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Abstract

In this paper, a (2+1)-dimensional sine-Gordon equation and a sinh-Gordon equation are derived from
the well-known AKNS system. Based on the Hirota bilinear method and Lie symmetry analysis, kink wave
solutions and traveling wave solutions of the (2+1)-dimensional sine-Gordon equation are constructed. The
traveling wave solutions of the (2+1)-dimensional sinh-Gordon equation can also be provided in a similar
manner. Meanwhile, conservation laws are derived.
© 2020 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

It is well-known that the classical (1 + 1)-dimensional sine-Gordon (sG) equation

Usr = Uxy + SINU (D

or equivalent form
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Uy = SINU 2)

appears in many scientific fields [1,2,12,5-7,34], such as quantum-field and differential geom-
etry theory [1,2,12,10,24,5-7]. Many mathematicians and physicists studied this well-known
equation from different aspects. The authors in [2] discussed the sG equation through using
the inverse scattering method. Leibbrandt [12] studied solutions of the sine-Gordon equation in
higher dimensions. Klein [10] considered geometric interpretation as surfaces of constant nega-
tive curvature. Rubinstein [24] presented a model of field theory and studied in detail. Gu and Hu
[5] provided explicit solutions to the intrinsic generalization for the wave and sine-Gordon equa-
tions, and Hu [7] investigated the relationship between soliton and differential Geometry through
the sG equation. In [25], the authors studied symmetry groups of the intrinsic generalized wave
and sine-Gordon equations. A quantum-mechanical system is constructed over a Fock space of
particles in [31] based on N-soliton solutions.

In paper [35], one of the authors derived a (2+1)-dimensional KdV and mKdV equation from
positive case. This paper is the continuation of that one. In this paper, from the extend AKNS
system, we derive a (2+1)-dimensional sine-Gordon equation as well as a (2+1)-dimensional
sinh-Gordon equation. Kink wave solutions and their interactional wave propagation are con-
structed for the (2+1)-dimensional sine-Gordon equation. Furthermore, Lie symmetries approach
is employed to reduce the (2+1)-dimensional sine-Gordon and sinh-Gordon equations so that
their traveling wave solutions are obtained.

2. Derivation of (2+1)-dimensional sine-Gordon and sinh-Gordon equations

It is well-known that the AKNS system [1] is one of the classical well-known integrable
systems from which a great many of nonlinear evolution equations can be derived, such as the
famous KdV equation, the MKdV equation, the nonlinear Schrédinger equation (NLS), the Burg-
ers equation, the (1+1)-dimensional sine-Gordon equation, etc. Based on the AKNS system, let
us consider the following (2+1)-dimensional zero curvature equation [1,33,11,34,35],

Xt_Xx+Tx_Ty+[XaT]:Os (3)
where [X,T]=XT — TX,

X=<_i§ ?),r:(A B). 4
roic C D

Here in Eq. (4), i = —1, ¢ is an eigenparameter independent of time ¢ (i.e. & = 0), ¢, r are
two potential functions of x, ¢, and A, B, C, D are the functions to be determined. Substituting
Eq. (4) into Eq. (3) leads to the following equations

Ay —Ay=rB—¢qC,
By —By=¢qy —q,+2iB{+Aq —qD, 5)
Cy—Cy=ry,—r—=2iCt+rD—rA,
Dy —Dy=qC —rB.
From the first and the last equations, we can choose D = —A. Hence, Eq. (5) becomes
Ay —Ay=rB—¢qC,
By — By =qx —q: +2iB{ +2Aq, (6)
Cy—Cy=ry,—1r —2iC; - 2rA.
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In order to solve for A, B, C, let us target at expanding A, B, C in the form of truncated power
series with regard to the eigenvalue ¢. Since the positive cases have already been studied in the
literature, here in our paper we do the negative case. The negative order of integrable equations
originated from the work in [15,16], and thereafter some interesting integrable equations with the
properties of generalized Lax representations and algebraic structure were developed from the
negative hierarchy [32,17,19,21,22]. The negative case may generate some new equations which

have different physical meanings [18,20,23].
Therefore let us try employing the following expansions

A=Y ay(x,y. 007", B=Y by(x, .00 7", C= culx,y, 007"
Substituting Eq. (7) into Eq. (6), it immediately generates
Qpx — Qpy = rby, — qcp,
by_1x —bp_1,y =2ib, +2qay_1,
Cn—lx — Cn—1,y = —2ic, — 2ray_q,
qx — 41 = bnx — bpy — 2anq,
Tx —Ti = Cpx — Cpy + 2ay7.

