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ABSTRACT 

DESIGN AND CALffiRATION OF SUBMERGED 

OPEN CHANNEL FLOW MEASUREMENT STRUCTURES 

PART 4, WEIRS 

A number of methods for analyzing submerged (subcritical) flow over 
weirs has been developed by various investigators. Typical of the ap
proaches applied to this particular problem are those reported by Robinson 
(1964) and Villemonte (1949). In addition, a method of analyzing sub
merged flow at open channel constrictions has been developed at Utah 
State University. All three methods of analysis have been compared by 
using data collected for various weir shapes. The comparisons showed 
each method of analysis to be correct, one method complementing each 
of the other methods. The primary advantage of the techniques develop
ed at Utah State University is that the calibration curves are in reality the 
rating for any particular structure. The other methods do not yield dis
charge directly. 

Skogerboe, Gaylord V., M. Leon Hyatt, and Lloyd H. Austin. DESIGN 
AND CALIBRATION OF SUBMERGED OPEN CHANNEL FLOW MEAS
UREMENT STRUCTURES: PART 4, WEIRS. Research Project Partial 
Technical Completion Report to Office of Water Resources Research, De
partment of the Interior, and Utah Center for Water Resources Research. 
Report WG31-5, Utah Water Research Laboratory, College of Engineering, 
Utah State University, Logan, Utah. May 1967. 
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F2 
Fa 
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vl 
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f(S) 
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NOMENCLATURE 

Definition 

coefficient in free flow equation 
coefficient in numerator of submerged flow equation 
coefficient in denominator of submerged flow equation 
force 
hydrostatic force at section 1 
hydrostatic force at section 2 

resultant form resistance of broad-crested weir acting on fluid 
in horizontal direction 
force of downstream end of broad-crested weir acting on fluid 
boundary frictional force 
force of upstream end of broad-crested weir acting on fluid 
force acting in horizontal direction 
acceleration due to gravity 
upstream depth of flow measured from crest elevation 

exponent in free flow equation and numerator of submerged flow 
equation 
exponent in denominator of submerged flow equation 
height of weir 
height of ogee crest weir 
actual discharge per foot of length of weir crest 

discharge per foot of length based on upstream depth of flow 
which has been increased due to submergence 
actual total flow rate, or discharge 
total discharge based on upstream depth of flow which has been 
increased due to submergence 
submergence, which is ratio of a downstream depth to an upstream 
depth with both depths referenced to a common elevation 
transition submergence 
downstream depth of flow measured from crest elevation 
average velocity 
average velocity at section 1 

average velocity at section 2 

flow depth 
momentum correction coefficient 
specific weight of fluid 
density of fluid 
1/ ( -logJ-S....:):...-___ _ 

1/ -J<l " {S) 3 I s (1 + S) 
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INTRODUCTION 
At Utah State University, considerable effort has been devoted to the 

analysis of submerged flow at open channel constrictions. A method of 
analyzing submerged flow was first developed for a trapezoidal flume by 
Hyatt (1965). Later studies verified the method of analysis for a rectan
gular flume (Skogerboe, Walker, and Robinson, 1965) and Parshall flumes 
(Skogerboe, Hyatt, Johnson, and England, 1965). Because of previous 
findings it was felt this method of analyzing submerged flow could be 
applied to various types of weirs. 

The original development of the parameters and relationships which 
describe the submerged flow condition came from a combination of dimen
sional analysis and empiricism. Further verification of the parameters 
developed in this manner is obtained by employing momentum relation
ships. Application of momentum theory to broad-crested weirs results in 
a theoretical equation which describes submerged flow over these weirs 
and supplements the empirically developed equation. 

The efforts of many investigators who have collected both free and 
submerged flow data for weirs have been extensively used throughout 
this report. Literature sources were screened for data which typified 
particular types of weir structures. Data ·selected from these studies were 
subjected to the submerged flow analysis developed by the writers and 
compared with methods proposed by other investigators. Typical of the 
types of structures analyzed are the suppressed, contracted, sharp-crested, 
and broad-crested weirs of various sizes and shapes. A complete listing 
of the weirs studied is found in Table 1. 

DEFINITION OF FLOW REGIMES 
The two most significant flow regimes or flow conditions are free 

(critical) flow and submerged (subcritical) flow. The distinguishing dif
ference between the two is that critical depth occurs usually near the crest 
of the weir for the free flow condition. To determine the free flow discharge, 
this critical-flow control requires only the measurement of a depth up
stream from the point of critical depth. When the downstream or tail
water depth is raised sufficiently, the flow depth at the crest becomes 
greater than the critical depth, and submerged flow conditions exist. 
With submerged flow, a change in the tailwater depth also affects the 
upstream depth and a rating for the weir requires that two flow depths 
be measured, one upstream and one downstream from the structure. The 
flow condition at which the regime changes from free flow to submer
ged flow is a transition state and the value of submergence at which 
this condition occurs is often referred to as the transition submergence, 
symbolized by St. 

