attempting
to account for slipstream rotation have often been based on applying one of these historical approximations.
Sharpe'® points out that the pressure in the fully developed wake is not uniform and not equal to the atmospheric
pressure because the rotational momentum of the fluid in the wake must be balanced by a radial pressure gradient.
The inconsistency of ignoring the pressure gradient in the rotating wake is also discussed by de Vries.'” Recent work

based on approximations similar to those of Glauert include the work of Wilson and Lissaman'® and Sharpe.'® From
a physical standpoint, if a momentum model for propeller or wind turbine flow is desired for correctly predicting the

effects of wake rotation, it must be based on assumptions that match the physics of the flow.

This paper presents a momentum theory capable of accounting for both the translational and rotational
momentum of the fluid within the slipstream of the turbine and does not suffer from the unrealistic approximations
discussed above. The model is capable of accounting for both the pressure gradient and rotational momentum
associated with slipstream rotation. The work presented here is based on a propeller momentum theory model
developed by Phillips."” Application of this model to the problem of a wind turbine provides insight into the effects
of wake rotation on the ideal operating conditions of a turbine.

Although results of previous momentum theories are often reported in terms of the axial induction factor, the
results of this model are reported in terms of the tip-speed ratio and torque coefficient. This is significant because
the tip-speed ratio and torque coefficient are independent variables while the axial induction factor is a dependent
variable. Examples of other dependent variables of a wind turbine include the power and thrust coefficients.
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Therefore, an additional contribution of this work is the development of the axial induction factor as a function of
the tip-speed ratio and torque coefficient.

This paper includes a detailed version of the classical momentum theory followed by the development of a
momentum theory that includes the effects of slipstream rotation. Although the classical momentum theory is well
established in the literature, it is included here so that the reader can see the direct analogy between the classical
momentum theory and the momentum theory presented as the topic of this paper.

II. Classical Momentum Theory

. . . . . . 20-24
Classical momentum theory can be found in several books on wind energy and aeronautical engineering.

Momentum theory is based on the hypothesis of a streamtube, which encloses the complete turbine disk as shown in
Fig. 1. This tube is assumed to extend infinitely far upstream from the turbine disk to a plane infinitely far
downstream. All of the fluid that enters this streamtube on the far upstream side must pass through the turbine disk
and exit the streamtube on the far downstream side.

streamtube
N\

v
e 7
V V- /2" streamline
Ly \pd
v p,

turbine disk

T

Figure 1. Classical momentum theory model for the flow about a turbine disk.

In addition to the foundational hypothesis of streamtube flow shown in Fig. 1, classical momentum theory
imposes five simplifying approximations. The flow is assumed to be 1) inviscid and 2) incompressible; 3) all
rotation of the fluid within the streamtube is neglected; and both 4) the velocity and 5) the static pressure are
assumed uniform over each cross section of the streamtube.

To evaluate the induced velocity from classical momentum theory, we consider the flow along the streamline
shown in Fig. 1. The fluid far upstream from the turbine disk has pressure p, and velocity V. As a result of the
momentum deficit caused by the turbine, the pressure just upstream from the turbine disk is above ambient, while
the pressure just downstream from the turbine disk is below ambient. The near upstream and downstream pressures
are denoted as p, and p,, respectively. By definition, the velocity on the near upstream side of the turbine disk is
the freestream velocity minus the induced velocity, V, —V;, and the velocity on the near downstream side is
designated as V;. The radial component of velocity at all streamtube cross-sections is neglected in classical
momentum theory.

Because no energy is extracted or added to the flow upstream of the turbine disk, Bernoulli’s equation can be
applied to relate the velocities and pressures in the freestream to those at the upstream side of the turbine disk

2 v, —V)?
p_‘”+;'°:&+—( sl l) (1)
P 2 P 2

Likewise, Bernoulli’s equation can be used to relate the pressure and velocity on the immediate downstream side of
the turbine disk to those in the slipstream because no energy is added or extracted from the flow in this region
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2 2
p_w+V‘_Y:p_d+V_d (2)

Yol 2 p 2

Based on the assumption of incompressible flow, conservation of mass just upstream and downstream of the turbine
disk requires that

V,=V, -V, (3)

Using Eq. (3) in Eq. (2) and subtracting Eq. (2) from Eq. (1) gives
V_Og _ V_Sz —Pu_Pa 4)

22 p op
The axial momentum deficit of the fluid results in an axial force commonly termed the thrust of the turbine. The
fluid exerts this force on the turbine in the direction of the freestream velocity, and as a result, the turbine must
produce a reacting force in the opposite direction. The thrust can be written in terms of the pressure difference on the

upstream and downstream side of the turbine disk, or in terms of the change in axial velocities far upstream and
downstream of the turbine disk

T:At(pu_pd):m(Voo_Vs) (5)
where the mass flux m can be written as the mass flow through the turbine disk
m=pd,(V, =V;) (6)