In the special case n = 1, we have

A=ai(x,y,0¢7", B=bi(x,y,0¢"", C=ci(x,y,0¢ ",
and
aix —aiy =rby —qcy,
bix — b1y =2a14,
qx — qr = —2iby,
Clx — C1y = —2ayr,
ry —rs —2ic; =0.
Eq. (10) admits the following special solutions:
ay = %cosu,

by =cy = gsinu,

Uy—Uy

q=—T=—7"
and subsequently yields the following (2+1)-dimensional sine-Gordon equation
Uyy — Uyy — Uyt + Uy, = SIDU.
In a similar way, we may select the following special solutions of Eq. (10)
a) = % coshu,

by = —cy = g sinhu,

Uy—Uy

q:r:—2 .

to get the (2+1)-dimensional sinh-Gordon equation below

Uyy — Uyy — Uys + Uy, = sinhu.

(7

®)

€))

(10)

1)

12)

(13)

(14)
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Remark.

1. One may obtain other integrable (2+1)-dimensional equations through choosing different
solutions of Eq. (10). Here in our paper, we just focus on those which have physical applica-
tions.

2. Under the transformation § = x + y +1¢,n=y,t =t, Eq. (12) and Eq. (14) equivalent to
Egs. Uy; =sinU and U,;; = sinh U, this is just the case of (1+1)-dimensional.

3. Multi-kink wave solutions
Let us consider the following transformation [4]

*

o f
i 1t =2 1 V3R] 15
u(x,y,r)=2iln 7 15)

where f* is the complex conjugate of function f. Since sinu = "iu_zf_i", substituting Eq. (15)
into Eq. (12) yields

2( ;xf*_f;f; _fxxf_fxfx)_2<f;)rf*_f;f; N fyxf_fyfx)

(f*)? r? (f*)? f?
_Z(f[if* - ftxf_ftfx) +2<f[§f* -5 ftyf_ftfy)
(f*)? f? (f*)? f?
LU= f? f2—<f*)2)
=— — , 16
2( (f*)? f? (10
which implies the following bilinear forms [8]
_ =g
DxDxf'f_Dnyf'f_Dthf'f'f'DtDyf'f—f’ (17)

where the operator D is defined by
DI ... DS g= (3x1 B 8}(;)"1 (an _ 3x;)”] FOnx) 8 (X)) Ly
(18)
Let us assume that f can be expanded in the power of ¢ as follows,
F=14efD 42D 4., (19)
Substituting Eq. (19) into Eq. (17), we have

coefficients (e) :

(f“) — (f“))*) : (20)

| =

W g g =
coefficients (82) :
2(f2 1@ - 12+ 1)
__ (DxDxfa) O DD f O O _pp O Oy pp O f<1>)

+f(2) _ f(Z*) + % ((f(l))Z _ ((f(l))(*))z) ’ 21
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coefficients (83 ):
2 (52 = 2 = 2+ 1))

=-2 (DxDxf(l) . f(2) _ Dnyf(l) . f(2) _ Dthf“) . f(z) + DtDyf(l) . f(z))
_|_f(3) _ f(3*) + (f(l))(f(z)) _ (f(l))*(f(z))*, 22)

In order to get some exact solutions, let us set up

fO =ieft, g =cit +kix + 1y, (23)
with the following constraint condition

k3 —kicy —kily 4+ Ly =1. (24)
Then, we have

file,y, 1) =1+ie, (25)

which gives us the following single kink wave solution

1+iéb
w="2iln % = darctan ! (26)
—ie

Because of its linearity, Eq. (20) admits the following solutions

fW =ieft vie®, gy =cit +kix + 11y, & =cat +kax + by, 27)
where ¢, kj,1;(j =1, 2) are constants. Apparently, substituting Eq. (27) into Eq. (21) produces

O — _fithatan (28)
where

ap ki —k)(h — D) + (c1 — ) (ki —ka) — (k1 —k2)* — (c1 — ) (h — lo) (29)
(k1 + k2)? — (ki + ko) (1 + 1) — (c1 + c2) (ki + ko) + (c1 + )y + 1)

That is to say,

fHlx,y,)=1— fitéatAn o8 4 b 30)
Therefore, two kink wave solution is given by

&1 52
u = 4 arctan i 3D

1 — ef1ts+An’
Adopting the same procedure shown above, we could obtain a 3-kink wave solution
€51 482 4 o5 _ oSt tEtAntTA+AY