CONCEPTS OF SUBMERGED FLOW AND FREE FLOW 
Dimensional analysis was first applied to a trapezoidal flume (Hyatt, 

1965) to develop the dimensionless parameters describing submerged flow. 
Manipulation of the equation (Skogerboe, Hyatt, and Eggleston, 1967) 
relating the dimensionless parameters yields a submerged flow discharge 
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equation which is dependent upon only the upstream and downstream 
flow depths. The general form of the submerged flow equation, which is 

Table 1. Description of weirs investigated. 

Type Cre~:>t Crest Free Flow Submerged 
Weir Height, Length, Equation Flow Equation 

P. It. ft. cfs cfs 

"2,41 {h- til, 53 
Embankment 1. 17 -~--

q=3.19h1.53 

I (-log t/h) l. 20 

5-!oot 
Q= l7.65hl.SO Suppressed 2, 00 s. 00 "-- ~--- ------- ~- ---

Sharp-crested 

3-!oot 
Suppressed 2. 00 3. 00 Q= lO.lh l.SO --------- ~------ ---
Sharp-crested 

! 

6-inch 
Q= l.48h 1. 44 

Contracted l. 00 o. 50 ~ ------------------
Sharp-ere<! ted 

2-foot 
Q" 6. 85 h l, 55 '83 fh t) ), S! 

2.. 00 L 96 

1

. (log t/h + 0, 0015) 

p 

I I 

2-foot I •. 66 (h - •> Suppressed 5. 93 

I 
2, 00 Q.:: 6. 86h 1* Sl 

Sharp-crested r· -(log t/h + 0. 0015) 

p 5. 93 feet 

i i 
I 

Ogec Crest 1.0 

I 
---- q=4.69h 1. 09 3,44 fn- t) ·

69 

(-log t/h+O.OOZS)]l. 

Crump 
0. 25 1. 67 Q= 8. 33 h l. 75 5. 71 (h- t)l, 75 

Weir >6 
( -(log t/h)] 

I 
Symmetrical 

1. 00 1. 00 Q=O. 863(h-O. 03) ~~--~- ~--~ ---------Proportional 

90° V -notch 2, 00 
I 

2, 00 Q=2,54h
2

•
51 

~- ----M---- -h---
I 

Cusp 
0. 83 0. 83 Q= 0. 594 h3

· 
32 ----.------------Parabolic 

also applicable to weirs, can be expressed as 
n 

c (h - t) 
1 

Q ::: 
n 

(log t/h + C >J 2 
2 

2 

I Slope of I s Source 

j C~~i:~::~on I t 
of 

% 
Data 

! 
I 

1. 53 85 Kindsvater 
(1964) 

l. 50 0 usu 
(1967) 

l 

1. 50 

I 
0 Viilemonte 

(l9-l9J 
usu (1967) 

1. 44 0 Vitlcmontc 

I l. 55 

I 
0 Cox. 

( 1926) 

I 

I I 
1. 52 0 Cox 

(l928) 

I I 
I 

I L b9 

I 
50-60 Kolost•us 

( 195 t) 

I l. 75 77 Crump 
I (t95l) 

I I 
I. 00 0 Villcmontf" 

(1949) 

2, so lS-25 Vit!cmont!' 
(1949) 

3. 32: l0-30 

i 

( 1) 



where h and t are flow depths measured upstream and downstream from 
the structure, C, and C" are coefficients which depend upon the geometry 
of the structure, and n, and n" are exponents which are also related to the 
structure geometry. The calibration curves depicting this relationshlp 
are a family of curves obtained by plotting discharge, Q, as the ordinate, 
difference between upstream and downstream depths of flow, h - t, as 
the abscissa, and submergence, t!h, as the varying parameter. 

The free flow equation for weirs can be expressed by 
n 

Q ::: c h 
1 

{2) 
It was discovered from the flume studies (Skogerboe, Hyatt, and Eggles
ton, 1967) and the weir investigations, that the exponent of the h - t 
term in the submerged flow equation (Eq. 1) is identical to the exponent 
of h in the free flow equation (Eq. 2) for any given structure. 

MOMENTUM THEORY APPLIED TO WEIRS 
Application of momentum theory can result in the development of 

submerged flow discharge equations for weirs, flumes, or other structures. 
Such equations complement and verify the format of the empirical equa
tions developed from dimensional analysis. A broad-crested weir will be 
selected to illustrate the application of momentum theory. A control 
volume of fluid will be used which is bounded by the vertical sections at 
1 and 2, the water surface, and the surface of the weir, as shown in Fig 1. 

\ 

Fig. 1. Control volume for analysis of broad-crested weirs. 

The force of the broad-crested weir on the fluid will be designated as Fu 
for the upstream face and F<~ for the downstream face. Assuming the 
pressure acting on the upstream wall of the weir is hydrostatic and due 
to the water surface elevation at section 1, while the pressure acting 
on the downstream wall of the weir is hydrostatic and due to the water 
surface elevation at section 2, F 11 and can be written as 

= 'Y p (h + p /2) (3 ) 

Fd = -yP(t+P/2) 

F3 ::: Fu- Fd 

::: 'Y P (h + P/2) - 'Y P (t + P/2) 

::: 'Y p (h - t) 

3 

(4) 

(5) 



The forces acting on the control volume at section 1 and 2 (Fig. 1) 
can be determined by assuming hydrostatic pressure distributions. 