Combining Eqgs. (4), (5), and (6) gives an expression for the slipstream velocity in terms of the freestream velocity
and induced velocity

Vv, =V, -2V, @)
Using Egs. (7) and (6) in Eq. (5), the expression for thrust can be written as
T=2pA4V,(V, =V:) ®)

From the first law of thermodynamics, the power extracted from the fluid by the turbine must satisfy the
relation

2 2
Peafh e o

where £, and A are, respectively, the freestream and ultimate slipstream enthalpy. Because the fluid is assumed
incompressible and the pressure in the ultimate slipstream is assumed to be the same as in the freestream, the
enthalpy in the ultimate slipstream is equal to the enthalpy in the freestream. Using Egs. (7) and (6) in Eq. (9) gives

P=2pAV,(V.,, V)’ (10)

The thrust coefficient is defined to be the ratio of the thrust on the turbine disk to the freestream dynamic
pressure multiplied by the area of the turbine disk. Applying the definition of the axial induction factor,

a=v,Jv, (11)
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the thrust coefficient can be written from Eq. (8) as

V. V.
%:4—1[1——’}441(1—4:) (12)
EpVOO At Voo Voo

Cr

The power coefficient is defined as the ratio of the power extracted from the fluid to the power available in the
undisturbed flowfield over the disk area. Therefore, using Egs. (10) and (11) the power coefficient can be written as

2
Cp %: 4£[1—£J =4a(l-a)? (13)
PV 4, Ve Ve

Figure 2 shows a plot of the thrust and power coefficients as a function of the axial induction factor, a. If a were
an independent variable, it could be chosen to maximize the power coefficient of the actuator disk. This is the
approach taken in the development of the Lanchester—Betz—Joukowski limit. The maximum of Eq. (13) occurs when
a =1/3. Using this result in Egs. (12) and (13) gives an upper limit on the power coefficient for an actuator disk as
well as the corresponding thrust coefficient

Cp=mn, Cp=- (14)

1.0 T I I I

0.8 J

0.6 | .
05 F .

CT’ CP

03 F .
02 F .

0.1

0'0 1 1 1 1
0.0 0.2 04 0.6 0.8 1.0

a=V,/ V.,

Figure 2. Thrust and power coefficients as a function of the axial induction factor.

An item of note that seems to be overlooked in the literature is that a is not an independent variable. Clearly, a
is not a variable that the designer can choose just as the thrust or power coefficients are not variables that can be
directly chosen by the designer. Rather a, C;, and Cj are all dependent on the design and operating conditions of
the wind turbine and are related to each other through Egs. (12) and (13). Equation (12) can be rearranged as a
quadratic in a to yield

4a* —4a+C; =0 (15)
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Solving for a in terms of the thrust coefficient yields two solutions.

a:%i%,/l—CT (16)

To determine which of the two solutions is physically viable, it may help to study Fig. 2 in more detail. Recall
that the axial induction factor, a, is defined as the ratio of the axial component of induced velocity at the turbine disk
to the freestream velocity. Also recall from Fig. 1 that a positive value for the induced velocity is a velocity in the
opposite direction as the freestream. The case of @ = 0 is equivalent to what could be termed a “perfectly” feathered
turbine, which allows the fluid to pass through the turbine disk undisturbed. This would extract no power from the
freestream, and in turn, produce no thrust as can be seen in Fig. 2. As the blades of the turbine are pitched and begin
to extract power from the fluid, the axial induction factor increases and velocity is induced in the plane of the turbine
disk opposite to the freestream. This increases both the thrust and power coefficients. Figure 2 shows that the
maximum power coefficient is achieved when the axial induction factor reaches a =1/3. At that point, an increase in
the induced velocity results in an increase in thrust and a decrease in power. If the induced velocity increases to one-
half the freestream velocity, the predicted thrust coefficient is equal to 1.0. Clearly, an increase in induced velocity
beyond this point must result in an increase in thrust coefficient. However, this model predicts that for a >1/2, the
thrust coefficient reduces with increasing axial induction factor. From Eq. (7), it can be seen that in the limit as the
axial induction factor approaches one-half, the velocity in the ultimate slipstream approaches zero. In this limit,
conservation of mass within the streamtube requires that the ultimate slipstream radius approach infinity. This is
clearly not realistic. To further illustrate this point, note that the model predicts that the thrust and power coefticients
are zero for an axial induction factor of unity. In this case, no fluid would pass through the turbine disk and the
thrust would be clearly greater than zero. As a result of these model characteristics, this model can be applied only
to the range a <1/2 and should be used with caution in the limit as a approaches 1/ 2.

It is also important to note that for a <0, the induced velocity is in the same direction as the freestream velocity
and the power extracted from the flow becomes negative as can been seen from Eq. (13). For this operating
condition, power is imparted to the flow through the actuator disk, which corresponds to the operating conditions of
a propeller. As stated earlier, this model can be used to evaluate propeller performance as well as turbine
performance. Because this paper focuses on the performance of wind turbines, results will be shown only for the
range 0 <a<1/2.

