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Some case example exact solutions for quadratically nonlinear optical media with
PT-symmetric potentials

Y.N. Truong Vu and J. D’Ambroise
Department of Mathematics and Statistics, Amherst College, Amherst, MA, USA

F.Kh. Abdullaev
Department of Physics, Faculty of Sciences, IIUM,
Jin. Indera Mahkota, Sultan Ahmad Shah, 25200, Kuantan, Malaysia

P.G. Kevrekidis
Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA USA

In the present paper we consider an optical system with a X(z) -type nonlinearity and unspecified
PT-symmetric potential functions. Considering this as an inverse problem and positing a family
of exact solutions in terms of cnoidal functions, we solve for the resulting potential functions in a
way that ensures the potentials obey the requirements of P7-symmetry. We then focus on case
examples of soliton and periodic solutions for which we present a stability analysis as a function of
their amplitude parameters. Finally, we numerically explore the nonlinear dynamics of the associated
waveforms to identify the outcome of the relevant dynamical instabilities of localized and extended
states.

PACS numbers: 42.65.Ky, 42.65.5f, 42.65.Tg, 42.81.Dp

I. INTRODUCTION

Recently a great deal of attention has been devoted to the investigation of quantum and classical systems with P7T-
symmetric non-Hermitian Hamiltonians. It was shown in the seminal paper [I] that such type of Hamiltonians can
have real eigenvalues. Due to the analogy between the Schrodinger equation and the paraxial wave equation in optics,
this result has applications in optics; this is one among numerous other areas studied over the past decade. For optical
beams PT-symmetry imposes the condition on the complex refractive index n(z) = n,(x) + in;(x): even in space
for the real part of the refractive index n,.(x) = n,(—x) and odd in space for the imaginary part n;(x) = —n;(—z).
Recently effects of PT-symmetry have been observed in optical experiments [2]. However, optics is certainly not the
sole area where P7T-symmetric applications have recently emerged. More specifically, a mechanical system realizing
PT-symmetry has been proposed and realized in [3], while a major thrust of efforts has focused on the context of
electronic circuits; see e.g. the original realization of [4] and the more recent review of this activity in [5]. Additionally,
we note that further intriguing realizations of P7-symmetry have also emerged e.g. in the realm of whispering-gallery
microcavities [6]. While many of these experimental realizations have been chiefly explored at the level of linear
dynamics, the intrinsic nonlinearity of optical systems [2] and the potential nonlinearity also of electrical ones (e.g.
in the form of of a PT-symmetric dimer of Van-der-Pol oscillators [7]) have prompted a considerable amount of work
at the interface of nonlinearity and P7T-symmetry.

Nonlinearity leads to new effects in the PT-symmetric systems, such as solitons (and vortices) in continuous [8] [9]
and discrete nonlinear optical media with P7T-symmetric potentials [10], gap solitons in media with PT-symmetric
periodic potentials [I1], non-reciprocity, instabilities and nonlinear P7T -transitions in P7T-symmetric (nonlinear) cou-
plers [12HI7], as well as the smoothing of the spectral singularity in transmission [I§], among many others. Important
applications to nonlinear plasmonic systems and metamaterials are under recent investigation [19, 20]. Additional
developments are connected with nonlinear PT-symmetric lattices [2IH24] and PT-symmetry management [25H27]
etc.

In nonlinear wave equations with P7-symmetric terms, solitonic solutions can exist as was shown recently e.g. in
the works of [8,28-31]. In the case of an NLS system with inhomogeneous in space loss/gain parameters such solutions
were found for linear PT-potentials in the work [8] 28] [32] [33], and for nonlinear PT-potentials in the works [28] 29],
for a nonlocal NLS equation in [34] and for a cubic- quintic model in [35]. Naturally, it is also of interest to find
exact solutions for solitons in other physically important systems. Recent numerical simulations of the x(?) system
with PT-symmetric potential showed the existence of stable bright solitons [36], as well as of gap solitons in periodic
PT-symmetric potentials [37]. Discrete PT-symmetric systems with quadratic nonlinearity were also explored at the
level of oligomer systems [38].

In the present work we will study the x(®) system with P7T-symmetric potentials, describing wave processes in
quadratically nonlinear media with spatially distributed gain/loss parameters. Such systems are, in principle, of



interest for nonlinear optics and potentially even for atomic-molecular Bose-Einstein condensates trapped in complex
potentials (see, for example, a realization of imaginary potential in [39]). In this paper, we find exact solitary and
periodic solutions of the y(?) system. We begin in Section [II| by outlining the mathematical model. In Section m
we derive exact solutions in terms of the Jacobi elliptic cnoidal function, and we present special case solutions for
which we later examine stability properties. We essentially follow an inverse-function approach, somewhat reminiscent
of [40] to obtain such exact solutions for suitably tailored P7T-symmetric potentials in the presence of the quadratic
nonlinearity. In Section [[V] we present the stability analysis of the obtained solutions as a function of the solution
parameters (such as their amplitudes), and we show the results of propagation of the solutions in the (analogous to
“time”) variable z. Finally, in Section E we make our concluding statements and present a number of possibilities for
future work.

II. THE MODEL

Let us consider the x? system describing the first harmonic (FH) and second harmonic (SH) propagation in quadrat-
ically nonlinear media with PT-symmetric potentials as follows:

i, + ditugs + Vi(z)u+ iWi(z)u = u'v (1)
i, + doves + kv + Va(z)v + iWa(z)v = u?

where V1 o(z) are even functions of = corresponding to real parts of the refraction index, and Wi 3(z) are odd functions
of = pertaining to imaginary parts thereof. W 5 describe the inhomogeneous in space gain/loss. Seeking standing
waves in the form: u(x,z) = U(x)e”* and v(x, z) = V(x)e~2“* we obtain the system

wU + d1Upy + Vi(2)U +iWi(2)U = U*V (2)
oV + daViy + Va(2)V + iWy(2)V = U?

where 0 = 2w+ k. It is useful to introduce the amplitude-phase decomposition in the form U(z) = p;(z)e?®), V(z) =
pa2(2)e?®®) Solitonic solutions for V' = W = 0 have been reported e.g. in [A145], cnoidal wave solutions in [46],
and solitons in the conservative 2D y(?) system with a potential V £ 0, W = 0 were considered recently in [41). For
a review of solitary wave dynamics in quadratic systems see e.g. [4§].

