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ABSTRACT

COMBINATORICS OF EQUIVARIANT COHOMOLOGY:
FLAGS AND REGULAR NILPOTENT HESSENBERG VARIETIES
FEBRUARY 2015
ELIZABETH DRELLICH, B.A., GEORGE WASHINGTON UNIVERSITY
M.S., UNIVERSITY OF MASSACHUSETTS AMHERST
PH.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Julianna Tymoczko

The field of Schubert Calculus deals with computations in the cohomology rings of certain alge-
braic varieties, including flag varieties and Schubert varieties. In the equivariant setting, GKM
theory turns multiplication in the cohomology ring of certain varieties into a combinatorial com-
putation. This dissertation uses combinatorial tools, including Billey’s formula, to do Schubert
calculus computations in several varieties. First we address do computations in the equivariant
cohomology of full and partial flag varieties, the classical spaces in Schubert calculus. We then do
computations in the equivariant cohomology of a family of non-classical spaces: regular nilpotent
Hessenberg varieties. The final chapter gives a complete presentation for the cohomology ring of

the Peterson variety, a type of regular nilpotent Hessenberg variety.
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CHAPTER 1

INTRODUCTION

Schubert calculus, in the style of Goresky-Kottwitz-MacPherson (GKM), uses combinatorial
tools to understand the equivariant cohomology of certain algebraic varieties. This thesis presents
Schubert-calculus-type calculations with partial flag varieties, regular nilpotent Hessenberg va-
rieties, and Peterson varieties. Partial flag varieties are GKM spaces and thus the traditional
spaces with which to do such calculations. Regular nilpotent Hessenbergs varieties, of which the

Peterson varieties are a subfamily, are not.

In the late 1800’s, Hermann Schubert asked questions about intersections of subspaces: given
four lines in projective 3-space, how many lines intersect all four? If the four lines are in general
position, by which Schubert meant that the four lines are in two intersecting pairs, there will be
two lines which intersect all four. Schubert published his results in 1879 [32], but his calculations
involved case-by-case dimension counts and his questions were ambiguously posed. When Hilbert
proposed his 23 problems in 1900, the fifteenth was to make Schubert’s enumerative geometry

rigorous.

To make these enumerative geometry calculations rigorous, the field of Schubert calculus needed
to pose clearer questions. Instead of asking how many lines intersect a certain number of given
lines, we instead needed to ask about the intersections of algebraic varieties called Schubert va-
rieties and Grassmannians. Then the answers to these questions no longer need tweaks and

modifications to get the correct dimension count.

By the 1970’s, questions of intersections were known to be entirely contained in the questions

of the ring and module structure of the cohomology of the varieties [22]. The cohomology of an



algebraic variety encodes the intersections of its subspaces so an understanding of the cohomol-
ogy is sufficient to answer questions about the number of points in the intersection of Schubert
varieties. In the cohomology setting instead of intersecting subspaces one multiplies classes. In
modern parlance, to “do Schubert calculus” with a space is to give the structure of its cohomology,
complete with generators for the ring, a basis for it as a module, and rules for multiplying within

the ring.

Since the 1970’s, mathematicians have done Schubert calculus with a range of spaces. Schu-
bert’s original questions are answered by studying Grassmannians [9][23][29][34] and Schubert
varieties [4][5][30]. The field has expanded to include flag varieties which can be treated as a
specific case of Schubert variety, as well as partial flag varieties [10][33] and affine Grassmannians

[25][26][27].

In 1997, Goresky-Kottwitz-MacPherson published a paper describing an approach to equivari-
ant cohomology that is known as GKM theory [15]. Equivariant cohomology uses additional
information from an appropriate group action on the space. For every result in Schubert calculus
using ordinary cohomology there is an analogous statement for equivariant cohomology. Other
cohomology theories are also used. There is work in quantum and quantum equivariant Schubert

calculus as well as work using cobordism and k-theoretic techniques [12].

GKM theory gives a combinatorial structure that provides a module basis for the equivariant
cohomology and ring generators for the ring. It says that all of the information about the equiv-
ariant cohomology happens at the fixed points of the space. Moreover, explicit combinatorial
calculations tell us exactly what occurs at those fixed points. But in order to get these structures
the space and group action need to meet certain criteria, which will be discussed Chapter 2. Such
pairs are called GKM spaces. This thesis uses applicable parts of GKM theory when appropriate,

and reconstructs GKM-style combinatorial structures when the theory does not apply.

This thesis presents results about partial flag varieties and regular nilpotent Hessenberg vari-
eties. Chapter 3 gives a new basis for the cohomology of the flag variety G/B as a product of

the cohomology of G/P and P/B where P is any parabolic subgroup of G. In Chapter 4 we



give several results about regular nilpotent Hessenberg varieties, including partial results about a
conjectured basis for the equivariant cohomology of regular nilpotent Hessenberg varieties. The
last chapter specializes to a particular regular nilpotent Hessenberg variety, the Peterson variety.
We give, in all Lie types, a module basis and ring generators for the equivariant cohomology of

the Peterson variety, as well as multiplication rules for the ring.



CHAPTER 2

TECHNICAL BACKGROUND

The notation conventions presented in this chapter will be used throughout the document.

Certain definitions and theorems used in multiple chapters are also provided here.

2.1 Notation conventions

All root systems and Weyl groups are constructed by fixing a complex reductive linear algebraic

group G, a Borel subgroup B, and a maximal torus 7' C B C G. This choice gives
e a root system P
e positive roots @+ C @
e simple roots A C &T
e an associated Weyl group W
e associated Lie algebras t C b C g
e root spaces g, C g for each root a € .

We also choose a basis element E, € g, for each of the root spaces. Some of our constructions
rely on a specific ordering of the roots ai,as,...,aa € A. This ordering is expressed in the
Dynkin diagrams of A as shown in Figure 1. For Lie type A we will use the convention that
G = GL,(C), B is the set of upper-triangular matrices in G, and T is the set of diagonal matrices
in G.



Figure 1: Dynkin diagrams of root systems.
The Dynkin diagrams show the order on the simple reflections. The same order is imposed on
the corresponding simple roots throughout this paper.

59
A, O O----0 o)
S1 52 53 Spn—2 Sn—1 Sn
E, O ---0 O
S1 S3 S4 Sn—1 Sn
B, O O----0 ) o)
S1 52 S3 Spn—2 Sn—1 Sn
Fy O—Oo—>—0—0
S1 52 S3 S4
Chn o ¢ O----0 I O
S1 52 83 Sn—2 Spn—-1 Sn
Sn
T G =0
S1 52
D, o C O----0 N —O
S1 52 53 Sn—3 Sn—-2 Sn—1

We recall standard notation about roots and weight lattices as found in Humpreys’ Introduc-
tion to Lie Algebras and Representation Theroy [17, pp 35-37]. The roots « are the (non-trivial)
weights of the adjoint representation of t. As such they live in the dual t*. Throughout this thesis
and especially in Chapters 4 and 5, many computations will take place in the ring Cle; : «; € A].

This ring is a subring of the Cartan subalgebra C[t*] which we reference in Chapter 3.

2.2 GKM Theory

Named after Goresky-Kottwitz-MacPherson and their 1997 paper, GKM theory allows us to
study the equivariant cohomology of certain geometric spaces by looking at polynomials associ-
ated to the fixed points of the space [15]. Many others including Braden, Brion, Carrell, Knutson,

Rosu, and Tao, contributed to the development of this theory [15].

In order for GKM theory to apply to a space X and a torus group T acting on that space

the pair must have three properties:
1. X is equivariantly formal with respect to T,
2. X contains finitely many points, X7, which are fixed by 7', and

3. X has finitely many one dimensional orbits under the action of 7.



If a space X satisfies these properties with respect to a group action of torus 7', then it is called a
GKM space. In this case GKM theory gives two main properties of the T-equivariant cohomology

of X.

1. The T-equivariant cohomology of X injects into the T-equivariant cohomology of the T-fixed

points of X.
Hi(X) = €D Hi(pt)
XT

Moreover a straightforward algebraic calculation describes this injection. Thus we can study
the equivariant cohomology Hr(X) by looking only at the equivariant cohomology of the

T-fixed points of X.

2. The pair of X and T has an associated GKM graph constructed using the set X7 as
vertices and the one-dimensional orbits as edges. Equivariant Schubert classes arising from
this graph give a basis for H>(X) as a module over H}.(pt). A subset of these classes

generate the equivariant cohomology as a ring.

When paired with the maximal torus in the Borel subgroup, all of the spaces classically studied
by Schubert calculus, including Grassmannians, flag varieties, and Schubert varieties, are GKM
spaces. The construction of the GKM graph and the equivariant Schubert classes will be discussed
in depth in Sections 2.2.1 and 2.2.2 respectively.

2.2.1 Construction of GKM Graphs

Let X be a GKM space with respect to the group T acting on X. We build an edge-labeled graph
G such that:

e the vertex set V(G) is the set X7 of T-fixed points of X,
o the edge set E(G) is the set of one (complex) dimensional T orbits in X, and
e each edge is labeled by an element of C[t*] which we will take more care to define.

Each one-dimensional orbit is parameterized by a character of T'. As this parameter tends towards
zero or infinity, the orbit approaches a T-fixed point of X. We label the edge between these fixed

points by the weight « € C[t*] corresponding to that character of T



Example 2.1. We construct the GKM graph for the flag variety GL2(C)/B under the action of

t
T = ! . The set of flags has coset representatives
0 to
a 1 1 0
GLy(C)/B = taeC U
10 0 1
10 0 1
The flags fixed by T are and . Consider a flag that is not fixed by T'. For example
0 1 1 0
th 11 _|nom Tl
ty 1 0 to 0 1 0

We associate the weight oy with the character & and the orbit parameterized by this character
is
tq 1 1 0 1 ty 11 10
flim : = and Tlim - =
0\t |1 0 10 w7 \t] (10 0 1
Thus the GKM graph contains two fixed points and an edge connecting them. We label that edge

a1 to indicate the parameter along that orbit.

0 1 oy 10
10 0 1

Given a choice of B and coset representatives, the edges of the GKM graph are directed corre-

sponding to the limits as I— goes to zero and infinity. When the fixed points are permutations,
J
this direction corresponds to the Bruhat order. The vertex at the zero end of each edge is above

the vertex at the infinity end in the Bruhat order.

The identification of % with the simple root a; uses a formal algebraic isomorphism between
the characters of T' which are written as a multiplicative group, and the weights of the adjoint
representation of t which are an additive group. We often conflate characters with weights. We use
the characters of the torus action of T to build GKM graphs but once the graphs are constructed

all computation occur inside the Cartan subalgebra C[t*].



Example 2.2. When there are multiple one-dimensional orbits, labeling the edges of the graph
becomes more complicated. The GKM space GL3(C)/B is a larger example that demonstrates

several points.

1. Not all points of GL3(C)/B are in one-dimensional T orbits. For example

t1) |1 1 1 t1 t1 % % 1
tal |1 0 0=ty 0 O[=1]1 0 0
ts] |0 1 0 0 t3 0 0 1 0

is a two-dimensional orbit.

2. Multiple edges can have the same parameter. As before, the weight «; is associated with

the character i—; There are three distinct one-dimensional orbits parameterized by the %

These orbits are:

ty t1 t

= 1 0 = 0 1 0 i 1
1 0 0], 1 0 0], 0 1 0
0 0 1 0 1 0 1 0 O

‘N

3. Not all edges have the same parameter. The weight as corresponds to the character iS.

The three one-dimensional orbits parameterized by i—g are:

1 0 0 0 10 0 0 1
05—21,301,%10
0 1 0 1 0 0 1 0 0

4. The weight associated to the parameter % is a1 + a9 and its orbits are:

£ 10 0 % 1 T 01
0 0 1f, |1 0 o0, 0 10
1 00 0 1 0 1 00

5. The T-fixed points are indexed by a combinatorial object. In the case of GL3(C)/B the
fixed points are flags that can be represented by matrices with one 1 in each row and each
column. These are the permutation matrices, so the fixed points correspond to permutations

on three elements.

We can write the permutations corresponding to the fixed points in terms of the simple reflections

s1=(1,2) and s3 = (2,3). The GKM graph for GL3(C)/B is



§18281

8182 8281

S1 52

Here colors indicate the edge labels: black for aq, blue for as, and red for a; + as.

We frequently draw the GKM graph without writing the fixed points which index the vertices.
In our next construction we will label the vertices of the GKM graph and make a distinction

between the fixed point and the label on the corresponding vertex.

2.2.2 Equivariant Schubert Classes as Generalized Splines

Definition 2.3. Let R be an arbitrary (commutative) ring and G a graph with edges labeled by
ideals T of R. A generalized spline on the edge-labeled graph is a set of labels on the vertices
of G such that

e cach verter v is labeled by an element of R

e if a and b are labels of a pair of vertices connected by an edge with label T C R then a — b

is in L.
Let X be a GKM space with torus action T and GKM graph G. Choose the ring R = Clay, ...q,] &
HZ(pt) and to each edge of G associate the ideal Z C R generated by its label. The set of
generalized splines on the GKM graph G is both a module and a ring over Clay, ..., ay]. It is
isomorphic as both a ring and a module to H}(X) which is a module over HJ.(pt). It is also
a free module over HZ(pt) and thus any basis will consist of |X7| elements, each of which is a

generalized spline on the GKM graph G.

Theorem 2.4 (Existence of the Schubert Basis [14]). Let P C G be a parabolic subgroup. Then
X = G/P is a GKM space with respect to the action of T and a module basis of H3(X) can be
given explicitly. There is a specific set of |XT| splines on the GKM graph G called equivariant
Schubert classes that form a basis of H}.(X). These classes are indexed by the same combinatorial

object as the fized points.



A Schubert class is denoted o, where v is a vertex of G.

Example 2.5. Continuing Example 2.2, the T-equivariant Schubert classes of GL3(C/B) are

indexed by the six elements of G3. The edge labels are understood to be those given in Example

2.2.
Oe Os, Osy
1 ag + ag o1+ ag
1 1 oy g+ oo a1 + oo (oD}
1 1 Qaq 0 0 Q2
1 0 0
Os1s5 Osys1 Os1s251
ag (a1 + az) as(ag + asg) aras(ay + as)
ai(ar + ag) 0 0 as(0q + as) 0 0
0 0 0 0 0 0
0 0 0

The index v of the equivariant Schubert class o, corresponds to the smallest (in Bruhat order)

vertex which has a non-zero label.

The polynomial labeling the vertex w in the equivariant Schubert class o, is called o, (w).

2.2.3 Billey’s formula

We now restrict our focus to flag varieties G/B with the action of maximal torus 7. In this case
the T-fixed points correspond to the elements of the Weyl group W and the parameters on the
one-dimensional orbits correspond to positive roots of ®. If there are m simple roots in & then
the GKM graph is an m-regular graph on |W| vertices. Furthermore the Schubert classes are
indexed by elements of W and, as demonstrated in Example 2.5, the index of the Schubert class

is the smallest fixed point in that class with a non-zero label.

10



In the case of G/B it is possible to say exactly what each Schubert class is. Billey gave an

explicit combinatorial formula for the polynomial o, (w) at the fixed point w.

Definition 2.6 (Billey’s Formula [4]). Fiz a reduced word for w = sy, 8p, - Sp,,, and define

r(i,w) = sp, Sp, -+ Sb,_, (aw;). Then

£(v)
oy(w) = > [IxGiw) |- (2.1)

reduced words i=1
V=S8p. Sp, **Sb.
le b]z b][(v)

Proposition 2.7 (Billey [4]). Properties of the polynomial o,(w):

e The polynomial o,(w) is homogeneous of degree £(v).

If v £ w then o,(w) = 0.

If v < w then o,(w) # 0.

The coefficients of o,(w) are non-negative integers.

The polynomial o,(w) does not depend on the choice of reduced word for w.
When v and w are words of relatively short length it is simple to calculate o, (w) by hand.

Example 2.8. Let G/B have Weyl group W = A, and let w = s18281 and v = s1. The word v

is found as a subword of 515951 in the two places s15251 and s18987.
ou(w) =1(1,815281) + r(3,518281) = a1 + $182(1) = a1 +

Using Billey’s formula the entire basis of Schubert classes for the T-equivariant cohomology of

any flag variety can be computed directly.

