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Estimating the Subsonic Aerodynamic Center  

and Moment Components for Swept Wings 
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and 

R. J. Niewoehner3 

United States Naval Academy, Annapolis, Maryland 21402-5025 

An improved method is presented for estimating the subsonic location of the semispan 

aerodynamic center of a swept wing and the aerodynamic moment components about that 

aerodynamic center.  The method applies to wings with constant linear taper and constant 

quarter-chord sweep.  The results of a computational fluid dynamics study for 236 wings 

show that the position of the semispan aerodynamic center of a wing depends primarily on 

aspect ratio, taper ratio, and quarter-chord sweep angle.  Wing aspect ratio was varied from 

4.0 to 20, taper ratios from 0.25 to 1.0 were investigated, quarter-chord sweep angles were 

varied from 0 to 50 degrees, and linear geometric washout was varied from −4.0 to +8.0 

degrees.  All wings had airfoil sections from the NACA 4-digit airfoil series with camber 

varied from 0 to 4 percent and thickness ranging from 6 to 18 percent.  Within the range of 

parameters studied, wing camber, thickness, and twist were shown to have no significant 

effect on the position of the semispan aerodynamic center.  The results of this study provide 

improved resolution of the semispan aerodynamic center and moment components for 

conceptual design and analysis. 
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Nomenclature 

 A
n
 = Fourier coefficients in the series solution to the lifting-line equation 

 a
n
 = planform contribution to the Fourier coefficients in the series solution to the lifting-line equation 

 b = wingspan 

 b
n
 = twist contribution to the Fourier coefficients in the series solution to the lifting-line equation 

DC  = wing drag coefficient 

LC  = wing lift coefficient 

LC
~

 = total section lift coefficient 

aL
C
~

 = additional section lift coefficient 

bL
C
~

 = basic section lift coefficient 

α,LC  = wing lift slope 

α,
~

LC  = airfoil section lift slope 

left
)(

0l
C  = left wing semispan rolling moment coefficient about the origin, also equal to the root bending moment  

 

  coefficient for the wing 

left
)(

ac
Cl  = left wing semispan rolling moment coefficient about the aerodynamic center of left wing semispan 

left
)(

0b
Cl  = basic lift contribution to left wing semispan rolling moment coefficient about the origin 

0mC  = wing pitching moment coefficient about the origin 

α,0mC  = change wing pitching moment coefficient about the origin with respect to angle of attack 

acmC  = wing pitching moment coefficient about the aerodynamic center 

acmC
~

 = section pitching moment coefficient about the section aerodynamic center 

acmC
~

 = mean section pitching moment coefficient about the section aerodynamic center, defined in Eq. (23) 

left
)(

0mC  = left wing semispan pitching moment coefficient about the origin, also equal to the root twisting  
 

  moment coefficient for the wing 

left
)(

acmC  = left wing semispan pitching moment coefficient about the aerodynamic center of left wing semispan 

 c = local airfoil section chord length 

c  = geometric mean chord length, bS  

macc  = mean aerodynamic chord length 

refc  = reference chord length used to define the pitching moment coefficient 

rootc , tipc  = root and tip chord lengths 
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L
~

 = airfoil section lift 

AR  = wing aspect ratio, Sb
2  

TR  = wing taper ratio, roottip cc  

S  = wing planform area 

∞V  = magnitude of the freestream velocity 

 x = axial coordinate measured aft from the aerodynamic center of the centerline airfoil section 

acx  = axial coordinate of the local wing section aerodynamic center 

acx
~  = axial coordinate of the local airfoil section aerodynamic center 

acx  = axial coordinate of the wing aerodynamic center 

cx  = axial coordinate of the section aerodynamic center of the airfoil located at the centroidal chord, which  
 

  passes through the wing semispan area centroid 

 y = normal coordinate measured upward from the aerodynamic center of the centerline airfoil section 

 z = spanwise coordinate measured outboard from the wing centerline 

acz  = spanwise coordinate of the wing semispan aerodynamic center 

cz  = spanwise coordinate of the centroidal chord, which passes through the wing semispan area centroid 

 zmac = spanwise coordinate of the wing mean aerodynamic chord 

 α = geometric angle of attack relative to the freestream 

 αL0 = airfoil section zero-lift angle of attack 

 Γ = spanwise section circulation distribution 

tγ  = strength of shed vortex sheet per unit span 

 θ = change of variables for the spanwise coordinate, )2(cos 1
bz−−  

acκ  = sweep factor in the relation for wing aerodynamic center 

Λκ L  = sweep factor in the relation for wing lift slope 

ΛκM  = sweep factor in relation for wing pitching moment about the wing aerodynamic center 

ΩκM  = twist factor in relations for semispan moment components about the semispan aerodynamic center 

 Λ = quarter-chord sweep angle 

∞ρ  = freestream air density 

 Ω = maximum total twist, geometric plus aerodynamic 

 ω = normalized twist distribution function 
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Introduction 

 The spanwise distribution of section aerodynamic loads acting on each semispan of a finite wing can be 

replaced with a resultant force vector acting at the aerodynamic center of the semispan and a resultant moment 

vector that does not vary with small changes in angle of attack.  Because drag is typically small compared with the 

lift, drag is commonly neglected in estimating the position of the aerodynamic center and the resultant aerodynamic 

moment.  See, for example, Etkin and Reid [1], McCormick [2], Pamadi [3], or Raymer [4]. 