Assuming that po, 6 are real, and that p; is either real or purely imaginary, we obtain the system

pip2 = wpr + dip1ae — dip1(6)° + Vi(z)p (3)
pT = 0p2+ daprge — Adapa(02)* + Va(z)ps
WJ’(‘”)P? = _jdj(/)?ez)z

for j € {1,2}.

III. SOLUTIONS IN TERMS OF THE CNOIDAL FUNCTION

We begin by writing p1 2 = Fi 2(y) and 6, = G(y) for y = cn(rx, k). This gives the system

Ff(y)Fa(y) = wFi(y) +dir’Tai(y) — diFi(y)G*(y) + Vi) Fi(y) (4)
Fi(y) = oFy(y) + dor’Ta(y) — 4da Fo(y)G*(y) + Va(x) Fa(y)
W;(z)Fj(y) = jrd;jdn(rz, k)sn(ra, k) (2F]'(y)G(y) + G'(y)F;(y))

for
Ti(y) = y(2k* — 1= 2k**)F)(y) + (1 — y*)(KPy* + 1 — E*)F'(y) (5)

with j € {1,2} and where the primes denote differentiation with respect to y. Notice that by writing in terms
of both z and y = cn(rz, k) we avoid restrictions on the domain which would be applicable if we composed with an
inverse function.

To find exact solutions, we apply the reverse engineering approach [28], [49]; this type of technique was applied much
earlier in order to obtain exact traveling wave solutions in dynamical lattices [40]. Our general strategy is to first



specify the form of the functions Fi 2(y), G(y) and then use to solve for appropriate potentials V4 o(z), Wi o(x).
Thus, we rewrite the above equations as:

Vile) = A Fa) - dr? S+ G - )
Vé(l‘) _ F12(y> ;;éjjfl—b(y) —|—4d2G2(y) — 0o

Fi(y)G
W;(z) = jrd;dn(rz, k)sn(rz, k) (QW

for y = cn(ra, k) and j € {1,2}. In each of the following subsections we make specific choices of Fj o and G in
such a way that the resulting potentials V; o, Wi 2 in @ do not contain terms with denominators (that may lead to
singularities) and they also obey the requirements of P7T-symmetry (V3 2 even functions of z and W7 2 odd functions
of x). In other words, we require at least that the conditions

+G')

Fi(y) | Ti(y) (7)
Fy(y) | (F2(y) — dar®Ta(y)) (8)
Fi(y) | Fi(y)G(y) 9)

for j = 1,2 are met for any choices of F} 5, G that we specify.

A. Polynomial Functions

Consider Fj 2(y) in the form of generalized polynomials in y = cn(rz, k)

k1 k2
Fl(y) = i{071} Z Cnyn? FQ(y) = Z Dmy"L (10)
n=s; m=so

with coefficients C,,, D, € R, integer indexing bounds s1, so, k1, k2 > 0 with k1 > s1, ks > s9, and Cs,, Cy,, Ds,, Dy, #
0. Notice that we restrict our attention here to polynomials with at least two terms. The case of a monomial type
solution will be included in the next section where we consider a more general class of power functions. Recall that,
in the derivation of , p1 is required to be either real or purely imaginary. To show this in we have included
an optional multiple of ¢ in the definition of F}. In the following subsections we outline the process of solving for
V1,2, W1 2. We separate into two cases which are convenient based on the resulting maximal power of the polynomial

conditions —.

1.  Cnoidal parameter k # 0

To proceed in solving for Vi(x) using @ and assuming we must satisfy condition . That is, we must have
that Fi(y) is a factor of the polynomial I’y (y). For k # 0, I'y (y) will have maximal power k; + 2 so that @ amounts
to the condition

k1+2 k1
Z (n+2)(n+1)(1 = k*)Cpya +n*(2k* — 1)Cp, — (n — 2)(n — DE*Cr2) y" = (a1y® + By + 1) Z Cny"
n=s;—2 n=si

(11)
for some aq, 81,71 € R with a; # 0. For convenience we use the convention that C; = 0 for any index j & {s1,...,k1}.
Equating the coefficients of then gives

(n*(2k* = 1) —v1) Cp = (o1 + (n — 2)(n — 1)k?) Cp—z + B1Cn_1 — (n+2)(n + 1)(1 — k*)Cpio (12)
o] = 7]91(](71 + 1)]172, 81(51 - 1)(1 - ]{32) = 0, (81 + 1)81(1 - k2)C51+1 =0

where the first equation is a recursion relation that holds for n € {sy,...,k; + 1} and the latter three equations are
obtained from equating the coefficients of the y*1 2, y*1=2 17! terms in , respectively. Note that the latter
equations have made use of the conditions C,,Cs, # 0 and C; =0 for j & {s1,...,k1}.



From the first equation of the latter three in (12]), we now have that the coefficient «; is determined by the highest
degree chosen for F}. The latter two equations in (12)) then give us a starting point for finding more specific solutions.
That is, we can look for solutions with £ = 1 in terms of cn(rz,1) = sech(rz) and these latter two equations are
satisfied. Alternatively, we can look for solutions with k # 1 in which case the latter equations of give that either
s1 = 0 so that the first term in the polynomial Fj is required to be a constant, or the first term is required to be
of degree s; = 1 with coeflicient Cs, 41 = Co = 0. We will proceed here to outline the general solution for cnoidal
parameter k % 0. Later towards the end of this section we will focus primarily on k& = 1 for the special case where
Fy 5 are quadratic polynomials.

The recursive equations in give us k1 —s1 +2 conditions for the k1 —s1+3 constants {81, 71, Cs,, Cs;+1, -, Cky }-
Later we will choose 51 and then use conditions to solve for the coefficients of F; and also ;. Now that is
satisfied by imposing (12)), we have V;(z) via (@ as

Vi(z) = £F5(y) — dir*(aqy® + By + m) + diG*(y) —w (13)

with y = cn(ra, k) as usual. The plus sign in applies to Fy real (using i =1 in ) and the minus sign applies
to Fy purely complex (using ¢! = i in (10)). Since the cnoidal function is an even function of z, Vi(z) is an even
function of x so that this potential is compatible with PT-symmetry. Notice that V;(z) may not be a polynomial if
G? is not a polynomial. In Section we will specify choices for the G function and we will choose w so that V3 — 0
as T — oo.