2.3 Hessenberg varieties

Hessenberg varieties are a large family of subvarieties of the flag variety G/B. They are defined
by two parameters: a subspace of the Lie algebra and an element of the Lie algebra. For any Lie

algebra g the relevant subspaces can be defined by root spaces.
Definition 2.9. A Hessenberg space H is a subspace of the Lie algebra g which

e contains b and

11



e is closed under the Lie bracket with b.

In type A, _1 a Hessenberg space H can be presented as either an nxn matrix or as a Hessenberg

function A : [n] — [n]. The matrix presentation of H in type A has the properties

e every entry on the diagonal is allowed to be non-zero and

e whenever an entry in H must be non-zero, all entries to the south and west must also be

Zero.

A Hessenberg function has the property h(:) > max{i,h(i — 1)} for all i = 1,2,...,n. The value

h(i) is the number of free variables in the i*" column of the matrix H.

Example 2.10. There are 5 Hessenberg spaces in GL3(C).

x ok ok x k% x ok ok x ok % x ok ok

0 *x = x ok % 0 * = * k% * % ok

0 0 = 0 0 = 0 * = 0 * = x ok %

H, Hy H; H, H;

ha(i)=i ha(1)=ha(2)=2 hg(1)=1 ha(1)=2 hs(i)=n
ha(3)=3 hs(2)=h3(3)=3 ha(2)=ha(3)=3

The Hessenberg space is one of two parameters which define a Hessenberg variety.

Definition 2.11. Let X € g be a linear operator and H C g be a Hessenberg space. The

corresponding Hessenberg variety is defined
Hess(X,H)={¢yB € G/B:Ad(g"" )X € H}. (2.2)

There are many families within the Hessenberg varieties. Specially named Hessenberg varieties
include regular semisimple and regular nilpotent Hessenberg varieties, Springer varieties, and Pe-

terson varieties.

Using the spaces from Example 2.10, the Hessenberg variety Hess(X, Hy) is called a Springer

variety. The variety Hess(X, Hy) is the full flag variety.

In this dissertation we focus on regular nilpotent Hessenberg varieties, a family for which the
operator X is a regular nilpotent operator. In the last chapter, we will focus on Peterson vari-

eties, a subfamily of regular nilpotent Hessenberg varieties.

12



CHAPTER 3

A PRODUCT DECOMPOSITION OF H;(G/B)

Classical Schubert calculus studies the cohomology of flag and partial flag varieties. Let P C G
be a parabolic subgroup. Then G/P is a partial flag variety. Like the full flag variety G/B when
B is a Borel subgroup, partial flag varieties are GKM spaces under the action of the maximal
torus T. A parabolic subgroup P C G contains B and gives rise to two new varieties: P/B and

G/P. The second one, G/P, is called a partial flag variety.

Since T acts on the variety P/B as well, we can study the T-equivariant cohomology of all

three of these varieties. By the Kiinneth theorem the three cohomology rings are related:
H}(G/B) = H}(G/P) ® H}(P/B).
This chapter gives a new proof of this fact via an explicit product of Schubert classes. We define

H}(G/P) and H}.(P/B) as submodules of H}.(G/B) and give module bases for them in terms of

Schubert classes. We then give an explicit module isomorphism.

Theorem 3.1. Let P be a parabolic subgroup of G. Then the map

Hp(G/P)® Hp(P/B) — Hp(G/B)

pP®gq = yo

is a bilinear isomorphism.
This is an equivariant version of the Leray-Hirsch theorem. Guillemin-Sabatini-Zara showed
that Leray-Hirsch holds in the equivariant setting for GKM spaces using a construction on the
GKM graphs [16, Theorem 3.5], we will do it explicitly using a different technique which involves
Schubert classes. These techniques which we introduce for the proof of Theorem 3.1, we will later
apply to computations involving Hessenberg varieties. One of these varieties will be discussed in

depth in Section 4.3.4.

13



3.1 H;(G/P) and H;(P/B) as submodules of H}(G/B)

As we have already discussed, the set of Schubert classes {o, : v € W} is a module basis for
HY(G/B) over Hx(pt). Let Wp be the subgroup of the Weyl group W generated by the simple
reflections s; € P and let W be the set of minimal coset representatives of W/Wp. The group

Wp is the Weyl group corresponding to P/B.

Classical GKM theory applies directly to P/B and says that the set {o,|w, : v € Wp} is a
basis of the T-equivariant cohomology of P/B. The submodule of H3.(G/B) generated by the set
{0y : v € Wp} is isomorphic to the module H7(P/B). Therefore we can think of the equivariant

cohomology of P/B as
H7(P/B) = span{o, :v € Wp} C H}(G/B).

By applying GKM theory to the partial flag variety G/P, the set {0 |y e : w € W} is a module
basis for H}.(G/P) [36]. We can consider the corresponding Schubert classes in the larger ring

H}.(G/B) and think of the equivariant cohomology of G/P as
H;(G/P) = span{o, : w e W'} c H:(G/B).

Whereas the presentation for Hx(P/B) is also a ring isomorphism, this presentation of H}.(G/P)
is strictly a module isomorphism. These inclusions into H}.(G/B) are the presentations we use

to prove Theorem 3.1.

3.2 Proof of Theorem 3.1

We prove the main theorem of this chapter by showing that the product of the basis of H}.(G/P)

and the basis of Hy(P/B) is a basis for H5(G/B). We write this product as
{owo, :we WP veWpl

The class 0,,0, has polynomial degree ¢(w)+¢(v) and each word in W can be written uniquely as
wv for some w € WP and v € Wp [6]. Thus for any m the collection {0, : w € WF v € Wp}
has the same number of classes of polynomial degree m as the standard Schubert class basis
{oy : v € W}. Therefore to prove Theorem 3.1 it suffices to prove that the collection of classes

{040y :w € WP v € Wp} is linearly independent over C[t*].
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Theorem 3.2. The set of Schubert class products {o,0, : w € WF v € Wp} is a linearly

independent set over C[t*].

In the this section we will prove Theorem 3.2 by arranging these products in a matrix A with
entries o, (w'v')o,(w'v’). The columns of this matrix correspond to pairs (w',v') € W x Wp
and the rows correspond to pairs (w, v) in the same set. In this way the columns of matrix A are

indexed by T-fixed points and the rows correspond to products of Schubert classes o,,0,.

We begin by establishing an order on W x Wp. The elements of both W and Wp are partially
ordered by length; fix a total order on W (respectively Wp) consistent with this partial order
and extend this lexicographically to all of W¥ x Wp. For instance all rows and columns corre-

sponding to pairs in (e, Wp) come before any pair in (s;, Wp).

For the remainder of this chapter we will consider the matrix A to have rows and columns ordered

as above.

3.2.1 Key lemmas

The proof of Theorem 3.2 is at the end of this section. We begin with two lemmas. The first will
prove that given the above ordering of its rows and columns, the matrix A = (g, (w'v")o, (w'v"))
is block upper-triangular. The second lemma will construct a matrix M - wN where M is an
invertible matrix and wN is known to have linearly independent rows and columns. We can then
prove Theorem 3.2 by showing that the diagonal blocks of A are scalar multiples of the matrix

M -wN.
Lemma 3.3. The matriz (0, (w'v')o, (W), ) (woyewr xw, @ block upper-triangular.

Proof. Choose w,w’ € WF. Consider the blocks of A whose rows are indexed by pairs in (w, Wp)
and whose columns are indexed by pairs in (w’, Wp). By construction this is a square |Wp| x |Wp|
block. Its entries are (o, (w'v')oy, (w'v’)) where v, v’ range over all of Wp. The last letter in every
reduced word for w’ € WP is a simple reflection s; € Wp (a fact shown by many, including
Bjorner and Brenti [6]). Thus every reduced word for w € W¥ inside w'v is in fact in the prefix
w’. The term o, (w'v’) thus equals o,,(w’) which is zero unless w < w’. Therefore whenever

(w) > ¢(w') and w # w’ the entire block is zero. O
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Example 3.4. Consider the varieties G/P and P/B in GL3(C)/B corresponding to Wp = (s3)
and WP = {e s;,s051}. Let ow, denote {0, : v € Wp}. Then the blocks of the matrix

(0w (W' )o,(w'v')) are

eWp s1Wp  s951Wp

OeOWp * * *
05, OWp 0 * *
O 505, 0Wp 0 0 *

Example 3.5. This example treats pairs w,w’ € WT with the same length. Let Wp be the
parabolic subgroup (s3) C (s1, 52, 53) = Az. The elements of W with length two are ss9, 5251,

and sgs2. The blocks of (o4, (w'v")o, (w'v")) where w, w’ have length two have the form

81$2Wp 8281Wp 8382WP

51500 Wp * 0 0
Osp5,OWp 0 * 0
O 53500 Wp 0 0 *

In the next lemma we show that the rows of the diagonal blocks of the matrix (o, (w'v")o, (w'v"))
are linearly independent. It is not immediately obvious that the matrices in this lemma are in

fact the diagonal blocks; that result is part of the content of the main theorem.

Lemma 3.6 (Linear independence of diagonal blocks). Fiz w € WF. Assume that the elements

of Wp are ordered consistently with the partial order on length. Let M be the matriz defined by

Opu-1(w) if u is a suffix of v
Mvu =

0 otherwise.

Define the matric N by N = (04,(v"))uew,. Consider the algebra isomorphism w : C[t*] — C[t¥]
induced from the action to = ty(q). Denote the image of N under this action of w by wN. Then

the rows of the matriz M - wN are linearly independent over C[t*].
Note that w does not permute the rows or columns of N.

Proof. If ¢(u) > £(v) then by construction M,, = 0. If {(u) = £(v) then M,, = 0 unless
v = u. Therefore M is an upper-triangular matrix. The entries on the diagonal have the form

My, = o.(w) = 1. Since 1 is a unit in C[t*] the matrix M is invertible.

16



Note that N = (04, (v"))uwew, is the matrix of Schubert classes in Hi(P/B). The rows of
N are the Schubert class basis for H}.(P/B) so the rows and columns of matrix N are linearly
independent. The function w acts on the matrix N by sending each t, to t,,). This operation
is invertible and so preserves linear independence of the matrix rows. Thus the new matrix wN

also has linearly independent rows.

Since M 1is invertible over C[t*] and wN has linearly independent rows over C[t*] the rows of

the matrix product M - wN are also linearly independent over C[t*]. O

3.2.2 Proof of Theorem 3.2

We now show that each of the diagonal blocks of A identified in Lemma 3.3 is a scalar multiple
of the matrix M - wN defined by Lemma 3.6. This proves that the rows of matrix A are linearly
independent and thus the collection of Schubert class products {o,0, : w € WP v e Wp} is

linearly independent over C[t*].
Proof. Consider the matrix A = (0, (w'v")oy (W) (w0, (w v )ew P xwp With rows and columns

ordered lexicographically subordinate to the length partial order on W¥ and Wp described above.

Partition the matrix A into blocks according to the pairs w,w’ € WF. Lemma 3.3 proved
that the matrix (o, (w'v")o, (w'v’)) is block-upper-triangular with this partition. Now consider

the blocks along the diagonal, namely the blocks of the form

(0w (wv/)ov(wvl))v,v’eWp = oy (w) - (Uv(wvl))v,v’EWP

for each w € WP, Billey’s formula guarantees that o,,(w) is non-zero so it suffices to consider

the matrix (o, (wv’))ywew,. We will show that
(0o(WV))prewp = M - wN

where M and wN are the matrices of Lemma 3.6. Multiplying matrices gives M - wN =
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u ranges over Wp v’ ranges over Wp

— —

£ 3
% Mvu gh ’LU(O'u(’U ))
g g
2 3
v’ ranges over Wp

q

S

8

>

= > My - w(oy(v))

gﬂ uweWp

f

s

Next we show that for any v,v’ € Wp the polynomial o, (wv’) can be decomposed as the sum

> Myy-w(oy(v')) . To do this, consider Billey’s formula for o, (wv’) and group terms according
ueWp

to which part of v is a subword of w and which part is a subword of v’. More precisely:

part of v found in w

—

oy (wv') = Z Opu—1(w) - woy, (V')
u a suffix — . ,
of v part of v found in v

By construction of M we have

> My w(on(@) = Y opr(w) - wou(v') = oy (wr).

ueEWp u a fsufﬁx
of v

Therefore the matrix (o, (wv'))y,orew, is equal to M - wN as desired.

By Lemmas 3.3 and 3.6 the rows of matrix A are linearly independent over C[t*]. Thus the

Schubert class products {70, : w € W v € Wp} are linearly independent over C[t*]. O

As discussed at the beginning of Section 3.2 the map W¥ x Wp — W given by (w,v) — wv
is a bijection. The degree of the homogeneous class 0,0, is by definition ¢(w) + £(v) so the
homogeneous classes {o,0, : w € WP v € Wp} form a linearly-independent set in Hx(G/B)
of the same degrees as the equivariant Schubert classes. Thus the collection of Schubert class
products {o,0, : w € WF v € Wp} form a basis for H}(G/B). This completes the proof of

Theorem 3.1.
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3.3 The Composite Basis for H}(G/B)

The basis for H7(G/B) given by Theorem 3.1 is not the classical Schubert basis. For example

when G = GL3(C) there are two classes that differ between this basis and the Schubert basis.

Example 3.7. This example uses Hy.(GL3/B) to demonstrate that the basis {o,,0,} is not equal
to the Schubert basis. We continue the example Wp = (s3) and W¥ = {e, 51, 5251 }. Four of the

classes {00, 1w € WPF and v € Wp} are also Schubert classes:

Oe0c = O¢ 005y = Osy 05,0¢ = Og; Os55510e = Osy5q
1 oy + g a1+ ag as(ar + as)
1 1 a1 + as [P (31 oy + ag 0 as (o + az)
1 1 0 Q2 ay 0 0 0

The remaining two classes are not Schubert classes.

05,05, Osy59
(al -+ a2)2 Oél(oq + Ozz)
ai(ar +az) az(ar + az) ai(ag + ay) 0
#
0 0 0 0
0 0
Ts551 059 Tsy5159
az(og + a2)2 araz(og + az)
0 (a2)2(a1 —+ 012) 0 0
#
0 0 0 0
0 0

The class 0,05, is equal to os,s, + 05,5, and the class 0s,5,05, is equal to 04, 5,5, + @205,5, -

If neither u nor v is the identity then 0,0, will generally not be a Schubert class.
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CHAPTER 4

REGULAR NILPOTENT HESSENBERG VARIETIES

Regular nilpotent Hessenberg varieties are a family of Hessenberg varieties that have been studied
in depth by Harada-Tymoczko [19], Brion-Carrell [7] and Peterson [unpublished]. These varieties
inherit a significant amount of structure from the flag variety and have interesting internal sym-

metries.

Definition 4.1. A regular nilpotent Hessenberg variety is a Hessenberg variety where the
operator X is a regular nilpotent operator in g. Fxplicitly reqular nilpotent Hessenberg varieties
have the form Hess(N, H) where

N=>YE.. (4.1)

acA

In Lie type A,_1 the Jordan normal form of the operator N is the n x n matrix with ones on the

upper diagonal and zeros in all other entries.

Since we are fixing one parameter of the Hessenberg variety, each Hessenberg space corresponds

to exactly one regular nilpotent Hessenberg variety.

Example 4.2. There are 5 Hessenberg spaces in GL3(C) corresponding to the 5 type-As regular

nilpotent Hessenberg varieties.

* % % *  x % * % % P R I

0 x = * ok ok 0 *x = * k% * k%

0 0 =« 0 0 =« 0 *x =% 0 % =% % k%
Hq Ho Hs Hy Hs

The variety Hess(N,H;) is the regular nilpotent Springer variety, Hess(N,H4) is the type-As

Peterson variety, and Hess(N,Hs) = GL3(C)/B is the flag variety.
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In this chapter we work exclusively in type A, although in the last chapter we will discuss the
Peterson variety in all Lie types. In type A it is convenient to describe Hess(N, H) in terms of
flags. Recall that the regular nilpotent Hessenberg variety corresponding to a Hessenberg function
h is

Hess(N,H) ={Ve=V1 CVo C---CV,, =C": NV; € Vyiy»}. (4.2)

We will also fix a basis for C" to simplify computations. Given a regular nilpotent operator N,
there a basis with respect to which N is a single Jordan block corresponding to the 0 eigenvalue.
We fix this to be our standard basis for the rest of this chapter. This will make some of the proofs

in this chapter simpler by letting us use matrix notation to discuss vectors and flags explicitly.