 When drag is neglected, the resultant aerodynamic moment produced on each semispan of a wing about the 

semispan aerodynamic center can be resolved into a pitching component about the span axis and a rolling 

component about the freestream velocity vector.  The axial position of the wing semispan aerodynamic center is 

significant because it affects aircraft pitch stability and because the resultant aerodynamic force acting through this 

moment arm contributes to the structural twisting moment for a swept wing.  The spanwise position of the semispan 

aerodynamic center is also important because knowledge of this location is useful in determining the wing bending 

moment.  The semispan pitching moment about the semispan aerodynamic center is of interest because it affects 

aircraft trim and contributes to the wing twisting moment.  Knowledge of the semispan rolling moment about the 

semispan aerodynamic center is valuable because this contributes directly to the wing bending moment.  The 

spanwise location of the semispan aerodynamic center is also of use in the preliminary analysis of vertical 

stabilizers, where it is beneficial as a descriptor of the aircraft rolling moment contributed by such surfaces. 

 As a first approximation, the aerodynamic center of each wing semispan is sometimes assumed to be located at 

the section aerodynamic center of the airfoil section located at the spanwise coordinate of the semispan area 

centroid.  Here the chord line that passes through the semispan area centroid is referred to as the centroidal chord.   

The spanwise coordinate of the wing semispan area centroid is given by [2,4], 

 dzzc
S

z

b

z

c ∫
=

≡
2/

0

2
 (1) 

For wings with constant linear taper, i.e., trapezoidal wings, Eq. (1) results in [1–4] 
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z

+
+=
1

21

6

1
 (2) 

For wings of elliptic planform, the spanwise coordinate of the semispan centroid is given by [1] 

 212.0
3

2 ≅= πb

zc  (3) 
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 The location specified by Eq. (2) is commonly referred to as the location of the mean aerodynamic chord [4], 

 dzc
S

c

b

z

mac ∫
=

≡
2/

0

22
 (4) 

Referring to the centroidal chord of a trapezoidal wing as the mean aerodynamic chord can be misleading, because it 

could be taken to imply that the location of the mean aerodynamic chord is significant for other wing geometries as 

well.  However, the mean aerodynamic chord passes through the semispan centroid only for the special case of a 

trapezoidal wing.  For example, the mean aerodynamic chord of an elliptic wing is located at 

 264.0649
6

1 2 ≅−= ππb

zmac  (5) 

whereas the centroidal chord is located according to Eq. (3). 

 In general, the semispan aerodynamic center of a wing is not located along either the centroidal chord or the 

mean aerodynamic chord.  For example, Fig. 1 shows the aerodynamic center, centroidal chord, and mean 

aerodynamic chord for several different semispan geometries.  As noted by Etkin and Reid [1] and McCormick [2], 

Eq. (1) gives the true spanwise location of the semispan aerodynamic center only if the additional section lift 

coefficient is uniform across the wingspan.  Because a uniform additional section lift coefficient is produced by an 

elliptic wing with no sweep or dihedral in the locus of airfoil section aerodynamic centers, the semispan 

aerodynamic center of such wings is located along the centroidal chord as specified by Eq. (3).  However, wings 

with linear taper do not produce a uniform additional section lift coefficient.  Thus, Eq. (2) should be used only as a 

rough estimate for the semispan aerodynamic center of a trapezoidal wing. 

 To examine how the spanwise variation in wing section chord length affects the location of the semispan 

aerodynamic center, Prandtl’s classical lifting-line theory [5,6] can be used to obtain an analytical solution for the 

spanwise variation in local section lift coefficient for a wing having no sweep or dihedral in the locus of airfoil 

section aerodynamic centers.  For a wing of arbitrary planform and twist, this solution can be expressed in terms of a 

Fourier sine series 

 ∑
∞
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2
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)sin(
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nL nA
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where 

 )2(cos 1
bz−≡ −θ  (7) 
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and the Fourier coefficients, An, must satisfy the relation 

)()()sin(
)sin()(

~
4
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1 ,

θαθαθθθα
L

n L

n n
n

cC

b
A −=⎥

⎦
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⎡
+∑

∞

=
 (8) 
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Fig. 1   Aerodynamic center, centroidal chord, and mean aerodynamic chord for six different semispan 

geometries, all having the same aspect ratio and no quarter-chord sweep. 
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In Eq. (8) α and αL0 are allowed to vary with the spanwise coordinate to account for geometric and aerodynamic 

twist.  Methods for evaluating the Fourier coefficients from Eq. (8) are varied and well known [7–10].  For a 

detailed presentation of Prandtl’s lifting-line theory see Anderson [11], Bertin [12], Katz and Plotkin [13], Kuethe 

and Chow [14], McCormick [15], or Phillips [16]. 