F l = 'Y (h + P}
2 

/2 • , • • (6) 

(7) 

If friction losses are neglected (Fr = 0), the summation of forces in !he 
horizontal direction can be evaluated. 

z F X = M F 2 M F 3 • • • • • • • • • • • • • • • • • (8) 

2 2 
Z = 'Y (h + P} /2- 'Y (t + P) /2- 'Y P (h. t) 

2 2 
= 'Y (h - t ) /2 • • • (9) 

The same equation for the resultant horizontal force (Eq. 9) can be 
obtained using the simplified control volume shown in Fig. 2. 

(2) 

Fig. 2. Simplified control volume for analysis of broad-crested weirs. 

Hydrostatic pressure distributions will be assumed at sections 1 and 2. 

F 1 = -yh
2

/2 .(10) 

2 
F 2 = 'Y t /2 

Again, the friction forces will be neglected (Fr 

Z F Fl-

~ F 
2 2 

= -y h /2 - -y t /2 

2 2 
= -y (h - t ) /2 

• ( 11) 

0). 

{12) 

(13) 

Since Eqs. 9 and 13 are identical, two methods of analysis are sug
gested for deriving theoretical submerged flow discharge equations. A 
simplified analysis can be made using the control volume shown in Fig. 2 
and assuming uniform velocity distributions over the flow depths, h and t. 
A more general submerged flow equation can be derived using the control 
volume shown in Fig. 1, and assuming uniform velocity distributions 
over the upstream flow depth, h + P, and the downstream flow depth, 
t + P. The simplified analysis might be considered appropriate if the 
flow depths, h and t, are measured at the upstream edge and downstream 
edge of the weir crest, respectively. The more general analysis requires 
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that the flow depths, h and t, be measured at a sufficient distance upstream 
and downstream from the weir crest in order for the assumption of uni
form velocity distribution to be valid. Submerged flow equations will be 
developed for both methods of analysis. 

Simplified Analysis 
The following analysis is based on the control volume shown in Fig. 2. 

For the one-dimensional control volume, the momentum equation can 
be written as 

z F = q P < [3 2 v 2 - [3 1 v 1> (14) 

By using Eq. 13 for the summation of forces, and assuming uniform 
velocity distributions at sections 1 and 2 

2 2 
-y h I 2 - -y t I 2 = q p (V 

2 
- V 

1
) (15) 

The continuity equation, q -·· yV, can be employed if steady flow is 
assumed. 

2 2 [---;-"/h ____)'__!___ ____3}'_ = 
2 2 g 

Solving for the discharge per foot of width, q 

( 12) Il2 

h ] 

q = ~g:::=::::::===-v th (hI+ t) 

.......... 

Multiplying numerator and denominator by (h - t)"j2 

= (g/2) 1/2 (h- t)312 
q ••••••••••• -v {h- t)

3 
h

2 

th {h + t) h 2 

q 
(g/2) 1/2 {h- t)312 

tlh (I+ tlh) 

""'\ I 3 v (I - t/h) 

Let the submergence, t/h, be represented by S. 

q = (g/2)112 (h- t) 3/2 •••• 

-v (1-S)
3 

S ( 1 + S) 

General Analysis 

(I6) 

{I7) 

(18) 

(19) 

(20) 

The following analysis is made using the control volume shown in 
Fig. 1. Assuming uniform velocity distributions at sections 1 and 2, 
the following momentum equation can be written 

z F X = q p (V 2 - v 1) • • • • • • • . (21) 

The summation of horizontal forces is given by Eq. 9. 
2 2 

-y (h - t )/2 = q p (V 2 - V 
1

) . • • . • • . . • . • • • • (22) 
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Assuming steady flow, the continuity equation, q = Vy, can be employed. 
q = V 1 (h + P) = V

2 
(t + P) ••• • • •• •••• •• (23) 

The continuity equation can be substituted into Eq. 22. 

'Y (h2 - t2) = q _'Y_ [ q 9 ] 
2 g t+P h + P 

Solving for t he discharge per foot of weir crest, q 

q = (g/2)
1/Z.J (h + t ) (t + P) (h + P ) 

Multiplying the r ight hand s ide by (h - t )l/2 j (h - t)3/ 2 

= (g/2) 1/2 (h - t ) 3/2 
q -J ( h- t)

3 

( h + t) (t + P) (h + P) 

• • • • (24) 

• • . • • (25) 

• • • • • (26) 

Multiplying the numerator and denominator inside the radical by h3 

= (g/2)1/2 (h- t) 3/2 
q (27) 

_ I p - · tfh>3 h 3 

· V (h + t) (t + P) (h + P) 

Let the submergence, t/h, be designated by S. 

q = 
(g/2)1 /2 (h - t)3/2 

_ I p - 5)3 

V (1 + S) (S + P /h) 

WhenP=O 
(1 + P / h) 

• • • • • • • • • • (28) 

(g/2)1 / 2 (h- t)3/2 
9 • _.......,_""-:=:=:::::::;:::::::-- • • • • • • • • • • • • • • • ' (29) -v ( 1 - 5)

3 

(1 + S) 5 

which is identical to the submerged flow equation developed f rom the 
simple analysis (Eq. 20) . 