4.1 Isomorphic Varieties

Given the set of regular nilpotent Hessenberg varieties, a natural first question is whether there are
families of related varieties within the set. In Example 4.2 there is a clear relationship between the
Hessenberg spaces Ho and H3 since flipping one of these spaces along the antidiagonal produces
the other space. Not just the Hessenberg spaces are related; the associated Hessenberg varieties

are isomorphic.
Theorem 4.3. Let H C GL,(C) be a Hessenberg space and let TH be the Hessenberg space
obtained by flipping along the antidiagonal. Then

Hess(N, H) = Hess(N,TH).

Proof. Let wy be the longest word in &,,. The permutation matrix corresponding to wg has ones
on the antidiagonal and all other entries are zero. Any n X n matrix M can be flipped along its

antidiagonal by taking its transpose and conjugating by the longest word:
M = woM T wy. (4.3)

This operation can be done on subspaces of n x n matrices as well. The space TH = woH wy is
a Hessenberg space whenever H is a Hessenberg space. To show that Hess(N, H) is isomorphic
to Hess(N,TH) we give the following map:

¢o: G/B — G/B

9B wolg") twoB
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To see this map is well-defined, suppose, g1 = g2b for some b € B. Then
¢(918) = wo(g{ )" woB = wo((920)") ~wo B = wo(g3 )~ (b") " woB.

The term (b7)~1 is in B and Bwy = woB, (both are the set matrices in GL,,(C) with zeros below

the antidiagonal). So ¢(g1B) = wo(g92) " *woB = ¢(g2B) and the map ¢ is well-defined.

Since we are in type A, gB is in Hess(N,H) if and only if g7'Ng € H. Observing that the

matrix woNwg = N7 we take the transpose and conjugate by wg to get that
wo(g™ ' Ng)"wo € woH wo = "H. (4.5)

As a composition of continuous bijections, namely transpose, inverse, and conjugation by the

longest word, the map ¢ is a continuous bijection from G/B to itself. In fact ¢ is its own inverse:
¢*(9B) = p(wo(g") 'woB) = wo((wo(g") 'wo)") two = (((¢")H)") 'B=9gB.  (4.6)
Thus ¢ is an isomorphism between Hess(N, H) and Hess(N,”H). O

While in some cases T H = H, this map groups many regular nilpotent Hessenberg varieties into

isomorphic pairs.

4.2 Decomposable Regular Nilpotent Hessenberg Varieties

To study the structure of regular nilpotent Hessenbergs more closely, we want to look at the
most basic unit of these varieties. Recall that any type A Hessenberg space can be given by a

Hessenberg function h : [n] — [n] where h(i) is greater than or equal to both ¢ and h(i — 1).

Definition 4.4. A type-A regular nilpotent Hessenberg variety is called decomposable if for
some i < n the Hessenberg function h(i) = i. If h(i) > i for all i < n then the corresponding

variety 1s called indecomposable.

Theorem 4.5. Every type-A regular nilpotent Hessenberg variety is the product of indecomposable

regular nilpotent Hessenberg varieties.

Proof. Let h : [n] — [n] be a Hessenberg function with h(j) = j for some j < n and let Hess(N, H)

be the corresponding regular nilpotent Hessenberg variety. We define two new type-A Lie algebras
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and root systems by letting G; = GL;(C) and Gy = GL,_;(C) and g1, g2 be their respective Lie

algebras. For each, we define a Hessenberg function:

hi: [l — [ and hy: [n—j] —  [n—j] (47)
i h(i) i = h(i4j) =

These determine two regular nilpotent Hessenberg varieties Hess(Ny, Hy) and Hess(Nay, Ha) where

N1 = N|4, and Ny = N, are regular nilpotent operators in g; and go respectively. We will show

that
Hess(N, H) = Hess(Ny1, Hy) x Hess(Na, Hy). (4.8)

Define a map from

Hess(Ny, Hy) x Hess(No, Hy) — Hess(N, H) (4.9)

(V.(l), V.(Q)) s V.(l) ® V.(2)

1 V&Y and Vi are flags in the two smaller Hessenberg varieties, then V is the flag in Hess(N, H)

where

AR ifi<j

7

Vi = (4.10)
v eV ifi>

V.( 2 *

In matrix notation Vy =

0 v
To see that V, € Hess(N, H) we observe that

NVi= NV v =V if i<

2)

NV; C Vj(l) @ NzVi(,j - ‘/}(2) ® Vh(gz()i—j) = Vawy >

(4.11)

As a direct sum of linear operators, this map is injective. It remains to be shown that every flag

Ve in Hess(N, H) has this form.

Let Vo =V1 C Vo C --- CV,, = C" be a flag in Hess(N,H). Let v € V; be a vector. Without
loss of generality say that v = (vi,v2,...,vp,0,...,0) where v, is the last non-zero entry. By the
definition of Hess(N, H) the vector N is also in V; as are all the vectors N*v for k a non-negative

integer.
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Since v, is non-zero, the vectors N ky are non-zero when k is less than p. The collection of
vectors {N*v : k = 0,1,...,p — 1} is a linearly independent set in the space V;. We know V;
has dimension j by definition of the flag. Therefore p is less than or equal to j. This means any
vector v in V; must be in the span of the first j basis elements. We conclude that V; is equal to

the span of the first j basis elements and that the matrix form of V, looks like

‘/.(a) %
Ve = . (4.12)
0o v
Here we define the two smaller flags to be Vi(a) =V; and Vi(b) = Vi4;/V;. By the definition of hq
the flag Vi is in Hess(Ny, Hy). For V" we have that NQ‘/i(b) = No(Viy;/V;) which is equal to
(NVi4;)/V; as a subspace of C" 7. Similarly Vh(fzi) is equal to Vj(;45)/V; as a subspace of C" 7.

Therefore for any V, € Hess(N, H)

NVig; CVigirg) <= (NVig))/V; C Vi /Vs = NV v (4.13)

Thus every flag V4 in Hess(N, H) is the product of a flag in Hess(N;, Hy) and a flag in Hess(Na, Hz).
This process of decomposing the regular nilpotent Hessenberg variety into the product of smaller

varieties can be repeated until each Hessenberg function preserves only the largest element of its

domain. O

While Theorem 4.5 is only stated in Lie type A, the corresponding constructions for other Lie types
are similar given the appropriate definition for decomposable and indecomposable. Specifically,
a regular nilpotent Hessenberg variety would be called decomposable if for some negative simple
root « the root subspace g, is not in the Hessenberg space H. Each omitted negative simple
root « in a decomposable Hessenberg variety gives rise to two smaller Lie algebras, g; and go,

corresponding to the connected components of the Dynkin diagram with o removed.

4.3 Equivariant Cohomology of Hess(N, H)

Hessenberg varieties are generally not GKM spaces. However they are subvarieties of the flag vari-
ety. Under the action of both the maximal torus (which doesn’t preserve Hessenberg varieties) and

a smaller one-dimensional subtorus (which does) the flag variety is a GKM space. Given that they
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are contained in one of the classical GKM spaces, it is natural to ask what parts of GKM theory

can be applied to Hessenberg varieties. Is there enough residual structure to do Schubert calculus?

Harada-Reiner-Tymoczko conjectured that the flag variety structures that remain in the regu-
lar nilpotent Hessenberg varieties, including a restricted torus action, are powerful enough to

determine the module structure of the equivariant cohomology.

4.3.1 A 1-dimensional Torus Action

The first question is whether the maximal torus 7 acts on a regular nilpotent Hessenberg
variety Hess(N, H) C Flags. Unfortunately it does not. But Kostant gave a one-dimensional

subtorus S C T that does preserve regular nilpotent Hessneberg varieties [24].

In type A, the torus S C T has form:

t 0 0 0 t1 0 0 0
0 2 0 0 0 i 0 0

S = C =T
0 0 - "1 0 0 0 -+ toy O
00 -~ 0 0 0 - 0 t

This circle action was given by Kostant and used by Harada-Tymoczko, among others, to study

Hessenberg varieties. We can also define S in general Lie type.

Definition 4.6. [19, Lemma 5.1] The characters aq,...a, € t* are a mazimal Z-linearly inde-
pendent set. Let ¢ : T — (C*)™ be the isomorphism of linear algebraic groupst — (aq (t), aa(t), ..., an(t)).

Then define a one-dimensional torus S by

S=¢""{(c;c,...,c):ceCT}).
The one-dimensional torus S is isomorphic to C* and H§(pt) is isomorphic to C[t].
Proposition 4.7. [19, Lemma 5.1] The torus S acts on the regular nilpotent Hessenberg variety.

Any point in Hess(N, H) fixed by T will also be fixed by S. In fact these are the only points in
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the regular nilpotent Hessenberg variety fixed by S:
(Hess(N,H))® = Hess(N, H) N (G/B)T.

These fixed points are the flags V, € Hess(N, H) which have matrix representations with exactly
one 1 in each row and column - namely the permutation matrices in GL,(C). Accordingly the
S-fixed points of Hess(N, H) can be indexed by elements of &,, the same way that the T-fixed
points of Flags are. Unlike with the flag variety, the torus-fixed points of Hess(/N,H) do not

necessarily form a group.

Commutative diagram

If Hess(N, H) were a GKM space under the action of S then GKM theory would tell us that study-
ing the S-equivariant cohomology at the fixed points is sufficient to understand the S-equivariant
cohomology of the whole variety. We already know that regular nilpotent Hessenbergs are not
GKM spaces, but nonetheless all of the information about the equivariant cohomology is con-

tained in the equivariant cohomology of the fixed points.

Harada-Tymoczko gave this commutative diagram [19]:

H:(G/B) —  HiG/B) — Hj(Hess(N,H))

l 1 ! (4.14)

O Hrpt) — D Hipt) — D Hipt)
(G/B)T (G/B)* (Hess(N,H))$

It is conjectured that the map from H§(G/B) to Hi(Hess(N, H)) is surjective. This would be a
consequence of Conjecture 4.12 in the next section. If that map is surjective, then in the same way
that H}.(G/B) can be studied by looking at the cohomology of the T-fixed points, we need only
look at the equivariant cohomology of the S-fixed points of Hess(N, H) in order to understand

its equivariant cohomology.

Billey’s formula and Hessenberg Schubert classes

The best way to look at the equivariant cohomology at the fixed points is to look at the ex-

plicit polynomials associated with those fixed points. Billey’s formula does this for T-equivariant
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Schubert classes. We will take one of those classes and build a Hessenberg Schubert class out of it.

Let o, be an equivariant Schubert class in ) TH:’F(pt). We represent o, as a GKM graph
with vertices labeled by polynomials. Each VérGt/ej?corresponds to a T-fixed point of G/B and the
polynomial labeling the vertex w is denoted o, (w), Billey’s formula give o,(w) explicitly. The
first step is to find the image of the Schubert class in € H§(pt). This is done by the ring

(G/B)$
homomorphism

I (C[al,ag,...,an_l — (C[t] (4 15)

Q; — t foralli

This homomorphism brings the T-equivariant Schubert classes to S-equivariant Schubert classes.
The Hessenberg Schubert classes are obtained by forgetting the vertices corresponding to points

that are not contained in the Hessenberg variety.

Definition 4.8. The Hessenberg Schubert class 0y is a collection of polynomials (gv (W) we(Hess(N,H))S

where the polynomials are defined by
oy(w) = 1 (0w (w)).

It is the image of o, in &P Hi(pt).
(Hess(N,H))S
Example 4.9. Let h : [3] — [3] be the Hessenberg Schubert function defined by h(1) = 2 and

h(2) = h(3) = 3. The Schubert class o, is mapped to the Hessenberg Schubert class 7, as follows:

© Hi(pt) ’ D Hs(pt) } ©  Hspt)
(G/B)T (G/B)S (Hess(N,H))$
Os, f 381
a1 + as 2t 2t
[ J
aq ag + as t 2t
[e31 0 t 0 t® o0
[ J
0 0 0
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4.3.2 A conjectured basis for Hj(Hess(N,H))

While the Hessenberg Schubert classes are nice to have, the amazing property of the equivari-
ant Schubert classes is that they form a module basis of the T-equivariant cohomology of the flag
variety over H7(pt). Counting the number of Hessenberg Schubert classes and comparing to the
number of polynomials associated with each, we see that we have far too many for the Hessenberg

Schubert classes to be linearly independent, and thus do not have a basis.

If a basis of Hessenberg Schubert classes exists, then we could start to do explicit computations in
the S-equivariant cohomology of regular nilpotent Hessenberg varieties. Harada-Reiner-Tymoczko

conjectured a construction for such a basis in type A.

Definition 4.10. We say a word v € W is in H if the permutation matrix of v is in H. For any

Hessenberg space H we define Vg = {v € W :v € H}.

Example 4.11. Consider the Hessenberg function h(1) = 2, h(2) = h(3) = 3. The word s;s2 in
0 01

Ag has matrix |1 (0 (. This matrix is contained in H so we say s1s2 € H.
01 0

Conjecture 4.12 (Harada-Reiner-Tymoczko). Let H C GL,(C) be a Hessenberg space and
Hess(N, H) be the corresponding type-A regular nilpotent Hessenberg variety. The set of Hessen-

berg Schubert classes {0, : v € Vir} forms a basis of Hg(Hess(N, H)) as a module over H%(pt).

There are several things to note about this conjecture that make it seem likely. First this con-

n
struction will always give the correct number of basis elements. There are [] (h(:) — 4 + 1) points
i=1

n

of Hess(N, H) that are fixed by S. There are similarly [] (h(¢) — i+ 1) words v that fit into H.

=1

Second, this construction gives a set of classes with degrees that correspond to the Betti numbers
for Hess(N, H) [19, Lemma 5.3]. Since the set {o, : v € Viz} has degrees corresponding to the
Betti numbers, showing that the set is linearly independent over C[t] = H%(pt) is sufficient to

prove the conjecture.
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4.3.3 Towards a proof of the conjecture

This conjecture has been proven in certain cases, though in general it remains open. The conjec-
ture is trivially true for the regular nilpotent Springer variety, and has been successfully proven
for the type A Peterson [19] and modified Peterson varieties [2]. It has also been confirmed by
computers for small cases up to n = 5. It is also true for the full flag variety, which is itself a

regular nilpotent Hessenberg variety.

Proposition 4.13. For any regular nilpotent Hessenberg variety, Conjecture 4.12 is true if and

only if it holds for each of the indecomposable components Hess(N;, H;) of Hess(N, H).

Proof. Without loss of generality assume that h(j) = j for some j < n. Then each permutation

(%1 0
v € Vg has matrix form where v; is a permutation on the first j columns and vy is a

0 V2

permutation on the last n—j columns. We know from the construction from the proof of Theorem
4.5 these words v; and vy correspond to flags in Hess(N1, Hy) and Hess(Na, Hy) respectively. The
flag v is contained in H N gy and thus v; € Vg,. Similarly the word vs is in the set H N gy and
thus in Vg,. For any pair vi,vs in Vg, and Vg, respectively the word vive is in Vg and any

v € Vi can be expressed as such a product. Therefore Vi = Vi, x Vg, .

To determine the linear independence of the set {gv :v € Vi } it is convenient to look at them as
the columns of a matrix. Let Ay be the matrix with columns indexed by classes v € Vg and rows
indexed by fixed points w € (Hess(N, H))S. The entries of Ay are the polynomials 6., (w) € C[t].
Proving the linear independence of the columns of matrix Ay is sufficient to prove Conjecture

4.12 for Hess(N, H).

We consider the entry gv(w) in the matrix Ap. The word v can be written as vivy and the
word w as wiwg where wy is an S-fixed point in Hess(Ny, Hy) and we is an S-fixed point
in Hess(Ny, Hy). Our entry can be rewritten as oy, ., (wiws). As words in the simple reflec-
tions, none of vy,vs,wi,wy contain the reflection s;. Moreover vy, w; € (sl,...,sj,1> and
Vo, Wy € (Sj41,-..,8n—1). Abusing notation to use w; (gvz (we)) for the image of the class

wy (0, (w2)) under the map 7, that sends o (w) to o (w) we have

ngQ (wle) = gvl (wl)wl (gvz (w2)) = gUl (wl) gvz (wZ) (4-16)
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The matrix Ay now has columns indexed by vive € Vg, x Vg, and rows indexed by words

wiwy € (Hess(Ny, Hy))® x (Hess(No, Ho))5.