U = 2i arctan 1 — (eSitiatAn 4 bitEi+A13 4 oo ti3+An)° (32)

where
iy _ ki = kUi = 1) + (i —c)tki —kj) — (i —kj)? = (ci —cp)Ui — 1))
(k; +kj)2 — (ki + k)i +1j) — (ci +cj)ki +kj) + (ci +c¢;)U; + 1))
(i<j, i,j=1,2,3). 33)
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Repeated the similar procedure N times, we can construct N-kink wave solution:

Z exp(ZMt(St l_)+ Z il j t])

u=2iln #=0] ]<l<j
Z exp(ZMt(gz +l_)+ Z Mi b j tj)
n=0,1 1<i<j

(34)

4. Determinant representation of the N-kink wave solution

The N-kink wave solution could be represented in the terms of determinants. Let us consider

the following determinant associated with a parameter A

4A;B; §i+E;—in
p(A) =det| Ad;; + 2 ,

e
(A; +A))(Bi + Bj)
where §;; is a characteristic function
0 i#j
dij ={ . s
1 i=j

and A; =c¢; — ki, Aj=cj—kj, Bi=ki —1;, Bj=k;j —1
polynomial. So, let

(35)

(36)

;. Apparently, p(A) is a N-th degree

PV =AY +a AN a2 4 ay, (37)
where ay, a, ..., ay are N coefficients. Obviously,
&-Z 4A1B; Pk 44, B, Ut
(A|+A2)(B|+Bz) - o (A|+AN)(B|+BN)
__ AdB, R 6H-12 4428y -t
— »(0) = (At AN Byt B ¢ e (At AN (Bt Bm) ©
ay=p0) = )
4AN By o 4AN By o en— T
AnFANByFBN ¢ AN+ A ByFB ¢ er 2
(33)
= (—4i)N A1 B1A2By - Ay Byt oty (39)
1 1 L 1
4A1 By (A1+A2)(B1+B2) (A1+AN)(B1+Bn)
1 1 1
(A2+A1)(B2+B)) 4A,B; (A2+AN)(B2+BN)
1 1 ... I
(AN+AD(BN+B1)  (AN+A2)(By+B2) 4AN BN (40)

. 1 (Ai —Aj)(B; — B)j)
= (—4i))NA1B1A2By - - Ay Byefi i (41)
4A1 B4 l_[ (A +A;)(B; + Bj)

i=2
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1 1

(A1+A2)1(31+Bz) (A1+AN)1(31+BN)
0 1 R
4A,B Ay +AN)(B2+B
| 2 2 (Ar+ N).( 2+BN) (42)
0 — L .. _ 1
(AN+A2)(BN+B2) 4AN By
= ... (43)
= (—4i)NAlBlAsz ‘.- ANBN651+§2+"'§N
N
1 (Ai —Aj)(Bi — B)) 44
4NA|B1A2B; - AN By Isi<j (A; +Aj)(B; + Bj)
N (Ai—A))(Bi — B;
:(_l.)Neg:]_;,_gz_,_.i.gN 1—[ ( [ j)( [ ,1). (45)
I<ic (Ai +Aj)(B; + Bj)
Repeating the above procedure, we shall obtain
ay = p(0),
an-1=p'(0), 46)
ay—2=5p"(0),
where / stands for %.
Comparing all the coefficients (46) with the numerator of (34), we can readily find that
N . N
> CXP(ZM(E:‘ —ig) T > MiMinj> =ay+ay-1+an—2+---+a1=p(l),
u=0,1 i=1 1<i<j
(47
and
& +E;—im
4A; B; LN e
det <)»5ij + —(Ai+Aj)(Bi+Bj)e 2 )
u="2iln (48)

det (Aa,- J+ %ewﬁm) ’
where §;; is defined in (36).
5. Interaction of kink waves
Now, let us consider the two-kink wave solution

il 1 —ef1teatAn _ e 4 of2)

1 — ebithatAn — (bl 4 eb2)

where

Ei=cjt+kjx+1;y, k;—ijj—kjlj-i-lej:l, j=1,2,
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and investigate the interaction of two-kink waves solutions. Without loss of a generality, let us
k2 —kili—1

assume that k1 = mky, [{ = mly, where m is a non-zero real number, then ¢; = T and
m2k?—m>kilj—1 . . . .
o=—tr—m Obviously, & can be rewritten in terms of &1, that is,
; : m—1 , (49)
2= m 1 — ————— L.
m(ky —1I1)