 

Analytical Solution for Unswept Wings 

 The section lift distribution specified by Eq. (6) can be used to obtain an analytical solution for the location of 

the semispan aerodynamic center of an unswept wing.  Using an alternate form of the lifting-line solution for twisted 

wings [16–19], it has been shown that Eq. (6) can be written as [20] 
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where Ω  is defined to be the maximum total washout, geometric plus aerodynamic, 

 ( ) ( )
max0root0 LL ααααΩ −−−≡  (10) 

the Fourier coefficients, an and bn, are obtained from 
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and ω(θ ) is the twist distribution normalized with respect to the maximum total washout 
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The net wing lift coefficient for a twisted wing as obtained from this lifting-line solution is given by 

 ])([ 1root01 Ωααπ baRC LAL −−=  (14) 

For a detailed presentation of this solution to Prandtl’s lifting-line equation, including several worked example 

problems, see Phillips [16]. 

 We see from Eq. (9) that the spanwise variation in local section lift coefficient can be divided conveniently into 

two components.  The first series on the right-hand side of Eq. (9) is called the basic section lift coefficient and the 
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second series is called the additional section lift coefficient.  The basic section lift coefficient is independent of CL 

and directly proportional to the total amount of wing twist, Ω.  The additional section lift coefficient at any section 

of the wing is independent of wing twist and directly proportional to the net wing lift coefficient, CL. 

 As can be seen from Eq. (9), the basic section lift coefficient is the spanwise variation in local section lift 

coefficient that occurs when the total net lift developed by the wing is zero.  Examination of the first series on the 

right-hand side of Eq. (9) reveals that the basic section lift coefficient depends on all of the Fourier coefficients an 

and bn.  From Eq. (11) we see the Fourier coefficients an depend only on the wing planform.  Equation (12) shows 

that the Fourier coefficients bn depend on both the wing planform and the dimensionless twist distribution function, 

ω(θ ).  Thus, the spanwise variation in the basic section lift coefficient depends on wing planform and wing twist but 

is independent of the wing’s angle of attack. 

 Examination of the second series on the right-hand side of Eq. (9) discloses that the additional section lift 

coefficient depends only on the wing planform and the Fourier coefficients an.  From Eq. (11) we have seen that the 

an coefficients do not depend on wing twist.  Thus, Eq. (9) exposes the important fact that the additional section lift 

coefficient is independent of wing twist.  Because the basic section lift coefficient is zero for an untwisted wing, we 

see that the additional section lift coefficient is equivalent to the spanwise variation in local section lift coefficient 

that would be developed on an untwisted wing of the same planform operating at the same wing lift coefficient. 

 Figure 2 shows how the net section lift coefficient and its two components from Eq. (9) vary along the span of a 

linearly tapered wing of aspect ratio 8.0 and taper ratio 0.5.  This figure shows the spanwise variation in section lift 

coefficient for several values of total linear twist with the net wing lift coefficient held constant at 1.0.  Similar 

results are shown in Fig. 3 for three different values of the net wing lift coefficient with the total linear twist held 

constant at 6 degrees.  Notice that, whereas the center of total lift on each semispan moves inboard as washout is 

increased, the center of additional lift on each semispan does not change with either the amount of wing twist or the 

net wing lift coefficient.  Here we will use the notation, 
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Fig. 2   Spanwise variation in local section lift coefficient as a function of the total amount of linear twist with 

the net wing lift coefficient held constant at 1.0. 
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Fig. 3   Spanwise variation in local section lift coefficient as a function of the net wing lift coefficient with the 

total amount of linear twist held constant at 6º. 

 

 Because we are neglecting drag, the resultant aerodynamic moment produced on each semispan of a wing about 

the origin of the coordinate system shown in Fig. 4 can be resolved into a pitching component about the z-axis and a 

rolling component about the freestream velocity vector.  The contribution of the left wing semispan to the rolling 

moment coefficient about the origin of the coordinate system shown in Fig. 4 is 
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Fig. 4   Prandtl’s model for the vorticity generated by a wing of finite span. 