Solving Eq. (15) for the only physically viable solution for a gives

11
a=—-—\1-C 17
) T (17)

Using this in Eq. (13) gives a relationship between the power coefficient and the thrust coefficient

Cp=Crl-a)=1Cr(1+,/1-Cp) (18)

Although this classical model suffers from several unrealistic approximations, one major objection to these
results has been the failure of the method to account for the rotation of the fluid within the slipstream. There appears
to be no physical basis for neglecting slipstream rotation. Clearly, the power available in the freestream must be
extracted by rotating the turbine. The torque will produce fluid rotation in the slipstream, and the power required to
rotate the slipstream will affect the balance of energy. In the following analysis, we shall consider the effects of
wake rotation.

III. Momentum Theory Including Slipstream Rotation

We shall now consider the incorporation of the angular momentum equation into the model hypothesized in
the traditional momentum theory. Here we will continue with the assumptions of inviscid, incompressible flow, but
we will allow for rotation of the fluid within the streamtube, which encloses the complete turbine disk as shown in
Fig. 3. This streamtube is also assumed to extend infinitely far upstream from the turbine disk, to a plane where the
static pressure is constant and equal to the freestream static pressure p. . In this plane the axial component of
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velocity is the freestream velocity V,,, and there is no circumferential component of velocity. Likewise, the
streamtube is assumed to extend infinitely far downstream from the turbine disk to a plane where the velocity in the
slipstream is no longer changing in the axial direction. Consistent with the uniform flow assumption used in
classical momentum theory, we will continue to assume uniform axial velocity but will now allow for a uniform
angular velocity as well.

Because we wish to examine the effects of slipstream rotation on the results predicted by classical momentum
theory, at first thought one might be inclined to continue with the assumption of uniform pressure, which is also
imposed in classical momentum theory. However, this assumption is not consistent with rotation in the slipstream.

streamtube
N\

turbine disk streamline ./

Figure 3. Momentum theory model for the pressures and velocities of the fluid that flows through the turbine
disk including the effects of fluid rotation.

The solution obtained from classical propeller momentum theory does not satisfy the angular momentum
equation. If we continue with the uniform pressure assumption from classical momentum theory while allowing for
fluid rotation, we find that there is only one possible case for which the angular momentum equation together with
the other laws of Newtonian mechanics can all be satisfied with a finite turbine rotational speed. That is the case of
zero thrust. Because we are now allowing for fluid rotation in the streamtube and we wish to consider a turbine with
finite thrust and power, we can no longer assume uniform pressure over each cross section of the streamtube. We
must instead allow the pressure in the streamtube to be a function of the radial position », as well as the axial
position x.

On the near upstream side of the turbine disk, the axial component of fluid velocity is equal to the freestream
velocity minus the axial component of induced velocity ¥, —V ;. On the near downstream side of the turbine disk,
the axial component of fluid velocity is designated V,;. The circumferential component of velocity on the near
upstream side of the turbine disk is simply the circumferential component of the induced velocity V;, and the
circumferential component of velocity on the near downstream side of the turbine disk is denoted as V. Likewise,
the radial velocity component on the near upstream side of the turbine disk is simply the radial component of the
induced velocity V,;, and the radial velocity component on the near downstream side of the turbine disk is denoted
asV,,.

The circumferential component of fluid velocity just upstream from the turbine disk can be deduced by applying
the angular momentum equation to the section of streamtube that is upstream from the turbine disk. Because there is
no torque acting on this section of the streamtube, there can be no change in the angular momentum of the fluid as it
passes through this section. Because the fluid has no angular momentum far upstream from the turbine disk, it
cannot have angular momentum when it reaches the upstream side of the turbine disk. This requires

Vpi=0 (19)
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As a result of torque applied to the turbine, angular momentum is imparted to the fluid as it flows through the
turbine disk. In the section of the streamtube downstream of the turbine disk, the angular momentum flux must again
remain constant since there is no torque applied to this section of the streamtube. At first thought, one might be led
to conclude that the angular velocity remains constant in the downstream section of the streamtube, just as it did in
the upstream section. However, this is not the case. The angular velocity remains constant in the upstream section of
the streamtube only because the angular velocity is zero in the freestream. As fluid flows from the region far
upstream toward the high-pressure side of the turbine disk, the axial component of velocity is decreased due to the
pressure increase. Likewise, as the fluid flows away from the low-pressure side of the turbine disk, the axial
component of velocity continues to decrease as a result of the pressure difference between the downstream side of
the turbine disk and the far slipstream. This deceleration causes the streamtube enclosing the slipstream to expand in
diameter with increasing distance downstream from the turbine disk as shown in Fig. 3. Since the diameter of the
streamtube increases and the angular momentum flux for the fluid remains constant, the angular velocity of the fluid
in the slipstream must decrease along with the axial component of velocity as it moves away from the downstream
side of the turbine disk. To evaluate the induced velocity, we consider the flow along the streamline shown in Fig. 3.