To solve for Va(z) we must have that F»(y) statisfies condition (8). One way to proceed is to require that

Fi(y) = Fa(y)P(y) (14)

where P(y) is a polynomial in y. Then, similar to the F) case, we may also impose that Fs(y) | T'2(y) so that
Ta(y) = (ay? + Boy +72) Fa(y) for some constants g, 82,72 € R with ap # 0. Using a similar procedure as in the F}
case, now equations must hold after performing the replacements n — m, C' — D and in the subscripts 1 — 2.
Using this Fy-version of equation , now the coefficient as is determined by the highest degree of the polynomial
F5. Since k # 1 here the Fs-version of the latter two equations in either requires us to take sy = 0 so that the
first term in the polynomial F3 is required to be a constant, or alternately the first term is required to be of degree
s9 = 1 with coefficient Cy, 11 = Cy = 0. Also, the ko — so + 3 constants {S2,72, Ds,, Ds,+1, ..., Dk, } are required to
satisfy the same recursive ko — s9 + 2 equations in ([12]) but with appropriate Fy-version described above.

The most obvious choice in order to satisfy both (14) and the Fb-version of is to take Fy(y), F1(y) as scalar
multiples of each other. In other words,

. F;
Fily) = OV AR (y) and Ply) = 00 (15)

for some A € Ro. Since pa, F are required to be real-valued the multiple of 4 in front is included only if it’s included
in the definition of F} in . Now we have the real-valued potential function

Fi(y)
VQ(x) = 013 A

— dor?(agy® + Boy + 72) + 4do G (y) — o (16)

where later in specific examples we will choose o to be such that V5 — 0 as x — oo.

Next we want to determine an appropriate form for the function 6, = G(y) € R with y = cn(rz, k) that will satisfy
@D. Since F, F; have been chosen to be scalar multiples of each other, if @ holds for j = 1 then it holds for j = 2.
So, we take

G(y) = T(y)F1(y) (17)

for a function T'(y) and this gives via ()
Wij(x) = jrd;dn(rz, k)sn(rz, k) (2F ()T (y) + G'(y)) (18)

for y = en(rx, k) and j € {1,2}. Since sn(rz, k) is an odd function of z and dn(rz, k) is even, Wi, Wy are odd
functions of z as required by PT-symmetry as long as the quantity 2F] (cn(rz, k)T (en(rz, k)) + G'(cn(rz, k)) is an
even function of z. This is reasonable since cn(rz, k) is an even function of x.

Now we have a complete solution of given by Fi 2 in , Vi in and , and Wi 5 in , all under the
conditions seen in , , . To be more explicit, let us focus on details in the case where F} is a quadratic
function and k = 1 so that y = sech(rx). Consider F; of the form Fy = Cy + Cyy + Coy? for Cpy, Oy # 0. Then s; = 0



and k1 = 2 so that the latter two equations in are satisfied. Now the remaining equations in give o = —6,
v1 = 0 and the conditions

Oy = B1Co, o, = M’ Oy = 0= (a1 + 2)31 + 51027 (19)
that we may solve for the four constants 31, Cy, C1, Cs.
In the case that 81 =0, gives C1 = 0 and Cy = —3Cj/2 so that combining with we have
Fw) = Coll— 37), Faly) = AFi(y). (20)
Proceeding with G(y) as in for any function T'(y) we have by (13), and that
Vi) = ACo(1— gyz) 6y + i GA(y) — w (21)
Vo(z) = %( — ng) + 6dar?y? + 4d2GP (y) — 0

W;(z) = jrdjtanh(rz)sech(rz) (—6CoyT (y) + G'(y)) -

Equations — give us a solution that we will refer to as the dark-dark soliton case. In Section we show the
dark soliton shape, analyze the stability of the dark-dark soliton, and show plots over the propagation variable z for
a specific choice of the function G and other parameters.

We also consider here the case of 5y # 0, for which gives two possibilities for the coefficients of the polynomial
Fi. Then combined with we have

Fi(y) = Co(1£V22y +4y%),  F(y) = AFi(y). (22)

Letting G(y) be as in for some T'(y) function we then obtain

Vi(z) = ACo(1 + V22 + 4y?) — dir?(£V22y — 6y%) + d1G?(y) —w (23)
Volw) = 01 VBt 4y?) — dor(£VEDy — 65°) + 4dsCP(y) — 0
W,(z) = jrdjtanh(rz)sech(rz) (200(8y +V22)T(y) + G’(y))

for j € {1,2}. These solutions are quite interesting in their own right, as the one with the + sign corresponds to
an antidark-antidark soliton setting of a pair of bright solitary waves on top of a non-vanishing background. On the
other hand, the solution with the — sign is especially structurally complex, resembling a conglomeration of multiple
—more specifically of 4— dark solitons.

2. Chnoidal parameter k =0 and y = cos(rx)

For Fy o of the polynomial form now consider the case of k = 0, or y = cos(rz). In solving for Vi(x)
the polynomial condition analogous to has maximal power ky. This roughly makes sense because when we
differentiate a cos(rx) or sin(rz) the result is a function of the same overall power (in contrast to derivatives of
sech(rz) and tanh(rz), for example). The analogue of in this case is

kl kl
> ((n+2)(n+1)Chiz—n’Cr)y" =7 Y Coy” (24)
n=s1—2 n=si

for 1 # 0. Equating coefficients we get

(0 +2)(n + 1)Css
n?+y

o= —k%, s1(s1 —1) =0, (51 +1)81C, 11 =0 (25)

Cn = for n € {s1,...,k1 — 1}

where the latter three equations came from equating the coefficients of the y*1, y°* =2, 417! terms in , respectively.
As before, the first equation of the latter three in shows that the coefficient -y; is determined in terms of the



maximal power k; of the polynomial F;. The latter two equations in then show that either s; = 0 so F; must
have a constant term, or alternatively the first term is required to be of degree s; = 1 with coefficient Cs, 11 = Cy = 0.
The remaining recursive equations in then give us k1 — s; conditions for k; — s; + 1 unknowns {Cs,,...,Ck, }.
Choosing one of these coefficients will lead us to find the others. In solving for V2 we have similar conditions to
for the constants vo # 0 and {Ds,, ..., Dy, } where in one should replace n =+ m, C' = D and in the subscripts
1 — 2. We proceed in a similar way as in the k& # 0 case above, assuming the forms of F5, G as seen in , ,
and finally we have