Looking at Ap, as the matrix with columns indexed by v1 € Vg, and rows indexed by per-
mutations w; € (Hess(Ny, Hy))® and similarly for Ay, we see that Ay = Ay, ® Ap,, Thus the
matrix Ay is linearly independent over C[t] if and only if each of the matrices on the right-hand-

side are linearly independent. O

Since Conjecture 4.12 is true for a regular nilpotent Hessenberg variety if and only if it is true
for each of its indecomposable components, we can construct Hessenberg varieties for which the
conjecture holds, and also can restrict our investigation of the conjecture to indecomposable

regular nilpotent Hessenbergs.

4.3.4 The case h(1) =3,h(i) =n for i >1

Bayegan and Harada proved that Conjecture 4.12 holds when the Hessenberg function A has a
specific form. Their modified Peterson variety has h(l) = 3 and h(i) =i+ 1for 1 < i < n
and h(n) = n. Following their model of investigating a specific Hessenberg space rather than all
spaces simultaneously, we discuss the Hessenberg function k(1) = 3 and h(i) = n for all i > 1.

We denote the corresponding Hessenberg space Hs for convenience.

Example 4.14. The type-A4 space Hz has form

* ok ok x %
* ok ok x %
* ok k% %
0 * % x %

0 * * * x

By examining the properties of the matrix Ay, and exploiting Billey’s formula we will reduce
the question of whether Ay, is a linearly independent matrix to the question of whether a much

smaller matrix is linearly independent. This is done in several steps:

1. Explicitly determining the classes Vi, and the fixed points Wy, = (Hess(N, H3))® and

expressing them as the disjoint union of three sets.
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2. Using row reduction and properties of Billey’s formula to reduce the problem of linear

independence to showing the linear independence of a smaller matrix 3.

Z  s14 S9814 Z 312U5251Z 81282 uS231252
Z F 0 0 Z F 0 0
A, =Y x * — Y * B g
Yso \ x % * Ysg \ % B QB+

A 812U3281Z 31282U8251282

Z F 0 0
— Y * B ~y
YSQ * 0 QB

3. Showing that  is a block-upper-triangular matrix.

Bun ke ko

0 fBp—2 -+ *  x
8=

0 0 <o B3 %

0 0 - 0 B

4. Showing that each block 3; on the diagonal of 3 is block-upper-triangular where b and f

are linearly independent blocks.

Bj**
Bi=10 b x
0 0 f

These steps will reduce the problem of whether the 3(n — 1)! x 3(n — 1)! matrix Ay, is linearly

independent to a question of whether the much smaller matrix Bj is linearly independent.

Step 1: Fixed Points and Classes
Lemma 4.15. The Schubert classes Vi, are:

Vi, =ZUs1ZUs3512
where Z = ($2,83, .+, Sn—1)
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Proof. The element v € A,_1 is in Vp, if and only if v(1) € {1,2,3}. We can partition V, into

three sets V; = {v € A,,_1 : v(1) =i} for ¢ = 1,2,3. For each ¢ the set |V;| has (n — 1)! elements.

The set V7 is all of the permutations that fix 1, so Vi = (s9,...,8,-1) = Z. If v € Vj = Z then
s1v € Va since sjv(1) = s1(1) = 2. Therefore s1Z C Va and because |Va| = [s1 7] = |Z| = (n— 1)!
we have s1Z = V,. Similarly if v € V5 then sqv € V3 since spv(l) = s2(2) = 3. Therefore

59Va = $951Z C V3 and since |sys1Z| = |Z| = (n — 1)! we have sy517 = V3. B
Lemma 4.16. The S-fized points of Hess(N, Hs) are:

WH3:ZUYUY$2

whereY = {s;8;_1 -+ 818:8i—1-- 82y : 1 € {1,2,....,n—1},y € (83,84,...,8n—1)} and Z = (sa,. ..

as above.

We will use the following notational conventions in the proof. Let E; ;) be the n x n matrix
with all entries equaling zero except for the entry in row ¢, column j. The regular nilpotent matrix

n—1

can be written as N = > E(; i1
i=1

Any permutation w € &,, can be written uniquely as, from left to right, a string of consecutive
simple reflections descending to s; followed by a string of consecutive simple reflections descending
to s2 and so on [6]. Each word w corresponds to a unique set of integers {ki, ko, ..., k,} where

1—1<k; <n. Weallow k; =i — 1 in order to signify that the string descending to s; is empty.

Example 4.17. These words are written in descending string form. They are marked with a

vertical line where a descending string ends. Note that for wy the string descending to so is empty.

W1 = $4835251|82|s483]|54  wa = S35251|s3

Proof of Lemma 4.16. We partition Wy, into three parts. Let W, be the set of w € Wy, where
w~ ! Nw has all zeros in the first column. Let W5 be the set of w € W, where w 'Nw has a 1
in the second row of the first column. Lastly let W3 be the set of w € Wy, where w™!Nw has
a 1 in the third row of the first column. By the definition of Hess(N, H3) if w is a permutation

matrix in the variety then these are the only three options for the first column of w=! Nw.
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First we observe that there are (n — 1)! elements in the set W; for each . If the first column has
all zeros, then there are n — 1 places for a 1 to occur in the second column, since it cannot be on
the diagonal. Then there are n — 2 places for a one to occur in the next column and so on. If
there is a 1 in the third row of the first column, then there can be a 1 in n — 2 places in the second
column, as it cannot occur in rows 2 or 3. Thus there are n — 1 possibilities for the second column
(it could have no 1s), and similarly n — 2 for the third, etc. Thus both W; and W3 have (n — 1)!
elements. Finally there are the same number of fixed points as there are classes corresponding to
any type-A Hessenberg space, and Lemma 4.15 gives us 3(n — 1)! classes. Hence W5 must also

contain (n — 1)! elements.

If w € Z then w™'Nw has no non-zero entries in the first column. So Z is contained in W;

and since they are the same size, the two sets are equal.

With our notational conventions we can define W5 explicitly. Let x; = $;8;_1 -+ $2818;8;_1 - - - S3S2.
Then xi_lE(i’Z'Jrl)xi = E(Z,l)- Ify € <837 S4y. ., Sn_1> then y_lE(Q’l)y = E(Z,l)- So

1

(2iy) "B (iy) =y 2 "By iy = v Ep oy = E@

Thus z;y € We and so Y = {z;y} C Ws. By writing the permutation x;y as reflections descending
to s; then reflections descending to so and so on, we see that ;y = z;y’ if and only if ¢ = j and
y=1y". So

|Y| = (number of z;)(number of y) = (n — 1)(n — 2)! = (n — 1)! = |[Ws|
and hence Y = Ws. Lastly, since saF(3 1)s2 = E(3,1), we can mulitply ¥ on the right by sy to

obtain a set of permutations contained in W3. Furthermore |Y'ss| = |Y| = (n — 1)! = |W5]| so we

have that Yso, = Wjs. O

Step 2: Row Reduction using Billey’s Formula

Using these explicit descriptions of classes and fixed points, we present the matrix Ay, as follows:

Z 81Z 8281Z

b
=

Il
*
*
*

D~<
v
no
*
*
*
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Here F' is the full set of S-equivariant Schubert classes on the full flag variety GL,,_1(C)/B
with fixed points indexed by the elements of Z = (sa,...,8,-1). Its columns are a basis for the
equivariant cohomology of that flag variety and therefore linearly independent. Thus showing the
linear independence of A3 has been reduced to showing the linear independence of the bottom

right 2 x 2 block above. We rearrange the columns of that block one more time to get

51Z 5251Z 512U5251Z 51252U8281252
Y * * Y * *
Y s9 * * Y so * *

where Z = {z € Z : s5 ¢ Dg(z)}. Since Z is one of the two cosets of Z/ (ss), we have that
|Z| = 1(n —1)!. Therefore this rearrangement still leaves the matrix with four (n —1)! x (n —1)!
blocks, each represented above by an asterisk.

A well known identity for Billey’s formula is:

oy (ws ifs ¢ Dgr(v
iy = ] @) ¢ Di(v)

oyp(ws) — oys(w) - v(as) ifs € Dr(v)
Noting that so is not in the right descent set of v for all v € $1Z U s951Z and is in the right
descent set of v all v € s Z S92 US98 7 s9 the blocks in this last matrix can be related to each other

by

812U82812 81282U5251282
Y B Y
Yso B 7+ QB
Here @ is a diagonal matrix with the root —y(as) as the entry in row y € Y. This matrix row

reduces to

512U8231Z 81282U8281282
Y B gl
Y so 0 QB
Since @ is a diagonal matrix with all eigenvalues non-zero, it has no effect on whether Qg is
linearly independent. Therefore proving the linear independence of Ay, now reduces to proving

the linear independence of the block 3.
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Step 3: B is a Block Diagonal

To discuss the matrix § in more detail, we need an explicit description for the sets indexing its

rows and columns.

Lemma 4.18. Let z be an element of Z = (sa, 83, ...,S,—1) with descending string form
Z = SkySko—1"""53525k3Sk3—1 """ S35ksSky—1"""84"""Sn—1

If ky < k3 then sy is not in the right descent set of z and z is in Z. If ko is greater than or equal

to k3 then sy is in the right descent set of z so z & Z.

Proof. Let 2 = Sgy8k,—1 - 53525ksSka—1 " * S35k, Sky—1 -S4 Sp—1. Because so commutes with
s; for i > 3, we have that so € Dg(z) if and only if so € Dg(Sk,Sky—1 " $3528ksSks—1 -+ S3). 1f
kg = k’g = k then

SkoSko—1 """ 83525k;Sks3—1""" 53
= SkSk—15kSk—25k—15k—35k—2 " " 545253
= Sk—15kSk—2Sk—15k—3Sk—2 " 5354525352.

If ko > k3 = k then

SkoSko—1 """ Skz+1Sk3Skz—1 " S3525k3Sks—1 """ S3
= SkoSko—1 """ Sk+1SkSk—1SkSk—25k—15k—3Sk—2 " 545253
= SkoSky—1 """ Sk+1Sk—1SkSk—2Sk—15k—35k—2 " "+ 5354525352.

Since 1 < ks <n—1and 2 < k3 < n — 1 the number of pairs (ks, k3) such that ks > ks can be
counted by noticing that if ko = m then there are m — 1 possible values of k3. So the number of

such pairs is:

n—1 n—1 n—1

> (m-1)= Zm-lew—(n—D:%( 2—n—2n+2):%(n—1)(n—2)

m=1 =1 m=1
which is exactly half of the total number of possible pairs (ko, k3) such that 1 < ks < n —1 and
2 < ks <n—1. As exactly half of the elements z € Z have sy ¢ Dr(z) the set of z with ko > k3

are exactly these elements. The remaining elements z € Z have both ky < k3 and s2 € Dgr(z). O

Because every permutation in Z can be expressed in descending string form with k, < k3 the

permutations indexing the columns of the matrix 5 can be partitioned based on the first three
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descending strings. For a € {1,2} and 1 < b < ¢ < n define the following words:

S1 ifa=1
Ao =

S$281 ifa=2

e ifb=1
Hy = So ifb=2

Sp-Sy i b>2

e ife=2
Ve = 4 s3 ife=3

Ser--83 ife>3

Using this notation we define these sets into which the columns are partitioned:
Ala,b,c) = {Aapovew : w € (S4,...,8n-1)}

In addition to partitioning the columns of 8 we want to impose a partial order on the sets A(a, b, ¢).
We will say that A(ay, by, c1) < A(ag,bs,ca) if ¢1 < ¢a. The columns of 3 are ordered from largest

to smallest.

A similar method will partition and order the rows of 8 so that the matrix can be written
as square blocks. The permutations indexing the rows of § look like xz;y where the term z; is
$i8i—1 " 818;8i—1-+- 82 and y € (83,...,8,—1). By expanding out the first descending string of

each y we get that the rows are indexed by
Y = {sisi—1---515Si—1 " 525138131+ 5351, S14—1 """ 54" Sp—1}-

Recall from Example 4.17 that x; = s;--+818;-+-82. Forany 1 <i<n—1and2<1[1<n-—1 the

set B(i,1) is defined by
B(i,1) = {xis181—1 - S3w : W € (S4,. .., Sp—1)}-

The set B(i1,l1) is less than B(ia,l2) if max(i1,l1) < max(is,ls) and the rows of matrix S are

given in decreasing order with respect to this partial order.
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Lemma 4.19. For any i,1,b,c in the set {1,2,....,n — 1} with b < ¢ and a € {1,2} the sets

A(a,b,c) and B(i,1) each have (n — 3)! elements.
Proof. Consider z € A(a, b, c). The descending string form of z is
Z = 85¢515pSb—1 """ S828cSc—1 """ S3W
for some w in (sy4,...,S,—1) and there are (n — 3)! possible w. Similarly if z € B(i,1) then
Z = T;S|S|_1 " S3w
where again there are (n — 3)! possible words for w to be. O

As a result of this, there are exactly (n — 1)(n — 2) sets of each form A(a,b,c) and B(i,1). We
can even group these sets together, collecting all of the sets of equal rank in the poset together

by letting A(j) = {A(a,b,c) : ¢ = j} and B(j) = {B(i,!) : max(i,l) = j} .

Lemma 4.20. For each j, the order of A(j) is equal to the order of B(j).

Proof. Fix j € {2,3,...,n—1}. If A(a,b,c) € A(j) then c=j,1 < b < jand a € {1,2}. So there
are 2(j — 1) sets A(a,b,c) in A(j). If B(4,1) is in B(j) then max(i,l) = j. If i = j then there are

7 — 1 possible values for [. If [ = j then there are j possibilities for ¢, one of which has already

been counted. So |A(j)| = |B(j)| =2(j — 1). O

Example 4.21. Let n = 3. Then the matrix § has rows and columns ordered as follows:

A(3) A(2)

A(2,2,3) A(2,1,3) A(1,2,3) A(1,1,3) A(2,1,2) A(1,1,2)

Sy

(3,3

S~/

(2,

w

B3 *

oy
o

(3,

(1,
{3(2,
B(2)
B(1,2

where 8 and (3 are square matrices.

Sy
w

[\

)
)
)
)
)
)

The lower left asterisk in the above example is in fact equal to zero.
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Lemma 4.22. If j; < jo then all entries in the block of B with rows in B(j1) and columns in

A(j2) are zero. This means that

Brn_1 * x ok
0 Bn_2 * %
B =
0 0 s B3 %
0 0 e 0 fo

and the linear independence of B depends only on the linear independence of the blocks B; on the

diagonal.

Proof. Let ji < jo and consider an arbitrary entry in the block B(j1) x A(j2). Recalling that the
row corresponds to an S fixed point w of the Hessenberg variety and the column to a Hessenberg
Schubert class o, that entry is ,(w). The term ,(w) is zero unless v < w. We will show that
for any v € A(j2) and w € (B(j1), v is not a subword of w. Since v € A(a, b, j2) it has descending

string form
prefix

UV = 8¢515pSb—1 """ 52S5j,Sj,—1 """ S3Wy

for some w, which has no s1, s, or s3 reflections in it. The fixed point w is in B(i,1) for some

pair ¢ and [ where j; > ¢ and [. So the descending string form of w looks like

prefix

W= 8;""+818;"--828] "+ S3 Wy

for an w,, with no s1, s2, or s3 reflections. The s;, in the prefix of v cannot commute past the s3
at the end of the prefix. So if v is a subword of w then that s;, must be a subword of the prefix
of w. But both ¢ and [ are less than js so there is no s;, in the prefix of w. Therefore v £ w and

by Billey’s formula o, (w) = 0 and thus &, (w) = 0. O

Step 4: Block Diagonality of 3;

Each block 8; is a (2(j — 1)(n — 3)!) x (2(j — 1)(n — 3)!) square matrix, which while still quite
large is a significant improvement over the matrix we started with. Our original matrix A, was
3(n—1)! by 3(n —1)! so especially for small j, this is quite an improvement. While these are still
partial results, at this point we would ideally induct on j. While that step remains open, we can

go one step farther toward showing that each §; is linearly independent.
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First we will identify the last two blocks of rows and columns of the matrix. These are the

rows and columns that have a specific prefix preceding a word w from Q = (s4,...,8,-1)-

remainder of A(j) {sasiw} {s1w}

S

Q

: 5

e}

g

<

g

g
{s25150w} a b c
{s1w} d e f

All entries in the blocks labeled with a,d, and e are zero. Each entry can be computed using
Billey’s formula. Consider an entry in the block a. It has form gv(525152w) where v is in the
remainder of A(j) not in the last two blocks. If v did not contain a reflection s3 it would have
been in one of those right-most columns. But since the fixed point sss1sow does not contain s3

the polynomial o, (s28182w) is zero. Thus o, (s28152w) is also zero.