The axial and radial components of fluid velocity just downstream from the turbine disk is related to the axial
and radial components on the upstream side through mass conservation. If we use the notation shown in Fig. 3 and
apply conservation of mass across any radial segment of the turbine disk, for the assumed incompressible flow we
have

V.

X

y

2

d = Voc - in (20)
= Vri

The pressure and velocity just upstream from the turbine disk are related to the freestream pressure and velocity
through Bernoulli’s equation. Applying Bernoulli’s equation along the streamline shown in Fig. 3 and using
Egs. (19) and (20), upstream from the turbine disk we obtain

Pe Ve _Pu VitV

AR

21
T 1)

Here we see that because there is no rotation of the fluid in the upstream section of the streamtube the uniform
flow approximation requires uniform pressure upstream from the turbine disk. Applying Bernoulli’s equation to a
streamline on the aft side of the turbine disk beginning at a point just behind the turbine and extending to a point in
the far slipstream gives

&+Vé+V923+Vr§ :p_d+Vx2d+V92d+Vr?i (22)
Yo, 2 Jo, 2

where V., Vy,, and V,  are the axial, circumferential, and radial components of velocity in the ultimate slipstream.

Subtracting Eq. (21) from Eq. (22) gives

Py =P 5 PV + V4 + V2 V)= Dy =Dy +5 PV (23)

From the uniform flow approximation, the circumferential component of velocity in the ultimate slipstream can be
written as the product of the angular velocity and the local radius.

Vos=gr 24)

Using this in Eq. (23) gives

Py =P 5PV + 0]} + V2 =V2) = py—p,+5 PV (25)
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where @, and r, are the angular velocity and radial coordinate at the location of the streamline far downstream
from the turbine disk. At this point, other developments attempting to account for rotational effects have commonly
employed Bernoulli’s equation across the rotating disk."” This is justified on the grounds that the work done by the
turbine disk due to lift is normal to the local velocity along the blades.'® However, a different approach is taken here.

In the ultimate slipstream, the flow properties are independent of axial position and circumferential position,
and the continuity equation requires that

6(rs Vrs ) _
or.

A

0 (26)

The three components of the momentum equation in the slipstream reduce to

o, Vi d
v, —1 0 _ _Laps (27)
or, 7 p dr,
W V.V,
v, 2 orbs — (28)
or, r

N s

V. aV—"S =0 (29)
or,

s

Solving Eq. (26) subject to the outer boundary condition which specifies that there is no radial component of
velocity at the edge of the ultimate slipstream gives

v,

rs

=0 (30)

As aresult of Eq. (30), Egs. (28) and (29) are identically satisfied. Applying Eq. (30) to Eq. (27) gives

d v,
&zpﬂzpa)grs (3])
dr, 7y

Equation (31) shows that the radial pressure gradient in the ultimate slipstream is equal to the angular momentum in
the ultimate slipstream. Therefore, if the angular momentum of the slipstream is nonzero, a nonzero pressure
gradient must exist in order to balance the radial forces as asserted by Sharpe.'® At the outer edge of the slipstream,
r, =R, the pressure must be equal to the freestream pressure. Integrating Eq. (31) and applying this boundary
condition gives

P oo R, 2
dps = '[ g rdrg

0]
Ps = Pw _pzs (Rs2 _rsz)
Using Eqgs. (30) and (32) in Eq. (25) gives
2| 2 _Rsz 1 2 2N |
PO | Ty ) +510(sz Voc)_pd Py +5,0ng (33)

Applying mass conservation to the flow inside the stream surface that contains the streamline under consideration
from the upwind surface of the turbine to the ultimate slipstream gives

10
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”rtzp(Voo _in) :ﬂ-rsszxs (34)
where 7, is the radial position of the streamline at the turbine. Rearranging gives

(Voo _ in)
= Uel) (35)

Using this in Eq. (33) gives

2 V

Xs

R\ =V) | 1 !
po; (42 ——’]—+5p(st ~V.2)= Pa = Pu+ PV (36)

where R, is the outer radius of the turbine. Because angular momentum stays constant downstream from the turbine,
rtVé’d:rsVHszrsza)s (37)
Combining Egs. (35) and Eq. (37) gives

(Voo _in)

XS

(38%)

N

Using this relationship in Eq. (36) and rearranging yields

v, -V, R* |V, -V.,) 1
Pa—Pu = pwf{[l—Tjﬁ —j}V—”gp(Vé -V2) (39)

XS XS

The axial momentum deficit, or the thrust, can be written in terms of the axial momentum equation relating the
properties in the ultimate slipstream to those in the freestream

7= [(p.. —p)dd, + [V, =V, )it (40)
A A
Using Eq. (32) gives
RJ wz R.&
T= [P (R) —rlyamrdr & [0V VooV 2, (41)
r.=0 r,=0

K

Because we have assumed that the angular rate and the axial component of velocity of the slipstream are constant
across the slipstream, this can be integrated to give

254
R,
T =22 L apRY (Ve =V “2)
Using Eq. (35), this can also be written as
252 2
R (V, -V,
T=mpR; “’T(‘”V—J V=V )V = V) 3)
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The thrust can be written alternately in terms of the pressure difference across the plane of the turbine disk.