Vi(z) = £F5(y) — dir’y + diG*(y) —w (26)
F
Vo(z) = i{ol)gi}yj)él — dor?ye + 4do G2 (y) — o

Wi(z) = jrd;sin(rz) (2F{(y)T(y) + G'(y))
for j € {1,2}.
Let us focus on the details of the quadratic case where Fy = Cy 4+ Chy + Cay? for Cy,Cy # 0 and s; = 0, k; = 2.
then gives v3 = —4,Cy = —Cs/2, and C; = 0. Then, we have
Fi = Co(1 —2¢%), Fy(y) = AF1(y). (27)

We also have v = —4 by the V5 analogue of (see description above). Proceeding with G(y) as in for some
function T'(y) we have

Vi(z) = ACy(1 —2y%) +4dyr* + d1G*(y) — w (28)
Va(z) = %(1 —2¢°) + 4dor? + 4d2G*(y) — o

Wj(x) = jrd;sin(rz)(=8CoyT(y) + G'(y))

for j € {1,2}. Equations — give us a solution that we call the quadratic oscillatory case. In Section we
show the shape of the solution, analyze the stability, and explore its dynamics over the evolution variable (z).

B. Power Functions

Next we take Fi(y) and F»(y) to be power functions
Fi(y) =i Cy™,  Fa(y) = Dy (29)

for p1,p2 > 0 and C,D # 0. This special case considerably simplifies the relevant compatibility conditions. In
particular, substituting into @ and examining conditions - we require that either £k = 1 and 2p; > po, or
p1=p2=1

1. Chnoidal parameter k = 1 and y = sech(rz)

In the case of k = 1 we can have non-integer p; and ps; this is in contrast to the polynomial case. For this case, we
apply @ and find

Vi(z) = +£DyP? — d1r2p1(1 - 2y2) - d1r2p1(p1 -1 - y2) + leQ(y) —w (30)
02
Vo(z) = :I:ﬁgfpl*p2 - d2r2p2(1 - 2y2) - d2r2p2(p2 -1 - y2) + 4d2G2(y) -0

Wi(z) = jrd;tanh(rz) (2p;G(y) + yG'(y))

for j € {1,2}. As long as (2p;G(y) + yG'(y)) are even functions in z, which is easy to choose since y = sech(rz) is
an even function of z, then W; and W5 are odd and compatible with the P7 symmetry criterion. We refer to the
solutions given in and as the bright-bright soliton case. In section we show the wave’s shape, analyze its
stability and explore its direct numerical evolution. Note that the case p; = ps = 2 corresponds to solitonic solutions
found by Karamzin-Sukhorukov in [4I], and 2p; = p2 = 2 to solitonic solutions found by Menyuk et al. [44].



2. Powerspi =p2=1

In the case p1 = p2 = 1, we have

Vi(z) = £Dy— dir?(2k* — 1 — 2k%°) + d1G?(y) — w (31)
j:%zy — dgr?(2k? — 1 — 2k%y?) 4+ 4doG? (y) — o
W;(xz) = jrdjde(ra, k)sn(rz, k) (2G(y) + yG'(y))

o
—
8
S~—
Il

where j € {1,2}. Similar to the previous section, we only need to choose a function G(y) so that (2G(y) + yG'(y)) is
an even function of = in order to satisfy the PT symmetry criterion. Equations and give us a solution we
call the linear oscillatory case. More details are included in Section

C. Other solutions

Here, we introduce a possibility which is distinct from the previous ones as follows. We introduce F(y) and F»(y)
in the form

Fy=idy?(1-y)'?, Fy=By! (32)
for p,q > 0 i.e., a non-polynomial form. By @ and examining conditions — we find that we must have
p(p —1)(1 — k?) = q(¢g — 1)(1 — k) = 0 and ¢ < 2p. That is, we require that either k = 1 with ¢ < 2p, or

p=gq=1,orp=g=0. We will focus on the former two cases. As for Wj 5 in @ and condition @, we find that
G(y) must be in the form

G(y) = Cy*(1 - y*)" (33)
where a,b € IN.
1. Chnoidal parameter k = 1 and y = sech(rz)

In the k = 1 case, we have the solutions

w = —dir%p?, Vi(z) = —By? + dlrzyQ(p +1)(p+2)+ lez(y) (34)
A2
0 ==, Va(e) = oy — ) + daryPalg + 1)+ 4GR)

with ¢ < 2p and G(y) in the form of . Since for this family of solutions the form of G is specified, it is immediately
clear which choices of w,o will give V1 2 — 0 as x — oo. In contrast to previous sections, those choices have been
made in . Also, we have by @

Wy = Crdsech(rz) tanh(rz) (y* (1 — y*)’(a + 2p) — 2y (1 — )P (b + 1))

Wy = 2Crdy tanh(rz) (y*(1 — y*)’(a + 2q) — 26y T2(1 — y*)*7 1) . (35)
Equations — give us a solution that bears a bright soliton coupled with a dark-in-bright soliton. The latter
involves a pair of bright solitary waves coupled in a bound state anti-symmetric (i.e., they bear a phase difference

of 7) configuration; another example of this form has been previously reported e.g. in [50]. More details on the
propagation of this solution and its stability are included in Section [[V]

2. Powersp=q=1

In the case where p = ¢ = 1, we obtain

w = —dir?(5k% — 4), Vi(z) = —By + 6d172k*y? + d1G*(y) (36)
A2
o = —dor?(2k* — 1), Va(w) = ——Zy(1 - y?) + 2dor?k?y? + 4d2 G (y).



Again here since G is known we have made choices of w, o reflected in so that Vi 2 — 0 as x — co. With G(y)
as in we have

Wy = rCdisn(rz, k)dn(ra, k) (y* ' (1 — ) (a+2) — 201 — 2L + 1))
Wy = 2rCdade(ra, k)sn(rz, k) (y* (1 — y?)°(a +2) — 2by*T2(1 — y?)71). (37)

We will refer to the solution in — and — as the non-polynomial oscillatory solution. In the special case
of k = 1, this reverts to a waveform of the same type as the one examined above (namely, a bright solitary wave
coupled to a dark-in-bright one). More details are provided on this solution in Section

IV. STABILITY AND DYNAMICS OF THE SOLUTIONS

To study the stability of solutions we will first present the corresponding linear stability analysis framework. We
begin by writing

u=(U(z)+ a(w)e)‘z + b(;zc)*e)‘*z)e_wz7 v=(V(z)+ c(sc)e’\z + d(x)*e)‘*z)e_%‘“z (38)

where U(z), V(z) are the exact solutions of found in Section Substituting into the system ((1)) we obtain
in the first order set of equations

w+ Ly -V -U* 0 a a

. Vs —w-—-L3 0 U bl b
" —ov 0 2w+ K+ Loy 0 c| A c|’ (39)

0 2U* 0 —2w—k—L} d d

where the operators Ly o are L; = d;0yy + Vi(z) + iW;(x) for i € {1,2}. If, for a given solution, the corresponding
eigenvalue \ has a positive real part then the solution is unstable as is readily seen in ; otherwise the solution is
stable.