Similarly for any v in the remainder of A(j) the polynomial gv(slw) is also zero. Thus both
block a and block d are zero. As for block e, these entries have form gv(w) where v has an s,

and w does not.

The block f has entries that look like gsum (s1w9) for some wy,ws € Q. Since there is exactly one
way to find s; in sjwe the polynomial oy, ., (S1w2) = 04, (1) - $1(0w, (w2)). Thus the whole block
fis 04,(s1) = ¢ multiplied by the image in one variable of the matrix (s1 (0, (w2))) where w; and
wo range over ). But since (o, (w2)) will be a polynomial in ay,...,a,—1 the permutation s;
does not affect it. So the block f is (6., (w2) which is ¢ times the matrix of Hessenberg Schubert
classes associated with the full flag variety in n — 3 dimensions. Thus the columns of f are linearly

independent.

Similarly the entries of b look like 35251w1(523152w2) = g5251(52$152) . gwl (w2). Again we have a

single polynomial, in this case 35251(325152) = 2¢2, multiplied by the matrix Ay for a full flag
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variety. Thus b is also a linearly independent matrix.

This work has reduced the problem of whether Conjecture 4.12 is true for the Hessenberg va-
riety Hess(N, Hs) to a much smaller case with a clear direction for an inductive step. While
these results are still partial, there is some promise that the matrix multiplication techniques

from Chapter 3 will be the right tool to solve this particular problem.
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CHAPTER 5

PETERSON VARIETIES

Peterson varieties are the best understood subfamily of the regular nilpotent Hessenberg va-
rieties. This chapter will do “Schubert calculus” in the equivariant cohomology rings of Peterson
varieties. Peterson varieties were introduced by D. Peterson in the 1990s when he used them
to construct the small quantum cohomology of partial flag varieties. Since then Kostant used
Peterson varieties to describe the quantum cohomology of flag manifolds [24]; Rietsch described
the totally non-negative part of type A Peterson varieties in 2006 using mirror symmetry con-
structions [31]; Insko-Yong explicitly described the singular locus of type A Peterson varieties and

intersected them with Schubert varieties [21].

Using work by Harada-Tymoczko [19] and Precup [28], we construct a basis for the S-equivariant
cohomology of Peterson varieties in all Lie types. This construction gives a basis of Peterson
Schubert classes. Classical Schubert calculus asks how to multiply Schubert classes; we ask how
to multiply Peterson Schubert classes. We give a Monk’s formula for multiplying a ring generator
and a module generator, and a Giambelli’s formula for expressing any Peterson Schubert class in

terms of the ring generators.

In type A the equivariant cohomology of the Peterson variety was understood by Harada-Tymoczko
who gave a basis and a Monk’s rule for the equivariant cohomology ring [18]. A type A Giambelli’s

formula was given by Bayegan-Harada [1]. This chapter extends those results to all Lie types.

For any Lie type the Peterson subspace in g is

Hpe =b® P ga-
ace—A
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The regular nilpotent operator N € g is

N:ZEQ.

acA

Definition 5.1. The Peterson variety Pet is a subvariety of the flag variety defined by
Pet = {gB € G/B: Ad(g~")(N) € Hpe:}.
The Peterson variety is the Hessenberg variety Hess(N, Hpet).

Peterson varieties are irreducible and not smooth [21].
Harada and Tymoczko gave the S-fixed points of Pet explicitly. Let K C A be a subset of
the simple roots. Define Wi C W as the parabolic subgroup generated by K and let wg be the

longest element of Wi

Proposition 5.2. [19, Proposition 5.8] An element w € W is an S-fixed point of Pet if and

only if w = wg for some set K C A.

Although Pet has a torus action and torus-fixed points indexed by Weyl group elements, it is not

a GKM space. We now start building the GKM-like structures for the Peterson variety.

5.1 Peterson Schubert classes as a basis of H}(Pet)

There is a well known projection from H7(G/B) to H§(Pet). It is not obvious what the image
should be, but we show that this map is surjective in Theorem 5.3. Then we identify a specific
subset of Schubert classes whose images under this map form a basis of H%(Pet). This builds on

the work of Harada-Tymoczko [19]. The following commutative diagram is key to our argument.

Hy(G/B) — @ Hi(pt)

(G/B)™
\: 1 m
H5(G/B) — @ Hg(pt) (5.1)
(G/B)S
d 1 m
Hg(Pet) — @ Hg(pt)
(Pet)s

A priori H5(G/B) is a module over Cla;: a5 € A]. We will use both 71 and 75 to indicate both

the full maps and their restriction to a single class. Restricting to the cohomology of a single
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point, the map m : H}(pt) — H%(pt) is the ring homomorphism which takes simple roots a; € A
to the variable ¢. Again restricting to the cohomology of a single point, the map 7o forgets the
components of the class corresponding to T-fixed points of G/B that are not in the Peterson

variety.

5.1.1 Peterson Schubert classes

The image of a Schubert class o, € H;(G/B) in H§(Pet) is denoted p,, and called a Peterson
Schubert class. The class p, has one polynomial for each S-fixed point of Pet so a Peterson
Schubert class can be thought of as a 2/4/-tuple of polynomials in C[t]. Below is an example in

type As.

Osy Psy
1 0 0 0
S1 a7y t t
S2 0 T 0 | mo 0
5182 aq — t |—
$281 ai + ag 2t
518281 \ a1 + 2 2t 2t

Theorem 5.3. The “poset pinball” machinery given by Harada-Tymoczko [19, Theorem 5.4]
holds for Peterson varieties of all Lie types. Specifically the map H3(G/B) — H§(Pet) is injec-

tive.
The result of this theorem is that we can use the maps m; and 7 to study H§(Pet).

Proof. Precup proved that Pet is paved by complex affines for any Lie type [28, Theorem 5.4].
In the same paper Precup showed that the compact cohomology of the Peterson variety is only
supported in even dimensions [28, Lemma 2.7]. Because the Peterson variety is compact this
implies its regular cohomology vanishes in odd degree. So Pet is equivariantly formal [35]. These
results show that Harada-Tymoczko’s Lemma 5.3 extends to all Lie types and the remainder of

their proof of Theorem 5.4 is type-independent [19, Theorem 5.4]. O
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5.1.2 A basis of Peterson Schubert classes

The S-fixed points of Pet are indexed by subsets K C A so we want to index the Peterson

Schubert classes by K C A.

Definition 5.4. A subset of simple roots K C A is called connected if the induced Dynkin

diagram of K is a connected subgraph of the Dynkin diagram of A.

Any subset K C A can be written as K = K; X --- X K,,, where each K is a maximally connected

subset. Each connected subset corresponds to its own Lie type.

Definition 5.5. Let K C A be a connected subset. We define v € Wi to be

| K]

VK = H S

Rootxk (i)=1
where Root i (i) is the index of the corresponding root in a root system of the same Lie type as

K, ordered as in Figure 1. If K = Ky X --- X K, and each K; is mazimally connected then

VK = VK, VK, """ VK,, -

When A is not of type D or E this definition gives vx = 84, Sa, * * * Sq,, Where K = {g,, Qayy - - Qq,, }
and a1 < ag < -+ Gy,. This is the definition given in type A by Harada-Tymoczko [18]. Example

5.6 illustrates how Definition 5.5 differs from the type A definition.

Example 5.6. Let A = {a1,a9,as3,a4,a5,a6} be a the set of simple roots of a type Eg root
system and let K = A\ {ag}. The subset K C A represented by a marked set of vertices in the

Dynkin diagram and compared to the Dynkin diagram for Ds. The word vk 1S s1535455S2.

S92 S5
Eg o} T O D5 O T O
S1 S3 S4 S5 S1 52 S3 S4

Note that vg is a Coxeter element of W . Because of the labeling imposed on the simple roots

in Figure 1, each subset K of simple roots corresponds to exactly one word vg.

Lemma 5.7. For any set of simple roots A and any subsets J, K C A the Peterson Schubert

class satisfies p,, (wg) =0 unless J C K.

Proof. Suppose J € K and that o;j € J\ K. Then s; < v; and s; £ wg in the Bruhat order.

For o,,(wk) to be non-zero there must be some subword of wx that is equal to vy and therefore
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vy < wg. But s; < vy implies that s; < wg which is a contradiction. Thus o,,(wk) = 0 by

Proposition 2.7 and by construction p,, (wg) = 0. O

Lemma 5.8. For any set of simple roots A and any subset K C A

pux (Wi ) # 0.

Proof. Since v € Wk we must have vg < wg. By Proposition 2.7 the polynomial o, (wk) €
C[A] is not equal to zero. We have defined p,, (wk) to be 71 (04, (wk)). Since o, (wg) has
positive integer coefficients by the same proposition, its image in C[¢t] must also have positive

integer coefficients. O
Theorem 5.9. The Peterson Schubert classes {py, : K C A} are a basis of H§(Pet).

Proof. This is a version of Harada-Tymoczko’s Theorem 5.9 [19]. With Precup’s work we now ex-
tend the proof to all Peterson varieties. Impose a partial order on the sets { K C A} by inclusion.
Use that partial order to order the classes {p,, } and the S-fixed points wx € Pet. Lemma 5.7
implies that the collection {p,, } is lower-triangular and Lemma 5.8 implies that the collection

has full rank. Thus {p,, } is a linearly independent set.

By the properties of Billey’s formula, the polynomial degree of p,, is |K| and its cohomology

n

‘K‘) Peterson

degree is 2|K|. As there are (‘;él) subsets of A with size |K|, there are exactly (
Schubert varieties with cohomology degree 2|K|. Precup’s paving by affines reveals that the
dimensions of the corresponding pavings are also (I;\) [28, Corollary 4.13]. As a linearly inde-

pendent set with the right number of elements of each degree, the set {p,, } is a module basis of

H{(Pet) [18, Proposition A.1]. O

Example 5.10. Below we give the Peterson Schubert classes which form a basis of the S-
equivariant cohomology of Pet in Lie type C5. The classes and fixed points are indexed by

the subsets K C A.
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K Pvg Pviayy Pviayy Prgary Pogajasy Puiojagy Prlagasy Puiagag.eg

0 1 0 0 0 0 0 0 0
{a1} 1 t 0 0 0 0 0 0
{as} 1 0 t 0 0 0 0 0
{as} 1 0 0 t 0 0 0 0

{a1, a2} 1 2t 2t 0 2t2 0 0 0

{a1, a3} 1 t 0 t 0 t? 0 0

{ag, a3} 1 0 3t 4t 0 0 6t2 0
{a1,az, a3} 1 5t 8t ot 20¢2 4512 36¢2 60t3

5.2 Monk’s Formula

Now that we have a basis for H§(Pet) in terms of Peterson Schubert classes, we can examine
the structure of H(Pet) through its multiplication rules. First we determine a minimal set of

Peterson Schubert classes that generate the ring H%(Pet).

Lemma 5.11. The Peterson Schubert classes ps, generate the ring Hg(Pet) as an algebra over
Hy(pt).

Proof. Tt is well known that the Schubert classes o5, generate H}.(G/B). Fulton gives a complete

proof for type A [11, Section 10.2]. A consequence of Theorem 5.9 is that the map
¢: H(G/B) — H§(Pet)

is a surjective ring homomorphism. Thus the image {ps,} of the generators {os,} of H5(G/B) is

a generating set for HE(Pet). O

Monk’s rule is an explicit formula for multiplying an arbitrary module generator class p,, by
a ring generator class ps,. For the Peterson variety, a Monk’s formula gives a set of constants
¢/ € Hg(pt) such that
PsPox = D €l Doy (5.2)
JcA
The Peterson Schubert classes {p,, : K C A} are a module basis for H§(Pet) and the product
of p,, and p,, is also in that module. Thus a unique set of constants {c;{ i} solve this equation.

Because Hj(pt) = CJt] these structure constants are complex polynomials in ¢.

46



Monk’s rule requires that we sum over all Peterson Schubert classes, but we simplify the for-

mula significantly. First we eliminate many subsets J C A by showing that c;-]’ x =0.
Lemma 5.12. If |J| > |K|+1 then ¢/, = 0.

Proof. The polynomial degree of p, € C[t] is the length of a reduced word for v. Therefore the
Peterson Schubert class p,, has degree |K| and the polynomial degree of ps,py, is |K|+ 1. The
polynomial degrees on the right- and left-hand sides of Equation (5.2) must be equal. Take only
the parts of each side of Equation (5.2) that have degree higher than |K| + 1. Hence it follows

that

0= Z C;'],K *Puy-

JCA
[J]>|K|+1

The Peterson Schubert classes p,,, are linearly independent by Theorem 5.9. Therefore whenever

|J| > |K| + 1 the coefficient ¢ is zero. O
We can further refine Equation (5.2) by removing another set of subsets J C A from the equation.
Lemma 5.13. The constant c;{K =0 unless K C J.

Proof. Suppose that L is the smallest counter example, i.e., L C A does not contain K and for
all H C L the coeflicient ch = 0. Evaluate Monk’s formula at the S-fixed point wr, to get
pSi(wL) *Dug (wL) = Z c;’],K 'pvJ<wL>'
JCA
[T|<|K]+1
The word vk £ wy, by hypothesis so the left-hand side is 0. If J L then p,,,(wy) = 0 and thus
0= Z c;{K-pvJ(wL).

JCLCA
[JI<IK[+1

By construction if .J C L then ¢ - = 0 so we are left with
0= CﬁK *Puy, (wL)

By Lemma 5.8 the evaluation p,, (wr,) # 0. Since H(pt) = C[t] is an integral domain we conclude

that cﬁK =0. O

Having determined coeflicients that are always zero, we can give Monk’s formula for Peterson
varieties. Our coefficients are complex polynomials in ¢. We say such a polynomial is non-negative

and rational if it is contained in Qx>g[t].
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Theorem 5.14 (Monk’s formula for Peterson varieties). The Peterson Schubert classes satisfy

J
Ps; * Poge = Ps; (WK ) * Poge + E Ci ) Doy
J such that
KCJCA
[J|=|K|+1

. J . . .
where the coefficients c; ;o are non-negative rational numbers given by

J

cix = (ps;(wy) — ps; (Wk)) - Pogc (W)

Do, (wJ) .

We need one more lemma in order to prove Monk’s rule.

Lemma 5.15. Consider the map 7 : H3»(G/B) — H$(G/B) from Equation (5.1). Let v,w be
elements of the Weyl group. The image under w1 of the evaluation o,(w) of a Schubert class o,

at the fized point w is the monomial c - t™ where ¢ is a non-negative integer and m is the length

of .

Proof. By the properties of Billey’s formula given in Proposition 2.7, the polynomial o,(w) is
homogeneous of degree ¢(v) with non-negative integer coefficients. Its image 71 (o, (w)) is ct/®)

where c is the sum of the integer coefficients of o, (w). O
Now we prove Theorem 5.14.

Proof. By Lemma 5.12 the general Monk’s formula in Equation (5.2) simplifies to
Ps; " Pvkx = Z CZI,K *Duy
|J|<|K|+1
and Lemma 5.13 further refines the equation to
Ds; " Pure = CiI,(K “Pog T Z C;'],K “Poy- (53)
KGJCA
|J|Z K] +1
If we evaluate both sides of Equation (5.3) at the S-fixed point wx and use the fact that p,, (wg) =

0 whenever J is not a subset of K, we obtain
Ps; (WK ) * Doy (WK ) = Ci[,(K Doy (W)

The polynomial p,,, (wg) is non-zero by Lemma 5.8. Since C[t] is an integral domain we may di-
vide both sides by p, (wi). This leaves cl{(K = ps, (wg ). By Lemma 5.15 the polynomial p,, (wi)

is a degree-one monomial with an integer coefficient.
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Next fix a subset L C A such that K C L and let |L| = |K|+ 1. Evaluating at the S-fixed
point wy, gives
Puc (L) Do () = pu(wi) Do (wr) + D el p, (i),
J such that
KCJCA
[J|=|K]+1

But p,,(wr) = 0 unless J C L by the properties of Billey’s formula so in fact

Ps; (wL) *Pug (wL) = Ps; (wK) * Pk (wL) + Ci[:K *Pur, (wL)

Solving for ciL K, gives

Pug (wL)

Pos (1) (5.4)

i = (ps,(wi) = ps, (wi))

If the term (ps, (wz) — ps,(wk)) = 0 then the constant ¢/ is clearly non-negative and rational.