 

It is important to note that, within the small angle approximation, the moment coefficient specified by Eq. (17) is 

also the root bending moment coefficient resulting from the aerodynamic load on the wing.  Because section lift 

does not contribute to the pitching moment about the wing’s lifting line, the contribution of the left semispan of an 

unswept wing to the pitching moment coefficient about the origin of the coordinate system shown in Fig. 4 is 
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The moment coefficient specified by Eq. (18) can also be thought of as the root twisting moment coefficient 

resulting from the aerodynamic load on this unswept wing. 

 Equating the distributed section loads to resultant force and moment vectors acting at the aerodynamic center of 

the wing semispan, Eqs. (17) and (18) yield 
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The term on the right-hand side of Eq. (20) results from the effects of wing camber and is independent of geometric 

twist.  For a wing with constant section pitching moment coefficient, Eq. (20) simply becomes 
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In a more general sense, Eq. (20) could be thought of in terms of a mean section pitching moment coefficient, 
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 Because the resultant moment about the aerodynamic center is invariant to small changes in angle of attack, 

differentiating Eq. (19) with respect to angle of attack, applying Eqs. (15) and (16), and solving for bzac  gives 
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Because the additional section lift coefficient is independent of wing twist, Eq. (24) discloses the important fact that 

the spanwise position of the aerodynamic center of each wing semispan is not affected by wing twist.  Recognizing 

that the even terms in a
n
 are always zero for spanwise symmetric wings, the integration in Eq. (24) yields 
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Figure 5 shows how bzac  varies with taper ratio and aspect ratio for wings with constant linear taper.  Notice that 

the location of the semispan aerodynamic center deviates significantly from the semispan area centroid, except for 

the special case of trapezoidal wings with a taper ratio near 0.35. 

 It can be shown from Eq. (24) that the spanwise coordinate of the semispan aerodynamic center can also be 

expressed as [1], 
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Fig. 5   Aerodynamic center of wing semispan for unswept trapezoidal and elliptic wings. 

 

Using Eq. (26) in Eq. (17) yields 
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For wings with no sweep or dihedral, the integral on the right-hand side of Eq. (27) can be evaluated from Eq. (15).  

Following a development similar to that of Eq. (25) it is readily shown that, for spanwise symmetric wings with 

spanwise symmetric twist, using Eq. (15) in Eq. (27) produces 
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It may be worth noting that the infinite series defined in Eq. (29) is dominated by the first term.  For example, in the 

case of a rectangular wing of aspect ratio 6.0, carrying only the first term on the right-hand side of Eq. (29) yields 

,024340.0=ΩκM  whereas carrying a very large number of terms in this infinite series produces .024989.0=ΩκM   
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For typical washout distributions ΩκM  is positive.  Figure 6 shows how ΩκM  varies with taper ratio and aspect ratio 

for wings with constant linear taper and constant linear twist.   

 As expressed in Eq. (28), the root wing bending moment coefficient is composed of two components.  The first 

is proportional to the semispan lift acting through a moment arm of acz  and the second is proportional to the product 

of the wing lift slope and the wing twist.  For a given wing planform, the value of the proportionality constant ΩκM  

depends on the way in which the twist is distributed along the wingspan.  This dependence enters into Eq. (29) 

through the Fourier coefficients bn, which depend on the twist distribution through Eq. (12).  For the typical case 

where washout is greatest near the wingtips, ΩκM  is positive as shown for the case of linear washout in Fig. 6.  Thus, 

as might be expected, Eq. (28) shows that the root bending moment decreases linearly as washout is added at the 

wingtips.  If a twist distribution were used that had the greatest washout near the wing root, then ΩκM  would be 

negative and the root bending moment would increase in proportion to the amount of twist.  For a given planform 

and twist distribution, Eq. (28) shows that the change in bending moment with respect to Ω  is directly proportional 

to the wing lift slope.  This should be expected because α,LC  is a measure of the wing’s lift response to a change in 

any aerodynamic angle, i.e., α, αL0, or Ω.  As shown by Phillips [17], the lift slope for a wing of arbitrary planform 

is not affected by wing twist. 
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Fig. 6   Twist factor in relations for semispan moment components about the semispan aerodynamic center. 
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Effects of Wing Sweep on Aerodynamic Center 

 The lifting-line result given by Eq. (25) does not apply directly to swept wings.  Wing sweep affects the 

position of the semispan aerodynamic center in two ways.  First and most obvious, when the wing is swept back, the 

locus of airfoil section aerodynamic centers on the outboard sections of the wing are moved aft of the aerodynamic 

center of the root airfoil section.  Thus, lift developed on a swept wing contributes significantly to the pitching 

moment about the root airfoil section aerodynamic center [1] 
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In addition, sweep alters the vorticity induced downwash distribution over the wing planform.  Moving the wingtip 

vortex aft of the wing root tends to reduce the downwash induced on the inboard sections of the wing.  On the other 

hand, the bound vorticity on one semispan of a swept wing induces downwash on the opposite semispan.  This tends 

to increase the wing downwash, more so on the inboard sections of the wing.  Thus, not only does sweep alter the 

geometry of the locus of airfoil section aerodynamic centers, it changes the spanwise section lift distribution as well. 