In the following subsections, we will apply the linear stability analysis and show the results of numerical propagation
of the solutions we found in Section according to using a standard explicit 4th order Runge-Kutta code. We
focus on the three solitonic solutions derived in Section [ITl, of dark-dark, bright-bright and also bright coupled with
the dark-in-bright waveforms, and also on the three oscillatory solutions derived in Section[[II]in each of the quadratic,
linear and non-polynomial cases considered. In each subsection, we start by specifying G(y) and other parameters
as is necessary. We find that in all cases the solutions are unstable with increasing strength of instability as the
amplitude parameters increase. Each example we consider has various regions of weak and strong instability as is
discussed in the following subsections.

Notice also that the equation

diZP(z) = —2/ (Wl(x)|u(x, 2)|? + Wy (z)|v(z, z)|2) dx (40)

can be derived from the system (1)) where the combined power function P(z) is defined as P(z) =
[ (Ju(z, 2)|* + |v(z, 2)|*) de. Equation (40) acts as a numerical check of all of the simulations performed in this
section.

A. Solitonic Solutions (k =1)
1. Dark-dark solitary wave

For the solutions presented in Section |III Alin equations — we additionally make the choice here of G(y) =
KFy(y) with K € R. Also choosing w, o so that V; 2 — 0 as  — 0o gives

3 3
w = ACy+ d1 K?, Vi = ACy(1 — 5y?) + 6d17%y? + di K3 (1 — §y2)2 —w (41)
C C 3 3
o = XO +4ds K2, Vo = Xo(l — 5@/2) + 6dar?y? + 4da K2 (1 — §y2)2 -0

W; = —9jrd,; K tanh(rz)sech?(rz). (42)



“Wu*.n/u,

-20 0 20 —%O 0 20
X

-1
®
Q

=

®

=" 0

= 0 0 20 -20 0 20

X X

FIG. 1: This figure shows stability analysis and time propagation plots for the dark-dark soliton case. The parameters
di =d2 =0.1, r =1 and K = 0.05 are fixed in every plot. The contour plot in the upper left depicts max(Re()\)) as a function
of amplitude parameters Cy and ACy of the Fi, F5 functions. The other seven plots correspond to the point (1,1) in the dim
but non-zero region of the contour plot. At this point we have max(Re(\)) ~ 0.5201. In the left two plots of the bottom
row, we show the magnitudes of the real and imaginary parts of the potential functions: |Vi(z)|,|Va(z)| and |Wi(z)|, |[W2(z)|
respectively. In the top two plots of the center column, we show the magnitudes of the eigenvectors |a(z)| (blue), |¢(x)| (green)
and the eigenvalues A in the complex plane that correspond to the stationary solutions seen in the top right panel. The right
column shows the magnitudes of the solution at ¢ = 0 and at later times. Here we find that the unstable solution loses its dark
soliton shape over time, with the destabilization manifesting across much of the x axis.

We present the stability analysis of this family of solutions in Figure[I] We find that as the amplitudes Cy, ACy of the
Fy, F5 functions, respectively, increase the solution becomes increasingly unstable. The panels of time propagation
plots in Figure [I| show that over the dynamical evolution, these unstable dark soliton solutions will not maintain
the dark soliton shape. Instead, the wide range of unstable eigenmodes in the system will induce a form of “lattice
turbulence” whereby the end dynamical result will appear to bear no clear solitonic (or other) structure.

2. Antidark-antidark solitary wave

For the solutions presented in Section [[IT A|in equations — with the + sign, we take G(y) = KFi(y) with
K € R. Also choosing w, o so that V; 2 — 0 as x — oo gives

w = ACy + d1 K?, Vi = ACo(V22y + 4y?) — dir?(V22y — 6y%) + di K*(1 + V22y + 49°)* — d K (43)
o = % +4do K2, Vy = %(\/ﬁy + 492) — dor?(V22y — 6y°) + 4da K2 (1 + V22y + 4%)? — 4dy K?
W; = 3jrd; Ktanh(rz)sech(rx) (\/ﬁ + 8sech(rx)) . (44)

We present the stability analysis of this family of solutions in Figure We find that as the amplitudes Cy, ACy
of the F1, Fy functions, respectively, increase the solution becomes increasingly unstable with a pattern similar to
the previous example. However, here the eigenvectors are localized. The panels of time propagation plots in Figure
show that over the dynamical evolution, these soliton solutions will not maintain the soliton shape. Instead, the
turbelence occurs near the center of the lattice, close to the solution’s peak. The instability is similar over time to
what is observed in the dark-in-bright example below.
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FIG. 2: This figure shows stability analysis and time propagation plots for the antidark-antidark soliton case. The placement
of the figures follows the same pattern as that of Figure [[] The parameters di = d2 = 0.1, r = 1 and K = 0.05 are fixed in
every plot. The point C'= D = 0.5 from the upper left contour plot corresponds to max(Re(\)) ~ 1.5547, and the other seven
plots show details about these amplitude values. Here we find that the unstable solution loses its soliton shape in a way that
is similar to the dark-in-bright example below in Figure

3. Multiple dark solitary wave

For the solutions presented in Section [IIT A|in equations — with the — sign, we take G(y) = KF(y) with
K € R. Also choosing w, o so that V; 2 — 0 as x — oo gives

w = ACy + d1 K?, Vi = ACo(—V22y + 4y*) + dir? (V22y + 6y%) + di K2 (1 — V22y + 4y*)? — d1 K?  (45)
— % +4d K2, V= %(—\/ﬁy + 492) 4 dor?(V22y + 6y%) + 4da K2 (1 — /22y + 43%)? — 4dy K2
W; = 3jrd; Ktanh(rz)sech(rz) (,\/ﬁ + 8sech(rx)) . (46)

We present the stability analysis of this family of solutions in Figure |3l We find that as the amplitudes Cy, ACy of
the Fi, F5 functions, respectively, increase the solution becomes increasingly unstable with a pattern similar to the
previous example. The panels of time propagation plots in Figure |3| show that over the dynamical evolution, these
soliton solutions will not maintain the dark soliton shape. Instead, the turbelence occurs across the z axis. The
instability is similar over time to what is observed in the first dark-dark example above.