R!
T= I(pu_pd)dAtz j(pu_pd)zmtdrt
A, r,=0

Using Eq. (39) in Eq. (44) and integrating yields

2 2 2
v,V VI W
T =npR} szth(—w X’J =4+ =

W, 2 2

Equating the expressions for thrust given in Egs. (43) and (45) gives the relation

sz = Voo - Zin

Note that this is the same relation developed in Eq. (7) which was developed assuming no rotation in the wake.

(44)

(45)

(46)

As the fluid exerts a torque on the turbine, an equal and opposite torque is imparted to the fluid by the turbine.
This reaction torque causes the flow in the wake to rotate in the opposite direction as the turbine. The torque on the

turbine is related to the rotation in the ultimate slipstream through the angular momentum equation

RS
0=- J‘rSVgsdrhz - jrsza)s (pV 2rrdry) = —%pV R}

xsPs s
A r,=0

s

Applying Eq. (35) gives

Q = _”pwsR;‘ (Voo - in)z/(Zsz)

The power extracted from the fluid by the turbine must satisfy the first law of thermodynamics

2 2 2
p={ln, —n+Le Latle g,
. T2 2

s

For the assumed incompressible flow, this reduces to

R
pe J‘ Po_py Vi Vatar
P p 2 2

Jp VXS 2ﬂrs drS

r,=0

Applying Eq. (32), integrating, and applying Eq. (35) to the result gives

|
P=mpR}(V, —V, )(7” - TJ

(47

(48)

(49)

(50)

C2))

The turbine extracts power from the fluid through the torque applied to the turbine given in Eq. (48). Multiplying
Eq. (48) by the angular velocity of the turbine disk gives the brake power extracted from the fluid by the turbine.
The brake power must be equal to the power given in Eq. (51). Multiplying the right-hand side of Eq. (48) by the
angular velocity of the turbine disk, setting it equal to the right-hand side of Eq. (51), and applying the relation in

Eq. (46) gives

12
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4wV, =2V ..
a)s - _ ( o0 2)([) Xl (52)
R,

Applying Egs. (52) and (46) to either Eq. (43) or (45) gives an expression for the thrust

2, -V V..
T=mw0;—nﬂn{iiL7ﬂLi+R{‘ (53)
a)t

Likewise, applying Eq. (46) to Eq. (51) gives the power extracted from the fluid by the turbine
P=27pR}(V,, V)V, (54)

Defining A =R,®,/V,, as the turbine tip-speed ratio and applying the definition for the axial induction factor
a=V, [V, the thrust coefficient can be written as

2%{%_%q

. V.. OOVoo Voo Voo -

¢ o T ﬂa(&_i] Je Vo) =4a<1_a){w+l} (55)
3 pVog At Voo Voo Voo Rt wr

Note that this relationship between the thrust coefficient and the axial induction factor approaches that given in
Eq. (12) as the tip-speed ratio approaches infinity. The power coefficient can be written as

2
Cp 5%24% [1—Q] =4a(l-a)? (56)
SPVady Ve Ve

Figure 4 shows the power coefficient as a function of a as well as the thrust coefficient for several tip-speed
ratios as a function of a. Just as in the classical momentum theory model, physics imposes conditions such that this
model is constrained to solutions where a <1/2. For the case of a wind turbine, the axial induction factor must be
positive. Therefore, the following results are reported only for 0 < a <1/2.

Note that the relationship between the power coefficient and the axial induction factor is identical to that
obtained from the classical momentum theory ignoring rotational effects and given in Eq. (13). Again, Eq. (56)
predicts a maximum of Cp =16/27 at an axial induction factor of a =1/3. The Lanchester—Betz—Joukowski limit
was developed by treating a as an independent variable and taking the maximum of the power coefficient given in
Eq. (13). Because Eq. (56) is identical to Eq. (13), using the same method to evaluate the ideal efficiency of a wind
turbine including the effects of rotation in the slipstream gives the same result as when the rotation is ignored. Other
methods for defining the efficiency of a wind turbine have been suggested.'®*' However, the efficiency used in the
development of the Lanchester—Betz—Joukowski limit is the power coefficient defined in Eq. (56). Using this as the
definition for the efficiency of a wind turbine and treating a as an independent variable, we see that accounting for

the rotation of the flow in the slipstream does not change this upper limit of C =16/27. This supports the claims of
P

others® who used different assumptions to reach the same conclusion.