 The earliest methods used to estimate the aerodynamic center of a swept wing [21,22] ignored the change in lift 

distribution resulting from the sweep.  Later experimental studies [23–26] showed that the aerodynamic center of a 

highly swept wing is shifted significantly as a result of the altered downwash.  Not only does the spanwise section 

lift distribution vary with wing sweep, but the locus of wing section aerodynamic centers becomes shifted relative to 

the local airfoil section aerodynamic center.  This shift is toward the trailing edge in the vicinity of the wing root and 

toward the leading edge near the wingtip, as shown in Fig. 7.  The circular symbols on each wing semispan in this 

figure represent experimental data [23–26], the dashed line designates the locus of airfoil section aerodynamic 

centers, and the solid line is the locus of wing section aerodynamic centers predicted from the tangent approximation 

of Kuchemann [27].  Because the Fourier series solution to Prandtl’s lifting-line equation does not apply to swept 

wings, predictions for the aerodynamic center of swept wings require numerical solutions.  Panel codes and 

computational fluid dynamics (CFD) are commonly used for this purpose. 

 As a first approximation, the axial position of the aerodynamic center of a swept wing is sometimes assumed to 

be located at the section aerodynamic center of the airfoil section located at the spanwise coordinate of the semispan 
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area centroid [2,4].  For wings with constant quarter-chord sweep and constant linear taper, i.e., trapezoidal wings,  

Eq. (2) results in [1–4] 
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The approximation of Anderson [22] neglects any change in the lift distribution resulting from wing sweep, which 

from Eq. (25) yields 
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In the present paper, results obtained from a comprehensive CFD study are compared with the approximations given 

by Eqs. (31) and (32). 

 

 

Fig. 7   Shift in the locus of wing section aerodynamic centers due to wing sweep. 
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Computational Methodology 

 The distributed aerodynamic loads acting on the wing surface can be replaced with resultant force and moment 

vectors acting at the aerodynamic center of the wing.  Thus, assuming that the aerodynamic center lies in the plane 

of the wing, the wing pitching moment coefficient about the origin can be written as 

 ref)sincos(
0

cxCCCC acDLmm ac
αα +−=  (33) 

Neglecting the effects of drag and assuming small angles of attack, Eq. (33) is commonly approximated as [1–4] 

 ref0
cxCCC acLmm ac

−=  (34) 

Because the pitching moment about the aerodynamic center is invariant to small changes in angle of attack, the axial 

position of the wing aerodynamic center can be evaluated by differentiating Eq. (34) with respect to angle of attack 

and solving for refcxac .  This gives 
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The aerodynamic derivatives on the right-hand side of Eq. (35) could be obtained from either experimental data or 

computational methods.  For the results presented here, CFD solutions were used. 

 All calculations were performed using version 6 of CFL3D [28].  In its most general form, CFL3D is a 

structured-grid, multi-zone code that solves the three-dimensional, time-dependent, Reynolds-averaged Navier-

Stokes equations using an upwind finite-volume formulation.  However, for the calculations presented herein, a 

steady inviscid formulation was employed, because only lift and pitching moment results are required to evaluate the 

position of the aerodynamic center from Eq. (35).  The code uses a third-order upwind biased interpolation scheme 

for the convective and pressure terms, and the flux-difference-splitting method of Roe [29] is used to obtain the 

inviscid fluxes at cell faces. Local time stepping, mesh sequencing, and low-Mach-number preconditioning were 

also used.  All results were obtained using a freestream Mach number of 0.10. 

 All computations were performed using C-O grids generated about one semispan of a finite wing.  Inflow-

outflow boundary conditions were specified on the far-field planes and symmetry conditions were used along the 

bounding plane at the wing root.  Slip conditions were specified on the wing surface.  Nodes were clustered in the 

normal direction near the wing surface and in the spanwise direction near the wingtip.  Nodes were also clustered in 

the wake region aft of the wingtip, to provide improved resolution of the wingtip vortex.  To keep the wingtip vortex 

confined to the wake region where nodes were clustered, a different grid was generated for each angle of attack 
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studied.  As the angle of attack was changed, the wing was rotated relative to the grid so that the freestream velocity 

vector was closely aligned with the x-axis of the grid and the region of wake clustering.  All wings had rounded end 

caps similar to that show in Fig. 8.  To aid in visibility, only the odd nodes in all three directions are shown in this 

figure.  For a more detailed description of the grids and grid generation software used for the present study see 

Phillips, Fugal, and Spall [19]. 