CHARACTERISTICS OF SUBMERGED FLOW OVER WEIRS 

Equation Characteristics 
Although t he assumptions made in the development of the theoretical 

submerged flow equations are not entirely valid, the equations do contain 
certain characteristics which can be compared with the submerged flow 
equation developed from dimensional a nalysis. In order to make a com
parison between the two submerged flow equations (Eqs. 1 and 28), assume 
C" is equal to zero in Eq. 1. This assumption will later prove to be valid 
for broad-crested weirs. Define the denominator of Eq. 1 as 1/ f (S). 

1 
f (S) = 1 S - og 

• • • • • • • • • • (3 0) 

Define the denominator of E q. 28 as 1/rt>m(S). 

cp (5) "' 1 
m - ,.------(-1 ---S-)3~--------

V (1+5) (S +P/h) (1+P/h) 

• • • • • • • (3 1) 
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-en 
E --a-

~tor P/h = 0 

[ 
I 50 

<f>m(Sl = 0 .403 f(S)j . 

f (S) 

Fig. 3. Relationship between f(S), ¢,.(8), and P / h for broad-crested weirs. 
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A test of the relationship between f (S) and 40,,(8) can be made by assign
ing arbitrary values of S in Eq. 30 and values of S and P/h in Eq. 31. 

The comparison between f (S), </>m(S), and P/h is shown in Fig. 3. 

For Pjh = 0, an equation between f(S) and <Pm(S) can be written 

9 (S) = 0. 403 [ f {S)] l. SO •••••••••••••• (32) 
m 

For P/h > 0, the lines of constant P/h for the logarithmic plot of Fig. 3 
are curved. The lines of constant P/h have a constant slope of 1.50 wllen 
f (S) > 10. When f (S) = 10, the submergence is approximately 80 per
cent. Hence, for those weirs investigated which have a transition sub
mergence value, S, greater than 80 percent, only the portions of the 
curves in Fig. 3 where f (S) > 10 are of importance. A relationship similar 
to Eq. 32 can be written for each line of constant P/h. The fact that a 
simple relationship does exist between f (S), <Pm(S), and P/h is of great 
importance. Such a relationship verifies the correctness of Eqs. 1 and 28, 
whose formats complement each other, indicating the validity of the 
method of analyzing submerged flow proposed by the writers. Further 
verification of this method of analysis can be obtained by comparison 
with other methods of analyzing submerged flow. 

Submerged Flow Analysis Used by Robinson 
One approach to submerged flow analysis was presented by Robinson 

(1964), for a trapezoidal measuring flume. Robinson's method consisted 
of a two-dimensional plot composed of three variables (discharge, upstream 
depth, and downstream depth) formed into two dimensionless parameters. 
The submergence, tjh, is plotted as the abscissa (Figs. 5 and 7) and 
the ratio Q/Qo is plotted as the ordinate. The actual or true discharge 
is defined by Q and Q0 is the critical flow or observed discharge based 
on the upstream depth of flow which has been increased due to submergence. 
When the ratio of Q/Q" reaches the value of 1.0, a critical flow (free flow) · 
condition is reached because the observed discharge becomes the actual 
discharge. The value of submergence at which the plotted curve intersects 
the Q/Q" ratio of 1.0 is the transition submergence, St. Submerged flow 
conditions exist for submergences greater than St, whereas free flow 
conditions exist for submergences less than St (Q/Q., = 1). The geometry 
of a weir structure, including its shape, height, length, etc., will all 
effect the value of transition submergence as well as change the placement 
of the curve. 

The basic highway embankment model studied by Kindsvater (1964) 
is illustrated in Fig. 4. A highway embankment is a form of broad
crested weir. Shown in Fig. 5 is the two-dimensional plot of the sub
merged flow data obtained from the embankment model. In Fig. 5, 
the curve intersects the Q/Q" ratio of 1.0 at a submergence value some
where between 85 and 88 percent. This indicates that submerged flow 
conditions (transition state) are not reached until the submergence ratio 
is between 85 and 88 percent, or greater. The range in the value of the 
transition submergence is due to the instability of transition flow condi
tions. Usually, the transition submergence is obtained by generating 
laboratory data in the vicinity of the transition state, or setting the free 
flow and submerged flow equations equal to one another. The writers feel 
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crown line 
I 

I 

Fig. 4. Basic highway embankment model studied by Kindsvater. 

that a finite value of S1 should exist, although exact determination may be 
difficult to accomplish. 