4. Bright-Bright solitary wave

For the solutions presented in [[1I B|in equations and we simply choose G(y) = Ky with K € R and we
take w, o to be such that V; 2 — 0 as * — oo. This gives the solution

w = —dir*pi?, Vi = £DyP? + di K2y* + dirPpi(pr + 1)y?, Wi = rdi K (2p1 + 1)sech(raz)tanh(rz) (47)
02
o = —dor’ps?, Vo= :I:Eyzpl_p2 +4do K2y? + dor’po(pe + 1)y, Wo = 2rdy K (2ps + 1)sech(rz)tanh(rz).

In Figure [ we show the stability analysis for selected parameters. Similar to the dark-dark case, the solutions do
not maintain their shape as time progresses and the strength of instability increases as both the multipliers C' and
D in increase. Here, it is clear that the instability results in the breaking of the parity symmetry, leading to a
symmetry-breaking pattern.
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FIG. 3: This figure shows stability analysis and time propagation plots for the multiple dark soliton case. The placement of
the figures follows the same pattern as that of Figure[l] The parameters di = d2 = 0.1, r = 1 and K = 0.05 are fixed in every
plot. The point C' = D = 0.5 from the upper left contour plot corresponds to max(Re(\)) ~ 0.5277, and the other seven plots
show details about these amplitude values. Here we find that the unstable solution loses its dark soliton shape similar to the
first dark-dark example.
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FIG. 4: This figure shows stability analysis and time propagation plots for the bright-bright soliton case with p = ¢ = 1. The
placement of the figures follows the same pattern as that of Figure[I] Here the parameters common to all plots are d; = d2 = 1,
r=1and K =0.1. The point C' = 0.5, D = 3 from the upper left contour plot corresponds to max(Re()\)) ~ 1.7055 and more
details regarding these specific amplitude parameters are shown in the other seven plots. Here we find that as time progresses
the solution loses its soliton shape with turbulent, symmetry-breaking behaviour occurring first nearby the central peak and
then leaking outward across the x axis.
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FIG. 5: This figure shows stability analysis and time propagation plots for the bright and dark-in-bright soliton case. The
placement of the figures follows the same pattern as that of Figure[I] Here the parameters common to all plots are dy = d2 = 0.1,
r = 0.2 and K = 0.05. The point C = 0.5, D = 3 from the upper left contour plot corresponds to max(Re(\)) & 0.2778 and
more details regarding these specific amplitude parameters are shown in the other seven plots. Here we find that as time
progresses the solution loses its soliton shape completely.

5. Bright and Dark-in-Bright solitary Wave

For the solutions presented in Section |[II C|in equations — we choose G(y) = Ky(1 — y?) and obtain

w = —dyr?p?, Vi = =By +dir’y*(p+1)(p+2) + di K*y*(1 — y*)?
A2
o = —dyr?q?, Vo= —fyzp*q(l =) + dor?yPq(qg + 1) + 4do KPy? (1 — y?)?

W1 = Krdysech(rz) tanh(rz)(1 4 2p — (5 + 2p)y?)
Wo = 2Krdasech(rx) tanh(rz) (1 + 2¢ — (3 + 2¢)y?)

by choosing w, o as usual. The stability analysis is presented in Figure [5} Similar to the quadratic case, the strength
of instability increases as A increases and as B increases. The propagation plots in Figure [5] show that the peak
destabilizes and the amplitude spreads out over the x axis while maintaining some comparative concentration at the
center of the axis. Furthermore, a symmetry-breaking feature appears once again to be amplifed and be distinctly
observable at the end of the simulation’s reporting horizon.

B. Oscillatory Solutions (k = 0)
1. Quadratic oscillatory solution

For the solutions in Section [[ITA]in equations (27)-(28) we take G(y) = KFi(y) similar to the dark-dark soliton
case, obtaining the following solutions

w = ACy + d1 K? + 4dy 12, Vi = —2ACoy* 4+ di K*(1 — 292)? — dy K> (48)
C C
o =22 4 4dyK? +4dor?, Vo= — IOyQ + 4dy K?(1 — 2¢%)? — 4dy K>

A
W; = —12jrd; K cos(rz) sin(rx)

for j € {1,2}. The stability graph in Figure |§| has similar features to the one in Figure [1} showing that the changes
in stability strength of the system across the amplitudes Cy, ACy grid are similar despite very different k& values.
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FIG. 6: This figure shows stability analysis and time propagation plots for the quadratic oscillatory case. The placement of the
figures follows the same pattern as that of Figure [Il Here the parameters common to all plots are di = d2 = 0.1, r = 0.5 and
K = 0.05. The point C' = 0.5, D = 3 from the upper left contour plot corresponds to max(Re())) = 2.3602 and more details
regarding these specific amplitude parameters are shown in the other seven plots. Here we find that as time progresses the
instability of the solution appears across the x axis at near regular intervals, close to the periodicity of the stationary solution.
However, the solution over time does not remain truly periodic.

In the current oscillatory function case, we observe that the waves will not maintain their original shapes, with the
most apparent distortions located at near-periodic points along the x axis. These distortions will not only break the
periodicity of the structure but they will also lead (within some lattice periods of the solution) into the turbulent
dynamical evolution discussed previously.

2. Linear oscillatory solution

For the solutions in Section [III B|in equations and we take G(y) = Ky and obtain the solution

w = dir’, Vi=4Dy+diK?*y?, Wi=3rdiK sin(rz) (49)
C2
o = dor?, Vo= :tﬁy +4dy K?y?, Wy = 6rdy K sin(rz).

The stability graph in this linear function case for k = 0 is presented in Figure []] Here we see that the pattern of
the strength of the instability is more similar to that of the quadratic functions than it is to the linear functions case
with & = 1. We can see that the strength of instability increases as C, D increase. The propagation plots in Figure [7]
show that over time the wave loses its original shape at points across the x axis. Here the instability is induced by
eigenvectors which also extend across the x axis and which lead to a breakup of the periodicity of the original pattern.