 

 

Fig. 8   Constant-j planes at the trailing edge of the wing tip and constant-k plane on the wing surface. 

 

 To ensure that the solutions were grid resolved for each wing and operating condition considered, mesh 

sequencing was employed in the solution procedure using coarse, intermediate, and fine grids, which contained 

189,875, 1,473,333, and 11,606,441 nodes, respectively.  The fine grids had 121 spanwise sections with 289 nodes 

spaced around the circumference of each wing section.  An additional 208 streamwise nodes were included in the 

trailing wake for each spanwise section.  A total of 193 radial layers were used to create these 121×497×193 C-O 

grids.  The intermediate grids were obtained within CFL3D from the fine grids by deleting alternate points in each 

direction.  The coarse grids were derived from the intermediate grids in a similar manner.  Using converged results 

from the coarse, intermediate, and fine grids, an improved estimate for the grid resolved solution was obtained using 

the Richardson extrapolation [30,31].  To implement the extrapolation, the procedure described by Phillips, Fugal, 

and Spall [19] was used. 

 The nodes were distributed over a computational domain that extended 10 chord lengths from the wing in all 

directions.  For a subset of the calculations, a larger computational domain extending 20 chord lengths from the 
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wing in all directions was also used.  No significant changes in the solutions were observed for a computational 

domain greater than 10 chord lengths. 

 For each wing considered, the lift coefficient and the pitching moment coefficient about the aerodynamic center 

of the root airfoil section were determined from converged solutions for the coarse, intermediate, and fine grids, at 

angles of attack of −5.0, 0.0, and +5.0 degrees.  From these results, the Richardson extrapolations for the lift and 

pitching moment coefficients were obtained for these same angles of attack.  The position of the aerodynamic center 

was then evaluated from Eq. (35) for all three solutions and the Richardson extrapolation.  For each wing 

considered, grid convergence was assessed by comparing solutions obtained from the coarse, intermediate, and fine 

grids with that obtained from the Richardson extrapolation.  Typical results for these grid convergence studies are 

shown in Fig. 9. 
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Fig. 9   Grid-convergence study for untwisted swept wings of aspect ratio 6.0 and taper ratio 0.5. 
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CFD Results for Aerodynamic Center 

 A total of 236 wings with constant linear taper and constant quarter-chord sweep were considered in the present 

study.  Wing aspect ratio was varied from 4.0 to 20 and taper ratios from 0.25 to 1.0 were investigated.  For a given 

taper and aspect ratio, the quarter-chord sweep angle was varied from 0 to 50 degrees.  All wings had airfoil sections 

from the NACA 4-digit airfoil series with camber varied from 0 to 4 percent and thickness ranging from 6 to 18 

percent.  To investigate the effects of wing twist, linear geometric washout was varied from −4.0 to +8.0 degrees. 

 Figure 10 shows how the aerodynamic center predictions evaluated from the CFD results obtained in the present 

study compare with results predicted from Eqs. (31) and (32).  In this figure, the location of each aerodynamic 

center is presented as a deviation from the result predicted by Eq. (31).  This deviation is plotted as a function of the 

same deviation as predicted from Eq. (32).  To see how the data plotted in Fig. 10 are used to assess the accuracy of 

Eqs. (31) and (32), we first recognize that, if Eq. (31) were precise, each aerodynamic center would have the same 

axial coordinate as the airfoil section aerodynamic center of the semispan centroidal chord.  Thus, exact correlation 

of Eq. (31) with the CFD results would cause all points in Fig. 10 to fall along a horizontal line with the vertical 

ordinate of zero.  This is the line denoted as the Eq. (31) correlation line in Fig. 10.  On the other hand, if Eq. (32)  

 

( x   − x  )   c, Obtained from Eq. (32)

-0.3 -0.2 -0.1 0.0 0.1

(  
x

  
 −

 x
 

 

) 
  

c
, 

O
b

ta
in

e
d

 f
r
o

m
 C

F
D

 S
o

lu
ti

o
n

s

-0.3

-0.2

-0.1

0.0

0.1

R
T
 = 0.25

R
T
 = 0.50

R
T
 = 0.75

R
T
 = 1.00

_        _       _
ac         c /

_
 
 
 
 
 
 
 

 

_
  

 
 
 
 
 
_

a
c
 
 
 
 
 
 
 
 
 

c
/

Eq. (32) correlation line

Eq. (31) correlation line

 

Fig. 10   Deviation of wing aerodynamic center from the section aerodynamic center of the airfoil located at 

the semispan centroidal chord as predicted from CFD results vs. the same deviation predicted from Eq. (32). 
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were to match the CFD predictions exactly, all points in Fig. 10 would fall along the 45-degree line, which is labeled 

as the Eq. (32) correlation line.  From the results plotted in Fig. 10, we see that neither Eq. (31) nor Eq. (32) is 

accurate over a wide range of wing geometry.  Notice that Eq. (31) seems to be more accurate for most of the 

rectangular wings, whereas the results for many of the wings having a taper ratio of  0.5 agree more closely with  

Eq. (32).  The reader should particularly notice the heavy concentration of circular symbols just below the 

intersection of the Eq. (31) and Eq. (32) correlation lines.  Most of these data are for wings having a taper ratio  

of 0.5 with quarter-chord sweep angles between 25 and 35 degrees.  These results agree closely with Eq. (32) and 

show that, for such commonly used wing geometries, the lifting-line result presented in Eq. (32) gives a reasonable 

first approximation for the position of the aerodynamic center of the wing. 