Therefore, in the obit of constant &1, when t — —o0 both €51 7527412 and ¢ are approaching 0
and
1 —ief
u ~ 2iln ——— =4arctan e, (50)
1+iéb
When t — o0, apparently ie!, 51752412 and ¢%2 are dominant terms. Hence, we have

eitétAn _ ok

~Di — —1t+AnR)
u~2iln BT AL 1 ik =4 arctane . (@28

Adopting the similar procedure as above and playing the same scenario in the obit of constant
&>, we then know that & can be rewritten by & as

. & 1 —m? ;

o =)
Therefore, in the obit of constant &, when t — —o0 and ¢ — 0o, we obtain the following two
asymptotic formulations

SitertAn _ 5

~%l " —(62+A12)
u~2iln ETETAL L ieh 4 arctane (53)

(52)

and
. 1 — ieéz £
u ~ 2i In ——— =4 arctan e, (54
1+ies

respectively.

In light of the above asymptotic analysis, we can conclude that when the kink waves travel
alone with the x-axis, the one on the left travels faster and interacts with the one on the right.
After their interactions, two kink waves interchange their position.

6. Lie symmetries analysis and traveling wave solutions of the (2+1)-dimensional
sine-Gordon equation (12)

Obviously, the following simple transformation

v=e¢'", (55)

sinu:T,cosuz—, (56)

and

-1
U = arccos % 67
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Substituting Egs. (55) and (56) into Eq. (12) leads Eq. (12) to the following equation

2 -1
UyxV — U UtV — UxUp . UgyU — Uy U Uy U — Uy, v —U
—i >— +i 5 +i2 5 A 5 Y = —, (58)
v v v v 2i

which can be reduced to

2 (vxxv — v)% — UxsU + UxUr — UxyV + Uy Vy + Uy U — vyvt> — v 4v=0. 59)

As per the Lie group method shown in [13,14,3,9,26,29,30,27,28], Eq. (59) has the following
vector fields,

V=&, y.1, u) i ACI u) L oyt u) +Eu(x Yt M)— (60)
Then a direct but lengthy computation generates the following results

=+ +F, & =(x=-2y)F2+ Fy, § =y + F1, 1y =0, (61)

where Fy, Fy, F3, F4 are arbitrary functions of x, y, t. Thus, Eq. (59) has the following symme-
tries
0 0 0 a 0 0
V Wr=— Va=—, W= o4 (—x —=2y)F, — F,—, 62
P TR x+y 28t+(x y) 2oty 2%y (62)
the first three of which are apparently the basic geometry symmetries. It is clear that Eq. (59)
definitely has traveling wave solutions. Substituting the traveling wave setting v(§) = f(k1x +
kay — kst) into Eq. (12) yields the following ordinary differential equation

Af'f=Af? = P+ f=0, (63)

where A = 2k12 + 2k1k3 — 2k1ky — 2kok3. Let us assume that Eq. (63) admits special solutions in
the form of

f=ao+ap +axg?, (64)
where ay, ay, ay are constants and ¢ satisfies the following well-known Riccati equation

¢'=R+¢%, (65)
with the following solutions:

¢ = —v/—Rtanh/—RE, ¢ = —/—Rcothv/—RE, R <0 (66)
and

¢ =+vRtanvVRE, ¢ = —v/Rcotv/RE, R > 0. (67)

Substituting Egs. (64) and (65) into Eq. (63), we have
ag::l:l, A=:I:L, ap=a; =0. (68)
R 2R

So, we obtain the traveling wave solutions of the (2+1)-dimensional sine-Gordon equation

(12):

—1
vty (69)

U = arccos
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Case i) when R < 0,

v=Ftanh®> vV/—RE, v=Fcoth® V—RE, (70)

and
F(cosh(4+/—RE) —3)
U = arccos [ — ] (71)
2sinh“(2+/—R£)
where £ = k1x + koy — k3t.
Case ii) when R > 0,

v=+tan> VRE, v=+tcot® VRE, (72)

and
+(cos(4/—RE) —3)
U = arccos [ — ] (73)
2sin“(2+/—RE)

where £ = k1x + koy — k3t.
Remark. Let

v=e¢", (74)
then

- -1

sinhy = ——° , coshu = v +2U , (75)

and
-1
u = arccosh R (76)

Substituting Eqs. (74) and (76) into the (2+1)-dimensional sinh-Gordon equation (12) yields the
same equation as Eq. (59)

2 (vxxv — v)zc — UxtV + Ux Uy — VUxyV + Ux Uy + Uy U — vyv,) — v 4+v=0. )