8. Other oscillatory solution

For the solutions in Section [[II C| in equations — and — we choose G(y) = Ky(1 —y?), p=q = 1,

and obtain

w =ddyr?,  Vi=-By+diK(1-y%) (50)
A2

— (1= y?) + 4ds K2y (1 = y%)?

W1 = Krdy sin(rz) (3 — 7 cos®(rz))

Wy = 2Krdy sin(rz) (3 — 5cos?(rz)) .

o =dr?, Va
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FIG. 7: This figure shows stability analysis and time propagation plots for the linear oscillatory case. The placement of the
figures follows the same pattern as that of Figure[I] Here the parameters common to all plots are di = dz2 = 0.35, r = 0.25 and
K = 0.1. The point C = 0.5, D = 3 from the upper left contour plot corresponds to max(Re()\)) ~ 2.6630 and more details
regarding these specific amplitude parameters are shown in the other seven plots. Similar to the quadratic oscillatory case,
here we find that as time progresses the solution does not remain truly periodic.
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FIG. 8: This figure shows stability analysis and time propagation plots for the other oscillatory case. The placement of the
figures follows the same pattern as that of Figure[l} Here the parameters common to all plots are d; = d2 = 0.1, » = 0.25 and
K = 0.05. The point C = 0.5, D = 3 from the upper left contour plot corresponds to max(Re(\)) =~ 2.8819 and more details
regarding these specific amplitude parameters are shown in the other seven plots. Here we find that as time progresses the
instability of the solution appears across the x axis at near regular intervals, close to the periodicity of the stationary solution.
The instability is similar to the other oscillatory cases and again leads to a periodicity breakup.

The stability graph on the left of Figure[§]shows that the strength of instability increases as B increases, yet it appears
to be roughly independent of A. The propagation panels show the distortion of the original solution occurring over
time at points across the x axis corresponding to an eigenvector that is also spread across x.
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V. CONCLUSION

In the present work, we have explored both solitary and more broadly periodic (including cnoidal and even their
trigonometric limit of k& = 0) solutions of the PT-symmetric problem with quadratic nonlinearity. A reverse engineer-
ing approach was adopted herein attempting to identify even real potentials and odd imaginary ones that would be
compatible with specific cnoidal solutions (and their hyperbolic limits in the case of k = 1, as well as their trigono-
metric ones in the case of k = 0). It was shown that necessitating the existence of such solutions generally leads
to a number of plausible requirements (for the absence of singularities) that can, in turn, be used to identify wide
parametric families of potentials with the desired solutions. Relevant waveforms included, but were arguably not
limited to dark-dark or bright-bright solitary waves and more exotic generalizations thereof such as the bright wave
coupled to a dark-in-bright structure. Oscillatory variants of such hyperbolic limit solutions were identified as well.

Naturally, numerous directions of future research arise from the present considerations. Offering a systematic similar
approach could be of interest also in the case of other nonlinearities. From a stability perspective, it would appear
interesting to identify case examples with stable isolated parameter values or, more promisingly, wide parameter
ranges, as the solutions considered here seemed to be largely unstable (with bands of unstable modes) resulting in
turbulent dynamics in many of our dynamical examples. Finally, exploring two-dimensional generalizations of the
relevant PT-symmetric systems is of particular interest in its own right both at the level of discrete systems (see e.g.
the plaquette considerations of [51]) and at that of continuum ones (see e.g. [9]); see also the recent work of [52]. Such
studies are currently in progress and will be reported in future publications.

VI. ACKNOWLEDGMENTS*

F.A. acknowledges the support from Grant No. EDW B14-096-0981 provided by ITUM (Malaysia). P.G.K. gratefully
acknowledges the support of NSF-DMS-1312856, as well as from the US-AFOSR, under grant FA950-12-1-0332, and
the ERC under FP7, Marie Curie Actions, People, International Research Staff Exchange Scheme (IRSES-605096).

C. H. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243 (1998).

C.E. Riiter, K.G. Makris, R. El-Ganainy, D.N. Christodoulides, M. Segev, D. Kip, Nature Phys. 6, 192 (2010).

C. M. Bender, B. Berntson, D. Parker, and E. Samuel Am. J. Phys. 81, 173 (2013).

J. Schindler, A. Li, M.C. Zheng, F.M. Ellis, and T. Kottos, Phys. Rev. A 84, 040101 (2011).

J. Schindler, Z. Lin, J. M. Lee, H. Ramezani, F. M. Ellis, and T. Kottos, J. Phys. A: Math. Theor. 45, 444029 (2012).

B. Peng, S.K. Ozdemir, F. Lei, F. Monifi, M. Gianfreda, G.L. Long, S. Fan, F. Nori, C.M. Bender, L. Yang, Nature Physics

10 (2014) 394.

[7] N. Bender, S. Factor, J. D. Bodyfelt, H. Ramezani, D. N. Christodoulides, F. M. Ellis, and T. Kottos Phys. Rev. Lett.
110, 234101 (2013).

[8] Z. H. Musslimani, K. S. Markis, R. El-Ganainy, and D. N. Christodoulides, Phys. Rev. Lett. 100, 030402 (2008); J.Phys.

A 41, 244019 (2008).

[1]
[2]
3]
[4]
[5]
[6]

[9] V. Achilleos, P. G. Kevrekidis, D. J. Frantzeskakis, and R. Carretero-Gonzalez, Phys. Rev. A 86, 013808 (2012).
[10] S. V. Dmitriev, A. A. Sukhorukov, and Yu. S. Kivshar, Opt. Lett. 35, 2976 (2010).
[11] M.-A. Miri, A.B. Aceves, T. Kottos, V. Kovanis, and D.N. Christodoulides, Phys. Rev. A 86, 033801 (2012).
[12] H. Ramezani, T. Kottos, R. El-Ganainy, D.N. Christodoulides, Phys.Rev. A 82, 043803 (2010).
[13] A.A. Sukhorukov, Z. Xu and Yu.S. Kivshar, Phys.Rev. A 82, 043818 (2010).
[14] K. Li and P.G. Kevrekidis, Phys. Rev. E 83, 066608 (2011).
[15] J. Pickton and H. Susanto, Phys. Rev. A 88, 063840 (2013).
[16] N. V. Alexeeva, I.V. Barashenkov, K. Rayanov, and S. Flach, Phys. Rev. A 89, 013848 (2014).
[17] 1.V. Barashenkov, G.S. Jackson, and S. Flach, Phys. Rev. A 88, 053817 (2013).
[18] A. Mostafazadeh, Phys. Rev. Lett. 110, 260402 (2013); X. Liu, S. Dutta Gupta, and G. S. Agarwal, Phys. Rev. A 89,

013824 (2014).