Suppose that (ps, (wr) — ps, (wk)) # 0. By Lemma 5.15 the term (ps, (wr) — ps, (wi)) has degree

one. By the same lemma Do (WE) g degree |K| —|L| = |K| — (|K| + 1) = —1. It remains to

Poy, (wL)

L . .
show that C;' i 1s non-negative.

Poge (wr)
Puyp, (wL)

It suffices to show that (ps,(wr) — ps,(wk)) is non-negative because will always be

non-negative. The word wy, can be written as wg - @ for some reduced word w € Wy, [6]. Let
Sby Sby ** * Sp,, be a reduced word for wx and s

Sp -+ 8p, be a reduced word for w. The

m+1bm42
length £(s;) = 1 for each i so Billey’s formula says
o5 (wg -w) = 3 r(jwr)

Sp. =84
b] i

= Z r(j7wL)+ébZ I‘(j,U}L)

Sb; =i b, =S
j<m j>m

:Usi(wK)+ Z I‘(j,’LUL).

Sb'j =8;
j>m

Since 7 is a ring homomorphism from C[A] to CJt], we obtain

Ps; (’LU]) — Ds; (wK) =T (USi (’LU]) —0Os (wK)) =T Z I‘(j, wJ)

Sp.=S8;
b i

j>m
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By the properties of Billey’s formula each term r(j,wy) is a positive root in ®. Therefore its

image 71 (r(j, wy)) is ct for some positive integer c. The ¢ will be canceled by Z i ((ij)) which has
YL

degree —1. Thus (ps, (wr) — ps; (wk)) is non-negative and so is the coefficient c;{K. O

The coefficient ciL x given in the previous theorem is a priori a rational number. Frequently, but

not always, cﬁ x will be an integer.

In classical Schubert calculus the structure constants are generally non-negative integers. Fre-
quently they are in bijection with dimensions of irreducible representations. However, struc-
ture constants for the Peterson variety are mot necessarily integers. For example in type D5 let

K ={a1,as,as,a4} and J = A. Then

Conjecture 5.16. We conjecture that in this basis, non-integral structure constants only occur

in Lie types D and E.

5.3 Giambelli’s Formula

Giambelli’s formula tells us how to express an arbitrary module-basis element in terms of the

ring generators. For the basis of H7.(Flags) consisting of Schubert classes it looks like
ox = det(ox,4j-i)1<ij<r

where o) is the Schubert class corresponding to the partition A = (A1, A2, ..., A;) [11]. While easy
to write down, this formula is hard to compute for a given Schubert class. Giambelli’s formula

for Peterson varieties simplifies to a single product.

Lemma 5.17. For a Peterson Schubert class p,, there is a constant C' satisfying
C 'va = H psi- (55)
a; EK
Proof. If |K| = m let K = {Qg,,Qay, - Qq,, }- Define a sequence of nested subsets ) = Ky C
Ky CKy G C K=K by

Ki - {aalvaagy"'aai}'
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From Equation (5.3)

_ Kia § : J
Psa;yy " Pvr; = Cajp ki " Pox; + Cait1,K; " Poy-

i

KiCJCA

[J|=]K;|+1
Theorem 5.14 says cf:llK = psai+1(wK7t)' Because aq,,, ¢ K; the coefficient ps, (wg,) =0
- I aq,, & J the term py, (wy) = 0. Thus if J # K,11 the coefficient ciH’Ki = 0. Now

Equation (5.3) reduces to

. = CKi+1 .
it1 Dok, = ait1,K; DPvgia-

Ps,

Solving for p,,.,, gives

ps“i+1 . va,i o
K1 - pUKi+1 .
ait1,K;
By induction on i we see
|K]|
H psai
_ =1
Poe =ik
il;ll CaiKioa
This gives that
|K|

_ Kit1
C= H cai+17Ki :
=1

O

Knowing that Giambelli’s formula is a single product rather than a determinental formula, we
want to give the constant C' explicitly. To find this C' we consider the simplest non-trivial Peterson

Schubert classes, those that are connected.

Definition 5.18. In Definition 5.4 a subset of simple roots K C A was called connected if the
induced Dynkin diagram of K is a connected subgraph of the Dynkin diagram of A. The class py,

is called connected whenever K is connected.
Every Peterson Schubert class can be expressed in terms of connected classes.

Theorem 5.19. If J K C A are each connected subsets such that J U K is disconnected then

Pvsjux = Pvy " Puk- (56)

Proof. We show that equality holds when Equation (5.6) is evaluated at any S-fixed point wy,.
If L does not contain J U K we can suppose without loss of generality that J € L. Then both

Duyor (wr) and p,, (wr) are zero.
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Dynkin diagram of K C A Lie type j .
o O——O0—>—0

S1 S3 S4 S ) .
3 5 K= Al X B3 - B5 Psisgsass = Ps1 " Pszsass
57
S S S S S
1 2 4 5 6 —
° K= AZ X D4 - D7 p515254555557 = Psys2 ‘p54555557
S4
o
$ &
1 —

3 K=>~A; x Ay x Ay CDy Psyszsy = Psy " Pssz * Psy

Figure 2: Connected root subsystems and connected Peterson Schubert classes.
The subsystem K C A is drawn as a marked set of vertices in the Dynkin diagram. The associated
Peterson Schubert class is given at right.

Now suppose J U K C L. Even though J U K is disconnected, L may be connected or dis-

connected. Fix a reduced word for wy,

Wi, = Sa;Say " * Sae(wL)

and let b < wy, mean that b is a subword of wy. The indexing set of the subword b is the set

I(b) € {1,2,...4(wy)} such that
b = Sa;, Sa;, " Saji iy fOT J1 < j2 < -+ < jjrw) with each jiy € I(b).

The subwords of wy, are in bijection with the subsets of {1,2,...¢(wr)}. Given two subwords

b1,bs < wy, we define their union b; U by to be the subword

b1 Ubs = Saj, Sa, " " Sajiriwyyures))

for j1 < jo < -+ < Jjri)ur(ee) With each jp € I(b1) U I(b2). Let by, bk < W be reduced words
for vy and vk respectively. Since J and K are disconnected I(by) NI(bx) =0 and v; commutes
entirely with vg [6]. Thus by U bk is a reduced word for vy - v = vk
Conversely let b < wy, be a reduced word for vy k. We can partition I(b) into

I(b)y = {jr € I() : aq;, € J} and I(b)xx = {ji, € I() : avg;, € K}

Since vy < v uk and b is a reduced word for vy i, some reduced word for vy must be a subword

of b. Let by < b be that subword. Since no reflections associated with K are in by, I(by) C I1(b);.
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A parallel argument shows that there is some subword b < b equal to vx and that I(bx) C I(b)k

By our previous argument by Ubg is a reduced word for vy -vg = vyuk. So l(byUbk) = £(vjuK)

which equals ¢(b). Thus I(by) = I(b)s and I(bx) = I(b)x and b= by Ubk.

A subword b < wy, is a reduced word for vy g if and only if b = b;Ubg for subwords by, bx < Wr,
reduced words for v; and vg. Billey’s formula in Equation (2.1) is a sum over such subwords.

We use it to rewrite the left- and right-hand sides of Equation (5.6). The left-hand side becomes:

Posurc(wr) = Y I xGaz) |- (5.7)

b-<UIL J€I(b)
b=vy
[1(b)|= IJUKI

Similarly the right-hand side becomes p,,(wr) - py, (wr) =

o I rGoan) || - > { IT xGoan) |- (5.8)

b-<wL JEI(b) b<wp, JEI(b)
b:’L)K
|I(b)\ |J| [1(0)|=|K]

Both Equations (5.7) and (5.8) expand out to the expression

> > I1 cGoaw) |- T xGaw)

by<wr by <Wr, jel(by) jeI(bk)
by=vy bx=vK
[T(o)I=]J|1(bx)|=|K]|

O

Any subset K C A gives rise to a Peterson Schubert class that is the product of connected
Peterson Schubert classes. Understanding the connected Peterson Schubert classes thus gives
full information on all Peterson Schubert classes. The next theorem gives Giambelli’s formula

explicitly for connected Peterson Schubert classes.

Theorem 5.20. If K C A is a connected root subsystem of type A,, By, Cy, Fy, or Gy then

“Pux = H Ds; -

a,eK

If K is a connected root subsystem of type D,, then

Kl
‘ | *Pug = H Ds; -

a, EK
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If K is a connected root subsystem of type E, then
[K]!
3 “Pog = H Ps;-
a; €K
Our proof of this theorem is combinatorial and treats each Lie type as its own case. The uniformity
across Lie types suggests that a uniform proof exists. Such a proof might shed light on the topology

of these varieties. In fact, the theorem can be stated in an even more uniform manner.

Theorem 5.21. If K C A is a connected root subsystem of any Lie type and |R(vi)| is the

number of reduced words for vk then

K]!
L= T po
R{uic)] AL

Proof. Given Theorem 5.20 it is sufficient to show that |R(vk)| = 1 if K is type A, B,C, F, or
G, that |R(vk)| = 2 for type D and that |[R(vk)| = 3 for type E. Given one reduced word any
other reduced word can be obtained by a series of braid moves and commutations [6]. If K is
type A, B,C, F, or G then s; and s;11 do not commute for any i. Therefore s185 -+ 5,15, is the

only reduced word for vg.

If K is of type D then s; and s;11 commute if and only if i = n — 1. Also s,—2 and s, do not
commute. The only two reduced words for vg are s189- - 8p_28,_15, and 8182 -+ Sp_28,,Sp_1 SO

R(vi)| = 2.

If K is type E, then we start with the word vxg = s1828384---s, with the labels given as in
Figure 1. The reflection so commutes with s; and s3 but not s;. The reflection s3 does not
commute with s;. When ¢ > 2,s; and s;;1 do not commute. Thus vk has exactly 3 reduced

words: 1528384+ Sy, and $1835954 Sy, and $9518384 + + + Sy O
We can now give Giambelli’s formula explicitly for all Peterson Schubert classes.

Corollary 5.22. If K C A and K = K1 x K3 x --- K; where each K, is a connected root system

then

Ck Dox = Hpsi (59)

€K

: | K |!
where Crc = 11 v -
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Proof. The corollary follows immediately from Theorems 5.19 and 5.21. O

5.4 Modified Excited Young Diagrams

To compute the constant term of Giambelli’s formula we must evaluate the Peterson Schubert
class p, at fixed points. These are related both to the work by Woo -Yong [37], and the work by
Tkeda-Naruse [20]. For the remainder of this paper, K will be a connected root system identified

by Lie type.

Since we only evaluate at fixed points wyx where K C A is a connected root system, the first step
is to write wx explicitly as a skew diagram A, . The it" column from the left represents the
simple reflection s;. Reading left-to-right and top-to-bottom gives a reduced word for wy. Figure

3 gives several examples.

The goal is to compute p,(wg). To start we use Equations (2.1) and (5.1) to rewrite it as

£(v)
m(oy(wk)) =m > (}:[1 I‘(.iu“’K))

reduced words
V=Sp. Sb, ***Sb.
i1 Je(v)

£(v)
= > (H 7r(r(J'i,Um))) :
reduced words i=1

V=Sp, Sb. ***Sp,
bj1 %Pjg bu(u)

In order to do this we label the i*" box of Ay, with + - (r(i,wx)). The term 7 (r(i,wr)) is a
degree-one monomial in C[t] whose coefficient is the height of the root r(i,wg). Thus the labels

are positive integers. Call this labeled shape Aj (). We give an example in type Bs:

Awie )‘;D(wK)
[s] [1]
S9[S3 32| -
S51(52|53 415(3
S1|S52 1(2
51) L

A v-excitation p of Ay, is any collection of £(v) boxes in the labeled diagram such that the labels

of the boxes of A\, when read left-to-right and top-to-bottom give a reduced word for v. For

WK
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WA, = 851525354515253518281 WBC, = S4535452535451525354515253815251

Wp; = 5$4535552535451525355515253545152535152S51

Figure 3: Skew diagrams of wx. We use the reduced words for wg given by Sage

example if K is type B3 there are three s;sq-excitations of A,

53 53

If p is a v-excitation of A, then M, (u) is the product of the entries in the boxes of A

p(wi) filled
by u.

For this s1se-excitation p of wp, the coefficient is M,(n) = (4)(5) = 20. Now p,(wk) can be
computed by this diagramatic construction:

po(w) = > My(u) -t

(5.10)
1 a v-excitation
of wi

5.5 Proof of the Giambelli’s formula

Theorems 5.20 and 5.21 gave two versions of the main theorem of this paper. Having used
Theorem 5.20 to prove Theorem 5.21, we now prove Theorem 5.20 case by case according to Lie

type. This section first gives a proof for type A which will be used in subsequent sections for the
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proofs of the other classical types. Last we prove the theorem for the exceptional Lie types. This

involves computer-generated proofs for the E series and explicit calculations for types Fy and Gs.

5.5.1 Type A

A,: o© O O----0 O e
S1 52 S3 Spn—2 Sn—1 Sn,

While Giambelli’s formula for type A was fully addressed by Bayegan-Harada [1], we give a proof

using our excited Young diagrams. The diagrams Ay, and Ap,,) are

Aoy = S1(8283 |+ bn_skn_iSn )\p(wK) _ 1123 ]...ln2n-1|n ‘
S1|182(S3 |- bn_obn_1 1123 ]...|n-2/n1
S1|182(S3 |- -bn_o 123 ]...|n2
818283 1 3
S1|S2 1
S1 1

Proof. Lemma 5.17 showed C - p,,, = ][] ps;- Evaluating this equation at the fixed point wg
1<i<n

gives

C-pucw) = [[ peslwr): (5.11)

1<i<n

There is only one filling wg with vg = s182 - - - s, specifically

s1]s2 s3]

51|52

51

Thus py, (wg) = M(p) - t" = nl-t". We must also evaluate ps, (wg) for each s; € K. From
Ap(wy) €ach sg-excitation p of wg has M(u) = i. From the diagram, there are n — i + 1 such

excitations. So

polwi) = 3 M)t = (n—it1)i-t.
1 a s;-excitation
of wi
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Solving Equation (5.11) for C' we obtain

Conlt"= [ (n—i+Di-tl= [ m—i+1)- [ G-t)=@m)?-¢

1<i<n 1<i<n 1<i<n
which gives C' = n! = |K|! as desired. O

The type A result greatly simplifies the proof for the other classical Lie types.

Lemma 5.23. Let K be a root system of type B,,Cy, or D,. Then J = K\ {s,} is a root

subsystem of type An,_1 and

chy =11 py, = H Ps; o
s, €K
K Pv (U)K)
where Cng = Ps, (wi) - pUIJ((wK)'

Proof. By the proof of Giambelli’s formula for type A and Theorem 5.14 respectively,

(n=1!p,, = Hp&: and Ds,, * Do, :c§J~p1,K. (5.13)
s;€J

Combining these gives Equation (5.12). By Theorem 5.14

Ko - P, (W)
chs = (e, () = o, (1)) - B
By construction the root a,, is not in J so ps, (wy) = 0 giving the desired result. O

Now we will prove Giambelli’s formula for the other classical Lie types.

5.5.2 Type B

B,: O Oo----0 ; o)
S1 52 S3 Sp—2 Sn—1 Sn

Proposition 5.24. Theorem 5.20 holds when K is a type B root system.

Proof. Let K be a type B,, root system and J C K = K \ {s,}. By Lemma 5.23 showing that

cff’ ;7 = n is sufficient to prove Giambelli’s formula for type B.
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If K is of type B, the diagram of the reduced word for wy is given below. Each row is la-
beled by the word of reflections in that row. For example xo = 283+ Sy _15n.
Ty

Tp—1

Tn—2

T3

T2
AwK = T

Yn—1

Yn—2

Ys
Y2
s S1

To compute cff,J we need to compute p,(wg) where v is s, s182 - Sp—1, and $18 - - 8,. All of
the v-excitations of wx for these words are contained in the shaded area of the A, above. So we
only need the entries of A, ) in those shaded boxes. Start with the box labeled s,, in row x; of
the diagram. The reflections that come after do not act on the root, so we look at 2,1 ---;
and calculate the root as it moves through the diagram. A bullet, o, marks the location of the

root in the diagram at each step. The initial root is below the first diagram and we follow how it
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changes.