Further illustration of the submerged flow analysis used by Robinson 
(1964) can be made utilizing the 5-foot suppressed sharp-crested weir 
shown in 6. Data collected from this weir, which was tested at 
Utah State University, produced the two-dimensional submerged flow 
curve shown in Fig. 7. For the 5-foot sharp-crested weir, the curve 
intersects the discharge ratio, Q/Q,, at 1.0 when the submergence is 
zero. Consequently, the transition submergence is zero. Figs. 5 and 7 
represent two-dimensional submerged flow plots for two very different 
types of weirs, as indicated by the placement of the curves. The scatter 
of the data in 5 and 7 is typical of most two-dimensional plots. 
The real problem lies in the correct placement of the curve. In both 
Figs. 5 and 7, the placement of the curve was obtained by plotting the 
data in the manner proposed in this report. 

Villemonte's Submerged Flow Analysis 
Another approach to analyzing submerged flow over weirs is that 

developed by Villemonte (1949) who considers the discharge in two parts: 
"(1) a free-fall flow operating under an effective head equal to the 
difference in upstream and downstream levels, and (2) a submerged orifice 
likewise operating under a head equal to the difference in upstream and 
downstream levels.'' Utilizing Villemonte's development, the data is 
plotted two-dimensionally with the dimensionless discharge ratio, Q/Q0 , 

plotted as the ordinate and 1-Sn 1 plotted as the abscissa, where S is the 
submergence ratio. The discharge ratio is defined in the same manner 
as used by Robinson (1964), where free flow conditions exist when Q/Qo 
is equal to 1.0. The transition submergence is the value of S at which the 
curve intersects the discharge ratio of unity (1.0). 

Villemonte's analysis yields a straight line plot on logarithmic paper. 
For the various types of weirs studied by Villemonte (1949), the subcritical 
flow curves are drawn through the points (1.0, 1.0) and (0.1, 0.4). For 
many weir the data indicates this to ~ the case, but for other 
weirs, such is not the case. The discrepancy is acknowledged by Villemonte 
and dashed lines are drawn to best fit the data for some weir shapes. 
With different weir structures, one would assume the submergence ratio 
at which the flow regime changes from critical to subcritical would vary 
and the curve would intersect the Q/Q, ratio of 1.0 at values of submergence 
different from zero percent (1-Sn, 1.0). 
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Fig. 5. Two-dimensional submerged flow plot of highway embankment 
model data. 
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Fig. 6. Five-foot suppressed sharp-crested weir. 

The embankment data obtained from the study by Kindsvater (1964) 
is plotted in Fig. 8 using Villemonte's analysis. The point at which the curve 
intersects the discharge ratio of unity varies, producing a St value some
where between 85 and 88 percent, as indicated in Fig. 5 where the data 
was plotted in the manner used by Robinson (1964). However, the curve 
does have a St value somewhere between 85 and 88 percent, and not 
zero percent. The submerged flow data for the 5-foot sharp-crested weir 
is plotted in Fig. 9 using the analysis proposed by Villemonte (1949). 
The plot again produces a straight line, with the curve intersecting the 
Q/Q0 ratio of 1.0 at a submergence of zero percent. The same St value was 
obtained for the method used by Robinson (1964) which is plotted in Fig. 7. 

Three-Dimensional Submerged Flow Analysis 
The method of submerged flow analysis being proposed (Skogerboe, 

Hyatt, and Eggleston, 1967) is a calibration curve consisting of a family 
of lines of constant submergence. The calibration curves are obtained 
by plotting three-dimensionally on logarthmic paper the discharge, Q, as 
the ordinate, difference between the upstream and downstream depths 
vf flow, h - t, as the abscissa, and submergence, tjh, as the varying 
parameter. Essentially such plots are the graphical presentation of the 
approximate (Skogerboe, Hyatt, and Eggleston, 1967) submerged flow 
equation (Eq. 1). Hence, once measurements of h and t are made, the 
discharge for a given flow condition may be obtained from the calibration 
curves for that structure by the intersection of the h - t value and the t/h 
value. Typical of such plots is Fig. 10 in which the embankment data 
of Kindsvater (1964) is again plotted. The lines of constant submergence 
which best fit the data are drawn with the slope, n 11 corresponding to 
ihe free flow slope. In Fig. 10, the constant submergence lines of 89.0, 
93.7, 95.4, 96.4, 97.5, and 98.5 percent have been drawn at the free flow 
slope for the embankment, which is 1.53 (Table 1). The equation fitting 
the format of Eq. 1 which describes the submerged highway embankment 
model is 1 53 

q 
=::: 2.4l(h-t). 

1 20 ••.••.•••••••••• (33) 
(-log t/h) · 
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...... ., c:4.ua~wa uescrmes tne submerged flow region from 85 to 98 percent 
submergence. The complete submerged flow calibration curves for the 
embankment model are shown in Fig. 11. 

For the 5-foot sharp-crested weir no attempt was made to write a 
subcritical flow equation over the full range of submergence values 
(0 to 99 percent). However, Fig. 12 is the three-dimensional rating for 
the 5-foot sharp-crested weir. The slope of the lines of constant submer
gence is 1.50 (Table 1). 