Conversely, the method presented here yields a solution for the thrust coefficient that is a function of tip-speed
ratio while the classical momentum theory predicts that the thrust is independent of tip-speed ratio. Thus we see that
the change in the energy balance caused by the rotational momentum in the slipstream is manifest through a change
in thrust coefficient rather than a change in power coefficient for a given axial induction factor. Although the
magnitude of the thrust coefficient is less critical in wind turbine design than the power coefficient, the estimate for
the thrust coefficient resulting from neglecting the slipstream effects is not conservative. Therefore, designing the
tower of a wind turbine to withstand the thrust force predicted by the classical momentum theory could result in
structural failure.

13
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Figure 4. Power coefficient and thrust coefficient as a function of axial induction factor and tip-speed ratio.

IV. Turbine Performance

Better insight into the effects of slipstream rotation can be obtained by considering the results of this model in
terms of the independent variables of the wind turbine design and operation. The power extracted from the
freestream by the turbine is transferred to a generator through a shaft. The generator converts the power transferred
from the shaft into electrical energy that can be connected to the power grid or stored for future use. The efficiency
of the generator in converting brake power to electrical power is dependent on the rotational speed of the shaft and
the torque applied to the shaft. Therefore, two important independent variables of the design are the tip-speed ratio
and the torque coefficient of the turbine. Many modern turbines are designed so that the tip-speed ratio and torque
can be controlled by using variable pitch blades, yawing the turbine, or applying drag devices. Thus, the results of a
wind turbine model may be more useful when viewed in terms of the tip-speed ratio and the torque coefficient.

Using Eqgs. (46) and (52) in Eq. (48) gives an expression for the torque

V. V)V,
th( © z) i

Q=2mp (57)
@y
The torque coefficient for a wind turbine is commonly defined as
Co=7—>— 0 - (58)
5 P7 VeR;
Using this definition, Eq. (57) can be rearranged and written in nondimensional form as
c. 4l -a)’ 5
=T 7 69

Although the result shown in Eq. (59) is written as if the torque coefficient were the dependent variable, the
importance of this result is that it displays the relationship between the dependent variable, a, and the two
independent variables, C(, and A. This relationship can now be applied to show the relationships between other
dependent variables and the independent variables.

14
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A. Power Coefficient
Combining Eqgs. (56) and (59) to eliminate the axial induction factor gives a relationship for the power
coefficient in terms of the torque coefficient and the tip-speed ratio

Although this relationship has been rigorously derived in this development, it is a rather straight forward relationship
between tip-speed ratio, torque coefficient, and power coefficient and is commonly used even in developments for
which the rotation in the slipstream is neglected. Because the theoretical maximum power coefficient is
Cp =16/27, using this in Eq. (60) gives an ideal relationship between the torque coefficient and tip-speed ratio

A=16/(27C,) (61)

According to this model, if this relation between the tip-speed ratio and torque coefficient is maintained, the power
coefficient will be at a maximum of Cp, =16/27. Figure 5 shows the power coefficient as a function of tip-speed
ratio and torque coefficient. The ideal operating condition or upper limit for the power coefficient is also included in
the figure.

0.7 T T T T

06 Ideal Operating Condition

Cp=02 0.1 0.08

05 0.06 7
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0.04
03 .

02 f
0.02

0.1 f .

0.0 1 1 1 1
0.0 2.0 4.0 6.0 8.0 10.0

A
Figure 5. Power coefficient as a function of tip-speed ratio and torque coefficient.

B. Axial Induction Factor

Recall that the Lanchester—Betz—Joukowski limit was obtained by treating the axial induction factor @ as an
independent variable and solving for the value of a that provided the maximum power coefficient. However, as
stated previously, the axial induction factor is not an independent variable. Rather it is a property of the flow that is
dependent on the operating conditions of the turbine. Therefore, it is helpful to find an expression for the axial
induction factor in terms of the torque coefficient and tip-speed ratio, which are two independent variables. We see
from Egs. (56) and (59) that both the power and torque coefficients are cubic functions of the axial induction factor.
To simplify the following analysis, we will find an expression for the axial induction factor in terms of the power
coefficient, and then apply the relationship Cp = CA. Equation (56) can be rearranged to yield
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a—2a* +a-Cpl4=0 (62)

The roots of Eq. (62) yield the axial induction factor as a function of the power coefficient. In order to obtain the
roots of this equation, it is convenient to use the change of variables

u=a-2/3 (63)
Using Eq. (63) in Eq. (62) and rearranging yields

C
oty 2 ey (64)
3727 4

In general, the three roots of Eq. (64) are obtained from

u=A+B, —A;B+ﬂ\/—3, _AxB_A-B 3 (65)

where

1 8 8Y (8Y) 1 8 8Y) (8Y
A=53\/Cp7+\/(cp‘ﬁ) (7] =53\/CP‘E‘J[CP‘EJ ) 0

Notice from Eqgs. (65) and (66) that for the case Cp =16/27, there are three real roots; one distinct root at
u=2/3, and two identical roots at u =—1/3. From the definition in Eq. (63), the axial induction factor for the
distinct root is a =4/3 and that for the two identical roots is a =1/3. Because the distinct root corresponds to an
axial induction factor greater than a =1/ 2, the only physically viable solution to Eq. (62) for the case Cp =16/27 is
a=1/3.