Sn N Sn
Fn,f Sn F”f Sn
i1 ki Sn si+1" " pn—1 Sn
‘sj 41" P @ *
a 8585417 5n—1(an)

n =aj+ta 1+ Fan_1+an
Sn N Sn
an Sn F’L* Sn

Sit1| " pn—1 @ ®
sn(ajtajii+ton_1+an) ajtojp1ttan_1+on

=ajtajp1+-tan—_1tan

By the time the bullet gets to the position in the lower left, the root is a; + -- -, which is
invariant under all simple reflections except s; and s;_;. Neither of those reflections act on the
bullet as it continues through the diagram. Thus the label on the box s, in row z; of Ay is

n—j+1.

We can start the bullet in any box of the diagram. Suppose that the h" simple reflection of

wy, is the 7" box in row y,,_1. Then r(h, wg) will be

4 7
T - 218182+ $i-18i-1() = T -+ 11 (E am> =Y

m=1 m=1

Thus the entry in the corresponding box of A, () = %w ( > an_m) =1.

m=1

Another bullet-pushing argument shows that
TnTn_1---T2(on) =a1+ oo+ + ap_1 + 20

If 1 <4 <nthen z,2,_1---T2(;) = ap_ir1. Let the h*" simple reflection of wy to be the it"

box of row x; for some i # n. The root r(h,wg) is

7
TpTp—1 - Ta8182+ Si—1(Q;) = TpZp_1--Ta < > am>
m=1

T
= tas+- o F a1+ 20+ Y Qpomett.

m=2
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Thus the entry in the corresponding box of A, ) is n + .

Now we can label the relevant boxes

of Ap(wi):
Ty 1
Tp—1 2
Tp_o 3
Ap(wre) =
x3 ] n—2
9 n—1
x n41ln+2(n+3| - - fn—zen-1 n
Yn—1 11213 - n—2n—1
With this labeling established, we can see that ps, (wg) = %t. We also observe that there

is only one vg-excitation of wg since vk contains, in order, the reflections s; through s, which

appear in that order in row z; and in no other subword of wg. So

Poc(wi) = (n+1)(n +2)---(2n

The last piece is to calculate p,, (wg).

(2n —1)!

EESR

—2)(2n— )n " =

All subwords of wg that are reduced words for v; are

entirely contained within the x1y,_1 subword of wx. We look at the excited Young diagrams in

just those two rows of A,y ). A vj-excitation p of these two rows is determined by how many

boxes it takes from row x;. The excitation y that uses i boxes from row z; looks like:

n+1lin+2(n+3| | nti

vFid]tt [2n—2@n—1 n

1 2 3 %

i+1|- - |n—2n—1

This v -excitation contributes coefficient M ()

= % to py, (wg). Since 0 < i <n—1,

nfl
(n+1) 1
Po, (W) Z n- ZI
=0
Putting all of the pieces together we have
oK _ Psp (WK ) po, (WK)
n,J Pug (wik)
_ e N it
T @n-Dlyp n-i!
(n—1)! —
n—1
(n+1)! Z (n+1i)!
T 2n-(2n—-1)! - ‘ 4l
7=

By a combinatorial identity for the sum, this can be rewritten as

K (n+1)!

n-(2n)!

cn,J =

2n - (2n —1)!

CES
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5.5.3 Type C

O’n: O O----0 Y @)
S1 52 S3 Sp—2 Sn—1  Sn

Proposition 5.25. Theorem 5.20 holds when K is a type C' root system.

Proof. This proof mirrors the proof in type B. Let K be a type C), root system and define J C K
to be J = K \ {s,}. By Lemma 5.23 showing that CTIL{J = n is sufficient to prove Giambelli’s

formula for type C.

The longest word wy is the same for type C,, as for type B,, in fact the only changes from
type B are the box labels of \,(,,,). First we find the label for the box corresponding to reflection

Sy, in row ;.

S S
n ‘> n
an Sn an Sn
sj+1]" " Fn—1Sn sj+1|" " " Fn—1Sn
‘Sj ST Y Y ‘.
O, 20 + 20541 + -+ 20021 +ap

The root 205 + 2a41 + - -+ + 2ap—1 + o, is invariant under all reflections except s; and s;_;
which will not act on the root. Thus the label in A, is 2(n — j) + 1. Adding up all the labels

of these boxes gives that

Pe, (W) =Y (25— 1)t =n*-t.
j=1

To compute p,, (wx) and p,, (wx) we need to compute the A, ) diagram labels of rows 1,1

and z1. If the h*" box is box i # n of row z; then

i
r(h,wg) = Tp@p_1 - T28182 - 8i—1(;) = TpTp_1-- T2 (Z am> .
m=1

By moving a root through the diagram, x,z,—1 - z2(a1) =1 + s+ -+ a, andif 1 <i<n
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then x,x,_1 - z2(a;) gets pushed through the diagram as follows:

Sn N Sn

snfiJrl Fn— Sn snfiJrl Fn,— Sn

N\ e N S
e e O up
N o ST

HHEY HH

Qg Qp—1+ Qpn

Since we are working in type C the reflection s,,_1 sends «, to 2a,_1 + «a, so the next row of

the diagram acts like this:

Sn Sn

Sn—i+1 an Sn an Sn

—HH —H H

Qp_2 + [e77s} + (679 Oy 41 + -+ (679

Row x,,_;12 eliminateds everything except ay,—;+1 which is preserved for the rest of the diagram.

So

1 n 7
r(h,wg) = 2, @p_1 - o2 ( E am> = E O + E Qp—mt1
m=1 m=1 m=2

and the entry in Ay

wi) 18 n+i —1. Like in type B, ,2n_1 - T221(0;) = oy for i #n. We

can fill in the entries of rows z1 and y,_1 of Ap(,) as follows:

T n (n+tl|{nt+2| - mti—nt+i| - 2n—212n—1| n

Yn—a| 1 | 2| 3 |---| i [it1| - - |n—2[n—1

A vj-excitation of wg is marked in light gray. Summing over the number of boxes of p that are

in row x; as in the previous section gives

n—1 .
n+i—1)! 2n—1)!
pvJ(wK)ZE:( S )t 1:( )t 1'
=0

7! n!
We also see that there is only one vg-excitation of wg 0 py, (W) = ((27?:11))!%"
Putting all the pieces together we obtain
(2n—1)! 2
x _ po,(Wi) o nt
Cn,J = Ps, (wK)va (U}K) =n @Cn-1)! = pn n.

(n—1)!
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5.5.4 Type D

Sn

D, O O----0 T 0
S1 52 S3 Sp—3 Sn—2 Sn-—1

Proposition 5.26. Theorem 5.20 holds when K is a connected type D root system.

Proof. Let K be a connected type D,, root system and J C K = K \ {s,}. By Lemma 5.23 it
suffices to show that cfﬁ, = 4. If K is a root system of type D,, then the shape of A\, depends
on whether n is even or odd. Figure 4 gives the two diagrams for type D,. In each of these

shapes, there is only one vi-excitation of wg. This subword occurs in the rows z; and y,_1 and

looks like:

X1 | S1 | S2 | S3 | " |Sn—3[Sn—2 Sn

Yn—1| S1 52 S3 | " Sn—3[Sn—2[Sn—1

The v -excitations of wg are in the same two rows and there are n — 1 such excitations. Each

excitation p looks like:

Ty | 81 82 [ 83 | “ | Si [Si+1| """ Sn—3[Fn—2 Sn

Yn—1| S1 | S2 | S3 | * | Si [Si+1| " Sn—3[5n—25n—1

We need to find the labels of these boxes in Ap(y,) in order to compute p,, (wx) and p,, (wk).
Denote by = the word obtained from the first n — 1 rows of wg, i.e . * = xp_1Tp_2 - T2x1. We

compute z(q;) for i < n.

First we examine the action of x on «; for 1 < i < n — 2. Suppose that i < n — 2. Then
we take the action of x row by row to get to the root a,_s. The first reflection in x; to not
preserve «; is s;11 which sends it to a; + a;41. The next reflection, s; then brings the root to
a;+1 which the rest of the reflections in x1 preserve. Similarly zo(a11) = ajyo if i +1 < n — 2.

This pattern continues until

Tp—i—2Tp—i—3- - T1(0) = Qp_2
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Figure 4: The diagrams of A\, for K a type D,, root system.

n is odd n is even

Tp_1 Lp—1

Tp—2 Ln—2

Tp—3 Tn—3

€3

x2

x1

Yn—1 S1 | S2 | 83 Sn—3|Sn—2|Sn—1

Yn—2 S1 S2 83 Sn—3[Sn—2 Sp—3|Sn—2|Sn—1

Yn—3 S1 | S2 | 83 Sn—3 Yn—2| 81 | S2 | S3 Sn—3|Sn—2
Yn—-3| S1 | S2 | S3 Sp—3

Y3 S1 | S2 | S3

Y2 S1 | S2 Ys | s1 | S2 | S3

Y1 81 Y2 | S1 | S2
Y1 | S

The action of the next three rows, x,_;_1,%n_;, and z,,_;11 depend on whether n — i is even or

odd. If n — 7 is odd then the next three rows have form

=g--0

xn—i—l(an—2) =

Tn—i+1

Ty —i

Tp—i—1

The actions of these rows are:

Qp—1
xn—i(an—l) = Qp i+t tapo2t+ay_q
Tn—it1(Qnoi+ - F ot an_1) = any

If instead n — 7 is even the next three rows look like

B
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and act by:
xn—i—l(an—Q) = Qpn

xn—i(an—l) Qp—j + -+ Qp—2 + Qp

xn7i+1(an7i +-rtap_o+ an) = Op—j.
Whether n — 4 is odd or even, the root a,_; is invariant under the action of s; for j >n —¢+1

s0 z(a;) = ay—; for all i greater than 1 and less than n — 2.

If we start with the root «; then z,_sx,_4--21(1) = an—2. The rest of the computation
is

Sn—18n—28n(Qn—2) = a, if n is odd
xnflxn72(an72) =

SnSn—28n—1(Qn—2) = an—1 if n is even.

Next we address z(a,—1). Going row by row,
z1(@p-1) =ar+as+- -+ ap_2+ a,_1 and

(a1 + g+ -+ +anot+ap_1) =

which is invariant under s; for j > 2. Thus z(a,—1) = a1.

The result of these computations is that for ¢ < n the word x takes each root «; to a root
a; and therefor 71 (z(q;)) = t for all i < n. Since the label in the i*" box of row y,,_1 is the height

of the root xsyso---s;_1(q;) = (a1 + - - + a;) that box in Ay, is labeled i.

We also want to find the root corresponding to the i*” box of row x;. A non-reduced way to

write the word preceding that box in wg is s, sp—25n—3 - - - S;+15; and the corresponding root is
TSpSpn—28n—3+ Sit18i(;) =(—q; — Qg1 — = Qoo — Qp)
= —z(o; + Qg1 + -+ an_2) — x(ay).
We compute the action of x on the root ay,:
zi(ap) =—(a1+as+ -+ ano+a,)
Sp—1(—(a1+as+ - Fapotay))=—(ag+as+ - +apno+an_1+ay)

66



sn2(—(a1+az+ - +anotana+tan)=—(ar+or+ - +20 2+an1+on)

Each subsequent reflection places the coefficient 2 in front of another simple root until
xox1 () = —(a1 + 200+ -+ 209 + ap_1 + ap).
This root is invariant under the action of s; for i > 2 and thus
z(ap) = —(a1 + 200 + -+ 202 + ap_1 + ay)
Thus the root associated with the i*" box of row 1 is 28,8n—28n_3 - - sip1(ay) =
—z(o; + @ip1 + - rap—2) + a1 + 200 + -+ 202 + Qpo1 + Q.

which has height in the root poset 2n —3 — (n —i — 1) = n + i — 2. We can now label the rows

x1 and y,—1 in the diagram Ap (. )-
T n—1 n n+1 cee | 2n—5|2n—4 2n—3
Yn—1 1 2 3 s n—3 | n—2 | n—1
This means that p,, (wk) = ((2::23))!! (n—1)t". Furthermore when p is a v j-excitation with ¢ boxes
in the top row we see a contribution to p,,, (wk) of M(u) = (n — I)M . Therefore
n—2 .
B m+i—=2) .1 (@n-=3)! ,_,
pos (wK) = ;(n B KAty oy
The constant cff’ g is
(2n—=3)! ;\n—1
Dv; (wK) (n—2)! t 1
Ps, \WK)—F7—~ = Ps,\WK ) 5 —ay, . = Ps,,\(WK)7T— =" 5.14
) gy~ P ) T,y = e ) G (5.14)

The polynomial p,, (wk) is computed in the even and odd cases. In both cases, if m is less than

n — 1 and there is a box corresponding to s, in row x,,, then
Tpn—-1Tn—2Tn—-3" " Tm+1SmSm—+1 """ Sn—33n—2(an>

=Tp—-1Tp—2Tp—-3 """ $m+1(am + Om+41 + - rap_3tap—2+ an)
= Tpn—-1Tn—-2Tn-3 " " * xm+2(am + 2O‘m—&-l + -+ 20571—3 + 2an—2 +op—1+ an)~

The root ay, + 2041 + -+ + 200 —3 + 202 + @i —1 + @, is invariant under the action of s; for

i > m + 1. Thus the root corresponding to that box is

O + 2am+1 ++ 2057173 + 2047172 +ap_1+a,

67



and the entry in Ap(,,) is 2(n —m) — 1.

If n is odd then row z,,_1 does not contain the reflection s,, and

Ds, (WK) = Z 2(n—m) —1| -t
1<m<n-—1
L m odd

e
= ZQn—41—1 -t
_l:l

n?—n
= - 1.
2

If n is even then the row x,_; contains only the reflection s, and that box corresponds to the

root a,. Since 7(ay,) =t we have

ps, (Wr) = |1+ Z 2n—m)—1] -t
1<m<n-3
L m odd _

1

=1+ > 2m—22—-1)—1] -t
=1

n_q

2

=1+ > 2n—4l+1]| -t
=1

- 1+(%—1)(2n+1)—4

-,
_n n.t
2

Thus for any n > 3 regardless of parity, Equation (5.14) becomes

K n?—n 1 n
Cn,J: t- — = —,
2 (n—1)¢t 2

5.5.5 Type E
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Proposition 5.27. Theorem 5.20 holds when K is a type E root system.

Proof. The Giambelli formula for the Peterson varieties in the exceptional types was calculated
using Sage code. While the calculations for types F; and G5 can easily be reproduced by hand,
the E series computations heavily relied on computers. As such the type E computations will
be given with the accompanying code to reproduce the results. Unlike for the infinite series Lie
types, if K is a root system of type F,, the word wy does not give rise to a nice diagram. Instead

we present that information as a table in Figure 5.

The first list L., gives the ordered simple reflections s;, such that wx = s; s;,---5;, is the
reduced word for wg given by the algebraic combinatorics platform Sage. The second list Ly, )
is created using a Sage program. For each simple reflection sj;, of wx we record % s(r(i, wg)).

The code for this program is available at http://arxiv.org/abs/1311.2678.

The only reduced words of v are
VK = 815928384 -8y = 8285183848y, = 81538284 Sp.

Python code can find all sublists of L,,, that are equal to one of the three corresponding lists.
These sublists are the vg-excitations p of wg. For each excitation p, M (u) is the product of the
entries in Ly (,,) in the same positions as those in the sublist ;. We then sum over all such p to

get
Doy (wK) = Z M(,U,) A
1 a vi-excitation of LwK

We also evaluate p, (wx) by summing all of the entries in L, corresponding to entries which

WK )
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Figure 5: The lists Ly, and Ly () for K = Fg, E7, and Fg. The bold simple reflection in LwE7
and LU)ES is the last occurrence of the reflections sy and sg respectively.