 For swept trapezoidal wings, the results of the present CFD study can be used to improve the approximate 

theoretical-based result given by Eq. (32).  Multiplying the right-hand side of  Eq. (32) by an empirical sweep 

correction factor we obtain 
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By correlating CFD results obtained in the present study, the empirical sweep correction factor shown in Fig. 11  

was obtained as a function of wing taper ratio, aspect ratio, and quarter-chord sweep angle.  This figure was 

obtained by correlating only the results for untwisted wings having the NACA 0012 airfoil section.  Other results 

obtained in the present study show that wing camber, thickness, and twist have no significant effect on the position 

of the aerodynamic center of a wing. 

 In Fig. 11 note that, for wings of  taper ratio near 0.5, aspect ratios in the range of 6 to 8, and quarter-chord 

sweep angles near 30 degrees, all values of κ
ac

 are close to unity.  This means that the lifting-line result presented in 

Eq. (32) provides a good approximation for this commonly used wing geometry, without using the empirical 

correction factor.  On the other hand, both Fig. 10 and Fig. 11 show that some wing geometries result in very large 

discrepancies between Eq. (32) and the CFD results.  These discrepancies are very significant because they can 

result in shifts in the neutral point that change the static margin by more than 5 percent, which is the same order of 

magnitude as the design static margin for typical aircraft. 

 Figure 12 shows all of the aerodynamic center predictions evaluated from the CFD results obtained in the 

present study compared with results predicted from Eq. (36) using the values for κ
ac

 that are plotted in Fig. 11.  
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Figure 12 includes results obtained for twisted wings and wings with other airfoil sections, as well as the results 

used to obtain Fig. 11.  Comparing Fig. 12 with Fig. 10, we see that using the empirical sweep correction factor 

plotted in Fig. 11 provides a very significant improvement over the uncorrected results of Eq. (32). 
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Fig. 11   Effects of wing sweep on the location of the aerodynamic center of a wing. 
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Fig. 12   Deviation of wing aerodynamic center from the section aerodynamic center of the airfoil located at 

the semispan centroidal chord as predicted from CFD results vs. the same deviation predicted from Eq. (36). 

 

Pitching Moment about the Aerodynamic Center 

 Once the location of the aerodynamic center is known, the pitching moment coefficient about the aerodynamic 

center can be determined from the lift coefficient and pitching moment coefficient about the origin.  Rearranging  

Eq. (34) yields 
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and for a wing with constant quarter-chord sweep this gives 

 Λtan

ref
0 L

ac
mm C

c

z
CC

ac
+=  (38) 

The pitching moment coefficient about the origin is evaluated from Eq. (30).  Assuming that the locus of wing 