Comparisons Between Methods of Analysis 
To obtain uniformity in comparing the two-dimensional plot used by 

Robinson (1964) and the three-dimensional plot developed at Utah State 
University, the same data was used in preparing Figs. 5 and 11 and for 
Figs. 7 and 12. The same results are obtained by using either Figs. 5 or 
11, or by using either Figs. 7 or 12, but additional calculations must 
be made to obtain the discharge when Figs. 5 and 7 are used. The primary 
difficulty with the two-dimensional plots is accurately determining the 
location of the curve. 

The data from the embankment model and the 5-foot sharp-crested 
weir are plotted in Figs. 8 and 9, respectively, using the analysis proposed 
by Villemonte (1949). Although Villemonte's analysis does allow the 
submerged flow calibration curve to be accurately placed, the discharge 
is not obtained directly. Instead, additional computations are required. 

To further compare the method of analysis proposed by Villemonte 
(1949) with the three-dimensional analysis developed at Utah State Uni
versity, some of the weirs studied by Villemonte were also tested in the 
laboratory by the writers. The weirs selected for additional study were the 
3-foot suppressed sharp-crested weir (Fig. 13) and the 6-inch contracted 
sharp-crested weir (Fig. 14). The geometry of the weirs and channel, along 
with the locations for measuring the flow depths were identical in both 
studies. The consistency and compatability of both sets of data (Ville
monte and USU) is indicated by Figs. 15 and 16 which show the data 
plotted in the manner advocated by Villemonte. For these two sharp
crested weir structures, both sets of data confirm the curves selected by 
Villemonte. In addition, the transition submergence was found to be zero 
for both structures. When both sets of data are plotted three-dimensionally, 
1 he rating curves shown in Figs. 17 and 18 are developed. The slope of 
the lines of constant submergence conform with the value of n 1 listed in 
Table 1 for the respective weirs. 

Nappe Condition 
During the tests conducted by the writers, consideration was given 

to the two types of nappe conditions which have been identified with 
submerged weirs: (1) the plunging nappe, and (2) the surface nappe. 
the Curved, dashed lines drawn in Figs. 12, 17, and 18 represent the 
dividing line between the two nappe conditions. The plunging nappe occurs 
for the lower values of submergence where the nappe plunges below the 
surface and remains there for a considerable distance from the weir 
before coming to the surface. At the point where the plunging nappe jet 
reaches the water surface, the surface velocity moves both upstream 
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condition occurs when the tailwater is raised sufficiently that the jet 
emanating from the constriction travels downstream on the water surface. 
Villemonte (1949) states that this type of nappe condition depends on 
the shape of the weir crest, submergence, and discharge. 

These criteria were verified by the writers as shown in Figs. 12, 17, 
and 18. The curved dashed line drawn in each of these figures divides 
the plunging from the surface nappe condition. The plunging flow con
dit!on is to the right of the curve and the surface flow condition is to the 
left. Note that each curve is a function of discharge. The higher the dis
charge, the greater the value of submergence at which the nappe condition 
changes from plunging to surface. 

When Crump (1952) analyzed the submerged flow data of Francis 
(1871) and Fteley and Stearns (1883), he found the nappe plunging under 
the surface at low submergence values as well as some negative submer-

Fig. 13. Three-foot suppressed sharp-crested weir. 
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Fig. 14. Six-inch contracted sharp-crested weir. 
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gence values. The weir crest was used as zero elevation datum. The ex
planation offered by Crump for his condition is that the transition sub
mergence is reached well before the tailwater depth rises to the crest level. 
Before the transition point is reached, however, the nappe is discharging 
into free air and the air pocket is maintained at atmospheric pressure from 
the vents in the side walls. A mass of turbulent water is located below the 
air pocket. As the tailwater depth rises, the air pocket is replaced by 
water at less than atmospheric pressure, thereby increasing the curvature 
and velocities of the nappe at the control section. This actually carries a 
greater flow through the control section for the same given upstream 

0.08 0.10 0.2 0.4 0.6 0.8 1.0 

h - t • teet 

Fig. 18. Submerged flow calibration curves for 6-inch contracted sharp
crested weir. 
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depth. This condition exists until the degree of submergence rises, which 
increases the pressure on the under side of the nappe to the point where 
the air pocket is completely filled with water and drowns out the effect. 
Cox (1928) gives a similar explanation for the changing nappe conditions. 
He recommends that the submerged sharp-crested weir be operated with 
the nappe remaining on the surface, rather than plunging, if circumstances 
permit, for he found an overlapping of the two nappe conditions. 

WEIR TYPES INVESTIGATED 
The variety of weir types studied are listed in Table 1. The only 

weir of a broad-crested nature presented in this report is the highway 
embankment model studied by Kindsvater (1964). The embankment is 
ct:scussed and illustrated in the sections where methods of analyzing 
submerged flow are developed (Figs. 1, 2, 3, 4, 5, 8, 10, and 11). 

h - t l tt 

Fig. 19. Three-dimensional plot of submerged f!O\v data for 2.00 foot high 
suppressed sharp-crested weir of Cox. 
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Suppressed Sharp-crested 
Discussion and illustration of a 3-foot and 5-foot weir is given pre

viously in this report. These weirs were tested to answer certain basic 
questions regarding submerged flow characteristics of weirs and to com
plement similar or identical studies conducted by other investigators. 
The three-dimensional submerged flow rating curves (Figs. 17 and 13) 
for the 3- and 5-foot suppressed sharp-crested weirs are shown in Figs. 
17 and 13, respectively. 