For the case Cp >16/27, Eq. (65) yields one real root and two conjugate complex roots. The real root always
results in # >2/3, which from Eq. (63) always corresponds to an axial induction factor a > 4/3. Hence there are no
physically viable solutions to Eq. (62) for the case Cp >16/27.

For the case 0 < Cp <16/27, Eq. (65) yields three distinct real roots. In this case, a trigonometric solution may

be more useful
uzgcos 2 , gcos 2—%2—” , gcos £+4—”
3 3 3 3 3 3 3 3

67
p 4(27C, | ©7)
=cos -
8
From the definition in Eq. (63), the first of the three roots given in Eq. (67) gives
T>2¢20, lSuSg, ISaﬁi, for OSCPSE (68)
3 3 3 27
Similarly, the second of the three roots given in Eq. (67) yields
T2¢20, —ESuS—l, OSaSl, for OSCPSE (69)
3 3 3 27

and the third of the three roots results in
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7z2¢20051 ﬂ, lZuZ—l, IZaZL, for 0<C, <—
16 3 6 2 p
11 1 1 1 16 70
cos!| — 2420, ——>u2-——, —>ax—, for —<C,<—
16 372 3 2 27

From Egs. (68) — (70), we see that the first root in Eq. (67) provides no physically viable solutions to Eq. (62); the
second of the three roots is physically valid over the entire range 0 < C, <16/27; and the third root is physically
valid only over the range 1/2 < Cp <16/27. Hence, applying the relation Cp =Cy4, the only physically viable
solutions to Eq. (62) can be expressed as

gcos £+2—7[ +£, for OSCQ/ISl
3 3 3 3 2

a= (71)
gcos £+2_7r +£, gcos £+4—” +g, for lSCQ/ISE
3 3 3 373 3 3 3 2 27
where
$=cos ' (27CyA[8-1) (72)

Equations (71) and (72) allow the axial induction factor to be evaluated from known values of the tip-speed
ratio and torque coefficient. Figure 6 shows the axial induction factor as a function of tip-speed ratio for several
values of torque coefficient. Note from Eq. (71) and Fig. 6 that there are two solutions for 1/2 < CyA <16/27. The
ideal operating conditions occur when a =1/3 and are indicated in the figure.

0.5 T T T T
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03 .
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02 .
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0.1 .
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0.0 = 1 1 1 1
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A
Figure 6. Axial induction factor as a function of tip-speed ratio and torque coefficient.

As stated earlier, Eq. (56) predicts that the theoretical maximum for the power coefficient is reached when

a =1/3. Using this value for the axial induction factor on the left-hand side of Eq. (71) gives the ideal relationship
between the tip-speed ratio and the torque coefficient given in Eq. (61).
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C. Thrust Coefficient

Once the axial induction factor for a given tip-speed ratio and torque coefficient is found, the result can be used
in Eq. (55) to evaluate the thrust coefficient as a function of tip-speed ratio and torque coefficient. Comparing
Egs. (12) and (55) it can be seen that the prediction for thrust including the effects of slipstream rotation is always
greater than the thrust predicted by neglecting slipstream rotation for finite tip-speed ratios. Because all wind
turbines operate at finite tip-speed ratios, ignoring the effects of slipstream rotation is not a conservative approach
for thrust estimation, and Eq. (55) should always be used instead of Eq. (12). The difference between the two
estimates for thrust is particularly important at low tip-speed ratios.

Figure 7 shows results for the thrust coefficient predicted by this model. Again, note the two solutions for
1/2<CyA <16/27. The thrust coefficient at ideal operating conditions can be found by using the optimum value
a =1/3 in Eq. (55) which yields

8( 4
c, =3[ 2 4y 73
! 9(9,12 j 73

This relation is also shown in Fig. 7. Note that high tip-speed ratios and low torque coefficients yield lower thrust
coefficients. As the tip-speed ratio becomes large, the optimal thrust coefficient approaches that predicted by the
classical momentum theory which neglects slipstream rotation, C; =8/9. At low tip-speed ratios and high torque
coefficients, the ideal-operating-condition thrust coefficient deviates significantly from that obtained from ignoring
the slipstream-rotation effects.
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Figure 7. Thrust coefficient as a function of tip-speed ratio and torque coefficient.