So, just substituting (62) and (64) into

F(cosh(4v/—RE)—3)
- arccosh[—2 sinh(2/— RE) ], R <0
u = arccosh = , (78)
+(cos(4+/—RE)—3)
arccosh[—2 i GJ—FE) ], R>0

which is the exact traveling wave solutions of the (2+1)-dimensional sinh-Gordon equation (14),
with &€ = kix + koy — k3t

7. Conservation laws

Below, we present the multipliers Q with the corresponding conserved forms T'dxdy +
TYdxdt + T*dydt (where (T', T*, —T") is the conserved vector). The computed multipliers
are up to first order in derivatives of u. Given here, there are infinitely many as all functions
fix+y+1),i=1,2,3, of Eq. (12) viz.,,
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Q=[(x+0uy— 2t +x)ux +tu) filx +y+1)

+ (e —uy) fo(x +y+1) + (uy —uy) f3(x +y +1) + kuy,
where k is a constant.
We construct the conserved forms for some special cases in which the term T'dxdy leads to

the ‘conserved density’.
1. Q1 = Uy

1 1 1 1
[uxuy — Zuxz — qUxy + Zuuxx]dxdy

—G—[—}—wmx + %uxz + JTuux, — }Tuuxx]dxdt

+[—1— %u,ux — }Luxuy + %uxz — %uux, — ;lluuxy + %uuy, + cosuldydzt.

2 1 1 1
y© = qlxlty — gulyy + guuyyldxdy

+[1 — %u,uy + %uxuy — iuuy[ + %uuxy — %uu” + %uux, —cosuldxdt

1 1,2, 1 1 1 1
Hl—gueuy — quy” + suyuy + guuy + guuyy — suiyyldydr.

Uz

3. 03

[—1+ %u,uy — %ulux + %uuyt — %uux, + %uu” — %uuxy + cosuldxdy

+[—%ut2 + %utux + %uu” — %uuxt]dxdt

12,3 1 3 1 1
Hl—qus”™ + queuy + suny — Fuity — gugity + gunyJdydt.

For the following special cases, we only present the conserved density component of the
conserved form, 7! due to the cumbersome nature of it.

4. Qs=x+y+1)(ux —uy):

1 1, 2 1 1 2
FUxUYX — ZUY"X + FUyYUx — F YUy
2

1 2 1 2 1 2 1
lety t— letx X — Zyux — Zux

1
+§quyl—
1 1 R 4+ 1

SUXUxy — UYLy — 5ULUxy + ULy X

1 1 1 1 1
+Zuuyyy + FUllyyt + JUXUxx + JUYUxx + FUllxy.
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5. 0s=(x+y+0)(ur —uy):

—x—t—y+ %uxuyx + ‘ltuyyux + %uxuyt — %uxuxy
3 3 1 1

TquYUxy — FUllgy + gUlyyX + gUilyyy
1 1 1 1

+Zuuyyt + FUXUxx + FUYUxx + FULUxx

—%uyzx - %yuy2 - %uyzt + ycosu +xcosu +tcosu — %utuxt
1 1 1 1

+Zutuyt — ZUYUxr — FUXUxs — Zu,uxt
1 1 1 1

—I—Zutuyx — ZUrlxX — U YUy + FUryUy
1 1 1

+Zuxuy, + FUYUy + FUtly;.

6. Q6= —uyx —uyt +2uyt +uxx —tu:

—t + %uyzx + %uyzt + %uxzx + %uxzt

+luu — Yyuy — Luu X +tcosu
4%%y T g% Hx T p%x My
3 1 1 1

—FUxUyl — zUUyyX — Zuuyyt — FUXUxx
1 1 1 1

—I—Zutuyt — gUrlxl — zUlUx; + FUtiys
1 1

+§uxuxy + Zutuxy.

8. Conclusions

In this paper, under the extended Lax pair (3) for the (2+1)-dimensions, we derived a
(2+1)-dimensional sine-Gordon and a (2+1)-dimensional sinh-Gordon equation. Kink wave so-
lutions, multi-kink wave interactions, and traveling wave solutions are derived. At last, some con-
servation laws are presented for some special cases. In this paper, we got the (2+1)-dimensional
sin-Gordon equation and sinh-Gordon equation. Conservation laws and kink wave solutions are
derived, these results also provides a good basis for the effectiveness of some numerical meth-
ods, such as invariant discretization schemes [36,37], structure-preserving method [38—45] and
so on. It is worth mention that, at this point, there are some issues need to be studied further, such
as nonlocal symmetry, symmetry reductions, more exact solutions as well as their versions with
variable coefficients. They will be reported in future works.
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