Cox (1928) investigated several sharp-crested weirs which ranged 
in height from 1.14 to 5.93 feet. Cox included in his report data collected 
on other sharp-crested weirs by Bazin (1888), Fteley and Stearns (1883), 
and Francis (1871). This submerged flow data was also analyzed utilizing 
the previously discussed concepts of submerged flow and found to verify 
the three-dimensional method of analysis, although the results have not 

h- t • ft 

Fig. 20. Plot of submerged flow data for 5.93 foot high suppressed sharp
crested weir of Cox. 
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been included in this report because of the volume of material involved. 
For purposes of illustration, only the data on the sharp-crested weirs 

of height 2 :00 and 5.93 feet collected by Cox are subjected to the three
dimensional submerged flow analysis (Figs. 19 and 20). The lines of 
constant submergence were drawn to best fit the data using the slope 
resulting from the free flow calibration, which is 1.55 for the 2.00 foot 
high weir and 1.52 for the 5.93 foot high weir. The geometric properties 
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Fig. 21. Submerged flow calibration curves with data for 2-foot suppressed 
sharp-crested weir of Villemonte. 
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u1. we weu·s are H:>Ieu m 1ame .1, as are now cnaractensncs sucn as 
the transition submergence, and free and submerged flow equations. The 
submerged flow equations given for weirs having heights of 2.00 and 5.93 
feet are limited in that they describe only the submerged flow regime 
from 50 to 96 percent, but do have merit because of their form (Eq. 1). 
Cox also investigated the relationship between weir height and the lo
cation for measurement of the tailwater or downstream flow depth. 
He states that the tailwater depth for sharp-crested weirs should be 
measured at a distance downstream from the weir of 2.54 times the weir 
height. 

Another sharp-crested weir, tested by Villemonte (1949), is analyzed 
to lend additional verification to the three-dimensional submerged flow 
technique. 

The information regarding the 2-foot suppressed sharp-crested weir 
is listed in Table 1. Analysis of the submerged flow data resulted in the 
submerged flow calibration curves shown in Fig. 21. These curves are 
drawn at a slope of 1.50. 

Contracted Sharp-crested 
Only one contracted sharp-crested weir is analyzed in this report. 

The 6-inch weir was investigated by Villemonte (1949) and the writers. 
The geometric properties and the flow characteristics of this weir structure 
are listed in Table 1. The three-dimensional submerged flow calibration 
curves for the 6-inch contacted sharp-crested weir are shown in Fig. 18. 

Suppressed Ogee Crest 
Koloseus (1951) conducted model studies on several ogee crest weirs 

to obtain design criteria for spillway and diversion dam structures. The 
submerged spillways, or weirs, had an ogee section which conformed to 
the profile of the lower nappe from a ventilated sharp-crested weir. The 
upstream face of the crest was vertical. A typical spillway structure 
studied by Koloseus is shown in Fig. 22. 

The spillways studied had heights (P + E) from 0.5 to 2.0 feet with 
hd/(P + E) ratios varying from 1/4 to 1 where hd is the design head 
(depth). The testing was conducted in a flume with the spillway models 
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Fig. 22. Typical ogee crest weir studied by Koloseus. 
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placed 6.3 feet downstream from the flume entrance. Measurement of the 
flow depths, h and t, were made with a traversing point gage. The value 
used for the flow depths was taken as the average of three measurements 
taken downstream from the flume entrance, at distances of 1, 2, and 3 
feet for the upstream depth of flow, and 14, 15, and 16 feet for the 
downstream depth of flow. To illustrate the submerged flow analysis, 
data was selected from the thesis of Koloseus (1951) for an ogee crest 
spillway having a height, P + of one foot and a hj(P + E) ratio of 1/2. 
The lines of constant submergence plot at a slope of 1.69 (Table 1). 
The three-dimensional plot of the data is shown in Fig. 23. Several lines 
of constant submergence are drawn, although not quite enough lines 
are present to classify the plot as a rating for the structure. A study 
of Koloseus' data indicates that the upstream depth of flow for any given 
discharge did not change until the downstream depth reached 50 to 60 

h - j ' ft 

Fig. 23. Three-dimensional plot of submerged flow data for ogee crest 
weir studied by Koloseus. 
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percent of the upstream depth, using the spillway crest as a datum. 
Consequently, the transition submergence is roughly 50 or 60 percent. 
The approximate submerged flow equation written to fit the lines of 
constant submergence from 50 to 95 percent in Fig. 23 is 

3.44 {h- t) 
1

•
69 

q = . (34) 
[ -(log t/h + 0. 002.5)] 1. 20 • • • • • 

Cox (1928) also conducted investigations with ogee crest weirs. 
The weirs varied in that some had a 2 to 1 upstream face, and others 
had a vertical face. The data from all six of the ogee crest weirs investi
gated by Cox have been analyzed by Hyatt, Skogerboe, and Austin (1966) 
to portray the validity of the three-dimensional submerged flow analysis. 
None of the ratings are shown in this report since the weir of Koloseus 
(1951) illustrates that agee crest weirs are amenable to the three-dimen
sional submerged flow analysis. 