LwE6 = 51, 83, S84, S5, S6, S2, S4, S5, S3, S4, S1, 53, S2, S4, S5, S, 52, 5S4,
S5, S3, S4, S1, S3, S2, S4, S5, 83, S84, S1, 83, S2, S4, S1, S3, S2, S1

P(weg) = 1, 2, 3, 4, 5 4, 5 6, 6, 7, 7, § &8 9, 10, 11, 1, 2,°
3, 3, 4, 4, 5, 5, 6, 7, 1, 2, 2, 3, 3, 4, 1, 2, 1, 1

L

L’LUE7 - S7, 56, S5, S4, S3, 52, S4, S5, 56, S7, S1, 83, S4, Ss, S6, S2, S4,
S5, S3, S4, S1, S3, S2, 54, S5, Se, Sv, S1, 83, S84, S5, Se6, 52, S4,
85, 83, S84, S1, 83, 82, S84, S5, S6, S2, S4, S5, 83, S4y, S1, 53, S2,

S4, S5, 53, 5S4, S1, 53, 52, S4, S1, 53, 52, S1

Lp(wE7) = 1, 2, 3 4 5 5 6, 7, 8§ 9, 6, 7, 8§ 9, 10, 9, 10,
11, 11, 12, 12, 13, 13, 14, 15, 16, 17, 1, 2, 3, 4, 5 4, 5,
6, 6, 7, 7. 8 8 9 10, 11, 1, 2 3, 3 4 4, 5 5
6, 7, 1, 2, 2 3, 3 4 1, 2 1, 1

L’U)Es — 58, S7, 56, S5, S4, 53, 52, S4, S5, 56, S7, S1, 53, S4, S5, 56, 52,

S4, S5, S3, Sa4, S1, S3, S2, S4, S5, Se, S7, S8, S7, Se, S5, S4, S3,
s2, S4, S5, Se, S7, S1, 83, S4, S5, Se6, S2, S4, S5, S3, S84, S1, 83,
52, S4, S5, 56, S7, S8, S7, 56, S5, S4, 53, 52, S4, S5, 56, S7, S1,
3, S4, S5, Se, S2, S4, S5, S3, S4, S1, 83, S2, S4, S5, S, S7, S1,
S3, S4, S5, Se, S2, S4, S5, S3, S4, S1, 83, S2, S4, S5, Se, S2, S4,
S5, S3, S4, S1, S3, S2, S4, S5, S3, S4, S1, S3, S2, S4, S1, 83, S2,

sy = L2, 3, 4, 5 6 6 7,8 9 10, 7, 8 9, 10, 11, 10,
11, 12, 12, 13, 13, 14, 14, 15, 16, 17, 18, 29, 11, 12, 13, 14, 15,
15, 16, 17, 18, 19, 16, 17, 18, 19, 20, 19, 20, 21, 21, 22, 22, 23,

7, 8 9, 10, 9, 10, 11, 11, 12, 12, 13, 13, 14, 15, 16, 17, 1,
2, 3, 4, 5 4, 5 6, 6 7, 7, 8 8 9, 10, 11, 1, 2
3, 3, 4, 4, 5 5 6, 7, 1, 2 2 3 3 4, 1, 2 1,
1
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are s; in Ly, . This gives the following data for the E series:

Type Es  Type E7 Type Eg
Poy (W) 887040t5 6616209607 11179629901440%
Ps; (WK ) 16t 34t 92t
Psy (WK ) 22t 49t 136t
Dss (WK) 30t 66t 182t
Psa (WK) 42t 96t 270t
Pss (WK ) 30t 75t 220t
Psg(WK) 16t 52t 168t
Ps. (W) 27t 114t
Pss (Wk) 172t

This table along with Lemma 5.17 gives us that the E series Peterson varieties have the following

Giambelli’s formula.

Es: C-py(wrg)= T[] ps;(wr) where C=240=9¢

1<i<6 3
E;: C-py(wr)= ][] ps;(wg) where C =680= %’
1<i<7
Es: C-py(wr)= T[] ps;(wrx) where C =13440= %
1<i<8

5.5.6 Type F,

Fy: O—O—>—0—0
4 S1 52 S3 S4

Proposition 5.28. Theorem 5.20 holds when K is a type F, root system.

Proof. If K is a root system of type Fy then J = K \ {s4} is a root subsystem of type Bz and

therefore

4
1
ch *PK = PsyPv; = 31 sz‘-
i=1
Evaluating at wx = 545352535152535453525351525354535253515253515281 gives
pr(wr) = 18480tt =2%.3.5.7-11 - ¢
p1(wg) = 22t po(wg) = 42t

ps(wg) = 30t pa(wg) = 16t

71



Since

1
ey g pr(wi) = Qﬂpi(wx),
i=1
4
we can solve for ch to see that ch =4. Thus 4! - px = (|IK|)! - px = [] pi- O
i=1

5.5.7 Type G2

Ga: o===0
S1 S92

Proposition 5.29. Theorem 5.20 holds when K is a type Go root system.

Proof. Since in type G the ring Hf(Petg,) has only four Peterson Schubert classes, we give the

basis explicitly evaluated at e, s1, s2, and $15251525152:

Py pP{y P{2} P{1,2}

1 0 0 0
1 t 0 0
1 0 t 0
1 6t 10t 30t2
From this basis it is clear that 2 - px = [] ps, and of course |K|! = 2. O
ieK
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APPENDIX A

NOTATION

G a complex reductive linear algebraic group

B a Borel subgroup

T a maximal torus

P a root system

ot positive roots in ®

A positive simple roots in ®

«; a simple root in A

w a Weyl group

S; a simple reflection in W associated to a;

wWo the longest word in W

t,b,g Lie algebras associated to T, B, G respectively

g the root space in g associated to the root o € ®

F, a basis element in g,

t* the dual of t

C[t"] a Cartan subalgebra

XT or (X)T the T-fixed points of X

Hi(X) the T-equivariant cohomology of X

Oy the (equivariant) Schubert class associated to the word v € W
oy (w) the localization of o, at the T-fixed point wB € G/B
r(i, w) the root associated with ith letter of w
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H
h
Hess(X, H)

Wp

WP

M

Flags

Wy
Ag

Hj

B;

a Hessenberg space in g

a Hessenberg function h : [n] — [n]

the Hessenberg variety associated to Hessenberg space H and op-
erator X € g

a parabolic subgroup of G

the parabolic subgroup of W, also the Weyl group of P/B

the minimal coset representatives of W/Wp

a regular nilpotent operator in g

the matrix obtained by flipping matrix M along its antidiagonal
the flag variety G/B

a one dimensional subtorus of T'

a flag in G/B

a ring homomorphism from Clay, ..., a,] to C[t] induced by a; — ¢
for all 4

the Hessenberg Schubert class associated with w

the Hessenberg Schubert class o localized at w

the set of v € W such that the permutation matrix of v is contained
in H

the set of S-fixed points in Hess(N, H)

the matrix with entries 7, (w)

the type-A,,_1 Hessenberg space defined by h(1) = 3 and h(i) =n
for i > 1

the subgroup (s2,83,...,8,-1 C &,

the subset {s;sj—1-+-818;—18i—2--+ Sy : 1 <i<n—1landy €
(83, Sn—1)}

the right descent set of z

the coset {z € Z : so & Dr(z)}

the block of of Ay, with rows indexed by Y and columns indexed
by 812 U 52512

the j*" diagonal block of 3
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HPet

Pet

the Peterson Hessenberg space

the Peterson variety

the longest word of a parabolic subgroup Wy Cc W

the Peterson Schubert class associated to the word v € W

a fixed reduced word for w € W

a specific Coxeter element of Wi defined in Definition 5.5

the number of reduced words for v € W

the skew diagram representing the word wx € W

the skew digram with each box containing the height of the corre-
sponding positive root

a v-excitation in A, for a fixed word v € W

the product of the entries in Aj(,,) corresponding the the excita-

tion p
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APPENDIX B

CODE FOR COMPUTING GIAMBELLI’'S FORMULA FOR

TYPE E PETERSON VARIETIES

This work was done in Sage 5.2.

First we define a function root_finder that will return the root r(i, w) for a fixed reduced word w.

def T(i,z):
return alphalint(z.reduced word() [int(i-1)]1)]
def p(i,z):
list=[]
for j in Sequence([0..int(i-2)]):
list.append(z.reduced word() [int(j)]1)
return W.from_reduced_word(list)
def root_finder(m,n):
a=m.reduced_word() ;
g=n
for i in Sequence[0..int(m.length()-1)]:
g=q.simple_reflection(alint (m.length()-i-1)1);
return q;
def r(i,w):
if i<=w.length():
return root_finder(p(i,w),T(i,w))

else:
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return 1

These functions can be used in any Lie type. To calculate the lists Ly, and Ly,,) we must
specify which Lie type we want to work in. The code for calculating in type Fg is given first with

annotations, followed by the similar code for types F; and Eg.

B.1 Type Eg

First we need to define the objects we will need for the computation. n=8
W=WeylGroup([’E’,n] ,prefix="s")

R=RootSystem([’E’,n]);

S=R.root_space();

B=S.basis();

space=R.root_lattice();

alpha=space.simple _roots();

Q=R.root_poset ()

[s1,s2,s3,s4,s5,s6,s7,s8]=W.simple reflections ()

w=W.long element ()

Now that we have defined the root poset on the positive roots ®T a simple function will give

the value of 17(c) for any positive root cv.

def height(m):

return Q.rank(m)+1;

The lists Ly, and Ly (., ) are obtained using this code:

worde8=w.reduced_word ()

listpwk=[]

for i in Sequence[l..w.length()]:
listpwk.append(height (r(i,w)))

print worde8, listpwk

7



The list worde8 is L, and the list listpwk is LP(wEs)' For each simple reflection s1, so, ..., Sg
the evaluation of py, (wg,) is calculated using this code. Here we have used ¢ = 3, but this must

be run eight times, setting ¢ equal to one through eight.

i=3

q=0

for j in Sequence(0..(len(worde8)-1)):
if worde8[jl==i:

g=q+listpwk[j];

The final value is q= %ps,, (wgy). The last component of Giambelli’s formula is evaluating
Dug (Wi). This code finds all sublists of worde8 that are reduced words for v . Since vk must end
in sg and it last occurs in the 57t" spot in the list, we only need sublists of the first 57 terms. The
CPU time was slightly over 10000 minutes for this step of the calculation. The same calculation

can be done with fewer lines of code, but a longer run time.

X=Set ([0..56])

Y=X.subsets(8)

z=[]

for q in Y:

if worde8[sorted(q) [711==8:
if worde8[sorted(q) [6]]1==T7:
if worde8[sorted(q) [5]]==6:
if worde8[sorted(q) [411==5:
if worde8[sorted(q) [3]1]==4:
if worde8[sorted(q) [2]]==3:
if worde8[sorted(q) [1]11==2:
if worde8[sorted(q) [011==1:

Z.append(q)
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for q in Y:
if worde8[sorted(q) [7]]==8:
if worde8[sorted(q) [6]11==7:
if worde8[sorted(q) [5]1==6:
if worde8[sorted(q) [4]]==5:
if worde8[sorted(q) [311==4:
if worde8[sorted(q) [2]11==2:
if worde8[sorted(q) [1]]1==3:
if worde8[sorted(q) [011==1:

Z.append(q)

for q in Y:
if worde8[sorted(q) [711==8:
if worde8[sorted(q) [6]]==7:
if worde8[sorted(q) [5]]1==6:
if worde8[sorted(q) [411==5:
if worde8[sorted(q) [3]]1==4:
if worde8[sorted(q) [2]]==3:
if worde8[sorted(q) [1]11==1:
if worde8[sorted(q) [0]]==2:

Z.append(q)

Now the list Z contains all subwords of wg that are reduced words for vg and we can sum

over them as follows:

q=0

for j in Sequence(0..(len(Z)-1)):
a=1
for k in Sequence(0..7):

a=axk
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g=q+a

This value q is equal to 5Py, (wi).

B.2 Type E;

The basic setup:

n=7

W=WeylGroup([’E’,n] ,prefix="s")
R=RootSystem([’E’,n]);
S=R.root_space();

B=S.basis();
space=R.root_lattice();
alpha=space.simple _roots();
Q=R.root_poset ()
[s1,s2,s3,s4,s5,s6,s7]=W.simple reflections()

w=W.long element ()

def height(m):
return Q.rank(m)+1;

The lists Ly, and Ly(,,) are obtained using this code:

worde7=w.reduced word ()

listpwk=[]

for i in Sequence[l..w.length()]:
listpwk.append(height (r(i,w)))

print worde7, listpwk

The list worde7 is Ly, and the list listpwk is Lp(wE7). For each simple reflection s1, ss, ..., s7

80



the evaluation of py, (wg,) is calculated using this code. Here we have used ¢ = 3, but this must

be run seven times, setting ¢ equal to one through seven.

i=3

q=0

for j in Sequence(O0..(len(worde7)-1)):
if worde7[jl==i:

g=q+listpwkl[j];

The final value is g= 1p,(wg,). The last component of Giambelli’s formula is evaluating
Doy (Wi ). This code finds all sublists of worde8 that are reduced words for vg. Since vix must
end in s7 which last appears in the 27" spot in the list, we only need sublists of the first 27 terms.
X=Set ([0..26])
Y=X.subsets(7)
Z=[]
for q in Y:
if worde7[sorted(q) [6]1]==T7:
if worde7[sorted(q) [5]]==6:
if worde7[sorted(q) [4]]==5:
if worde7[sorted(q) [3]1]==4:
if worde7[sorted(q) [2]]==3:
if worde7[sorted(q) [1]]==2:
if worde7[sorted(q) [0]]==1:

Z.append(q)

for q in V:
if worde7[sorted(q) [6]1]==T7:
if worde7[sorted(q) [5]]==6:
if worde7[sorted(q) [4]]1==5:

if worde7[sorted(q) [3]1]==4:
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if worde7[sorted(q) [2]]==2:
if worde7[sorted(q) [1]]==3:
if worde7[sorted(q) [0]]==1:

Z.append(q)

for q in Y:
if worde7 [sorted(q) [611==7:
if worde7 [sorted(q) [5]11==6:
if worde7[sorted(q) [4]]==5:
if worde7 [sorted(q) [311==4:
if worde7[sorted(q) [211==3:
if worde7[sorted(q) [1]]==1:
if worde7 [sorted(q) [011==2:

Z.append(q)

Now the list Z contains all subwords of wg that are reduced words for v and we can sum

over them as follows:

q=0
for j in Sequence(0..(len(Z)-1)):
a=1
for k in Sequence(0..6):
a=axk

q=q+a

This value q is equal to t%va (wg).

B.3 Type Eg
Basic setup:

n=6
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W=WeylGroup([’E’,n] ,prefix="s")
R=RootSystem([’E’,n]);

S=R.root_space();

B=S.basis();

space=R.root_lattice();
alpha=space.simple_roots();
Q=R.root_poset ()
[s1,s2,83,s4,s5,s6]=W.simple_reflections()

w=W.long element ()

def height(m):
return Q.rank(m)+1;
The lists L

and L, are obtained using this code:

WK W)

worde6=w.reduced_word()

listpwk=[]

for i in Sequence[l..w.length()]:
listpwk.append (height (r(i,w)))

print worde6, listpwk

The list worde6 is LwEG and the list listpwk is LP(TUE5)' For each simple reflection s1, ss,..., sg
the evaluation of p, (wg,) is calculated using this code. Here we have used ¢ = 3, but this must

be run six times, setting ¢ equal to one through six.

i=3

q=0

for j in Sequence(0..(len(worde6)-1)):
if worde6[jl==i:

g=q+listpwk[j];
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The final value is q= %psi (wg,). The last component of Giambelli’s formula is evaluating
Do (Wi ). This code finds all sublists of worde8 that are reduced words for vi. Since vix must
end in s7 and the last occurrence is in the 16" spot in the list, we only need sublists of the first
16 terms.
X=Set ([0..15])
Y=X.subsets(6)
Z=[1
for q in Y:
if worde6[sorted(q) [5]]1==6:
if worde6[sorted(q) [4]]==5:
if worde6[sorted(q) [3]]1==4:
if worde6[sorted(q) [2]]1==3:
if worde6[sorted(q) [1]]1==2:
if worde6[sorted(q) [0]]==1:

Z.append(q)

for q in Y:
if worde6[sorted(q) [511==6:
if worde6 [sorted(q) [4]]==5:
if worde6[sorted(q) [31]1==4:
if worde6[sorted(q) [211==2:
if worde6[sorted(q) [1]]1==3:
if worde6[sorted(q) [0]]==1:

Z.append(q)

for q in Y:
if worde6[sorted(q) [5]]1==6:
if worde6[sorted(q) [4]]1==5:

if worde6[sorted(q) [3]1]==4:
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if worde6[sorted(q) [2]]==3:
if worde6[sorted(q) [1]]==1:
if worde6[sorted(q) [0]]==2:

Z.append(q)

Now the list Z contains all subwords of wg that are reduced words for v and we can sum

over them as follows:

q=0
for j in Sequence(0..(len(Z)-1)):
a=1
for k in Sequence(0..5):
a=axk

q=q+a

This value q is equal to 5Py, (Wi ).
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