[19] H. Benisty, A. Degiron, A. Lupu, A. De Lustrac, S. Chénais, S. Forget, M. Besbes, G. Barbillon, A. Bruyant, S. Blaize,
and G. Lérondel, Optics Express, 19, 18004 (2011).

0] D. Wang and A. B. Aceves, Phys. Rev. A 88, 043831 (2013)

1] D.A. Zezyulin and V.V. Konotop, Phys. Rev. Lett. 108, 213906 (2012).

2] D.E. Pelinovsky, P.G. Kevrekidis, and D.J. Frantzeskakis, European Physics Letters 101, 11002 (2013).

3] P.G. Kevrekidis, D.E. Pelinovsky, and D.Y. Tyugin, SIAM J. Appl. Dyn. Sys. 12, 1210 (2013); P.G. Kevrekidis, D.E.
Pelinovsky, and D.Y. Tyugin, J. Phys. A: Math. Theor. 46, 365201 (2013).

[24] D.E. Pelinovsky, D. A. Zezyulin, and V.V. Konotop, J. Phys. A: Math. Theor. 47, 085204 (2014).

[25] R. Driben, B.A. Malomed, Europhys. Lett. 96 51001 (2011).



16

G Della Valle, S Longhi, Physical Review A 87, 022119 (2013).

R.L. Horne, J. Cuevas, P.G. Kevrekidis, N. Whitaker, F.Kh. Abdullaev, D.J. Frantzeskakis, J.Phys. A 46, 485101 (2013).
F. Kh. Abdullaev, V. V. Konotop, M. Salerno, and A. V. Yulin, Phys. Rev. E 82, 056606 (2010).

F. Kh. Abdullaev, Y. V. Kartashov, V. V. Konotop, and D. A. Zezyulin Phys. Rev. A 83, 041805 (2011).

D.A. Zezyulin, Y.V. Kartashov and V.V. Konotop, EPL 96, 64003 (2011).

R. Driben and B.A. Malomed, Opt.Lett. 36, 4323 (2011).

M. Salerno, arXiv:1306.3643v1

H. Xu, P.G. Kevrekidis, Q. Zhou, D.J. Frantzeskakis, V. Achilleos, R. Carretero-Gonzalez, Rom. J. Phys. 59, 185 (2014).
C. P. Jisha, A. Alberucci, V. A. Brazhnyi, and G. Assanto, Phys. Rev. A 89, 013812 (2014).

Y. He, X. Zhu, D. Mihalache, J. Liu, and Z. Chen Phys. Rev. A 85, 013831 (2012).

F.G. Moreira, F.Kh. Abdullaev, V.V. Konotop, and A. Yulin, Phys. Rev. A 86, 053815 (2012).

F.G. Moreira, V.V. Konotop, and B.A. Malomed, Phys. Rev. A 87, 013832 (2013).

K. Li, D. A. Zezyulin, P. G. Kevrekidis, V. V. Konotop, F. Kh. Abdullaev, Phys. Rev. A 88, 053820 (2013).

R. Stiitzle, M. C. Gbel, Th. Hrner, E. Kierig, I. Mourachko, M. K. Oberthaler, M. A. Efremov, M. V. Fedorov, V. P.
Yakovlev, K. A. H. van Leeuwen, and W. P. Schleich Phys. Rev. Lett. 95, 110405 (2005).

40] S. Flach, Y. Zolotaryuk, and K. Kladko Phys. Rev. E 59, 6105 (1999).

Y.N. Karamzin and A.P. Sukhorukov, JETP Lett. 20 339 (1974).

.J. Werner and P.D. Drummond, Opt.Lett., 19, 613 (1994).

.J. Werner and P.D. Drummond, JOSA B 10 2390 (1993).

.R. Menyuk, R. Schiek, and L. Torner, JOSA B 11, 2434 (1994).

. Hayata and M. Koshiba, Phys.Rev. A 50, 675 (1994).

.F. Parker and E.N. Tsoy, J.Eng.Math. 36, 149 (1999).

. Sakaguchi and B.A. Malomed, JOSA B 29, 2741 (2012).

. V. Buryak, P. Di Trapani, D. V. Skryabin and S. Trillo, Phys. Rep. 370, 63 (2002).

.A. Brazhnyi and V.V. Konotop, Mod. Phys. Lett. B 18, 627 (2004).

.G. Kevrekidis, D.J. Frantzeskakis, B.A. Malomed, A.R. Bishop and 1.G. Kevrekidis, New J. Phys. 5, 64 (2003).

. Li, P.G. Kevrekidis, B.A. Malomed, U. Guenther, J. Phys. A 45, 444021 (2012).

. Yang, Opt. Lett. 39, 1133 (2014).

T4rIORQEE

“ =


http://arxiv.org/abs/1306.3643

	University of Massachusetts Amherst
	ScholarWorks@UMass Amherst
	2015

	Some Case Example Exact Solutions for Quadratically Nonlinear Optical Media with PT-Symmetric Potentials
	Y. N. Truong Vu
	J. D'Ambroise
	F. Kh. Abdullaev
	P. G. Kevrekidis
	Recommended Citation


	I Introduction
	II The model
	III Solutions in terms of the cnoidal function
	A Polynomial Functions
	1 Cnoidal parameter k=0
	2 Cnoidal parameter k=0 and y=cos(rx)

	B Power Functions
	1 Cnoidal parameter k=1 and y=sech(rx)
	2 Powers p1=p2=1

	C Other solutions
	1 Cnoidal parameter k=1 and y=sech(rx)
	2 Powers p=q=1


	IV Stability and Dynamics of the Solutions
	A Solitonic Solutions (k=1)
	1 Dark-dark solitary wave
	2 Antidark-antidark solitary wave
	3 Multiple dark solitary wave
	4 Bright-Bright solitary wave
	5 Bright and Dark-in-Bright solitary Wave

	B Oscillatory Solutions (k=0)
	1 Quadratic oscillatory solution
	2 Linear oscillatory solution
	3 Other oscillatory solution


	V Conclusion
	VI Acknowledgments*
	 References