The U. S. Bureau of Reclamation (1948) conducted model studies 
of submerged flow over overfall dams which were very similar in shape 
to those studied by Koloseus (1951). The data collected as part of the 
Boulder Canyon Project studies (U. S. Bureau of Reclamation, 1948) 
was subjected to the submerged flow rating analysis and found to be 
valid. The Bureau of Reclamation's study was limited in the range of 
discharge employed but the data did indicate that the analysis reported 
herein was applicable. 

Crump Weir 
The data collected by Crump (1952) for a weir having a triangular 

profile will be subjected to analysis. Fig. 24 shows the triangular weir
block which is referred to as a "Crump weir," named after its investigator. 
The width of the weir reported by Crump (1952) is 20 inches. 

The submerged flow weir data from Crump's study (1952) is ideal for 
comparing the three submerged flow methods of analysis as previously 
described. The data is plotted in the manner used by Robinson (1964) in 
Fig. 25. Some scatter exists in the data making placement of the curve 
rather difficult. Nevertheless, the parameters which are plotted do 
show a very definite relationship exists. The value of submergence 
(transition submergence) for a Q/Q0 ratio equal to one appears to be 
about 77 percent. 

Crump's data is plotted in the manner proposed by Villemonte (1949) 
in Fig. 26. The variables bear a definite relationship to one another and 
the curve appears to fit the data reasonably well. However, the curve 
does not conform with the general curve advocated by Villemonte. This 
is because the transition submergence for the Crump weir is greater than 
zero percent. The transition submergence indicated in Fig. 26 is about 
78 percent. 

The three-dimensional plot of Crump's submerged flow data is shown 
in Fig. 27. The slope of the lines of constant submergence which best 
fit the data is 1.75, as given by the exponent, n 11 in Table 1. Although 
the slope of 1.75 was selected for use in this analysis, some flexibility 
exists since only four free flow discharge values were available in develop
ing the free flow rating. 

In Fig. 27, several lines of constant submergence have been drawn at 
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a slope of 1.75 which range in value from 75.0 to 97.7 percent. The sub~ 
merged flow discharge equation written to describe this range is 

Q = 5. 71 (h - t) I. 
75 

[ -(log t/h)] l. 36 (35) 

By equating the free and submerged flow equations (Table 1) for the 
Crump weir, the transition submergence, S" can be obtained. The transition 
submergence obtained in this manner is 77 percent. This value of tran
sition submergence has been drawn in Fig. 28 as the dividing line between 
free and submerged flow conditions. Justification for this is given by 
Crump (1952): "It is seen that the model has a high modular limit [transi
tion submergence] of 70 percent, and that with a submergence ratio of 
80 percent the departure from modularity [free flow] is less than 1 percent." 

Hence, Fig. 28 can be used as the rating curves for either free flow or 
submerged flow conditions. The free flow discharge is obtained by entering 
the measured value of h from below and moving vertically upward until 
the 77 percent submergence line or free flow line is intersected and then 
moving horizontally to the left to obtain the discharge, Q. The submerged 
flow discharge is obtained by entering the measured h - t value from above 
and moving vertically downward until the line of constant submergence 
t/h is intersected and then moving horizontally to the left, and reading the 
discharge value on the ordinate scale. 

Other Weir Types 
To provide additional verification, data from three other weir 

structures was subjected to the three-dimensional submerged flow analysis 
proposed by the writers. The weirs were selected because their shapes 
were different from any weirs previously discussed. The data was taken 
from the weir study by Villemonte (1949). The three weirs analyzed are 
(1) symmetrical proportional weir (Fig. 29), (2) 90° V-notch weir (Fig. 
30), and (3) cusp parabolic weir (Fig, 31). 
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Fig. 25. Two-dimensional submerged flow plot of Crump weir data in 
manner used by Robinson. 
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Fig. 26. Submerged flow plot of Crump weir data in manner proposed by 
Villemonte. 
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SUMMARY 
A number of methods for analyzing submerged (subcritical) flow 

over weirs have been developed by various investigators. Typical of the 
approaches applied to this particular problem are those reported by 
Robinson (1964) and Villemonte (1949). In addition, a method of analyzing 
submerged flow at open channel constrictions has been developed at Utah 
State University. All three methods of analysis have been compared by 
using data collected for various weir shapes. The comparisons showed each 
method of analysis to be correct, one method complementing each of the 
other methods. The primary advantage of the techniques developed at 
Utah State University is that the calibration curves are in reality the 
rating for any particular structure. The other methods do not yield 
discharge directly. 
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