D. Circumferential Induction Factor

One final note relating this work to previous methods for estimating the influence of the rotation in the wake
may be in order. In previous developments it has been customary to define a circumferential induction factor at the
turbine disk and to show how it is related to the axial induction factor. The circumferential induction factor is
commonly defined as

.
a'=—% (74)

Ny
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where Vy, is the circumferential component of induced velocity directly in the plane of the turbine disk. This
circumferential component of velocity has traditionally been accepted to be equal to half of the circumferential
component of velocity at the downstream side of the turbine disk

1
Vgp :Eng (75)

This is justified on the grounds that the turbine disk represents a sheet of vorticity inducing a step change in the
circumferential component of velocity, which reaches half its total magnitude at the plane of the turbine disk.
Combining Egs. (74) and (75) and using this in Eq. (38) gives

Ve =Vi)

XS

Using Eqgs. (46) and (52) and applying the definitions for the axial induction factor and tip-speed ratio gives an
expression for the circumferential induction factor

2a(1-
a':.__fﬁzf_fl (77)
Equations (71) and (72) can be used to evaluate the axial induction factor as a function of the tip-speed ratio and
torque coefficient. These results can be used in Eq. (77) to evaluate the circumferential induction factor as a function
of the tip-speed ratio and torque coefficient. The circumferential induction factor at the ideal operating condition is
found by using the optimum value a =1/3 in Eq. (77). This yields

a'=-—§3?- (78)

Figure 8 shows the relationship given in Eq. (77) as a function of tip-speed ratio and torque coefficient as well as the
ideal operating condition given in Eq. (78). Note that the axes are logarithmically scaled.

-107°
-1072
N
-107"!
Model Limit
[N Ideal Operating Condition
0 P
-10° & - 1
10~ 10 10
A

Figure 8. Circumferential induction factor as a function of tip-speed ratio and torque coefficient.
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V. Conclusions

A wind-turbine momentum theory has been presented which includes the effects of wake rotation and accounts
for the radial pressure gradients in the slipstream. The momentum equation including angular momentum effects and
Bernoulli’s equation are directly applied to the case of rotational flow in a streamtube to evaluate the power and
thrust coefficients of a turbine as a function of operating condition. This model is significant because it is the analog
of the classical momentum theory, but includes the effects of wake rotation. Additionally, it does not suffer from the
unrealistic approximations made by traditional momentum theory models which have attempted to account for
slipstream rotation.

Care has been taken to present the results of the dependent variables of the model, which are the thrust
coefficient, power coefficient, axial induction factor, and circumferential induction factor, in terms of two
independent variables, which are the tip-speed ratio and torque coefficient. This is significant because it differs from
the mainstream method for presenting similar results, which is to treat the axial induction factor as if it were an
independent variable. Because the axial induction factor, just like the power coefficient and thrust coefficient, is
dependent on the design and operating conditions of the turbine, it should not be viewed as an independent variable.
Thus, Eqs. (55) and (56) are simply relations among the three dependent variables, a, C;, and Cp and the
independent variable, 4. A significant contribution of this work has been to show the dependence of the axial
induction factor on the two independent variables, the tip-speed ratio and torque coefficient. This relationship is
given in Egs. (71) and (72). Once this is known, the additional dependent variables including the thrust coefficient,
power coefficient, and circumferential induction factor can be evaluated as functions of the two independent
variables from Egs. (55), (56), and (77). Figures showing plots for each of these relationships have been presented.

Results predicted from this wind-turbine model support previous claims that accounting for rotation within the
slipstream does not affect the upper limit on wind-turbine efficiency known as the Lanchester—Betz—Joukowski
limit. The model presented here predicts that the ideal efficiency of a wind turbine is Cp =16/27, even when
rotational effects are included. This model predicts that the effects of slipstream rotation on wind-turbine
performance are manifest entirely as an increase in the thrust force acting on the turbine disk for a given power
coefficient. Additionally, it has been shown that neglecting the effects of slipstream rotation is not a conservative
approach to thrust estimation. This is consistent with what is observed from propeller momentum theory, which
predicts that slipstream rotation results in a decrease in thrust for a given power coefficient. Slipstream rotation
should always be accounted for in thrust predictions of propellers or turbines.

The model predicts that maximum efficiency will always be achieved when the tip-speed ratio is related to the
torque coefficient according to Eq. (61). Results for each of the dependent variables at ideal operating conditions are
shown on the appropriate figures.

A final word of caution may be in order regarding the use of this or any other wind-turbine momentum theory.
Results presented here have shown that, even when the effects of slipstream rotation are included, the
approximations used in the development of wind-turbine momentum theory beak down completely in the limit as
the axial induction factor approaches a =1/2. In this limit, wind-turbine momentum theory predicts a zero axial-
velocity component and an infinite cross-section for the ultimate slipstream. The foundational hypothesis of a
streamtube, which encloses the complete turbine disk as shown in Figs. 1 and 3, begins to break down at axial
induction factors significantly below the absolute upper limit of a =1/2. In fact, this theory is strictly valid only in
the limit as the axial induction factor approaches zero. Nevertheless, momentum theory including the effects of
slipstream rotation provides some valuable insight into wind-turbine performance.
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