section aerodynamic centers follows the locus of airfoil section aerodynamic centers, this becomes 
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which for a wing with constant quarter-chord sweep can be written as 
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Using Eq. (40) in Eq. (38) we obtain 
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The total section lift coefficient is the sum of the basic and additional section lift coefficients, 
ab LLL CCC

~~~ += , and 

the spanwise coordinate of the semispan aerodynamic center can be expressed in terms of the additional section lift 

coefficient according to Eq. (26).  Thus, the pitching moment coefficient about the aerodynamic center of the wing 

can be expressed in terms of only the airfoil section pitching moment coefficient and the spanwise variation in local 

section lift coefficient that occurs when the net lift developed by the wing is zero.  Using Eq. (26) in Eq. (41) gives 
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 The first term on the right-hand side of Eq. (42) results from the effects of camber and is simply twice the 

semispan contribution for an unswept wing, which is given by Eq. (20).   The second term on the right-hand side of 

Eq. (42) results only from wing twist.  From Eq. (17), this second term can be related to the basic lift contribution to 

root bending moment coefficient for the wing.  Thus, using the definition in Eq. (23), Eq. (42) can be written as 
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From Eq. (27), we see that the term defined in Eq. (44) is equal to the twist contribution to the root bending  

moment coefficient. 
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 For wings with no sweep or dihedral, the integral on the right-hand side of Eq. (44) was previously evaluated 

from Eq. (15) to give the second term on the right-hand side of Eq. (28).  Using the approximation of Anderson [22] 

that was used to obtain Eq. (32), a first approximation to Eq. (44) for swept wings could be taken as 
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where ΩκM  is defined by Eq. (29).  Thus, a first approximation for the pitching moment produced about the 

aerodynamic center of a swept wing could be obtained by using Eq. (45) in Eq. (43), which yields 
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Improved results are obtained from Eq. (46) if the actual lift slope for the swept wing is used in this relation.  Thus, 

to obtain best results from Eq. (46) we require some means for estimating the lift slope for the swept wing. 

 From Eq. (14), the lift slope for an unswept wing can be written as 1, aRC AL πα = .  This suggests that the lift 

slope for a swept wing could be expressed as 

 Λκπα LaRC AL 1, =  (47) 

where Λκ L  is an empirical sweep correction factor and 1a  is evaluated from Eq. (11) for an unswept wing having the 

same taper and aspect ratio.  Figure 13 shows a correlation for Λκ L  as a function of sweep, taper, and aspect ratio, 

which was obtained from the results of the present CFD study.  This correlation was obtained using only the results 

for untwisted wings having the NACA 0012 airfoil section.  Figure 14 shows all CFD results obtained in the present 

study compared with results predicted from Eq. (47) using the values for Λκ L  that are plotted in Fig. 13. 

 A comparison between pitching moment results predicted from Eq. (46) and the CFD results obtained in the 

present study is shown in Fig. 15.  Because only wings with twist and/or camber produce a pitching moment about 

the aerodynamic center of the wing, all of the results for untwisted wings without camber fall in the tightly grouped 

cluster of points at the origin of Fig. 15.  Notice that the magnitude of the pitching moment about the aerodynamic 

center is always slightly less than that predicted from Eq. (46).  This suggests an empirical correction to Eq. (46) of 

the form 
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where ΛκM  is a sweep correction factor.  Figure 16 shows a correlation for ΛκM  as a function of taper and aspect 

ratio, which was obtained from the results of the present CFD study.  This correlation was obtained using only the 

results for twisted wings having the NACA 0012 airfoil section.  Figure 17 shows all CFD results obtained in the 

present study compared with results predicted from Eq. (48) using the values for ΛκM  that are plotted in Fig. 16. 
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Fig. 13   Effects of wing sweep on the lift slope. 
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Fig. 14   Lift slope as predicted from CFD results compared with predictions from Eq. (47) and Fig. 13. 
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Fig. 15   Pitching moment coefficients predicted from CFD results compared with predictions from Eq. (46). 
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Fig. 16   Sweep factor in the relation for wing pitching moment about the wing aerodynamic center. 
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Fig. 17   Pitching moment coefficients predicted from CFD results compared with predictions from Eq. (48). 

 

 Equation (48) reveals the effectiveness of twisted, swept wings for balancing the pitching moment on a stable 

airplane.  The first term is typically negative due to positively cambered wings.  The second term is positive for 

positive washout and positive sweep.  Consequently, positive twist on a swept-back wing can be used to create the 

positive zero-lift pitching moment required for balanced flight in a stable airplane, particularly those without a 

horizontal stabilizer. 
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Conclusions 

 Results presented here allow one to obtain improved estimates for the location of the aerodynamic center of 

wings with constant linear taper and constant quarter-chord sweep.  For unswept wings with linear taper, the 

spanwise coordinate of the semispan aerodynamic center can be obtained from Eq. (25) or Fig. 5.  These results can 

be adjusted to estimate the axial coordinate of the aerodynamic center of swept wings by applying Eq. (36).  The 

sweep factor in Eq. (36) can be obtained from Fig. 11.  For the wing geometries considered in the present study, the 

position of the wing aerodynamic center depends only on aspect ratio, taper ratio, and the quarter-chord sweep 

angle.  Within the range of parameters studied, wing camber, thickness, and twist were shown to have no significant 

effect on the position of the wing aerodynamic center. 

 Results are also present that allow one to obtain improved estimates for the moment components produced by 

wings with constant linear taper and constant quarter-chord sweep.  For unswept wings, the root wing bending 

moment can be estimated from Eq. (28).  The twist factor in Eq. (28) can be obtained from Eq. (29), or for the case 

of wings with linear taper and linear washout, Fig. 6 can be used.  For wings with constant sweep, the pitching 

moment about the aerodynamic center can be estimated from Eq. (48).  The lift slope in Eq. (48) is that for the swept 

wing, which can be estimated from Eq. (47) using the sweep factor obtained from Fig. 13.  The twist factor used in 

Eq. (48) is that for an unswept wing, which is obtained from Eq. (29).  The sweep factor in Eq. (48) is obtained from 

Fig. 16.  Within the range parameters studied, Eq. (48) agrees closely with the CFD results. 
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